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Abstract

Increased capabilities of additive manufacturing technologies have opened up numerous possibilities
in mandibular reconstruction surgery. For example, 3D scans can be used to design patient-specific
reconstruction plates, resulting in designs that are tailored to prevent plate fracture, wound dehiscence,
and malocclusion. However, screw loosening as a result of stress shielding is still an issue. This
phenomenon is caused by the mismatch in stiffness between the bone and implant material. The stiff-
ness of the titanium in these reconstruction plates can be reduced by using porous microstructures
in the proximity of the remaining mandible. However, this makes intuition-based design impossible.
This work applies computational tools to optimize the design of a mandibular reconstruction plate with
varying microstructure porosity. To achieve this, Topology Optimization (TO) is used that accurately re-
solves boundaries utilizing the Interface-enriched Generalized Finite Element Method (IGFEM), which
results in a smooth representation of the design. In this work, this methodology is enhanced to result in
an even smoother and more accurate boundary. Moreover, additions are made to account for varying
material properties in the analytical sensitivities of the compliance objective. The functionally graded
designs exhibit significantly higher compliance that should reduce stress shielding. Also, they feature a
more porous microstructure near the bone, providing a basis for bone ingrowth. Thus, it is established
that enriched TO can be used to optimize the design of mandibular reconstruction plates made out of
functionally graded materials that could reduce the risk of screw loosening.
Keywords— enriched finite element methods, topology optimization, level sets, functionally graded materials,
mandibular reconstruction
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1
Introduction

Oral and oropharyngeal cancer occurs in more than 450,000 cases worldwide [114] and the subsequent resection
surgery has a far-reaching influence on the lives of patients, both physically andmentally. Physically, because it can
lead to impaired masticatory function [42], which in turn could have a detrimental effect on the digestive system [83,
84]. Also mentally, because this condition and the subsequent surgery often alter the facial contour, making it less
symmetric. This side effect can lead to increased stress and anxiety levels and reduced self-confidence [108, 79].
Some patients even consider becoming a normal member of society again even more important than successful
resection of the tumour and the possibility of recurrences [66].

During the Second World War much experience was gained on mandibular reconstruction. For example, the
application of bone grafts originating from different bones in the body, like ribs, the fibula or the ilium [9] was first
proposed in this period. In 1989 the first work was submitted on sourcing a part of the fibula with surrounding soft
tissue to bridge a defect in the mandible, calling it a free flap instead of a bone graft [44]. This would later become
the “golden standard” in mandibular reconstruction [117, 29]. Using the fibular bone is desirable because of the
amount of available material and its quality. Also, both the vascularization in the surrounding soft tissue and the
nearby peroneal artery can provide nutrients to help osseointegration [37]. These favourable conditions all lead to
a high success rate, which in this case means there is no loss of the graft material. This success rate has been
reported to be up to 95% [20, 60, 107, 18]. However, this type of surgery is not always possible because of the
health of the patient [80]. Donor site morbidity and subsequent pain during walking have also been reported [4,
37, 61]. Furthermore, the slender form of the fibula means there is a discrepancy in the shape as compared to
the intact mandible. This makes the placement of dental implants more complex [3], in some cases even requiring
“double-barreling”, where two parts of the fibula are stacked on top of each other [62].

If, because of the reasons above, a reconstruction with tissue from the patient is not possible, titanium Arbeitsge-
meinschaft für Osteosynthesefragen (AO) mandibular reconstruction plates or Titanium Hollow Osseointegrating
Reconstruction Plates (THORP) are an established alternative that have been used since the 1980’s [61]. These
slender plates bridge the defect in the mandible and offer multiple holes for rigid fixation to the mandible using
screws. The type of screws represents the main difference between these two, with the THORP system using
perforated hollow screws in combination with an expansion bolt in the screw head. In contrast, the AO system
uses conventional titanium screws. The hollow screw heads allow bone to grow into them, resulting in a more
rigid fixation and not requiring the Reconstruction Plate (RP) to be pressed against the bone, which can lead to
pressure-induced bone necrosis [123]. Both systems are one-size-fits-all solutions. This not only makes them
reasonably affordable, but it also allows for stock-keeping, which results in less time required before an operation.
However, because these plates are not specifically manufactured to fit the patient, they need to be bent during
the operation by a surgeon to fit the remaining bone and to preserve the preoperative facial contour. This bending
results in residual stresses [78, 105], which combined with the fixation holes in the plate that cause stress con-
centrations [56, 80], can lead to failure of the plate by means of fracture. This type of mechanical failure occurs
in 3.6% to 10.7% of patients [56, 53, 105, 103]. Other modes of failure of an RP are screw loosening and wound
dehiscence and infection, while asymmetry, malocclusion and heat sensitivity have been reported as other com-
plications after this type of mandibular reconstruction surgery [90]. This is reflected by failure rates of RPs, which
have been reported to be anywhere in the range from 7% to 37% [53, 79, 105, 51].
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With increased capabilities in the field of small-scale manufacturing of parts made from biocompatible materials,
such as Selective Laser Melting (SLM) 3D printers that can use titanium alloys, possibilities have opened for
research on patient-specific solutions [81, 68, 63]. These custom-made parts improve on the conventional RPs
in cases where fibular free flap surgery is not an option. They can be designed to fit the shape of a 3D scan of
the patient’s remaining mandible and manufactured before the surgery. Because of this, no bending is required
during the operation, reducing both operation time and failure rate of the RP by means of plate fracture [130].
This reduced failure rate is due to the design only having holes at the required screw locations and fewer features
that cause stress concentrations. It also allows under-contouring of the design near locations with risk of wound
dehiscence [80] and a patient-specific fit that minimizes the risk of asymmetry and malocclusion. However, the
issue of screw loosening is still unsolved.

The key to solving the remaining issue of screw loosening is to analyze the stresses and strains acting in the RP
and the surrounding bone during typical mastication tasks. This is possible by means of Finite Element Analysis
(FEA) on a discretized model of the plate and the mandible, allowing the designer to predict the behaviour of a
design [80, 86, 85]. By using FEA, it was found that the introduction of a titanium RP significantly alters the stress
distribution in the mandible [94, 82]. In this changed situation, stresses are concentrated around the RP’s fixation
screws, removing local mechanical stimuli from other regions in the mandible [39]. This phenomenon is called
stress shielding [75, 113, 49, 86] and leads to increased bone porosity and resorption [119], which causes screw
loosening [32, 78]. Stress shielding is caused by a mismatch between bone and implant material [17, 21]. This
mismatch indeed occurs for mandibular RPs, as biocompatible titanium’s Young’s modulus is 116GPa [73, 36].
This is more than eight times that of cortical bone, which has a Young’s modulus of 13.7GPa. The discrepancy is
even larger when comparing it with cancellous bone at 0.4GPa [93]. This means there is a risk of stress shielding
and subsequent screw loosening in RPs, supported by accompanying failure rates ranging from 4.3% to 5%
accounted to screw loosening for conventional RPs [53, 79]. Failure rates of patient-specific plates due to screw
loosening have not been sufficiently studied.

A solution to this stress shielding problem can be found in nature, where a jump in stiffness occurs, for example
in the attachment of muscles to bone. The tendons that connect the two create a smooth transition in stiffness.
This happens by means of the microstructure of the tendon, where the shape and alignment of the collagen fibres
gradually change, influencing its stiffness [118, 96]. This variation is combined with the shape of the tendon,
widening at the connection point to the bone to maximize contact area yields optimal distribution of muscle forces
to the bone. Also, inspiration can be drawn from the structure of bone itself. During bending and torsion loads,
the outer shell of the bone experiences the majority of typical loads. This shell consists of the stiffer cortical bone
while the middle consists of the porous cancellous bone with lower stiffness and weight. This spatial variation of
the microstructure results in optimal stiffness while minimizing mass [41].

Designs similar to those found in nature have been proposed and used in the design of RPs for multiple bones in
the body. Various microstructures have been proposed to reduce the effective stiffness of implant material used
in bone reconstruction [124, 15, 45]. Also, a variable microstructure was used in a hip head replacement [58] to
distribute stresses along the bone-implant interface more evenly. The reduction of stiffness of the material is not
the only advantage that a porous microstructure brings, it also is more permeable to nutrients that are crucial for
bone regrowth [50, 8]. It can also aid osseointegration, where newly generated bone grows into the voids of the
structure, thus further improving the stability of the plate and load transfer during recovery [55, 129].

However, the balance that this functionally graded design needs to strike is very fine, as it needs to withstand typi-
cal loads while being flexible enough to prevent stress shielding [47, 67]. The complexity of this problem makes it
impossible to design a functionally graded RP purely on intuition. An alternative is to apply computational design
tools such as Topology Optimization (TO) to survey the design space. TO has been used to design mandibular
RPs to ensure mechanical stability [73, 68]. Research has been done on using TO structures with varying mi-
crostructures [132, 112], showing it can be used to obtain an optimal distribution of material for such a problem.
However, to the best of our knowledge, TO has not been used to design functionally graded mandibular RPs to
reduce stress shielding. Using this approach could result in a design that not only can sustain the forces during
mastication, but also prevent wound dehiscence, asymmetry and stress shielding that lead to screw loosening,
thus inhibiting the most prevalent modes of plate failure.

The goal of this work is to apply TO to design a RP that bridges a mandibular defect, using a functionally graded
material. To achieve this, TO based on the Interface-enriched Generalized Finite Element Method (IGFEM) is
used. This method uses local subdivision of elements and an enriched definition of the Finite Element Method
to yield a smooth description of the material boundary [109]. It has been used for compliance minimization [12],
but also for fields where a smooth boundary representation is crucial, such as bandgap maximization in phononic
crystals [13], designing nanophotonic devices [7], and for tailoring fracture resistance in brittle materials [131].

This work builds on that of van den Boom et al.[12] and uses the same FEA, objective function, and geometry
description. To enhance the framework, we introduce a quadratic approximation for the boundary location along
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element edges. This, in combination with regularization by means of periodic reinitialization of the level set function,
results in an even smoother boundary representation. Since these improvements focus on the representation of the
boundary, they can be implemented on any type of enriched TO. Also, a functionally graded material is introduced
that represents variations in microstructure porosity and geometry. Such a material results in a more compliant RP
with the material being distributed towards the remaining bone. The resulting design provides nearby bone with a
porous basis that promotes bone ingrowth.



2
Work

2.1. Improving on IGFEM level set-based TO
2.1.1. Representation of a design by the level set function
In TO, there are different ways in which to connect the design variables to the actual design that one tries to
optimize. In density-based TO, the design variables are, as the name suggests, related to a density field. This
density field determines whether an element is part of the design domain or not, like for example with the Solid
Isotropic Material with Penalization (SIMP) method [6]. However, in this work the design is represented by a Level
Set Function (LSF) ϕ(x) [104, 121]. This function varies through the design domain and can be both positive and
negative, dividing the design domain Ω as follows:


ϕ(x) = 0, if x ∈ Γm ,

ϕ(x) < 0, if x ∈ Ωs ,

ϕ(x) > 0, if x ∈ Ωv .

(2.1)

The zero contour represents a material boundary Γm, where the material domain Ωs is in contact with the void
domain Ωv. This allocation into different domains is visualized in Figure 2.1. At the start of every design iteration
of the optimization, the value of the LSF at each node in the mesh is stored in a vector ϕ. After the initialization
of these nodal level set values, every element edge is analyzed to check for a sign change in the LSF. If this is
indeed the case, the element edge and thus the element is crossed by Γm.

