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A B S T R A C T

The oscillation of a graphene flake on a substrate with undulated surface is investigated by classical molecular
dynamics simulation. The gradient in amplitude of the undulation is found to provide the driving force for the
motion of the graphene flake, which slides on top of a graphene layer that well conforms to the substrate. The
oscillatory motion of the flake can be well described by the equation of motion of a damped oscillator, with
damping factor corresponding to the friction coefficient between the flake and the graphene layer on which
it glides. When the amplitude gradient increases, the oscillation frequency increases as well. The shape of the
graphene flake is found to have a strong influence on friction, as some geometries promote in-plane rotation.
The results in the present study point to an alternative approach to transport or manipulation of nanosized
objects.
1. Introduction

Manipulating or transporting nanosized objects is an intriguing
research topic, which has a great application potential in the fields of
nanorobotics, nanoscale cargoes and motors [1–7]. A way to drive the
movement of nanosized objects is to introduce an external or internal
potential field around the object. Commonly used approaches involve
the application of an external electrical, optical or acoustic field to
initiate the motion [8,9]. For instance, with the aid of an electrical
field, water can be pumped through carbon nanotubes [8], and the
diffusion of the chiral nanoparticles can be manipulated by external
acoustic or optical fields [9]. However, these approaches require com-
plex multiphysical setups. Alternative methods include the introduction
of a chemical potential gradient on a chemically modified surface
or a temperature gradient to induce the movements of nanodroplets
and carbon-based nanostructures [5,10–12]. Also, purely mechanical
approaches have been recently developed, where the gradients of me-
chanical properties or deformation are introduced to supply a driving
force. For instance, a tapered nanoscale channel can be used to guide
the motion of nanotubes [13]. Similarly, graphene substrates with a
stretch-induced strain gradient or with a displacement-induced curva-
ture gradient could be used to precisely transport molecular mass [14,
15]. It was discovered that nanoscale sliders on a graphene substrate
move toward the region of higher stiffness, therefore its motion can

∗ Corresponding author at: Department of Industrial Engineering, University of Padova, Via Gradenigo 6/a, 35131, Padua, Italy.
E-mail address: lucia.nicola@unipd.it (L. Nicola).

be manipulated through changing the stiffness gradient of the sub-
strate [16]. Additionally, the potential gradient deriving from some spe-
cially designed nanostructures, as the Archimedean-like spiral-shaped
carbon nanotubes [17], provides the driving force that supports its use
as a nano-oscillator.

Surfaces can now be patterned with tiny features that can be
precisely constructed and tuned at the micro and even nano-meter
scale [18–21]. For example, surfaces can be patterned as a collection
of micropillars, and used to initiate the motion of fluid droplets when
the micropillars of similar height but various cross-sectional area [20].
Motivated by these studies, we demonstrate that the amplitude gradient
of an undulated rough surface can provide the driving force for the
motion of a nanosized flake. In this study, an undulated copper surface
covered by a graphene layer serves as the substrate, and the movement
of a graphene flake on it is investigated by classical molecular dynamics
(MD) simulations.

2. Methodology and materials

The constituents of the atomistic model, presented in Fig. 1, are
a copper substrate with an undulated surface of varying amplitude, a
single pristine graphene layer, and a square-shape graphene flake. The
dimensions of the copper substrate are 10.0 × 60.0 × 1.0 nm3.
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Fig. 1. (a) The constituents of the model: the undulated copper substrate with an amplitude gradient, graphene layer and graphene flake. (b) The full model after positioning the
graphene layer on top of the copper substrate, and the graphene flake on the graphene layer.
To prepare the undulated substrate, a thin layer of copper single
crystal of lattice constant 𝑎 = 3.615 Å is first constructed. The origin
of the Cartesian coordinate system is set to be in the middle of the
substrate. The lattice is oriented such that the [110], [112] and [111]
directions correspond to the x-, y- and z-directions, respectively. The
surface topography is obtained by displacing the atoms of the substrate
such that the surface profile fulfills the following equation:

