L.. Koorevaar

Spectral Calibration of Time-
Inhomogeneous Exponential Lévy

Models

with Asymptotic Normality, Confidence Intervals,
Simulations, and Empirical Results

December 7, 2022

]
TUDelft






opectral Calloration of
1Ime-Innomogeneous

—xponential Levy Models

with Asymptotic Normality, Confidence Intervals,
Simulations, and Empirical Results

by

. Koorevaar

to obtain the degree of Master of Science in Applied Mathematics
at the EEMCS faculty of Delft University of Technology,
to be defended publicly on Thursday December 15th, 2022 at 1:00 PM.

Student number: 4598474

Project duration: August 1, 2021 — December 15, 2022
Thesis committee: Prof. dr. A. Papapantoleon, TU Delft

Dr. J. Sonhl, TU Delft, supervisor

An electronic version of this thesis is available at http://repository.tudelft.nl/.






Abstract

In this thesis, the problem of calibrating time-inhomogeneous exponential Lévy models with
finite jump activity based on market prices of plain vanilla options is studied. Belomestny
and Reifl [7] introduced an estimation procedure for calibration in the homogeneous case
with one maturity. The open-ended question that will be addressed is if we can extend this
model to use all listed plain vanilla options with multiple maturities. This opens a way to use
all available data to create a time-inhomogeneous model with time-dependent Lévy triplets
between subsequent intervals based on the maturities.

We establish via an adapted Lévy-Khintchine representation an estimation procedure on
the explicit inversion of the option price formulas in the spectral domain with a cut-off
scheme for the regularisation of high frequencies. The estimation procedure will be shown
to be well-defined and the parameters to be normally distributed asymptotically.

Practical implications imply that using the asymptotic variances of the normal distri-
butions leads to insufficient confidence intervals for non-asymptotical cases. We, therefore,
construct confidence intervals using an approximated finite sample variance.

Monte Carlo simulations are implemented in the computational software R to evaluate
the stability and accuracy of the estimation procedure. Furthermore, the finite sample con-
fidence intervals are assessed with coverage probabilities. The estimations and confidence
intervals are sufficient concerning coverage probabilities when the underlying error magni-
tudes are estimated by a penalized least squares method. Otherwise, undersmoothing must
be employed to counteract the bias term.

In the end, the estimation procedure is evaluated by calibrating to market data of plain
vanilla S&P500 options, which contain numerous maturities. The estimated parameters
with confidence intervals between maturities support time-dependency and the constructed
time-inhomogeneous exponential Lévy models appear favorable in contrast to the time-
homogeneous model.
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Introduction

Model calibration is essential to the pricing and hedging of financial products. A key question
when calibrating a model based on prices of European call and put options is how all the
information contained in the option prices can be merged into one model. On the one hand,
the model needs to be large enough to allow for sufficient flexibility and to be able to
integrate all the available information. On the other hand, the model needs to be identifiable
from the options traded on the market. The frequently observed volatility smile or skew
is an indication that the Black—Scholes model is not flexible enough to account for the
prices of options with different strike prices. Exponential Lévy models are flexible enough to
model the volatility smile or skew and can therefore incorporate the information of options
with different strike prices. However, empirical evidence shows that calibrating exponential
Lévy models by options with different maturities leads to conflicting information, see Cont
and Tankov [17], Belomestny and Reifl [9] or S6hl and Trabs [43]. In other words, the
stationarity implicitly assumed in the exponential Lévy model is not satisfied. We propose
an identifiable time-inhomogeneous Lévy model that does not assume stationarity and that
can be calibrated based on option prices from different maturities and different strike prices
without leading to conflicting information.
We model an asset price (S;) by

Sy, = SerttXe for t > 0, (0.1)

where 7 is the riskless interest rate and (X;) is a time-inhomogeneous Lévy process in the
sense that on each interval between two consecutive maturities 7;_; and 77}, the process
(X:) follows a Lévy process which may be different from interval to interval. We focus on
the nonparametric calibration of the model to reduce the risk of model misspecification. We
model small fluctuations through the volatility and restrict ourselves to Lévy processes of
finite jump intensity.

Our estimation is based on European call and put options on the asset S;, which are
traded at time t = 0 with maturities 77, ..., T, and different strike prices. In the considered
asymptotics the maturities T1,...,T,, are fixed, while for each maturity the range of the
strike prices grows and the mesh size of the strike prices decreases. This reflects that options
are traded typically only for a few maturities but with many different strike prices for each
maturity. Since we base our inference on option prices, the calibration is for the risk-neutral
price process.

In the time-inhomogeneous Lévy model, we derive the convergence rates and show con-
fidence intervals for the estimators of the volatility, the drift, the intensity, and the Lévy
density. Previously, confidence intervals have been constructed for time-homogeneous Lévy
models in an idealized Gaussian white noise model by Sohl [42]. In the idealized Gaussian
white noise model, it is assumed that the observations are Gaussian and given continu-
ously across the strike prices. This simplifies the analysis significantly. Here we construct
the confidence intervals in a discrete observation setting for time-inhomogeneous Lévy mod-
els and the only assumption on the errors is that they are sub-Gaussian, in particular, all
bounded errors with arbitrary distributions are covered. Our additional results on the con-
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vergence rates extend the paper by Belomestny and Reif§ [8] from time-homogeneous to
time-inhomogeneous Lévy models.

Three strands of literature are relevant to the thesis at hand. The first strand covers
exponential Lévy models. They were first introduced by Merton [32] and have been stud-
ied in a variety of pricing and optimization problems in finance, see e.g. Boyarchenko and
Levendorskii [12], Cont and Voltchkova [20], Emmer and Kliippelberg [22], Kallsen [28],
Mordecki [34], Tankov [45] and the references therein. Pricing and hedging in time-
inhomogeneous Lévy models have been treated in Cont and Voltchkova [19] and Zheng
and Kwok [52].

The second strand studies the nonparametric estimation of Lévy processes. Nonpara-
metric confidence sets have been studied for Lévy processes observed at high-frequency
by Figueroa-Lépez [23] and by Kato and Kurisu [29]. The difference in our work is twofold.
Instead of observing the Lévy process directly, we base our inference on option prices. Fur-
thermore, even if compared to the direct observation setting, our observation scheme with
fixed maturities corresponds to observations at low frequency and not at high frequency.
Estimation of Lévy processes from low-frequency observations has been studied from a fre-
quentist perspective, e.g. by Neumann and Reif} [35], Gugushvili [26], Nickl and Reif} [36]
and Coca [15]. From a Bayesian perspective, Lévy processes were studied by Gugushvili et
al. [27], Belomestny et al. [5], and Nickl and Sohl [37].

The third strand is closest to the paper at hand and treats the nonparametric calibra-
tion of exponential Lévy models based on option prices. It comprises the works Cont and
Tankov [18], Belomestny [3], Belomestny and Reiff [11] and Trabs [48, 49]. These works have
in common that they assume homogeneity in time and a fixed maturity. Qin and Todorov [3§]
and Todorov [47] consider a maturity tending to zero in an Itd semimartingale model and
study the estimation of the Lévy density at time zero and the spot volatility, respectively.

The thesis at hand is a continuation of the work by Tendijck [46]. The theoretical results of
Tendijck [46] have been heavily revised, clarified, and reworked. Next to the revisions, the em-
phasis of this work has been on confidence intervals, simulations, and empirical results. This
work therefore additionally provides a thorough simulation study and brings the method into
practice by addressing all the issues needed for the calibration of time-inhomogeneous Lévy
models to market data. The computer code is made in the computational software R and
can be found publicly at the GitHub page: https://github.com/Loek4 4 /Spectral-Calibration-
of- Time-Inhomogeneous-Levy-processes.

This thesis can be decomposed into six themed chapters. Chapter 1 provides an overview
of the required underlying theory that is required for the subsequent chapters. Section 1.1
elucidates the established results of (homogeneous) Lévy processes. Then, in Section 1.2,
additive processes are introduced by dropping the stationary assumption of Section 1.1. The
time-inhomogeneous Lévy process will be defined as a discrete additive process based on the
observation of option prices with a finite number of maturities.

Chapter 2 is devoted to the statistical estimation procedure. Section 2.1 introduces the
risk-neutral setting of the price process and the plain-vanilla options used for calibration.
A regression model is made in Section 2.2 to account for the noise in the option prices.
Section 2.3 then shows how the characteristic function of the process can be linked via a
Fourier transform to the observed noised option prices. Finally, Section 2.4 elucidates how
the underlying parameters of the process can be estimated non-parametrically via a cut-off
regularisation procedure from the characteristic function.

In Chapter 3 the main theoretical results of the estimators will be derived. First, in Section
3.1 the underlying assumptions prior to the results will be introduced. Section 3.2 establishes
when the estimation procedure is well-defined, this happens whenever the estimator of the
characteristic function can be bounded from below. Then, in Section 3.3 and Section 3.4, we
show via an error decomposition and the Lyapunov central limit theorem that the estimators
asymptotically tend to a normal distribution. We provide a summary of all the results and
conditions in a main theorem in Section 3.5. Finally, Section 3.6 and Section 3.7 respectively
inspect the difficulty of the calibration procedure based on this main theorem and establishes
optimal convergence rates.
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The derived asymptotic standard deviation of the normal distribution in Chapter 3 is
not generally sufficient for confidence intervals in finite sample cases. Chapter 4, therefore,
establishes confidence intervals for the case of a non-asymptotic/discrete observation scheme.
The different sections in this chapter treat the different estimators one by one.

Chapter 5 tests the stability and accuracy of the estimation procedure via simulations.
Section 5.1 first answers to open-ended questions about how the to-be-calibrated model
should be built and how the cut-off scheme should be chosen. The calibration results of the
estimators are inspected using multiple Monte-Carlo simulations in Section 5.2. Furthermore,
the confidence intervals will be assessed with coverage probabilities.

In the final Chapter, Chapter 6, we employ calibration to empirical data of the S&P500
index. Section 6.1 addresses the underlying data set and the assumptions that differ from
the simulations in Chapter 5. Then, Section 6.2 shows the results of calibration in a similar
setting as the simulations for comparison. Finally, Section 6.3 shows the results if the cal-
ibration has been done on all options prices with numerous maturities and we discuss the
favorability of the inhomogeneous model to the homogeneous model.






Chapter 1
Theory

Recalling that random walks — sums of independent identically distributed random vari-
ables — provide the simplest examples of stochastic processes in discrete time. A natural
question that arises is if for continuous times we can also make processes with independent
stationary increments. These continuous-time relatives to random walks are called Lévy
processes — in honor of the French mathematician Paul Lévy. These Lévy processes provide
important examples of stochastic processes in continuous time and provide ingredients for
building continuous-time stochastic models. Fundamental examples of Lévy processes are
the Brownian motion (or equivalently Wiener process) and the Poisson process. It can even
be shown, e.g. Cont and Tankov [16, Chapter 3|, that Brownian motion and the Poisson
process can be thought of as building blocks for Lévy processes because every Lévy process
can be written as a superposition of a Brownian motion and a (may be infinite) number of
independent Poisson processes.

In this chapter, the main facts about Lévy processes and more general stochastic pro-
cesses needed for the statistical analysis will be reviewed. The theory displayed here will be
fundamental for the subsequent statistical analysis and the reader is advised to pay close
attention. Especially the second subsection, where the time-inhomogeneous Lévy process is
defined, is not considered omnipresent theory, while it is essential for the rest of the thesis.

1.1 Time-Homogeneous Lévy Processes

The Lévy process must be defined as a continuous counterpart to the discrete random walks
that keeps the properties of stationary and independent increments. The exact assumptions
and imposed properties underlying Lévy processes are given below in Definition 1.1.

Definition 1.1 An R-valued process X = (X;):>o defined on a filtered probability space
(2, F,(F)t>0,P) is called a Lévy process if it is (F;)-adapted and if it has the following
properties

(i) X is continuous in probability, i.e., for fixed s > 0, P(| Xy — Xs| > ¢) =+ 0 holds ast — s
for all € > 0.
(i) P(Xo = 0) = 1.
(iii) For 0 < s <t, Xy — X, is equal in distribution to X;_s.
(iv) For 0 < s <t, X; — X, is independent of F;.

As a remark, notice that all Lévy processes have a cadlag modification. Without loss of
generality, we will assume that all sample paths of Lévy processes are cadlag.

In Definition 1.1 condition (ii) makes sure that the process starts at 0, condition (iii)
makes sure of the stationary increments, and condition (iv) makes sure of the independent
increments. Condition (i) is called Stochastic Continuity and it does not imply that the
sample paths are continuous. The main reason for stochastic continuity is to exclude jumps
at nonrandom (fixed) times that can be regarded as scheduled events and are not interesting
for our purpose.
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The generalization of Brownian motion to Lévy processes mostly lies in the fact that
in Lévy processes, as with Poisson processes, a jump component is present. This jump
component for all Lévy processes can be described by the Lévy measure and is defined in
Definition 1.2.

Definition 1.2 A Lévy measure on R is a o-finite measure v on R such that v({0}) = 0
and

/(1 A |2 )dv(z) < oo.
R

The Lévy measure v(A) can be interpreted as the expected number, per unit time, of jumps
whose size belong to A. Having this in mind, the Lévy measure v will also be called and
referred to as the jump measure.

Lévy processes X are generally easy to work with because the characteristic function ¢
can be found in closed form. This important result is called the Lévy-Khintchine represen-
tation and is given in Theorem 1.1.

Theorem 1.1 (Lévy-Khintchine representation) Let X be a Lévy process taking values in
R. Then for each t > 0 the characteristic function o of X; satisfies

oi(v) =K [ei”X’f} = !t v e R,

with characteristic exponent £(v) given by

o2v? ,
E(v) = — + iyv + /(e“’x — 1 — vzl g <q)dr(z),
R

2
where v € R, o0 € RY and v is a Lévy measure on R.

We can find a proof of the Theorem above in [16]. The quantity (02,7, v) is called the
characteristic triplet of the Lévy process X. This characteristic triplet characterizes the
complete Lévy process because it completely determines the characteristic function ¢ (v).

In this thesis, we shall restrict ourselves to Lévy processes X with a jump component of
finite activity and absolutely continuous jump measure. With some abuse of notation, the
jump density will also be denoted as v(x) € L'(R). The characteristic function of X; can
then be given by the Lévy-Khintchine representation

0i(v) = exp <t (— "22'”2 +ivo + /R(em . l)u(a:)dx)> . (1.1)

The parameter 0 € RY is called the volatility, v € R is called the drift, and X := ||v|[ 1) <
oo is called the intensity.

The volatility o can be thought of as the measure of change over time of the process. For
example, when thinking of a financial process, volatility quantifies a stock’s lack of stability
or the tendency of its prices to move up and down. The drift v is the tendency of the process
to move up or down in the long run and the intensity A is the expected amount of jumps
the process exhibits in a unit of time.

As mentioned earlier, the statistical analysis has already been done for ordinary Lévy
processes [16, 7]. In this thesis, a more complex model build-up from multiple Lévy processes
will be inspected. The theory around this more complex model is given in the next section.

1.2 Additive Processes and Time-Inhomogeneous Lévy Processes

Although Lévy processes supply nice features in terms of analytical tractability, the as-
sumptions of stationary and independent increments prove to be rather restrictive. Cont
and Tankov [16, Chapter 7] show that the stationarity of increments of Lévy processes leads
to rigid scaling properties for the marginal distributions, which are not observed in empirical



1.2 Additive Processes and Time-Inhomogeneous Lévy Processes 7

time series of returns. Furthermore, Cont and Tankov [16, Chapter 13] also show that (ex-
ponential) Lévy models allow calibrating to implied volatility patterns for a single maturity,
but fail to reproduce option prices over a range of differing maturities.

To address these problems, a new process X called an Additive Process will be introduced.
Additive processes are processes with independent but not stationary increments. This gen-
eralization takes into account deterministic time inhomogeneities, i.e., the parameters that
describe the behavior of the process X may now be time-dependent, however, they are not
random. The big upside of this new model is that it allows us to preserve almost all the
nice tractability of Lévy processes, while it also enables us to reproduce the whole range of
option prices across multiple strikes and maturities.

An additive process X — which is made by dropping condition (iii) in Definition 1.1 — is
presented in Definition 1.3.

Definition 1.3 An R-valued process X = (X;):>o defined on a filtered probability space
(2, F, (F)i>0,P) is called an additive process if it is (F;)-adapted and if it has the following
properties

1. X is continuous in probability, i.e., for fixed s > 0, P(|X; — X,| > &) — 0 holds as t — s
for all e > 0.

2. P(Xo = 0) = 1.

3. For 0 < s <t,X; — X, is independent of Fj.

All additive processes have a cadlag modification. Without loss of generality, we will assume
that all sample paths of additive processes are cadlag. More specifics about additive processes
can be found in, for example, Cont and Tankov [16, Chapter 14].

The main advantage of these additive processes is that the underlying parameters that
describe the motion can now be time-dependent and time inhomogeneities can now more
easily be taken into account. The calibration of the parameters will be done by using option
prices at maturities 7, 7 = 1,..,n. To use all available data to reconstruct the option
prices over all maturities, we want to create a model where the dynamics on every interval
(T; —Tj—1)=1,..n is governed by an independent Lévy process. Then the whole process on
the interval (T}, — Tp) is an additive process with time-dependent parameters. We will call
this subset of additive processes time-inhomogeneous Lévy processes. Definition 1.4 defines
this subset X of additive processes based on observations at the finite number of maturities

Definition 1.4 An R-valued additive process X = (X;):>¢ defined on a filtered probability
space (2, F, (F)i>0, P) will be called a time-inhomogeneous Lévy process if it can be written
as a composition of independent Lévy processes (X; — X1, )1,_,<¢<7; With Lévy triplet
(ajz,fyj, vj) where T, j =0,...,n, with Ty =0 and T,, =T.

To track these time-inhomogeneous Lévy processes a new Lévy-Khintchine representation
for the characteristic function @7, (v) of the process X can be made.

Using the independent increments property (iii) in Definition 1.3 and making the assump-
tion that all (X; — Xr1,)7,_,<t<7;, have a jump component of finite activity and absolutely
continuous jump measure, the characteristic function can be written as

QOTJ- ('U) — T |:€iUXTj} —E |:€iv(XTj —Xle)eivXle} — |:€iU(XTj —Xle)} SOTj_l(,U)a

where @7, (v) = 1. Notice that (X7, — Xr,_,) is the Lévy process with characteristic triplet
(07,74, v4), thus with the Lévy-Khintchine representation (1.1) we can write

% = exp ((Tj —Tj-1) (% + iyv + /R(eim — 1)Vj(a:)da:>> . (1.2)

The combination of all Lévy triplets (sz-,fyj, Vj)j=1,...n completely determines the charac-

teristic function and, thereby, the time-inhomogeneous Lévy model.






Chapter 2
The Statistical Model

The statistical model used here is an extension of the homogeneous model developed by
Cont and Tankov [16], Belomestny and Reify [7], S6hl and Trabs [44], and a clarified and
improved version of the introduced time-inhomogeneous model by Tendijck [46].

As portrayed in the introduction, all models in this thesis correspond to incomplete
markets, which implies that we can not make perfect hedges and options prices can not
be uniquely identified from the underlying price process by arbitrage arguments only. These
difficulties of incomplete markets illustrate that the approach of using historical data for the
calibration of the parameters of (exponential) Lévy models is not satisfactory — due to the
incomplete market, knowledge of the historical price process alone does not bear a way to
compute option prices uniquely [21, 2].

Furthermore, Cont and Tankov [16, Chapter 9] show that in a market that is free of
arbitrage all prices of securities can be written as discounted conditional expectations con-
cerning a certain risk-neutral measure Q for which discounted asset prices are martingales.
When markets are incomplete, the risk-neutral measure Q bears only a weak relation to the
time-series behavior described by P. With weak relation we mean that @Q cannot be identi-
fied from P, it only inherits some qualitative properties, e.g., variation is finite or infinite,
presence of jumps. This modeling of Q from P is called implied or risk-neutral modeling.
However, the problem still exists that, if @Q is modeled in this way, then Q does not give
values consistent with listed options — assuming, of course, that listed options are present.

So, if option prices are available, a market-consistent pricing model Q can not be obtained
by only looking at the historical time series of the underlying asset. When option prices are
quoted on the market for the underlying, these listed options can provide an additional
source of information for selecting Q. The practice of choosing Q such that the options
prices can be reproduced is called model calibration.

Model calibration is known as the choice of a risk-neutral model such that the prices
of traded options are reproduced, i.e., given market prices (C;);c; at ¢ = 0 for a set of
benchmark options, a risk-neutral measure Q needs to be found such that the options are
correctly priced

Viel, C) =eTEY[C]], (2.1)

where CI is the payoff function of i € I at time T. The benchmark options that are
mostly used, and that will also be used in this thesis, are plain-vanilla options, e.g, call
options C! with strike K; and maturity T}, such that with the general pricing formula CI' =
max (0, S7, — K;). The way of thinking is that after the calibration has been done, one could
use the risk-neutral measure Q for the pricing of more exotic, illiquid, or OTC options and
to compute hedge ratios.

Because we are interested in finding parameters that describe the risk-neutral dynamics
from observed option prices, instead of using the dynamics to price options, the calibration
procedure is the inverse problem associated with the pricing problem. This inverse problem
is, however, ill-posed, i.e., there may be many pricing models that generate these option
prices, therefore, the solution is not necessarily unique [16].
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In general, one needs to assume for calibrating purposes that the measure Q belongs to
a certain prespecified class of models. In this thesis, we will assume that Q belongs to the
class of exponential time-inhomogeneous Lévy models. When such an assumption is made,
however, there is no guarantee that an exact solution for Q even exists, i.e., there might
be no model that exactly reproduces the option prices. Thus, a better way to look at the
calibration problem is to achieve the best approximation of the option prices within a given
class of models.

In this chapter, the goal is to find a statistical manner to approximate the best exponen-
tial time-inhomogeneous Lévy model that reproduces the option prices for some underlying
asset. The model will be found by nonparametrically calibrating all characteristic triplets
(0?,73-, Vj)j=1,....n from observed plain-vanilla option prices with different maturities. Be-
tween every two maturities, the assumption is thus made that an independent Lévy model
governs the dynamics. The exact calibration is done in the spectral/Fourier domain and is
therefore also called spectral calibration.

2.1 Exponential Time-Inhomogeneous Lévy Models and Plain
Vanilla Options

Since our calibration is based on option prices, we are in a risk-neutral world, portrayed
by a filtered probability space (§2,F, (F)i>0,Q), on which the price process of an asset
S = (St)t>0 after discounting needs to be a martingale. It is common practice in calibration
literature to assume that the risk-neutral measure Q is settled by the market.

Consider European call C(Kj ,T;) and put options P(K x,T;) with maturities at T;
and strikes at these maturities K;; with j = 1,...,n and k = 1,..,m;. These maturities
will define the time grid on which the time-inhomogeneous Lévy model will be defined,
i.e., between every two maturities, T;_; and 7T} an independent Lévy process with triplet
(ajz-, 74, V;) exists that governs the dynamics.

The price process of the asset S; with time 0 < ¢t < T' is modelled by an exponential
time-inhomogeneous Lévy process, that is

Sy = SpetTXe (2.2)

where X; is a time-inhomogeneous Lévy process as in Definition 1.4 with characteristic
triplets (a?, YjsVj)j=1,...n, T > 0 the risk free rate, and Sy the initial price.

Using the assumption that only finite variation Lévy processes are considered, the mar-
tingale condition for the discounted price process e~ "*S; under the risk-neutral measure Q
gives that for all t > 0

So =E[S|Fo] < 1=E[e*]. (2.3)

Now applying the Lévy-Khintchine representation (1.2) results that for all the triplets
(032,7]-, Vj)j=1,..n it must hold that

o2 o
73 + 75 —i—/ (e —1Dv(x)de =0, foralj=1,..,n. (2.4)

To facilitate the results in the following sections, a mild assumption must be made on the

price process, namely that the price process has finite second moment E[S%] < oo, this is
equivalent to

E {eQXTJ‘] < oo, forallj=1,..,n. (2.5)

As a remark, notice that this assumption is rather intuitive for a financial security — financial
securities with infinite variance are rather uncommon.

The risk-neutral prices for the call options C(Kj x,T;) and put options P(K;x,T;) at
t = 0 with underlying price process S; are given by

C(Kj’k,Tj) = e_rTj]E [(STJ- — Kj,k)_{—} and P(Kj,k,Tj) = e_rTjE [(Kj’k — STJ.)—F} ,
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where (V)T := max(0,Y"). The number of parameters can be reduced by defining the negative
log-forward moneyness
Tjk = 10g<Kj,k/SO) — TTj,

then the call and put prices can be expressed as
Clzj 0, T;) = SoE [(eXTJ' _ e%»k)ﬂ and P(z;4,T;) = SoE [(exm — KTt

Using no-arbitrage arguments, the well-known put-call parity in terms of the negative log-
forward moneyness can easily be derived

Cajh, Ty) = Py, Tj) = SoF [ — e | = 5y (1 e"3+). (2.6)

2.2 Observations of the Option Prices

The model will be calibrated using option prices. These option prices can exhibit noise and
we need to deal with this noise in a certain way. The observations of the option prices will
therefore be made using a regression model. Next to that, there are complications with the
fact that call and put option prices as functions of the strike are not Fourier transformable,
this is also a problem we need to deal with in this section. In the end, we will show a manner
how the desired regression function will be estimated.

2.2.1 Data Transformation

Due to imperfections of the markets and bid-ask spreads, the observed risk-neutral prices
of the options will exhibit noise. We will employ a regression model in the modeling of this
noise factor. The prices of m; call options Yj  (or, equivalently, put options by the parity
(2.6)) observed at strikes K, k = 1,...,m; with maturity 7; and corrupted by noise ([39]
motivates this model), are modelled by

with (;, > 0 and random variables ¢; ;. We assume that the observed noise (g ) consists
of independent centered sub-Gaussian random variables with variance Vie; ;] = 1. Sub-
Gaussianity means that the tails of the distribution are dominated by Gaussian tails, which
ensures that the tails of (g; %) do not have too much mass.

By the moment condition for sub-Gaussian tails, we have that all moments are finite, in
particular E[eik] < 0o — which is the assumption Belomestny and Reif§ [7] used for their
time-homogeneous work. Belomestny and Reif8 [7] then show that minimax results hold for
the assumed noise.

As discussed in the introduction of this chapter, the calibration procedure will be done
using option prices listed for S; on the market. For the calibration procedure, we need
to employ Fourier techniques. Note that the options functions C(x,T;) and P(z,T;) do not
converge to 0, when  — oo and x — —o0, respectively. Thus, the Fourier transforms of these
functions do not exist. However, if we use the fact that lm C(x,T;) =0 = 1m 7P(z,T;),

T—r— 00

then, in the spirit of Carr and Madan [14], we can define the Fourier transformable function

0,(z) = {C(x,Tj)/SO, x>0, 2.8)

P(z,T)/So, x<0.

With the put-call parity (2.6), one can always ensure that all option information is used for
Oj(z) by transforming the call options to put options and vice versa.

Now it is favourable to write the regression model (2.7) in terms of the negative log-
forward moneyness z;; and the Fourier transformable function O(z; ), this results in

Oj,k; — O](:Uj,k) + 5j,k:8j,k:, k= 17 -y Mg, (29)
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where we defined O, == C(x;,T;)/S0 and 0, x = (; x/S0-

2.2.2 Estimation of O,

From the regression model (2.9) it can be seen that we do not observe the function O;(z; k)
directly, but the version O;j corrupted by noise. Therefore, a way to approximate the
O;(z; 1) using the observations O; , given by the function @j, needs to be implemented. In
the spirit of [10], the problem can be formulated as

Problem 2.1 Find function @j among all functions O; with two continuous derivatives that
minimize the penalized residual sum of squares

N+1 TN 41
RSS(0;,a) = Z (O — O, (z1))* + oz/ [O}'(U)Pdu, (2.10)

k=0 Zo
where zo < 1 and zn41 > x N are two artificial points and O; ny41 = O;0 = 0.

The first term in expression (2.10) measures the closeness of the data, whereas the second
term penalizes the non-smoothness of the function, and « defines the trade-off between the
two.

The solution of Problem 2.1 can be proven to be a unique natural cubic spline with knots
at the unique values z; ;, k = 1,...,m; (proven in, for example, [25]), i.e., (’jj can be written
as

(5](33) = Z Oj,kej’k(ac), x € R, (2.11)
k=1

where e; ,(x) with k = 1,...,m; are the set of basis functions for representing the family of
cubic smoothing splines.

However, the asymptotic theoretical results become more concise and comprehensible
using interpolation with linear splines — all the preliminary theoretical work of [7] and [46]
were also done using linear splines. Furthermore, if the theoretical results hold for linear
splines, they will also hold for cubic splines, which are better approximations. The cubic
splines will be implemented in the practical calibration part of the thesis.

Therefore, in the theoretical part, just the linear cubic spline interpolation scheme will
be used

@j (I) = 53’,0(1') + Z C’)j,kbj,k(:c), x € R, (2.12)
k=1

where (b; ) are linear splines and the function ;¢ is added to take care of the jump in
the derivative of O; at zero: 8} ,(0+) — 8} ,(0—) = —1. In particular, b; \ is chosen as the

triangular function, i.e., b; x(z) = A(%) with A(z) = (1 — |2|)1|<1.

Due to the non-smooth behavior of (’jj (x) at 0 (see [6]), it is recommended to fit smoothing
splines — in both approximations (2.12) and (2.11) — separately for x > 0 and = < 0, and
combine them thereafter.

As mentioned, in the theoretical results, the basis of the linear spline scheme (2.12) will
be used, whereas in the practical results both spline schemes linear (2.12) and cubic (2.11)

will be implemented and investigated.

2.3 Statistical Estimation Approach

Now, after we have implemented a manner how the data in the form of call C(Kj s, T;) and
put option prices P(Kjy,T;) can be transformed and observed through the interpolated
linear splines estimator @j, the question arises how this can be coupled to the underlying
time-inhomogeneous Lévy model. In the first subsection, we will see that there exists a
natural relation between O;(x) and the characteristic function ¢, (v) using the Fourier

transform. However, we observe the interpolated version @j (x), and therefore we also need
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to define an estimator ¢, (v) for o7, (v). Thereafter, in the next subsection, the actual
calibration method for finding the Lévy triplet (0;,7;,7;) =1,...n Will be extracted from this
relation.

.....

2.3.1 Relation between O; and o7,

Using the martingale condition (2.4) and the put-call parity (2.6), Carr and Madan [14]
proposed and Belomestny and Reif} [6, p.4] proved and derived some important properties of
the function O;(z) for j = 1, i.e., the homogeneous case. In Proposition 2.1 these properties
will be extended and proved for the inhomogeneous case.

Proposition 2.1 The function O;(x), defined in (2.8), satisfies the following properties:
(i) For all x € R, it holds that O;(x) = C(x,T;)/So — (1 —€e*)T.
(i1) For all x € R, it holds that O;(x) € [0,1 A €”].
(iii) Co == E[e**Ti] is finite for some a > 1 = O;(x) < Coel=* for all z > 0.
(tv) The Fourier transform of O, satisfies

1 — 7, (v —1)
v(v — 1)

FON0) = [ Ojwerar -

for all v € C with Im(v) € [0, 1].

Proof All the different properties will be proven individually:
(i) If z > 0, then trivially O,(x) = C;(z,T;)/So = Cj(x,T;)/So — (1 —e*)". If z < 0,
then with the put-call parity (2.6) we have
Cj(z,Tj) — 500;(x) = So(1 — €*) & Oj(x) =C(,T})/So — (1 — €*)
= C(ZIJ,TJ)/SO — (1 — 6x)+.
Hence, the result follows.
(ii) O;(x) > 0 follows directly from the definition while O;(z) < E[e*i]—(1—e®)t = 1Ae”

follows from (i) and the martingale condition (2.3).
(iii) By Holder’s and Markov’s inequality for z > 0,

Oj(x) = Cj(a,T})/So < El[e™" Lixg, >ay] < CYOP(Xp, > 2)*/ (=)

(a—1)/«
< C;/O‘ <&> = O, el-)z,

eOé%

(iv) By the definition of O;(v) it follows that

F(0;(@))(v) = Sio ( / D (e Ty /O h eivxC(m,Tj)dx>

— 00

0 o0
— [ B (e = e [ R g (X - ),
0

— 00

Using partial integration, we find the results

0
, 1 1 '
iv+1)x 1+iv) X,
/ eliv+1) P(Xr, < z)dz = ; ivP(XTJ' <0) - : Z-UE[]L{XTJ-SO}‘?( )X1;]

— 00

0
/ ewwE[]]_{XTj Sm}GXTj]dx — EE[]]_{XTj SO}GXTj] . EE[H{XTj §0}6(1+ )X 3]

— 00

and therefore
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0
. 1 1 1V
/ elvxE[]l{XTj Sx}(ew _ eXTj )]dx — IP)(XT < O) E[]]-{XTJ SO}e(l—l- )XTj]

e 1+ iv 3 14w
1 X7, 1 (14iv) X1,
— EE[]].{XTJ So}e TJ] —+ EE[]]_{XT] So}e TJ].
In a similar fashion
> 1 1 iv
/ €ZU$E[]].{XTj >z} (eXTj — ex)]d.ilj‘ = — EE[]]_{XTJ >0}6XTJ'] + EE[]]_{XTJ >0}€(1+ )XTj]
0
1 1 »
——P(Xg, >0) - E[1 (14w Xry),
Tt A > 0 = g Bl oy |
Combining these results and using the martingale condition E[e*7i] = 1 (2.3) gives
1 1 - 11 . 1 — or (v — i)
Lo}f O — . E (1+’LU)XTj . _E (1+Z’U)XTj — J .
(O5@NW) = 770 — T e =5 TRkl ] v(v — 1)
0]

The assumption of the finite second moment of the price process Cy = E[e**Ti] < oo

given in (2.5) guarantees by Proposition 2.1 (ii), (iii) the exponential decay of O;(x), which
in turn guarantees that the Fourier transform of O;(x) exists.