It is possible to represent the design directly via nodal level set values ϕ and interpolate the LSF between these
nodes. However, an alternative is to place design variables more sparsely across the design domain and construct
the LSF as a superposition of basis functions [100], for example, Radial Basis Functions (RBFs) [65, 24]. In this
work, a compactly supported RBF is used [122]. How this function spreads the influence of design variables can
also be seen in Figure 2.1. The equation for the compactly supported RBF is defined as

θi(ri) = (1− ri)
4(4ri + 1) , (2.2)

where the radius ri is the normalized Euclidian distance between the location at which the function is analyzed
and the base of the RBF xi:

ri(x,xi) =

√
∥x− xi∥
rs

, (2.3)

and rs is the radius of the support. Equation (2.2) shows some desirable behaviour, as its output ranges between
0 and 1 by definition and its region of influence can be adjusted as desired. By increasing the region of influence,
one design variable influences a larger part of the design domain. This can allow for the optimizer to take larger
steps, which leads to quicker convergence of the optimization [12]. The RBFs also give control over the complexity
of designs [12]. Moreover, this method decouples the mesh from the design variables. This means that a finer
discretization can be used if desired, resulting in a reduced design space. With these definitions, the value of the

4
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si

x →ϕ
→

Ωs

Ωv

Γm

ϕ(x)
ϕi

Figure 2.1: One-dimensional representation of the design domain Ω, decomposed into Ωs, Ωv and Γm by means of the LSF,
as described in Equation (2.1). In this figure, the black lines are the RBFs that span the influence of design variables si. The

LSF is represented by the solid red line. However, during most computational procedures only the nodal level set values ϕi are
known, as depicted by the red dots.

LSF at any location x in the design domain can be found by adding the contribution of every design variable whose
corresponding RBF is nonzero at x, represented by index set ιs:

ϕ(x) =
∑
i∈ιs

θi(x)si . (2.4)

To reduce computational cost during the optimization, the contribution of each RBF on every mesh node in the
analysis can be calculated in advance and stored in a matrix θ. This calculation needs to be carried out only once,
after which the level set values can be found using the simple matrix multiplication:

ϕ = θ⊺s , (2.5)

where s is a vector with all the design variables. Note that the calculation of the contributions of each RBF in
advance is only possible if there is no remeshing done during the optimization. Remeshing can move and add
mesh nodes and hereby change the influence that nodes encounter from each RBF in matrix θ. This circumvention
of remeshing is possible by using the Interface-enriched General Finite Element Method (IGFEM) to solve the finite
element problem, which is discussed in more detail in Section 2.1.2.

Note the smoothing behaviour of the RBFs in Figure 2.1. Also note that equation (2.5) clearly shows the decoupling
of the nodal level set values of the mesh with respect to the design variables. For any set of design variables s
combined with RBFs with a radius rs, any mesh can be used to discretize this design. To do this, the matrix
θ⊺ needs to be calculated to connect s and ϕ for this combination of mesh and RBFs. This means that a finer
mesh can lead to a more accurate approximation of Γm, like increasing the number of nodal level set values ϕi

in Figure 2.1. This interaction can be done while keeping the same number of design variables and only requires
the recalculation of θ.

2.1.2. The Interface-enriched Generalized Finite Element Method
Now that the design can be represented, an elastostatics problem such as the one described in the schematic in
Figure 2.2 needs to be solved to find displacements, stresses σ and strains ϵ in the material. The weak form of
such a problem can be written as

B(u,w) = L(w), ∀w ∈ E , (2.6)

where the bilinear form B is defined as

B(u,w) =

∫
Ω

ϵ(w) : σ(u) dΩ , (2.7)
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ΩvΩsΓm

ΓN

ΓD

Figure 2.2: A mechanics potato to depict all relevant domains in the design domain Ω. Material domain Ωs, void domain Ωv ,
and material interface Γm are defined as stated in equation (2.1). Essential and natural boundary conditions, ΓD and ΓN

respectively, are prescribed on sections of the boundary of Ω

and the linear form L as

L(w) =

∫
Ω

w · b dΩ +

∫
Γ⊺
w · t̄ dΓ . (2.8)

In these equations, u is the displacement and E is a test function space that satisfies the essential boundary
condition. Furthermore, σ(u) follows from Hooke’s law for linear elastic materials, σ(u) = D : ϵ(u), where D is
the constitutive tensor and ϵ(w) = (∇w + ∇u⊺) is the linearized strain tensor. Finally, b and t̄ represent body
forces and boundary tractions on the domain Ω.

To solve Equation (2.6), the correct displacement field and test functions u and w need to be found. To make
this more practical, the problem can be transformed into a finite-dimensional problem using a Galerkin projection.
The solution to this new problem may not be exact any more. However, the domain can now be discretized and
described by means of a Finite Element (FE) mesh. The resulting finite-dimensional problem is now

∑
i=m,w

∫
Ωi

ϵi(wi) : σi(ui) dΩ =
∑

i=m,w

∫
Ωi

wi · bi dΩ +

∫
Γ

wi · t̄ dΓ . (2.9)

The trial solution to this problem can be written as

uh(x) =
∑
i∈ιh

Ni(x)Ui , (2.10)

with shape functions Ni that interpolate the value of the solution between mesh nodes that correspond to degrees
of freedom (DOFs) Ui, which for an elastostatics problem represent nodal displacements. However, there is
a problem with the solution given by Equation (2.10). This solution assumes the displacement field U can be
accurately interpolated using shape functions Ni, which are in this case linear. But as stated in Section 2.1.1,
there will be no remeshing to enable the use of a static representation of θ. This means the material interface Γm

will cross the mesh in elements with the corresponding index set ιc. At this crossing, there will be a discontinuity
in the gradient of the displacement field, which cannot be represented by just the linear shape functions. Using
this method would result in reduced accuracy of the solution to Equation (2.6).

This is where IGFEM offers an elegant solution [109]. For the elements in the index set ιc, the location at which
Γm crosses the element edges can be found by finding the zero of the LSF. At these locations, new nodes are
placed that are part of index set ιw, which are shown as blue circles in Figure 2.3. These nodes are associated
with enriched DOFs αi and enrichment functions ψi. The behaviour of such a function is also illustrated in Fig-
ure 2.3. These enrichment functions are local by construction, so their contribution is only nonzero in these crossed
elements. They can also describe the discontinuity in the gradient of the displacement field across Γm.

Every enriched node is placed along the FE mesh edges where ϕ(x) = 0. To ensure correct integration of the
newly added enrichment functions, each crossed element in index set ιc is subdivided into integration elements
that do conform to Γm, while not moving the original FE mesh nodes. This means that the calculation of nodal
level set values from Equation (2.5) can now be used. The enriched approximation that replaces the trial solution
in Equation (2.10) is
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αi

ψi

Γm

Figure 2.3: Enrichment function ψi in an element that is crossed by a material interface Γm, represented by the blue line. This
function is multiplied with enriched DOF αi, which corresponds to enriched node i that is represented by the blue circle. Note

that the crossed element is subdivided into three integration elements that conform to Γm

uh(x) =
∑
i∈ιh

Ni(x)Ui +
∑
i∈ιw

ψi(x)αi . (2.11)

Now that the form of the solution is known, the elastostatic problem is transformed into a system of equations
KU = F for ease of computation. In this equation, U is a vector with the nodal displacements and values of
the enriched DOFs. The stiffness matrix K and force vector F can be assembled using standard finite element
assembly:

K = A
i∈ιA

ki , (2.12)

and

F = A
i∈ιA

fi , (2.13)

respectively. Here, A denotes the standard finite element assembly operator and ιA is the index set of all inte-
gration elements and all original elements in the FE mesh that are not intersected by Γm. For the integration
elements, assembly of ki and fi happens using an isoparametric procedure to map it onto its parent element that
was intersected by Γm. In this case, the integration element’s local stiffness matrix is defined as

ke =

∫
△
jeB

⊺DB dξ . (2.14)

In this equation, △ is the integration element’s reference triangle, je is the determinant of the Jacobian of the
isoparametric mapping of the integration element and D is the material constitutive matrix. Also, B is the strain-
displacement matrix that is defined asB = [∆N1 ∆N2 . . . ∆Nn ∆ψ1 ∆ψ2 . . . ∆ψm] and ξ is the referencemaster
coordinate of the parent element. Note thatB is comprised two parts, one is from the n linear shape functions and
the other from the m enrichment functions, the differential operator ∆ is defined as

∆⊺
ξ =

[
∂
∂x

0 ∂
∂y

0 ∂
∂y

∂
∂x

]⊺
, (2.15)

for 2D and

∆⊺
ξ =


∂
∂x

0 0 0 ∂
∂z

∂
∂y

0 ∂
∂y

0 ∂
∂z

0 ∂
∂x

0 0 ∂
∂z

∂
∂y

∂
∂x

0


⊺

, (2.16)

for 3D. The integration element’s local force vector is defined as

fe =

∫
△
je

[
N
ψ

]
b dξ +

∫
△∩ΓN

je

[
N
ψ

]
t dξ , (2.17)
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where b is the body force on the integration element and t are the tractions working on the sides of the integration
elements that intersect ΓN . In conclusion, by using this enriched formulation, the solution of an elastostatic problem
can be found with no need for remeshing of the domain to make the discretization conform to Γm. For more detail
on the IGFEM formulation, the reader is referred to [109].

2.1.3. Topology optimization procedure with IGFEM
With a method to find the displacements, and subsequently the stresses and strains in the domain by solving
KU = F, the design should be optimized using TO. In order to do this efficiently, a gradient-based optimization
scheme is used [12]. In short, the following problem needs to be solved to minimize the compliance C = U⊺KU
of a structure:

s∗ = argmin
s

U⊺KU ,

subject to KU = F ,

|s| ≤ 1 ,

Vs / VΩ ≤ Vc .

(2.18)

For this problem, the maximum allowed magnitude of the design variables is set to 1 and a constraint is set to
keep the volume fraction of the material domain in Ω, i.e. Vs / VΩ, below or equal to Vc. To find the optimal design
step, the derivative of the compliance objective and volume constraint with respect to the design variables s must
be found. Since the compliance objective is self-adjoint [98], the sensitivity of C with respect to design variables s
can easily be found by applying the chain rule

∂C

∂s
= −U⊺ ∂K

∂s
U+ 2U⊺ ∂F

∂s
. (2.19)

However, finding ∂K/∂s and ∂F/∂s is more involved. One can think of it like this: if one were to change one design
variable, this would influence level set values in the vicinity of its corresponding RBF, represented by ∂ϕj/∂si.
These changed level set values move Γm and thus the locations of enriched nodes that are nearby, described
in the term ∂xn/∂ϕj . This finally changes connected integration elements’ stiffness matrices and force vectors,
∂ke/∂xn and ∂fe/∂xn. By applying this reasoning, the sensitivity of the compliance can be written as

∂C

∂si
=
∑
j∈ιi

∑
e∈ιj

∑
n∈ιn

(
−u⊺

e
∂ke

∂xn

∂xn

∂ϕj
ue + 2u⊺

e
∂fe
∂xn

∂xn

∂ϕj

)
∂ϕj

∂si
. (2.20)

In this equation, a summation is done over every conventional mesh node j where the RBF corresponding to design
variable si is nonzero, represented by index set ιi. For each of these nodes, a summation is done over every
integration element e that is connected to node j, which corresponds to index set ιj . Finally, for every integration
element e, a summation is done over index set ιn, which represents every enriched node in the connectivity of
integration element e.

Note that the sensitivity of the objective is nonzero only in the neighbourhood of Γm because this is where enriched
nodes are placed. A consequence of this is that all initial designs in an optimization problem must have enriched
nodes, which means the void domain Ωv may not be empty. Also, ∂ϕj/∂si is the value of the RBF corresponding
to design variable si at node j. This value can be found in matrix θ from Equation (2.5). This value, as stated
before, is calculated in advance.

