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A solution to the multidimensional
additive homological equation

A. F. Ber, M. J. Borst, S. J. Borst, and F. A. Sukochev

Abstract. We prove that, for a finite-dimensional real normed space V,
every bounded mean zero function f € Lo ([0,1]; V) can be written in the
form f =goT — g for some g € L ([0,1]; V) and some ergodic invertible
measure preserving transformation 7 of [0, 1]. Our method moreover allows
us to choose g, for any given € > 0, to be such that ||g]|cc < (Sv +¢)||flle,
where Sy is the Steinitz constant corresponding to V.

Keywords: additive homological equation, coboundary problem, Kwa-
pieri’s theorem, Steinitz constant, measure preserving transformation.

§ 1. Introduction

Given a bounded mean zero function f on [0, 1], the question is whether there
exist a measure preserving transformation 7" and a bounded function g such that

f=goT—y, (1.1)

with equality holding almost everywhere. We call (1.1) the homological equation,
and while it has been extensively studied in the scalar-valued setting, little is known
about this equation for vector-valued functions. Below, we will study the homolog-
ical equation for vector-valued functions.

We always assume that the interval [0, 1] is equipped with the standard Lebesgue
measure \. Equation (1.1), also known as the coboundary equation, was studied by
Anosov for a fixed operator T in [1], where it was demonstrated that such an equa-
tion, with f continuous or even analytic on the torus, may have a measurable, but
not integrable, solution. This study dates back to a comment made by Kolmogorov
in [2] that there is no such a “good” solution. We note by [1], Theorem 1, if f is
integrable and if its homological equation has a measurable solution g for some T,
then f is mean zero. For a closely related variant of this problem, Bourgain [3]
showed that, for a compact abelian group G with finitely many components, any
mean zero function f € LP(G), where p € (1,00), can be decomposed as

f=) (fi—7(a;)f;)
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for f; € LP?(G), a; € G, and the standard translation operator 7. Moreover, Bour-
gain proved that this result is sharp, and estimated the range of the index J.

Browder [4], Theorem 2, also studied when the homological equation has a solu-
tion g € L[0,1], for a given function f € L[0,1] and a given transformation 7.
He showed that a necessary and sufficient for solvability of this equation is that the
norms || E?:o f 0 T7||s should be uniformly bounded for all k > 1.

In [5], it was shown that, for every real-valued mean-zero f € L.[0, 1], there is
an ergodic transformation T such that (1.1) admits a solution g € L[0,1]. In [6],
this result was strengthened to show that, for 1 < p < oo, for any real-valued mean
zero f € L,[0,1], there exists a solution g € L,_1[0, 1] for some ergodic 7.

Theorem 0.1 in [7] shows that, for real-valued mean zero f € L0, 1], we can
choose g such that ||g|lcc < (14 ¢€)||f]loo. This result (with a weaker estimate) was
announced earlier in [8], however, the proof there goes through only for f € C0, 1].
Theorem 0.1 in [7] provides an upper bound for ||g||sc, which is important for
certain applications in the theory of symmetric functionals (see, for example, [9])
and singular traces (see, for example, [10]). Unlike [5], Theorem 1.1 says nothing
about the ergodicity of T.

Theorem 1.1 (see [7], Theorem 0.1). Let f € L[0,1] be a real-valued mean zero
function. Then, for any e > 0, there exist a mod 0 automorphism T of [0,1] and
a function g € L[0,1], |g9llcc < (1 +€)]flloo, such that f =goT —g.

Here and throughout, a mod 0 automorphism is defined as follows.

Definition 1.1. Given two measure spaces (2, A, ) and (@', A, /). A mapping
T:Q —  is called a mod0 isomorphism if T: Q\ N — Q' \ N’ is a bijection
for nullsets N € A, N’ € A’ such that both 7" and T~! are measurable, and
W (T(A)) = p(A), for all A € A, with A C Q\ N. When the two measure spaces
are equal, this T is called a mod 0 automorphism.

A natural question here is whether Theorem 1.1 carries over to complex-valued
mean zero functions? This question may be equivalently restated for mean zero
functions taking values in R2, and, even further, for mean zero R%valued functions
for an arbitrary positive integer d. Another question is whether the transforma-
tion T may be chosen to be ergodic. In this paper, we answer these questions
affirmatively, and prove the following result.

Theorem 1.2. Let f € Loo([0,1];V) be a V-valued mean zero function on a finite-
dimensional real normed space V. Then, for any e > 0, there exist an ergodic mod 0
automorphism T of [0,1] and a function g € Loo([0,1]; V) such that

19llce < (Sv + &)l flloc

(here Sy is the Steinitz constant corresponding to V') and

f=goT—g.

This theorem holds for all measure spaces which are mod (0 isomorphic to the
interval [0, 1] with respect to the Lebesgue measure. We note that if we would fix
some basis for V' and apply Theorem 1.1 to the component functions of f, this
would only yield that f; = ¢g;0T; — g; for i = 1,...,dim(V). In this case, we could
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have T; # T} for i # j, and so Theorem 1.2 does not follow from Theorem 1.1 and
hence extends it. We also show that the resulting transformation is ergodic.

However, it was not at all clear how to prove Theorem 1.2, as the machinery
of [7] and [5] cannot be extended to the case of complex-valued functions (or to
more general R%-valued functions). The proof of [5] for real-valued functions is split
into a proof for step-functions and a proof for those with infinitely many values.
However, this trick does not apply to R%valued functions. The method of |7] also
involves splitting into step-functions and the functions for which the pre-image of
any point (except one point) is a nullset. Even though this method cannot be
carried over, to the full extent, it turns out that there exists some smaller class of
functions for which the result may be extended, albeit with some difficulty. Using
this argument, we were able to prove our Theorem 1.2 in full.

The constant Sy mentioned in the theorem is the Steinitz constant correspond-
ing to the space V, which arises from Steinitz’s rearrangement lemma (see, for
example, [11], Lemma 2.1.3). This constant is defined as the smallest number such
that, for all finite collections of vectors vy,...,v, in V with sum Z?zl v; = 0, there
exists a permutation 7 such that || Z?Zl Ur(p)ll < Sy max; [lv;]| for all k =1,...,n
(see [11]). To show that the Steinitz constant and the rearrangement lemma are
closely related to the additive homological equation, we will give an equivalent defi-
nition. Let 2, be a finite set of n elements equipped with a counting measure. Then
Sy can also be equivalently defined as the smallest number such that, for n > 1, and
for all mean zero f € Lo (2, V), there exist an (ergodic) automorphism T' of €,
and a set of positive measure X C Q,, such that || Z?:o foTr.x:vy < Svifllso
forall k =1,2,.... As a consequence of Theorem 1.2 we have the following result,
which is a natural continuous analogue of Steinitz’s rearrangement lemma.

Theorem 1.3. Let V' be a finite-dimensional real normed space, let € > 0, and let
f € Loo([0,1]; V) be a V-valued mean zero function. Then there exist an ergodic
mod 0 automorphism T of [0,1] and a set X C [0,1] of positive measure such that

HZ;?:OfOTJ'HLOO(X;V) < (Sy 4+ )| flloe for allk=1,2,....

Note that this result extends Theorem 2 in [4] to the class of f € Lo(]0,1];V)
as well. This means that, for any f € L. ([0,1]; V) and any measure preserving T,
there is a solution g € L ([0,1]; V) if and only if the norms ’|2§:0 fo TjHOO are
uniformly bounded for k£ > 1.

An immediate corollary of our main result is the following extension of Kwapien’s
Theorem 1.1 to the case of complex-valued mean zero functions.

Corollary 1.1. Let f € Loo[0,1] be a complez-valued mean zero function. Then,
for any € > 0, there exist an ergodic mod 0 automorphism T and a function g €

Loo[0,1] such that ||gllsc < (V5/2+€)||flloc and f=goT —g.

Let us briefly discuss our method of the proof of Theorem 1.2, and outline the
structure of the paper. The proof of the main theorem involves three key steps.

In §2, we will present the basic facts, definitions, and notation used in the
paper. We will recall the definition of the Steinitz constant Sy, and its fundamental
properties, and introduce affinely homogeneous and affinely partially homogeneous
functions.
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After this, we will present the first key step of the proof of Theorem 1.2. The
following lemma is fundamental to Kwapieri’s proof [8]. We will need an extension
of this result.

Lemma 1.1. If (a;;)nxm 1S a matriz with real entries satisfying |a; ;| <C, i =
1,...,n,5=1,...,m, and E;"Zl a;; =0 fori=1,...,n, then there exist permu-
tations o1, ...,0, of the integers {1,...,m} such that

k
§ : o (4)
=1

We generalize this result in Theorem 3.3 to the case where the real entries a; ;
are replaced by vectors from V. Our extension of Kwapierin’s lemma is the main
result in §3. This result is then used in §6 to solve the homological equation for
continuous functions on Cantor sets (see Theorem 6.1).

In §4, we show that the functions we consider can be decomposed into affinely
partially homogeneous functions. In § 5, we prove several “shrinking lemmas”, which
refine Lusin’s theorem (Theorem 2.1), and which are required in the proof of our
main result for affinely homogeneous functions.

In §6, we prove that the main result holds for continuous mean-zero func-
tions over the Cantor set (Theorem 6.1). In §7, using the result for continuous
functions on the Cantor set, we solve the homological equation for the subclass
of Lo([0,1]; V) consisting of affinely homogeneous functions. For these functions,
using the machinery developed in §5, we construct subsets of positive measure
which are homeomorphic to the Cantor set, and such that the restriction of f to
such subsets is mean zero and continuous. We can then apply the result for con-
tinuous functions to solve the equation for this class of functions. Note that the
transformation constructed here is not ergodic.

Finally, in § 8, we complete the proof of Theorems 1.2 and 1.3. However, in order
to prove these main results, we need different tools since the method for affinely
homogeneous functions cannot be used in general, and also since we want T to
be ergodic. Our proof for general functions does however use the results that we
developed for affinely homogeneous functions. Indeed, in Lemma 8.3 we use results
from §4 and §7 to construct a partition of the domain, and a transformation
satisfying certain properties. In the final part of the proof of the theorem, we
apply this lemma inductively to obtain transformations 7)), T ... . Using these
transformations, we construct an ergodic transformation 7" and a function g that
solve the equation.

< 20, k=1,...,n, j=1,...,m.