This is the first time we encountered the Fourier transform and because many different
definitions exist, let us make sure the definition of the Fourier transform used in this thesis
is clear. In the rest of the thesis, the following definition of Fourier pairs will be used

FH0) = U@ = [ f@enar and
F R (x) = F Y F))(z) = % /_oo F(v)e™*dw.

The last relation (iv) in Proposition 2.1 is the most important and will be crucial in the
estimation procedure. Note that this relation couples the characteristic function @7, (v — 1)
to observed plain-vanilla option prices through a Fourier transform of the O;(x) function.
This opens a way to estimate the characteristic function @7, (v —14) through the option price
function O;(z),

or;(v—1)=1—v(v—14)F0;(v) =1+l +iv)F0;{). (2.13)

The function o7, (v —1) was the characteristic function of the Lévy process that governed
the dynamics between 7;_; and 7. Recall that in the Theory expression (1.2) we found the
Lévy-Khintchine representation for time-inhomogeneous Lévy processes was given by

() exp <(Tj —Tj-1) ( Uj;) +iyv + /R(ei”“’ - 1)Vj($)dx>> :

PTj_1 (U)

Therefore, to calibrate the characteristic triplet (0]2-,%-, Aj), we need two characteristic
functions, namely ¢r,(v) and ¢r,_, (v), which can both be extracted by the option price
functions O;(z) and O,_1(x) by expression (2.13). This calibration is the topic of the next
subsection.

2.3.2 Calibration Function 1; and Calibration Estimator @j

To signify the important relation in Proposition 2.1 (iv), the functions wé for y =1,...,n
and [ = 0,1 will be defined as

Lo . (iv) 1
%‘(U) )] = T, — Tj_

= —————log |l +iv(l+iv)7O,_
T, og[l+iv(l+iv)FO;_ (v

1Og |:()0Tj—l (U - 2)] )
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where the complex logarithm is taken such that wé(O) = 0 and such that 7/)§ is continuous
on (—wp,vg) with vy being the smallest positive zero of pr,_,.

In the calibration procedure, we would like to find all Lévy triplets (a?,vj,l/j)jzl’__’n
for calibrating the time-inhomogeneous Lévy model. These Lévy triplets are coupled to the
characteristic functions using the derived Lévy-Khintchine representation (1.2), this suggests
defining the calibration function v; as

;(v) =5 (v) = 5 (v),
_ 1 log. [ 1+ iv(1 + ) F0;(v) }
T; —T;1 1+ iw(l+w)FO0;—1(v)]’
- log- ez, (0~ ) ]
Tj=Tin 7 ler, (v=1)]
o2(v—1i)?

— _JT + iy (v —1i) + /(ei(”_i)m — 1)vj(z)de,
R
2.2
J

o;v

+i(0F + )07+ (07 /2 + 7 — Nj) + F i (v), (2.14)

with p;(x) == e”v;j(z) called the exponentially weighted jump density.

Due to the Riemann-Lebesgue Lemma .#p;(v) tends to O when |v|] — oo, such that
Y, is, at least for large |v|, the sum of a quadratic polynomial and a function vanishing
at 0. Therefore, formula (2.14) shows that the Lévy triplet (o7,7;, ;) (Lévy triplets will
equivalently be parametrized with v; and p;) is uniquely identifiable given the whole option
price functions O; and O,_; without noise. The parameters 032., v; and A; can be identified
as parameters of the polynomial for arguments tending to infinity, thereafter .# p;(v) can
be obtained as the difference between the polynomial and ;. The exact nonparametric
statistical approach to this estimation will be examined later.

In subsection 2.2.2 we argued that, because of noise, the option function O;(x) is not ob-
served, but an approximated version @j (). Therefore we need to approximate the function
®; by some estimator zﬁj. After observing the definition of the function v, a natural choice
for the estimator sz of the function 1; can be given by

;(v) = 9 (v) — ¥j (v)
1

=5 g o RV, L o1y (v —1)| — lo r(uw,T5_1 p _ v —1 )
T, — T, 8> r( ,TJ)[SOT]( )] T, — T; 8> r(u, Ty — )[@Tj \ )]
1 5
= 108y |1+ i0(1 4+ ). F 05 (v)]
izﬂ'\7 _Tj—l gZ ( 7TJ) ( ) .7( )
1 5
o ogny ) [14 00+ )50, 0],
T, — Ty, CB2r(vTi-1) +iv(l +iv)F0;1(v)

where after calibration using the interpolated observations @j_l instead of O;_; for [ =0, 1
we find the approximated version (6;,7;,fi;(z)) of (¢;,7;,pi(x)). Note that a trimmed
logarithm log ., 7, _,), { =0,1, defined by

log(2),

1 A =
ngn(v,Tgfz)@) {10g(m(v, Tj—l)z/|z‘)’

was used instead of the normal logarithm. The reason for this is that small errors in the
argument of the normal logarithm close to zero could result in large statistical errors. This
stabilization of the logarithm is mainly used for theoretical reasons; its practical importance
is minor [7, p. §].

The complex trimmed logarithms are again taken such that @Zé is continuous on (—vg, vp)
with z@é(O) = 0 and vg being the smallest positive zero of o7, _,.
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In the first section of the theoretical part, we will show a reasonable choice for the trimmed
value k(v,T;_;), and a proof will be given that with this trimmed value the estimator ¢, for
1; is asymptotically well-defined.

2.4 Spectral Estimation of the Lévy Triplet

The exact estimation method of the parametric part (55,%,%) and the exponentially
weighted jump density fij(x) = e*7j(x) for j = 1,...,n will now be worked out. The ex-
act problem is summarized below.

Problem 2.2 Given the approximated option price functions @j () and @j_l(x), nonpara-
metrically find best estimates of 67, 4;, A; and fi; from

- 1 o
wj (’U) = T_—Tl logzﬁ(’%Tj) |:1 + ZU(]. + w)ﬁ(’)J ('U):|
J J—
1 -
— ———log~ (.1, {14—2’1}1—1—2’1}9 i v]
g e [LH (L 050, ()
5202 -
= = +ilT] + v+ (57/2+ 3 — Aj) + F iy (v). (2.15)

In the first chapter, it was already explained that for the Lévy-Khintchine representation
(1.2) we made the underlying assumption that fi; is absolutely continuous and of finite
activity. Then with the Riemann-Lebesgue lemma it can be shown that % [i;(v) — 0 as
lv] = 0o (See, for example, Kawata [30, p. 43]).

Consequently, 1) in expression (2.15) can be viewed, at least for large |v|, as a quadratic
polynomial in v with coefficients (67/2 + ; — S\j,i(5]2- +7;), —67/2), plus a part .Z fi;(v)
that vanishes for arguments tending to infinity. Using the decaying effect of . [i;(v), we will
regularize the problem by cutting off frequencies |v| higher than a certain “cutoff frequency”
U; > 0, which may depend on smoothness assumptions and noise levels of the underlying
jump density.

Thus, the parametric part can be estimated using the following general optimization
problem, where the term .% [i;(v) squared and weighted will be minimized,

. U, ~ 1 - e - . N
inf / Y7 (v) P;(v) + —0]2.1}2 — z(ajz +7;)v — (0?/2 +7; — Aj)| du,
(72%:5) (ol >U; ) 2
where WY is some nonnegative weight function that satisfies

1 v
»Uj — — i
W™ (v) ij <Uj>

with w!(v) continuous, supp w! C [0,1] and w!(u) > 0 on (0,1). The estimation of the
parametric part can be understood as an orthogonal projection with respect to a weighted
L? scalar product.

Let us expand on the exact reason why the weight function wY (v) is introduced. Be-
lomestny et al. [4] show that the deviation of ;(v) from ;(v) increases exponentially in v
whenever o; > 0. It is therefore advised to restrict the range of frequencies v used for esti-

mating the parametric part (532 /247 =\, i(&? +7;), — ~? /2). This task can be accomplished
by introducing the weight function w%i (u).
The optimisation problem can be simplified by splitting the integrand in a real and

imaginary part

. U, ~ 1. - - - N
[ a0 + 5o - i e - 632+ 5 — 4| do
(63.95:7) J{|v|>U; }

= inf /{|U|>Uj} wYi (U){ <Re(§zj(1})) + %532-1}2 — (532'/2 +7; — ;\j)>2
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_ . \2
+ (Im(3; () = (657 + Fy)v)  pdo,

where we used that for z € C it holds that |z]? = Re(2)? + Im(2)?%.
Now using the linearity of the integral and the reparametrization

(624, 0) = (63, (62 +4), (52/2+% —\)), (2.16)

the optimisation problem can be separated into two parts, namely

U, 2
~ J ~ 1
(62,45) = argmin [ "% o) (Re(ds(0) + 5o%0* = Ay ) do and

(032'7>‘j> —Uj
Uj - 2
;= arg min/ Y7 (v) (Im(%- (v)) — 'ij) dv.
Vi —Uj

The solutions are found by straightforward calculations by taking partial derivatives and
identifying the minimum. For completeness, these calculations are done in the next subsec-
tions.

Solving for &]2 and )\

For solving the problem
U, 2
(63, )\,) = arg min/ Y (v) (Re(wj(v)) +-olv® — )\j> dv,
define the function g by
U, ) ] 2
g(v) = / wYi (v) (Re(v/)j(v)) + 5032-1)2 — )\j> do.

~U;

9g(v)

o, and setting these to zero, the following

and

By taking the partial derivatives

results can be found

U; - Ui v
o_ d9v) _ / @Y (0)Re( (0))v2dv + ~0? / @ (v)otdo — ) / e (v)vde,

6032' —Uj 2’ —Uj =Uj
39(1}) U; U - ) U, U ) U, .
0="n, = * w7 (v)Re(¢h;(v))dv — o w” (v)v do + 24 w7 (v)dv.
J _Uj _Uj —Uj

2

These are two linear equations in o]

and A\, that can easily be solved to find isolated
expressions for 032- and A;.

Solving for 0?- and verifying that this is indeed a minimum gives

Uj

AJ2- = / w((jije(z/;j(v))dv,

_Uj

Uj

where we defined ws;] in terms of wYi as

2 [(f_U(’Jj wYi (s)ds) v? — fﬁj{]j wYi (s)szds]

2 .
Ui @Ui(s)s2ds) — [Yi @Ui(s)stds - [U @Ui(s)ds
UJ Uj UJ

fng (v) = @Y (v)

The new weight function ng (v) inherits from WY/ (v) some rather natural conditions, first
of all, it is symmetric, and secondly
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U; Uj
/ (—v?/2)wYdv =1 and / wYdv = 0.
—U; ’ -U; !

1
g3

Furthermore, it can be seen that ngj (v) = #w},g (v/Uj), where w,. is supported on [0, 1],
j

symmetric and bounded, because

U; 2 U; U;
/ WY (s)s?ds | — / WY (s)sds - / WY (s)ds > 0
—Uj —Uj —Uj

by the Cauchy-Schwarz inequality.
Now solving for \; and verifying that it is a minimum gives

Uj
b= [ el @Re(; ),

_Uj

U; . o
where we defined w /\; in terms of WY as

f_U[”JJ wYi (s)stds — <fijgjj wYi (v)s2ds> v?

o fijfjj Wi (s)stds - f_U;jj wYi(s)ds — <f_UjUj wYi (v)32d3> .

The weight functions wf\]j (v) again inherits some natural conditions, it is symmetric, and

U; U;
/ wﬁ{? (v)dv=1 and / (U2/2)w§\]j (v)dv = 1.

-u; =Uj

1
U;
supported on [0, 1] and bounded, again by the Cauchy-Schwarz inequality.

Next to this, the weight function can be written as wi{j (v) = w}\j (v/U;) where wij is
Solving for #;
For solving the problem for 4;,
Uj - 2
3= angmin [ 6% (w) (In(d(0) ~ 25v) do,
Vi —Uj
define the function h by
Uj - 2

h(v) = / Y7 (v) (Im(wj(v)) - ’ij> dv.

Setting the partial derivative dh/0vy to 0, we find

Uj

U; .
0= Oh = —2/ v (v)Im(v; (v))dv + 27/ WY (v)v?dv.
oy ~U; ~U;

Solving for v and verifying that this is indeed a minimum gives the solution

U, .
5= [l @),
where we defined ngj as
@) (v) = @V -
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The weight function w7 7 (v) fulfills

1

5, 1s an anti-symmetric function, supported on 0, 1]

and w%@) = U2w (v/Uj), where w

and bounded.

End Results for ¢7,7;, \; and 7,

The solutions for the original estimators (5?,%-, 5\3) can be found after plugging back the
reparametrization (62,4, \) = (65,(6% +75), (65 /2475 — );)) as in expression (2.16), this
results in

U; -
R
J UJ i
=t [l ),
P Iz .
N= G5 [l Red o),

where the weight functions ng (v), ng (v) and ng (v) satisfy

u; Uj Ui o
/ — ngﬂ (v)dv = 1,/ vw% (v)dv =1 / wkj (v)dv =1,

U; ~U; ~U;
Uj Uj U
/ ng (v)dv = 0,/ vzw/\j (v)dv = 0.
—U; —Uj
Furthermore, ng (v) = U3w (v/Uj;) is symmetric, w%j (v) = Ugw (v/Uj;) is antisymmet-
ric, and fw/l\]j (v) = UijAj (v/U;) is symmetric, with all normalised functions w},j, w}h,, and

w/l\j bounded and supported on [0, 1].

The exponentially weighted jump density fi; can, thereafter, be estimated by the smoothed
inverse Fourier transform of the weighted difference of the quadratic polynomial and v; with
the found parameters, that is,

fis() = 7 Kz&j(-) + D0+ XJ) w, <->] (1), weR

where ng (v) = wtj (v/U;) is a symmetric weight function supported on [-U;, U;].

From practical applications, it is found that estimating the jump measure v;(z) directly
— instead of the exponentially weighted jump measure p(x) = e”v;(x) — leads to more stable
results,

52 -

vi(x) = F [(%(' +1i) + Ej(')2 — %5 () + Aj) W, (')] (z), ze€R.
For practical purposes, we define the shifted v¢; by

G, (v) 1= i (v +1) = 1085 (oi73) |1 = V(0 +8)FO;(v+1)]

T, —T;_4
1

N N (R P
T, — T,  Bzr(vtilioy) v(v+1)FO0;j1(v+1)
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The version @Zyj has more stability in practical cases for estimating the density. The estima-
tion procedure for 7;(x) then becomes

52

py(2) = 7 [(u?yjc) + LR () + ij> w,, <->] (), zeR (2.17)

Due to the estimation error and the cut-off procedure, the estimated jump density 7;(x)
might take negative values and needs correction. Belomestny and Reifl [10, Section 2.6]
provide the following, a posteriori, correction procedure: find ﬁ;r such that

~_|_ ~ . . ~_l’_ .
175" — 7] — min, ;Ielﬂgz/j >0 subject to /

vH(x)dx = vi(x)de.
[ ot @de = [ #y(a)a

The solution can easily be shown to be

7 050 = mas(0.5,(0) ~ o)

where p is chosen to satisfy the equation

/Rﬁj(u; o)du = / ;(u; 0)du = \;. (2.18)

R

This corrected density ~;-r can be thought of as the density that is nonnegative and the
closest to 7;(x).

Now we have found a statistical method to calibrate all Lévy processes between two
maturities 7;_; and 7. Note that to find the whole time-inhomogeneous Lévy model we
need to do the calibration of (5?, o7y S\j, vj(z)) for all j =1,...,n and thereafter “glue” them
all together.



Chapter 3
Theoretical Results

As is common in statistical estimation procedures, we are interested in the performance
and distribution of the created estimators of the last chapter. The calibration results on
real-life data and simulations are presented in the second half of this thesis. Before we tackle
the calibration from simulations and real-life data, it is good practice to investigate the
theoretical properties of the estimators. Therefore, in this chapter, the well-definedness and
asymptotic normality of the estimators will be proven.

First, the underlying assumptions for the results will be elucidated. We then show a
satisfactory parameter k(v,Tj_;) of the complex trimmed logarithm and prove that the
estimator @Zj for 1); is asymptotically well-defined. Recall that this estimator is the basis of
the estimation of the Lévy triplet. Thereafter, the most important theoretical result will be

proven, namely that the estimators (532-, 7;,A;) are asymptotically normal. The asymptotic

normality of fi; will be proven afterward because the derivation differs from (6]2-, i 5\3) by
the fact that it was obtained by an inverse Fourier transform of the remainder. Finally, the
optimal convergence rates of the parameters will also be looked upon.

We shall use throughout this chapter the notation A < B if A is bounded by a constant
multiple of B, independently of the parameters involved, that is, in the Landau notation

A=O0(B).

3.1 Underlying Assumptions

Before these derivations are done we need to impose some important underlying assumptions
that will be the basis of all theoretical results.

Assumptions of the Lévy Triplets

The assumptions we will lay upon the underlying parameters of the time-inhomogeneous
Lévy process (032-, Yjs Aj, tj) are presented below in Definition 3.1.

Definition 3.1 For integers s; > 0, and R, omax > 0, let ggj (R, 0max) denote the set of all
Lévy triplets 7 = (ajz,vj,uj)jzlw,,n such that for all j = 1,...,n, pu; is s;-times (weakly)
differentiable, the martingale condition (2.4) and finite second moment assumption (2.5) are
satisfied, and
05 € (0,0max, |75l € [0, R),  max 16 2wy < R, and [|u{ || < R.

This definition makes multiple assumptions, some may be directly clear to one reader and
unclear to another. The reasoning behind these assumptions will, therefore, now be discussed.

Recall that expression (2.4) was the martingale condition and is the basis of the fact
that the model is a martingale under the risk-neutral measure Q. Expression (2.5) was the
assumption that the variance of the path of the underlying security S;, which is modeled

by an exponential time-inhomogeneous Lévy model, must be finite. This reassured that the
Fourier transform of O; exists and is well-defined.

21
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The parameters R and o, are introduced to bound the to-be-estimated parameters —
we do not want the underlying parameters to be “too large”. In the case that the parameters
become too large, it is difficult to construct a statistically stable estimation method because
then we will not have any guarantee that the argument in the logarithm of 1; is bounded from
below by a positive constant. This can result in two undesirable outcomes: 1) a statistically
unstable estimation method, and/or, 2) an extra bias term.

The assumption is imposed that p; is s; times differentiable. Recall that the jump density
v; was coupled to the exponentially weighted jump density p; by u;(z) = e*v;(x), such that
v; is also s; times differentiable. To show the theoretical results, the exact value of the
integer s; > 0 does not matter that much, even for small values the results still hold. The
value matters most for the speed of convergence and performance of the statistical model,
the smoother i , i.e. the bigger s;, the faster the convergence rate. Next to that the value s;
also plays a crucial role in the determination of the optimal cut-off values U;. In empirical
results, s; is, of course, not known a priori, and here we need to assume the smoothness of
the underlying security. This will be elaborated at the empirical results.

Assumptions of the Weight Functions

The exact choice of the weight functions w(ljjz (v), w#j (v), w}\j (v), and w}\j (v) will not matter

for the theoretical results. Definition 3.2 will only impose some conditions the considered
weight functions need to obey.

1

047

Definition 3.2 For an integer s; > 0, let W' denote the set of all weight function w

1 1

W, Wy, and wtj that satisfy the implied conditions of section 2.4, and

oz (0) /0%, wy, () /0™, wy, (v) /v, (1 = w, (v))/vY € L*(R),

Flwaz(v) /o], F [wy, (v)/v*7], Flwy, (v) /o], F[(1 = w,, (v)/v¥] € L(R).

In Definition 3.2 the smoothness parameter s; for p; is the same as in Definition 3.1.

The implied conditions of section 2.4 were the conditions that these weight functions
inherited from the statistical estimation procedure. Of course, if we choose weight functions
ourselves, we want those conditions to be valid. Otherwise, the estimation procedure can be
invalid.

The L?(R)-integrability assumptions of the weight functions w!,, w} w}\j divided by

o2y 0
J
v%, and also the L!(R)-integrability of their Fourier transforms, are necessary to make sure
that the integrals in the theoretical results will be well behaved.

Assumptions of the Interpolation Scheme

Recall the underlying regression model (2.9)
Oj’k = Oj(zlfj’]{;) + 5j,k:5j,k7 k=1, ey My

By the noise introduced in this regression model, we can not observe O;(z) directly and called
the empirical observed counterpart (7)]- (). In the theoretical results, out of simplification
and previous work by Tendijck [46], Belomestny and Reif} [7], a linear spline will be used to
construct O;(z), i.e.

(’5](93) = BO,j (ZL“) + Z C’)j,kb~7k(as), x € R,
k=1

where (b, 1) are linear splines and the function [y is added to take care of the jump in the
derivative of O at zero: 5;(0+) — 5(,(0—) = —1. In particular, b, ;, is chosen as the triangular
function, i.e., bjx(z) = A(z——2E2) with A(z) = (1 — [2]) L5 <1-

Tjk+1—x],k
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It is important to keep in mind that in the statistical estimation model we already made
the underlying assumption that (¢; ) are independent (in j and k) centered sub-Gaussian
random variables with V[e; ;] = 1.

The magnitude of the error is modeled by the factor 4, > 0. For this d; ;, we assume that
it can be modeled by a certain L?*"(R)-integrable function §; with n > 0 such that at the
design points d; = 6;(x; ). This assumption must be made to make sure the asymptotic
variance of the to-be-found asymptotic normal distribution of the parameters does exist.

For the asymptotics in the theoretical results, we need a growing number of observations
to identify the whole option function O;(x) for all x € R,

Aj = ,_max [Tk — xjp—1| =0 and A; :=min(zm,,, —r;1) = 0. (3.1)
=4,...,MM5
These conditions ensure that the observations will now contain the whole x-axis.
Another assumption that will be made in the theoretical results is that the log-forward
moneyness grid {z;, : k =1,...,m;} will be equidistant such that
Aj=lzjr—xjk—1| forall k=2,..m;,
is a constant. This will make the theoretical calculations easy and concise without seriously
affecting the model and the results.

Using the interpolation scheme (2.12), a useful result that relates the error of the estimator
of the characteristic function or1;_, to pr,;_, can be found

@Tj—l(v_i>_ngj—L(U_i) 1+2U 32 @ J l( ))(U>
v(l + ) F Oj—1,k — Ojl(fﬁj,k))bjl,k(x)> (v)
= iv(1 + iv) 5j,ksj7kf bjk(v). (3.2)
k=1

For calculating .#b; 1. (v), recall that in the interpolation scheme (2.12), (b, 1) were chosen as
bjr(z) = A(%) with A(z) = (1 —[z])1;/<1. Remember that the triangular function
A(z) is the convolution of two box functions I1(x) = 1,;<1/2, and that the Fourier transform
of the box function is #II(v) = sinc(v/2) = sin(v/2)/(v/2). This convolution transforms

into a product in the spectral domain, therefore
FA(v) = F(II x IT)(v) = sinc®(v/2).

C[}—.’I?j,k

Now the Fourier transform of b;,(z) = A(x,kﬂ_w -
7> 7

) is found by using the scale- and
time-shift properties of the Fourier transform

Fb;k(v) = Aje" 0k sinc?(Ajv/2), (3.3)

where we use the assumption of an equidistant grid.

3.2 The Estimator @Zj for 1,

The estimator 1% of ¥; in the model section was defined as

. 1
Yi(v) = T,—T,,

1
-1 | [1 w(1+i0).FO,;_ ]
T, — Ty, CB2r(vTi-1) +iv(l +iv)F0;1(v)

108> o(0,1;) {1 + iv(1 4 iv).F O, (v)}

There were still two theoretical open-ended questions that needed to be answered for the
estimator v;, namely:
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1. how to choose the trimmed value x(v,T;_;),
2. is the estimator ”well-defined”.

3.2.1 Choice of Trimmed Value x(v,T;_;)

The martingale condition in expression (2.4) can also be written as

o2 o2
7‘7 + 5 + /(ex —1yj(x)de =0 <= 7‘7 +7v;, — A = —F 1;(0). (3.4)
R

The general idea of the trimmed value x(v,T;_;) was to prevent unboundedness in the case
of large stochastic errors, with this in mind we introduced the trimmed logarithm which

ensures that |¢;(v)| > | log <RZEUTJT1)1)> |, this result trivially follows from the definition of

the trimmed logarithm.

The goal of this section is that for Lévy triplets in ggj (R, 0max) We want to define
a lower bound for |@r, (v — i)|. Using expression (3.4) and the fact that Re(F pu;(v)) =
Jg 15 () cos(x)dx > —||p;] L2 we can first find

— }e(Tj_Tj—l)wj(v)’ _ }G(Tj_Tj—l)(_ 5 +i(0j+7j)v+(7j+7j—>\j)+3zuj(v))’

' o1, (v — 1)
o1y, (v —1)

o202 o2
— o(Ti=Tj—1) (= =+ +v =2 +Re(Fp;(v)

022

B (1 =T5-1) (= 2 = (0)+Re(Fp; (v))

O'?’L)2

— o(Ti=Tj—1)(—=—5— ;]| .1 +RE(F p; (v)))

O'?’U2

> (T =Tj—1) (=== =2[lnjllL1)

def 3.1 T _T oo 2R
> e(Ti—Ti-1)(=—F——2R) _. 2K(T; —Tj-1,04,R,v) (3-5)

The factor two in the definition is useful for mathematical tractability in the bound later on
in Proposition 3.1. With expression (3.5), it is easy to find a desired lower bound

J

' J
' o, (v — 1)
(v—1)| = - > || 2K(T = Tr—1, 04, R,
[T, (v — 1) rl;[l o1, _, (v —1) _rl;[l e ey
= Zi:l(T’“_Q r=1)ope” ~(C0 Tr=Tr-1)2R
def 3.1 o max?’
> (T —2R>:=:2H(0773) 30
o2 v?
Hence, the trimmed value for [ = 0,1 can be chosen as x(v,Tj_;) = %G_Tj—l( max"_ _9R)

Note that x(v,T;_;) is a decreasing function in the first argument. The bound in expressions
(3.5) will also be of great importance in the rest of the theoretical results.

3.2.2 Asymptotically Well-Definedness of @Ej for

For the estimation procedure to work properly, the estimator 1%- does not need to blow up,
this happens whenever @7, (v —¢) = 0 for some j = 1,...,n [40, p.8]. In this section, we will
therefore prove that P(¢r, (v —4) = 0) = 0 for all j = 1,...,n. This result will be proven to
be asymptotically true if the cut-off value U; does not converge too quickly to infinity, when
the maximum distance between the observations A; converges to zero, i.e., one quantity can
be expressed as an intermediate sequence with respect to the other quantity.

The result P(¢7, (v — i) = 0) = 0 for all j =1, ...,n will be shown by stating the result of
Proposition 3.1. The proof of Proposition 3.1 can be found at the end of this section.
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Proposition 3.1 Let j € {1,...,n} and k € {1,...,m;}. Assume that the error distributions
(ejk) consists of independent centered sub-Gaussian random wvariables with Vie; ] = 1.
Choose the cut-off value U; and grid size A; such that

AUt log Ujels ZoanTr=Tr-0)72 0 when  U; — oo and A; — 0.
If there exists a constant p > 1 with limy, o0 Aj 17, 5?.7,{(1 + |z k|P) < o0, then
J
lim P sup |@r,(v—1)— 7 (v—1)]> inf K(T, —T,—1,0.,R,v) | =0.
Uj;—o0 ’UE[O,Uj] UG[O,U]‘] 1

To show the well-definedness of the complex logarithm, the result of Lemma 3.1 below
will be utilized. *

Lemma 3.1 Let f,g: [0,T] — C be two continuous functions with |f(t)| > C, | f(t)—g(t)] <
C for all t € [0,T] and arg f(0) = argg(0). If arg is chosen such that t — arg~y(t) is
continuous for a continuous function ~y(t), then

sup |argg(t) —arg f(t)] <.
te[0,T]

In expression (3.6) it was deduced that 271 Hizl K(T, —T,-1,0.,R,v) > k(v,T}). Propo-
sition 3.1 then states that asymptotically with probability tending to one

sup [P, (v —1) — o1, (v —19)| < inf k(v Tj) = 6(U;,T}),
’UG[O,Uj] v€E(0,U;]

where we used that k is a decreasing function in the first argument. Moreover (3.6) gives

lor, (v—1)| > 2k(v,Tj) > k(U;,T;) and it is easy to see that arg ¢, (—i) = arg o7, (—i) = 0.
All the conditions of Lemma 3.1 are satisfied, thus asymptotically with probability one,

sup |arg oy, (v —14) —arger; (v —9)| <7

UE[O,Uj]
and, thereby,
lim P| sup |arg@r(v—1i)—arger,(v—1)>7] =0. (3.7)
Uj—o0 vel0,U;]

Expression (3.7) shows that the branches of the complex logarithms are taken similarly and
that the estimated characteristic function is distinct from zero everywhere.

Proof (Proposition 3.1) Applying Markov’s inequality with the convex function z? we get
. J
P sup |@r,(v—1)— 7 (v—1)|> 27=1 inf K(T, —T,-1,0., R,v)
ve[0,U;] velo,Us] -
E [supyefo,u,) 187, (v = 1) = o, (0 = i)

. 2°
(2j_1 inf'UE[O,Uj] Hi«:l K(Tr —Tr—1,0n, R, ?]))

<

The main difficulty in simplification of the expression above is in the term |G, (v — i) —
o1, (v —1)|*. Using (3.2) we can write

m;

7, (0 — 1) — oz, (v = DI? = Jiv(1 +iv) 3 8Py =1 45 (0 + 0?)|C(w)]?
k=1

! In the rest of the thesis, all proofs of the intermediate lemmata can be found in the appendix.
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with G(v) = \/_ S 85 k€ kT bk (v). We will bound the function G(v) using an entropy

argument and Dudley’s theorem, i.e., we will bound the difference |G(v) — G(w)| in terms

of |[v —w|. Let ¢ € [0, 1], then
2]
0 3 2] [ el - onyas Z ([ soymin o - ulja)ac)
k=1 R

2
= Zé;k(/ 2bj,k(x)d:c—|—/ bj,k(:c)\v—wHﬂdx)
— |z]>2/(v—w) || <2/ (v—w)
q
< 52k(/ 2b; 1. () (M) dx
z:: P\ as2/w-w) 2

9 1—q 2
-/ byl — wlo (—) )
|z|<2/(v—w) |z[|v — w]

m; 2 2
=S [ 2 byatallaftlo - witds) = fo - w2t ZqZ ([ bstolelra)
k=1 R

Tj,k+1

m; 2
< v — w|?12? 21 Z 532.7k </ bj,k(a:)\aﬂqda:)
Tjk—1

E(|G(v) - |1—[ ik / o) (€77 — )z

< v — w[?12%" qu (e — 2je1)?| max{a@; gy, 21

< v —w[*2% 2qA2Z elagnl +45)%
k=1

Lemma 3.2 below can simplify this last expression even further.

Lemma 3.2 Let ¢,z € R and ¢ > 0, then (2% + ¢)?¢ < max{22971 1}((2?)?? + %), where
in the case of x = q = 0 it should be read as (x*)*? = 1.

For some ¢ € [0,1] we have that max{22¢~1 1} < 2, and we can then finally bound the
difference

AGE[G(v) = Gw)]*] < Jv—w[*2°~ 2’%22 el 2+ A7) < oo,
k=1

where the finiteness follows from the second assumption of the proposition with ¢ =

min{p/2,1}.
With regards to the entropy argument, there thus exists a ¢ > 0 such that

w) = VE[G(v) = G(w)P] < clv — w]" = p(v,w),

with H = ¢ = min{p/2,1}. So, B,(x,r) C Bg(z,r) for all z € R and r > 0, and thus
Ng(X,r) < N,(X,r) for sets X and all r > 0.

Before we can apply Dudley’s theorem, the metric entropy needs to be estimated. Firstly,
notice that there exists a D € R such that d(v,w) < D for all v,w € R. This is immediate
when one applies the inequality ‘ei‘” — eiy} < 2 for x,y € R.

The covering number of [0, U;] of the metric p given a radius r is equal to

N, (0.U),7) = |Uj(efr) /" /2]
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The asymptotic assumption is made that U; is large enough such that U; > (eD/c)!/#,
then

N, ([0,U5],r) < Uj(c/r)l/H.

We can now estimate the metric entropy

J([0,U;] ,d) := /OOO Vlog (Na ([0.U] 7)) dr—/ Vlog (Na ([0.U5] 7)) dr
S/OD \/log(Np([O,U]] dr</ \/log i(c/r)V/H)dr
:H_1/2/ \/log (UF(c/r))dr =cH™ 1/2UH/D/ ) Vlog(1/s)ds

< cH V20U D/ (UFe) \Jlog (U e) /D) = y/log (U;) + log (¢1/ / D1/ )

~ \/long.