From Equation (2.20), the derivative of the integration element’s stiffness matrix ke can be found by applying the
chain rule to Equation (2.14), assuming that D is constant through Ωs, resulting in

∂ke

∂xn
=

∫
△

(
∂je
∂xn

B⊺DB+ je
∂B⊺

∂xn
DB+ jeB

⊺D
∂B

∂xn

)
dξ . (2.21)

The derivative of the local force vector can be found similarly, which leads to

∂fe
∂xn

=

∫
△

(
∂je
∂xn

[
N
ψ

]
b+ je

[
∂N/∂xn

0

]
b

)
dξ +

∫
△∩ΓN

(
∂je
∂xn

[
N
ψ

]
t+ je

[
∂N/∂xn

0

]
t

)
dξ . (2.22)
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Figure 2.4: Example of the linear shape functions and the resulting linear approximation of the LSF along an element edge,
compared with ϕ(x) itself along the same edge. The locations at which both ϕ̄ and the LSF change signs are depicted by black

crosses.

Note that in the second term of each integral, the contribution of the enrichment functions is zero. This is due to
the local construction of the enrichment functions, which means they are not influenced by the enriched node’s
location in global coordinates.

2.1.4. Linear interpolation of the LSF
The last term in Equation (2.20), is ∂xn/∂ϕj , which is also known as the design velocities. This term describes
the movement of an enriched node on material interface Γm due to a change in a nodal level set value. The value
of this derivative depends on the location of the enriched nodes, which are placed along every edge of elements
in index set ιc that is intersected by Γm. One may consider one such edge between FE mesh nodes i and j. On
this edge, a normalized coordinate τ = ∥x− xi∥/∥xj − xi∥ is defined that is zero at node i and one at node j. By
using linear shape functions to interpolate between nodal level set values ϕi and ϕj , an approximation of the LSF
can be made along this edge:

ϕ̄(τ) = (1− τ)ϕi + τϕj . (2.23)

Since this element edge is intersected by Γm, the signs of ϕi and ϕj are opposite. At the location where the LSF
is zero, an enriched node must be placed. According to the linear approximation ϕ̄(τ) from Equation (2.23) the
normalized coordinate of the enriched node is

τn = − ϕi

ϕj − ϕi
. (2.24)

This approach is visualized in Figure 2.4. The global coordinate of this enriched node can be found with the inverse
mapping between τ and x, which is

xn = xi −
ϕi

ϕj − ϕi
(xj − xi) . (2.25)

Note that only after placing the enriched nodes at these locations, the discretization of the problem is complete
and the representation of Γm can be made. This linear approximation means that differentiation of this location
with respect to the nodal level set value of node i is straightforward:

∂xn

∂ϕi
= − ϕj

(ϕj − ϕi)2
(xj − xi) . (2.26)

With all terms in Equation (2.20) defined, there is gradient information for the optimizer to try and find a solution
to Problem (2.18). The optimizer uses the Method of Moving Asymptotes (MMA) [115] to find the next design
iteration. For this MMA, the Lagrange multiplier that is used in the subproblem to force the constraints is set to a
value of 10 and a move limit is set to prevent Γm from moving too fast. This approach was also used by van den
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Figure 2.5: Initial design of the MBB problem. The white circular inclusions are part of Ωv . The elements in this domain are not
shown in the figure, but they are analyzed in the FEA. On the left side, a symmetry condition is applied and the same is done

for a downward force t̄ on the top-left corner. The bottom-right corner is vertically supported.

Figure 2.6: Optimized design of the MBB beam problem while using IGFEM level set-based TO, with a magnified view of the
zigzagging behaviour in the representation of Γm. The interface should be smooth because of the use of RBFs.

Boom et al. [12] and resulted in a smoother representation of the geometry compared to density-based methods.
However, their work also stated a problem regarding the surface of designs. If the number of design variables was
not sufficiently reduced compared to the number FE mesh nodes, zigzagging of the material interface was visible.
This zigzagging was attributed to an approximation error, with the mesh being too coarse to accurately describe
the deformations and stresses in the structure. This inconsistency in the surface was, among other examples,
shown for the well-known MBB beam problem.

We study this problem on a domain of size 3L× L. On the left side of the domain, there is a symmetry condition,
while on the top-left corner a downward pointing force t̄ is applied. The bottom-right corner of the domain is
vertically supported and for the optimization problem, the maximum allowed volume Vc = 55% of the domain. The
material in Ωs has a Young’s modulus Es = 1 and a Poisson’s ratio νs = 0.3. The void domain Ωv has a Young’s
modulus Ev = 10−6 and the same Poisson’s ratio. The mesh consists of 150× 50× 2 triangular elements. Since
the problem is most prominent when the number of design variables is not reduced, an RBF is placed at each FE
mesh node. Each RBF’s support radius is rs =

√
2a and the move limit set for the MMA is 0.001. The initial design

is depicted in Figure 2.5. The optimized design and the reported zigzagging can be seen in Figure 2.6.

2.1.5. Improved location approximation of zeros of the LSF
By plotting the LSF along the element edges, a possible cause other than a coarse mesh can be found. As the
RBFs spanning the LSF are nonlinear, the linear approximation of this function can give difficulties if the diameters
of the RBFs are not sufficiently large. This can be seen by the discrepancy between the zeros of ϕ(x) and ϕ̄ in
Figure 2.4. The use of larger RBF diameters rs could solve this, but this approach would result in a loss of fine
detail in possible designs.

A solution to this incorrect node placement could be to apply a minimization problem on |ϕ(x)| along the crossed
element edges. Since the definition of the LSF in Equation (2.4) is smooth, this minimization problem is viable. As
a proof of concept, the final design in Figure 2.6 was used to interact with the same mesh of 150× 50× 2 triangles.
However, this time the enriched nodes were not placed at the location described by Equation (2.25). Instead, the
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Figure 2.7: The same optimized design of the MBB problem from Figure 2.6. However, for this figure, the enriched nodes were
placed at the location where |ϕ(x)| is minimized using the bisection method. Note the absence of the zigzagging effect. This
shows that the representation of Γm using spanning design variables with RBFs is indeed smooth. The blue magnified view

also shows a hole that has nucleated during the optimization. This hole, although smaller, is also present in Figure 2.6

bisection method was used to find the minimum of |ϕ(x)| along every crossed edge and an enriched node was
placed at this location. The result of this approach is depicted in Figure 2.7 and it shows that indeed the new
representation of the material interface Γm is smoother than before.

However, an approach based on minimization methods is not differentiable with respect to a nodal level set value
and thus design velocities cannot be calculated this way. An alternative is to add an extra control point k at
the midpoint of each element edge to set up a quadratic approximation of the LSF instead of the linear one in
Equation (2.23). The value of the LSF at these locations follows from Equation (2.4). Moreover, because the
locations of these midpoints are fixed, the relation between their level set value and the design variables can be
stored in a matrix in the same manner as in Equation (2.5). With this extra control point and corresponding ϕk, a
new normalized coordinate ζ is introduced that now is −1 at node i while it still is 1 at node j. This new mapping
is defined as

ζ(x) = 2
|x− xi|
|xj − xi|

− 1 . (2.27)

With the new mapping, quadratic shape functions can be used to interpolate the nodal level set values, so that the
quadratic approximation of the LSF along the element edge is

ϕ̂(ζ) =
ζ(ζ − 1)

2
ϕi − (ζ + 1)(ζ − 1)ϕk +

ζ(ζ + 1)

2
ϕj . (2.28)

Note that this can be expressed in the form aζ2 + bζ + c, the zeros of which are ζn =
(
−b±

√
b2 − 4ac

)
/ (2a).

Moreover, this quadratic approximation can have at most two of these zeros. If ϕi and ϕj have opposite signs,
there can only be one zero along the element edge. As before, if there is a sign change detected along an element
edge, an enriched node must be placed. This time the enriched node is placed at the location where ϕ̂(ζ) = 0,
which is at the locations

ζn =
−ϕi + ϕj ±

√
8ϕk (−ϕi − ϕj + 2ϕk) + (ϕi − ϕj) 2

2 (−ϕi − ϕj + 2ϕk)
. (2.29)

Since only one of these zeros is on the element edge, i.e. −1 ≤ ζn ≤ 1, the enriched node is placed at the location
that satisfies this condition. The global location of this enriched node xn and its partial derivatives with respect to
the nodal level set values ϕi, ϕj and ϕk are trivial to find, and are stated in Appendix A. A problem that arises is
that the extra derivative ∂xn/∂ϕk cannot be added directly to the sensitivity of the objective. The midpoints do not
correspond to shape functions in the mesh, which means ιj in Equation (2.20) is empty and there are no integration
elements in the support of these nodes. However, every midpoint k is by definition on the edge between nodes i
and j. Thus the integration elements in the support of point k, represented by index set ιm, can be considered to
be the intersection of the supports of nodes i and j (i.e., ιm = supp(Ni) ∩ supp(Nj)). To add the contribution of
the new control point to the sensitivities, a summation must be done over every midpoint in index set ιk at which
the RBF corresponding to design variable si is nonzero. For every midpoint m in this set, a summation is done
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Figure 2.8: The quadratic shape functions and the resulting quadratic approximation ϕ̂ of the LSF along an element edge,
compared with ϕ(x) along the same edge. The zeros of both the LSF and ϕ̂ are again depicted by black crosses. However, the
new location of the enriched node is closer to the exact zero compared to the linear approximation of the same element edge in

Figure 2.4.

over all integration elements e in index set ιm. With this reasoning, the compliance objective’s sensitivity when
using a more quadratic approximation of the LSF to place enriched nodes is

∂C

∂si
=
∑
j∈ιi

∑
e∈ιj

∑
n∈ιn

(
−u⊺

e
∂ke

∂xn

∂xn

∂ϕj
ue + 2u⊺

e
∂fe
∂xn

∂xn

∂ϕj

)
∂ϕj

∂si
+

∑
m∈ιk

∑
e∈ιm

∑
n∈ιn

(
−u⊺

e
∂ke

∂xn

∂xn

∂ϕm
ue + 2u⊺

e
∂fe
∂xn

∂xn

∂ϕm

)
∂ϕm

∂si
.

(2.30)

2.1.6. Verification of the analytical sensitivities
To verify the implementation of this new enriched node placement and the subsequent addition to the objective
sensitivities, the analytically computed sensitivities ∂C/∂si are compared to numerically computed central finite
differences C

′
i . This comparison is done by finding the relative differences δi between the two. This is done for

multiple design variables with nonzero sensitivities and a range of step sizes. The relative differences are defined
as

δi =
C′

i − ∂C/∂si
∂C/∂si

. (2.31)

This comparison is conducted on a simple problem that was also used by van den Boom et al. [12]. In this problem,
a 2L × L domain is optimized, the domain is visualized in Figure 2.9. This domain is fixed on the left side and
a downward pointing force t̄ is applied to the bottom right corner. The FE mesh consists of 12 × 6 × 2 triangular
elements that are placed in a point-symmetric manner around the middle of the domain. The initial design’s void
domain consists of 3 circular holes. The RBF’s support radius is rs =

√
2a, where a is the diameter of the largest

circle that can fit inside any of the triangular elements. The material in Ωs has a Young’s modulus Es = 1 and a
Poisson’s ratio νs = 0.3. The void domain Ωv has a Young’s modulus Ev = 10−6 and the same Poisson’s ratio.

The result of this finite difference analysis with the new enriched node placement can be seen in Figure 2.10. It
is visible that this new method of enriched node placement yields sensitivities that have a region of step sizes
where these sensitivities converge to their counterpart that are found by means of central finite differences. This
means that the sensitivities introduced in Equation (2.30) to the objective sensitivities yield correct results and this
improved method of enriched node placement can be used for TO in combination with level set-based IGFEM.