𝑧(𝑥, 𝑦) = 𝐴(𝑦)𝑐𝑜𝑠(𝜔𝑥) + 𝐴(𝑦), (1)

where 𝜔 represents the frequency of the sinusoidal wave along the
x-direction [22,23]. To realize the amplitude gradient along the y-
direction, 𝐴(𝑦) is chosen as a function which linearly decays from the
two ends of the substrate to the middle, and has the form

𝐴(𝑦) =

{

−𝑔𝑦, 𝑦 ⩽ 0
𝑔𝑦, 𝑦 > 0

(2)

where, 𝑔 is the amplitude gradient, that we herein assume to be
constant. To simplify the simulation and model, the copper substrate
is then taken to behave as a rigid body. The graphene layer is 24.0 nm
wide in the x-direction and the same size as the copper substrate along
the y-direction. The zigzag direction of the graphene layer is along the
x-direction, and the arm-chair direction is along the y-direction. The
edge length of the square-shape flake is 9.8 nm, a bit smaller than the
width of the substrate. To prevent the formation of a commensurate
state between the flake and the graphene layer, the zigzag direction of
the flake is taken along the y-axis, the arm-chair direction along the
x-axis. Fig. 1a depicts the atomic configurations of the substrate, the
graphene layer, and the flake before relaxation.

The covalent carbon–carbon bonds in the graphene layer and the
flake are described by the Adaptive Interatomic Reactive Empirical
Bond Order (AIREBO) potential [24]. The Van der Waals interactions
between the graphene layer and the copper substrate, and those be-
tween the flake and the graphene layer are described by the classical
6–12 pairwise Lennard-Jones (LJ) potential. The LJ parameters for
the copper substrate–graphene interaction are adopted from previous
work [25] with a well-depth of 𝜖 = 27.58 meV and an equilibrium
distance of 𝜎 = 0.3083 nm. Following [16], the potential well-depth
for the interaction between graphene layer and flake is 𝜖 = 2.968 meV,
and the equilibrium distance is 𝜎 = 0.3407 nm.

At the beginning, the graphene layer was positioned on top of the
undulated copper substrate. A static energy relaxation was first per-
formed in order to minimize the energy of the system. Next, the atomic
model was dynamically equilibrated for 200 ps within the framework
of a canonical ensemble (NVT), and a Nosé–Hoover thermostat [26,27]
was used to control the temperature at 300.0 K. After the equilibration,
the graphene layers conformed well with the substrate, such that the
2

undulation of the copper substrate was transferred to the graphene
layer. Then, the graphene flake was position at one of the ends of
the substrate. In order to start with the flake at a fixed position, the
y-coordinate of the atoms at one edge of the flake was constrained.
The whole system was further equilibrated at 300 K for another 50
ps. After the thermodynamic equilibration, the graphene flake also
conformed well with the substrate and became undulated, as shown in
Fig. 1b. Following equilibration, the microcanonical ensemble (NVE)
was employed for the whole atomic system, and the temperature was
adjusted by a thermostat of the Berendsen type [28] with damping
parameter 𝜏 = 0.2 ps. Simulations were also performed (but not shown
here) without the use of a thermostat, and results demonstrated that
the presence of the thermostat affects the oscillation of the flake only
negligibly.. The simulation started when the constraint at the boundary
of the flake was removed, and the motion of the flake initiated toward
the direction of decaying amplitude, i.e., toward the center of the
substrate.