Some further explanation about the steps in this derivation needs to be given. Firstly, note
that if x := D/ (UJHC) < e~ ! then logz~! > 1. Now the integral is solved and estimated as

follows
/ \/st = (1 — Erxf (\/logx—1)> + zv/logz—1,

with

Erf(x) = / —s® ds.
\/_

This can be further simplified using

1—Erf(\/lmg7)§exp(—logx ) (f@)

\/_ \/logx

Then if we use logz=! > 1,

/ V1og(1/s)ds < % : ( logacl> < zy/logz—1.
0

1
—
V1og x—1

Dudley’s theorem now states that for all U; > 0 we have a version of the process which
is almost surely continuous on [0, U;] for the metric d. Moreover, it provides the following
bound [50, Corollary 2.2.8] for all a > 1

E| sup |G)|"| < (logU;)*?.

ve[0,U;]

Note that we now found a way to bound the described difficult term in Markov’s inequality

J
P( sup |¢r,(v—1i)— o (v—1)| > 271 inf K(T,—T,-1,0,,R,v)
ve[0,U;] velo.U;] r=1

—2

J
<E| sup !gZTj(U—i)—<,0Tj(v—i)‘2 (277t inf K(T,-T.—1,0.,R,v)
ve[0,U;] velo,u] r=1

- - j
<8, (01 +UDE| s GO |- 2 T (5~ T, R 0)

r=1

: : j
< A; (UL+U2)E S G()[*] - 4exp (Uf Y (T, =Ta) o} - 4RTj>
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J
< AjU;-1 log (Uj;) - exp (UJ2 : Z (T, —Tyr—1) af) :

r=1

where we used that asymptotically when U; — oo the U ;-l term dominates the Uj2 term. By
the assumption of the proposition, the last bound found converges to 0. 0

3.3 Asymptotic Normality of (77,7;, ;)

This section is devoted to the main theoretical result of this thesis, namely that the estima-
tors (75,795, S\j)jzlv,“’n for (o;,7;, S\j)jzl,m,n are asymptotically normal. As can be seen in
the spectral estimation part, the estimators (75, 7;, 5\]) j=1,...,n bear great resemblance and
are therefore treated together. Whereas (fi;(x));=1,...» has a different estimation procedure
with an inverse Fourier transform, and will therefore be treated separately afterward.

To the end of showing the normality of (7;,%;,Aj);=1,...n, we will first make a decom-
position of the errors of the estimators in Bias terms, Linear terms, and Remainder terms.
Thereafter, it will be shown that asymptotically, the Bias and Remainder terms are negligible
to the Linear terms, and that the Linear terms asymptotically admit a normal distribution.

For conciseness, the case of the volatility estimator ¢; will be completely evaluated, and
because the estimators 7; and S\j bear great resemblance, the differences in the proofs of
these estimators will be given at the end of every section.

The Greek letter ; will sometimes be used to generalize that a given expression is valid

for all fj S {O'j,’)/j,>\j}
3.3.1 Error Decomposition

The error analysis will be exemplified by considering 532. — (7]2-. By expressions (2.14) and the
properties of the weight functions, we can decompose the error into

55 — 0 = /U w (v)Re (15(v) — ;(v)) dv + /U wy] (v)Re (v;(v))) dv — o3
U; _ Uj
-/ i )Re (95(0) — w5(0)) do+ / . Woi (V)Re (Fpus(v))) do
Yo 70 0 7wl (0)Re ($4(0) — ¥} (0)) v
:/_ijgj(v)Re (%(v)—%(v)) dv+/_ijffj( R (%( ) =¥l ))d

A\ 7
-~

Stochastic Error

Uj
+/ ngﬂ (v)Re (Fp;(v))dv.

NV
Bias

In the first line to the second line, we used the conditions of the weight functions [ _U;j (—v?/ 2)ng (v)dv
J

1 and fijgj ng (v)dv = 0 such that with expression (2.15) it follows that

[ b ome i) dv - o?

—U;

Uj Uj o2 Uj
- / % (v)Re (15(v))) dv — o2 / (—02/2w% (w)dv — (2 + ;- A;) / W% (v)dv

—U; Uj 2 i
Uj U 0'2.1)2 0'2.
= [l Re(wy ) + F = (G =) o



3.3 Asymptotic Normality of (62,7;, ;) 29

Recall that for [ = 0,1, we did define

B(0) ) = 7 (Lo, (8510 — 1)) — log(oy-i(v — )]

T, — T;

Neglecting the stabilisation of x(v,Tj;_;), we will split the Taylor approximation of the
logarithm log(@;_i(v — 4)/p;—i(v — i)) into a first-order term (linearisation) £%(v) and a
remainder term R (v):

/:l ( ) 1 @Tj—l(v - 2) - @Tj—l(v - Z)

T, =T e, (v —1) and  R;(v) = ¢;(v)—¢;(v)—L;(v). (3.8)

Using the terms of (3.8), the error decomposition becomes

Uj U;
5 =0} = /_ we! (v)Re (L£5(v)) dv — / wYi (v)Re (£3(v)) dv

U; ~U;
+ /Uj ngﬂ (v)Re (Rg(v)) dv — / ngﬂ (v)Re (le(v)) dv
_UUjj U,
[l )Re (i) do
L~ L A — T + B (3.9

The idea is that we will show that the difference of the linear terms 3002 — 3012 is asymp-

J J
totically normal with some standard deviation s,, and, secondly, we will show that the bias
term 4, 2 and remainder terms %02,%1 divided by s, are asymptotically negligible with

respect to the Linear terms .Z 2,02” 1 Then we can conclude

~ 0 1 0 1
? _ O—? 30'2 - 30'2 %02 - %0.2 4%0.2

_ 9 i % iq % g/\/‘m’l),

where d stands for convergence in distribution.

From the spectral estimators of 4; and A; it can be seen that it is useful — in the same
manner as in the estimating part — to restrict the error decomposition of these estimators
to the parametrizations 7, := 7; + 532 and S\j = 5\3- — 5?- /2 —7; instead of simply ¥; and S\j.
Following a similar line of thought of first decomposing the bias term and stochastic error
term, and then writing the stochastic error term in a first order and remainder term, we get
Uj Uj

ngﬂ'lm (E(J)-(v)) dv — / w%j Im (E} (v)) dv

—U;

G =Gy +od = [
Uj ' Uj Uj
+/_U ngjlm (R?(v)) dv—/_ 'w%ﬂ'lm (R}(v)) dv+/_ nglm(ﬁ,uj(v))dv

j j Uj

= L) — L)+ A — R, + B, and (3.10)

Uj Uj
N ~ ~ Uj Uj
()\j—ajz/Q —35) — (A — 05/2 — ;) = /U wy ' Re (E?(v)) dv — / , wyRe (Ejl(v)) dv
Ui, U; UJ U; (;
+ / . w/\jRe (Rg(v)) dv — / . wAjRe (le(v)) dv + / . wAjRe (Fu;(v))dv
= L L AR~ R, + B, (3.11)
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Note that the main differences between the error decompositions are due to the properties
of the different weight functions ng , w»[yjjj ,w;]j € ng and the different use of Re and Im.

3.3.2 Asymptotic Normality of Linear Terms .,%glj

The asymptotic normality of the linear terms .Z, g,,fgj for &; € {032-, 75, A; } will be shown.
The whole derivation of % (52 is presented, and the deviations of gyl]» 3){3, will be noted at
J

the end of the section.
First of all for [ = 0, 1 recall that

1 QZT._ (U — Z) — Q7. _ (U — Z) Uj ‘
Cl j—l1 j—1 I U !
T; — T d 2= iRe (L dw.
( ) j—1 gOTj—l(U Z) o 75 /_Uj i e( J(U)) ’

The asymptotic normality will be shown by writing .# ; » as a sum of the error distribution of
J

the regression model (g, 1), which were centered independent sub-Gaussian random variables
with V[g; x] = 1. Thereafter, we will show that the conditions of Theorem 3.1 below hold 2,
and conclude that & ;2 is asymptotically normal.

J

Theorem 3.1 (Lyapunov CLT)

Let X1, X, ..., X,, be independent random variables such that E[X] = 0 and V[X;] =
07 < oo for alli = 1,..,n. Define T,, = Y. | X; and s2 = Y. o2, then the following

relation holds

(377 >0: h_}ngo 2+17 Z]E X127 = 0) — (SiTn —4 N(0, 1)) : (3.12)

=1
The condition on the left-hand side is known as the Lyapunov condition.
Using (3.2), we can first write Eé(v) as

1 (1 +iv) Y107 8 kEj—1kFbj—1 k()
T T] 1 SOTj—l (U>

Lh(v) = (3.13)

Note that all the randomness is portrayed in the distribution (g;_;%). Next to that, with

the Lévy-Khintchine expression (1.2), the deterministic function (7, _, can be written as

, o1, (v —1
QDT._(U—Z>:
7 HLSDTrl/U_Z

o (-l -1
= exp (TU <Z(T Tr_1)o >+zv< (T, = Tr—1) (07 —|—7f,,)>

r=1 =1
Jj—l o2 Jj—l
(Z T Tr 1 ( 9 +77"_/\ )) + ( (TT_Trl)y:ur(v)>>
r=1 r=1
1)2
=: exp <—7Aj_l +wBj_ +Cj_; + Dj_l(v)> : (3.14)

At this moment, the goal is to write .Z 12 as a sum of the independent (¢, ), such that we

are in the form of Theorem 3.1. Using the properties of the weight function w,, € Wy and
expression (3.13) gives the result

2 Theorem 3.1 is the so-called Lyapunov Central Limit Theorem, which is generalized by the famous
Lindeberg Central Limit Theorem.
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(o

U, 1
— [ Re(£w) uh )av=1; [ Re (£} (00) w (00 do

—U; —1

R
J

—y /_ Re (£} (00) w, (v)c

_21 ! ) wt (v)dv -_21el-—v~w1—vv
U7 [ Re (£ 00) wh, (v + U7 [ Re (£ (<0) wh, (~o)a

07 [ e (€} @u)t, e+ 07 [ e (21605) v, ()

= 207? [ Re (2} (001) ], ()

0

0% TS LivU; (1 +iU;) Fbi_ g (vU))
-3 5 R, J J j—lLk Jj), .1 d .
T T, Z j—1,kEj—1k e</o (ij_l(,UUj —) wa'j(v) v

(3.15)

If, for £ =1,...,m;_;, we define random variables

2U 2 Liol; (14 d0U;) Fb .y, (vU;)
Xk = —]5'_1,].38'_1’]{ Re </ J I= wl. () dv> y
Ty =Ty 770 0 or;_, (vU;j — 1) (v)

then, from the properties that (e;5) are independent centered random variables with

Viej k] = 1, it follows that (X}) are independent centred random variables with V[Xj] =

o2 < oo. Note that this is exactly the setting of Theorem 3.1 where ,2”;2 = Tmn;_, =
J

St Xy,

Now for the normality of .Z lg = >"127" X} the Lyapunov condition needs to be shown.

Firstly, the asymptotic variance s2 1 Of ,,?lg will be looked upon. The result is stated as a

proposition because the proof is rather tedious and enduring.

Proposition 3.2 Let snl = Y17 0% with 02 = V[Xy] < oo for k = 1,...,m; and let
dj—1 € L"(R) forn > 2 and | = 0,1. As U; tends to infinity, then

82 = ”LUl ) (1)2dj,j—lAj—lUj_4 exp (Aj_lUj2) 5

n,l 0
where we defined the constant
dj,j—l = 2 H6j—l‘|i2 (Tj — Tj—l)_2 AJ__zl exp (—QCJ‘_Z) y

and the terms Aj_; and C;_; are as in expression (3.14).

Proof (Proposition 3.2) Using that V{e;_; ;] = 1, it follows that

i qust e LU (144 Fb;
N A (e e T
Rt (T —Tj-1)" =3 7 0 or;_, (vU; — i) 7

Instead of computing the real part immediately, we will make use of the following identity

.2
1
Rezz:(Z;Z) :Z(Z2+2z2+22)’

and compute the three different parts instead. The problem can then be decomposed to

U 4 ms—1
2, = T, Z o (T2 421,75 + 12) (3.16)
J— 1 —
with Z, fo v)dv and Z = fo v)dw for function f(v) = ij(l;;jfziij_;)’k(vUj)w},j (v).
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Let us start with Z2, using expression (3.14) for ¢, ,(vU; — @) we have

. 2
1
72— / 2sz( +ivU;) Fbi_1 i (VU;) w! (0)dv
0 eXp( 2U A;j1/24+wU;Bj_1+Cij_;+ Dj_ l(vU)) J
/ / iU (1 +vU;) iwU; (1 4 iwU;) Fbi_y i (vU;) Fbi—i 1 (wU;)
0 exp

— (W4 w?)U?A; /2 +i(v+w)U;Bj_; + 2C;_; + Dj_y (vUj) 4+ Dj—; (wUy))
J(v) ;(w)dvdw

= _sz exp (—2C;-1) /0 /0 vwexp (A;_; (v 4+ w?) Uj2/2) (1+4vU;) (14 iwU;) g(v, w)dvdw
1 1
= —sz exp (—2Cj_) (/0 /0 vwexp (Aj_; (v + w?) Uj2/2) g(v, w)dvdw
1 1
+ iU, / / vwexp (Aj_; (v + w?) U]-Z/Z) (v 4+ w)g(v, w)dvdw
o Jo
1 1
_sz/ / vwexp (4, (v + w?) Uj2/2) -mug(v,w)dvdw) :
o Jo

with g defined as

fbj 1,k (UU) bj 1,k (’LUU) wl (U)w (w)
exp (i(v +w)U;B,;_; + Dj_; (vU;) + Dj_; (wUj)) 7 o .

g(v,w) = gy, (v,w) :=

Note that we can decompose gy, (v,w) = hy, (v)hy, (w) and that hy,(—x) is the complex
conjugate of hy, ().
In a similar manner, the terms Ig and Z,7Z; can be expressed as

1 1
Ty2 = —UJZ exp (—2C; ) (/0 /0 vwexp (Aj_; (v + w?) Uj2/2) g(—v, —w)dvdw
+ z'Uj/ / vwexp (A (v + w?) Uj2/2) (—v —w)g(—v, —w)dvdw
0o Jo
1,1
—sz/o /0 VW exXp (Aj_l (v2 + w2) Uj2/2) vwg(—wv, —w)dvdw)
and
1 1
1,15 = sz exp (—2Cj_) - (/0 /0 vwexp (A;_; (v 4+ w?) Uj2/2) - g(v, —w)dvdw
1
+in/ / vwexp (Aj_; (v° + w?) Uj2/2) (v —w)g(v, —w)dvdw
0o Jo

1,1
—UJ-Q/ / vwexp (Aj_; (U2 + w2) UJ-Z/Z) - —vwg(v, —w)dvdw> :
0o Jo

For evaluating these integrals further Lemma 3.3 below will be used.

Lemma 3.3 Let gy (v, w) be a bounded function on the unit square 0 < |gy(v,w)| < C for
(v,w) € [0,1]%, let h(x) be a function such that h(z) | 0 as x — oo, and let fy(v,w) be a
positive function such that

1,1
lim / / fu(w,w)dvdw =1 and lim / / (v, w)dvdw = 1.

If the function gy (v, w) satisfies

lim sup lgu (v,w) — gy (1,1)] =0,
U020 (v,w)e[1-h(U),1]2
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then N
lim / / fu (v, w)gy (v, w)dvdw = Ulim gu(1,1).
o Jo

U—oo j =00
Remembering the solution of the Fourier transform .#b; 1 (v) in expression (3.3), we can
show that limy, o gy, (v, w) is not necessarily finite.
For applying Lemma 3.3 a new function gy, (v, w), defined by

gu, (v,w) = vwexp (2iU; Bj_1) Fb; 1, (U;)~° gu, (v, w),

will be used. With this new addition, limy,; -« gu, (1,1) exists and is finite. Hence, we need
to check the conditions on gy, and we need to find functions fy; which converge to a Dirac
delta function at (1,1). Rescaling the other factors in the integrals, such that these integrals
are in the form of Lemma 3.3, gives

fu,(v,w) := A?_ZU;l exp (—Aj_lsz) vwexp (A;_; (v 4+ w?) Uj2/2) =: F(v) - F(w).

The h(z) function in Lemma 3.3 will be chosen as h(xz) = 273/2, it is easy to see that
h(xz) | 0 as * — oco. Now the conditions of Lemma 3.3 will be checked on this particular

fu,; (w,v) function

2
1 1 1
Jim /1 o /1 L du v wdede = i ( /1 . F(v)dv> 1

1 1 1 2
lim / / fu(v,w)dvdw = lim </ F(v)dv) =1,

where it was used that for a certain function b(v),

1

1
/ F(v)dv = exp (—Aj_lUjQ/Q) / vAj_lsz exp (Aj_lv2Uj2/2) dv
b(Uj;) b(Uj;)

1

b(Uj)

= exp (—Aj_lUj-Q/?) : {exp (Aj_lsz/Q) — exp (Aj_l (b(U;))” UJ-Q/Z)}
=1—exp (—A4;1 U7 [1 - b(U;)?] /2) .

— exp (—Aj_lUJZ/Q) : [exp (Aj_lszjz/Z)}

The function f is thus satisfactory. What remains to check is the boundedness of gy on the
unit square and we need to check that

lim sup |G, (v, w) = gu, (1,1)] = 0.
Uj—)OO (”U,’UJ)G[].—U_B/2’1]2

First of all recall

gu(v,w) == vwexp (2iU;B;_;) Fbj (Uj)_2 g(v,w)
Fbj—1k (WU;) Fbj—1k (UUj)wl_(v)wl'( eX'p (2dU; Bj—1) e~ Di—1(vU;)=D; 1 (wUj)
Fbi_1x (U;)° 7 7 exp (i(v +w)U; Bj—q)

= vw

The mild assumption is made that U; > ¢ for a certain ¢ > 0. For ease of notation let

1

O\b._ . fb,_ .
PLitr WO) IO W) 54 ) = wk (vt ()

Fbi 1k (Uj)°
ga(v,w) = exp (i(2 —v —w)U;Bj—1), g5(v,w) =exp (=Dj—; (vU;) — Dj—i (wUj))

g1 (v, w) = vw, go(v,w) =

Note that ¢1,g3 and g4 are uniformly bounded on the unit square. Also, note that
by the Riemann-Lebesgue lemma .#pj(z) — 0 when x — oo. Hence, D;_;(vU;) =
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Zi;ll (T, — T—1) # pr(vUj) is a bounded function, which implies that g5 is bounded uni-

formly. Proving boundedness of g, recall expression (3.3), then

sinc® (vU;A;_;/2) sinc® (wU;A;_1/2)
sinc? (U;A;_1/2)

g2(v,w) = exp (i(v+w—2)Ujx; r A1) - (3.17)

where A;_; was the grid size. Since U;A;_; — 0, a ¢ > 0 can be found such that for all
U; > ¢ we have sinc? (U;A;_;/2) > 1/2, which leads to the bound

] 2 . . ] 2 . .
G20, w)] < |7 (UUJA.J_Q/z) e <wU‘7A‘7_l/2)' <l ! <2,
sinc” (U;4,-1/2) sinc” (U;4,-1/2)

So, g» is bounded on the unit square. Putting everything together we can conclude that
gu, (v, w) is bounded on the unit square.

We note that g; - g3 is continuous on [0, 1]2. Moreover, the second part of gs in expression
(3.17) also behaves satisfactorily. Thus, these factors can be taken out of the equation. Note
that, g5 converges uniformly to 1 for U; — oo because of the smoothness of y;(z). The only
problems thus occur in the first part of g, in expression (3.17) and in gq,

w1 =fe (2 (1-057) - (105 08, |
(v,w)e [1—U;3/2,1} ?

= |exp <z : Uj_l/QBj_l) — exp(i - 0)‘ < ‘Uj_l/QBj_l’ — 0.

Similarly, the first part of go can be controlled. This completes all the conditions of the
function gy, (v,w) in Lemma 3.3. To conclude, now we have found and checked the functions
fu,;(v,w) and gy, (v, w) in Lemma 3.3 and we can use these functions to solve the desired
integrals.

From this Lemma, it appears that all the integrals in the final expressions for Z2, 72 and
T,7; converge equally fast to 0 and the dominating asymptotic term is the last one with the
U ;.1 factor in front of it. Henceforth, the first two integrals will be left out of the equation.
Reminding the extra term of gy, (v,w) with respect to g(v,w), then using Lemma 3.3 the
limit is found to be

lim IgA?_l exp (_Aj—lUj2) ybj,k; (Uj)_2 exp (Z’inBj_l)

Uj—>OO
1,1
= lim exp(—QCj_l)/ / fu,; (v, w)gu, (v, w)dvdw = exp (—=2C;_;) lim gy, (1,1)
Uj—>OO 0 0 Uj—)OO
= exp (—2C;_;) w},j (1)? lim exp(—2D;_; (U;)) = exp (—2C;_;) w},j (1)2. (3.18)

Uj—>OO

In a similar manner, the other terms Z2 and Z,Z; their convergence can be deduced

. — 2 .
lim IgA?_l exp (—Aj_lsz) Fbj (Uj) exp(—2iU;Bj_;) =exp (—2C;_;) wi,j (1),

Uj—>oo

lim T,T; A3 exp (—A;U?) | Fbjs (U;)| 7 = exp (—2C;_1) w,, (1)°.

Uj—>OO

2

Recalling expression (3.16) for s;, |,

ering the following adapted limit

the asymptotic variance Si,z will be found by consid-

2

Sn,l

lim ——— -
L ‘ —1 mjil —A; 1 U?
= i A > 07 AL e MU (T 4 2L, Ty + I37) . (3.19)
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An important remark to make is that when U; — oo the maximum distance between the
grid points needs to go to zero A;_; — 0, and thereby the number of observations needs to
go infinity m;_; — oo.

All the different limits for 72, 7,Z; and Z2 will be individually considered by replacing
the summands by their respective asymptotic behavior. Note that this is not a trivial step
and should be proven. The result is given in Lemma (3.4).

Lemma 3.4 Under the assumptions of Proposition 3.2,
m;—1
2 —A; U?72
UhinooAa zZ —eAje T

mgl

= Hm A ZZ e 2w ()2 by (U )? e 2Bl

Uj—o0

Recalling the Fourier transform .#b;_; ;(v) in (3.3), the underlying assumption that the
magnitudes of the errors d;_; ; can be modeled by a function §;_; € L?>T(R) with n > 0,
and the definition of the Riemann integral, then with Lemma 3.4 it follows that

mj—q
lim AT é A2 e_Aj—lUJ?I2
U;—o0 J— l —l,k“t5—1 v
mig—1
. _—2C;_;, 1 2 1 —2iB;_;U; A—1 2 T 2
=e “w, (1)7 lim e "7 IAT, g 6 1k Fbj—1k (Uj)
J Uj-)OO
mg—1
= e 201yl (1)2 lim e 2Bi-1Y% ginc* (U;4;_,/2) g 532._lk62ZUjmj—lv’“Aj_l
Uj—>OO 1 ’

= e 20—y} (1)2 lim e~ 2Pi-1Us sinc4(UjAj_l/2)/ §;_1(x)%e*Vitdy

Uj-)OO — 00
= e 201yl (1)2 Ulim e 2 Bi-1Viginc* (U, 4;_1/2) ﬁéjz._l (2U;5). (3.20)
j—>0Q

In a similar manner, the following asymptotics for the other terms Z2 and Z,Z; can be
found

mg 1
2
lim A 1 A2 e 4i-Uj 72
—l,k45—1 v
Uj—o0
miy—1
_—2C_, 1 (1\2 1 2iB;_,U; A—1 2 g 17 \2
=e " w, (1) Ul.lglooe ITIAL E:CSj—z,k;be—l,kz( Uj)
J h—

= e 2% tw) (1) Tim *PitYisine! (~U;4;.1/2) F67_, (—=2U;)  (3.21)

Uj—>OO

J— . 2
i AT E F kAT e LT
oo

mjl

= e 2%ty (1)% lim A7 lz e | F bk (U

Uj—o0

= e 201yl (1)2 lim sinc4(UjAj_l/2)/ 6;_1(x)*dx

Uj—)OO — 50
: : 2
= e 201y} (1)2 U}gnoo sinc (U;4;_1/2) Héj—lHLz(R) . (3.22)
We have assumed that §;_; is an L?(R) integrable function, therefore ﬂ _,(2U;) — 0.

Moreover, U;A;_; — 0, thus sinc* (U;4;_;) — 1 as U; — oo. So, we can conclude that
expressions (3.20) and (3.21) are equal to 0 in the limit. Furthermore, expression (3.22)



36 3 Theoretical Results

becomes

mjl

Z 2 —A; U?
llm A] l l,kAj_le J=l JIUI«D

Uj—oo

= e 2Ctw) (1)* lim sinc* (U;45-4/2) 1651072 n

Uj—)OO

Using expression (3.19) the asymptotic variance siJ is then found to be
1
$20 = AUy AT et (o +2-4(Ty — Tyo1) 2e 2Ol (1)2]|6,-0 )12, + o)
_ _ _ . 2
= 2 H(Sj_lHLQ (TJ — Tj_1> 2 Aj_zl exp (_2Cj—l) wi_j (1)2 . Aj—lUj 4€AJ*lUj
= wy (1)°d; 51 45Uy tets 1V

where we defined the constant

dj,j—l = 2 de_lﬂiz (TJ — Tj—l)_2 AJ 1€ —20C;- L,

O

Now the asymptotic variance 372%[ in the Lyapunov condition is found. Next to that, an

expression or bound for E|X,|**" is needed. Note that (¢j,x) were sub-Gaussian random

variables. The moment condition for sub-Gaussian random variables states that for some
K > 0:
E[€2+77] K2+77(2 4+ 77)(2—'_77)/2'

Using the moment condition, the following bound is found

20U ? Uiol;s (1 + ivU;) Fb,
E|X,[>" = E T R (/ wU; (14 dU;) Fb;y x (vU; )wlj(v)dv>
0

Tj — Tj_l T, (U - Z)

1 ol (1 - i
< U2 |5 12 | Re / wUj (1 +wUy) Fbj_pk (0U;) wy (v) ",
J ’ 0 exp( (vU ))

24+

—U2U]-2Aj_l/2 +wU;B; +Ci— +Dj_y

247
dov

S Uj—2(2+’l7) |5'—l’k;

|2+n /1 wU; (1 +ivU;) b1k (0VU;) w o; L (v)
0 €xp (—U2UJ~2AJ-_1/2 +wU;Bj_ + Cj_1 + Dj_; (vU;))

Note that the integral looks similar to Z, in the proof of Proposition 3.2. In avoidance of
repeating arguments, the integral behaved in the limit as

Bm [Z,|- Aj_je~ AU /2 | Zb, 0 (U;)| 7! = e Citwl (1),
Uj—o0 J

Now using expression (3.3), it can be found that the limit behaves asymptotically as

| S AL e 2| F by (Uy) e Dty (1)
= A Ledi U5 12A;_ysine® (U;A;_1/2) e Ci-tw] (1).
Then the following bound is found
E X7 S U2 (8507 A Urn/2 4510, (3.23)

With the expression for s2 in Proposition 3.2 and the bound in expression (3.23), the Lya-
punov condition can be verified
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mj—1
: —(24n) { 2+n}
nh_)rrolo Sl ; E < | Xk|

mj—i
. 2(2 —(2 2 _A 2 —2(2 2 ; 2
< lim 2 +n)A'—(z+m/ o~ Ai—1UZ (247) /2 Z {22+ 16511 +n ,A;U; (2+n)/2A2_J_rln
m;_—oo J J J ’ J
! k=1
miy—1

- m'hlrg A?jn)/z_l Z 1651k A = 11111'_1) A§2_+ln>/2_1/ 16,1 (2)| % dw
i 2+4m)/2—-1
= ”(Sj—lHL2+n mjl_lln—lmo A;_lﬁ)/ —0

where in the last step, it is used that n > 0, §,_, € L*™" and §,_; Riemann integrable.
Hence, Theorem 3.1 implies that

L
_% = Im A A0,1), forl=0,1.
Sn,l Sn,l

Now, let us look at the terms f,ij and Zf\j, as given in the error decompositions (3.10)

and (3.11), by pointing out the differences and arguing how this does affect the derivation.
For .,Zij three main differences in the derivation occur:

1
i

1 1
U7 Yo,

U; 1 . Uj _
L. wy) = U—jgw instead of Wy, =

%j is antisymmetric instead of wy] which was symmetric, and

3. we have Im(t;(v)) instead of Re(v;(v)).

2. w

Point (i) does not change the essence of the proof but does affect the convergence rate, which
is now a factor U; slower. Point (ii) will mostly give a minus sign instead of a plus sign in the
simplification of the integral at (3.15), this minus sign is, however, canceled because we also
have the Im of point (iii) and a conjugation in the second integral. For finding the expression
(3.19) we used the identity Re?(z) = ((242)/2)? = (224222 +(2)?) /4. From point (iii), Re is
replaced by Im, we should now use the identity Im?(2) = ((z —2)/2i)? = —(2% — 222+ 22) /4.
This does not affect the result, because in the proof we showed that the factor zz is the

factor that defined the asymptotics, and this factor is the same in Re? and Im?.

1

. . Ca U;
The term #! is less complicated, here only one main difference occurs wy! = %w/\,
J J J J

To summarize this section, the results will be presented in Proposition 3.3.

instead of ng = w},j, which only affects the convergence to be U jz slower.

Proposition 3.3 Let €;_; 1 be independent centered sub-Gaussian random wvariables with
Vlgj—ix] =1 forallk =1,....,m;j_;, 1L =0,1 and let §;—; € L*™ forn > 0,1 =0,1. Further-
more, let the Levy triplets (o;,7;, ;) belong to Gg. and the weight function (w},j,w%j,w}\j)

belong to W?j As Uj tends to infinity, then for | = 0,1 we have the asymptotic normality

l
3032- d g’)l/g d g){g p
—>N(071>7 _>N(071) a/nd 5 _>N(0’1)7
Sn,l j Sn,l Uj Sn.l
with |
S%’l - wij(1)2dj7j_lAj—lUj_4€AjflUj )

where we defined the constant
djj—1 =216l 72 (Tj — Tj_1) 2 A;2e72%1,

and the terms Aj_; and C;_; are as in expression (3.14).
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3.3.3 Bias Term %’Q

In this section we will bound the bias terms %, for &; € {07,7;, \;} from above. Again we
first derive it for %05, and then investigate where %, . and 9%, differ, and show how this
affects the results.

In the derivation, a couple of results about Fourier transforms are needed, which are
stated in Remark 3.1 below.

Remark 3.1 1. The definition of the Fourier transform can be extended from L!(R) to
L'(R) U L?(R) and the Plancherel identity states that for all f,g € L?(R)

F f(v)Fg(v)do.

/R f(2)g(@)da

:%R

2. Let f € L*(R) be such that for all k& € {0,1,...,s} the (weak) derivative f(*) satisfies
f®) ¢ L2(R). Then for all k € {1, ..., s}

FfM](v) = (iv)*Z f(v).
3. For U > 0 we have
F ) =UZ[f(U)](Uv) and F~'f(v)=UZF ' [f(U))(Uv)

Assume that (o7

and 3.2. From these assumptions we have that for an integer s; > 0 it holds that w},j (v)/v%i €

Y5+ Aj) € Gg (R, Omax) and (we;, oy, wy;) € W as given in Definitions 3.1

L*(R), w, (v)/v® € L'(R) and for some R > 0 we have maxg—o,._ s ||,u§.k)HLz(R) < R and

||,U§'sj)||OO < R. Firstly, using the triangle inequality (normal and for integrals), ng = ng,

and Remark 4.1, the dependency of pu;(x) can be abstracted

Uj
< ‘/ F 1L (v)wUUj (v)dv

Uj
51 =| [ Re(Fuon) utiao
’ —Uj ’ =Uj

(41)

X (s, Wol (v)
/ FulD ()2 Wy,

o0 wZ? (v o0 wg?' v
o o (Yol el B
< HMESJ)(:E)HOOZN/_OO Z -1 <E”Uajv()zz) ( ) dx.

The properties of the weight function 'ng (v) can now be used to see the dependency of the
resulting integral to the cut-off U; and the weight function w! (v),

o0 wy? (v) ol IRt (v) .
277/ F| —— | (z)|dx = 27?/ —/ ———e~Zdy|dx
—00 (_“})Sj —00 2m —00 (_“})S]
U, -3,.1
o0 © wgd : o0 o U w, (v/U;) .
:/ / w.J(?)ezvde dx:/ / J J</ J)ewxdv dz
oo [ /oo (V)% oo [Joo ()%
. oo | roo gl () S| e wl .
YU -2 / / .J—(),ewUﬂdu dz = U ) / / J(A e™Uit du|dx
¢ —00 —00 (ZU’Uj)SJ ’ —00 oo U
2, N[ w) | w, (u
Y _UJ Uj—(Q—E—SJ)/ / JS(‘ ) Y Uj—ldy — UJ_(3+SJ)/ ar ( js(. )> (y) dy
— 00 — 00 u=J — 00 usJ
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where this last norm exists by the assumptions of the class W?J Hence, it follows that

_ 77— (3+sj)
= U,

Y

Ll

—(s;+3 Py S
Bo2| < U706 | oL (wh, (0) /0|2y,
or, with [|x(%)||oc < R and |7 (wy, (v) /v%)]| L1 (m) < 00,
|<@U?‘ 5 Uj_(sj+3).