2.1.7. Application to the MBB beam problem
Following this result, the new approach is applied to the same MBB beam problem, so that the final design can be
compared to the one shown in Figure 2.6. The final design of this optimization problem with the new enriched node
placement can be seen in Figure 2.11. It shows that the representation of Γm is indeed smoother than before.
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Figure 2.9: Simple problem for comparing the analytically computed sensitivities ∂C/∂si with the central finite differences C′
i .

Nodes on the left edge of Ω are fixed, while a downward pointing force is applied on the bottom-right corner of the domain. The
elements that are light grey are part of the void domain Ωv .
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Figure 2.10: Relative differences δi as a function of the step size ∆si for the numerically computed central finite differences
C

′
i . The definition of δi can be found in Equation (2.31).

Figure 2.11: Final design of the MBB beam problem with the improved method of enriched node placement using a quadratic
approximation of the LSF. Included is a magnified view of the reduction of the zigzagging behaviour in the representation of Γm.
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Figure 2.12: The convergence behaviour of optimizations with the linear and quadratic methods of enriched node placement
applied to the MBB beam problem. Note that the optimization that uses a linear approximation of the LSF converges slightly

quicker and has a slightly lower compliance C. Gradients
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Figure 2.13: Magnitude of the gradient of the LSF for the design in Figure 2.11. The uneven colouring indicates the existence
of peaks and valleys in the LSF.

However, there is still some zigzagging visible in the optimized design. Even the proposed, more advanced ap-
proximation of the location at which enriched nodes need to be placed, can be insufficient on some FEmesh edges
in Ω. This suggests that in some regions the LSF still behaves too erratic. The convergence behaviour for this
optimization problem with both linear and quadratic enriched node placement can be seen in Figure 2.12. It is
worth mentioning that the initial design in Figure 2.5 occupies almost exactly 55% of the design. This means that
for both optimizations, the volume fraction is almost constant. One can also see that the newly proposed method
is converging slightly slower towards the minimized compliance. Moreover, the final compliance with this quadratic
enriched node placement is slightly higher than its linear counterpart. This can be seen in the magnified view in
the bottom-right corner of the figure.

2.1.8. Regularization of the LSF
Apart from the remaining, although reduced, zigzagging, there is another problem that remains. During the opti-
mization process, sometimes new holes are nucleated, which can be seen in Figure 2.7 and has been reported in
literature as a feature in some level set methods [76]. However, in the method used in this work should not be able
to create these new holes [12]. This is supported by Equation (2.20), where the sensitivity is dependent on the
derivative of the location of enriched nodes with respect to nodal level set values. This implies that sensitivities are
only nonzero in the vicinity of Γm. Thus the interface can only be moved and not created in the domain without the
use of for example topological derivatives [2]. This means that the nucleation of these holes is a numerical artefact.
A cause of this behaviour can be found when analyzing the magnitude of the gradient of the nodal level set values
∇ϕ = [∂ϕ/∂x, ∂ϕ/∂y] in the final design from Figure 2.11. This plot of |∇ϕ| which can be seen in Figure 2.13.

The patches in |∇ϕ| indicate variations in the field, which correspond to peaks and valleys in the LSF itself. These
local extrema push or pull the material interface, which is undesired. When comparing this figure to Figure 2.14,
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Figure 2.14: Magnitude of the gradient of the LSF for the initial design of the MBB beam problem in Figure 2.5. Note that all
values of |∇ϕ| in the neighbourhood of Γm are equal to 1, indicating a more well-posed problem.

where the same field has been plotted for the initial design of the MBB beam, one can see that this is not initially
the case. Here, one can see the LSF in another light. |∇ϕ| = 1 through the whole domain, except in the middle
of the initial voids and in locations that are equidistant to multiple void centres. This constant gradient indicates
that the magnitude of the LSF keeps increasing when moving away from the material interface Γm. Because of
this property, ϕ(x) can also be seen as the signed distance from any location x to Γm. However, as the MMA
starts changing the design variables to minimize the objective function, the LSF appears to lose this property. This
irregular gradient has been reported to cause problems during the optimization, like convergence to suboptimal
local minima [24] and numerical artifacts [121]. Furthermore, the gradient of the LSF along the zero-level contour
can heavily influence the convergence rate of the optimization process [1, 23].

One solution that has been suggested is the application of a regularization scheme on the LSF or its sensitivities.
A range of these methods have been reported in literature [40, 24, 74]. In this work, regularization by means of
reinitialization of the LSF is used to maintain the physical meaning of nodal level set values and make it a signed
distance function with |∇ϕ| = 1 again [125]. One exception to this is further away from the material interface. The
signed distance function is clipped above and below the threshold of ±4a, where a is again the diameter of the
largest circle that can fit inside any of the triangular elements. This clipping prevents excessively large nodal level
set values, thus avoiding design variables outside the bounds set in Problem (2.18) and keeping the MMA from
having to enforce this constraint.

Because of the IGFEM formulation, this method is fairly straightforward to implement. During the subdivision of
elements that are crossed by Γm into integration elements, lower dimensional elements are created that conform to
the material interface. These elements can be used to apply immersed boundary conditions [11]. Because of these
elements, the updated nodal level set value at every FE mesh node can be defined as the smallest distance from
this node to its projection on any lower-dimensional element along Γm. This updated set of level set values can
then be updated into design variables by solving Equation (2.5) while using the newly updated vector ϕ. Although
this method of regularization is relatively straightforward, it is computationally expensive. Because of this reason,
the decision was taken to reinitialize the LSF only periodically. Another reason to take this approach is to change
the interface as little as possible. If the number of design variables is less than the number of FE mesh nodes,
not every combination of level set values can be represented by the design variables. This means there is a risk
of not preserving the zero-level set contour. Reducing the frequency of reinitialization steps minimizes the risk of
negative effects that it could cause.

To test this method of regularization of the LSF, the same MBB beam problem from Figure 2.5 was solved while
applying different reinitialization frequencies. Reinitialization happened every 5, 10, 15 and 20 iterations and, as
before, the optimization was terminated after 100 iterations. For these final designs in Figure 2.15, another ad-
vantage can be seen: the material interface is even smoother than that seen in Figure 2.11. This indicates that
the regularization results in a smoother LSF, which means that enriched nodes can be placed more accurately
along element edges that are intersected by the zero contour of the LSF. However, Figure 2.15a also shows that
reinitializing the LSF too frequently can have a detrimental effect as well. During this optimization, an extra strut
is added to the structure on the left side of the domain. On the other hand, Figure 2.15d shows the uncontrolled
nucleation of a new hole again, which is also visible in Figure 2.7. This indicates that a reinitialization interval of
20 iterations is too large to prevent the nucleation of new holes.

From the convergence behaviour of these optimizations, as seen in Figure 2.16, it can be concluded that reinitializa-
tion of the LSF does indeed result in quicker convergence. Moreover, when this regularization method is combined
with the enriched node placement that was introduced in Section 2.1.5, the result is a very smooth representation
of Γm. This is the case even for problems for which an RBF is placed at every FE mesh node, although this could
help in smoothing out the material interface even further. Although the designs in Figure 2.15b and Figure 2.15c
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Figure 2.15: Final results of the MBB beam problem from Figure 2.5 while using regularization by means of periodic
reinitialization of the LSF. All optimizations used the improved method of enriched node placement. (a) shows that an interval of

5 iterations results in an additional strut in the design. (b) and (c) depict the optimized design with an interval of 5 and 10
iterations, respectively. Both of these designs look similar with a smooth material interface and no traces of newly nucleated
holes. (d) shows that a reinitialization interval of 20 iteration is not enough to prevent the nucleation of new holes. This new

hole is highlighted in the magnified view in red.

are very similar, because of computational cost, a reinitialization interval of 15 iterations is used as a valid choice
for this problem. Although it is problem-dependent, this interval is also used for other other optimization problems
that are solved in this work.

To prove that the LSF of the optimized design is indeed more smooth with the proposed regularization, |∇ϕ| of the
design in Figure 2.15c is visualized in Figure 2.17. This figure shows the impact of the reinitialization scheme on
the LSF. As before in Figure 2.14, |∇ϕ| = 1 everywhere in the neighbourhood of the discontinuity, except at points
that are equidistant to multiple material interfaces. Also, ∇ϕ = 0 at points where ϕ has been clipped, which is at
locations that are further away from Γm. Because this happens at locations far from the material interface, it will
not influence the sensitivities in any way.

2.1.9. Application to a 3D cantilever beam
Now that the correct implementation of this improved representation of the material interface in two-dimensional
problems has been proven, this same approach is applied to a three-dimensional problem. The compliance mini-
mization problem given by Equation (2.18) is solved on a 2L×L×0.5L cantilever beam. This domain is discretized
using a mesh consisting of 40× 20× 10× 6 tetrahedral elements, which are placed so that the mesh is symmetric
across its yz plane. Also, the influence of 1848 design variables is spanned by 22 × 12 × 7 RBFs with a radius
rs =

√
2a. Here, a is the diameter of the largest sphere that can be placed in any of the tetrahedral elements.

The displacements of all nodes at x = 0 are set to zero and a distributed line load with |t̄| = 0.2 per unit length
is applied to the nodes at x = 2 × L ∩ y = 0. All elements in Ωs were given a Young’s modulus Es = 1 and
a Poisson’s ratio νs = 0.3. Similar to the two-dimensional problems before, the material properties in the void
domain are Ev = 10−6 and νv = 0.3. The maximum allowed volume in the material domain Ωs is Vc = 40% of the
design domain Ω. The voids in the initial design of this problem are shown in Figure 2.18. The move limit of the
MMA is set to 0.001 and the optimization was terminated after 100 iterations.

This optimization problem was solved twice. As a reference, it was first solved while placing enriched nodes using
a linear approximation of the LSF. The resulting optimized design can be seen in Figure 2.19. In the magnified view
of this figure, one can see a large number of small indentations in this section of the material interface. Contrary
to the zigzagging in Figure 2.6, these dimples appear periodically. Also, note the presence of a spike at the top
of the magnified view. This is caused by the error in the enriched node placement, which results in erroneous
sensitivities in the second to last design iteration. Because of this, the nodal level set value at the tip of the spike
is negative in the final design. Because of errors in the enriched node placement, this negative level set value
is interpreted as a spike. These errors in the approximation of the material interface in Figure 2.19 are similar to
those in the 2D designs. An important difference, however, is that this occurs while the number of design variables
is already smaller than the number of FE mesh nodes.
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Figure 2.16: The convergence behaviour of the MBB beam problem that is described in Figure 2.5, optimized with different
intervals between reinitialization. All optimizations in this plot used the placement of enriched nodes according to the improved

quadratic approximation of the LSF. Note that the reinitialization scheme has a positive effect on the convergence of the
objective C. The convergence behaviour of the volume constraint is not shown, since it behaves the same as in Figure 2.12.
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Figure 2.17: Magnitude of the gradient of the LSF for the final design of the MBB beam problem in Figure 2.5. Note that all
values of |∇ϕ| in the neighbourhood of Γm are equal to 1. This not only makes the optimization more well-posed, it also makes

reliable enriched node placement easier.

t̄

Figure 2.18: Initial design of the three-dimensional cantilever beam design problem. On the right side, at x = 0, the beam is
fixed. On the bottom-left edge, where x = 2× L ∩ y = 0, a downward load is applied.
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Figure 2.19: Optimized design for the three-dimensional cantilever beam problem, while using a linear approximation of the
LSF to place the enriched nodes. The magnified view shows small indentations on the slanted section of the design. Also

visible at the top of the magnified view is a spike that is a result of the error in the placement of enriched nodes, which in turn
results in erroneous sensitivities.