3. The oscillatory motion of the flake

Several representative positions of the graphene flake at different
simulation times are shown in Fig. 2. At the beginning of the simula-
tion, the graphene flake is positioned at one end of the substrate. Its
motion is initially restricted by blocking the displacement of one of its
edges. Both the graphene flake and the graphene layer well conform
to the undulated profile of the substrate. Therefore, the flake has a
periodic out-of-plane bending deformation of magnitude that decreases
when going from the border of the substrate toward its center (Fig. 2a).
When the edge of the flake is released, the flake starts to move toward
the direction with decaying amplitude (Fig. 2b). As the flake moves to
the middle region of the substrate where the amplitude is lowest, its
translational velocity reaches a maximum (Fig. 2c). After crossing the
middle region, the flake continues to move forward toward a region of
increasing amplitude, albeit with decreasing velocity (Fig. 2d). When
the velocity vanishes, the flake reaches the other end of the substrate
(Fig. 2e). At this point the gradient in amplitude induces the flake to
revert its motion (Fig. 2d), and the whole process repeats until the
dissipation due to friction fully damps the motion of the flake. Indeed,
owing to friction, the position reached at the end of each period is not
the same as the initial position but progressively closer to the center of
the substrate.

Fig. 3 records the position (a), the velocity (b), and the acceleration
(c) of the mass center of the flake during the simulation. It is clear that
the flake oscillates around the middle of the substrate, with oscillation
amplitude gradually decreasing with time and that the velocity is maxi-
mum when the acceleration is minimum and vice versa. When the flake
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Fig. 2. At different simulation times as shown in (a) ∼ (f), the graphene flake moves to different positions.
moves horizontally, its rotation angle with respect to the z-direction
varies in a small range, between −3.0 and 3.0 degree, indicating that
the flake does not change into a commensurate state with the substrate,
so that the static friction between the flake and the substrate remains
constant and low at all times.

The periodic oscillation of the flake is a result of the conversion
between the potential energy and kinetic energy of the atomic system.
The total potential energy 𝑈tot of the atomic structure can be expressed
as follows

𝑈tot = 𝑈bond + 𝑈bend + 𝑈interfacial (3)

where 𝑈bond refers to the atomic bonding energies of the individual
components, copper substrate, graphene layer and graphene flake, 𝑈bend
refers to the bending elastic energy of the graphene layer and that
of the flake, and 𝑈interfacial to the interfacial potential energy between
flake and coated substrate, which comprises the interaction between
flake and graphene layer, graphene layer and copper substrate, and also
copper substrate and graphene flake. When the flake moves, there is
no occurrence of bond-breaking or rebonding, so that the first term is
constant. The only terms in Eq. (3) that change significantly while the
slider moves are the elastic bending energy of the graphene flake and
the interfacial energy between the flake and the coated layer. Variations
in bending energy and elastic energy translate into a variation of the
kinetic energy, and partially into heat because of friction (see in Fig. 4
how the quantities oscillate during the simulation). When the sum
of the interfacial and elastic bending energy decreases, the kinetic
energy of the flake increases, indicating that the potential energy is
3

transformed into kinetic energy, and vice versa. The attractive energy
between flake and layer decreases when the flake moves from the end
of the substrate to the middle, because the substrate becomes flatter
and the two surfaces get closer. While both the kinetic energy and the
interfacial energy exhibit a regular oscillation, the bending energy has
a less regular pattern (see Fig. 4). This is due to the random in-plane
rotation of the flake, which induces an irregular release of the elastic
energy.

The interfacial force distribution of the flake is shown in Fig. 6(b)
for three representative positions indicated in Fig. 6(a): the two ends of
the substrate and its middle. The substrate has a higher local undulation
in the region close to the two ends, and a lower local undulation in the
middle region. Thus, the flake becomes relatively flat when it moves to
the middle region.

The interfacial force is calculated at a specific time, by first freez-
ing the instantaneous morphology of the atomic structure. Then, the
calculation of the interafacial force acting on an atom of the flake is
performed by adding the contributions of the atoms that are in the
graphene layer, covering the substrate, and the copper atoms that are
inside of the cut-off radius.

Note that the atomic forces mainly concentrate around the higher
parts of the undulations where the curvature is largest. When the flake
is in the middle region, the negative and positive forces are nearly
homogeneously distributed among the flake atoms, which result in a
zero net force. The force distribution originates from the fact that the
amplitude gradient mainly varies along the ‘ridges’ of the flake.
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Fig. 3. (a) The position of the flake mass center changes with time. In (b), (c) and (d), the variation of the velocity, acceleration and rotation angle of the flake with respect to
time are depicted. In the figures, the dash-dot-dot lines are the results of theoretical model.
Fig. 4. The variation of the kinetic energy, the interfacial energy, and the elastic
bending energy of the flake with respect to simulation time.