The main differences between the term %, as in the error decomposition (3.10) and
B> are that we have Im(.# pu;(v)) instead of Re(#p;(v)), the weight functions w,(yjjj is
J

antisymmetric instead of ng which was symmetric, and ngj (v) =U j_Qw%j (v) instead of
ng (v) = Uj_?’ngj (v). Note that it was used that |Re(.% p;(v))| < |Fp;(v)|, and that this
will just be replaced with [Im(.% p;(v))| < |# p;(v)], so the first point does not matter. The
second point was never used in the derivation, so this does also not matter. The third point
is the only difference that matters in the derivation, the result is that the upper bound is a

factor U; smaller.

For %), as in (3.11) the only difference is w/(\]j (v) = Uj_lng (v) instead of w((,]j (v) =

U j_?’wg]j (v), so the upper bound will be a factor Uj2 smaller.
All the assumptions and results are summarized in Proposition 3.4

Proposition 3.4 Suppose the Lévy triplets belong to Q?j (R, 0max) and the weight functions
belong to W?j, then

—Sj+3 Sj
B2 | < U705 ool |7 (e, (0)/09) |,

)/ v
)

—Sj+2 S S;

8., < U5 S 2|15 |7 (w,, (0) /0%
—8j+1 Sy S

1B, | < U S0 G NF (we, (0)/0%) |1,

HL1?

such that, using the definitions of the classes G (R, 0max) and Wy,

AR —(55+2 —(s;+1
‘%J?‘SUJ( )7 “@VJ‘SUJ( )’ and |‘%>\g|SUJ( )

3.3.4 Remainder Terms %lj

In this section, we want to investigate if and under which conditions the asymptotic remain-
der term will be asymptotically negligible. We first investigate %ff >, and thereafter look at
J

the differences of %fyj and %ﬁ\j with the derivation of %é 2.

Before we begin, recall that we did define '

Uj
Loy — Tl l l I l U,
R;(v) = ¥;(v) —;(v) — L5(v) and %032. = /_U_ Re(R;(v))w,? (v)dv.
Note that %’fj > Is a random variable with E[%’i o] = 0, because it is connected to the error

J
terms (e, %) without a bias term.
The idea is going to be that we are going to look at certain conditions such that asymp-
totically when U; — oo and A; — 0 we have

%rly?fojz(Uj’Aj) E) 0,

where the function f,2(U;, 4,) is given by
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U2~ Ui Y] (Ti=Ti—1)o? /2
j

fo2(Uj, A5)

\/dj,jAj +dj 1Ay e VT -0

Note that f,2(U;,4;) is a positive deterministic function and P stands for convergence in
J
probability.
This function f,2(U;, A;) may feel arbitrary now, but it will be shown that this function
J

1
(1
is coupled to the asymptotic standard deviation s, of 6]2. by fUJQ'(Uj7 Aj) = |w";n( )|, We
.2 s2_ 2

to become 0, because then we can conclude that -5

% N(0,1). This

actually want >

J
Sn n

will be elucidated in the next section.
Markov’s inequality will be used with the convex function z? to bound the convergence

in probability, i.e., let £ > 0 then
|

2
], this will be a tedious task in the next two

‘ 2

fo2(Uj, 4;)

82

P (‘%g?fU?(Uj,Aj)( > 5) < 'g [ E ”%;?

So we want to find a bound for E Uc@ég
pages.
|

It is advised to first find a bound for the term \Ré (v)]. In the persuasion of this, first
remember the definition

Bounding E U%}ﬂ

71l ~ .
: = —1 , - )
%(’U) T, — T, 08>k (v,T;_1) (‘PTJ_Z(’U Z))

Using that 1/35(1}) — ¢1°8¥5 (") and the triangle inequality, we can write the remainder term
as a second order Taylor expansion of the logarithm

(T — Tj—1) | R (v)| = ‘(Tj —Tj1) () = (T; = Ty—1) ¢ (v) = (Tj — Tj-1) £§.(v)’

_ |log e T=T5-0%(0) _ g oTi=Ts-0)}(0) _ er,_ (v —1) — o1, (v—1)

PTj—y (v - Z)
7 (T5=Tj—1)Pj(v) _ o
< |log e(Ti—Ti-1)$;(v) _ log o(Ti=Ti—1)¥j(v) _ © 801'“3;1(7] i)
- PTy (’U — 1)

Gr,_ (v—17) — o(Ti—Tj—1)¥;(v)

+ -
PT;_y (U - Z)

o Ti=Tj—1)P5(v) _ (Tj=Tj—1)9}(v)

(15 =T 1)} (v)

log eTi ~Tj—1)d5(v) _ log (T =Tj—1)¥5(v) _

N1z : N SR
+ ’@le(v—z) 1(Q0Tj7l(v—z) — e Ti=Tj-1)¥;( )) .

Recall that in expression (3.6) it was found that

j—1
lor, (v —10)| > [ 2K (T = T,—1, 00, R, v) =: 2K;_(v)

r=1

where K;_;(v) is defined for ease of notation later on. A consequence of Proposition 3.1 with
this notation is that asymptotically with probability one we have |¢r, _, (v—1i)—pr,_, (v—1i)| <
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K;_;(v). From this, it can be derived that

im P (jor; (v —4)| 2 Kj(v) =1, (3.24)
which implies with the definition of the trimmed complex logarithm that,

lim P (e(T -5 () = = o1, (v — z)) = 1. (3.25)

Uj—)OO
Therefore, the second term in (7; — T;_1) ’Ré(v)!,

N—1(7 . 7 Yol (v
‘SOTJ'—I(U — i) 1(80Tj—z(v — i) — e(Ti=Ti—1)v;( ))‘ 7

is asymptotically zero. The first term of (1; —T;_1) }Ré(v)‘ will be bounded with Lemma
3.9.

Lemma 3.5 Let z € C. If |Z| > C, |z| > 2C, and | arg(z) — arg(2)| < 7, then

Z—z 1Z — 2|
<

log(z) — log(z) — < S

From (3.31) we already know that |7, (v—i)| = |e(Ts —ij1)1/)§(v)| > 2K;(v). From expressions
(3.25) and (3.24) it then follows for the estimator that with probability tending to one

oxp (T = Ty-1) 4 (0)) | = |6, (0 = )] 2 Ka(v).

Furthermore, in expression (3.7) it was also shown that with probability tending to one,

‘arg SOT];L(U - 2) — arg @ijl(v - 2)‘ <.

Hence, we can apply Lemma 3.5 with probability tending to one to bound the first term and

find the result

| ]Oge(Tj—Tj—l)szé(v) — log e(Tj—Tj—l)lbﬁ(’U) _ e—(Tj—Tj—l)wé(U) (e(Tj—Tj—l)@é(v) _ e(Tj—Tg‘—l)w;—(v)> |
]. -2 T. —T.: ~l‘ T.—T.: l. 2

< SK;(v) ‘e< =T} () _ (T =Ty 1)} (v)
2
1 B _
=3 i1(v)7? (’04 + U2) )f ((’)j_l — (’)j_l> (v)

’2
To summarize, the following important bound with probability tending to one is found

R < S(T) — To) ™ Ky (0) 20 +0) |20 — 0,0 0|

=

2
s |

51020 +02) | F (01— 0j) () (3.26)

The original problem was to find an estimate of the upper bound of the quadratic remainder
term L@(ZJ »|?. Using the normal and integral triangle inequality, we first find
J

E [1:?] = /_U Re(R(0)wl? (v)de]

/ Rl(v )dv‘ <E (/ijzg(v)wg;(v)dv)

Note that for \725 (v)| the upper bound of (3.26) can be used and that the quadratic integral
can be extended,

2

IA
=
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E[],@i?ﬂ <E (/UU,(”“”Q)‘%O” ojl)(v)‘2fg‘g{§zgdv>
<k [t 10t 2050 0,0 |70, - 0w

v we? (v)|w we; (w)]
Kj—i(v)?Kj—i(w)?

N /_UUJJ /_UUZ E Uﬂ(@j—l — 0;_1)(v).F (O — Oj_l)(w)ﬂ dvdw

where in the last expression all the lower order terms of (v* + v?)(w* + w?) are neglected,
because asymptotically when U; — oo the term v*w* dominates.

In the subsequent analysis, we frequently use the following norm bounds for the B-splines
b; r in the interpolation scheme (2.12),

|- F bkl = V2r|bjkllre < 4rANY2 (|1 Fbiklloo < bkl < 24 (3.27)

which follows from expression (3.3), ||bj k|lec =1 and |z k11 — zj k1| < 24;.
Using the interpolation scheme, the term

E Uy(@j_l - 0,_)(0).F (01 - Oj—l><w>\2]

will be bounded. The idea is that the terms will be split into a bias and variance term by
addition and subtraction of the expected values EQ;_;. After working out the terms and
using the triangle inequality, the following simplified expression can be found

E| ‘gj <@j_z _ Oj—l) (v)F <@j_z - Oj—z) (w)‘zl
R ”fj (@j_l _EO,_; +EO,_, - @j_l) (v)F (@j_l ~EO;_ +EO;_; — Oj_z) (w)‘zl
< 4E ”ﬁ’ (@j_l - E@j—z) (v)F (@j—l - E@J—l) (w)ﬂ

i - ~ _ 2
+4]|.F (0 — EO; ) |2 E \34’ (@j—l - on—l) (v)( }

. [ - - 2
FAlF(O;-1 - BOy DIEE|# (65 - BO;) (w)
+4)|.7 (0,1 —EO;_1)||%. (3.28)

Note that in the expression (3.28) the second and third terms are constants multiplied
with the variance of .%# O~j_l. Now, let us estimate this variance by using the interpolation
scheme (2.12) and the properties imposed on the distributions of (¢;_; ;) and the magnitude
(0j—1.%), this results in

] "
A\ [Lg;@j_l(v)} =V g; <ﬂjl’0($) + Z Ojlyk;bjl’k(llf)> (U)]
I k=1
=V |FBo,j-i(v) + Z O 1.xFbj_11(v)
I k=1
[ —1 mj—1
=V > 05 1xFbj k()| =V | D> (O (k) + 051685 -1.k) Fbj1.5(v)
| k=1 k=1
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mj—1 m;—1

> SicinsictkF b (W) | =Y 161k F b1k ()*V ej—1k]

k=1 k=1
mj—1 miy—1 mg—1
= ) 1051k F b 1k( Z 16—tk ” b ll2, < Z |0 ikl
k=1

mj—1
2 2
AT Y (6]t =442 01651l S A 165-llZ (3.29)

where we made the assumption that A;_;||6;_ lHlQ < 65— l”oo’ which is rather intuitive

because A;_; — 0.
Substituting expression (3.29) in (3.28) then gives the intermediate bound

E[\ff (05-1-054) ()7 (051 - 0;4) (w)ﬂ
E ”gz (01~ EO,-)) () (01~ EO,,) (w) ﬂ 116, ILE Uﬂ’ (60—~ O, (v ﬂ
+165112E || (051~ BO,-1) ()] | 4117051~ BO L
<E ng (011 ~EO, 1) ()7 (0,21~ BO,) (w) ‘2] ISP AY, FAS, (3.30)
Furthermore, we also want to find a simplified bound for
E Uﬁ (61 ~EO,) (0).7 (O, —EO,) (w)ﬂ | (3.31)

First, again with the interpolation scheme (2.12), we can write

mj—i mj—i
O, —EO;_; = Z(Oj—l,k: — O 1(xj—1,6))bj—1.k( Z Oi—1.kEj—1,kbi—1 k().
k=1

Substituting the above expression into (3.31), then provides the bound

E Uﬁ (051~ EO; 1) ()7 (051~ EO; ) <w)ﬂ

[ mg—1i mj— 2
— or
=E E di—1k€j—t.kbj—1k | (V)F g Oi—1k€i—1,kbj—1k | (w)
k=1 k=1
_mj 1 mJ 1 2
=K E Oj—1kEj—1,kFbj_1 (v E 01, kEj—1,kF bj_1 k(W)
k=1 k=1
[0 —1 15—
_ 2 2 2 2 ar 21 or 2
=E E j—1 i5j—l,k5j—l,i5j—z,k|fbj—l,i(v)\ Vbj—l,k(w)’
| =1 k=1
myi—p my—y

532 lz - ZkE[gg zz?y lk”/bj Li(v )|2‘ﬂbj—l,k(w)|2

1=

(S

k=1

Now we use that (¢;_; ) are independent sub-Gaussian centered random variables with
Vlej—14] = 1, this results in

mj—1

= > 0Bl ) [T ()| F by (w)
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mj—1 mj—1
+ Z Z 5]2'—1, lkE[ €5— zZ]E[&??—l,k]‘ybj—l,i("))|2|=@bj—l,k(w)‘2
i=1 k=1,k#i
mj—1 mj—1
2 2 2 2
0 i | Fbi i) | Fbi k() 4+ > D 6760 [ Fbi ()] [ F bk (w)|
i=1 k=1,k#i

mj—1
=1
mMg—1Mj—1
2 2
=Y > 6706 [T ()] [Tk (w)]
1=1 k=1
mj—1

= <Z i [ F b1l > (Z z,k|ﬁbjl,k(w)|2>- (3.32)

For finding the final bound for E H%‘lﬁ } we first substitute (3.32) in (3.30), and then (3.30)

back into the original expression, this gives

%z ‘ / / [ O;1— 0, ) (0).F (O, l—Oj_z)(w>‘2]

4\waj( )\w‘*lwag( )|

(w)?

dvdw

(v)?K
m;—1
[( 1 |1 ( > (Z —Lk |5[bjl,k:(w)|2> + 10515 A7 + AT

Ui vt wg? (v)]

v, Kj-i(v)?

Pt a5 ) [

It is possible to bound the first integral in terms of the second one, because

Uj ™Mj—1 4, Uj U; M-t 4
52 |7y ()2 e ) g, / 7 2 vlwa) (V)]
/Uj I A Dl M I RN E RO o et

' v we? (v)] Ui vt |wg? (v)]
#dv < A2 16,25 %y
/ U, ]; -k K ) J—111%7 l v, Kj—l(v)z
U, 4 j
i vt wg? (v)]
< A0 l1% — .
~ 4 lH J lH _u, Kj—l(U)2

To simplify this common integral, Lemma 3.6 can be used.
Lemma 3.6 For all j = 1,2,...,n the following inequality holds
. U,
U U4|w$j(v)|dv < C'erQ ST T 1) 0?
2 ~ 3]
—Uj Kj_l(v)
where K;_;(v) == K(Tj_1, Omaz, R, ), & € {0j,7;,\;} and respectively (; € {1, U}, Uj2}.

Note that Lemma 3.6 is also specified for v; and A;, which will be investigated at the end
of the section. As with all Lemma’s, the proof of Lemma 3.6 can be found in the appendix.
Now using the bound for the first integral and Lemma 3.6 the final bound can be found

2
Uj
E [’%(17]2|2:| 5 (”CSJ—ZHio A?—l + (H(sj_l”io A?—l + A?—l)) (/ . Kj—l(v)_2’04 ’ZUOU-;J ('U)‘ d’l))

l]
J
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4 2,
S (N5l A2y + 10502, Al + AF) VP EIR@—To0t (333

Showing Asymptotic Convergence to Zero

Now with the found bound in expression (3.33) the asymptotic convergence (U; — oo, A; —
0) in probability of the term

2~ U7 Sl (Ti=Tiz1)o7 /2

can be proven using Markov’s inequality. The terms d; ; and d; j_1 are defined in the same
manner as the case of the Linear terms g ! in Proposition 3.3.

Note that the prefactor before %' o2 is the defined function f(, (U;, 4;), which was coupled
to the asymptotic standard deviation.

Now let us start with the exact derivation. Let € > 0, then with Markov’s inequality and
expression (3.33) we can find

[2e-U2 S, (Ti-Ti_1)0? /2
P J . 2;@}72 > €
\/dj,jAj +dj 1A e Uiz Tim)eg

U2~ Ui X ((Ti=Ti—1)o? /2
J

=P 74
2 . . 2 j
\/dj,jAj + dj,j—lﬂj—w_Uj (Ti=Ti-1)o; ’
2,—U? I (Ti—T; 2/2 2
Markov 1 U 1 (Ti=Ti—1)o;/ l
S 2 %0.2
2(T. —T. 2 j
) \/dj’jAj+dj,j—1Aj—1e_Uj(TJ Ti-1)7; ’
j 2
2 2
Uke Ui 21 (Ti=Tic1)oi | | | 57 ,
1 o2
J
22 “U2(T. —T- 2
2 d; jA;+djj 1 Ajqe VT Timn)e;
—-U7 ¥d 2 25N =L Ty ) o2
(333) | Uje s 2Ttz (||5J [ z+\|5j—lHooA§—z+Ag'—l) R
< =
2 . . 2
T e djjAj +dj 1Ay qe” VT T
L U185 A2 U3 ST (Ti=Timn)o?=UF S0y (Ti=Ti)o
—_J —tloo Ty
- 2 . . .
€ dJ,JAJ
4 2 4 '
_ 1 101l o Aj—lU{leQUf SIZHT=Ti )02 —U S, (T=Ti1)o? _, ipjj—l-
e dj; 4y Y 2

For convergence of both 9?0, and 9?1 in the error decomposition, we need to impose that
for =0 and [ = 1 both respectlvely p] j and p; ;—1 go to zero. Hence, we need to have the
conditions

” JHOOA U4 U2Z‘7 1(T —T;_ 1)0’ _>O

b = dj.j
for [ =0, and
O 4 A2._ 2 =1/ 2\ )
Ji—1= H Jd‘l‘Hoo i.lUerj((Ztl(Tl Ti1)o?)=(T;=Ti-1)07) _y
75 J

for | = 1. These conditions impose the restrictions on how fast the convergences of U; — oo
and A; — 0 can be compared to each other.
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We provide a summary of the conditions imposed and the asymptotic result in Proposition
3.5.

Proposition 3.5 Let €;_; 1 be independent centered sub-Gaussian random wvariables with
Vigj—ik] =1 for all k = 1,...,m;, I = 0,1 and let 6;—; € L*T"(R) N C*>(R) for n > 0,
[ = 0,1 with Aj||6;-1]17, < 10j-1]|2. Furthermore, let the Levy triplets (oj,7;,A;) belong
to Gg and the weight function (w},j,wij,wij) belong to W Control Uj — oo and Aj — 0
such that

2

AjU;-leUﬂg SI(Ti=Tie)o? o and hUﬁeU;(zg;f(Ti_Ti—l) I-(T-Ti-1)93) _y
A4;

Y

then we have an asymptotic convergence of

l 2= U3 I (Ti=T; 1)o7 /2 .
R ! — 0

o2
j —U(T,—T; _1)0?
\/dj,jAj +dj 1A qe” VT T

where P stands for convergence in probability.

The differences in the proof with «; and A; occur only at a single point. In applying
Lemma 6 we get respectively an extra U; and U j2 term. In the next section, it can however

be seen that the asymptotic standard deviations of the cases 7; and S\j are coupled to the
functions f,,(U;, 4;) = Uijfajz(Uj A;) and fi, (Uj, 4;) = U%Qfajz(Uj, A,). Hence, these cut-
off factors exactly cancel, and under the same assumptions as Proposition 3.5, it can be

concluded that . 2
1 UZe™Y; 1 (Ti=Ti—1)07 /2
%}“i : : 5 =0 (3.34)
/ \/dj,jAj + dj’j_lAj_le_Uj (T;—=Tj-1)0;

and - 2
1 U.26_Uj Zg:1(Ti—Ti—1)01~ /2
J =0 (3.35)

l
%,

772
Y \/dj,jAj td; oAy T

Moreover, note that we have constructed a proof for the absolute value of the remainder.
Therefore, this proof works for both the real part of the remainder as well as the imaginary
part of the remainder.

Assymptotic Normality of (5,7, \))

Now all tools have been acquired to state the asymptotic normality of the estimators
(65,94, A;) while controlling the growth of U; — oo with the shrinkage of A; — 0.

3.3.5 Normality of 7,

First, the normality of the estimator o; will be evaluated. Recall the error decomposition
(3.9) that remarked

7 — 05 = Lo — Lo+ Roo — Roo + B (3.36)

J o

Following Proposition (3.3) it is found that, under certain conditions, we have

£, £,
%4 N(0,1) and —Z % A(0,1),
Sn,0 Sn,1

with
s2, = wlj(l)de,j_lAj_lUj_‘l exp (A;U7),
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where we defined
. 2 -2 42
djj—1 = 2[10;-1ll72 (Tj — Tj—1) " A5 exp (=2C;),

and the terms A;_; and C;_; are as in expression (3.14).
Note that because (¢;_; ) are independent for different /, the linear terms ffz and ,,%012
J J

— which were only non-deterministic because of these (¢;_; ) — inherit this independence.
Hence, ffz — ,,%012 is asymptotically a sum of independent normally distributed random
J J

2

variables with variances s2 ; and s2 ;, and, therefore,
) )

3002. - 3012 d
. = — N(0,1). (3.37)
520+ 50
Recalling that from (3.14),
j—l1
Ajy =Y (T; = Ty-1)o},
i=1
the inverse of the asymptotic standard deviation s, can be written as:
I 1 U7 1
o Sn0+ 51 s, (L) \/dj,jAjeU;Aj +dj 14 el
sz o~ UiA;/2
1
‘waj(]‘)’ \/dj,jA] + dj,j—lA 1€UJ (AJ 1—Aj )
sz o~ U; I (Ti=Ti—1)07 /2

(3.38)

pumy 1 .
e, () \/dj,jAj +dj 14 e T Ti-0e;
Now let us write the error decomposition resembling the normality in (3.37),

52— 02 L =L
J J _ J _%O __%1 _%02'-

Sn Sn Sn 7j 75

In Proposition 3.5 it is stated that asymptotically we have the following convergence in
probability

—%02 0 and —%12 =0,

Sn Sp i
whenever the following conditions are satisfied asymptotically
4 U2 (Ti—Ti_1)o? A?—l 4, U (X2 (Ti=Ti—1)o? —(T;=Tj-1)07)
A;Uje”s =i 5emt)% — () and A—Uje g\evim1 Wm0 T TR =195 ) — (),
J

Furthermore, from Proposition 3.4 it was stated that

B, < U_(5j+3)

UjN Vi Y

the asymptotic term then simplifies to

1 U2 %02.
— B2 = J
Sn ‘wUJ |\/d”Aje i —|—d]J 1A —1€ JA -t
U~_(Sj+1)
< J

\/d]]A]e J 1= 1(T Tz 1)0’1 +d]] 1AJ 16 ‘722.7 %(Tl_Tz—l)Uf
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< (U2 {4y, Ay ST Tonet gy AV zz—;m—nna?})‘” 2
If the following condition is imposed,
UJ?(SJ'H) {AjerQ S (Ti=Tim)of Aj_leUa‘z Zg—_ll(Ti_Ti—l)aiz} o0, (3.39)
then the desired result is found |
;(%’sz — 0,

whenever s; > 2.
From the fact that convergence in probability is stronger than convergence in distribution,
all elements can be combined to come to the result that asymptotically

%5 7% 4 ar(o,1), (3.40)

Sn

Nz_ 2
J

or, written differently remembering (3.38),

— g~ d
U2 55 (32— %) S k(1) 2,

where Z; ~ N (0,1) and we defined

—_ €_U.72 23:1(Ti_Ti71)0i2/2
=5 = 2 . (3.41)
\/dj,jAj + dj,j—lAj_le_Uj (Tj_Tj—l)Uj

The reason that we have written it in this way becomes clear when evaluating 7; and S\j,
these cases will namely resemble the same asymptotic term =;. Also, the exact conditions
that imply this result will be summarized in a main theorem at the end of the section,
together with the cases ¥, and ;.

3.3.6 Normality of ~;

The case of ; follows a similar line of thought as the case of o;. However, there is a difference
in the error decomposition of 7, given in expression (3.10),

(5 +6) = (v + 05) = L = Ly + By — Aoy + B2

which depends on the 7; case.
From Proposition 3.3 and the independence of g% and ‘Zvlj, it can be deduced that

L0 — £l
Vi i 4,
—L 7 5 N(0,1),
i~ (0,1)
where the only difference is in the used weight function

1 1 Uj2 o~ Ui I (Ti=Ti—1)07 /2

= — - '
N 2 2 wx (1 R D ;
! \/m ‘ 73( )‘ \/dj’jAj + dj,j—lAj_le U (T;—=Tj-1)0;

Let us first write the error decomposition in a way that resembles this normality,

1 2 2 o?,% B Og’712 1 0 1 1 1
Y+ 62) — (v + 02)) = —2 J A, — % 7
UjS (<7J + UJ) (/YJ + UJ)) Uan + Uan 732‘ Uan 732‘ + Uan 732

Using Proposition 3.5 and expression 3.34 it follows that
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1
73 50 and R, Lo,
Ujsn J jSn j
whenever the same asymptotic conditions are satisfied
4 U2SY_ (Ti—T;_1)o? A RSN T e (T T e
A]Uje J i:l( i 7,71)0-1' — 0 and Z—Uje j(zizl( i 1_1)0'1»—( = J—l)O'j) .
J

Proposition 3.4 provides that %, < Uj_(sj ) such that ﬁ%% — 0, whenever the
jion

same condition is as in expression (3.39) is satisfied. The reason for this is that Ui and
J

combine to get the same factor as in the case 5]2.
From the fact that convergence in probability is stronger than convergence in distribution

and using the same definition of =; as in (3.41), the following result follows

—(s;+2) —(s;+3)

—_ ~ ~ d
Ui Z5 (3 +67) = (v +03)) = hwy, (1)] Z, (3.42)

where Zy ~ N (0, 1).
Expression (3.42) is first rewritten such that it resembles the term 7; — v; and the nor-
mality results in (3.40) and (3.42),

— (i~ | = — = Lo o,
U;jZ;i (3 +63) — (v +03)) = U;Z5(35 —v5) + inQ:j(Uj - j).
J

Now using the previous expression with the convergence results of (3.40) and (3.42) we
can see that the term (7; — ~;) is a factor U, slower in convergence than the term (&5, —
0;). Therefore, asymptotically the first term with ]w}YJ (1)| dominates the second term with

\wij(l)], because U; — oco. Thus we get

— ~ d
Uj 5 (3 =) = lwy,(1)| Z2,

where Zy ~ N (0, 1).

3.3.7 Normality of 5\]-

For the case of ;\j we first recall the error decomposition (3.11),
(5‘j - 5_32‘/2 - ’7]) - (>‘J - 032'/2 - 7]') - g)% - Z)}2 ‘|‘31?9\2 —%}\2 + 93)\?
J J J J

Following a similar approach to 7;, Proposition 3.3 with the independence of Z/{)j and oﬁf/\lj
gives
20 _ gL
S R N N 0’ 1 ,

where the only difference is again in the weight function

1 1 Uj2 e_Uj2 I (Ti—Ti_1)0} /2

— = = 1 .
Sn, /572%70 + 372%1 ‘wkj (1)| \/dj,jAj + dj,j—]_Aj—le_UJ?(Tj_Tj_l)o—?

Rewriting the error decomposition to resemble the normality results gives

1

Ug—s<(5\j_532'/2—%')—()\j—0?/2—%))
i n
0 1
‘XA?_‘ZA? 1 0 1
- U2s +U-25 %)‘g_UZS
Jjon Jjon jon

1
U?s,

J

%/1\2 + ’%A?
J
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Using Proposition 3.5 and expression 3.35 it follows that

1 p .
—— % =0 and ——%; —0,
UjQSn J fsn J
whenever the same asymptotic conditions are satisfied
2 j 2 A2 2 4 5 )
AJU;LQUJ g:l(Ti—Ti—l)Ui - O and j—_lU;LeUJ (2221 (Ti_Ti—1>O'i _(Tj_Tj—l)O'j) N O
A
J

Proposition 3.4 provides that %), < U such that —2 Py, — 0, if the same

~ J Ufsn
1

condition is as in expression (3.39) is satisfied. The reason for this is that again 7 and
J

combine to get the same factor U j_(sj T3) a5 in the case &]2..

Hence, combining all these results and remembering that convergence in probability is
stronger than convergence in distribution, it can be concluded that

—(s;+1)
Uj

25 (=322 3) = (5 = a2/2 =) 5 lw}, (1] (3.43)

with Z3 ~ N(0,1) independent of Z; and Zs. )
Expression (3.43) is first rewritten such that it resembles the term A; — X\; and the
normality results in (3.40) and (3.42),

Zj ((S\j —57/2-73) — (N —0j/2~ %’))

— /X L = (=

= 5,0 =) = USG5+ 67) = (v = 05)) + 72 U7 55(6; — 05).

. :

Now using the normality expressions (3.40), (3.42) and (3.43), it can be derived that the

term with (\; — A;) is respectively U; and U7 slower than the terms ((3; +&7) — (v; — o))

and (6; — 0;). Therefore, the second term with \w}h(l)\ and the third term with |wclfj(1)\
both converge to 0 faster when U; — oo. Hence,

— /X d
Zi(A = Aj) = Jwy, (1)]Zs,

where Z5 ~ N(0,1).

3.4 Asymptotic Normality of ji;(x)

This section is devoted to showing the asymptotic normality of the estimator (f;(x));j=1...
for (p;(x))j=1,... n. From theoretical considerations, it is advised to look at the error decom-
position of the exponentially weighted jump density fi;(z) = e*7;(z) instead of the jump
density 7;(x). The reason for this is that the shifted estimator ﬂyj (v) = ¢;(v + i) used for
vj(x) will result in a term .#b;_; (v + ) instead of Fb;_; (v). This term will give an e™*
term which makes the analysis considerably less comparable to the triplet (7;,7;, 5\3) and
also more difficult. Therefore, it is advised to look at fi;(z), and when the result for fi,(x)
is derived it is easy to get the result for 7;(x).

The case of (fij(x));j=1,..»n bears resemblance with the asymptotic normality of the esti-

mators (632, ¥jsAj)j=1,..n in the fact that again an error decomposition will be made into a
Bias term, Remainder term and Linear term. Thereafter it will be shown that the Bias and
Remainder terms are asymptotically negligible, whereas the Linear term will asymptotically
admit a normal distribution. 3

The difference with the cases of (6?,’)/]-, Aj)j=1,..,n is mostly in the spectral estimation
part where now a smoothed inverse Fourier transform is used (2.17),
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fij(z) =F " [(1@(-) + %(- — )2 —i7;(- — 1) + 5\;’) w,,) (')] ()

where w), is a symmetric weight function supported on [—1,1].

Error Decomposition of [i;(z)
The error decomposition of fi;(z) will be made by looking upon the term fi,(x) — p;(z),

52

fij(x) = pj(x) = F [(@Ej(') + 7](' —i)? =i (-— i) + 5\7’) wy,! (')] (z)

-7 [(%‘(') + %(' — )2 =iy =) + Aj) ().

Recalling the definition of the inverse Fourier transform
a—1 1 —vx
F () = 5= | flu)em"™ da
2 R

and the fact that the weight function w,(fj (v) is 0 outside the region [—Uj, Uj], then with the
linearity of .Z ! the term fi;(z) — p;(x) can be written as

Ui . 6‘2 — 0'2. Uj )
(@) — () = 5 [ [ G - wopu e avs T o ipul e o

2m —U; —-Uj

U; | ) U, |
_ Z(f?] o ’yj) / (U - l)wgvj (’l})e_“)xdfv —|— ()\] — )\]) / w‘g;] (,U)e—zva,‘dv
U, _u,

o2 |
+/ (wﬂv) + 73(1) — )2 — iy (v —1i) + AJ) (1w (U))emdv]
R\[_Uijj]
sk EA LAY (3.44)

First of all, note that in the decomposition & is a Bias term and does not behave stochas-
tically.

From the assumption of ng € W,/ , we can see that the integrals in the terms of X, I’
and /A exist and are well-defined functions in x. Furthermore, we have already proven the
asymptotic normality of 632- —o0j,¥; — 7 and A\; — A;, thus the terms X/, I" and A follow the
same normality multiplied by this well-defined function.

It will later be shown that the term ¥ converges in a slower manner than the terms X,
I and A, such that ¥ dominates the asymptotic behaviour of fi;(z) — u,(z).

Asymptotic Normality Result of [i,(x)

We need to show the convergence of the Bias term % to 0 and the asymptotic behavior of
¥ composed in a linear and remainder term. The line of thought in these two derivations
is similar to the cases of (5;,7;, 5\j) and the exact derivations is for the sake of not repeat-
ing arguments placed in the appendix. Below, we will summarize the results found in the
appendix.

In section B we can write ¥ into linear terms and remainder terms

U; .
ol = /_ L5 = £3(0)+ RYw) = RYw)] wfh (0)e~ " dw

. 0 1 0 1
—.fw —guj +‘@uj —‘@M'



52 3 Theoretical Results

Using the Lyapunov Central Limit theorem, the linear terms converge to a normal distribu-
tion

l
Ly Twm

d
= 0,1 for { =0,1.
Uj’sn,l U;’sn,l —>N< ’ )’ or ’

with asymptotic variance si ; similar to the previously found asymptotic variance of &?.
Then, for the remainder terms, it can be shown that, in probability, the following conver-
gence with s, as in (3.38) can be found:

1
3
Ujsn

p
R =0,
U;’sn Hi

%’2j E> 0 and

whenever the following conditions are satisfied asymptotically
4 U2 (Ti—Ti_1)o? A?—l 4, U3 (I (Ti=Ti1)o? —(T;—Tj-1)07)
A;Uje”s =1t 5mt)% — () and A—Ujej =1 T RO TR TR =95 ) — (),
J
In section B.1 the result is found that the Bias term can be bounded by

1

—28j Sj
|| < 7.7 157 |2 ().
such that
|| — 0
U3s,,

j
whenever for s; > 2,

Uj2(sj+1) {AjeUf S (Ti—Ti—1)o? +Aj_1eUJ? Zz:f(Ti—Ti_l)a?} s o0,

Thus, in the same spirit as the other parameters, from the fact that convergence in proba-
bility is stronger than convergence in distribution, all elements can be combined to come to
the result that asymptotically

v
0
3
Uj Sn

2 4 N(0,1)

or, written differently remembering (3.41),

— da 1
E; 0 %\wij(l)\ Z4,

1
Uj
where Z4 ~ N(0,1). i
Recalling the asymptotic results of 532- — 04, ¥j — 74, and A\; — A\; that are respectively
portrayed in the factors X', I" and A in (3.44), it can be seen that the asymptotic convergence
rate of ¥ is the slowest and dominates the asymptotic behavior when U; — oo. Hence, it
can be concluded that

L= () - (@) Sl ()] Za.