Figure 2.20: Optimized design for the problem that was shown in Figure 2.18. This geometry is the result of a quadratic
approximation of the LSF along crossed element edges, while the LSF was reinitialized every 15th iteration. The magnified
view shows that the slanted section that had indentations in Figure 2.19 is completely smooth with this improved approach.
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Figure 2.21: Convergence behaviour of the compliance C and volume ratio Vs/VΩ of the optimizations with final designs
shown in Figures 2.19 and 2.20. These use linear enriched node placement and quadratic enriched nodes placement in

combination with a reinitialization that was executed every 15th iteration, respectively.

The second time the problem was solved, the improved quadratic method to approximate Γm was used in combi-
nation with reinitialization of the LSF that occurred every 15th iteration. The optimized design with this approach is
shown in Figure 2.20. Contrary to the geometry in Figure 2.19, this design is very smooth in all regions of the design.
This indicates that the indentations and spikes in Figure 2.19 were indeed caused by an error in the approximation
of the zero of the LSF along element edges. The convergence behaviour of both optimization problems can be
seen in Figure 2.16 and shows that the progression of both the objective and the volume is very similar for both
approaches. In conclusion, the improvements by using a quadratic approximation of the LSF to place enriched
nodes in combination with a periodic reinitialization of the same function result in significant improvements. Not
only is the material interface approximated more accurately and thus becomes smoother. Also, the optimization
scheme is also more reliable since the LSF now has a constant gradient in the neighbourhood of Γm, making the
optimization problem more well-posed.

2.2. Applying IGFEM level set-based TO on the mandible
2.2.1. Voxelization of irregularly-shaped domains
All design domains Ω up to this point have been rectangular. This means that the meshes that discretized these
domains could be composed of rectangles or cuboids, which can be divided into triangles or tetrahedra, respec-
tively. Because the corners of these geometries are spaced very regularly, this type of mesh is very suitable as
a basis from which to span RBFs. These types of meshes are suitable for this purpose since the centre of each
RBF must be placed relatively regularly. This is needed to ensure an accurate approximation of the field that is
spanned [34], which for this work, is the LSF. However, for many practical problems, Ω cannot be represented
using a cuboid or rectangle. To form a mesh that does conform to Ω in such a shape, the elements in this mesh
will be of different shapes and sizes. The resulting set of irregularly spaced nodes in such a mesh is thus less
suitable as a basis for the RBFs.

In the definition of the sensitivities of IGFEM-based level set topology optimization in this work, there lies another
problem in the use of irregularly spaced RBFs. In Equations (2.20) and (2.30), the derivative of the objective with
respect to a nodal level set value is found. This value ∂C/∂ϕj is then multiplied with ∂ϕj/∂si, which corresponds
to the relevant value in matrix θ⊺ from Equation (2.5). This results in the sensitivity of the compliance with respect
to design variable si. Note that in Equations (2.20) and (2.30), a summation is done over index set ιi, which
represents every mesh node j where the RBF corresponding to design variable si is nonzero. In a region where
the mesh that discretizesΩ is finer, this index set will be larger than in other locations, thus increasing the sensitivity
in such an area. The full extent of this problem can be visualized by applying such a situation to a simple problem. In
Figure 2.22, the MBB beam problem is shown again. The exception is, this time the top-right corner of the domain
is rounded. Moreover, the mesh is refined in the proximity of the bottom-right corner, this could be required to
more accurately describe stresses and strains near the support in this corner. The resulting mesh consists of 8403
triangular elements and 4350 nodes. As before, the radius of each RBF is

√
2a where a is the diameter of the

largest circle that can be fitted in the largest element of the mesh
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Figure 2.22: Initial design of the MBB problem, now with the top-right corner of the domain being rounded. The same
boundary conditions as in Figure 2.5 are applied. Also, the domain is discretized with a variable mesh size, with the elements

becoming smaller near the bottom-right corner.
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Figure 2.23: The derivative of the compliance objective C with respect to the nodal level set values.

In Figure 2.23, the derivative of the compliance with respect to the nodal level set values is shown, which appears
to be independent of the element size in the region. However, the multiplication with ∂ϕj/∂si from Equation (2.30)
transforms this to ∂C/∂si, which can be seen in Figure 2.24.

In Figure 2.24, it can be seen that the concentration of RBFs in the refined region of the mesh has a significant
influence on the sensitivity of the compliance objective. If this gradient information were to be used by the MMA
it would change the design variables according to these sensitivities. However, since each design variable in the
bottom right corner influences more FE mesh nodes than elsewhere in the mesh, the LSF is changed even more
in this region. This will result in the material interface being moved more rapidly in regions where the mesh is finer.
However, this does not result in an optimal update strategy of the design variables for this problem.

To correct this exaggerated movement of the material interface, Ω is turned into a discrete grid of rectangles, which
are called pixels and voxels in 2D and 3D, respectively. However, for the purposes of this work, the term voxels
will be used in 2D as well. As discussed before, the corners of rectangles and cuboids form a very suitable basis
for the RBFs. To voxelize the mesh efficiently, all nodes of the FE mesh are used as a point cloud. Around this
cloud, a bounding box is created which in turn is subdivided into voxels of a specified size. However, if there are
no FE mesh nodes in the vicinity of a voxel, it can be eliminated because the RBFs corresponding to its corners
are zero at these nodes. To reduce the computational cost of this disposal of empty voxels, a k-dimensional tree
is used to partition the design domain [31]. The resulting voxelized mesh that represents Ω with a voxel size of
0.1L and subsequently 328 design variables can be seen in Figure 2.25. Although the concentration of FE mesh
nodes results in a local maximum in the compliance sensitivity in the bottom-right corner of the domain, there is
no concentration of RBFs in this region. This means that, contrary to before, the subsequent change in the design
variables will not result in an even larger change in the LSF.

The final design of the problem described in Figure 2.22 can be seen in Figure 2.26. To obtain this result, the
nodes from the voxelized mesh in Figure 2.25 were used as a basis for the RBFs. The diameter was again

√
2a,

where a is the largest circle that can be fitted in this voxelized mesh. Regularization of the LSF occurred every
15th iteration and the optimization was terminated after 100 iterations. The final design in Figure 2.26 is different
from other results in this work, since for this example only 328 design variables were used. This is a lot less than
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Figure 2.24: Sensitivity of the compliance objective C when RBFs are placed at every FE mesh node in a mesh with varying
element sizes. Note the sudden peak in sensitivity that was not present in Figure 2.23
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Figure 2.25: Sensitivity of the compliance objective C for a voxelized RBF mesh. Note that the field looks similar to that in
Figure 2.24. However, there will be no concentration of RBFs to exaggerate the movement of the material interface in the

bottom-right corner.

the 7701 design variables that were used for the final designs of Figure 2.15, resulting in a design with fewer fine
details. However, the design does look similar and it also corresponds to results that were found with a similar
number of design variables [12]. This means the approach of voxelizing Ω can be used as a basis for RBFs to
optimize any domain in either two or three-dimensional problems.

2.2.2. Meshing of the mandible
With the optimization scheme having been validated, improved upon, and made suitable for design domains of any
shape, it can be applied to the elastostatic problem of the mandible during typical clenching tasks. The starting
point of this problem is a 3D scan of a damaged mandible, as depicted in Figure 2.27a. As highlighted, this
mandible has a defect on the right side that compromises its structural integrity. The damaged section has to be
removed with extra margins by means of resection, the cutting planes of which will connect the bone to the design
domain. The resulting defect is shown in Figure 2.27b, which has a width of at least 71.33mm.

Since Ω describes boundaries for possible designs of the reconstruction plate, this volume should be designed
with care. For this work, the focus was put on the possibility of maintaining symmetry of the facial contour. Thus the

Figure 2.26: Optimized design of the problem in Figure 2.22, while using the nodes from the voxelized mesh in Figure 2.25 as
a basis from which to span the RBFs.
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(a) (b) (c)

Figure 2.27: The approach that is taken to yield the design domain, shown in multiple steps. (a) shows a scan that represents
the damaged mandible with the defect due to pressure-induced bone necrosis highlighted in red. (b) depicts the cleaned up
scan and the osteotomy sites. In dark grey, the new (already discretized) design domain is shown which retains the symmetry
of the facial contour. (c) shows the discretized domain in Figure (b) again with its voxelized representation with a voxel size of

3mm from which the RBF’s will be spanned.

design domain constrains volume from being added outside the jawline. On the upper section ofΩ, no replacement
of the coronoid process on the right side was added, leaving more space to the boundaries of the original mandible.
This was done to prevent possible wound dehiscence inside the oral cavity, which has been reported to be a risk
in mandibular reconstruction plates [80]. The result of the design process to form the design domain can also be
seen in Figure 2.27b. Note that for the sake of simplicity, no connecting flanges were added to Ω. The result is
that a perfect bond is assumed between Ω and the remaining mandible. The three resulting geometries were then
exported to Gmsh [35] and discretized into a mesh consisting of three parts: the computational domain Ω and the
right and left sides of the remaining mandible. These three domains were then discretized in 30 025, 16 804 and
110 930 tetrahedral elements, respectively.

However, the shape and size of the elements in this mesh vary to make the mesh conform to the shape of each
domain. As discussed before, the nodes in such a mesh are not suitable as a basis for RBFs from which to span
the LSF. The solution is using a voxelized representation, which is depicted in Figure 2.27c. This voxelized mesh
with a voxel size of 3mm is used as the new basis for the RBFs. It consists of 1256 nodes and thus as many
design variables are used to represent the topology of the design in the following optimizations. This voxel size
and subsequent number of design variables were chosen to obtain a similar number of FE mesh elements per
design variable as the problem in Figure 2.18.

2.2.3. Applied forces on the mandible
With the mandible and Ω discretized, boundary conditions need to be applied to the model. However, unlike most
engineering problems, there is uncertainty in these boundary conditions. Since these consist of muscle forces and
reaction forces, they can vary significantly between patients depending on, for example, sex, body weight, and
clenching task [30, 27, 87]. To account for these variations and make the reconstruction plate truly patient-specific,
careful deliberation should be made before deciding which forces should be applied.

In total, 13muscles are attached to an intact mandible [128]. Of these muscles, 6 are considered principal muscles,
namely the superficial masseter (SM), the deep masseter (DM), medial ptygeroid (MP), anterior temporalis (AT),
middle temporalis (MT), and posterior temporalis (PT) [87], the attachment points of which are depicted in Fig-
ure 2.28. Each of these muscles can apply different forces, depending on the clenching task. The most dominant
of these tasks are incisal clenching (INC), left or right unilateral molar clenching (MOL), and left or right group func-
tion clenching (GF) [87, 64]. In addition to these muscles, the condylar heads and teeth also apply reaction forces
on the mandible during clenching tasks to achieve static equilibrium. The condylar heads oppose all translational
movement and the teeth apply vertical reaction force while clenching.

Although TO can be conducted for structures that are subject to multiple load cases, left unilateral molar clenching
(LMOL) was chosen as the only applied clenching task in this work for the sake of simplicity. This combination
of muscle forces was chosen since it has been reported to result in the largest reaction forces on the teeth [87,
48]. This suggests that this task will also yield the highest stresses in the mandible and will thus be the most
critical of the dominant clenching tasks. The net muscle forces that correspond to left molar clenching are shown
in Table 2.1. However, to make RP truly patient-specific, these forces should be replaced by values that follow
from measurements conducted on the actual patient.

With the set of applied forces known, the net reaction forces of both condyles and the teeth can be calculated.
After solving for static equilibrium in the whole mandible, the net force of the left and right condyles are found to
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Figure 2.28: The discretizations of Ω and the mandible, combined with a representation of all the attachment points of muscles
that are used to apply a force in this work. Note that the mandible is fixed at the condyles and a reaction force in the z-direction

is applied to the teeth.