4. The equation of motion of the flake

The equation of motion of the flake can be approximated as

𝑚�̈� = 𝐹p + 𝐹f , (4)

where m is the flake mass, y is the position of its center of mass, 𝐹p is
the driving force and 𝐹 is the friction force. The friction force is known
4

f

to be proportional to the velocity as 𝐹𝑓 = −𝛾 �̇�, with 𝛾 the damping
coefficient.

In the assumption that the flake can be regarded as a body with
a single degree of freedom, the driving force with respect to the
y-coordinate can be derived from Eq. (3) as

𝐹p = −
𝑑𝑈tot
𝑑𝑦

= −
𝑑𝑈bi
𝑑𝑦

= −
𝑑(𝑈bend + 𝑈interfacial)

𝑑𝑦
. (5)

Here, 𝑈bi represents the sum of the bending and interfacial energies.
In Fig. 5a and b the variations of the bending energy and of the

interfacial energy are shown as a function of position, when the flake
moves from one end of the substrate to the other. For both energies
the data points can be well fitted by a quadratic function. Previous
studies demonstrated that the bending energy of graphene can be
approximated by a function of curvature 𝜅, 𝑈bend = 𝛼𝜅2, where 𝛼 is
a material-dependent constant [29]. In these simulations the curvature
of the flake is not constant, but decreases with the amplitude of the
substrate, and, on average, decreases with 𝑦. The interfacial Van der
Waals potential energy is also linked to curvature, as demonstrated
also by [15] and from Fig. 5a does also depend quadratically on 𝑦.
Therefore, the data for the bending and interfacial energy 𝑈bi can be
described by a parabolic function of the form

𝑈bi(𝑦) = 𝑎𝑦2 + 𝑏 𝑦𝑙 ⩽ 𝑦 ⩽ 𝑦ℎ, (6)

where a and b are fitting parameters, yl and yh are the lower and upper
bounds of the slip path of the flake. By substituting Eq. (6) into Eq. (5),
the driving force is found to be 𝐹p = −𝑑𝑈tot∕𝑑𝑦 = 𝑘𝑦. The value of k
can be obtained by fitting the interfacial force distribution in Fig. 5d,
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Fig. 5. The variation of the (a) bending energy, (b) the interfacial energy, (c) the potential energy, and (d) the interfacial force versus the position of the mass center of the flake.
The dash-dot-dot lines are the quadratic and linear fittings of the data points.
Fig. 6. (a) Positions of the flake on the substrate where (b) the height of the flake and the interfacial force distribution are calculated.
which can be well approximated by a linear function passing through
zero when the flake is in the middle of the substrate. The fitted value
of k is 0.0217 N∕m. The scatter in the data points is caused by the fact
that the flake does have more than a single degree of freedom, and does
both rotate around the z-direction and vibrate along the x-direction.

The damping coefficient 𝛾 can instead be obtained by fitting the
decaying oscillation magnitude in Fig. 3a, and is found to be 0.0804 pN
s∕m. Fig. 3a and b compare the flake trajectory predicted by Eq. (4)
5

with the fitted coefficients and the simulation data. The agreement con-
firms that the movement of the flake on a substrate with an undulation
with amplitude gradient can be well described by a damped harmonic
oscillator.