Uj 21
The result of 7j(z) can easily be deduced after recalling that v;(z) = e”p;(2) and using the
continuous mapping theorem,

1 1
g 5 ¢ (@) —v(@) 5 o-lwl, (V)] Zs.
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where the exact specification of the weight function for ;1; and v; can be chosen equivalently,

: 1 _ 1
Le., w, =w, .

3.5 Concluding Theorem of Normality Results

All found results of Propositions 3.1, 3.3, 3.4, and 3.5 will be combined to make a final
theorem about the asymptotic normality of the Lévy triplet. Note that in Proposition 3.1
the condition was imposed

AU} log Ujels Tt (Tr=Tr)ol
and in Proposition 3.3 the condition,
AjULUT i (=Tl g,

when U; — oo and A; — 0. The first condition incorporates the second condition when
U; — oo — the log U; only makes the convergence slower.

Using this fact, the combination of all Propositions and expression (3.39) result in The-
orem 3.2.

Theorem 3.2 Lete;_; , be independent centered sub-Gaussian random variables with Vie;_; ;] =
1 forallk =1,...,m;, l = 0,1 and let §;_; € L*™(R) N C®(R) forn > 0, | = 0,1 with
A1, < 10j-1]|2. Furthermore, let the Levy triplets (o;,7;, jij) belong to Ge, and the

weight function (w},j,w%j,w}\j,wh) belong to W' . Control U; — oo and A; — 0 such that
for3=1,..,n,

A]-U;l longeUa‘2 I (Ti—Ti_1)o? 0

and for 3 =2,...,n,

A? 1
3__1[];,16%2(23;1 (Ti=Ti1)o; —(Tj=Tj-1)03) _ 0,
J
. 2 j 2 2 j—1 2
UJ’2(83+1) {Ajer Z:l(Ti_Ti—l)o—i + Aj—ler Zgzl (Ti_Ti—l)Ui} — OO, Sj Z 2

Then we have the asymptotic convergence for all j = 1,...,n of

~ d

U;j 2,55 = 05) 5 Jury, (1)] 21,

—_ ~ d
Ui Z5 (5 —5) = |w; (1)| 22,
—~ /X d
E5(A = Aj) - |w,1\j(1)|Z3:
1 _ . a 1, 4
U =5 (f15(@) = () = 5wy, (1124,

with Z; ~ N(0,1), 1 =1,2,3,4 and

e Ui Xl (Ti=Ti—1)07 /2

A_IJ = .
_U2 LT 2
\/dj,jAj +dj 1Ay ge” VT T

with, forl =0,1, djo =0, and
eI (Ti=Ti1) (07 /247 =)

(Tj = Tj-1)’ <Z§: (T: = Ti—1)01'2>2

2
djj—1 =261l
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3.6 Difficulty of Inverse Calibration Problem

An important factor in all the results is parameter =; which was defined by

U S (Ti=Ti1)0? /2
Ej = . = (345)
\/dj,jAj +dj ;1A _1e” VT T

with, for [ = 0,1,

GZZ;{ (Ts—=Ti—1) (0] /2+vi—Xi)

(T; — Tj_1) <Zf;f(T¢ - Ti—l)(jg)?

2
djj—1 =261l

We want to write the term = in such a way that we can say something about the difficulty
of the problem with increasing j. The asymptotic variance of all problems will be influenced
by =, which can be written as

)

e Xt (Ti=Ti1)(07 /247 =)
19117

: 2
( ‘Z:1<Ti—Tz‘—1)03>
) e (Ti=Ti—1) (0] /247 —Xi)

+ 10—z - 2
(Zf; (Ti — Ti—1)0?>

AjeUJQ gzl(Ti_Ti—l)U?

Ei (T3 —Tj-)

1 V2 (

1/2
Aj_lerZ Zgll(TiTil)c;'?) -

The factors that mostly influence the size with increasing j are

623:1(Ti—Ti—l)(U?/2+%—>\i)

. 2
( (T - Ti—l)Uf)

eUf S (Ti=Ti 1)o7}
and

eI (Ti=Ti—1) (07 /247i— i)

(Z‘Z;l (T3 — Ti—1)03)2

Note that in the asymptotics U; — oo, thus the terms

QUi i (Ti=Ti—1)o?

j j—1
Ui i1 (Ti=Ti1)o7 Ui Zis1 (Ti=Ti1)o;

and
dominate. Of course, in these terms, A; and A;_; have been left out, because if we multiplied
these terms respectively with the grid sizes, then we demanded that they went to 0. However,
here we are most interested in the complexity of the problem with increasing j and A; and
A;_1 do not necessarily change in the same manner as these terms with increasing j.

The convergence of the asymptotic variance of the time-inhomogeneous Lévy model with
increasing j is thus coupled to the factors in the exponential ZZ;(Tl —Ti_l)af with [ =0, 1.
Note that this term contains the time differences (T; —T;_1) and volatilities o2 of all previous
calibrations 2 = 1, ..., j.

Belomestny et al. [4] and S6hl and Trabs [44] already point out that in the case of the
homogeneous Lévy model, i.e. one Lévy process between 0 and end time 7,, = T, the
difficulty of the inverse calibration problem is coupled to o?T. It is easy to see by filling in
j = 1 that the time-inhomogeneous model also incorporates the time-homogeneous model
and we only have the term Z,}:l(Ti —T;_1)0? = 03Ty =: 02T Thus, a theoretical argument,
is found why the difficulty of the time-homogeneous problem is coupled to o2T.

Furthermore, the difficulty of the time-inhomogeneous inverse calibration problem is cou-
pled to ZZ;; (T; — T;_1)o? with [ = 0, 1. This term grows for increasing j and the problem
becomes more difficult when calibration occurs for higher j. This fact will be clearly shown
in the practical side of the thesis, which contains the simulations and the empirical results.
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3.7 Convergence Rates

Let us recall the asymptotic assumptions on U; — oo and A; — 0 that needed to be made
for the convergence to hold. For the well-definedness of 1; and the remainder terms %Jl
divided by the asymptotic variance to converge to 0 in probability, we needed to impose the
conditions

j 2 ,
AJU;l log UjerQ S _(Ti—Ti—1)o? -0 and %U;l:erQ(Z',Zzll(Ti—Ti—l)o'?_(Tj_Tj_l)O'Jz-) .
J
(3.46)
Furthermore, for the bias #; divided by the asymptotic variance to become 0, we also needed
to have

Uj2(3j+1) {Ajer2 gzl(Ti—Ti—l)UiQ 4 Aj—lerz Zz;f(Ti—Ti—l)Uf} — 00, (347)

which was only possible with s; > 2. These 3 conditions imply under what conditions the
convergence rates must be found.

The idea is that we want to find U; = f(4;) for some function f : R™ — R such that
all 3 conditions are satisfied and optimal convergence is found. The assumption still holds
that all Lévy triplets (o;,7;, ftj)j=1,....n belong to Gy, as in Definition 1.1.

Define f :[0,1] — R* as

U = F(2y) = — [ 080/ 25) (3.48)

Omax Tj

We will show that this choice gives the desired convergence rate. The domain [0, 1] is chosen
such that log(1/4;) > 0 and the square root is well-defined. Note that the restriction of the
domain is minor because we are interested in the case A; — 0.

Let us verify if the limited relations in expressions (3.46) and (3.47) are satisfied for this
choice of U; = U, 4,..... First, note that

j 2
_ S (T =Ty _1)o;

2 2 — L log(1/A)SY_ (T —Ti_1)o? )
AJGUJ Zz:l(Tl_T’L—l)a—l — AjeTjo'?nax g( / J)Zz_l( 2 C 1) [ — AJAJ r.r"7 hax
I_Zgzl(Ti_Ti—l)”zz ZLNTFTi—l)U?nax—Z{:l(Ti—Ti_1>o§
_ A Tjagiax _ A Tjo'12nax
Ty Ty
S (=T 1) (oRax—0F)
T 02
:Aj g7 max —0 as A; =0,

.. 2 2 . 7
because, by the definition of G , we have oy,,,, > o7 foralli = 1,...,n, and thereby D (Ti—
Ti—1)(02 . — 02)/(Tj02.) > 0. The first relation in (3.46) can then be verified

S (Ti—Ti 1) (o ax—oF)
. 2 J LT 2 . T‘Ur2n x
lim AJU;l log UjeUg i1 (Ti—Ti—1)o; _ Lim U_74 log UJA j%ma _ O,
Aj—>0 Aj—>0 J

where the last limit can be proven by using a power series expansion or L’Hopital’s rule to
note that the exponential term dominates. For the second limiting relation in (3.46), the
following expression is useful

J 2 j—1 2 2
Zizl(Ti_Ti—l)”max—(Zizl (T3 =Ty _1)0; — (T —Tj_1)0j)

2 j—1 2 2 g2
Ajer (22:1 (Ti—Tifl)O'i —(Tj—ijl)Uj) _ A ) Tjomax
J
Zg;ll(Ti—Tifl)oilax—zg;ll(Ti—Tif1)0i2+(Tj—ijl)ognax"‘(Tj—ijl)U?
— A TjUrQnax
J
Zgzl(Ti_Ti—l)(Urznax_U'Lz)+(Tj_Tj—l)(arznax'i_o'?)

T;02
= A, I max —0 as A; =0,
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l%ecause the exponent is positive again. The minor assumption is made that the factor
j_

—Ajl < C for some C' € R. Then the second limit can be shown by observing the bounds
A2 2 j—1 2 5
0< lim =Lyl (S (Ti-Tin)o? —(T;=T;-1)07)
_ Aj—>0 Aj J

2 .
~ lim <£> U A,V (S (Tt 0)0)

Aj—>0 Aj
1 A 2 Sl (T Ti 1) (O Rhax =o)L = Tj 1) (Thnax+F)
] 1 T‘o'lgnax

=4 2 Am <]—> log(4;)*4, :

Umaij A;—0 Aj

1 S (T =Ty 1) (R~ o)+ (T T 1) (020 +0?)
. T.02 <

S CQﬁ lim log(Aj)2Aj j%ma _ 0’

such that the squeeze theorem implies

A? -
lim =L 4 U (s (Ti=Tim1)o? ~(T;=Ti-1)a3 ) _ .
Aj—)o A J
J

Thus all limited relations of expression (3.46) — the conditions such that ﬁj is well-defined
and the remainder terms divided by the asymptotic variance converge to 0 in P — are
satisfied for this choice of Uj . -

Remind that for the domain [0, 1] it holds that log(1/A;) > 0. For the condition of the
Bias term divided by the standard deviation (3.47) it follows that for U; = U, ... we have

lim {2t {AjeU? T (M=ol L AL eUS Zi;i(Ti—Ti—ﬂa?}
Aj—)O J

A A .
= lim log(1/A4,)%*! AjerQ 11 (Ti=Ti1)o7 _|_J_1AjeUf S (Ti=Tia)o}
Aj-)O Aj
Zgzl(Ti—TFl)(sznax—U?)

_ 3 . Sj+1 ) Tjdlgnax
= Al;rgolog(l/Aj) {A]

A ) Tj J?nax

A S (T =Ty ) (02— o)+ (T =Ty _1)o 2, }
7—1

where the squeeze theorem was used

j—1 2 2 2
S (T =T 1) (0 — o)+ (Tj—Tj _1)om

. . A ) — T.52
O S llm log(l/A])8J+1j—A J “max
Aj—>0 Aj J
Z"g;ll(Ti_Ti—l)(G?nax_o'/L'Q)+(Tj—Tj_l)O'IQHaX
T:02
< O llm 10 1 A Sj+1A. J " max
o Aj—>0 g( / ‘7) J

and for general o > 0 we have

i st AY —
Al;golog(l/Aj) AT =0.

This last limit can easily be proved by a power series expansion or rewriting the term to
(— log Aj)sﬁl/Aj_o‘ and applying L’Hopital’s rule s; + 1 times. Note that the limit goes to
0 and not the required oo for convergence of the Bias to 0.

Thus, for the choice of Uj 4, .. the remainder terms divided by the standard deviation
converge to 0 and the bias term divided by the standard deviation does not converge to 0.
Therefore, the Bias term dominates the Remainder term.
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Intuitively this can also be verified, in the rate Uj ... ~ = L the fact was used that

max
2

0? < o2 .., such that the rate U, . is smaller than the rate U, ,, — which can only be
known if o? is known. Therefore, oversmoothing is deployed, and the Bias is dominating.

Using the domination of the Bias term then, for example, with 5?-, it follows with the
error decomposition (3.9) that

52 — o2 E[L), — Z)%] ElZ) — %o + Bo2]  B,e
E J J — J J 4 J J J ~ J
Sn, Sn, Sn Sn
-0

where we used that %4, 2 and s,, are deterministic. Using Proposition 3.4 it then follows that
J

—(s;+3)
~ —(s;+3 1 log(l/A) —(s;
E[UJZ o 0-32] - %032‘ S" Uj,a(max ) - <Umax T] : - HOg AJ| ( J+3)/2'

All the other cases v;,\;j,; were dependent on the same limiting relations of (3.46) and

(3.47), the only difference occurs in Proposition 3.4. Therefore,

E; — vl = Bry S Ujguit? = |log 4] =427,

Vi o~ J50max

E[S\j —N] =%, < (it _ | log Aj‘—(sjﬂ)/z,

J0max
E[ﬂj (IE) — My (.Z’)] - <@Vj (x) 5 thcrsiax — |10g Aj‘_Sj/2'

The rates given by U, ... in expression (3.48) are also optimal. The reason for this is
that if U; is chosen slightly larger than U} ,, ., then it is not guaranteed that the remainder
asymptotic relations in (3.46) hold. The cut-off U; can only be chosen larger if o7 is exactly
known, which is not the case in practical problems. Furthermore, if U; is chosen slightly
smaller than U; , _ , then the bound on the Bias terms becomes larger, such that the rate
is less optimal. Hence, Uj 5, .. is the optimal rate. These rates agree with Belomestny and
Reif} [7, p.459], which proved these rates for the time-homogeneous model.

All the findings of this section are summarized in Theorem 3.3.

Theorem 3.3 Let A;_;/A; < C for some C € R and let the Lévy triplets (092-, Vi Vi)j=1,2,...n
belong to g;”;. Define U;;, with the function f :[0,1] — R* by

Umaz

1 [log(1/A;)

Omazx Tj

9

then U, ... i the optimal choice of the cut-off value in terms of A; for all Lévy triplets
(sz,yj,uj)jzl,z’m,n. The convergence rates are governed by the biasses and are given by

E[6} — 03] SUj o2 = [log A;|~(4+2)/2,

J J)Umam

~ —_ Sj 2 — (s
E[F; — 7] SU;ST? = |log Ay~ (i+2)/2,
E[ — A S UL = |log Ay~ (o+D/2,

Bljij (@) — i (2)] S Uy o0, = log 4,75/,

.] )UWMZI






Chapter 4
Confidence Intervals with Finite Sample Variance

The asymptotic standard deviation of the asymptotic normality results (Theorem 3.2) can
be used to make (100 — ¢)% (asymptotic) confidence intervals. This can be done by using
the continuous mapping theorem and Slutsky’s theorem.

From practical applications, however, it is found that these confidence intervals are not
necessarily satisfactory in terms of coverage probabilities. The reason for this is that the
estimation of the finite sample by its limit, as in the normality part has been done, is not
a good practice in real-life/finite sample applications. Therefore, this practice has been left
out of the thesis, and a new more practical side, where the variance is not estimated by its
limit, will be investigated.

The new approach of creating confidence intervals by estimating the variance of a finite
sample will be called finite sample variance. On the practical side of the report, it can be
seen that this method works particularly well in terms of coverage probabilities.

Sohl and Trabs [44] already derived confidence intervals for finite samples by using a sim-
plified continuous scheme. The exact simplification is that [44] made an idealized continuous
observation scheme of the regression model (2.9),

Ojr = Oj( ) + 6; k€5
by using the Gaussian white noise model,
dOk(x) = O(z)dx + e (z)dW (z),

where W is a two-sided Brownian motion, d; € L?(R), and g > 0. Transferring asymptotic
results from the Gaussian white noise model to the regression model is formally justified
by the concept of asymptotic equivalence [13] — this result only holds when the errors are
Gaussian. Nevertheless, as [41] points out, it is an idealized model and the ultimate interest
is in the regression model with discrete observations. This would lead to less asymptotic
results and assumptions.

Therefore, Tendijck [46] made a start obtaining finite sample variance confidence intervals
by directly using the regression model (2.9), i.e., the discrete case is investigated instead of
making a simplified continuous case. In this section, we will clarify, improve and complete
the work he started.

The idea of the method is to build confidence intervals by estimating the variance of the
stochastic error. The same error decomposition as in the asymptotic normality case will be
used, i.e., the error decomposition where we split into a linear, a remainder, and a bias term.
Now the important assumption will be made that for the finite/non-asymptotic case the bias
and remainder term can be neglected . The reason behind this assumption is that in the
theoretic results, we have already seen that these terms converge to 0 in the limit compared

to the linear terms. After neglecting these terms, the variance s2 (as in the linear term) will

1 This assumption will be further inspected in the practical side of the thesis. Sometimes bias can be
observed and the assumption does not always hold, however, the coverage probabilities can still be
satisfactory.

59



60 4 Confidence Intervals with Finite Sample Variance

be estimated for the finite case, i.e. not its limiting behavior, and used to make confidence
intervals.

First, the case of o; will be inspected, and thereafter the cases of v; and S\j which bear
great resemblances to ¢;. In the end, a point-wise confidence interval for 7;(z) for a certain
point = will also be constructed.

4.1 Confidence Intervals for o;

2

7 will be estimated,

For constructing confidence intervals, the variance of the estimator &

s, ~ V(52) = E | (52 ~ E[5%])°]

J J

where after the assumptions we will later see that E[57] = o7.

The method starts with the same error decomposition (3.9) as the linearity results, which
was given by

5?—052332—352 —1‘%22—%01_2 +e%0-2 (41)
J J J J J

The assumption is made that the bias term %,z and the remainder terms 9?22 , %;2 can be
J J J

neglected, such that
~2 2 o0 1
j - O-‘7 ~~ 0%0_92 - gg?’

where for [ = 0,1 one should recall the definitions

£, = w% (Re(LL(v))dv with Ll(v) = -
=) o) (v)Re(L5(v)) ;(v) T -7, or_(0— 1)

/Uj 1 o1, (v—1) — o1, (v —1)

Using (3.2) the stochastic term ¢7,_, (v —14) — ¢1,_, (v — %) will be written in the more basic

form
mi4—1

pr,_ (v —1) —or,_,(v—i) =il + ) > &_1xej—15Fbj—1k(v),
k=1
such that

Cr) = — (1 +i0) 3y 61 k816 F b1k (v)
’ Tj =T o1,y (v —1i)
Note that it is easy to see that E[éfj(v)] =0 for [ = 0,1, and thereby IE[&?] = 032..
Recall that the linear cubic spline interpolation scheme (2.12) is used, such that b;_; x(x) =
A (%%;") with A(z) = (1 — |z])1j/<1. Now the Fourier transform will be approximated

F j—l,k(v) — / bj—l,k;(x)eivmdx ~ Lj—1k+1 ;xj—lak_lei’ij—l,k _ Aj_leivxj_l’k (42)
R

where we used the equidistant grid A;_; = v k41 — Tj—1.k| = |Tj—1.6 — Tj—1,6-1]-
The following convenient function ff,j is defined as

iv(1l + iv)
(Ty = Tj-1)pr,_, (v —1i)’

o, (V) = wg (v)

then also using (4.2) the term £, can be written as
J

—U;
-/ ()R ( L e, 5j‘l’k€‘7ﬁ‘l”‘“%j_l’k(v>> v
_U; J Tj - Tj—l P (’U - Z)
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U; mj—i
= / Re <f£g (’U) Z 5jl,k:5jl,kﬁbjl,k(v)> dv

~U,

k=1
U, mj—1i
~ l VT _
N/ Re (faj(v) E 5j—l,k5j—l,l~cAj—l€ J l”“) dv
—Ui k=1
mj—1

= Z dj—1k€j—1,kAj—1Re </ fl m“”“dv> : (4.3)

Note that by the definition of the class Wy, it was that ng ceWg is 0 outside the region
[—Uj, Uj], thus

Uj , 1 .
/_U' ff,j (v)e*¥i-tkdy = 27‘['% /R f(l,j (v)e*i-tkdy = QWﬁ_lff,j(—:Ej_l,k)

and the following expression is found

mjl

32 =27 Z 5] 1,kEj— lkA] lRe( 1fl ( Sl?j_l’k;)).

Using the fact that (g;%) are independent centered sub-Gaussian random variables with

Vie;jk] = 1, it follows that 3002 and 3012 are independent, and the estimated variance
becomes
- . o\ 2 . 2
V(63) =E |53~ E62)°| =B | (52 - 02)°| B (L5 — £%)?]
~ E[(Z,2)°] + E[(Z,2)*] - 2E[Z2] E[Z),]
J J J J
=0 =0
’ITLJ 2
~ K (27259 kEjkAjRe (gz ! <l7 ( xy,k)))
k=1

mj_1 2
+E (27T Z 0j—1,k€j—1,k4; Re( 1fl (— le,k)))

k=1

mij—1

mm?i kAzRe( (= a:m) + 472 Z IRRWAY 1Re< (= xj_l,k))2
k=1

The estimated variance is thus given by

33 = 4n? 262kA2Re< 1fO (—zj K ) + 47? JZI 1 k,A2 1Re< 1f1 (— :cj_ljk;))Q.

(4.4)
Note that in practical applications the function ¢r,_,(v — 1) in ff,g (v) is not available. The

estimator ¢r,_, (v — i) will therefore be used instead of p7,_, (v — 7) in the function fgj (v).
Using the continuous mapping theorem and Slutsky’s theorem a (100 — )% asymptotic

confidence interval for 632 can be constructed by

~2 ~2
o5+ 292 So2; j T *100-9/2 " So2| (4.5)

where 2z, is the pth quantile of a standard normal distribution.
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4.2 Confidence Intervals for 7,

Now let us estimate the variance of 7;,

$2. = V(y;) =E |(; — E[v;])?| -

It has a similar line of thought as the case 5]2-, so the calculations will be made more concise.

When combining the error decompositions (3.9) and (3.10),

~2 2 0o 1 o 1
J—O'j—gojz 9%0_324—%0]2 %UJQ+%JJ2,

(% +532) = () +0§) :g’?j _g’vlj +‘%’3j _‘%’ij + B
a sole expression for 4; — «y; can be found

~ 0 0 1 0 0 0 1 1
Vi — V5 :"g%' —faj _g%‘ +$sz_ +<%%, _‘@a? —%% —l—%%z —i-(%)fyj — By

J

The assumption is made that the remainder terms %,(Y)j , %%j ) %22 ) 9?;2 and the bias terms
j j

B, B2 can again neglected. Thus,
J
Y ==Ly —gsz -z, +,$£§_.

Recall that

Uj Uj
Z1 :/ ng (v)Re(L}(v))dv  and Z,ij :/ w,[y]jj (v)Im (L (v))dv,

where ~ . .
Ty =Tj o1, (v—1)

Using expression (3.2) the stochastic term @7, , (v — i) — o1,_, (v — i) will be written in the
more basic form

mj—i

g1, (v —1i) — o, (v —i) =iv(l+iv) Y &1 rej—10xFbj1k(v),
k=1

mj—1

~ iv(l + iv) E 5j_l7k€j_l7k;Aj_lewmj_l’k,
k=1

where the Fourier transform was approximated as in (4.2). After defining the function f,lyj
as
iv(1 4 iv)

(T = Tj—1)er,_, (v — )

éj (v) = w%’ (v)

then fwlj can be written as

Uj
7 = / WY (0)Tm(} (0))dv,

—U;
U, M1
:/ Im (f,lyj (U) Z 5jl,k€jl,k:ﬁbjl,k(v)> dU,
—Uj k=1
mji_g U, |
~~ Z 5j—l,k;5j—l,k:Aj—lIm (/ f,lyj (v)ewa”j“kdv> ,
k=1 —U;
mji_;
=27 Z 5j—l,k5j—l,kAj—lIm <9_1frlyj(_xj—l,k)> , (46)

k=1
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where we again used that ngj is 0 outside the region U}, U,].
Observing expressions (4.3) and (4.6) it can be seen that the independence of (¢, ;) implies
that £%, #Y are independent of £L,, Z! . Furthermore, it is easy to see that E[y,] = ;.
o5 Y o5 Vi J J

Having this in mind, the variance of 4; takes the form
V(i) =E |(5 - )°| # BI(ZL - Z%)2) + E[(L), - £5)?).

Now using expression (4.3) and (4.6) together with the fact that (¢; ) are independent and
were chosen such that V(e; ;) = 1, a final approximation of the variance can be found

k=1

V(7)) =~ E (2772 05 k€5 k4 {Im (9_1f%-(_$j,k)) — Re (g*—lfgj (_xj’k’)> })
mj_1 2
+E <27T Z 0j_1,kEj—1,64A5-1 {Im <ff_1f71j(—xj—1,k)) —Re (ff_lf;j(_xj—l,k)) }) ;

k=1

o A2 252kA32' {Im (9—1]@%(_%,,{:)) — Re (9_1f2j(_afj,k;)> }2

+4sz A2 (F L (—ag) ) — Re (F 7L (—a >)}2'

Thus, the estimation of the variance of «y; is given by

2, = dr? i 52, A2 {Im (ﬂ’_lf,‘jj (—a;j,k)) ~Re (9—1f}3j (—:cj,k)) }2
k=1

b 3 0 {im (P (a)) — Re (£ () b @)
k=1

Note that in practical application the function ¢r,_ (v — ) in féj (v) and fgj (v) is not
available. The estimator @7, (v —4) will therefore be used instead of ¢z, ,(v — ) in these
functions.

Using the continuous mapping theorem and Slutsky’s theorem a (100 — ¢)% confidence
interval for 7; can be constructed by

[:Yj + 292 Sy, Vi — Z100-0/2 3%} 3 (4.8)

where z, is the pth quantile of a standard normal distribution.

4.3 Confidence Intervals for ),

Finally, the variance of 5\j will be estimated,
) . 2
3 ~V(\y) =E [(Aj _ E[Aj]) ] .

Again it has a similar line of thought as the case 532 and 7;, so the calculations will be made
rather quickly.
When combining the error decompositions (3.9), (3.10) and (3.11),

~2 —0'? :go(.)z —02{712 ‘1‘%22 —%01_2 +e@o-?,
i +67) = (¥ 0f) =Ly = Ly + A, — A, + By
—57/2=7%) — (\j — 0} /2 =) = L, — LN, + BN, — %n, + B



64 4 Confidence Intervals with Finite Sample Variance

a sole expression for S\j — A, can be found
oA=L 42 o g L
J 7N i 9o} Aj Vi 9o}
1 1 1
0 0 0 1 1 1
+9?>\j +(@% — 592032 — %Aj — 92%, + 59?0? + Bx; + By, — 5%05.

The assumption is made that the remainder terms %gj , %}\j : 9?% , %%j , %22,%;2 and the
J J

bias terms %, ,%,2 can again be neglected. Thus,
J

Recall that

Uj Uj
ZL =/ wg?(v)Re(ﬁé-(v))dv, fwl =/ wg?(v)lm(ﬁg(v))dv, and
j _u, J J U, J
Uj , 1 o1, (v —1) —or,_, (v —1)
z?:/ Ui (v)Re(Lh(v))dv  with  LL(v) = L i :
L= [ el eRe @i with £l) = g P

Using expression (3.2) the stochastic term @r,_, (v — 1) — ¢r1,_, (v — i) will again be written
in the approximated form
m;

@Tj—l (U - Z) — YT, (U - Z) = ZU(l + ZU) Z 5j—lak€j—l,k‘gzbj—l7k(v)7
k=1

m;
~ z'v(l + z'v) E 5j_l’k€j_l’kAj_lewxj_l’k.
k=1

After defining the function f/l\j as

iv(1 + iv)
(T = Tj-1)pr,_, (v — )’

£, @) =wy’ (v)

then ff\j can be written as

Uj
.,?Alj = / w/[\]j (U)Re(/lg- (v))duv,

—U;
mj—i Uj
~ Y 61k 1k, Re (/ £, (”)ewx“’kdv> )
k=1 —Uj
m;—1
=27 Z 5j—l,k:5j—l,k:Aj—lRe <32_1f§\j(_37j—l,k)) , (49)
k=1

where we again used that w/[\Jj is 0 outside the region [-Uj, Uj].

Observing expressions (4.3), (4.6) and (4.9) it can be seen that the independence of (g} 1)
implies that .Z%, Z0  #? are independent of £1,, Z1 £} . Furthermore, it is easy to see
o] i Aj o] Vi Aj

that E[\;] = \;. The variance of \; then takes the form

i 2 1 1
VMQ:EKM—M)]zﬂ&@+iﬁ—§$%ﬂ+M&ﬁ+iﬁ—§$@ﬂ

Now using expression (4.3) and (4.6) together with the fact that (¢, ;) are independent with
V(e %) =1 a final approximation of the variance can be found
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m;
(27‘(‘ Z (Sj’ké“j,kﬂj {Im <§_1fgj (—azj,k))
k=1
1 2
(i) )

(2” > 5j—1,k5j—1,kﬂj—1{1m (ﬁ_lfﬂ}j(—xj—l,k))

k=1

+E

2
+ Re <9_1fij(—fﬁj—1,k:) - %9_1f§j(—$j—1,k)> }) ]

mj 1 2
4?62, A {Im (#7149 (70 + Re (gz—lfgj (~250) = 5 7! ;’j(—xj,k)) }
k=1
mij—1

+ 4 Z 5?1,kA?1{Im (ﬁ_lfij(—xj—l,k))
k=1

1

2
+ Re (ff_lfij(—xj—l,k) — 59_1f;j(_37j—1,k)> } :

Thus, the estimation of the variance of A; is given by

m; 1 2
s?\j = 472 ZCngkA? {Im (ﬁ_lfgj(—xj,k)) + Re (ﬁ_lfgj(—xj,k) — Eﬁ_l gj(—zcjk))}
k=1

mij—1

+ 4 Z 5?_1’,€A?_1{Im (ﬁ_lfylj(_xj—l,k))
k=1

1

2
+ Re <L§5_1f§j(—xj_17k) — §§_1fij(—xj_1,k)> } . (4.10)

Note that in practical application the function ¢, (v — i) in fij (v), f,lyj (v) and f(lfj (v) is
not available. The estimator ¢r,_, (v — ¢) will therefore be used instead of @7, ,(v — i) in
these functions.

Using the continuous mapping theorem and Slutsky’s theorem a (100 — ¢)% confidence
interval for S\j can be constructed by

N+ zo/28n,,  Aj— Z100—9/2 - SAj] , (4.11)

where z, is the pth quantile of a standard normal distribution.

4.4 Confidence Intervals for 7;(x)

In the theoretical part, out of convenience, we derived the asymptotic normality of the
exponentially weighted jump density fi,;(x) = e”7;(x), instead of the density v;(x). However,
in the statistical model, we already mentioned that estimating 7;(x) directly in practical
cases is more stable than estimating fi;(z). Therefore, the finite sample variance confidence
intervals will also be made for 7;(x) directly.