1.1. Novelty and necessity of affinely homogeneous function techniques.
It is worth pointing out that, although the constructions for affinely homogeneous
functions and continuity on Cantor sets bear some analogy to [7], the proof for
general functions is totally different. Indeed, the proof of [7], Theorem 0.1, is based
on splitting the case of a general f into (roughly speaking) two cases, where f is
simple and where the pre-image of each point (except one) is a nullset. A quick
analysis shows that such a splitting is impossible for R%valued functions. This
observation called for a new approach, which is most visible in the proof of our
Theorem 1.2 in §8, and in Lemma 8.3.
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Let us briefly discuss why these earlier techniques are not applicable to the
general result. According to [7] and [5], a solution of the equation for real-valued
functions involves difficulties associated with step-functions. In [5], this is bypassed
by restricting to the case where f takes infinitely many values, and using a different
method for step-functions. In [7], the domain is split into the parts on which f is
mean zero and either behaves in a “non-constant” manner or is a step-function with
two steps. The homological equation is solved separately on these domains. In
our present setting of R%valued functions, the issue with step-functions gets more
complicated, as some difficulties arise with affine subspaces. We solve the equation
by extending methods from [7] and using a new technique.

To show the difficulty of dealing with general functions, we fix a € (0,1), and
consider the mean zero function f € L. ([0, 1]; R?) given by

f=(f1, f2) fi=010=®)Xp0,a — X(a,1], Sfot) =t— %

A solution g, T solving the equation f = g o T — g would directly provide us
with a solution for the first coordinate function f;. But since the function f takes
infinitely many values, we cannot apply any extension of the method of [5], as it
cannot be applied to step-function f;. An extension of the method of [7] also fails,
as the Cantor set construction cannot be carried out for f with irrational . This
motivates our new approach, which is implemented in §8 and involves our con-
struction for affinely homogeneous functions. There is a link between our approach
in §8 and the method in [5], though these methods are different.

1.2. Failure of Theorems 1.2 and 1.3 for infinite-dimensional vector
spaces. Let us give an example showing that the results of Theorems 1.2 u 1.3
fail to hold in the case dim(V') = oo.
In the space R, d > 1, equipped with Euclidean norm, consider the vertices of
the regular (d — 1)-dimensional simplex centred at zero:
1

'7d7 ak,i:(skiff-

xk:(aw), k:L.. d

We have

d
d—1 (d—-1)?2 d—1
2 _ _ _
lzg || = 7 + 7 = <1, ;zk—o.
We assume that d is even and y is the sum of d/2 such vertices (with possible repe-
tition!). Let us estimate the norm ||y|| from below. At least d/2 of the components
of y are equal to d/2 - (—=1/d) = —1/2. Hence, ||y||> > d/2-1/4 = d/8, that is,
llyll = \/d/8. For every n > 1, we define d,, = 2" and choose r,, > 0 satisfying

o0

Zr% <1, 2(”*3)/27',1 — 0.

n=1
Next, for every n > 1, let a7,..., 25 € R be defined as above but multiplied
by a constant factor depending on n only, so that we have ||z}| = r,. Finally, we

define the space V =@, , R as a Hilbertian sum. We now set

L
foi[0,1] = R4 fn([’d,d’»:xy, i=1, o dn, fa(l) =)
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We have
fn € Loo(]0, 1], R%), [ fnlloe < 7, /fnd)\:(),

Setting f = @, fn, we obtain

feLu(OLV),  [flle <1, /fdA:O-

Assume that T is a mod 0 automorphism of [0, 1] such that

E
sup foT!| =C<o0.
Pl T,
Then
k
sup anTl‘ <C Vn.

o0
We shall show that this is not the case, thereby obtaining a contradiction with the
assumption on existence of such a T. For almost every t € [0, 1], the element

dn/2—1

> faoTi(t)

1=0

coincides with the sum of d,, /2 elements from the set {7, ..., 2% }, as fooT'(t) €
{xf, ..., 2y } for almost every t € [0,1]. So its norm cannot be smaller than
dn

3 rp = 200732

Therefore, C > 2("=3)/2p — o0, yielding the required contradiction. Hence,
supkHZf:O fo T’:HOo = 00. Therefore, there is no function g € L ([0,1],V) satis-
fying f = go T — g. Indeed, otherwise we would have

k
Zf oT"
=0

sup =sup g o T¥ — glloo < 2/g]co-
k 0 k

§ 2. Preliminaries

2.1. Three fundamental theorems. The following version of Lusin’s theorem
is given in [12], Theorem 2.2.10.

Theorem 2.1. Let D C [0,1] be Borel-measurable and let f: D — R be Borel-
measurable. If € > 0, then there exists a compact subset K C D such that
MD\ K) < e and the restriction of f to K is continuous.

The following fundamental fact can be obtained by combining Theorems 9.3.4
and 9.5.1 from [12].

Theorem 2.2. Let A, B C [0,1] be some subsets of equal positive measure. Then
there exists a mod 0 isomorphism T: A — B.
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We shall also require the following Lyapunov’s theorem (see [13], Theorem 2.c.9).

Theorem 2.3. Let {u; le be a set of finite (not necessarily positive) non-atomic
measures on the measurable space (Q,%). Then the set

(G (X), .., pa(X)): X €5}
is convex and compact in RY.

2.2. The space Lo (D;V). Throughout, (V,| -||) will denote a finite-dimensio-
nal normed vector space over R. Let D be a Lebesgue measurable subset of [0, 1]
equipped with Lebesgue measure A, and let f: D — V be a measurable mapping.
A vector 7 € V is said to be an essential value of the function f if A(f~1(U)) >0
for any neighbourhood U of the vector . The symbol o(f) stands for the set
of all essential values of f (the usage of this symbol is justified by the fact that,
for a function f € Lo[0,1], the set of all its essential values coincides with the
spectrum of the element f in the C*-algebra L[0,1]).

By Loo(D; V) we denote the linear space of all measurable mappings f: D — V
with bounded o(f). As usual, we will identify any two mappings if they are equal
almost everywhere (that is, the space Lo(D;V) consists of classes of measurable
mappings equal almost everywhere).

We say that a function f € Loo(D; V) is simple if f = 2, r;xx,, wherer; € V,
i=1,2,..., and {X;}$°, is a partition of D into measurable subsets.

We define a norm on L., (D; V') by setting, for f € Lo (D;V),

[flloc = sup{llr(|: r € o(f)}-

For every f € Loo(D;V), the integral [ fd\ € V is defined in a standard way.
If [ fd\ =0, then the function f is said to be mean zero.
We shall frequently use the notation

_fx fax
ﬁfﬁ* AX)

that is, fo d\ is the mean value of f on the set X.
We will sometimes use the Euclidean norm; the Euclidean inner products will
be denoted by we use (-,-).

2.3. Affinely homogeneous functions. For an arbitrary set X C V, the symbol
Aff(X) denotes the affine hull in V generated by X, that is

k k
AH(X) = {Zaixi: xT; € X, a; € R, Zai = 1}
i=1 i=1

Recall that any affine subspace in V' can be viewed as a set {z + V;}, where x is
some point in V and Vj is a linear subspace in V. The dimension of such an affine
subspace is defined as that of the subspace Vj. In particular, every point in V is
an affine subspace of dimension 0.

We will say that a function f € Lo (D;V) is affinely homogeneous if, for every
proper affine subspace W C Aff(a(f)), we have A\(f~1(W)) = 0.
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Note that a real-valued function is affinely homogeneous if and only if it either
is constant, or satisfies A\(f~1({y})) =0 for all y € R.

It is easy to see that any affinely homogeneous simple function is constant.
Indeed, if a simple function has two distinct essential values, say a and b, then
A f~Y(a)) > 0 and A(f~1(b)) > 0. Since {a} € Aff(c(f)) and {b} C Aff(a(f)) are
proper affine subspaces of Aff(o(f)), we arrive at a contradiction.

More generally, for any affinely homogeneous function f, we have Aff(o(f|a)) =
Aff(o(f)) for every subset A C D of positive measure.

A function f € Lo (D; V) is said to be affinely partially homogeneous if D can be
split into at most d+ 1 measurable subsets, where d = dim(V") such that (the reduc-
tion of) f is affinely homogeneous on each of this subsets. For example, the function
[ =1 —=a)X[0,0) = @X[a,1] € Loo([0,1];R) is affinely partially homogeneous for any
a € (0,1).

2.4. The Steinitz constant. For any real finite-dimensional normed space V/,
there exists a smallest number Sy (called the Steinitz constant) such that, for
every r1,...,m1, €V, > 1 1 =0,

k
Z T (i)
i=1

for some permutation 7 of the set {1,...,n} (see [14]). This constant depends
generally both on the dimension of V' and on the norm of the space.

According to [15], Sy < dim(V) (for a detailed proof, see [11], Lemma 2.1.3).
Trivially, we have Sg = 1. In [16], Remark 3, it is stated that “Applying the same
method as in the proof of Lemma 2, one can show that the Steinitz constant of
an n-dimensional space is not greater than n — 1 + 1/n”. If we equip R? with
the Euclidean norm, then Sga > (v/d +3)/2 (see [15]) and s Sgz = Sc = v/5/2
(see [16], Theorem 2, [17]). For other estimates of Sga for the Euclidean norm,
see [18], Remark 8, Added in proof.

Let us explain the appearance of the Steinitz constant by proving that the main
result holds for mean zero functions f € Lo (€,; V), where a finite measure space
Q,={1,...,n} is equipped with a counting measure. Indeed, as >, f(i) = 0, by
definition of the Steinitz constant there exists a permutation 7 of {1,...,n} such
that

< Sy max{||r;||: i =1,...,n}, k=1,...,n,

Zf(w(z'»H <Svlfle.  m=1.. .n
=1

We can then define a cyclic permutation o of Q, by o(w(j)) = n(j + 1) for j =
1,...,n—1and o(n(n)) = n(1). We set g(n(k)) = Ei:ll f(m(@)) for k=2,...,n
and g(m(1)) = 0. Now goo—g = f and ||g]|cc < SV||f|loo, proving the result. It can
be seen that this argument can also be applied to simple functions f € L ([0, 1]; V)
of the form

- k—1 k -
= Iy =|——, — V, k=1,...,d =0
f ;Tk)(lk, k |: n ) 7’L>7 TR € ) ) s Uy ;Tk 5

as they can be identified with mean zero functions f from Lo (2,,;V) given by
f(k) = rp. It remains to define T = T'(Ix) = I,), and consider the simple
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function g given by gls_,, = Ei:ll T for k=2,...,n and g|,,, = 0. This gives
us goo —g=fand [[gllec <Sv|flloc-

§ 3. A multidimensional version of Kwapieini’s lemma
The main result of this section is Theorem 3.3. Its proof is based on the following
known results. Below, Conv(X) is the convex hull of a set X C V.

Theorem 3.1 (see [19], Theorem 3). Let V' be a d-dimensional real normed space
with unit ball B4, let C; ¢ BY, and let 0 € Conv(C;), i = 1,2,... . Then there exist
elements ¢; € Cy, 1 =1,2,... such that

P

doall<2d,  p=12,....

i=1
Theorem 3.2 (see [15], Theorem 1, [11], Lemma 2.1.3). Let V' be a d-dimensional
real normed space, ||z;|| <1,i=1,...,n, and 1+ -+ x, = x. Then there exists

an permutation © such that, for all natural indices k < n,

b k—d
Zxﬂ(i) — n xr
=1

Now we are ready to prove the following lemma.