Right Left
x y z x y z

SM -16.99 -34.49 72.72 20.45 -41.33 87.26
DM -19.22 12.60 26.71 23.11 15.12 32.04
MP 36.72 -28.15 59.76 -51.41 -39.46 83.59
AT 12.38 -3.67 82.08
MT 10.08 22.68 38.02
PT 6.70 27.43 15.19

Table 2.1: Muscular forces in N in each direction corresponding to the axes in Figure 2.28, according to the left molar
clenching task from [87].
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(a)

LMOL
x y z

Fright -14.25 7.94 55.70
Fleft 14.25 -7.94 -55.70
Mright -3.95 -0.86 -0.02
Mleft 0.59 -1.13 -0.55

(b)

Figure 2.29: The forces that are applied to Ω. (a) shows the initial design of the reconstruction plate. The arrows depict the
equivalent forces and moments that are applied on the osteotomy sites. (b) states the magnitudes of the internal forces in N

and moments in Nm in each direction that are stated in (a).

be
[
−7.06 11.29 −169.35

]
N and

[
−14.76 57.98 −103.49

]
N, respectively. Meanwhile, the vertical reaction

force of the teeth that are used during the LMOL clenching task is −224.54 N. Note that, for this specific mandible,
the coronoid process on the right side could not be retained during the resection. This means that on this side,
the three temporalis muscles also had to be resected and will not apply a force on the mandible. Thus, the
corresponding entries in Table 2.1 are empty. A similar approach could be required for the masseter muscles on
the right side. Sometimes, the attachment points of these muscles need to be relocated to place the RP or be
resected altogether [38]. The required approach depends on the location of the osteotomy sites. However, for this
work, it was assumed that the masseter muscles remain intact.

2.2.4. Boundary conditions on the domain
To increase computational efficiency, the domains that represent the remaining parts of the mandible will not be
analyzed during the optimization. To still yield the correct boundary conditions on Ω, the applied muscle and
reaction forces on each side of the mandible were projected onto the two osteotomy sites. The result of this
approach is the internal forces and moments that act on the osteotomy sites. A schematic representation of this
situation can be seen in Figure 2.29a. The moments in this load case are applied uniformly about the centroid
of both osteotomy sites while the forces are applied uniformly over the same surfaces. This application of loads
happens in the form of a Neumann boundary condition on the nodes that lie on the osteotomy site so that the net
forces and moments will be equivalent to the internal forces and moments in the osteotomy sites.

In Table 2.29b, these internal forces and moments are stated. Logically, the forces on the left and right cancel
each other out in order to retain a static equilibrium of the domain. However, because of the bent shape of Ω,
the magnitudes and directions of the moments vary significantly between both sides of the domain. This means
that these applied forces and moments will be very specific to the location and size of the defect in the mandible
and thus specific to each patient. In the case shown in Figure 2.27b, on the right, the moment works mostly in
bending. Meanwhile, on the other side, the applied moment is smaller in magnitude and applies torsion on Ω. This
difference in applied load would be expected to influence the shape of the reconstruction plate in later optimized
designs and thus will be used to check whether optimized designs are logical or not.

Finally, to prevent solid body rotations and translations ofΩ, extra boundary conditions should be applied. Because
of its proximity to the teeth, the top of the left osteotomy site of the domain is fixed in the z-direction. However, a
fixation in the other directions was not placed here, since the applied moments are expected to be at a maximum
this far from the centroid. Thus, at the centroid of this face, the movement in x and y-direction was set to zero
using a Dirichlet boundary condition. Of course, this method of preventing solid body translations is incorrect, since
the fixed locations would move when the RP is attached to the mandible. However, since fixation flanges were
omitted, these boundary conditions were considered adequate for the purposes of this work. With this addition, the
whole set of boundary conditions is complete, as visualized in Figure 2.29a. In the same figure, the initial design
of the reconstruction plate is also depicted. It consists of a grid of spherical holes, similar to the initial design in
Figure 2.18. However, because of the irregular shape of Ω, the ordered grid of holes does not appear as ordered.

2.2.5. Optimized designs of a solid titanium reconstruction plate
With all information on the elastostatic problem of the mandible known, the optimization scheme can finally be
applied to the design of a patient-specific mandibular reconstruction plate. The material properties that were
assigned to the elements in Ωs are a Young’s modulusEs = 116GPa and Poisson’s ratio νs = 0.34, corresponding
to the values of titanium in literature [73]. The elements in the void domain Ωv have a Young’s modulus Ev = 10−6

and a Poisson’s ratio νv = 0.3.
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(a) (b) (c)

Figure 2.30: Optimized designs of the mandibular reconstruction plate after 150 iterations if it were to be made from solid
titanium. (a) shows the optimized design for a maximum volume fraction of 10%. (b) depicts the optimized design that is
allowed to use 30% of Ω. Note a similar structure on the left of the figure compared to (a), although also more material is

distributed towards the right as well to resist torsion. (c) shows the final design for optimization with the volume constrained to
50% of the design domain. However, this design does not show a lot of detail, since it is made hollow. This is shown by making

part of the design transparent. The elements in red are part of the void domain.

As a move limit for the MMA, a value of 0.0002 was set. As before, the LSF was regularized using reinitialization
every 15th iteration of the optimization process and the quadratic method was used to place enriched nodes. Also,
the optimization was terminated after 150 iterations. The maximum volume of the plate was set to 10%, 30%
and 50% of Ω, which means the optimization problem was solved three times. The final designs of these three
problems can be seen in Figure 2.30.

In Figure 2.30a, where the maximum allowed volume is 10% of Ω, the design is very slender. On the left of the
figure, where the reconstruction plate connects to the right of the mandible, it is clear that the structure is optimized
for a bending load since a triangular structure is formed. However, on the other side of the domain, the design
looks illogical. Only two elements are connected to the left osteotomy site, while this section of the design would
be expected to be under a torsion-dominated load. Upon further investigation, the cause of this incorrect design
is the use of an insufficient number of design variables. Since the design variables are spaced in a voxelized grid,
each nearest neighbour of any RBF centre is 3mm away. This distance, combined with the radius of each RBF
that has a smoothening effect on the LSF, results in a minimal thickness of features. However, when the maximum
volume of the design is only allowed to be a small portion of Ω, this minimal feature thickness is problematic since
it forces the MMA to reduce the number of strut-like elements in the design. This is visible in Figure 2.30a and can
only be solved by reducing the space between the RBFs and thus increasing the number of design variables.

In contrast to the design that only displaces 10% of Ω, the design in Figure 2.30b shows a structure that would be
expected as a result to the boundary conditions that were applied according to Section 2.2.4. On the side near
the right osteotomy site, the design forms a structure that resembles a triangle, which looks similar in shape to the
structure in Figure 2.30a. However, on the other side of the design, the structure is more logical than the design
with the lowest allowed volume. This design consists of two vertical sections that are parallel to each other, in order
to maximize resistance to torsion. In the middle of the optimized design in Figure 2.30b, the design still appears to
be bending-dominated. This is expected sinceMright, which is mainly a bending moment, is larger in magnitude
thanMleft, which is a torsion-dominant moment.

The designs discussed up to this point have a smooth surface, which follows from the formulation of the LSF that is
spanned by the RBFs. Also, there is no sign of zigzagging of the material interface, since that is solved by applying
a quadratic approximation to the location of enriched nodes. The optimized design that is allowed to use 50% of Ω,
depicted in Figure 2.30c, appears to fill the entire domain. Upon further investigation, this only appears to be the
case, since the final design is mostly hollow. In essence, it consists of two vertical members that are connected at
some places in the middle. This can be seen by making the design semi-transparent.

The convergence behaviour of the objective function and the volume constraint related to the designs in Figure 2.30
can be seen in Figure 2.31. The volume constraints behave as expected, with the fraction that is Vs/VΩ converging
smoothly to the prescribed value. After this value has been reached, the volume fraction remains at this value
during the rest of the optimization process. The behaviour of the objective function tells a different story, however.
For the problem with a maximum volume fraction of 10%, a lot of oscillations occur during the optimization process.
This is also caused by the restriction in the minimum feature thickness that was discussed before. For the domain
Ω and its voxelized representation in Figure 2.27c, the RBFs clearly have problems in representing a design that
displaced less than 30% of Ω. This is the case, as the objective function already starts oscillating when the volume
fraction gets below this point. This further supports the assumption that the final design in Figure 2.30a is not
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Figure 2.31: The convergence behaviour of the problem of the mandibular reconstruction plate. Note that the behaviour of the
compliance C of the design with the smallest allowed volume fraction shows undesired oscillations. The two optimizations with

a higher maximum allowed volume on the other hand, show a smooth convergence.

viable. However, the other designs do show a smooth converging behaviour of the objective, suggesting that
these designs are indeed viable and the compliance of these structures has successfully been minimized.

2.3. Application of functionally graded materials
2.3.1. The best choice of a functionally graded material
Now that there are optimized designs for a mandibular reconstruction plate, these geometries could be used as
a guide for designing the actual reconstruction plate. This is possible since the material near the resection sites
gives a good indication of the locations where fixation flanges and screws are required. Moreover, the resulting
geometries give an indication of the dominant types of load in each region of the plate. However, the final designs
in Figure 2.30 were optimized with the sole objective of minimizing compliance by using solid titanium. This means
that the designs presented up to this point will not have any possible means of reducing the risk of stress shielding
in the bone surrounding the reconstruction plate. Thus, the focus shifts to improve on the results that were found
up to now. To reduce the discrepancy between the stiffness of the bone and that of the reconstruction plate,
a functionally graded material could be of use for this objective [59, 111]. To obtain a variation in the material
properties depending on the location of Ω, the choice of microstructure to achieve this is very important. There is
a range of types of microstructures, each having numerous advantages and disadvantages [46, 50].

One option is to use lattice structures, which have been used to designmandibular reconstruction plates [72, 33, 88].
In these structures, the strut diameters were optimized to, for example, homogenize stresses in the reconstruction
plate. However, this does not allow for control over the macroscopic topology of the plate. Foam-like structures can
also be used [5, 99], but these lack fine control over material properties throughout the design domain. Moreover,
this type of microstructure is irregular and thus the structural integrity of the design cannot be accurately predicted
using FEM.

A third option is the use of periodically repeating cells that, contrary to lattice structures, do not consist of struts.
The most commonly used of these are Triply Periodic Minimal Surfaces (TPMS). These types of microstructures
can be found in nature, for example, butterfly wings and beetle shells [59, 54]. These porous structures have
several favourable properties that could be useful in mandibular reconstruction plates. One such property is the
possibility to combine a low stiffness with a high fatigue strength. This means the stiffness can be adapted to
approach that of trabecular bone while still retaining structural integrity [10, 43]. Also, research shows that the
porosity of these structures allows them to be sufficiently permeable, which allows oxygen and nutrients to travel
to cells growing in the microstructure [10]. This will aid the healing of the tissue around the plate and promote bone
ingrowth. Another advantage is themean curvature of the pores in the structures, which is approximately zero. This
value is comparable to that of trabecular bone, which has also been described to promote bone ingrowth [101, 52].
Because of these advantages, TPMS microstructures have widely been used in the field of tissue engineering [22,
25, 57].

There are many different types of TPMS structures, of which the most common are primitive, diamond, and gy-
roid [110], each of which have distinct mechanical properties. Research has shown that the gyroid structure shows
favourable properties concerning its strength-to-weight ratio [71], while crucially showing good control over its stiff-
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ness by changing porosity [127, 126]. Moreover, this type of microstructure also showed favourable bone ingrowth
compared to other TPMS structures [77].