For constructing confidence intervals the variance of the estimator 17]2 at a certain point
x will be estimated,

s2j (z) = V(7j(z)) = E |(7;(z) — E[p;(x)])?],
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where after the assumptions we will later see that E[#7;(x)] = v;j(z). The case of 7; is different
from previous cases, because — as can be seen in expression (2.17) — here we had the shifted
estimator 12,0. (v) = 9;(v + i) and an inverse Fourier transform .% . Similar to ji;(z) the
error decomposition of 7j(z) can be written as

1 Ui _ ' =2 2 U |
vj(z) —vj(e) = o /U (B, (0) =, ()5 (v)e 7 dv 4+ 2 _ J /U V2w (v)e = dv
U; | i v, |
— (Y5 —’Yj)/U vw,(fjj (v)e™™dv 4 (N — /\j)/U wg;j (v)e~ % dw

o? |
+ / ¢uj (U) + % i’ij + >\j (1 _ w’(/JJ (U))e—wxdv
R\[-U;,Uj] 2 3
=V + X+ + A+ 5B,
where ¥ can be written in linear terms Q%jo, cfjl and remainder terms %;?’ %;7

! K j —vx
wzi;_UV$w—£Kw+R%w—R%ﬂw%@m dv,

= L) L+ R~ R
J J J J

Note that in #j(z) — v;(z) all the other terms 6% — 0, 4; —; and \j — \; appear. All these
terms are multiplied by integrals, which can be recognized as inverse Fourier Transforms.
These transforms are well-defined by the conditions w,[f7 S W' . For conciseness of notation

of these transforms, the function g("}j for £k =0, 1,2 will be introduced as
k _ .
géj)(a;) = .F ! [vkwgﬂ (U)} (). (4.12)

For general weight functions, w,zjjjj (v) the function g(k}j (x) is not necessarily analytically solv-
able, and will therefore be approximated numerically in the computer script. If, as with the
previous cases, the assumptions are made that the bias term % and remainder terms ,@JQ, ,@31
can be neglected, together with expression (4.12), then 7;(x) — v;(x) can be written as

- 67— 07 . 1 3 0
7j(x) = vi(0) = L)~ Ly + gy (1) — i3 — )y, @) + (8 = Ay (@),

From the previous sections, recall the approximations
~2 2 o0 ol
j — O'j ~ D%O'j ‘,?O_JQ y
Y ma PO o0l 0

. 0 0 0 | 7! 7
)\] - )\] ~ >\j + c.%,yj - §$Uj - XAJ - Vi + 5 0-32"

Substituting these expressions and aligning all the terms with [ =0 and [ = 1, then gives

~ 1 , 1 .
vj(w) — v(2) = {zz + 2 (59&? (x) +igy) (@) = S, <x>) + 29 (~igh) @) + g (@)

+.2) (—@gg?(x)4-gg?(x))-+czg;gg?(x)}. (4.13)
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Simplified expression for .Z Ulg, fvlj and f){j were already respectively derived in expression
J

(4.3), (4.6) and (4.9). Thus, we only still need to derive a simplified expression for gylj. In
persuasion of this, recall that

with

_ 1 @V_jﬁijl (U - 7’) = Pu; Ty (U - Z) _ 1 @Tj—l (U) — YT (U)
Ty = Tj Puy 1y, (V= 1) Ty =Tj o1, (V)

£, (v)

Using expression (3.2) the stochastic term @, (v) — ¢1,_,(v) will be written in the more
basic form

mj

@Tj—l (’U) — YT (’U) - _U(U + Z) Z 5j—l,k:5j—l,k;§bj—l,k:(v + Z)
k=1

Following the same line of thought as (4.2), but then with .#b;_; (v + i) instead of
Fbj_1 k(v), an approximation for #b;_; (v + 1) is

Fbj1k(v+1) :/bj—l,k(x)ei(vﬂ)xdx=/bj—z,k(fl7)€_f”ei”dx
R R

o Li—lk+1 — Tj—lk—1 e~ Ti—Lk
2

ezvmj_l,k — Aj_le—fl?j—l,kewwj—l,k (414)

where we used the equidistant grid A;_; = |x;_; k41 — Tj_1.k] = |Tj—1.6 — Tj—16-1]-
The following convenient function fll,j is defined as

v(v 4+ 1)
(T = Tj—1)er; (v —14)

! (v) == —wi (v)

Vj Vj

then also using (4.14) the term i”,fj can be written as

= — L (v)wli(v)e ™ dv

— i Uj ij (’U) 1 _U(U -+ 2) ZZL:JIZ j_l,kigj_l,kﬁbj—l,k(’l) + ’L) e_ivwdv
271 —U; Vj Tj — Tj—l QOTj_l (U)
1 Uj mj—i |
— % fig (U) Z 5j_l’k€j_lakybj—l,k(v + ,L')e—szdv
—Ui k=1
1 (Ui mj—1 | |
~ % flij (U) Z 5j_lvk8j_l,kAj€_mj_l’kelvxj_l’ke_“)xdfv
~U k=1
1 mg—i U, |
B % Z 5j_l’k€j_l’kAj€_xj_l’k /U fi] (U)e_w(x_xj—l,k)dfu. (415)
k=1 ~U;

Note that by the definition of the class Wy, it was that wff;' € W is 0 outside the region
[—Uj, Uj], thus

Uj , 1 .
| s min = an s [ gl e et a0 = 2m 7 L o= ay0)
—Uj

and the following expression for (4.3) is found
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m;—i

$l2 =27
J

14

e_xj—l,k

2m

Oj-1 ki1 ki1 F (2 =z 1) (4.16)
k=1

Observing expressions (4.3), (4.6), (4.9) and (4.16) it can be seen that the independence
of (¢;) implies that ffz,f%,ffj and f,?j are independent of f;z,fvlj,ffj and fylj :

Furthermore, it is easy to see in (4.13) that E[;(z)] = v;(x), because E[fé] = 0 for all

& € {0']2-, Y;s Aj, vj . Having this in mind and using expression (4.13) the variance of 7; at a
certain point x takes the form

V(@;(2) ~ E | () = v5(2))°]

1 1
~E {zgﬁzgg (595% ) +igy) (@) = o0 (@ >)+$$j( igty) (@) + 917 (x))

2
+ 23 g1 <x>}

{zl v 28 (G0 +iol) ) - 30

+ 22 (=igh) (@) + 9 (@) +$£jg£)<x>} ]

Substituting all approximations for .Z Ulg, Zwlj, Z/{j and f,jlj (respectively given in expres-
J
sion (4.3), (4.6), (4.9) and (4.16)) into the approximation of V(7;(x)) gives

m; .
ek _
~E {QWZ 0; k€ kA ( o F 1f19j (x — xj%)

k=1

V(7;(2))

+Re( 1fo( Tk )> (%gé)( )+zg( )( ) — ; g))( ))
+ Im (ﬁ_lfgj(—xj,k)) ( zgg)( )+g(0)( )> +Re< 1f>\ (=) )) 98?(@)} ]

mj—1 o~ Ti-1k -
21 Y 0j1kej-1kdjo1 5% o, (@ zi1k)

k=1

+E

# e (#7018 (-0 (30820 + 62 0) — 300

+1m (F 7 (=210 (igly) (@) + 95 (@) + Re (71 (—2-10) ) g§§?<x>>} ]

Now using that (e; ) were centered independent random variables with V[e; ;] = 1 gives
the approximation sgj (x) of the variance V(7;(x)),

—

m; e ik B
s,%j (z) ~ 47 Z 52.,,6A? ( 5 F 1f,9j (x — %)

+ Re (ff—l Qj(—:cjk)) (;gé)( ) +igl) (@ )_%QI(JO)( ))

FIm (F71f () ) (—ige) (@) + 95 (@) + Re (Z71 £, () gé?(sc))

Qmj_l 2 2 L
+ 4w E 5j—1,kAj—1 7 fyj(x_xj—l,k:)
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711 L (2 . (1) ()
+Re (F71) (=) (590 (@) +igh)) (@) = 595 (@)
2
+1m (77 (—aiam)) (—igl) @) + 98 (0)) + Re (7L (—25-10) ) 917 <x>) .

Note that in practical application the function ¢, _,(v) in fﬁ\j (v), féj (v), ff,j (v) and f,fj (v)
is not available. The estimator ¢r,_,(v) will therefore be used instead of ¢r,_,(v) in these
functions.

Using the continuous mapping theorem and Slutsky’s theorem a (100 — )% confidence
interval for 7;(x) can be constructed by

[’73‘ (@) + 2972 - s, (®), (@) = 2100-09/2 * Sv; (90)} ; (4.17)

where z, is the pth quantile of a standard normal distribution.

Expression (4.17) is a confidence interval for 7;(x) at a fized point x, and is not a confi-
dence band. In applications, we, therefore, need to choose points x in which at every point
x expression (4.17) is evaluated — we do not have an upper and lower function.






Chapter 5
Simulations

In this chapter, we will test the calibration model with simulated data !. The goal is to evalu-
ate how accurate the estimations are, inspect the difficulty of the inverse calibration problem,
look at how the bias and stochastic variance trade-off takes place for finite samples, and test
the performance of the finite sample confidence intervals. At the end of the chapter, we want
to have a general insight into the properties and performance of the time-inhomogeneous
model, such that we can apply the model to market data in the next chapter.

Before the calibrations take place, we first need to construct an underlying model. Some
open-ended questions need to be addressed for constructing this model, e.g., which under-
lying time-inhomogeneous price process S; will be used and how do we construct the option
prices O; from S;. Furthermore, some calibration settings also need to be addressed, e.g.,
how do we choose the cut-off value U; in a data-driven manner, and what weight functions
are appropriate? All these questions will first be answered in section 5.1, hereafter we will
evaluate the results in section 5.2.

5.1 Simulation Settings

Before the calibration algorithm can be tested on simulations, there are some important
decisions and settings to be made, namely

1. How do we choose the cut-off parameters U; and U, 7

2. Which weight functions in the classes W do we choose?

3. What underlying time-inhomogeneous Lévy model S; will be calibrated?

4. How are the option prices O simulated from S; and how do we choose the design points
Oj i, distribution of the noise (¢, ), and magnitude of the noise d; ;7

5. How do we numerically approximate the Fourier transform .# 7

All these questions will respectively be elucidated in the following sections.

5.1.1 Choice of Cut-off Parameters U; and U,,

The most important tuning parameters are the cut-off frequencies U; for (5?, ¥j,A;j) and Uy,
for ; in the time period T —T5_1. Note that, due to the underlying nonlinear 'change point
detection’-structure, a proper mathematical analysis for the data-driven parameters U; and
U,, — even in the idealized linear setting — is not found yet [24]. However, we can propose
some well-known methods that choose U; and U, in a data-driven practical manner.

An intuitive method that comes to mind in simulations is the oracle method, in which

the a priori knowledge of the parameters is used to find the best cut-off value.

Method 5.1 (Oracle) Choose U and Uy, such that the L-distance off the estimators

(532-,%, 5\]) and U; with respect to the true values (032-,%, Aj) and v; is minimized,

1 Coputer code has been made in the computational program R. The code can be found at the GitHub
page: https://github.com/Loek44/Spectral-Calibration-of-Time-Inhomogeneous-Levy-processes

71
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Uj’-k — arg min H(&?,’yj, Aj) — (032-,’yj,/\j)|]L1 and Ujj = argmin ||7;(z) — 7;(x)||L1-
U;>0 U;>0

A drawback of this method is that it cannot be used in the case of empirical data because

the underlying parameters are unknown. The flat method can be used in such a case. The

flat method finds the flattest region for all estimates of the parameters, i.e., the region where

the estimators stabilize.

Method 5.2 (Flat) Choose U} and Uy, that correspond to the point where the estimators
stabilize,

d
d—UjVj(Uj)| |,

" : d . .
Uy = ar(;gll;rgn (‘WJj(Uj)‘ + OéUj) ,a>0 and Uy = arg min
J J 0<U,,j<Uj

From practical results, it is found that this method works well in practice where the un-
derlying model follows an exponential Lévy model (See Bauer and Reifl [1] for theoretical
arguments why this is the case). However, with empirical data, it is less obvious to find
the region where the estimators stabilize because the data is only approximated by a time-
inhomogeneous Exponential Lévy model. For empirical data, the next method is preferred.

The last method, introduced by Cont and Tankov [16], is the partial least squares (PLS)
method, which chooses the best Lévy triplet (UJZ,fyj,vj) whose implied option function

O(o2,y,,v,) 18 closest, in L? sense, to the smoothed spline @j.
J K 7

Method 5.3 (PLS) Choose U} that minimizes the L2-distance between the implied option
function @(sz_ﬁj’,,j) and the smoothing spline @j where over-fitting is penalized by the factor
a7

U; = arg min H@(U?m%)(az) — @j(ac)HLz + Oé/ ‘l?{}g ($)|2dx] .
U;>0 R

The over-fitting parameter a was introduced by [10] for theoretical consideration to avoid
over-fitting. Nevertheless, [44] show from practical experience with this method that the
correction procedure of the Lévy densities for the shape restriction (2.18) leads to an auto-
penalization. Due to the Fourier techniques, a rigorous fit leads to high fluctuations of the
estimator of the nonparametric part. Thus, the correction procedure has a significant effect,
which in turn worsens the fit.

The PLS method needs a minimization procedure to find the implied option function and
is therefore considerably slower than the other two methods. Furthermore, the PLS method
better fits the option price function, whereas the oracle and flat method better fit the Lévy
triplet for simulations. Note that the PLS method, by the excellent estimation of the option
price function, opens a way to estimate the underlying noise with real data — this noise can
be used in the construction of confidence intervals.

5.1.2 Choice of Weight Functions

The literature of Belomestny and Reif8 [7] and Sohl and Trabs [44] both provide different
choices of the weight functions that satisfy the conditions of the set W in definition (3.2).
The weight functions of [44] are however preferred to the weight functions of [7]. The reason
is that the noise is particularly large in the high frequencies and thus it is desirable to assign
less weight to these frequencies. Smoothly transitioning the weight function to 0 at the cut-
off value slightly improves the results. With this in mind, we would like the weight functions
and the first two derivatives of the weight functions to be 0 at the cut-off value.
The weight functions then become
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we. (v) = ¢ ((285 + 1)v*% — (8s; + 12)v*% T2 + (12s; + 30)v>% +*

— (8s; + 32)v?i 0 4+ (25, + 9)U2Sj+8)]]—{|v|§1}7
wh (v) = ¢ (2L = 30293 | 3205 2087y
w}, (v) = e (25 + 32 — (8s; + 20)u2+2 4 (125, + 42)02

— (8s; +36)0” 0 + (255 + 110> *¥) 1y <1y,

. e—(|v|—0.05)_2
Wy, (v) = ]1{|v|§0.05} +exp | — (o] — 1)2 ]1{0.05<|v|<1}7

where ¢,, ¢, and c) are normalization constants such that the conditions in section 2.4 of

the weight functions are satisfied. Note that w,, is just the flat top kernel. Figure 5.1 shows,

for example, a plot of the weight functions wclrjz_(v), w,lyj (v), w}\j (v) functions with s; = 2.

2_
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— — ~~ |
z 0 = <
FNb— — = - <
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_’]-
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Fig. 5.1: Plots of the weight functions w;? (v), w%j (v) and w}\j (v) proposed by [44] with

underlying smoothness assumption of the density s; = 2.

An important point to make is that one should remember that for the theoretical results
the weight functions are forbidden from being zero at the cut-off value. This is an argument
to use the weight functions of [7]. However, practical results show that the usage of weight
functions that equal zero at the cut-off value improves upon the theoretical results, i.e., the
root-mean-square errors of the estimators become smaller.

The value s; in the weight functions denotes the smoothness of the underlying jump
density v; and has the same meaning as the order of the kernel in nonparametric estimation.
As with classical kernel estimators, the exact choice of the weight functions in spectral
estimation is not very critical, although, as argued, the weight functions of [44] are slightly
preferred. Still, the global error will be mostly due to the estimation of the cut-off value U;.

5.1.3 Simulation of Exponential Time-Inhomogeneous Lévy Model

A time-inhomogeneous exponential Lévy model S; = Spe™* Xt with X, a time-inhomogeneous
Lévy process, as in Definition 1.4, needs to be constructed to test our calibrations. In
other words, we need to provide maturities (7});=1,. , and provide within these maturi-
ties T; — T;_1 exponential Lévy processes with triplet (0]2-, Vis Vi)

The spectral calibration algorithm was derived to be applicable to Lévy processes with a
jump component of finite activity and an absolutely continuous jump measure. The reason
for this was that empirical financial data also mostly satisfies these properties, e.g., infinitely
many small jumps are generally not observed in financial data. For interest in the theoretical
infinite activity in a homogeneous setting see [4].

Typical parametric sub-models of the finite activity case are the Merton model [33] and
the double exponential/Kou model [31].
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Model 5.1 (Merton) The Merton model is a jump-diffusion finite activity Lévy process
with volatility o, drift v, and jump intensity A, where the jumps are normally distributed
with mean p and standard deviation §, or, equivalently, the Lévy density is

A _(z—n)?
e 252
o 2m

An easy derivation is to obtain that the martingale condition (2.4) for the Merton model is
satisfied whenever

v(z) =

o? 52
—5+7+A@7ﬂtqug (5.1)
Model 5.2 (Kou) The double exponential or Kou model is a jump-diffusion finite activity
Lévy process with volatility o, drift v, and jump intensity \, where the jumps are double
exponentially distributed with positive intensity Ay, negative intensity A_, and probability
parameter p € [0, 1], this gives the Lévy density

v(z) = A (pAre ™M Lise.00) + (L =D)AL ire(—000)}) -

First of all, we want the Kou model to be continuous at x = 0, this is the case if we choose
p= # Furthermore, the Kou model satisfies the martingale condition (2.4) whenever,

o’ p 1—p
_ _o. 2
2+7+A<A+—1 A_+1> 0 (52)

The double exponential jump density in the Kou model is difficult — but still significantly
accurate — to estimate because of the non-differentiability at zero. Smoother estimates than
the Kou model correspond to better representations seen from empirical data and, therefore,
the Merton model is preferred to calibrate the simulations.

For example, we will construct a model with three maturities (7});=; 2,3 with homoge-
neous spacings of a week apart T; —T;_1 = 5% for all j = 1,2, 3. Between these maturities,
three Merton models operate with parameters (o;,7;, Aj, ftj,0;) =123 given in Table 5.1.
The drift parameters (v;),=1,2,3 were calculated such that the martingale condition of the
Merton model (5.1) is satisfied.

The importance of the satisfaction of the martingale condition lies in the fact that if
the martingale condition is unsatisfied, then the right expression of the pricing formula in
Proposition 2.9 (iv), i.e.

FON0) = [ Oj@erar = L L9

v(v —1)

might have a singularity at zero. We can then not apply the inverse Fourier transform to
construct an option function for simulations.

los v Aj oy 6
0.2 0.3644183 5 -0.1 0.2

0.1 0.1597298 2 -0.2 0.4
0.3 0.1155446 3 -0.1 0.3

j=1
j=2
j=3

Table 5.1: Parameters of the three Merton models used to produce the sample path of the
price process S; in Figure 5.2.

Figure 5.2 shows a sample path of the price process S; against the time ¢ where the grey
lines portray the maturities (7});=0,1,2,3 with Ty = 0. The risk-free interest rate and initial
price were respectively set to r = 0.06 and Sy = 100.
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Fig. 5.2: Sample path of the time-inhomogeneous exponential model used for the
construction of the price process S; built up from three Merton models with parameters
given in Table 5.1.

5.1.4 Simulation of Noised Option Prices from Models

Simulated noised option prices from a proposed model are needed to execute the calibration.
The model for noised option prices, given in (2.9), is

Ojk = O0j(xjk) + 0 k5%, k=1,..,my,

where we defined O, = C(x;x,1;)/So and d; 1 = (; /So. Put prices P(x,,T;) can also
be used by first transferring them to call prices C(x; ,T;) using the put-call parity (2.6).
For making noised observations we need to 1) calculate the option function O,(x) from
the simulation model, 2) decide on the spacing and number of design points (z;x)x=1,..,m,
and 3) decide on the distributions of (£ x)x=1,...,m; and magnitude (0;x)r=1,..,m,
For 1), Proposition 2.1 (iv) provides a direct way to calculate the function O,;(z) from a
given characteristic function ¢, by

O,(z) = F! [1 —en (v i)] ().

v(v —1)

Now for 2), the number of design points (xj’k;)kzl,wmj is chosen to be m; = 150 for
all 7 = 1,2,3. This is also around the number of design points that we will encounter in
empirical data. Furthermore, empirical data has the property that more option prices are
found at the money (i.e. at =0) than further in or out the money (i.e. z < 0 and z > 0).
Therefore, the design points (z; k) k=1,...,m; have been obtained by a random sample which
yields more option prices at the money.

And for 3), the distributions of (€ x)k=1,...,m, are chosen to be Gaussian A'(0,1) and the
magnitude ¢, is chosen proportional to the underlying value of O;(z; ) with a noise level
a, i.e., §; = aOj(x; k). The noise level o decides the percentage of noise that will be added
to the underlying option function, in practice we will choose 0.005 < a < 0.03.

5.1.5 Numerical Approximation Fourier Transform

In the construction of the calibration model using option prices, the Fourier transforms

T o

Fflv) = /_OO f(z)e™dr and F 'F(x) ! /OO F(v)e ™*du

— 00

are used regularly. In practice, these Fourier transforms need to be (mostly) calculated
numerically. This process can be rather fast due to the usage of the Fast Fourier Transform
FFT algorithm. This section will concisely elaborate on this numerical approximation.
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An efficient way to calculate the Fourier transforms is by the usage of the discrete Fourier
transform DF'T,

N-1
Ffo= Y fre ™V n=0,N-1L
k=0

Generically, the computation of Fy, ..., Fx_1 needs N? operations a priori. However, when
N is a power of 2, the FFT algorithm can be implemented to reduce the complexity from
N? to O(Nlog N) operations (see, for example, [51]). The FFT algorithm is implemented
in almost all high-level scientific computation environments.

Suppose that we want to find the inverse Fourier transform of f(z) using the DFT. In
persuasion of this, the integral needs to be truncated and discretized as follows:

o) . L/2 . L N-1 .
/_ @y / fla)e e~ k}_jowkf(me :

—L/2

where zp, = —A/2+ kA, A= A/(N — 1) is the discretization step and wy the weights that

correspond to the particular integration rule, e.g., for the trapezoidal rule wg = wny_1 =1

and wy,.. N_2 = % The substitution of u,, = ?\}rg in the sum will make the expression in the

DFT take the form:

N-1
Ff(u )N £6'L’uL/2 § :w f(ﬂ? )6—27rink/N
k=0

Thus, the FFT algorithm allows to compute Ff(u) at the points w, = ?\}T—X. The relation

between the grid step d in the Fourier space and the initial grid step 4A; is given by:

_27T

da; = =

The above expression implies that if option prices need to be computed on a fine grid of
strikes and, at the same time, the discretization error needs to be kept low, then numerous
points need to be used. An additional limitation of the FFT method is that the grid must
always be uniform and the grid size must always be a power of 2. The functions that need to
be integrated with this report are in general irregular at the money and smooth elsewhere.
However, it is impossible to increase the resolution close to the money without doing it
elsewhere. These observations show that the use of FFT is only justified when one has many
options with the same maturity (somewhat more than 10) available. Luckily, we mostly
calibrate to empirical results and simulations with numerous option prices, so this is not a
problem here.

5.2 Simulation Results

The underlying model that will be calibrated is the model of section 5.1.3, i.e., a time-
inhomogeneous Lévy model which is built up from maturities (71, 72, T5) = (1/52,2/52,3/52)
where the Lévy processes between the maturities are given by Merton models with param-
eters (0j, 75, \j, 15,0;)j=1,2,3 and their values displayed in Table 5.1.

Furthermore, as was explained in section 5.1.4, the sample size/number of design points
is chosen to be m; = 150, the distribution of (g, ) is chosen to be Gaussian N (0,1), and
the magnitude is chosen to be proportional to the option function §; 5 = aQO;(x; k) with
a = 0.010.

For the general parameters, we choose the risk-free rate as » = 0.06 and the initial stock
price as S = 100.

The code written for the simulations is generic and all simulation settings can be adjusted
to inspect certain dependencies, e.g., all cut-off schemes have been implemented, both the
weight function of [44] and [7] can be chosen, all model parameters can be varied, the
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distribution and the magnitude of the noise can be adjusted, the interpolation scheme can
be varied, the design can be chosen in a deterministic or random manner, different underlying
time-inhomogeneous models with Merton and/or Kou, and more.

After inspecting all the different dependencies, we find that the code runs cleanly for all
cases. One important thing to note is that the difficulty of the inverse problem for the Lévy
process that governs the dynamics in (T; — Tj_1) relates to the factor Y 7_, o2(T; — T;_1).
The bigger Y .7_, 0Z(T; — T;—1) becomes, the more difficult the problem is. We, therefore,
advise keeping these values small enough for sensible results.

The major new subjects of this thesis are the fact that we used a time-inhomogeneous
Lévy model and the first usage of the finite sample variance method to create confidence
intervals. Thus, we are most interested in looking into these new practices in the simulation
results.

The simulation results are constructed as follows 1) the estimators (12]) j=1,2,3 for
(1;)j=1,.2.3 will be inspected, 2) from (1;);—123 the estimators (6;,%;,\;)j=1,23 are es-
timated and we compare them to (0;,7;,Aj) =123, 3) the estimator ©; for v; will thereafter
be individually inspected, and 4) the confidence intervals will be added and coverage prob-
abilities inspected.

All the above steps will be done for multiple Monte-Carlo simulations to get an idea of the
bias-variance trade-off and underlying distributions of the estimators. In every Monte-Carlo
simulation, we first calibrate all results in the order j = 1,2, 3, i.e. one time-inhomogeneous
Lévy model at a time, and then move on to the next simulation.

An important decision for all simulation steps is the choice of the scheme for choosing
the cut-off values (Uj);=1 2,3. All different schemes for choosing Uj, i.e. oracle method, flat
method, and PLS method, have been implemented and coded. As mentioned in section 5.1.1,
the flat method works particularly well for simulations and is used for calibration.

Another important choice for 4) is the fact if one should use the "known” error distri-
bution, where the error is exactly known, or one should use the PLS method to estimate
the error — which is also necessary for empirical results where the underlying error is un-
known. Consequently, step 4) will be analyzed for both scenarios, and both scenarios are
implemented in the code.

5.2.1 Estimating (¢~j)j217273 for (¢;)j=123

The performance of the estimator ¢~j for 1; needs to be analyzed, because this estimator

is at the root of the estimation of the triplet (6?,%,5\3-). Remember that 6? and S\j are

estimated using the real part Re(t;(v)) and #; using the imaginary part Im(¢;(v)). These
parts are therefore inspected separately.

Figure 5.3 shows the results of estimating the real Re and imaginary parts Im of v¢; with
1/33- for j = 1,2,3. In these plots, the grey circles depict the estimation grid of 7/33- and the
black lines depict the known underlying ; function.

In these plots we have zoomed in to the region of [—40, 40]. This region depicts the common
range where the calibration algorithm chooses the cut-off frequencies [—U;, U;]. Outside of
these ranges, a large deviation of z/N)j from 1; can occur. Because of the exponential growth
of the deviation in v whenever o; > 0 (See Belomestny et al. [4]).

The approximate ranges that are well-behaved, i.e. good ranges where the cut-off fre-
quency Uj is chosen in, is mostly due to the difficulty of the inverse problem at the moment

J_,02(T; — T;_1). The bigger the sum is, the more difficult it becomes to get an accurate
representation for a certain j of 7/33- for ¢; on an adequate range.

Figures 5.3a, 5.3b and 5.3c show that the estimation of the v; function in the range
[—40,40] is adequate and that the values are mostly well-predicted. An important remark
to see in these figures is that the estimation of 1); becomes more difficult for increasing 7,
i.e. predicting v, is more accurate than predicting 3. This is a direct consequence of the
difficulty of the inverse problem for increasing j.
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Fig. 5.3: These plots show the estimation of the real Re and imaginary part Im of Jj
portrayed by grey circles for v¢; portrayed by a black line for j = 1,2, 3.

5.2.2 Estimating (6;,7;,\;);=1,23 for (;,7;,Aj)j=1,23
To get a general idea of the performance of the estimators (65, 7;, S\j)j:17273 for (0,75, Aj)j=1,2,3
one hundred Monte-Carlo simulations will be executed and analyzed. In every Monte-Carlo
simulation, new random noise is generated and we look at how this affects the spectral
calibration.

Figure 5.4 displays the result of the 100 spectral calibrations in 3 sub-figures. Every
subfigure displays for a certain j = 1,2, 3 the results for the accompanying triplet (7;, 7;, 5\3)
through separate scatter-plots. A black line has been added in these scatterplots to display
the underlying theoretical value that needs to be estimated. Furthermore, a boxplot has
been added to the right of every scatterplot to give insight into the distribution of the 100
estimates.

Before we go into the details of Figure 5.4, it is important to have an intuition about
what values the flat method chose as cut-off values. The cut-off values determine the bias
and stochastic variance trade-off for the practical case, i.e., U; finite and A; # 0. Figure 5.5
shows the values of U; that correspond to the scatter-plots in Figure 5.4.

First and foremost, Figures 5.4a, 5.4b, and 5.4c show that most estimators behave well
and that the values are generically well predicted, i.e., not many outliers or insensible results
are displayed. The only insensible results would be the estimation of A3 to be zero one time.

From the y-axis in Figures 5.4a, 5.4b and 5.4c we see that in every case j = 1,2,3 the
accuracy of the estimators is respectively decreasing in the order o;,v;, A;. This fact was
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Fig. 5.4: These scatterplots show the result of 100 Monte-Carlo simulations of
(75,95, S\j)j:LQ,g for (0;,7;,j)j=12,3. In every plot, the black line portrays the theoretical
value. Furthermore, to the right of every plot, a boxplot has been added to display the
underlying distribution of the estimators.

also encountered in the speed of convergence proven in the theoretical part (see Theorem
3.2).

In section 3.5 we saw that the difficulty of the time-inhomogeneous inverse calibration
problem is coupled to Y 7_,(T; —T;_1)o?. This term grows for increasing j and the problem
becomes more difficult when calibration occurs for higher j. In Figure 5.4 we can see this
decreasing accuracy of the parameters o, 7;, or A; in j. For example, o is more accurately
determined than o9 in the stochastic variance sense, disregarding the bias, which will be the
topic of the next paragraph.

An obvious fact that can be seen is that in some scatterplots we can note general bias
in the estimators, e.g., in the scatterplot of &, all estimators are above the theoretical
value which corresponds to a bias term. In the theoretical part, we showed that the bias
asymptotically goes to 0. However, in the practical results, bias can occur. An easy way to
see the general bias is to compare the boxplots with the theoretical values displayed by the
black line. The cut-off value U, is the parameter that governs the bias and stochastic error
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Fig. 5.5: Scatterplots of cutoff values (U;);j=1,2,3 for 100 Monte-Carlo simulations.

trade-off — in the same way the bandwidth A plays in kernel estimation in nonparametric
statistics. The bias decreases and the stochastic error increases when U, increases.

When comparing the results of Figure 5.4 with the corresponding cut-off values in Figure
5.9, it can be seen that all outliers correspond to large values of U;. General practical advice
is therefore to not let U; become too large for preventing the stochastic error to be too
big. This is also an important point when making finite sample confidence intervals. Here
we made the assumption that the Bias can be neglected, and this assumption is more true
when U; is larger, but we also do not want U; to become too large. More about this later
when building confidence intervals.

5.2.3 Estimating (7;);=123 for (v;);j=123

The estimator for the jump density 7; needs to be estimated by taking an inverse Fourier
transform,

52

vj(z) =7 [(ﬁuﬂ') + 7](')2 — () + 5\;’) W, (‘)] (z), zeR,
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and is therefore different from the other estimators. This is the reason why we analyze this
estimator on itself.

To calibrate v; the shifted calibration function 1), is used and therefore a separate cali-
bration is carried out for better stability. In general, the cut-off value U, that is chosen for
calibrating 7; is smaller than the cut-off value Uj;.

The Lévy density estimates ;(z) for v;(x) are calculated with the same 100 Monte-Carlo
simulations. The 100 results of the estimates 7;(x) are shown as grey lines and the underlying
known density v;(x) is shown as a black line in Figure 5.6.
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Fig. 5.6: These plots show the estimation of 100 Monte-Carlo simulated Lévy densities
vj(xz), portrayed by grey lines, for v;(z), portrayed by a black line, for j = 1,2, 3.

Figure 5.6a shows that the 100 estimates 74 (x) look satisfactory, 5.6b deteriorates a little
but still looks satisfactory, and 5.6¢ looks quite chaotic. The theoretical results already point
out that the performance of the estimators is in the following chronological order 032., V> Ajs
7, v; for a certain j. Thus, the estimation part of v;(x) is the most difficult.

We already discussed that the accuracy of the estimators deteriorates with increasing j
because of the difficulty of the inverse problem. Hence, from both considerations, 73(x) in
Figure 5.6¢ should be the most difficult to estimate. It can be noted in all 3 figures that there
can still be bumps of mass found in the tails. These bumps relate to the fact that we used
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a normal Fourier transform .# for getting into the spectral domain, then did the estimation
in this domain, and to get the Lévy density back we then needed to use an inverse Fourier
transform .%# ~1. These tail bumps are thus the result of little errors in the tails that are
portrayed as sine and cosine waves in the densities after transforming back.

The most variance for every j = 1,2, 3 is found at 7;(0) and deteriorates — if the masses
in the tails are neglected — when we move away from 0. This is the result of the smoothness
of the estimated curves, the larger variance of 7;(0) leads to an increased variance of 7;(z)
in the neighborhood of 0.

Although the estimates of 3(z) in Figure 5.6¢ appear chaotic, most estimates are sensible.
Figure 5.7 shows a boxplot of the 100 Monte estimates 73(x) at the point of uz = —0.1.
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Fig. 5.7: Boxplots of the 100 Monte-Carlo estimates 3(u3) in Figure 5.6¢. The left shows
all estimates, whereas the right shows a zoomed-in version.

In the boxplots of Figure 5.7, we see that the 25% and 75% percentiles are respectively
at around 3.27 and 4.98. Consequently, most estimates are well-behaved. In total, there are
10 outliers on 100 Monte-Carlo estimates. Not all outliers also give odd estimates, some are
due to already displayed errors in the approximation of A3, which makes the mass of the
estimates different. This is due to the correction procedure of 7;(x) in expression (2.18),
which made sure that 75(z) > 0 for all z € R and A3 = 73| L (m)-

All 100 estimates ;(x) are inspected individually and three odd cases that can occur are
shown in Figure 5.8.

All three odd cases in Figure 5.8 display something that can go wrong. The first plot
shows a peak at 0 that is too large and is one of the outliers in the boxplot. This effect is
already due to the miss estimation of A;. The second plot shows an oscillating curve, these
are due to miss estimations in the Fourier transforms .#, such that when estimating 7, (x)
with .#~! the underlying function is, because of errors, not well-behaved to transform. The
third plot shows the case where both problems in estimating occur in an extreme sense.