<d.

n,m

Lemma 3.1. Let V be a d-dimensional real normed space, let {a; ;}; i, be vectors

from V with ||la; ;]| <1,i=1,...,n,j=1,....,m,

m
E ai,j:O, i=1,...,n,
j=1

and let p < m be a natural number. Then the set {1,...,m} contains subsets
Ii,..., I, such that

L =--==p

and

k

ZZai,j <4d2, k:l,...,n.

i=1jel,
Proof. For every fixed ¢ = 1,...,n, we have ZT:l a;; = 0 by the assumption.
By Theorem 3.2, replacing the collection of vectors z1,...,x, by the collection
@i1,---,0im, we infer the existence of a permutation 7 of the set {1,...,m} such
that HZfd aiyw(j)H < d, k=1,...,m. Relabelling the vectors a;;, j = 1,...,m,
we may assume without loss of generality that, for every i =1,... n,

<d, l=1,...,m.

l
> ai;
j=1

Let mq be the least common multiple of the numbers m and p, and let mgy =
mq/p. Consider the mapping « from {1,...,m;} onto {1,...,m} which maps
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a number j to the remainder of the division on m provided that j is not a scalar
multiple of m, and to m, otherwise.
We now replace the matrix {a;;}; 72, by {a;;}; 72}, where a} ; = a; o(j)-
other words, any column of the matrix {a; ;}7", is repeated mi/m times.
Note that the matrix {a; ;}i7Z) also satisfies the same assumptions as the orig-
inal matrix {a; ;};"/"

In

t,j=1"

We now set b; ; = Zii(jfl)pﬂ @ j=1,...,mg, i =1,...,n. Let us show
that, for all 4, j,
[0:,51] <2

fal(-—Dp+1),a((j—1p+2),..., a(jp) increases, we have

a(jp) a((j—1)p)
bigll =Y aw— D aw| <2d.
r=1 r=1

Otherwise,
me{a((j—p+1),a((j —1)p+2),...,a(jp)},

that is, {a((j — )p+ 1),a((j — )p+ 2),...,a(jp)} consists of two disjoint sets,
{m—-k+1,m—-k+2,...,m}and {1,2,...,p — k}.

Hence
m p—k m—k p—k
||b27]|| = E Q; + E Q|| = H_ E Qi r + § Qi r <
r=m—k+1 r=1 r=1 r=1

We also have >3 b;; = >3 @), = (my/m) Y0 ai; = 0,0 € {1,...,n},
and so 0 € Conv{b; ;: j € {1,... mg}} foralli e {1,...,n}.
By Theorem 3.1, there exist indices j; such that, for all k =1,... n,

k

> b,

i=1

< 4d>.

Since bij, =302, 11 B = 0L 1pi Giatr) = Ljer, Gig Where I; =
a{(Gi—Dp+1,(5: —)p+2,...,75ip}), the above estimate yields the assertion and
completes the proof.

‘We will now use Lemma 3.1 to obtain a similar result for non-mean-zero vectors.

Lemma 3.2. Let V be a d-dimensional real normed space, let (v; j)i1<i<n, 1<j<m
be vectors in 'V, ||vi ;|| < 1, let p € {1,...,m}, and let x}, = Zle > vig/m.
Then, for each i =1,...,n, there is an index set I; C {1,...,m} such that

k
S g

i=1jel;

k| =p Vke{l,...,n}, <8d% Vke{l,...,n}

Proof. We define (v} ;)1<i<n,1<j<m by

m
S 1
Ui,j = Q,Ui’j — % E Ui,k‘
k=1
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Note that 7" v ; = 0 for all i € {1,...,n}, and so
, 1 & m
Iof 11 < sl + 5> St =1

k=1

Using Lemma 3.1, we can find sets I;, i = 1,...,n, such that
k

el=p Vke{l,...,n}, DN vl <4d® VEe{1,...,n}.

i=1jel;

Hence

k
SO g

DI DLTED Ph=al BLTF
i=1 j=1

i=1jel; i=1jel;
k
ZZ( im)H_2 SNl <2 4d? =8
i=1jel; t=1 i=1jel;

for all k € {1,...,n}. Lemma 3.2 is proved.
Now we can generalize Lemma 1.1 for vectors from V.

Theorem 3.3. Let V' be a d-dimensional real normed space, let (v; j)1<i<n, 1<j<m
be vectors in V, ||lvi ;|| < 1, and let zp = (1/m) Zle Sy vy for all k€
{1,...,n}. Then there exist permutations (m;)1<i<n of the set {1,...,m} such
that ”Zle Viimi(5) — ka 8d?/log 1.5 for all k and all j.

Proof. Let us show that the required permutations can be constructed by partition-
ing the input vectors into two sets of almost equal size via Lemma 3.2, after which
we recursively construct suitable permutations for both parts of the partition. We
then combine these two permutations into one permutation, and show that this
permutation satisfies the required properties.

For m = 1 the required result is trivial, because in this case Zle vi1—xp =0
for all k.

Let m = 2. Then

Vi1 + v Vi1 + g
(Um _ 122) N (vm _ 122> 0

foralli=1,...,n. By Theorem 3.1, there exist j; € {1,2} such that

k
> (vi,ji — 1 YR ; ”“2) H <4d

i=1

Setting m;(1) = j;, mi(2) = 3 — j;, we have HZz 1 Vi (1) — ;ka 4d for all k and

Vimi(2)— (Vi1 +vi2)/2 = —(Vi,m (1)~ (vi,14v;,2)/2). Hence Hzi:l Uz,ﬂ,;(?)_‘rkH <
for all k. We have

log, 5(2)=1 9\ # 1 1
Vg — — S
/0 (3) * 4(log 3 — log 2) ~
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logy 5(2)=1 79\ @
4d<8d2/ () dz,
0 3

k log; 5(2)=1 /9\ =
Z Vim,(§) — Th|| S 8> / (> dx.
-1 0 3

Next, we will prove by induction on m that, for a given set of input vectors
(Vi) 1<ign, 1<i<m With ||v; ;|| < 1, there exist permutations (m;)1<i<n of {1,...,m}

such that
k log, 5(m)—1 2 x
Zviﬂfi(j) — x| < 8d2/ (3) dx.
i=1 0

The conclusion of Theorem 3.3 would then follow by replacing the above integral
by the integral from 0 to oo, which is equal to 1/log 1.5.

For m = 2, the required inequality was established above. For m > 2, assume
that the required result holds up to m — 1 inclusively. By Lemma 3.2, there
exist subsets (I;)1<i<n of {1,...,m} such that |I;| = p := [m/2] and, for & :=

k
D Zje[i Vi 5>

and hence

which gives that

10k — pk|] <8d* Vke {1,...,n}. (3.1)
Let 6}, := Zle Z]‘e{l,__”m}\li v; ;. We claim that 0y + J}, = mazy. Indeed, we have

k k E m
5k+52:Zva+Z Z vi,j:ZZvM:mxk,
i=1j€l; =1 j5e{1,....m}I\I; i=1 j=1
and so
163, = (m — p)x|| = [lmay — 6 — (m — p)ay|| = ||6; — pzi| < 8d°. (3.2)

For each i € {1,...,n}, let 7} be a permutation of {1,...,m} that maps the set
{1,...,p} to I;. Let (Ug’lj)hgign@gjgp be defined by vz(,lj) = Vi x/(j)- By the induc-

tion hypothesis, we can find permutations ng) of {1,...,p} such that, for all

ke{l,...,n}and all j € {1,...,p},
logy 5(p)—1 2\ *
<8d2/ () dz.
0 3

(2)
i,j
hypothesis, we can find permutations 771(2) of {1,...,m — p} such that, for all k¥ €

{1,...,n}and all j € {1,...,m — p},
k log; 5(m—p)—1 T

(2) 1 , 9 2
;Ui,rrﬁz)(j) T m Ok || < 8d /0 <3> de.

k

1
Z’UFI)(l) L — =0
= @ p

Similarly, we define (Ug?j))lgign,lgjgmfp, by v;7 = Vi x/(j+p)- Using the induction

-p
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We set v (D) ‘
) = {m%@), i<w
m(m (i —p)+p), J>Dp
and define
. i(;i, Jj<p,
pj={p’ PEa = T
m-p J>p 762’ j>p-
pj

In two cases j < p and j > p, applying (3.1) and (3.2), respectively, we obtain
1A:(j) — 2i]| < 8d?/pj for alli € {1,...,n} and all j € {1,...,m}.
For j € {1,...,p}, for all k € {1,...,n}, we have
wm 1
Z;Utwi“m o

k
> Vim) — AkU)H = ‘
i=1 p

10%1.5(1’)*1 2 T 10%1.5(1’3’)*1 2 z
<8d2/ ( > dx:8d2/ <) dx.
0 3 0 3

k

Similarly, for j € {p+1,...,m}, we have
k k 1
. 2
Zvi,ﬂi(j) - Ak(])H = sz( 7_2{2)(]-71)) - 76]/6
i=1 i=1 "

log; 5(m—p)—1 ) T log; 5(pj)—1 92 x
<8d2/ () dx:8d2/ ( > dz.
0 3 0 3

Combining these two inequalities, we have, for all k € {1,...,n} and all j €
{1,...,m},

k
E Vi,mi(5) — Tk
i=1

<

k
S i) Aku)H 1AL — 2l
=1

logy 5(p;j)—1 2\ ¥
e[
0 3
° logy 5(p;)—1 2\ ¥ ) 2 logy 5 pj
= 8d - | d 8d“| =
L) e ()
logy 5(p;) 2\ ¥ log; 5(m)—1 2\ *
<8d2/ <) deSdz/ () dz.
0 3 0 3

Note that the last inequality follows from the fact that m/p; > 3/2, and hence
log, 5(m) —log; 5(p;) = log, 5(m/p;) = 1. Theorem 3.3 is proved.

1
dx + 84> —

§ 4. Decomposition for bounded functions
into affinely partially homogeneous functions

We will need several well-known Carathéodory’s results. The first lemma below
can be found in [20], Theorem 8.11.
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Lemma 4.1. Let B C R% d < co. Then any element ¢ € Conv(B) can be decom-
posed as the convex combination of at most d + 1 elements from B.

For the following two results we refer to [21], Corollary IV.1.13, and [21], Corol-
lary IV.3.11, respectively.

Theorem 4.1. The convex hull of the closure of a bounded subset in R?, d < oo,
coincides with the closure of the convex hull of this subset.

Theorem 4.2. The closed convex hull of a set A C R? equals the intersection of
all closed half-spaces containing it.

We begin with the following general (and probably well-known) result.

Proposition 4.1. Let {&}ier € R, d < oo, {a;}ier € Ry \ {0}, card(1) < Ry,
0 < [|&]| < 1 (here||-|| is the Euclidean norm), Y, o; < 1, >, a;& = 0. Then there
exist indices i1, ...,im € I, 1 <m < d+1, and scalars 0 < f, < oy, , k=1,...,m,
such that Y7 | Br&i, = 0.