The overall size of each unit cell of the microstructure is also very important. This is not only determined by
the requirements of the human body but also by the capabilities of the SLM 3D printers that will manufacture
the reconstruction plate. This technical constraint is set by the average size of the Ti6Al4V powder particles of
which the plate will be produced, which leads to every powder layer having a thickness of at least 50µm [116, 16].
Each unit cell of the TPMS microstructure must be accurately manufactured, which means that features should be
sufficiently larger than this layer thickness. Also, the pore size of the microstructure should have a specific size
to provide optimal conditions for bone ingrowth. In vitro and in vivo experiments have shown that a pore size of
approximately 300µm are optimal for this purpose [116, 10, 55, 89], which gives an even bigger lower bound to
the size scale of the microstructure. The use of unit cells with a size of 1.5mm x 1.5mm x 1.5mm has already
been shown to exhibit favourable conditions for bone ingrowth in reconstruction plates [10]. This makes the use
of gyroid TPMS unit cells with the same size a good choice of microstructure in this work.

However, using one type of microstructure would mean that the material has the same, more flexible, properties
throughout the whole domain. Although this could reduce the discrepancy between the stiffness of the reconstruc-
tion plate and the bone in the mandible, it would not result in an optimal design. In the middle of the domain, where
there is no bone in the proximity, the benefits of a porous microstructure would not outweigh those of a solid ma-
terial. The increased strength of solid material would allow for a more slender cross-section of the reconstruction
plate in this region, reducing the risk of wound dehiscence.

To combine the desired effects of a compliant microstructure in the proximity of the remaining mandible and the
stiffness of solid titanium in the middle of the reconstruction plate, a function is constructed that represents this.
This function describes the desired Young’s modulus throughout the design domain as

E(x) = E0 + α min(|x− xref|) . (2.32)

This equation describes an increasing Young’s modulus when moving away from xref, which can be any set of
reference geometries. At the location of these reference geometries, Young’s modulus is set to the value of
E0, while α represents the gradient in the elastic modulus with respect to the distance to xref. In the case of
a mandibular reconstruction plate, xref contains the two osteotomy sites. To find a material microstructure that
follows the desired behaviour that is described by Equation (2.32), another design problem needs to be solved.
The Young’s modulus that is prescribed can be achieved by changing, for example, the thickness of the membrane
in the unit cells [22]. There has been some work on obtaining the required geometrical properties to obtain the
desired mechanical properties [69, 70].

2.3.2. Analytical sensitivities of a functionally graded material
Because of this variation of the microstructure, the material constitutive matrix will also vary through every ele-
ment in the mesh. This variation will need to be taken into account when computing sensitivities. However, in
Equation (2.21),D was assumed to be constant in the derivative of the integration element’s stiffness matrix with
respect to the location of enriched node xn. In the case of a functionally graded material, D is differentiable with
respect to the location of enriched node xn:

∂ke

∂xn
=

∫
△

(
∂je
∂xn

B⊺DB + je
∂B⊺

∂xn
DB + jeB

⊺ ∂D
∂xn

B + jeB
⊺D

∂B

∂xn

)
dξ . (2.33)

In this equation, the third term, jeB⊺(∂D/∂xn)B, is new as compared to Equation (2.21). This extra term de-
scribes the change in the integration element’s material constitutive matrix with respect to the enriched node
placement. This can be visualized by looking at an element that is crossed by Γm, as depicted in Figure 2.32. It
shows that a movement of the interface results in movement of integration points. This in turn changesD, which
should be taken into account in design sensitivities.

The field that represents the Young’s modulus in the elements is described by interpolating the Young’s modulus
Ei at the parent element’s nodes using the parent shape functions N , i.e., E =

∑
iNiEi = NE. When enriched

node xn is moved towards node 1, as visualized in Figure 2.32, the shapes of integration elements in the support
of xn are changed. This influences the previously mentioned interpolation since the values of the parent element’s
shape functions at the integration points are dependent on the location of enriched node xn. This can be written
down as the following chain rule of derivatives:

∂D

∂xn
=
∂D

∂E

∂(N ·E)

∂xn
. (2.34)
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Figure 2.32: An element that is crossed by material interface Γm, which is moved from the light blue to the dark blue
configuration. This movement changes the shape of the integration elements, which in turn moves the integration points of the
integration elements. At these points, the material constitutive matrix is evaluated, which will as a result also change when

using a functionally graded material.

The nodal Young’s moduliE are defined for the nodes of the parent element and independent of xn, which means
that ∂E/∂xn is zero. This in turn means that only the derivative of values of the parent element’s shape functions
at the integration points with respect to the enriched node location is nonzero, which was defined in [13] as

∂N

∂xn
=
∂N

∂ξp
A−1 ∂xe

∂xn
Ne . (2.35)

In this equation, A is the isoparametric mapping matrix and ξp is the location of the integration point in the parent
reference coordinate system. Finally, Ne are the linear Lagrange shape functions associated with the nodes of
the integration element, and xe are the global coordinates of the integration element’s nodes.

Following this, the correct implementation of this addition to the derivative of the integration element’s stiffness
matrix with respect to the location of enriched nodes must be proven. To do this, the analytically computed sen-
sitivities ∂C/∂si were compared to central finite differences C′

i for the same problem shown in Figure 2.9. The
circular inclusions in the initial design again have a Young’s Modulus Ev = 1 × 10−6. Contrary to before, the
material in Ωs shows the behaviour described by Equation (2.32). The only reference geometry is the right plane,
where E0 = 1. Moreover, α = 99, which means the Young’s modulus will be equal to 100 on the left side of the
domain. As before, Poisson’s ratio is equal to 0.3 for elements in both Ωv and Ωs.

The relative differences of the nonzero design variable sensitivities follow from the same definition as Equa-
tion (2.31) and the resulting values of the relative differences δi are plotted for a range of finite step sizes ∆si.
Figure 2.33b shows that δi converges to zero for a range of step sizes, even for a domain that is made from a
functionally graded material. As a reference, Figure 2.33a depicts the relative differences while using the definition
of ∂ke/∂xn from Equation (2.21). These values of δi are off by large values, which means they appear constant for
varying step sizes. This proves the importance of the additional term in ∂ke/∂xn which accounts for the variation
in the material constitutive matrix and its correct implementation. Thus the IGFEMmethod used for level set-based
TO in this work can indeed be applied to materials with varying material properties through Ω.

2.3.3. Optimizing the MBB beam problem with a functionally graded material
In order to investigate the influence of a functionally graded material, the MBB beam problem illustrated in Fig-
ure 2.5 was revisited. However, this time the material in Ωs was assigned a Young’s modulus according to Equa-
tion (2.32) with E0 = 1. This is the case for nodes on the right of the domain. When moving to the left from this
reference geometry the material becomes less compliant. The circular inclusions in the initial design again have
Young’s modulus Ev = 1×10−6 and Poisson’s ratio of 0.3. As before, an RBF was placed at every FE mesh node,
with each of these RBFs having a support radius of rs =

√
2a. The move limit for the MMA again was set at 0.001,

with the optimization being terminated after 100 iterations.

The final designs of these problems for a varying value of α are shown in Figure 2.34. Note that, as a reference,
the top design in this figure uses α = 0, which is identical to the design in Figure 2.15 with a reinitialization interval
of 15 iterations. When comparing this design with designs for which α ̸= 0, one can see the difference in allocation
of the material through Ω. When α is increased, material is moved towards the right of Ω, thickening the struts in
this region while making the structure thinner on the left side. Moreover, in the design for which α = 1, the third
from the top in Figure 2.34, extra strut-like elements are added to the right of the domain. These results agree with
what was expected with the addition of functionally graded materials. Thus this approach can be used in more
complex problems, such as a mandibular reconstruction plate.
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Figure 2.33: Relative differences δi as a function of the step size ∆si for the numerically computed central finite differences
C

′
i . while using a functionally graded material in Ωs. The Young’s modulus follows the behaviour described in Equation (2.32).
(a) shows the relative differences when using the derivative of the integration element’s stiffness matrix with respect to the

enriched node placement from Equation (2.21). This approach results in incorrect analytical sensitivities, which would result in
incorrect design updates. (b) depicts the same relative differences with the improved definition in Equation (2.33), which shows

a range of step sizes for which δi converges to zero

(a) (b)

(c) (d)

Figure 2.34: Optimized designs while using a functionally graded material according to Equation (2.32). For all designs, xref is
the right of Ω, at which E0 = 1. (a) shows the design when α = 0, thus the design is the same as shown in Figure 2.15c.

(b) displays the final design for α = 1/3, which means that the Young’s modulus is 2 at the left of the domain. The design is
very similar to (a). (c) depicts the optimized design for α = 1, where extra struts are used to reinforce the right of the domain.
(c) shows the final design when α = 3, so that the Young’s modulus is 10 on the left of Ω. One can see the distribution of extra

area towards the right side of the domain, where the prescribed Young’s modulus indicates a more porous and compliant
microstructure.
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Figure 2.35: The convergence behaviour of both the compliance objective and volume constraint of the MBB beam problem,
while using functionally graded materials with different values of α. Note that the final compliance decreases for an increasing

value of α.

0 3L
0%

2.5%

x-location

co
nt
rib

ut
io
n
to

ar
ea

α = 0

α = 1
3

α = 1
α = 3

(a)

0 3L
0%

3.5%

x-location

co
nt
rib

ut
io
n
to

m
as
s

α = 0

α = 1
3

α = 1
α = 3

(b)

Figure 2.36: Visualizations of material distribution along the x-direction of the MBB beam for the designs in Figure 2.34. (a)
shows the distribution of area for every design, not accounting for microstructure porosity. The increased area on the right
shows that parts with a weaker microstructure are reinforced. (b) depicts the mass distribution in the designs in Figure 2.34.
Contrary to Figure (a), microstructure porosity is taken into account. This shows that even though the designs appear to
reinforce the right of the domain, material is actually moved towards the left, since the microstructure in that location is

significantly less porous when using an FGM.

The convergence behaviour of the objective and volume fraction Vs/VΩ is shown in Figure 2.35. The convergence
of the compliance objective shows a logical behaviour. Since an increased value of α leads to an increase in the
overall stiffness of the beam, the compliance should be lower when using the functionally graded material used in
this problem. This behaviour indeed is visible, while no difference is discernible on the convergence behaviour of
the volume fraction.

For more insight into the influence of a gradient in Young’s modulus through the domain, Figure 2.36a shows the
distribution of area in the design as a function of the x-coordinate. By plotting this for every design in Figure 2.34, a
clear comparison can bemade between final designs with different values of α. The result clearly shows that for the
case of α = 0, the majority of the area in the design is distributed towards the left of the domain. When increasing
α, this distribution changes and an increasing amount of area is moved towards the right of the domain, where
the Young’s modulus is the lowest. However, when taking the porous microstructure into account the result is very
different. This is depicted in Figure 2.36b and shows that mass is actually moved towards the left when increasing α.
To achieve a microstructure is 1/10 of that of a solid material, the porosity of a typical TPMS microstructure should
be 90% [120]. This relationship between porosity between porosity and Young’s modulus is linear and it heavily
influences the results shown in Figure 2.36.



2.3. Application of functionally graded materials 31

(a) (b) (c)

Figure 2.37: Optimized designs of the mandibular reconstruction plate made out of a functionally graded material after 150
iterations. (a) shows the optimized design for a maximum volume fraction of 10%. Note the changed shape of the elements

that are attached to the right osteotomy site. Material was moved to reinforce sections with a more flexible microstructure, thus
flattening the triangular structure in Figure 2.30a. (b) depicts the optimized design that is allowed to take up 30% of Ω. This
design also shows material being moved from the middle towards the sides of the reconstruction plate. (c) shows the final

design for an optimization with a volume constrained to 50% of the design domain. However, as before with the same volume
fraction, this design does not show a lot of detail, since it is made hollow. This is again shown by making part of the design

transparent, showing a cross section with the red void domain.