If the cut-off values Us of these simulations 85, 16, and 10 are looked upon in the code
or Figure 5.5, then the results are respectively 33.96, 33.96, and even 56.10. Note that these
cut-off values are all bigger than the generally chosen cut-off values. Also in Figure 5.4 we
can already see that for these estimates the parameters (532, Vi 5\j) are also outliers. 2

These miss-estimates make the plot of 3(x) in Figure 5.6¢ look chaotic, where more than
90% are well-behaved and accurate.

2 In the section on the confidence intervals, we will see that large cut-off values will lead to large
intervals such that we can account for this misbehavior.
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Fig. 5.8: Plots of three odd estimates 3(z) for v3(x) in the simulation results in Figure 5.6c¢.

It was on purpose that we made plots that showed these misbehaviors. If the factor

1_,02(T; — T;—1) or the magnitude of errors (d;x) are chosen small enough, then these
odd plots do not occur. However, to have an understanding of what can go wrong in empirical
calibration, it is good to already have seen these extreme cases in simulations. Although, as
will be shown in the next section, empirical cases are generally more well-behaved than the
simulations shown here.

5.2.4 Confidence Intervals and Coverage Probabilities

In all statistical procedures, it is common to get a feeling about how accurate the estimation
is. A raw estimation without any confidence can be misleading, especially if the underlying
value as validation is unknown. In section 4 we already discussed that using the derived
asymptotic confidence intervals is not good practice in finite sample cases, and we produced
new confidence intervals with the Finite Sample Variance practice.

The derived (100 — )% confidence intervals for 67,%;, A; and ;(z) in the Finite Sample
case were respectively derived and given in expressions (4.5), (4.8), (4.11) and (4.17). We
will choose ¥ = 0.05 such that 95% confidence intervals are strived for. Recall that v;(z)
was a point-wise confidence interval and not a confidence band. The coverage probabilities
will be analysed for the vector (632, Yis Njs (1), 05(5)) for j = 1,2,3, where in the Merton
model p; was the mean and J; the standard deviation.

The main underlying assumption of this practice was that the Remainder terms and Bias
terms are neglected. The reasoning was that in the Theoretical Results these terms converge
to 0 and the Linear terms dominate the asymptotic behavior. As the reader can probably
imagine, this assumption can be quite strong and an analysis of the derived confidence
intervals must be verified, we will do this by using Coverage Probabilities.

Another important point is that for deriving the confidence intervals, the magnitude of
the error (9, ) is needed. Note that in the simulations these errors were simulated by using
the proportional relation to the option price function 9, = aO;(z, ) at the design points
(%) with o = 0.010. These values have been saved and can be used. However, in the
empirical part, we need a manner to estimate these magnitudes. We discussed that the PLS
method is the preferred method for estimating this noise. In the simulation part here, both
the cases of known error magnitudes and estimated error magnitudes will be analyzed.

Thus, in this section, we will investigate the confidence intervals created and verify these
with coverage probabilities for the known and estimated error magnitudes (9, ). An impor-
tant fact that will be encountered is that we can only reach the coverage probabilities with
exact error magnitudes when undersmoothing is used, i.e. the cut-off value U; must not be
too small. Otherwise, the Bias term, which was neglected, can dominate.
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Exact Error Distribution

To first get a general feeling and not introduce more randomness into the model with the PLS
method, the situation with the exact/known error distribution will be analyzed. For con-
ciseness, the first ten Monte-Carlo simulations are analyzed, i.e., the same first 10 estimates
as Figure 5.4.

For the first 10 Monte-Carlo simulations Table 5.2 shows the cut-off values (U;),;=1,2,3 and

Figure 5.9 shows the accompanying ten 95% confidence intervals for (67, 75, N, 0 (1), 75 (a4
0;))j=1,2,3 Where the grey lines portray the underlying values of (03, v;, Aj, v (1), vj (5 +

05))j=1,2,3-°

|1 2 3 4 5 6 7 8 9 10

U1(38.9 26.8 28.2 26.8 40.3 30.9 41.6 33.6 25.5 26.8
U2|20.1 22.8 14.8 14.8 14.8 20.1 20.1 30.9 20.1 14.8
Us|21.5 16.1 26.8 18.8 18.8 20.1 22.8 18.8 21.5 26.8

Table 5.2: Cut-off values (U;);=1,23 chosen by the flat method for the 10 Monte-Carlo
simulations in Figure 5.9.

Furthermore, Figure 5.10 shows for the first Monte-Carlo simulation the estimates
(7j(x));=1,2,3 in gray with confidence intervals in black and the underlying density (v;(z));=1.2,3
in red. All the estimates appear accurate and well-behaved. Next to that v;(x) is contained
in almost all ranges of the confidence interval, only at v3(z) in the left tail a bump can be
seen that the confidence interval does not capture.

Note in Figure 5.9 that the size of the underlying confidence interval for every estimate
is different. This is mostly due to the difference in cut-off value U; portrayed in Table 5.2.
The larger U;, the larger the confidence interval. For example, we can see this in the 7th
observation with U; = 41.6.

Next to that, we can see that some confidence intervals of these small samples are not
close to the 95% coverage that they should have. The most extreme cases of 67 in Figure
5.9a only have 70% coverage. On the contrary, some other confidence intervals, e.g. Ao, even
get 100% coverage. The goal is to find confidence intervals where all parameters exceed 95%,
i.e. we want to be conservative. The reason is that when considering the empirical data we
can have some certainty in the lower bound of the coverage probability in the results.

The example case of 532 provides an answer to why some intervals are inaccurate. We can
see that some estimates of 6]2 display the same kind of bias, they are all portrayed above
the theoretical value. Now recall that in the construction of the Finite Sample confidence
intervals the assumption was made that the bias can be neglected. This might, however, as
can be seen here, not be the case.

Sohl and Trabs [44] provide a manner in which accurate practical confidence intervals can
still be created. For example, recall that the error decomposition

tot= [, wme (0 - o) ae s [ e (300 - o) a

A 7
-~

Stochastic Error

Uj
+/ wg]?Re (F p;(v))do,
~U;

Bias

Uj

was decomposed into a stochastic part and a deterministic bias term. The choice of the
cut-off value U; allows a trade-off between these two terms. Larger U; correspond to larger
stochastic errors and smaller bias, whereas smaller U; the case is vice versa. Deliberately

3 With a little abuse of notation remind that (6, ;) were the error magnitudes and §; was the standard
deviation of the Merton model.
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(c) 10 Monte-Carlo estimates
(03,73, A3, 73(13), U3(p3 + d3)) with
confidence intervals for

(03,73, A3,v3(u3),v3(us +63))) =
(0.3,0.12,3, —0.1,0.3).

_ Fig. 5.9: These plots show the result of 10 Monte-Carlo simulations of
(67,95, Mg, 75 (1), 75 (e + 85))j=1,2,3 with 95% confidence intervals. In every plot, the thick
grey lines portray the theoretical values (o, v, Aj, v;(5), Vi (15 +95)) =123

choosing U; larger to counter the bias is a common practice in nonparametric statistics and

is called undersmoothing.
Using larger U; the confidence intervals are widened but the deterministic term reduces.
This provides a way to obtain practically usable confidence intervals that attain the coverage

probabilities. Let us propose choosing the new cut-off values:

Uj = CU™

with ¢ > 1 to provide undersmoothing. S6hl and Trabs [44] do not provide exact argu-
mentation for their exact choice of ¢ = 4/3, which they used in the time-homogeneous
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Fig. 5.10: For the first Monte-Carlo simulation these plots show the estimates (7j(z));=12,3
in gray with confidence intervals in black and the underlying densities (v;(x));=1,2,3 in red.

model. Mostly, this value is chosen in a practical manner such that the required coverage
probabilities are attained. Therefore, multiple simulations with different values of { will be
evaluated.

Recall that the densities v; required a different calibration with zﬁ,,j and thereby chose a
cut-off value U,,,. For the parameter U,, we will use the same undersmoothing with (.

To clarify, first all calibrations are done with the flat method, then all cut-off values
(U ]ﬂat) j=1,2,3 for every Monte-Carlo simulation are subtracted, and then a new calibration
for every Monte-Carlo simulation and j = 1, 2,3 is done with the new fixed cut-off values
Uj=¢ Uflat,

‘7 ~

Table 5.3 shows the coverage results (62,7, A;, 7j(p5), 7 (p; + 6;)) of 100 Monte-Carlo
simulations using the flat method and thereafter under-smoothing with (. For more accurate
results, more Monte-Carlo simulations need to be evaluated. However, the evaluated time
already gets quite large, because two calibrations for every Monte-Carlo simulation have
been done, i.e., one with the flat methods to find U; and one with the fixed method with
¢U;. The table provides a rough estimate in which range ¢ should be evaluated with more
Monte-Carlo simulations.

From Table 5.3 it can be seen that the results get better and better for increasing val-
ues of ¢. This result is most clearly seen in 7. Larger ¢ means undersmoothing, but also
larger confidence intervals. It appears that the 95% coverage probability for 62 is attained
conservatively for all parameters for ( = 1.2.
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| 1.1 1.2 1.3
j = 1|87 100 100 98 100 96 97 100 98 100 98 100 100 98 100
j =2/98 100 100 99 99 99 100 100 99 99 99 100 100 99 99
5 =3| 99 100 96 95 98 100 100 100 98 97 100 100 100 99 98

Table 5.3: Coverage probabilities of (5%,7;, Njs D5 (p5), 75 (g 4 6;))j=1,2.3 in % for 100
Monte-Carlo simulations and undersmoothing U; = (U ]ﬁat with the value ¢ € {1.1,1.2,1.3}.

To obtain a more accurate coverage probability 1000 Monte-Carlo simulations will be
carried out for ¢ = 1.2. The results are shown in Table 5.4 and the width of the first 10
confidence intervals can be seen in Figure 5.11.

(=12 52 7 N wily) il +65)
7 =1 195.3% 99.2% 99.3% 98.0% 99.6%
7 =2199.3% 99.9% 100.0% 98.8% 99.4%
7 =3 199.3% 98.9% 98.8% 97.6% 96.1%

Table 5.4: Coverage probabilities of (57,7;, Nj, 7 (13), 75 (i 4 6;)) j=1,2.3 for 1000
Monte-Carlo simulations and undersmoothing U; = (U jﬂat with the value ( = 1.2.

Figure 5.11 shows that most bias now has disappeared when using undersmoothing with
¢ = 1.2. Furthermore, the confidence intervals are bigger. In Figure 5.8 it was shown that
sometimes calibration can go wrong. However, it is satisfactory to see that this can be seen
in the large confidence intervals, this opens a way to detect misleading calibrations.

The main practical result is that conservative adequate confidence intervals can be created
using undersmoothing with ( = 1.2. Note that different parameters might need a different
value of (. Although, after multiple simulations with different parameters, the undersmooth-
ing of ( = 1.2 is found to be generally satisfactory.

PLS Estimated Error Distribution

In the previous section, we used that the error magnitudes (J,5) are known a priori in
constructing confidence intervals. However, outside of the simulations, the error magnitudes
are unknown. Therefore, we construct an estimator for these error magnitudes.

The regression model for the noise in the option prices was given by (2.9), i.e.,

Oj,k; = Oj($j,k;) + 5j,k:5j,k:7 k = 1, cy M.

In a similar fashion as the simulations, we assumed that the error magnitudes are propor-
tional to the underlying option function:

05k = 0,0 () k)-
Plugging this assumption into the regression model, we get
Ok = Oj(xjk) + 6;0; (251 )5k

Rewriting to get an expression for §; gives

Ojk 1 _ 9k = Oi(zjp)

0:€: 1 = ———— =
TR0 (x0) O;(wjx)

Using the fact that the error distribution was centered and had unit variance, we can then

write
<Oj,k — 0 (l’j,k)>2
Oj(wjx)

5; = ]E[(S?s? }: E

J~ 5.k
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confidence intervals for
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Monte Carlo Simulations

(b) 10 Monte-Carlo estimates
(62,92, A2, P2 (p2), V2 (2 + d2)) with
confidence intervals for

(02,72, A2, v2(p2), v2(p2 + 92)) ~
(0.1,0.16,2, —0.2, 0.4)
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(c) 10 Monte-Carlo estimates
(03,73, A3, 73(13), U3(p3 + d3)) with
confidence intervals for

(03,73, A3,v3(u3),v3(us +63))) =
(0.3,0.12,3, —-0.1,0.3).

Fig. 5.11: These plots show the result of 10 Monte-Carlo simulations of
(63,95, Mg, 25 (1), 75 (1 + 05))j=1,2,3 with 95% confidence intervals and undersmoothing
with ¢ = 1.2. In every plot, the thick grey lines portray the theoretical values

(05,75, g, v (), v (1 + 05)) j=1,2,3-
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Approximating the expected value E by the mean gives an estimator Sj for 6,

oo | L % (Oj,k - Oj(fcj,k))z.
’ m; Oj (k)

Note that for the estimator d; and the approximation of the error magnitudes &), =
0;0;(x;1) the function O;(x; ;) is needed. This function is however unknown.
Recall that the Penalized Least Squares method was the method that minimized the
L2-distance between the implied option function @(ai,vj,vj) and the smoothing spline @j.
Therefore, using the PLS method the final estimator of the error magnitudes can be given
as

, N 2

~ <~ ) = 1 <& [ Ok _O(U?ﬁjﬂ/j)(xj’k)

Ok = 05O (03 ywy) (i) - With 05 =, | < O () |
T k=1 (0F,75,v5) \ P13,

(5.3)

Figure 5.12 shows the PLS-estimated functions @(sz’,yj’yj) (x;,%) in black and the observed
points O; ;, in grey for the cases j = 1,2, 3. In these plots, the z-axis is limited to values that
are not too close to 0. These values can result in an unstable estimator of Sj. This is mostly
because the Fourier transform can imply bumps in the tails of @(U?m’,}j)(xj,k), which can
result in unrealistic large values of

ijk’ - @(U?,’Yj,llj) (:Ejak)

Y

@(U?Njwj)(xjvk)

in the tails.

Figure 5.12 shows that the PLS-estimate @(of,fyj,uj)(xj,k) is quite stable and accurate in
portraying the underlying denoised function of the observed points O; ;. Only at the point of
the peaks, the values are underestimated and some bias can be noticed. This can be mostly
seen in Figure 5.12a, and decreases in 5.12b, and decreases even more in 5.12c.

Using expression (5.3) the underlying error factor Sj can be calculated. For 100 Monte-
Carlo simulations, this error factor is calculated and the estimated mean 1, and standard
deviation o5, are given in Table 5.5.

|j =15=235=3
1, 0.019 0.015 0.013
o5, 0.003 0.002 0.003

Table 5.5: Mean p5 and standard deviation o5 of the estimator (6;)j=1,2,3 for 100
Monte-Carlo simulations.

Recall that the underlying noise factor was given by d; = 0.010 for j = 1,2, 3. Table 5.5
shows that all estimates are above the underlying theoretical value. As mentioned, this bias
is mostly due to the miss-estimation of the PLS method at the peaks in Figure 5.12.

Overestimating d; is not necessarily a problem, the confidence intervals just become more
conservative. This opens a way that the Bias in the estimation of the triplet (6;,%;, 7j) =123
can already be captured in the overestimation of Sj. Thus, the undersmoothing parameter
¢ — which governed the Bias and Stochastic Error trade-off — might not be needed anymore.

To verify this, using 1000 Monte-Carlo simulations, calculating ¢; in every Monte-Carlo
simulation, the same Figure as in 5.11 can be created. The new coverage probabilities are
given in Table 5.6.

Table 5.6 shows that all coverage probabilities are above the implied 95% confidence
interval without using undersmoothing. So if expression (5.3) is used to estimate d;, one
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Fig. 5.12: These plots show the PLS-estimation of the function @(0—2 ~;5) (Tj.k) as a black
Vi ) ?
line for the observed grey points O, j, for the cases j = 1,2, 3.

| 62 5 N (k) Dy +6;)
7 =1|97.3% 99.1% 99.4% 98.9%  99.9%
7 =2[99.9% 99.6% 99.8% 98.8%  99.4%

Jj = 3|96.9% 97.4% 95.4% 96.1%  99.2%

Table 5.6: Coverage probabilities of (5'32-,’5/3‘, S\j, ﬁj (/Jj), 173‘ (/Jj + 5j))j=1,2,3 for 1000
Monte-Carlo simulations while estimating §; with expression (5.3).

does not in general also need to employ undersmoothing to reduce the bias, because the bias
is already captured in the estimation error of 4;.



Chapter 6
Empirical Results

The constructed time-inhomogeneous calibration model will be applied to empirical data
in this chapter. The data set that will be used is downloaded from the website https://
historicaloptiondata.com, which is run by an enterprise that has been actively providing
historical option prices and historical stock prices for over twenty years. !

For the choice of the data, it is advised to choose a liquid product such that numerous
stable option prices are provided for the underlying asset. The ticker SPY — the most
popular exchange-traded fund of the S&P500 — is generally considered to have the most
liquid on-screen traded options and is therefore a natural choice.

The SPY data that has been downloaded contains call and put option prices with quote
dates in August 2022 and maturities running up to December 2024. More about the specifics
of the data, the cleaning of the data, and the amount of data, in the upcoming section
Underlying Data Set.

The empirical settings resemble in many parts the same simulation settings section as in
5.1, e.g., the weight functions are chosen similarly. Therefore, the differences with respect
to the simulations will first be discussed in section 6.1. The calibration results in a similar
setting as the simulations, i.e. three maturities one week apart, will be shown in section 6.2.
In the last section 6.3, a calibration will be evaluated using all maturities in the data set
to test the full capacity of the model and provide insight into the time dependency of the
parameters.

6.1 Empirical Settings

6.1.1 Underlying Data Set

Figure 6.1 shows a snapshot of the data that has been downloaded. The data frame contains
the underlying ticker (underlying), the quote date (quotedate), the last price of the underlying
on the quote date (underlying_last), the type of option call or put (type), the strike price
(strike), the last (last), bid (bid) and ask (ask) prices, and the underlying volume (volume).

underlying underlying_last type expiration quotedate strike last bid ask volume

SPY 408.15 call 08/05/2022 08/02/2022 416 0.69 0.67 0.68 10025
SPY 408.15 put 08/05/2022 08/02/2022 416 8.67 8.63 8.77 749
SPY 408.15 call 08/05/2022 08/02/2022 417 052 051 0.52 11193
SPY 408.15 put 08/05/2022 08/02/2022 417 9.30 9.48 9.63 799
SPY 408.15 call 08/05/2022 08/02/2022 418 0.40 0.39 040 18794
SPY 408.15 put 08/05/2022 08/02/2022 418 10.29 10.36 10.53 275

Fig. 6.1: Snapshot of S&P500 ETF (SPY) market options data set used for empirical
calibrations.

! Downloading the data costs a fee to provide the underlying company for running the data services.

91
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The data frame contained much more information, such as the contract number, the
exchange the product is traded on, the greeks, and the implied volatility, which are not of
interest to our calibration.

Some products portrayed prices with low volume, these are however not actively traded
and not accurately priced. Therefore, all contracts with a volume of less than 5 have been
filtered out of the data.

For the actual price of the call and put options, the mid-price will be taken, i.e., the mean
of the bid and ask prices. This is the most natural choice of what the product should be
worth.

The quote date is taken as the first available quote date namely 2™¢ of August 2022. The
available expiration/maturity dates and the underlying number of call and put options with
volume> 5 for this quote day are

"08/03/2022":128, "08/05/2022":160, "08/08/2022":126, "08/10/2022":135,
"08/12/2022":165, "08/15/2022":123, "08/17/2022":101, "08/19/2022":214,
"08/22/2022":74, "08/24/2022":96, "08/26/2022":145, "08/29/2022":102,
"08/31/2022":111, "09/02/2022":136, "09/06/2022":60, "09/07/2022":15,
"09/09/2022":109, "09/16/2022":288, "09/30/2022":168, "10/21/2022":210,
"11/18/2022":76, "12/16/2022":198, "12/30/2022":76, "01/20/2023":104,
"03/17/2023":72, "03/31/2023":26, "06/16/2023":78, "06/30/2023":9,
"09/15/2023":24, "12/15/2023":42, "01/19/2024":28, "06/21/2024":4,
"12/20/2024":14.

It can be seen that the amount of call and put options can change from expiration to
expiration. In general, as with the simulations, the maturities containing more than 100 data
points will be considered for stability.

Using the put-call parity it is possible to use both the call and put prices. The dynamic
parameter that governs the same prices of calls and puts with the same strike is the interest
rate r — if the interest rate r is not adequately chosen the put-call parity might not be
satisfied.

6.1.2 Interest Rate r

The risk-free interest rate underlying the price process will be inferred from the option prices.
Recall that the put-call parity in expression (2.6) was given by

Oy T) = Plaju, Ty) = SoB X1 — 7| = Sy (1 — 7).

with
zj 1, =1og(K, x/So) —rjxT},

where 7, is denoted instead of r to clarify the dependency on j and k. The dependency
on j means that for different maturities 7} the interest rate may change over time. The
parameter k£ models that for the same maturity 7); there might still be noise in the interest
rates implied by the option prices for different strike prices.

Rewriting (2.6) to isolate r; ; results in

1 (So—C(xj,k7Tj)+P(xj,k7Tj)>

Tk = —— log
’ T; Kk

For every maturity 7; there should be one interest rate r; displayed by the multiple
option prices C(x; x,1;) and P(x;x,T;) for k =1,...,m;. Let us, therefore, approximate the
interest rate r; by the mean of the observations r; x,

mj

log (SO _C(xj,k’g?k+ P(xj,kﬂTj)> . (6.1)
J
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Calculating r; for the option prices with maturity ”08/31/2022” gives the estimate of
0.0126. A plot of the price of the call options against the strikes can be found in Figure 6.2a.
A plot of the put prices converted to calls with the put-call parity with this interest rate r;
against strikes can be found in Figure 6.2b.
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Fig. 6.2: Call prices (left) and call prices from puts by put-call parity (right) against strike
price for maturity ”08/31/2022” and interest rate r; ~ 0.01.

From Figure 6.2 it appears that a lot of put prices with a relatively small strike price
are sold more than call prices with a relatively high strike price — both cases are the out-of-
the-money regions. This is due to hedging from risk-averse agents, which get insurance with
these puts in the case when the index drops majorly.

Combining Figures 6.2a and 6.2b gives us a wide range of option prices that will be used
in constructing the option function O; for the calibration process.

6.1.3 Smoothness Parameter s;

The underlying smoothness parameter s; was an important parameter that governed the
convergence in the theoretical results. The parameter in the simulations for the Merton
model is, for example, infinitely smooth, but we chose the parameter to be 6. In the empirical
results, we assume that the underlying densities are at least 2 times differentiable and we
take s; = 2 for all maturities.

6.1.4 Choice of Cut-Off Parameters U; and U,,

In the case of real data, the Lévy model serves as an approximation only. The real underlying
dynamics of the stock process do not necessarily have to be exactly portrayed by an Lévy
model, as with the simulations. Consequently, the flat method of section 5.1.1 does not have
to stabilize and does not necessarily lead to sensible results in estimating U; and U,, as it
did with the simulations. The preferred method for choosing U; and U,, with real data is,
therefore, the PLS method.

6.2 Empirical Results

In the same manner as with the simulations, we would like to calibrate a process that has
three maturities approximately a week apart and more than 100 data points per maturity.
Looking at the data displayed in section 6.1.1 the maturities can be takes as (T1,715,13) =
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(08/08/2022,08/15/2022,08/26/2022) with the quote date T, = 08/02/2022. The amount
of data points per maturity is respectively 126, 123, and 145, which are all quite close to the
amount of 150 data points in the simulations.

The risk-free rate r; is chosen between every two maturities (7;_1,7}),=1,23 as in expres-
sion (6.1) and from the data it follows that S = 408.15 at Tj.

Most theoretical considerations have been explained in the simulations and will therefore
not be repeated in the real-life data. Mostly, the results and differences with respect to the
simulations will be shown.

Estimation of &j for 9,

The estimators (wj) j=1,2,3 will first be investigated because it is at the root of the estimation
procedure of the triplets (¢;,7;, A j)j=1,2,3- Recall that &; and )\ were estimated with the
real part Re(wj) and 7; was estimated with the imaginary part Im(wj) Figure 6.3 shows the
real and imaginary parts of (wj) j=1,2,3 that follow from the data for the different maturities.
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Fig. 6.3: These plots show the estimation of the real Re and imaginary part Im of the
calibration function v; for j =1, 2, 3.

Note that in Figure 6.3 all estimations look stable and similar to the simulation plots of
5.3.

Calibration of O; Functions by PLS Method

Both the cut-off parameters (U;);=1,23 that will be used for estimating the triplets
(64,77, Aj)j=1.23 and the underlying noise parameter (5;)j—123 — as in expression (5.3)
— need to follow from the PLS-method, which minimized the Residual Sum of Square in the
option function, i.e.,

Uy = jnf 11002 1, @5) = Os] ] -
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The best estimated implied option function @(02 v Vj)(a:) to the underlying data @j k
J? ) )

chosen by the PLS-method for j = 1, 2, 3 is shown in Figure 6.4. The data (’N)j’k is displayed
as grey points and the function (’)(sz,ﬁjﬂ,j) (x) is displayed as a black line.
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Fig. 6.4: These plots show the PLS-estimation of the function (’5(0; ~v;0;) (Tj.k) as a black
J? )
line for the observed grey points O, j, for the cases j = 1,2, 3.

In the simulations at Figure 5.12, we noted the fact that the PLS method underestimates
the peak of the observations and [46] did support this fact. However, it can be seen in the
real-life data that this is not necessarily the case. This is probable since the real-life data is
not necessarily portrayed by an exponential Lévy process as the simulations were.

The cut-off parameters (U;);j=1,23 that follow from the best fits of the PLS method in
Figure 6.4 are given by:

U1 = 35.5, U2 =61.4 and U3 = 59.3. (62)
Furthermore, the underlying noise parameters, as in expression (5.3), are given by
61 = 0.057, &9 =0.050, and d5 = 0.020, (6.3)

such that we can construct the noise to form confidence intervals. [16], [44], and [46] all used
the rule of thumb that 5~j = 0.01 in constructing their results, which this historical empirical
data set does not support. We also used the calibration procedure on live data, i.e. option
prices that are listed today for maturities in the future, and in this case, even more noise
exists.

Estimation of (67,7;, A;)

The estimation of the triplets (532,f?j,5\j)j:1,2,3 with the PLS-method together with the
confidence intervals as constructed in expression (5.3) are plotted in Figure 6.5.
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Fig. 6.5: Plots of the estimation of the triplets (5?, ¥js Aj)j=1,2,3 for the empirical data as

black points with confidence intervals in green.

In Figure 6.5 it can be seen that for the closest maturity of 77 = 08/08/2022 the volatility
&1 is highest but the drift 41 and intensity A; are lowest. Whereas with the cases of j = 2,3 we
can notice the opposite effect. This effect can be seen in more real-life data and can provide
an argument for time-inhomogeneous models instead of homogeneous models. However, a
more detailed analysis must be carried out to support and verify this argument. In the next
section, we will investigate a calibration with 19 maturities for a closer look at the time
dependencies of the parameters.

The finite-sample confidence intervals for these triplets (4.5), (4.8) and (4.11) were mostly
dependent on the underlying noise parameter d;; — and thereby d; — and the chosen cut-
off frequency U;. Furthermore, the confidence intervals also had a term with the previous
calibration j — 1 for j > 1. Recalling the estimated values in (6.2) and (6.3) it makes sense
that the first one has the lowest confidence intervals, the second one the highest, and the
third one just lower than the second.
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Estimation of v;(x)

The estimators of (v;(z));=1,2,3 were estimated by an inverse Fourier transform with separate
cut-off values (U,,);=1,2,3 to gain more accurate results. The constructed Lévy densities by
the PLS method and their confidence intervals (4.17) are plotted in Figure 6.6. All these
densities have a similar shape to what [10] and [44] already captured in the homogeneous
model.
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Fig. 6.6: Plots of the estimation of the jump densities (7;),;=1,2,3 in black with confidence
intervals in grey.

Figure 6.6 shows that there can be some fluctuations in the confidence intervals at the tails
of the density. The difference between these confidence intervals compared to the simulations
with the Merton model is that they do not look normally distributed. At a certain moment,
they look to hinge to 0 instead of a gradual convergence to 0. The confidence intervals then
get these minor fluctuations at 0 and take these into account in the confidence intervals.
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At the confidence intervals at 75 = 08/15/2022 and 75 = 08/26/2022 a bump can be no-
ticed before x = —0.25. These densities appear to be unimodal or have only minor additional
modes in the tails, which may be described as artifacts of the spectral calibration model —
these results were also shown by [44]. However, these modes scarcely occur on the positive
x-axis. A stylized fact from real-life data is that in price processes small jumps mostly occur
downwards, as is displayed by the peaks that are all centered at the negative x-axis.

Construction of path S,

Figures 6.5 and 6.6 show the Lévy triplets (6,7, 7;),=1,2,3 that governs the price dynamics
in every interval (T — Tj_1);=1,2,3 as described by the time-inhomogeneous model. Using
these parameters, paths of the price process using this time-inhomogeneous exponential Lévy
model can be constructed. Figure 6.7 shows two paths where in Figure 6.7a no jump occurs
and in 6.7b a jump occurs. The grey lines portray the maturities of Ty, T, and T35 where
the first grey line at 0 portrays Tj.
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Fig. 6.7: Two sample paths of the price dynamics S; against time modeled by a
time-inhomogeneous exponential Lévy model that follow from calibration of real-life data
of SPY options. The grey lines portray the 3 used maturities of the options.

The strength of the time-inhomogeneous Lévy models compared to the homogeneous
Lévy models was in the fact that it allows us to preserve almost all the tractability of Lévy
models — as with the homogeneous case — but it also enables us to reproduce the whole
range of option prices across all maturities by dynamics that specifically describe the process
between two maturities.

6.3 Real-Life Parameters over Time

To test the full capacity of the model and use all the data, let us consider calibrating a
time-inhomogeneous model with numerous maturities. This will also give insight into how
the parameters may change over time. The maturities and the number of data points at
these maturities that will be considered are:

"08/03/2022":128, "08/05/2022":160, "08/08/2022":126, "08/10/2022":135,
"08/12/2022":165, "08/15/2022":123, "08/17/2022":101, "08/19/2022":214,
"08/22/2022":74, "08/24/2022":96, "08/29/2022":102, "08/31/2022":111,
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"09/02/2022":136, "09/06/2022":60, "09/09/2022":109, "09/16/2022":288,
"09/30/2022":168, "10/21/2022":210, "11/18/2022":76.

We use the PLS method to calibrate all these Lévy processes to the underlying option
prices between all time intervals [T;_1,7}];=1,.19. Note that the time intervals are not
equidistant, in the month of August we have a lot of expiration days only several days
apart, but afterward the maturities can even be a week or more apart. In general, the closer
to the quote date of 29 of August, the more maturities and options listed at these maturities
an agent can find.

5t
(t)

(a) (67)j=1,...,19 (b) (%5)i=1,2,3

70

Fig. 6.8: Plots of the estimation of the triplets (532-, 77 S\j)jzl’m,lg for the empirical data as
black points with confidence intervals in grey.

Figure 6.8 shows the results of the estimation of the triplet (6,,%;,Aj);=1,....19 with con-
fidence intervals over the period of all maturities. Recall that in the previous section in
Figure 6.5 we got the estimates of (5;,7;, ;) at the dates 08/08/2022, 08/15/2022, and
08/26/2022. When comparing these to Figure 6.8 we can see that the estimates differ. The
reason behind this is that now we use much more maturities and the intervals between the
maturities are much shorter, such that the calibration takes place between different maturi-
ties with different characteristic functions. The coefficient over a longer period can be seen
as the average over all the shorter periods.

Furthermore, Figure 6.8 shows that the estimates and confidence intervals can signif-
icantly differ over time, especially close to the quote date. This confirms that the time-
inhomogeneous model is preferred over the time-homogeneous model where the parameters
are constant and only calibrated from the quote day until a certain maturity.

The time-homogeneous model would take the intervals [Ty, T}]=1,... 19 for calibrating and
one could make a time-dependent model by combining all triplets as suggested by Cont and
Tankov [16, Chapter 14.2.2]. However, the dynamics between maturities are then neglected
or over-counted, one would have an overlap between maturities, e.g., would the volatility
calibrated on the period [08/02/2022,08/15/2022] be a good estimate of the volatility on
[08/08/2022,08/15/2022]. The time-inhomogeneous model carefully uses all data to calibrate
between two maturities and would take certain events between maturities better into account
in the dynamics.

In Figure 6.9 all jump densities (j(z));=1,...10 with confidence intervals have been plot-
ted. It is visible that the width of the densities differs per maturity, some maturities are
narrow and peaked, while some are broader and more spread out. Therefore some Lévy
densities give more weight to more negative jumps than others.
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Fig. 6.9: Plots of the estimation of the jump densities (7;),=1,.. 19 in black with confidence
intervals in grey.

The confidence intervals in Figure 6.9 also differ quite much from maturity to maturity.
For example, 708/17/2022” is accurate where the next maturity ”08/19/2022” is less precise,
and then 708/22/2022” is accurate again. This is due to the different underlying noise
and chosen cut-off values per calibration. Also, the confidence intervals for the last 4 plots
709/16/2022”, 709/30/2022”, 710/21/2022”, and ”10/21/2022” look rather imprecise. The
reason here is that the calibration gets more difficult because the time frame is in the units
of weeks now instead of several days.