Proof. Without loss of generality, we may assume that

dim(Span{¢;: i € I'}) =d, Zai =1

Let B = {&}ier, C = Conv(B). By Theorem 4.1, C = Conv(B). Therefore,
0 € C = Conv(B).
For any set X C R?, its support function hy is defined by

hx(n) =sup{(n,§): £ € X}.

Let S¥! = {n € R¢: ||n|| = 1}, that is S¥~! is the sphere in R? centred at zero
with radius 1.

Since for n € S the closed half-space H, := {£: (n,€) < hx(n)} contains X,
and since every closed half-space H that contains X is contained in H, for some
n € S%1, it follows from Theorem 4.2 that

Cov(X) = [ {&: 0.6 < hx(n)}.

nesd—1

We show that C contains a ball of radius ro > 0 centred at the origin. Indeed,
the function hg is continuous on the unit sphere S*~1. Since S?~! is compact,
there exists a point 79 € S?!, at which hz reaches the minimum. Assume
that he(no) < 0. Hence (10,£) < 0 for any £ € B. The equality Y . ;& = 0
implies that Y . ;(n,&) = 0, and, thus, (70,£) = 0 for any £ € B. This con-
tradicts the fact that dim(Span(B)) = d. Therefore, 79 := hg(no) > 0. Since
C =,ese-11&: (1,€) < hs(n)}, it follows that C' contains a ball with a radius ro
centred at 0.

Since B is compact, there exists n € N such that B, := {£}; is a ro/3-net
in B.

Let n € S, There exists a vector £ € B such that

(n,€) = hg(n) = hz(n) = ro.
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Let now ¢’ € B, be such that ||£ — &'|| < ro/3. We have

0.8) - mOlI<le-€l<F. & =r.

Hence |(n,&")| = (n,&’), and, therefore,

To

m&>WQﬂm&*WM>mf%>?

Thus, hp,(n) = r9/2. Therefore, Conv(B,,) contains the ball of radius r¢/2
centred at 0. In particular, the point 0 is a convex combination of the vectors

By Lemma 4.1, there exist &, ,...,&,, € B, m < d+1such that 0 = >7" | 8.&,.
B, € Ry, Yot B, = 1. Finally, setting

Bk = B v :=min{a;, : k=1,...,m},
we complete the proof of Proposition 4.1.

In the following lemma, we partition the domain of a function f so that, on each
partition subset P, the function f|p is affinely homogeneous.

Lemma 4.2. Let f € Loo(D;R?%). Then there exists at most countable partition
{P;}icr of D consisting of measurable subsets of non-zero measure so that every
flp, is affinely homogeneous.

Proof. Consider the collection A of all families {D;};cs of disjoint measurable sub-
sets of D of positive measure for which f|p, is affinely homogeneous. We order
this collection by inclusion. Then, by Zorn’s lemma we can find a maximal element
{P;}icr € A. We claim that this is the required partition. Let X = D\ {J,; P;.
Suppose that A(X) > 0. Since the set {0, 1,...,d} is finite, there exists a minimal k
for which there exists an affine linear subspace W C Aff(o(f|x)), dim(W) = k and
Af7Y(W)Nn X) > 0. Setting Py = f~1(W) N X, we obtain that f|p, is affinely
homogeneous. However, this contradicts the maximality of {P;};c;. We conclude
that A(X) = 0, hence {P;};cs is a partition of D. Lemma 4.2 is proved.

Theorem 4.3. Let f € Loo([0,1;R?), [ fd\ = 0. Then there exists at most

countable partition of [0,1] into measurable subsets X1, Xo, ... such that
i) [y fdA=0,n=1,2,...;
(ii) for any n=1,2,..., the function f|x, is affinely partially homogeneous.

Proof. Let {X;}ic; be a maximal collection of disjoint subsets of [0, 1] of positive
measure satisfying (i) and (ii). Such collection exists by application of Zorn’s
lemma. Let D = [0,1] \ U,c; Xi. We show that A(D) = 0. Namely, suppose that
A(D) > 0. Let {D;};er be the partition of D established in Lemma 4.2. We have

0= ZA(Di)]{D‘fdA.

icl

Now, by Proposition 4.1, for some 1 < m < d 4+ 1, we can find ¢1,...,%, € I and

0 < Aj < A(Dy;) such that
0=>" Aj][ fdA.
Jj=1 D
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We set \; = X;/A(D;;) so that 0 = 770, fDi]_ fd\. Now, we can define

non-atomic measures {y;}¢ ; as p;(E) = [ g li d\ for every Lebesgue measur-
able set £ C [0,1] and apply Theorem 2.3. As a result, we obtain measurable
subsets ng C D;; of non-zero measure with ngj fdx= )\;- fDij fd\. Now we set

X = Ujz, Dj,, so that [, fd\ = 0. Next, by the properties of D;; and since

257

vj

m < d+ 1, f|x is affinely partially homogeneous. However, then the collection
{X;}ier U{X} would contradict the maximality of {X;};c;. We thus conclude that
A(D) =0, and hence {X;};es is a partitions of [0,1]. Theorem 4.3 is proved.

§ 5. Shrinking lemmas

5.1. Obtaining positive constants. The following lemma will be required in
the proof of Lemma 5.2. This lemma will be established for general mean zero
integrable functions.

In the following lemma, || - || is the Euclidean norm on R*, and (-,-) is the inner
product. The norm || - [|; on L; (D;R¥) is defined via the Euclidean norm || - || on R¥.
For v € R? and f € L{(D;R?), by (v, f) we denote the function t + (v, f(t)), that
is, the composition of f with the inner product. We also write |f| for the function

t=[IF @I

Lemma 5.1. Let D C [0,1] be a set of positive measure, and let f € Li(D;R?)
be such that fD fdX = 0. Then there exist &, Bmin, Pmaxs T > 0 such that
AL, £/l 1f1) > e} N {Bmin < [f] < Bmax}) > 7 for any non-zero v €
Span(a(f)).

Proof. We argue by induction on the dimension d. The result for d = 0 is trivial,
because in this case there are no non-zero vectors. For a fixed d > 1, assume that
we have already proved the required result for 0 < j < d—1. Let f € Ly(]0, 1]; RY)
be mean zero. Suppose first that Span(o(f)) # R% By choosing an orthonormal
basis for Span(c(f)) we can consider f as a mean zero function in L;(D; R¥), where

k = dim Span(o(f)).

By the induction hypothesis, we have «, Bmin, Bmax,T > 0 such that, for every
nonzero v € Span(o(f)), the required result holds. Hence this result also holds with
the same constants if we again consider f as a function in L, ([0, 1]; RY), proving the
required result in this case.

We can now assume that Span(o(f)) = R%. Under this assumption, (v, f) # 0
for any non-zero v € R<.

Let us now find the numbers «, Bmin, Bmax, T-

Setting Dy := D\ {f = 0}, we have A(Dy) > 0 and fDo fdX = 0. For non-zero
v ERY,

(v, flp,) # 0.

Let S9! denote the (d — 1)-dimensional unit sphere. For v € S%! let the
bounded function h,: Dy — R be defined by h, = (v, f)/|f|- By the Cauchy—
Schwartz inequality, for v, w € S*~1, we have,

= bl = ol 1) = (w0, D] < ol = w, )] < o= .

/] |f]
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Hence the map v — ||hf || (p,) is continuous. We set

1
— = mi +
o= min A, (Do)

This number is possible by compactness of S¥~1. We claim that
1A 112 oe (Do) > O

for every v € S¥~1. Indeed, suppose for a moment that this is not the case. Then
(v, flpo) < 0 almost everywhere. Now, since fDo fdX =0, we have

/Do(v,f)d/\_ (v,/Dofd/\) =0.

This implies that (v, f|p,) = 0 almost everywhere, contradicting the above inequal-
ity (v, fIp,) # 0. Hence || || (py) > 0, implying that o > 0.
Now, for v € S%~1, we define

1
To = A{hy > a}), T=— inf 7,

Note that 7, > 0 for all v € S%1, since ||k} || (py) > . We claim that 7 > 0.

Suppose that (v,) is a sequence in S¥~! such that 7,, — 0. By compactness
of S9!, we can assume that v, converges to some v € S¥~1. Choose ¢ > 0. Since
{hy > a4+ 1/j} increases to {h, > a} as j — oo, and since Dy has finite measure,
we can choose a sufficiently small § > 0 such that

A{hy > a}\ {hy > a+0}) <e.

Now, since hy, — hy in Lo (Do), by the Cauchy—Schwarz inequality we can find N
such that, for n > N,

1ho — by, [loo < 6.

Now, for n > N, we have

To = Ton < A{ho > o} \ ({ho, > a})) < A{ho > a}\ {hy > o+ 6})
+A{hy >a+ 6} \{hy, >a}) <e+0=c¢.

As 1, — 0, we have 7, < €. Since ¢ is arbitrary, this means that 7, = 0, a contra-
diction. Hence, no such sequence (v,,) exist. Therefore, 7 > 0.
We now choose a small 8, > 0 and a large Spax > 0 such that

ADo\ {Bin < |F] < Bmax}) < gT.

This is possible because A(Do N {f = 0}) = 0 and Dy has finite measure.
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Now, for non-zero v € R? = Span(c(f)), we have

({191 < )

= )‘({hv/\lvl\ > a} N {ﬁmin < ‘f| < ﬂmax})
A{ oo > @}) = AMDo \ {Bmin < |f| < Bmax})

1 1
TU/HUH—§T>QT—§T>T,

WV

WV

verifying the claim. Lemma 5.1 is proved

5.2. Changing the mean zero condition for subsets. We will now deal with
a domain D C [0,1] of positive measure, and a mean zero function f € L(D;V).
The following lemma allows us to obtain a slightly smaller compact subset £ C D
for which f|g is continuous and mean zero. This result will be needed in the proof
of Lemma 5.4.

Lemma 5.2. Let V be a finite-dimensional normed real space, let D C [0,1] be of
positive measure, and let f € L1(D; V) be mean zero. Then, fore > 0, there is§ > 0
such that, for every measurable subset D' C D with A(D\ D’) < 8, and every vector
u € Span(o(f)) with ||u|| < d, there is a compact subset E C D’ N (inf D,sup D),
MD\ E) < e, such that [,(f+u)dX =0, and that f|g is continuous.

Proof. As the norms on any given finite-dimensional vector space are equivalent,
we can assume without loss of generality that V is R? with the Euclidean norm.

Let D, f and ¢ be as stated. Applying Lemma 5.1 to D and f, we find positive
constants &, fmin, Pmax and 7 from this lemma. In particular, Smin € (0, Bmax)
and a € (0,1), hence we can define v := /1 — &2Bmin/(4Bmax) € (0,1) and p :=
a/(2Bmax(1 = 7)) > 0.