2.3.4. Optimized designs of a functionally graded reconstruction plate
With functionally graded materials correctly implemented, the same problems that were solved in Section 2.2.5
were optimized. However, the material properties assigned to the elements in Ωs are now different. Namely, a
varying Young’s modulus is used that follows the behaviour described in Equation (2.32), where E0 = 14GPa.
This is the Young’s modulus that is used in the design at both osteotomy sites. It is very compliant compared
to the value of 116GPa that was used in the designs shown in Figure 2.30 and possible thanks to the use of
a microstructure with an estimated porosity of 86%. In the middle of Ω, however, the desired value of Young’s
modulus is equal to 116GPa, corresponding to solid titanium. To achieve this, α was set to 102× 109 Pa/38.86×
10−3 m = 2.62GPa/mm, where the denominator is the maximum distance from any node in the mesh to the two
reference geometries, which is 38.86mm. As before, Poisson’s ratio νs = 0.34, corresponding to titanium. The
material properties of elements in the void domain are the same as before.

As stated in Section 2.2.5, the move limit of the MMA was set to 0.0002 and three optimizations were done for
the maximum allowed volume fractions of 10%, 30% and 50% of Ω. Also, regularization of the LSF occurred
every 15th iteration using reinitialization. The optimizations were again terminated after 150 iterations, and the
resulting geometries can be seen in Figure 2.37. The optimized design with the lowest volume fraction of 10% in
Figure 2.37a shows a similar problem to its counterpart in Section 2.2.5. This design is mostly reduced to one beam
that connects the two osteotomy sites; the cause of this suboptimal design is again an insufficient number of design
variables, which limits the minimal size of features in the design. However, because of the variable microstructure
that reduces stiffness in the proximity of bone, the design is different from the one depicted in Figure 2.30a. The
optimized design has more material in the regions with the more compliant microstructure. The most material is
added on the osteotomy site on the right. On this side, one can also note the disappearance of the triangular
structure that could be seen before. In Figure 2.37a, this feature that resulted from the bending moment that is
applied is drastically changed in shape in order to stiffen the more compliant microstructure near the osteotomy
site.

The optimized design in Figure 2.37b paints a similar picture, although again with a more realistic design thanks
to the increased volume that the design is allowed to occupy. This design shows a heavy correlation with the
design that was optimized under the assumption that solid titanium would be used. On the left of this figure, the
triangular structure that was shown in Figure 2.30b can be seen again. However, this time the lower part of this
section is reinforced by an additional structure. All this comes at the cost of more slender struts in the middle of
the reconstruction plate. On the right of the figure, not much difference can be seen, since the structure is again
mostly hollow in order to resist the applied torsion. The same can be said about the final design of the optimization
problem where 50% of Ω is allowed to be used. Since this design in Figure 2.37c again appears to entirely fill Ω,
not much can be seen in this figure. However, by making part of the design semi-transparent, it can be seen that
the design is indeed mostly hollow.

When analyzing the convergence behaviour of the compliance and volume fraction of the three optimization prob-
lems, shown in Figure 2.38, one can again see the problem that a low maximum allowed volume fraction poses.
This constraint is smoothly approached and maintained during the later parts of the optimization. However, as a
result, the compliance of the structure that is only allowed to occupy 10% of Ω fluctuates significantly and reaches
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Figure 2.38: The convergence behaviour of the problem of the mandibular reconstruction plate, while using a functionally
graded material. Note that the behaviour of the compliance C of the design with the smallest allowed volume fraction shows
undesired oscillations again, just like Figure 2.31. The two optimizations with a higher maximum allowed volume on the other
hand show a smooth convergence. However, when using an FGM, the compliance of the final designs is significantly higher.
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Figure 2.39: Visualizations of material distribution in the optimized designs for the mandibular reconstruction plate beam for
the designs in Figures 2.30 and 2.37, divided into 20 sections. For readability, the designs with a maximum volume have been
left out. (a) shows the distribution of volume for every design, not accounting for microstructure porosity. In this figure, the

volume appears to be moved out of the middle towards the sides, where the material Young’s modulus is weaker. (b) depicts
the mass distribution in the designs in Figure 2.34. Contrary to Figure (a), microstructure porosity is taken into account. This
again shows that even though material appears to be moved towards the sides in Figure 2.37, because of the high porosity in

these regions, material is actually moved towards the middle.

values that could be avoided if more design variables were to be used. The convergence behaviour of the optimiza-
tions for the two other maximum allowed volume fractions, however, is as expected. The compliance increases
while the volume decreases towards the specified fraction, after which the compliance is minimized while retaining
the volume fraction that was set as a constraint. Also, compared to Figure 2.31, the compliance of the designs
shown in Figure 2.37 are significantly more compliant.

To analyze the designs more objectively, the material distribution of the designs in Figures2.30 and 2.37 was an-
alyzed. The volume of the elements in each design with a maximum allowed volume fraction of 30% and 50%
is shown in Figure 2.39a. Without accounting for microstructure porosity, it appears that material is distributed
towards the osteotomy sites for the designs that use an FGM. This is to reinforce sections where the Young’s mod-
ulus is prescribed to be lower than in the middle of the plate. This behaviour is similar to that seen in Figure2.36a.
But again, the picture changes when the varying microstructure porosity is taken into account. For Figure2.37,
solid titanium is used in the middle of the plate and a microstructure with a porosity of 86% at both sides. This
results in the actual mass being moved towards the middle when using an FGM, as shown in Figure2.39b. Note
that the lines in Figure2.39b are the same when using solid titanium, since the porosity is 0% through the whole
design.



3
Conclusion and recommendations

In some ways, the majority of this work can be seen as a continuation of the work by van den Boom et al. [12] on
IGFEM level set-based TO. The zigzagging in the aforementioned work was initially attributed to an approximation
error in the deformations and stresses of the structures that were optimized. This work found the underlying
cause of this zigzagging of the material interface and proposed a solution in the form of an improved quadratic
approximation of the location of enriched nodes along the interface. Moreover, the introduction of a reinitialization
scheme of the level set function transforms the problem into one that is more well-posed and less likely to converge
to suboptimal local minima. Following these improvements, the topology optimization framework was applied to
both two and three-dimensional compliance minimization problems, which indeed showed a smoother and more
accurate representation of the inherently smooth zero contour of the level set function spanned by RBFs. Since
these improvements focus on the representation of the design, they are not limited to compliance minimization
and can be applied to any problem that uses IGFEM level set-based TO.

Moreover, this work also made a starting point on IGFEM level set-based TO on unstructured meshes. This offers
an alternative to immersed domains, allowing for more control over the boundaries of the domain. The introduction
of amethod to voxelize domains of any shapemeans that the RBFs fromwhich the level set function will be spanned
are uniform. By doing this, meshes with local refinements can be used to find more accurate approximations of
deformations and stresses in critical regions, such as bearing surfaces and screw holes.

Finally, this work introduced the possibility to perform compliance minimization with IGFEM on structures made
out of functionally graded materials. This was done by adding an extra term to the derivative of the stiffness
matrix of integration elements with respect to the location of enriched nodes. This approach uses interpolation of
the material’s Young’s modulus using linear shape functions. While it is not implemented in this work, the same
approach can be taken in order to account for a variation in Poisson’s ratio.

These improvements allow for the application of this structural optimization method on the elastostatic problem
of a mandibular reconstruction plate. Moreover, the influence of a functionally graded material was examined to
find a way to reduce the risk of stress shielding and subsequent bone resorption. Although a reduction of stress
shielding was not proved in this work, the plates using an FGM did show a significantly lower compliance than the
designs made out of solid titanium. Also, because of the gradient in the material property in the reconstruction
plate, it appeared that more volume was moved towards the osteotomy sites in the optimized designs. However,
when accounting for microstructure porosity, it was shown that mass actually moved away from the bone. This
means that the functionally graded designs supply substantial porous material near the bone to form a good basis
for osseointegration when used in vivo.

The regions in which this work has developed new knowledge can also be used as a basis for new research. Below
is a summary with just a few alleys in which research could be focused:

• Improvements in the smoothness of the material interface proposed in this work further augment the advan-
tages that IGFEM level set-based TO provides. Thus, the applications that have previously been explored
with this technology should be revisited. Examples of these fields are the band gap maximization in the
design of phononic crystals [13], the maximization of fracture resistance of structures made out of brittle
materials [131] and electromagnetic scattering and eigenvalue problems [7]. The incorrect placement of
enriched nodes in these problems influence design updates. Because of this, fluctuations in the objective
function can occur which could be solved by the improved approximation of the LSF in this work.
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• The introduction of functionally graded materials shows that structures constructed of these types of mate-
rials can be optimized with this method. These materials with a gradual change in properties fulfill a desire
in a multitude of fields where dissimilar materials need to be connected. One logical field is of course in
the field of bone reconstruction, where stress shielding is not just a problem for mandibular reconstruction
plates. The same phenomenon has been reported in hip joint replacements, tibial, and dental implants [95,
26, 106]. Another example can be found in the field of thermodynamics, where functionally graded materials
fill a critical role in reducing thermal stresses in multi-material structures that are subjected to high temper-
atures [102]. The definitions established in this work can easily be adapted to optimize heat conductivity
issues on materials with varying properties.

• The new possibility of using locally refined meshes in combination with IGFEM level set-based optimization
increases the window of possibilities to which this technique can be applied. In the field of mandibular
reconstruction plates, the region around screws has been reported to be crucial in terms of stresses [92, 14].
Further research could improve on the optimizations in this work by adding a focus on the flanges with which
the reconstruction plate will be fixed to the remaining mandible. By using a refined mesh in the areas in the
proximity of these sources of stress concentrations, a more realistic design of a mandibular reconstruction
could be obtained.

• The designs in this work focused on achieving a reduction in stress shielding in bone connected to the
RP. Although the compliance was shown to be reduced, more work should be put into actually proving a
reduction in stress shielding. Multiple metrics in literature have been reported to predict screw loosening,
such as the strain energy density transfer parameter (SEDTP) [97, 19] and shear stresses at the bone-
implant interface [91, 28]. These metrics should be used to verify later designs that use more realistic means
of plate fixation or even as an objective function for optimization problems to more effectively minimize stress
shielding.

• This work focused on the optimization of mandibular reconstruction plates that are made of a functionally
graded material with decreasing Young’s modulus in the vicinity of bone. This could be the starting point
of more elaborate research on the influence of the prescribed properties of the material on the optimized
design. In this work, solid titanium was only used exactly in the middle of the reconstruction plate, resulting in
the lowest spatial gradient in Young’s modulus possible for the used domain. However, using a larger region
with solid titanium could increase the structural integrity of the design. To the knowledge of the author, no
research has been done on the dimensions of the region at which a functionally graded material reduces
the effects of stress shielding on bone.
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A
Design velocities for quadratic

enriched node placement

Assuming that ϕk ̸= (ϕi + ϕj)/2, which would mean that a linear interpolation should be used, the zeros of this
function are

ζn =
−ϕi + ϕj ±

√
8ϕk (−ϕi − ϕj + 2ϕk) + (ϕi − ϕj) 2

2 (−ϕi − ϕj + 2ϕk)
. (A.1)

The zero of this function at which an enriched node is placed, is the value of ζn that satisfies −1 ≤ ζn ≤ 1. When
applying the inverse mapping of ζ(x), the global location of the enriched node is

xn = xi +
ζn + 1

2
(xj − xi) . (A.2)

The partial derivatives of this definition with respect to ϕi, ϕj and ϕk are:
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