Using the results of Figures 6.8 and 6.9 paths of the underlying price process can be
constructed. Figure 6.10 shows two of these paths, where in 6.10a a path without jumps is
presented and in 6.10b a path with jumps is presented. The grey lines portray the different
maturities. In the beginning there are a lot of maturity dates and it decreases over time.
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Chapter 7
Conclusion

In this thesis, the time-inhomogeneous exponential Lévy model was introduced as a discrete
additive process. An estimation procedure for the nonparametric calibration using option
prices of these time-inhomogeneous models was constructed with the usage of the spectral
domain. The time-inhomogeneous model can incorporate all option prices over all maturities
and strike prices, which makes it a natural extension of the homogeneous model.

The underlying estimators of the process are asymptotically normally distributed under
certain conditions of the increasing cut-off parameter and decreasing grid size. Furthermore,
the calibration is well-defined, optimal convergence rates are found, and the inverse calibra-
tion problem has been inspected. From the difficulty of the inverse calibration, we found that
the calibration works sufficiently whenever the time between maturities- and volatilities do
not become too large.

Using the asymptotic variance of the normality results to create confidence intervals was
not sufficient. The limiting result does not necessarily portray the finite sample cases. Thus,
a new method that constructs the finite sample variance while disregarding the bias and
remainder terms was built.

In the simulations, options have been extracted from a time-inhomogeneous Lévy process
based on Merton models with 3 maturities a week apart. The calibration works for the
majority of the Monte-Carlo simulations, but some odd cases/miss-calibrations could be
noted. These odd cases could however be easily identified by the larger chosen cut-off values
and the in turn widened confidence intervals. For the usage of the exact error distribution
in the confidence intervals, undersmoothing should be employed to deal with the neglected
bias term. Whereas the Penalised Least Squares estimated error distribution leads to an
overestimation and an auto-penalization of this bias term.

Finally, the application of the constructed model to option prices of the S&P500 ETF
(SPY) provided us with the insight that the model and confidence intervals work well in prac-
tice whenever enough option prices at different maturities are listed. The calibration of many
maturities of the inhomogeneous model with confidence intervals showed us that the param-
eters differ over time, and this provided us with an argument for the time-inhomogeneous
model.

For future research, we recommend investigating the performance of the time-inhomogeneous
model in the pricing of exotic options, hedging, and risk management. Next to that, the
constructed non-parametric spectral calibration method could also be used to construct
goodness-of-fit tests to parametric time-inhomogeneous exponential Lévy models. As a last
note, the extension of the inhomogeneous model to the case of infinite jump activity might
also be theoretically interesting (See Trabs [48] for an extension for the homogeneous model).
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Appendix A
Proofs of Lemmata

Proof (Lemma 3.1) (Proof by Contradiction) Suppose that sup;c(o 71| arg g(t) — arg f(¢)| >
7. Then by the continuity of arg g(¢) and arg f(¢) we can employ the Mean Value Theorem
to conclude that there exists a ty € [0,7] such that |argg(ty) — arg f(to)| = m. This is
equivalent with g(tg) = —rf(tg) for some r € R<(. But then

£ (to) — g(to)] = (L +7)[f(to)] > [f(to)| = C.

This contradicts the assumption |f(tg) — g(to)| < C for all ¢t € [0, T]. O
Proof (Lemma 3.2) For the case of ¢ = 0, the bound becomes

(22 4 ¢)? =1 <max(2°71,1)((z*)° + ) =1,

and the inequality holds. Now let ¢ € R\ {0}. Define y := 22 and instead of considering x
it is easier to consider y > 0. Define f. : R>¢o — R>¢ as

(y +¢)*
y2q —|- ch )

fc(y) =

Note that the function f. has no singularities and that the derivative can be given by

dfe(y) (27 +2)2q(y + )" — (y + ¢)?92qy> !
dy (¥2q + c%q)?
2q(y +0)* 7 (Y1 + 1) — (y+ c)y*? 1)
(¥2q + c%q)?
B 2gc(y + )21 (c2q—1 . y2q—1)
a (y2q + c2q)? '

Furthermore, the function f. also satisfies

lim f.(y) =1,

Yy—00

and f.(0) = 1. Thus, we must either have that |f.(y)| < 1 for all y > 0 or |f.(y)| < fe(2)
with z a zero of df.(y)/dy. From the expression of the derivative, it is clear that df.(y)/dy
only has one zero on its domain which equals c¢. The value of this zero of the function is a
maximum and has the value f(c) = 22971, Hence, for any ¢,z € R and ¢ > 0 we have that

[fe(y)] < max(2*971,1)
holds, substituting y := 22 back and rearranging then completes the proof

(2% + ¢)*? < max(2*71,1) ((2*)*? + ¢*7).

109



110 A Proofs of Lemmata

Proof (Lemma 3.3) By the monotonicity property of integrals, it follows that

lim
U— oo

fu(v,w)gy (v, w)d(v, w)

/(071)2\(071—h(U))2

< lim C fu(v,w)d(v,w) = 0.
U=oo  J(0,1)2\(0,1—h(U))2

Thus,

1
lim / / fu(w,w)gy (v, w)dvdw = lim / / fu (v, w)gy (v, w)dvdw
U—oo U—oo 1—-h(U) J1-h(U)

Now it will be proven that this integral equals g(1, 1) by looking at the difference

/1 m/l nv w)(gu (v,w) = gu(1,1))dvdw

< lim / / (v, w)dvdw sup lgu (v, w) — gy (1,1)]
U—=oo J1_nw) J1-hU (u,v)E[1—h(U),1]2

lim
U—oco

by the assumptions in the Lemma. Concluding we have

lim / / fu(v,w)gy (v, w)dvdw = lim gy (1,1).

U—oo Uj—o0
]
Proof (Lemma 3.4) For the proof, we will show that the difference
mj—i
5 2 _ Z . .
Ulli)nooA ll Z ( j_lUj Ig —2C;_ ’w (1) J‘bj lk(U )26 2iB; ZU])
mj—1
= i, D ik <A?—le_Aj_lUj AT —e % twl (1270, (Uj)Ze_mBj_lUjAj_fz)

will be 0. By the assumption that §;_; € L**"(R) with n > 0 we can see by the Riemann
Integral that limy, o0 D poq 5? EWAVENEES 110;-1]]22 < oo. Therefore, it is enough to show

that the second part of the summation becomes 0 asymptotically,

lim Y A2 e U 2AT2 20l (1)2F by (U;) e 2B AT2 = 0,

U;—o0
J e

This is similar to bounding the term by any € > 0 provided that U; > 0 is large enough.
Thereafter, letting £ converge to 0 completes the proof. In expression (3.18) we already
proved the case without the term Aj__2[, thus it is enough to show that the second term is
bounded, indeed because if f, /g, — 1, h, € C and |g,h,| < C, then

lim ‘fnhn _gnhn‘ = lim ‘gnhnl ‘fn/gn - 1‘ < C lim ‘fn/gn - 1‘ = 0.
n—00 n— 00 n—0o0

Inserting Fb; ;1. (U;) = A;_1eVi%ir sine? (U; A;_), gives

m
. 2 —A;_U%?72 A—2 —2C; 2 20U;25 1 i il AL —2iB;_,U,
lim E Aj_jem T AT, — i= w](l) e~k sine™ (U; Aj—y) e <"7i=t7a,

Uj-)OO
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The absolute value of the second part converges to e_QCj—lw;j (1), so it is easily bounded,
which concludes the proof. L]

Proof (Lemma 3.5) Without loss of generality, we can assume that C' = 1, because if C' # 1
then we can replace z and Z by z/C and Z/C'. Furthermore, the result only needs to be proven
for positive real z, the rest of the complex plane for z thereafter follows by a rotational
argument ze'¥ and rotating Z in a similar manner.

So, without loss of generality, we assume C' = 1 and z € R™. Let us write 2 = x + iy
with (x,y) € R?. We then want to have |z| > 2, |Z] = 22 + y? > 1, and |arg z — arg Z| < 2.
The proof is based on showing that 1/4 bounds the real-valued function that satisfies these
conditions,

fi(R*\ {(z,y) : 2 +y* < 1}) x [2,00) = RT
defined by
Py, ) = 1108+ 1) —log(z) (x4+ iy —z)z
|z + iy — 2|

The optimization of the function is difficult and will be done by the computer. From the
computer, it is believed that the maximum of the function is attained at z = 2 and 22 +y? =
1. Moreover, the maximum will be located at the point such that the difference in the
argument is maximized. In our example this would be x = —1 and y = 0, leading to a
difference in the argument of m. Hence, combining everything results in

(3/2 —log 2)? + 2
34

N

f(z) < ~ (0.1299 <

which completes the proof. O

Proof (Lemma 3.6) The result will first be proven for the case &; = o, thereafter the

differences for the proves of v, and A; will be pointed out. Define A; = >7_ (T; — T;_1)o?

and recall
K, (v) = 2j—le—v2Aj/2+2RTj.

It is easy to see that
1 _ 1 eUQAj—élRTj < e’UzAj
K;(v)? 222 ™~ '

Using the symmetry of ng, ng (v) = w},j/U;’, and the properties of w;j € W, then for
the desired bound it follows that

U; U4 ij v U; U; 4
/ wdv ,S/ e”QAjU4|ng (v)|dov 5/ eV Ayt lv[*7dv
~U

. 2 s5:13
—-U; KJ(U) j —-U; Ujj
—s43) [T 34s, A0 v Ajv? 4;02] Y A;U7
< u, "’ / 021524, 0eM" dv S/ 2A;ve™" dv = {e v ] =e" Y,
0 0 v=0

For the cases of v; and A; the proofs are almost analogous, only use that ng is anti-
symmetric and ng = w, /U7 for ;, and ng = wj, /Uj for \;. O






Appendix B
Additional Details Asymptotic Normality fi;(x)

B.1 Bias Term &%

The Bias term £ is given by

1
2

o2 |
B / (T/Jj(’U) + —29 (v —i)2 =iy (v —i) + >\j> (1—wl (v))e ™ do.
R\[-U;,U;]

To show the asymptotic rate of the Bias term it is easier to analyze %42, by the triangle rule
for integration and the properties of wf{j € W,7, it follows that

Am? B* < /
R\[-U;,Uj]

o2 .
< / P;(v) + Ej(v —i)? —iyj(v—i)+ A | (1 - ng (v))e """
R
2
dv

2
dv

(77/}9'(11) + (v — z’)2 —iyi(v—1) + Aj) (1— ng (U))e—ivw

2
dv

:/ Z/Jj(v)Jr%(U—i)z—i%(v—’i)JF)‘J (1= w?(v)
R

v Z 115 (v)]?
d g/RwJ( )|

S

V28
-dw.
Sj

U

J

= /R Fu;(v)(1 — ng (v))

Now using the Fourier property .Z f*)(v) = (iv)*.Z f (v),

Al B2 < Uig' /

J

Z 3’ (v)

2
2s; —
oo | V=

]_ . 2 — 925 .

[ O 4o = 0 1
7R

The properties of u; € G,’ imply that || ,ujj H2L2(R) is a constant. Hence, it follows that

1 .
\@|§%Uj s 2 w)-

B.2 Decomposition of ¥ Term

The ¥ term was defined by
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To show the asymptotic normality of the ¥ term we again split up ¥ in Linear parts zgj , ‘Zl}j
and Remainder parts ,%’&, , %ﬁj, whereafter we will show that iﬁij is asymptotically normal
and %Lj is asymptotically negligible for [ = 0, 1.

Note that the ¥ term bears a lot of resemblance with the cases of (5?, ¥;,7;). The differ-

ence is in the fact that we now have a different weight function ng (v) and an extra term
e—iv:p.

Recalling the definition of 1%- = 1@? —zﬁjl and ¢; = w;) —wjl- and neglecting the stabilisation
of k(v,T;_;) in the log, we can write

v L[ [;log (%(”_?)) L g (SaTj_l(v_Z:)>]wffjf(v)e_i”dv.

2 g, | T =Ty er;(v—1)) T;—Tj o1, (v —1)

Splitting the log into linear terms and remainder terms with a Taylor expansion opens up a
way to write ¥ as

1 Ui i —vx
U = Dy . [L‘?(v) — Ejl (v) + Rg(v) — R}(v)] ng (v)e dv
. 0 1 0 1
= L) — L)+ A~ R, (B.1)
where for [ = 0,1 we have
1 ¢r, (v—14)—pr,_ (v—1) i
l j—l j—1 l l l l

T =Ty o1, (v — 1)

The goal is to show that the linearized terms fgj (v), jfulj (v) are asymptotic normal and
that the remainder terms ,%’2j (v),%}“ (v) are asymptotically negligible.

B.3 Normality of Terms flﬁj (v) in ¥

Firstly, the normality of the linearized terms fgj (v),,ﬁfl}j (v) will be evaluated. This will

be done by writing ‘Zéj (v) for I = 0,1 as a sum of the error distribution of the regression
model (¢);, — recall that these were centered independent sub-Gaussian random variables
with V[e; ;] = 1. Then we again show that the conditions of the Lyapunov Central limit
Theorem — given in 3.1 — again hold and we can imply asymptotic normality.

As in (3.14) the deterministic characteristic function will again be written as

-1

<.

o (-l

or,_, (v —1) = exp (TU <Z (T, —Tr_1) 0?) + v (
" (

" (1 - T, ("; o — A)) ; (Z (T, —T,_y) %m))

v
=.exp <_?Aj—l + iUBj_l + Cj—l + Dj_l('l))> .

(T, — Tr—1) (07 + ’Yr)>

r=1

l

1

At this moment, the goal is to write i”j as a sum of the independent (g; ), such that
we are in the form of Theorem 3.1. Using the properties of the weight function w,; € W?j
gives the result

1 Ui ; —vx 1 ! —wU,;x
l E;(v)w%(v)e dv = %Uj/lﬁé- (vUj)wij(v)e Ui du

w o |y

1 1 . 1 1 :
= %Uj/o Eé (UUj)wij (U)G_WijdU + Q_UJ/O ,Cg (—UUj)w}“ (—U)elvijdU

™
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1 1

wUj;x 1 wUjx

— %Uj/ Eé- (vUj)wij(v)e Uity 4 %U / L, (vUj)w}Lj(v)e Uit dy
0 0

T 2]

1 ! .
= —Uj/ Re (ﬁé (vU;) e ™Yi) w), (v)dv
0

Using expression (3.2), we can write Eé- (v) in a more basic form

1 w(l+iv) Y 0 81 kEj—1.6F b1k (V)

cl :
(v) = T; — T4 or;_, (v —1)

Substituting this, switching summation and integration, and switching integration and
taking the real part, we can find

mj—i

) U'(l—i-i"UU) Fb. lk(’UU) i T
L= E 0i_1 kEj / Re <w J I- e~ Ui )l (v)dw,
" 7TT TJ 1 JTbRERI o1, (vU; — 1) MJ( )
1 U & Lol (1 4 ioU;).Fbj 1 1 (0U;)
— O R. J Jj— —wUjz, 1 d
7T—T T E i—1,kEj—1,k e(/o SOTj,l(UUJ 3 e w,, (v) v

If, for £ =1, ...,m;_;, we define random variables

1 U LivU; (1 +ioU)Z b1k (0U;) i
X, = = J S R J J J—t J wUjz, 1 d
k W—Tj T, J—1,kEj—1,k e(/o oz (U, — ) e wuj(v) v,

then, from the properties that (e;5) are independent centered random variables with
Ve, k] = 1, it follows that (X}) are independent centred random variables with V[ Xj] =
o7 < co. Note that this is exactly the setting of Theorem 3.1 where fij =T => 11 Xk

The Lyapunov conditions in Theorem 3.1 need to be shown. Firstly, the variance s? g of

,fli will be looked upon. The result is stated as a proposition because the proof is rather
tedious and enduring.

Proposition B.1 Let 52, = /' 0} with of = V[X}?] < oo for k = 1,...,m and let
dj—1 € L"(R) forn>2 and 1 =0,1. As U; tends to infinity, then

Si’l = wl . (1)2dj,j—lAj—lUj_4 exp (Aj—lUj2) y
where we defined the constant
dj,j—l = 2 Héj_l‘lig (Tj — Tj—l)_2 AJ_—2Z exp (—QCj_Z) y
and the terms A;_; and C;_; are as in expression (3.14).

Proof (Proposition B.1) Using that Ele;_; ] = 0 and V[e;_; ] = 1, it follows that

mij—1

2 _ 2
Sn,l = § Ok
k=1

_ Z B2 /1 wU; (14 wU;) Fbj_ 1, (vU; )e_“’fowl (v)dv )
w2 (T; — T‘7 ) hk 0 ot (VU; — 1) "

Instead of computing the real part immediately, we will make use of the following identity

_\ 2
1
Re2z:<z—gz> :Z(z2—|—222—|—52),

and compute the three different parts instead. The problem can then be decomposed to



116 B Additional Details Asymptotic Normality fi;(z)

2 2 2
s, = § (Z2 + 27,7, + 17 B.2
L g2 (T TJ 1)? 1 ( ) (B-2)

with Z, fo v)dv and Z == fo v)dv for the function

f(z,v) =

iUUj (1 + wU; ) b] I,k (UU )e—ivUj:cwllb(U)'
@Tj—l(UUJ ) !

We start with the simplification of the term Z2,

2
I’S — /1 2szj (1 + ZUU ) b] L,k (UU ) e ijasw'LlL (’U)dU
0 exp (— 2Uj A2+ iwU;Bj_;+C;_1+Dj;_ (UU-)) J
_/ / iwUj (1 +ivUj) iwU; (1 +iwU;) Fbi_ i (0VU;) Fbj_y 1 (wU;)
o exp (— (v2 +w?) U?Aj1/2+i(v+w)U;Bj 1 +2C; 1+ Djy (vU;) + Djy (wU;))

e WlUiTe ””Uﬂmw/i (U)wij (w)dvdw

= —UJZ exp (—2C;-1) /0 /0 vwexp (Aj_; (v + w?) Uj2/2) (1+4vU;) (1 4 iwU;) g(v, w)dvdw
1 1
= —Uj2 exp (—2C;_;) </0 /0 vwexp (Aj_; (v + w?) Uj2/2) g(v, w)dvdw
1 1
+iU; / / vwexp (A4, (v + w?) Uj2/2) (v+ w)g(v, w)dvdw
o Jo
1 1
—UJZ/ / vwexp (Aj_; (v° + w?) Uj2/2) ~'Uwg(v,w)dvdw> :
o Jo

with ¢ defined as

Fbi_1 (VU;) Fbj_y i (wU;) e”WViTemiwlie ol (0wl (w).
exp (i(v +w)U;B;_; + D;j_; (vU;) + Dj—; (wU;)) 14

g(v,w) =
In a similar manner, the terms Z2 and Z,Z; can be expressed as
1,1
Ts2 = —Uj2 exp (—2C;_) (/ / vwexp (A;j_; (v + w?) Uj2/2) g(—v, —w)dvdw
0o Jo
1 1
+iU; / / vwexp (Aj_; (v + w?) Uj2/2) (—v —w)g(—v, —w)dvdw
0o Jo

1,1
—sz / / vwexp (Aj_; (v¥ + w?) Uj2/2) vwg(—wv, —w)dvdw)
o Jo

and
1 1
1.1z = Uj2 exp (—2Cj_y) - (/0 /0 vwexp (4, (v + w?) Uj2/2) - g(v, —w)dvdw
1,1
+iU; /0 /0 vwexp (Aj_; (v + w?) Uj2/2) (v —w)g(v, —w)dvdw

1,1
—Uj2/ / vwexp (Aj_; (v + w?) Uj2/2) - —vwg(v, —w)dvdw> .
0o Jo

For evaluating these integrals even further Lemma 3.3 will again be used as in the case of
7, only now the function g(v,w) is slightly different.
Remembering the solution of the Fourier transform .#b; ;(v) in expression (3.3), it can
be shown that limy, o g(v,w) is not necessarily finite.
For applying Lemma 3.3, the function gy, (v,w) will be defined as
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gu, (v,w) = vwexp (2iU;(Bj_; + x)) Fbj 1. (U;) " g(v, w).

With this new addition, limy, o gu, (1, 1) exists and is finite. Hence, we need to check the
conditions on gy, and we need to find functions fy, which converge to a Dirac delta function
at (1,1). Rescaling the other factors in the integrals, such that these integrals are in the form
of Lemma 3.3, gives

fo,(v,w) := AJZ-_ZU;1 exp (—Aj_lUJZ) vwexp (A;j_; (v 4+ w?) Uj2/2) =: F(v) - F(w).

The h(z) function in Lemma 3.3 will be chosen to be h(x) = 273/2, it is easy to see that
h(z) | 0 as * — oo. Now the conditions of Lemma 3.3 will be checked on this particular
fu, (u,v) function

2

1 1 1
i , = 1 F =1
Ujlinoo /1—U.3/2 /1—U<3/2 fu; (v, w)dvduwo Ujlinoo </1U3/2 (U)(h’) ’

1 1 1
lim / / fu,; (v,w)dvdw = lim (/ F(v)dv) =1,
Uj—>OO 0 0 Uj—>OO 0

where it was used that

1

1
/ F(v)dv = exp (—Aj_lUJZ/Q) / "UAj_lsz exp (Aj_lfu2Uj2/2) dv
b(Uj) b(Uj)

= exp (—A;1U2/2) - [exp (4;_10*U2/2)],

b(Uj)
— exp (—A;_U?/2) - [exp (A, U?/2) — exp (Aj_l (b(U;))? U? /z)}
=1 —exp (—A; U7 [1 - b(U;)?] /2).

The function f is thus satisfactory. What remains to check is the boundedness of gy on the
unit square and we need to check that

lim sup |9, (u,v) = gu, (1, 1)| = 0.
Uj—o0 (u,v)E[l—U*3/2,1]2

First of all recall

gu, (v, w) = vwexp (2iU;(Bj_; +x)) Fbj (Uj)_2 g(v,w)
VW Lgbj_l’k (UUJ) Lgbj_hk (’U]U]) 1 1 (w) eXp (2ZU.7 (B]_l + x)) e—Dj_L(”UUj)—Dj_L(’UJUj)

w;,  (v)w;, . .
Fb, 1 (U))? s O, () e o+ )0y (Bt + 7))

The assumption is made that U; > ¢ for a certain ¢ > 0. For ease of notation let
gzbj_l,k (UUj) gzbj_l’k (ij)
Fbj—15 (U;)°
ga(v,w) =exp (i(2 —v—w)U;(Bj_; + x)), gs(v,w)=exp(—D;_; (vU;) — D;_; (wUp,))

, g3(v,w) = w, (V)w, (w)

gl(v7w) = vw, gQ(an) =

Note that gi,93 and g4 are uniformly bounded on the unit square. Also note that
Fuj(xr) — 0 for x — oo. Hence, D;_; is a bounded function, which implies that gs is
bounded uniformly. Proving boundedness of g, recall expression (3.3), then

sinc? (vU; A, /2) sinc? (wU; A; 1 /2)
Sin02 (UJAJ’]{/2>

g2(v,w) = exp (—i(v+w —2)Ujx; 1A, %) - (B.3)

where A;_; = |z;,—1 — zx|. We can find a ¢ > 0, such that for all U; > ¢ we have
sinc® (U;A;_;) > 1/2, which leads to the bound
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1
— <2
S1mc (UjAj_l/Q)

sinc? (vU;A;_1/2) sinc® (wU; Aj_;/2) ' <
SiIlC2 (UjAj_l/Q)

|92(v, w)| <

So, go is bounded on the unit square. Putting everything together we can conclude that
g(v,w) is bounded on the unit square.

We note that §; - g3 is continuous in (1, 1). Moreover, the second part of g» in expression
(B.3) also behaves satisfactory. Thus these factors can be taken out of the equation. Note
that, gs converges uniformly to 1 for U; — oo because of the smoothness of 1;(x). The only
problems thus occur in the first part of go in expression (B.3) and in gq,

sup 1G4 (v, w) — 1] = ’exp (z (2 - (1 - Uj—3/2) - (1 - U;?’/?)) U;(Bj_ + 33)) - 1‘
(v,w)e [1—Uj_3/2,1} ?
_ ‘exp (z UTM(B L + x)) — exp(i - 0)( < ‘Uj‘l/z(Bj_l + x)‘ 0.

Similarly, the first part of go can be controlled. This completes all the conditions of the
function gy, (v,w) in Lemma 3.3. To conclude, now we have found and checked the functions
fu,;(v,w) and gy, (v, w) in Lemma 3.3 and we can use these functions to solve the desired
integrals.

From this Lemma, it appears that all the integrals in the final expressions for Z2, Z2 and
7,I3 converge equally fast to 0 and the dominating term is the last one with the U ;1 factor
in front of it. Henceforth, the first two integrals will be left out of the equation. Reminding

the extra term of gy, (v,w) with respect to g(v,w), using Lemma 3.3 the limit is found to
be

lim IgA?_l exp (—Aj_lsz) Fbi_ik (Uj)_2 exp (2¢U;(Bj_; + x))

Uj-)OO

1 1
= lim exp(—2C;_) / / fu, (v, w)gu, (v, w)dv dw = exp (—2C;_;) Ulim gu,(1,1)
0 0 j—>00

Uj-)OO

= exp (—2C;_;) wij(1)2 lim exp(—2D;_; (U;)) = exp (—2C;_) wlllj (1)%.

Uj—>OO

In a similar manner, the other terms Z2 and Z,Z; their convergence can be deduced

. 2 .
lim Z2A7  exp (—A;1U3F) Fbjx (U;) ~exp (=2iU;(Bj_; + x)) = exp (—2C; 1) w,, (1)?,

Uj—>OO

lim IUIEA?_Z exp (—Aj_lsz) |ﬁbj’k (Uj)‘_2 = exp (—2Cj_l) wij(l)z.

Uj—>oo

Recalling expression (B.2) for 5121,17 the asymptotic variance 5721’ ; will be found by consid-
ering the following adapted limit

82

lim I (B.4)
Uj—o0 A U A2 exp(A;_1U?)

mj—i

1 . _
! 85 1w A5 exp(—A;1U?) (2 + 21,75 + 13) .

(B.5)

An important remark to make is that when U; — oo the maximum distance between the
grid points needs to go to zero A;_; — 0, and thereby the number of observations needs to
go infinity m;_; — oo.

All the different limits for Z2,7,Z; and Z2 will be individually considered by replacing
the summands by their respective asymptotic behavior. Note that this is not a trivial step
and should be proven. The result is given in Lemma (B.1).

Lemma B.1 Under the assumptions of Proposition 3.2,
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mjl

A 2
UhinooAJ l E : e A eI
mi4—1
. — 2 _9; . .
:Uhm Aj_ll g 532'—1 e 2= wu (1)2.7b; 1, (U;)? e 2Bi-iF2)U;
—00 ’

The steps of the proof of Lemma B.1 are completely similar to the steps of the proof of
Lemma 3.4 — the different term e~2*(Bi—1+2)U; cancels while taking the absolute value of the
second term as in the proof of Lemma 3.4.

Recalling the Fourier transform of b;_; 5 in (3.3) and the definition of the Riemann inte-
gral, we can derive

mg—1
—A; L U?
A zZ N T N
mi—1
204 2 1 —2i(Bj_1+2)U; A—1 2 . )2
= et (1) lim e (Bi-1Fm)Us A, ; 071 1 Fbj—ik (U))
mj—i
C;y : —2i(Bj_14+2)U; i1 o Ujaj_
= e 2%ty (1)2U}1Lnooe 2B A sine® (U; A521/2) Y 67 xe®Vimimtk Ay
k=1
= ¢ 20i- ’w/i (1) Ulim e 2UBi—1+2)Uj ginct (UjAj_l/Q)/ 6;_1(x)*e* Vi dy
j—ro0 —00
= ¢t (1)? lim em 2Bt 0 sinet (U; 4/2) Z65_, (2U5) - (B.6)
j 00
In a similar manner,
miy—1 )
—A;U? 72
A A ZZ i Aj e BT
mig—1
— 6_2Cj_lw/11,j(1)2 Uhi)nOO BZZ(Bj_l—I—x)UjAj—_ll Z 5‘72'_17]{;9[)‘7‘—[,]{; (_UJ)Q
J —
= e_2cj—lwij (1)? Ulim 21 (Bi—i+2)Uj gt (=U;4;_1/2) 9532‘—1 (—2U;) (B.7)
j—>00
and
miy—1
—A; U2
UhglooAJ lz L pAf e LT
mj—1
et} (1) lim A lZ ok | Ty (U)]

Uj—o0

— 205 wu (1)2 Ulgnoo SiIlC4 (UjAj_l/Q)/ 5j—l($)2 dx

: : 2
— ¢~ 2051 wuy(1>2 U}gnoo sinc® (U;A,-1/2) [|6;-1]|72 - (B.8)
We have assumed § to be an L?T" with n > 0 function, hence f@z_l (2U;) — 0 as
U; — co. Moreover, U;A;_; — 0, thus sinc® (U;4,_;/2) — 1 as U; — oo. So, we can

conclude that expressions (B.6) and (B.7) are equal to 0 in the limit. Furthermore, expression
(B.8) becomes

mjl

—A. 2 _ : . . 2
lim A ZZ L AS e MU LT = e, (1)7 lim sine® (U5 A5-/2) (1652l 7z -

Uj—o0 Uj—o0
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Using expression (B.5) the asymptotic variance 812171 is then found to be

1
sy =AU AS zeXP(Aj—zUQ)'1(0+2'4(Tj—Tj—1) “2Cy) (1) |65 1HL2+0)

n,l —
=2 H(Sj—l”H (15 - Tj—l)_2 Ag e 2 wu (1)*- Aj—lU]—ZleAjflUj

1 2 —4 A;_,U?
:wuj(l) dj,j—lAj—lUj eIt

where we had the constant

2 —2
djj—1=20;-1ll72 (T; — Tj—1) A‘7 e 2t

U

2

n,l
body of UJQ-. In the Lyapunov Central Limit Theorem 3.1 next to the variance also a bound
for E|X,.|>" needed to be found. Note that the only difference with the case with p;(x)
compared to o;(z) in X}, is the different weight function wu, and the factor e=*Yiv®  This
last factor cancels in the absolute signs and the weight function is again bounded. Thus, the
derivation becomes similar and we find the same expression as in (3.23). The verlﬁcatlon of
the Lyapunov condition is therefore also completely similar.
Hence, with Theorem 3.1 we can imply that

This asymptotic variance sZ ; is the same as we found earlier for the case in the main

l
gﬂj _ T
3 773

4 N(0,1), forl=0,1.

B.4 Remainder Terms %Lj in ¥

In this section, we want to investigate if and under which conditions the asymptotic remain-
der term will be negligible asymptotically.

The idea is again going to be that we are going to look at certain conditions such that
asymptotically when U; — oo and A; — 0 we have

P
R, fu;(Us, Aj) =0,
where the function f,, (U;, 4;) is given by
1 sze_UjQ S (Ti—Ti—1)0? /2

f/,LJ(UJ,AJ):—g '
Ui \/dj,jAj + dj,j—lﬂj_le_UjQ(Tj—Tj—l)af-

Note that f,,;(U;, 4;) is a positive deterministic function and IP stands for convergence in
probability.

This function f, (Uj, A;) may feel arbitrary now, but it will be shown that this function
is coupled to the asymptotic variance s2 of the previously considered 532 by fuf (U;,4;) =

jw,, (1) Ry, iy (@) —p; (z)
52 . We actually want —Z to become 0, because then we can conclude that =~~~ —
N(0,1). E '

Markov’s inequality will be used with the convex function 2 to bound the convergence
in probability, i.e., let € > 0 then

2
So we want to find a bound for E [‘%LJ ’ ] . Fortunately, it will be shown that the deriva-

P (1, 8)| > <) = e[| 1,05, 4[] = P [1

tion will be identical to the triplet in the main part of the thesis.
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Before we begin, recall that we did define
! 7l ! l ! i I U .
R;(v) = ¢;(v) —¢;(v) — L5(v) and £, = /_U‘ R (v)wls (v)e= " do,

Note that %Lj is a random variable, because it is connected to the error terms (g ).

The term Ré (v) is exactly the same as in the case 7. In expression (3.26) we already
derived the bound

RY| < %(Tj —Tj1) K (0) 2 (vt +07) ‘ﬁ(@j—l — 0j-1)(v) 2
S K5 a(0) 20+ )| #0510 - 05 )]

~Y

Now for E [L%LJ \2} we get the bound:
Uj : 2 Ui i
F [wgij‘z} ) ! /U Ré.(v)ng(v)e_wmdv‘ ] <E (/U \Ré(v)”wf{; (v)|dv>

We see that the deviating term e~*** cancels and we are in the same position as with the
o; case where only the weight function w,ﬁjj (v) differs.
The only difference thereafter occurs in Lemma 3.6, where it can be shows that for the

weight function ng (v),

U. U,
/ ! U4|wu; (U)|d’U < ieU]? gzl(Ti—Ti_ﬂaf
~U; K;(v)? Y

Hence, following the same steps with the same conditions imposed we find the result

1 2= U5 I (Ti=T; 1)o7 /2
] 5o. (B.9)

R —
1 773
Y \/dj,jAj +dj o1 Ajge” Vi Ti-07

whenever the same asymptotic conditions are satisfied
2

AjU;leUJz Zz:l(Ti_Ti*l)a? — 0 and —Aj_l U;'lerQ(Zz;f (Ti_Tifl)UiQ_(Tj_ijl)O'JQ') — 0.
A;