We introduce a continuous non-decreasing function Ig,p: [0, A(D)] — [0, || f|l1] b

Lup(s) = sup / |Fldx.

UCD, A(U)=s

We also set

, 1 T TPmax T A Pmin
P—— — 1
1) 2m1n{4(1+p), 2 3 2p 2(1+p)7 ﬁmax; ] > 07 (5 )
1 _
d:= 5 min{§’, I;,1(8')} > 0. (5.2)

Now, we choose a measurable subset D’ C D such that A(D \ D’) < § and find
u € Span(o(f)) such that |ju|| < §. For i = 1,...,d, let f; be the coordinate
functions of f; with respect to the standard basis. By Theorem 2.1, there exist
compact subsets K; C D’ N (inf D, sup D) such that A\(D’ \ K;) <d/d and f;|k, is
continuous, i =1,...,d. Now if K := ﬂ?:l K; then f| is continuous and bounded,
as K is compact. Hence

)\(D\K):)\(D\D’)—i—)\(D’\K)<6+dg:26.
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We now set Ey := K and define

Since f is mean zero on D, we have

/ ud/\HJr‘/ fd)\‘
E(] D\EO

We will now inductively define compact sets (E;);>1 and mutually disjoint sets
(A;)j>1 in D, and define the vectors v; := fEJ (f + u) dX such that, for j > 1, the
following holds:

1) Ej = Ej 1\ Aj;

2) Ay C Byy 1 {Bin < |1 < o} 0 {051, )/ (1051l 1F]) > a};

3) MA;) = afjv—1 1/ (2B

4) vl <7 [lvoll;

5) A(Eo \ E;) < pllvoll

Assume that the required E; and v; are constructed for [ < j and A; is con-
structed for 0 < [ < j. Let us construct E;, A;, and v;. Assume first that
vj_1 = 0. We define A; := @ and E; := E;_; so that v; = v;_; = 0 and
AMEo \ Ej) = MEp \ Ej—1) < pllvo||l. In this case, all the conditions are satisfied,
and we are done. So, can assume that v;_; # 0. Since v;_; € Span(o(f)) is
non-zero, we have

voll < \ < ABo) [l + Loup (\(D\ Eo)) <6+ Loup(26) < 2.

| . (V1. f) a})
)\<Ej_1 N {6m1n < |f‘ < ﬂmax} n { ||Uj71|| |f| ~

oA ({8 <151 < w0 { {0 > 0 ) a0 )

T O
l[oj-1ll /]

>7 - A(D\Eo) ~ A(Eo\ Ej1) > 725 — pllul| > 7 — (24 20)8' > o7

|~

Now for r € [0, 1], we set

Vj—1,
Br = (O,T) mE‘j—l N {Bmin < |f| < Bmax} N {M > Oé}.
[oj -1l 1]
Since f|x is continuous, E;_1 N {Bmin < |f| < Bmax} is open in E;_;. On this
set, f does not vanish. In particular, (v;_1, f)/(||vj—1]|f|) is continuous on this set.
Thus, the set

(vj-1,f) }

R kL
lvj—1ll [ f]

Ej—l N {ﬂmin < |f| < /Blnax} N {

is open in Ej_1 N {fmin < |f| < Bmax}, and therefore, it is also open in E;_;. So,
the sets B, are open in E;_; for every r € [0,1].

By the induction step, since «,y € (0,1), and using the bound on |Jvg|| and the
definition of ¢, we have

aflviaall _ e Hwoll _ lvoll 28’
X X X
26max 2Bmax 26max 25max

< =T.

2
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Now, since A(Bp) = 0 and A\(B;) > 7/2, we can find 7 € [0,1) such that

a1
A Bpry) = 75—
( 0) 2ﬁmax
We set A; := B,, and E; := E;_1 \ A;, so that E; is compact and so that condi-

tions (1), (2) and (3) are met.
Next, we define v; := ij (f +uw)dr =vj_q — fAi('f + u)d\, and write w :=
[, (f +u)d\. We have '

ol < [ (F146)d3 < XA (B +) < 2o (A) = allg 1]l (53)

Aj

By definition of A; (step 2) of the induction),

[ @ naxs a1l 6.4
A, A,
110> Bund(4)) (5.5)
‘We have
o312 = oo — w]2 = g |2 + w2 = 2(0-1. )
— JJoja | + [wlf? — 2 / (01, ) dA — 2 / (01, 10)
(5.4

)
< ij—1||2+IIwIIZ*QOéij—lH/A [F1dA + 26]|vj1[[A(4;)
= llojal® + lwl® — 20fllvj—lll/A (If1+6) dX + 46][vj 1| A(A4;)

< JJoj—all® + (llwll ~ 2allvj—1\|)/ (If1 4+ 6) dX + 46]|vj—1[|A(4;)

J
(5.3

)
< ij—1||2—0z||vj—1||/A (If1 4+ 6) dX + 46|vj 1| A(45)

< Jlvj-a? —allvj—l\l/A |f1dA + 46]|v; 1| A(4;)

ot

(

5)

< lvj—1ll? = ellvj—1 ]l BminA(A;) + 48][v;—1]|A(4;)
AA;) Y 6:1),(52) ABuin MA:
S (1 — (0Bmin — 40) (45) ) <l <1 _aB (4) >

flvj—1l] h 2 |lvj-all

QAP «
Jos-alf (1= 2 22 ) =
max

Hence, we obtain |[v;| < y|lvj—1] < ~7||vol|, which verifies (4).
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At last, we have

A Eo \ Ej)) Z)\ Bmax nz: v -1 < QBmax Zvn Ylwoll

n=1

O‘H’UO” ,Yn _ OZ”’U()H — PHUOH
2ﬁmax n—0 2ﬁmax(1 - ’7)

and so the inductive construction is complete. Setting E = ﬂ;‘;o E;, we obtain
a compact subset of D’ N (inf D, sup D) such that fE(f +u)dA =lim;,v; = 0.
Furthermore,

AD\ E) = XD\ Eo) + sup M(Eo \ E;) < 26 + pllvo]| < (2+2p)0 < ¢

j>1
Moreover, F C K implies that f|g is continuous. Lemma 5.2 is proved

5.3. Arbitrary shrinking and rational splitting. In the following lemma, for
a set K and a mean zero function f € Lo (K;V), we find a compact subset £ C K
of prescribed measure such that [, fd\ = 0.

Lemma 5.3 (arbitrary shrinking). Let K C [0, 1] be a compact set of positive mea-
sure, and let f € Loo(K;V) be mean zero. Then, for r € (0,A(K)), there is
a compact set E C K N (inf K,sup K) such that \(KX \ E) =r and [, fd\ = 0.

Proof. Consider the collection A of all compact subsets E of K N (inf K, sup K)
such that [, fd\ = 0 and A(K \ E) < r. Note that this collection is non-
empty by Lemma 5.2. Let A be equipped with the order inverse to the inclu-
sion order. The elements of A whose symmetric difference is a nullset will be
identified. Now, for a chain {E;};,c; in A (note that I will either be finite or
countable), the set E’ := [,.; E; is a compact subset of K N (inf K,sup K),
MK\ E') = supje; MK\ E;) <7, and [, fd\ = 0. Hence E' € A is an upper
bound for the chain. Therefore, by Zorn’s lemma, there exists a maximal element
E in A. Suppose that A\(K \ E) < r. Then, setting ¢ = 7 — A(K \ E) > 0 and
applying Lemma 5.2, we obtain a compact subset ECE, )\(E \ E) < ¢ and such
that [z fd\ = 0. We thus have (K \ E) < MK\ E) + ¢ = r. However, this
contradicts the maximality of E. Hence A\(K \ E) = r, proving Lemma 5.3.

In the following lemma we construct a subset which, in addition to satisfying
the properties required in Lemma 5.3, also asserts that certain ratios are dyadic
rationals.

Lemma 5.4 (rational splitting) Let V' be a finite-dimensional real vector space,
let NeN,let K=K, U---UKx C[0,1] be of positive measure, where K; C [0,1]
are such that \(K; N K;) = 0 whenever i # j, and let f € Loo(K;V) be mean
zero and such that, for i > 2, there exists a subset B; C K; of positive measure
such that )\(f|]§1(W)) = 0 for every proper affine subspace W C Aft(o(f)). Then,
for any R € (0,\(K)), there exists a set E = E; U---U Ey such that E; C
K; N (inf K;,sup K;) is compact, \(E) = R, [, fdX =0, and M\(E;)/\(E) € Qy for
all1 <1< N. Here, Qy is the set of all dyadic rationals.
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Proof. We argue by induction on N. For N = 1 we have K = K7 and we can simply
apply Lemma 5.3. Indeed, A\(E1)/A(E) = 1 € Qq, which proves the assertion for
N = 1. Thus, let N > 2 and assume that the assertion holds for N — 1. We show
that it also holds for N. Let K = K; U---U Ky as stated. Let f € Loo(K;V) be
mean zero and such that, for all i > 2 the set B; C K exists as stated. Furthermore,
let 7 > 0 be such that » < A(K) — R and r < min{A(K;): 1 <7 < N}\{0}. We will
assume that A\(K;) > 0 for every ¢ = 1,..., N, since otherwise we can set E; = &
and apply the induction hypothesis to K \ K;, which then yields the result. For
convenience, we set K= KiU---UKyn_1. We denote v := fKNfd)\, and define

AMKN)
A(K)

h1=f|K—]{N{fd/\=f|f<+ v, hszIKN—]{( [ —

so that hy € Loo(K;V) and h € Loo(Kn; V) are mean zero. For every A C V,
x €V, we have Aff(A+ x) = Aff(A) + 2. Therefore,

Aff(o(h2>>=Aff(a<f|KN— I fdA)) A (fli)) — | Fdn

KN

Thus, W := Aff(o(h2))+ fKNfd)\ = Aff(o(f|ky)) C Aff(o(f)), in particular, W is
an affine subspace of Aff(o(f)).

Since flpy = halpy + fx, fd, it follows that /\(f|]_311v(W)) = A(Bn) > 0.
Therefore, by the assumption on By we must have the equality W = Aff(o(f))
(as W cannot be its proper subspace).

Now since f, hg are mean zero, we also have Span(o(f)) = Aff(o(f)) and
Span(o(hsa)) = Aff(o(hs2)). Hence Span(o(hs)) = Span(c(f)).

Now, by Lemma 5.2 we can find § > 0 such that, for u € Span(c(hz)), |lu|| < 0
there is a compact set Ey C Ky such that AKN N\ EE) < (I/HA(Kn)r and
Jig, (ha +w)dX = 0.