The frequency of the flake oscillation can be tuned by changing
the gradient of the amplitude. Fig. 7a shows how the amplitude gra-
dient, ranging between 1.5 and 9.0 ×10−3, influences the oscillation
frequency. Note that a larger amplitude gradient leads to a higher oscil-
lation frequency of the graphene flake. A linear relationship between
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Fig. 7. (a) The oscillation frequency of the flake with the amplitude gradient. A dashed-dotted line indicates the linear behavior of an harmonic oscillator. (b) The variation of
the interfacial force with the amplitude gradient. Open symbols are the simulation data, the lines are the linear fits.
Fig. 8. (a) Three models with flakes of different shape. (b) The variation of the flake position versus time. (c) The dependence of the interfacial force on flake position. In the
figure, open symbols are simulation data, solid lines are fits. (d) The variation of flake rotation angle versus time.
frequency and amplitude gradient is to be expected when friction is

negligible (the damping coefficient is very small) and the behavior of

the flake can be approximated to that of an harmonic oscillator, with its

typical frequency 𝜔 =
√

𝑘
𝑚

. This can be seen by noting that the energy
of the flake depends on the square of the curvature 𝜅 [29] as

𝑈 = 𝛼 𝜅2(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦; (7)
6

∬

where 𝛼 is a material constant, and that the curvature for small 𝑔 can
be approximated as being linear in 𝑔:

𝜅(𝑥, 𝑦) = 𝑔𝑦
𝜔2𝑐𝑜𝑠(𝜔𝑥)

[1 + 𝑔2𝜔2𝑠𝑖𝑛2(𝜔𝑥)]
3
2

≃ 𝑔𝑦𝑓 (𝑥). (8)

Therefore, the driving force is

𝐹 = −𝑘𝑦 = − 𝜕𝑈 = −𝐶𝑔2𝑦, (9)

𝜕𝑦
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where C is a constant that depends on the material and dimensions of
the flake.

Clearly, in our simulations friction is non-negligible, or motion
would not be damped. This constitutes a deviation from linearity: when
the amplitude gradient is larger, the driving force and the velocity
are also larger, so is friction. Also, with increasing amplitude gradi-
ent, the curvature increases and does no longer depend on gradient
quadratically, thus there is an additional deviation from linearity.

Fig. 7b shows that the interfacial force experienced by the flake
varies almost linearly with the position of the flake. The slope of the
fitted line increases with amplitude gradient.

5. Shape of the flake

To explore the influence of the flake shape on the oscillation, the
simulations in the previous section are repeated for three different flake
shapes, square, circular and triangular, as shown in Fig. 8a. The areas
of all the flakes are the same, to ensure that the friction coefficient
is comparable. Fig. 8b depicts the variation of the flake position with
respect to time. It is shown that, when the flake has a circular or square
shape, the curves approximately overlap. However, when the flake is
triangular, the magnitude of the oscillation decays much faster than in
the other two cases, indicating larger dissipation. As shown in Fig. 8c,
the dependence of the interfacial force on the flake position exhibit
similar trends for all the three different flake shapes. However, the
force distribution is scattered in a larger range when the flake has a
triangular shape. Indeed, Fig. 8d shows that the triangular flake has
the largest rotation angle compared to the other two cases. Because of
the rotation, more energy is dissipated through friction and, as a result,
the oscillation magnitude in y-direction decays faster.

6. Conclusions

In the present study, the oscillation of a graphene flake on an
undulated substrate with varying amplitude, covered with a conform-
ing graphene sheet, is explored using MD simulation. The motion of
the flake closely resembles that of a damped harmonic oscillator. The
potential energy that transforms in kinetic energy is provided by the
elastic bending energy of the flake which decrease with decreasing
curvature and by the Van der Waals interaction between flake and
graphene which also decreases with curvature. Interfacial friction is the
damping term which dissipates energy, and decreases the amplitude
of oscillation. Since the rotational energy is negligible for flakes with
square or circular shape, the alignment between flake and sheet is
never commensurate, and the friction coefficient very small. Only for
triangular flakes, the rotational frequency is non-negligible and adds to
the losses due to friction. The oscillation frequency is found to linearly
increase with the amplitude gradient. The present study supplies an
alternative approach to guide the motion of nanoscale objects on
substrates, and has the potentials to be exploited in the design of
nanoelectro-mechanical systems.
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