We may assume that (A(K)/A(Ky))(1—8") +1)"! € Q, for some 0 < & <
min{1, 7/4, §/(||v]]| + 1)}. We set u = §’v, so that u € Span(c(f)) = Span(c(hs))
and |lu|| < d. By the choice of §, there exists a compact set Ey C Ky such that
MEN\ Ex) < (1/HAKy)r and [ (ha +u)dX = 0. Now, we set

= AR) = e SAER) (1= 8) = ME) = 2 () = AEn\Ew) (19
= ' ANK) + AK) MEn \ Ex)(1 = 8.

So, 0 < 7 < & + (1/A(KN))A(KN\E;) < r/4+r/4 = r/2. In particular,

ori=1,...,N —1. We now apply the induction hypothesis to obtain
a set E = FEU- UEN 1 C I~(, where E C K; are compact, )\(IN(\E) =,
fEhld/\: nd)\( )/ ANE )ngforizl,...,N—l.
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Next,
= — )\(KN)U v

/Euﬁfd)\—/ihl i d)\+/ENN(h2+ ) dA

——)\(K ) E)v En)v

= 3@ AE)v + MEy) +/Eh1 d)\+/ﬁ ha dA

_ AMEN) B o - A B = [ AEN) B T F o e
= A+ Ao - A(Ew) ( W) +A(E) AE) )
_ _/\(KN) o\ - ~ Y Vo =

- L) 7 A ) )o=0,

MEN)  _ MEw) _ A(Ew)
MEUEN)  ME)=F+AEn)  (AK)/AEN)AEN)(1 = &)+ A(En)

1
AEAEN1 o) 41 -

Q2.

Now, fori =1,...,N — 1, we have

ME)  _AE) _ME)
MEUEN) AEB) MEUEy)

Finally, we have A(K \ (EU Ex)) = A(K \ E) + A(Ky \ Ex) <7 +71/4 <T.

We set B/ = EU Ey = Uf\il E;, so that A(E') > R. Indeed, the scalar r was
chosen to satisfy 0 < r < A(K) — R, and hence A(K) — A(E') = AM(K\ E') <r <
A(K) — R. Tt suffices to shrink the sets E, fori = 1,..., N by a fixed ratio, so that
the measure of their union would be exactly R. Let us explain this construction.

Lemma 5.3 guarantees each set E; contains a compact subset E; such that

AE;) = Aigé)’f ]{s,,fd)\ :J[EfdA

and for which infE,supE ¢ FE;. Putting £ = Ui\il E;, we see that f|g is mean
zero, A(E) = R and A(E;)/ME) = AME;)/ME") € Qg for i =1,..., N. This proves
the required result for NV, completing the induction. Lemma 5.4 is proved.

§ 6. Solutions for the homological equation over the Cantor set
Let ¢ € N, r € R, and let the set

Clg,r)={1,...,q¢} x {1,2}",
be equipped with the Tikhonov topology and a product measure
o= Xy

such that pi({i}) =r/q, i =1,...,¢; p2({7}) = 1/2, j = 1,2.
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The set C(g,r) is a Cantor type set with p(C(q,r)) = r. Let V be a finite-dimen-
sional vector space. Let C(C(g,7); V) be the Banach space of continuous V-valued
functions on C(gq, ).

Let py be the mapping from C(q, r) onto {1, ..., ¢}, defined by po(i;i1,1i2,...) = 1,
and let C(q,r,1) = pal(i)7 i1=1,...,q. For brevity, we set

~ 8dim(V)?

= 1).
v log 1.5 (Sv +1)

Recall that the diameter of a subset X of V' is defined by

Diam(X) = sup ||z —y||.
z,yeX

Theorem 6.1. Let V' be a finite-dimensional real normed vector space, and let
0+# feC(Clq,r);V) be mean zero function. We set

_ max;{Diam(f(C(q,r,)))}
£

Then there exist g € C(C(q,7); V), llgll < (Sy + a(1 4+ Cv))|fll, and a measure
preserving continuous invertible transformation T of C(q,r) such that f = goT —g.
Moreover, the system of sets ' = {C(q,r,i), 1 =1,...,q}, can be labelled so that

F:{Xl,...7Xq}, T(Xl) :XiJrla i<q, T(Xq) =X1

and ||g|x, || < (1 + Cv)al f]]-

Proof. For every n € N, we denote by p,, the mapping from C(q,r) onto {1,...,q} x
{1,2}" defined by

pn(i;il,...,in,in+1,...) = (Z,Zl,,ln)

For n > 0, let
v {19} x{1,2}" = {1,...,2"¢}

be the function arranging the elements in {1,...,q} x {1,2}" in lexicographical
order. Next, for i € {1,...,2"q}, we denote

I = (p, (v, " (4)).

The sets I, i € {1,...,2"q}, n € N are clopen and form a base of the topology

in C(g,r). Clearly, we have
{(I0:i=1,...,q} ={Clq,r,i):i=1,...,q}.

Let fo = Yi-0 X1z i f dp. Then fo € C(Cla,7); V), [l — fIl = 0 as n — oo.
Hence there exists a sequence (nx)r>1 of natural numbers such that, for n > ny,

1fn = fIl <27572C al £
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Setting,

h():f()a hl:f’ﬂl_fb) ||h1H<a/||f||a
he = fon = s = |l <27°C3Nallfl, k>1

we have -
f=h.
k=0

Let a; be the value of hg taken on I for 1 < i < ¢g. As [ fdu = 0 we have
7, a; = 0, so that there is a permutation 7 of {1,..., ¢} such that HZZI (i) H <
Sallho|| for 0 < m < ¢q. Now, let Ty be the measure preserving continuous cyclic

transformation of C(gq, ) sending I° (i) 1O I (i4+1) for 1 <i < ¢—1 and sending I° (0)
to Ig(l). We now denote by go: C(g,7) — V the continuous function which assumes

on Ig(l) the value Zi;} ar@) for I = 2,...,q and which vanishes on the set I7Or(1)~
Hence [|go|| < Sallfoll < Sallf|l, and, for I =2,...,q and ¢ € I} ), we have

90(To(t)) — gol(t Zan() Za i) = ax(1) = fo(t).

For [ =1 and t € I;(1), we have

1

90(To(t)) — go(t Zaw(l) —0=axq) = ho(?).
i=1

Proceeding as in [8], for each k£ > 0, we denote J, = {I"™: 1 < i < 2"*¢},
and construct a sequence {T}}7° , of continuous automorphisms T}, of C(g,r) and
functions {gx}72,, gr € C(C(g,7); V) satisfying:

(i) Tk is a cyclic permutation of the sets of Jy;

(ii) Tko1 extends Ty in the sense that if T € Ji, I' € Jxy1 and I’ C I then
Tyr(I') C Ti(D);

(i) flgell < Cv [l

(iv) g is constant on each I € Ji;

(v) b = gr o Ty, — gr on C(gq, 7).

Now, suppose that transformations Ty, .. ., Tx and functions gy, . . . , g With given
properties are constructed. For convenience, we set n = |Ji| and m = |Ji11|/|Jk|.
Let I4,...,I, be the sets from Ji, enumerated so that Ty(I;) = I;+1 for i < n and
Ty (I,) = I. This can be done since T} is a cyclic permutation of the sets of Jj.
Furthermore, for ¢ = 1,...,n, for j = 1,...,m, let I; ;| be all sets from J,1 that
lie in I;. Let a;; be the value of the function hyy1 on I; ;. Since

/ Rpy1 dX\ = Z/ (frpss = fan)dA =0 VI, € Jy,
j=1"1i

I;

it follows that >0, a;; = 0 for all i = 1,...,n. In addition, [la; ;| < [[hx1ll
foralls =1,...,n, 7 = 1,...,m. Therefore, by Theorem 3.3, there exist cyclic
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permutations 7y, ..., m, of {1,...,m} such that

< M|[hga |

fori=1,...,nand j=1,...,m, where M = 8d%/log1.5. Consider the a measure
preserving homeomorphism Ty11: C(q,7) — C(q,r) defined by

Tk+1(-[i,‘n'7;(j)) = Lit1,m41(5) = 1,...7’)7,—1, ]: 17"'7m'
We set .
bj:Zai,ﬂ-i(j)a j=1,...,m.

Since 37" b = >, Z] 1ai; = 0 and ||bj|| < M|lhgi1], there exists a cyclic
permutation my of 1,...,m such that

o) || < MSv|heal VIi=1,....,m

We set
Tii1(In (o)) = Diyma(moi41)) Vi =1,...,m—1
and define
T2 (In ey (mo(m))) = T1m1 (mo(1))-
Next, we have

th+1 (Tg11 (1) H

r=0

mo(j) T Zaz (o (p)) ‘ < Cvllhitlls

where [ +1 = (p — 1)n + z for some p € {1,...,m} and z € {1,...,n}, for every
t € It 7, (no(1)) and every [ =0,...,nm — L.

Now, let us define the function g1 by ZT o M1 (Th o (8) on Ty (Th ry (r0 (1))
where t € 117771(7‘.0( 1)) forl=1,...,nm —1 and by gk+1(11,7r1(7r0(1))) = 0. We have

lgr+1ll < Ov || g ]]-

Let t € I1 ) (no(1))- If 0 <1 <mm —1, then

-1

g1 (Tir1(Tigr (1) = grra (T4 (1) thﬂ (Tra (8) = > haga (Tiy 4 (1))
r=0 r=0
= hig1 (Th 1 (1),

and further,

Gk+1(Tkt1(t)) = g1 () = P41 (t) — 0 = hyy1(2),

nm—2

ght (Do (TRTT (1)) = gepn (TP 1) = 0= D Py (T4 (1))

r=0
= b (TG 1 ().
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Thus, for every t € C(q,r),

Ik+1(Tk41(t)) — g1 (t) = P41 (2).

This completes the construction of functions {gx}72, and transformations {73 }7°
with the required properties.
The above Ty satisfies condition (ii). Hence the sequences Ty and g, satisfy
conditions (i)-(v). Observe that the inverse mappings T}, ' also obeys condition (ii).
From condition (iii) it follows that the series > -, gr converges in C'(C(gq,7); V)
to some function ¢ satisfying

lgll < llgoll + llgall + > lgell < Svllf | + Cvall £l +all ]l = (Sv + (1 + Cv)a)| f]].
k=2

Next, (ii) implies that, for all t € C(q,r), the sequence T (t) converges. We next
define T'(t) = limg 00 Tk (t) € C(g,7), TH(t) = limp—y00 T}, ' (t).

IfneN,Ie€J,, thenT,(I)=1I"€ J,. From (ii), we have T,,(I) = I’ for m > n.
Since I’ is closed, T'(I) = I'. Hence T permutes elements of J,, for every n. Since
\U,, J» is a base of the topology in C(g,r) and generates the o-algebra of measurable
sets, T is a continuous automorphism of C(q, ).

Now, for k > 0, we have

Hence

9(T(@)) - gx) = S (ge(T(@) — gu(@)) = > by = f.
k=0

The last assertion of the theorem follows from the fact that T is T on Jy and
since go vanishes on Ig(l). Theorem 6.1 is proved.

Proposition 6.1. Let ¢ € N, r € R, and {m,} be a sequence from N. On the set
E={1,...,¢} xTIo2,{1,...,2™} equipped with the product topology consider the
product measure

o
. T . 1 . .
v=wxlm  wlih=r wmlih =50 1<i<e 1<ja<2m
n=1

Then there exists a measure preserving homeomorphism ¢: C(q,r) — & such that
¢(C(q,r,4)) = {i} x [[p= {1, ., 2™} i =1,...,q.
Proof. Let ¢q be the identity mapping on {1,...,q}, and

on: {1,2) = {1,..., 2™}

be a bijection such that

Onlin, ... igma) =1+ 267 —1),  n>1L
k=1
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The compact set C(g,r) can be represented as
Clg.r) ={1,....q} x [J{1. 2}
n=1

Define the bijection ¢: C(q,r) — & as the product ¢ = [[°",¢n. Every ¢, is
measure preserving, and hence so is .

Let k € N, o € {1,...,q} x [I'_ {1,2}™, P(z) = = x [[°,,,{1.2}™. We
have p(P(z)) = (TTF_o ¢n) (@) x TI0S 4 a {1, ..., 27 )

Recalling that the sets P(z) form the base of the topology in C(g, ), and the sets
©(P(x)) form the base of the topology in £, we conclude that ¢ is homeomorphism.
This proves Proposition 6.1.

§ 7. Solutions to the homological equation.
The affinely homogeneous setting

In this section, we show that the equation f € Lo (D;V) is solvable for any
mean zero affinely homogeneous function f = go T — g. The transformation T we
construct here is not ergodic. We will circumvent this ergodicity issue in the next
section.

Note that if a function f is affinely homogeneous, then, for any v € V' and any
measurable subset D' C D, f|p/ + v is affinely homogeneous as well. Moreover,
note that the conditions of Lemma 5.4 on the function f € Lo (D;V') are satisfied
if f is mean zero and affinely homogeneous.

Let D C [0, 1] be a measurable set, f € Lo, (D; V') be a mean zero function, g € N,
R e (0,A(D)), F: C(q,R) — D. The system (g, F, R) is said to be a Cantor tower
for f if F is a measure preserving continuous injection, the function f|rc(q,r)) is
continuous, and ff(c(q’R)) fdx=0.

Proposition 7.1. Let Vbe a finite-dimensional real normed space, let D C [0,1] be
a measurable set, let f € Loo(D;V) be a mean zero affinely homogeneous function,
and let R € (0,\(D)).

(i) For every q € N, there exists a Cantor tower (q, F, R) for f;

(ii) For every € > 0, there exists a Cantor tower (q,F,R) for f such that

Diam(f(F(C(q, R,)))) <&, i=1,...,q. (7.1)

Proof. Assertion (ii) differs from (i) because ¢ in (ii) is not given in advance, and
should to be determined so as to satisfy (7.1).

Once the sought-for ¢ in (ii) is found, the construction of the Cantor tower is
the same for both cases (i) and (ii).

By Lemma 5.2, we know that there exists a compact set K/ C D, with A\(K') > R
such that f is continuous and mean zero on K'.

For every € > 0 there are points g = inf K/ < 1 < --- < x, = sup K’ such
that Diam(f([z;—1, 2] N K')) <e,i=1,...,n. Let {K7,...,K],} be a subfamily
of {[xi—1,z:;]NK':i=1,...,n}, consisting of all sets of non-zero measure.

By Lemma 5.4, there exist compact sets K C Ki,..., K], C K], such that
Jie fdAX =0, X\(K) > R, where K = K/ U---UK], and \K]')/\NK) € Qo,

m?
1=1,...,m.
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Hence the compact set K admits a splitting {K7,...,K,} inscribed in the
splitting {K7,..., K]/} so that A\(K1) = --- = A(K,;), where ¢ is the common
denominator of the ratios {\(K/)/A(K):i=1,...,m}, and sup K; < inf K, for
1=1,...,m.

Thus, for case (ii), we have found the number ¢ and have constructed the compact
sets K1, ..., K, so that Diam(f(K;)) <e,i=1,...,q.

In case (i), we set K = K', and, for ¢ given in advance, we choose points
2o =inf K <x; <--- <xy =sup K such that

A(K)

)\([:ci_l,a:i]ﬁK):T, Zil,,q

In this case, we set
Ki=lzi1,z]nK, i=1,...,q

Now, we only need to build a Cantor tower (g, F, R) such that F(C(q, R,1)) C K;
i=1,...,q.
Let us fix a strictly decreasing sequence

Ry=MK)>Ry>-->Rp>---, lim R, = R.
n

We will build a sequence (m,,) of positive integers and sets K, a € &,, where
n
En={L....a} x[[{1,....2™},  nx0.
i=1

Below, throughout this proof, we write |&, | = Card(&,,) for brevity.
For m < n, we define the projection py, m: £, — En by

pn,m(io;ilw"7im7"‘7i’n) = (7’0721772777,)

We also set

Co=J Ko, C=[)Cn
acé, n=0

Clearly, Cyp = K.

The sets K, should satisfy the following conditions:

1) for a € &,, the set K, is a compact subset of [0, 1]; for ay,as € &,, a1 # as,
we have either sup K,, < inf K,, or sup K,, < inf K,,;

2)if a € £,-1 and b € &, are such that p, ,—1(b) = a, then K;, C K, and
Diam(K3) < (1/2) Diam(K,);

3) MK,) = M, :== R, /|E,| for all a € &,;

4) an fdx =0 for all n > 0;

5) the sets K, NCy41 and K, NCy 41 are disjoint for a,b € &, whenever a # b;

6) M(KoNCy) = Ry /|Ek| for any k < n, a € &.

The construction of a sequence (m,,) and compact sets K, is by induction on n.

If n =0, the set & = {1,...,q} and the compacts Ki,...,K, are already
constructed.
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Let n > 0 and assume that the set {m,...,m,} (when n = 0 this set is empty)
and the compacts K,, a € &, k < n are found. We now define m, 1 and K, for
alla € &,41.

Given a fixed a € &, we set

KPE.=K,n

KE .= K,N |inf K,, A

inf K, K,
mﬂup] sup K.

{inf K, +sup K,
2

2 i

Note that Diam(KZL) < (1/2) Diam(K,) and Diam(KZX) < (1/2) Diam(K,). We

also set )
ho = flx, — 7/ fdA.
|K /\(Ka) K

We have hq € Loo(Kqa; V), fKa heq dX = 0. Let us now show that Lemma 5.4 applies
to the set K, = KX UKZE, the mean zero function h,, and the number s Ry, 11/|E,|.
First, note that 0 < R,41/|En| < Rn/|En| = M(K,) and A\(KF N KE) = 0. Further,
h, is mean zero and, as f is affinely homogeneous, and hence h, is also affinely
homogeneous. This shows that we can indeed apply Lemma 5.4 to obtain a subset

K, =KLUKE C K, (inf Ko, sup K,)

(we emphasize the importance of the preceding inclusion for the validity of condi-
tion 5) above!) Wlth KL C KE and KR C KE both compact and of _positive mea-

sure, so that A(K,) = Rn41/|En| and fK ha dX = 0 and so that )\(KL ) /MK, =
Pa/29* for some integer p, > 0 and positive integer ¢, .
Now, we set

Mpy1 = 1+ Z qa; ka = 2m7l+1_qapa~
a€é,

We now select points

inf K, + sup K, my,
x2<xi<-~-<x§“=afpa<~-<x3 i

in K, such that, for 1 < i < 2™»+1 the sets

K! = KN [zt 1 2l]

a

all have equal measure

MEs) _ Rug
2mnt1 |En |21

AKg) =
and, in addition,
K' CKL Vi<ks, K.CKE Yk, <i<2mm,
Now if b=a xi € E,p1, 1 < i < 2Mn+1 we define K = K_.

By construction, conditions 1)-3) are met for K., ¢ € &,1, and condition 5) is
satisfied for a,b € &,.
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Now, let us verify condition 4). Indeed, we have

fdx="Y" / fdx\= Z

/Cwl agén acéy, )‘
o n+1 o n+1
7%: AN / fdrd\ = E0L Z/ fdX\dX
7|87ILX41 / fd\d\ = 0.

Now, let us verify condition 6). To this end, we note that the number of compact
sets K, x € E,41, contained inside K, a € &,, is equal to |€,+1|/|Exn|. Hence, for
k < n, a € &, the number of K, x € &,, contained inside K, is

Enl 1€l [Ekaal _ [&n]

Enal [Eamal  1E] &I
Therefore, we have
€| Ry _ Ry
MK, NCy) = .
&l 1Ea] — 1EK]

This completes the construction of the compact sets K.
We now claim that

AC) = R, /Cfd)\:o.

Indeed, we have C,,11 C Cp, n = 0, A(C) = lim, A(C,,) = lim, R, = R, and
Lo £ A< s, £ +AC\ O F e = MO\ OV e = (R = ) o =0
as n — 0.

Further, by Proposition 6.1, we may identify C(g, R) with £, = {1,...,q} X
2, {1, .. 27”"} with the above measure v.

For every n > 0, we define the mapping p,,: €, — &, by

Pn(iOQila~-7in7in+17~-~) = (20721777ln)

For every a € £, we set F(a) =\, K, (o). Combining the equality p,41. o
Pnt1 = pn and condition 2), we infer that |F(a)| = Card(F(a)) = 1. Therefore,
the mapping F: £, — C is correctly defined.

Let a,b € £, a # b. Then, there exists n such that p,(a) # p,(b). By 5), we
have F(a) # F(b), that is, the mapping F is injective.

Let x € C. It follows from the construction of C that, for every n, there exists
a unique a, € &, such that z € K, . Using conditions 1) and 2), we find that
Pnon—1(an) = an—1, n > 1. Hence, there exists a € £ such that p,(a) = a,. This
guarantees F(a) = z, and so the mapping F is surjective.

Let {a(n)} C £ converge to a € E,. This means that, for every n, there exists
an index kj, such that py,(a(n)) = pn(a) when m > k. That is, F(a(m)) € Ky, (a)-
By 2), we have |F(a(y)) — F(a)] < 1/2". Hence F is continuous.

Since &£, is compact, the mapping F~! is continuous.
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Using 6), we see that

A(Kam(]):% VR0, acé,.

However, K, N C = F(p,(a)), p(p, (a)) = R/|E,], that is

AF(py ' (a)) = p(p, ' (a)).

Taking into account that the sets p,,1(a), n > 0, a € £,, generate the o-algebra of
measurable subsets in £,,, we conclude that the mapping F is measure preserving.
This proves Proposition 7.1.

Proposition 7.2. Let V be a finite-dimensional real normed space, let D C [0, 1] be
of positive measure, and let f € Loo(D; V') be mean zero and affinely homogeneous
function. Then, for any € > 0 and R € (0,\(D)), there exist a measurable set
C CD,\NC)=R, g€ Lo(C;V) and a mod0 automorphism T of C such that
gl < (Sv +e)llfll and f =goT —g.

Proof. By Proposition 7.1 (ii), for f there exists a Cantor tower (¢, F, R) such that

3

Diam(f(F(C(a 1)) < 7 gy

1=1,...,q.

An application of Theorem 6.1 completes the proof.

Theorem 7.1. Let V' be a finite-dimensional real normed space. Let D C [0,1] be
a set of positive measure and let f € Loo(D; V) be mean zero and affinely homoge-
neous. Then, for any e > 0, there exist g € Loo(D; V) and a mod 0 automorphism T
of D such that ||g|| < (Sv +¢)||fllec and f=goT —g.

Proof. By Zorn’s lemma, there exists a maximal family {K;};cr of pairwise disjoint
compact subsets of D with positive measure such that there exist g; € Lo (K;; V),
lgillo < (Sv + €)]|flleo and a mod0 automorphism T; of K; such that f|x, =
gi o T; — g;. Clearly, the set of indices I is at most countable.

It suffices to show that A(D \ |J,;c; K;) = 0. Indeed, in this case we can define
g and T so that gk, = g;, T|k, = T; for any i € I.

Suppose that the set Dy := D \ |J,c; K; has non-zero measure. By Proposi-
tion 7.2, there exists a compact subset Ky in Dy such that f|x, = go o Ty — go for
some function gop € Loo(Ko; V), |gollee < (Sv + €)||f]loo, and there exists a mod 0
automorpishm 7Ty of K. But this contradicts the assumption concerning the max-
imality of the family {K,}ier. Hence A(Dg) = 0. Theorem 7.1 is proved.

§ 8. Proof of main results for general mean zero functions
We begin this section with two lemmas, which are based on classical results.
Lemma 8.1. Given x € R™ with 1,x1,...,z, rationally independent, let ¢ > 0.

Then, for any given non-zero vector v € R™, there are integersq > 1, p1,...,pn € Z,
such that the vector w € R™ with w; = p;/q—x; satisfies ||w]|c < €/q and (w,v) > 0.



A solution to the multidimensional additive homological equation 233

Proof. Let us denote o = sign(v;)e/2.
Since 1, x4, ..., z, are rationally independent, by [22], Theorem 442, we can find
integers ¢ > 1 and py,...,p, € Z such that

€
|qxl—pz+az\<§, l=1,...,n.
Now, since |qz; — pi| < €/2 + |oy| = ¢, for the vector w € R™ given by
w; = pi/q — x; we have |w|o < &/q. Moreover, |o;| = /2, and so sign(w;) =

sign(p; — x19) = sign(oy) = sign(v;). Further, since z; is irrational for all I, we have
|wi| = |pi/q — x| > 0. Now, v # 0, and so (w,v) > 0. Lemma 8.1 is proved.

Lemma 8.2. Let {T,,} be a sequence of mod0 automorphisms of [0,1] and let
T, — T, T;' — S in measure. Then T and S are also mod0 automorphisms
of [0,1], and S =T~ almost everywhere.

Proof. The fact that T and S are measure preserving follows from [12], Proposi-
tion 9.9.10. The fact that the equality S = T—! holds almost everywhere follows
from [12], Corollary 9.9.11. Lemma 8.2 is proved.

The following lemma plays a crucial role in the proof of our main result.

Lemma 8.3. Let V be a finite-dimensional real normed space, f € Loo([0,1]; V') be
mean zero, and € > 0. There ezist a sequence (¢;)i>1 in N\{1}, N with ¢; > 2, a par-
tition {A; ;:1>1,1<j < ¢} of [0,1] into sets of positive measure, and a mod 0
automorphism T on [0,1] such that:

DT(Aij)=Aijpn1 Vi=1,1<j <q;

2) [ < o

3) HZj:l f © TjilHLOO(AiJ;V) < SV“fHOO + &, l = 13 <o Qi .
where A :=J;2, Aiqp =V and h: A — V by hla,, = Z?;l foTi=L h is mean

zero, and ||h|ls < €.

Proof. By Theorem 4.3, we can find a subset D C [0,1] of positive measure on
which f is mean zero, and find an integer n > 1, and a partition {D1,..., Dy} of D
such that f|p, is affinely homogeneous for [ = 1,... n.

Let € > 0. We will set

1
¢ = - minq 1, E, min(A(D;)) ¢ > 0.
2 3" i
Each function fy = f|p, — sz f dXis mean zero and affinely homogeneous on Dy,
l=1,...,n.
By Proposition 7.1, (ii), for every I = 1,...,n, for the function f(;), there exists
a Cantor tower (g, F(1), sA(Dy)) satisfying

1
K = Fuy <C <Q(z), 2)‘(Dl))> C Dy,

1
Kl,m = .7'—(1) <C (q(l), §>\(Dl), m) >,

8/
=1,...
G+ (flle+n 7 0

(recall that Cy = (8dim(V)?/log 1.5)(Sy + 1)).

Diam(f(KLm)) <
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We have \(K;) = (1/2)A(Dy), lefdA = fledA for any I. Setting K —
U7:1 K, we find that

/de)\:lz:/mfd)\:giggi;/mfd)\:;/Dfd)\zo.

Hence {Ki1,..., K14, } is a partition of K such that A(K;m) = A(K;)/qq) for
all I, m.

Let 2 € R™ be the vector given by x; = A(K;)/(quyA(K)) > 0. We can find
a maximal subset J C {1,...,n} such that {1} U {z;: j € J} are rationally
independent. Then bz = aio + > c 7 aijz; for L =1,...,n for some integers a; ;
and non-zero integers b. We set M = 2|[[;; bi| max{|a;;|: j € J U {0}, =
1,...,n}. We also define q(y) = max; q), p = ming A(K;) > 0, 29 = min;2; > 0,

and
2 0o
N =nM? max{ © s 2nq(0)s — 7nq(0)||/fH }
P ZTo 9

If 7 is empty, we set ¢; = 1 for i« € N. Now suppose that 7 is non-empty. Let
RY be the vector space of functions J — R equipped with the Euclidean norm,
and let S(J) be the set of all unit vectors in R7. For every v € S(J), using
Lemma 8.1 we can find integers ¢, > 1 and p,; € Z for j € J such that, for
the vector w, € R with (w0,); = Pv,;/qw — ©j, We have ||wy||ec < 1/ N, and so
(Wy,v) > 0. Next, there is a sequence (§;);>1 in S(J) such that {we,: i € N} is
dense in {w,: v € S(J)}. Now, by the density, for v € S(J), we can find i > 1
such that ||we, — wyll2 < (Wy,v), and hence

(we;, v) = (W, v) + (Wg; = Wy, v) Z (Wy,v) = [[we; = W2 > 0.

For ¢ > 1, we set g; := q¢, and p; ; := pg, ; for j € J and define w; := we,. Note

that
1 1
S == ===
N GN

[willoo = [1we;]loo

By the above, for every non-zero v € R7, we can find i > 1 such that (w;,v) > 0.
Regardless on whether J is empty or non-empty, we now fix ¢ > 1 and define
¢ =Mgqg, >2. Forl=1,... ,n, we set

Di = b(llq (az 0gqi + Z al,ﬂ%,;) = (al 0o+ Z apj pij )

jeET jeT

This number is integer, since ¢;/(b;q;) = M/b; € N. Let the vector w; € R"™ be

defined by
y o (7
(e = Doty = 37 3 (p:? - x)
qi jea 1 qi

If J is empty, then we set w; = 0. If J is non-empty, we have

1 nM?
JGJ GN g
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For i > 1, we now choose ¢; > 0 so that > =, ¢; = (1/3)A\(K). For 1 <l < n
and 1 < m < q(;), we then have

— Dl A(K1) ) - ( K) p )
ci—— = ci| ———— + =
~ ; (CI(Z))‘(K) Z aw  4(0)

=1 i=1

;

m)-

q(l)
Now, for ¢ > 1, let {I(Z <l<n,1<m< gy} be a partition of {1,...,¢}
such that [, l( s of cardlnahty |7 l(f | pi,1- We fix the bijections
a0 {1, pud, O (1,23 {1 i) x {123,
by setting

B (iosin,...) = (') (io)sin, ... ).
Note that such a partition actually exists. Indeed, ¢; = >, q@pi,i, because

- | MK - Dil
Z quPil| S Z qz')\((K)) —qWPii| < i ZQ(z) = qu
=1 =1 =1

M3k 1
< gingo)[[will oo < N < 3

is integer. Also, p;; is an integer such that p;; > ¢z — |z —pi | > 1 —gi||willoo =
x; — x9/2 > 0. Hence p;; € N.
Let 11 <l <nand1<m< qq. By Proposition 7.1(i), we can find a Cantor

tower (pl,ly}—l n)wqpl,l/ql) for the function f\Kz,m — le fd\. We have
Bim = Fim (C <P1 l»ﬁﬁ)) C Ky AED) =P

g1
][ Fdr = ][ Fdr
El(lr)n Ki,m

We have A(K], m\E(l) ) > > o, Cibii/qi > capa,i/qe and hence, arguing as above,
we find a measure preserving homeomorphism

F2. C<p2,l,62p;’l> — E) C Ky \ EL)
’ 2

l,m>

such that
fdx= ][ fdx= fdA.
~fE(2> Kl nL\E(l) Kl m

Similarly, for every ¢ > 2, we can find a measure preserving homeomorphism

Fin: C<p¢,z,cipqijl) + B C Ky \ (B U---UESY),

l,m
3

such that f ) fd\= le fdA.
i,m ,m
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Now, once the disjoint sets E(i) foriz1l, 1 <l <nandl<m<yq qq) are

constructed, we can set E() = J' ([JX, E( ) for i > 1. For i > 1, these sets are
also pairwise disjoint and are of measure

n
== qupii= 12 L
E—

So, for every 4, by gluing the homeomorphisms I, (i) , we obtain a measure preserving
homeomorphism F;: C(g;,¢;) — E® defined by ]: ‘I(” el = ]-'(i) o (i) )

For the sets A”. = Fi(C(gi,ci,4)), 3 =1,...,q;, we have A” CE() C K,

where [, m are such that j € I(l) . This means that, for j = 1,...,q;, we have

Dlam(f(z:j)) <(1+Cy)~ (||fHoo + 1)~ !¢’ because this holds for Diam(f(Kj,,))
forall 1 <I<mnand1<m< qqy. Next, since E® C K, the restriction f|zq) is
continuous. We also have

n o 4w n 4u )‘(Elm
d\ = / M / dX\
ff=3 ; . n=3 3
Dig 4Q) = (pz,l /\(Kl) ) qq)
d\ =¢; d\
PO N AL M ratmetis) BYr-a B

A(E®D sz e ][ fx.
=1

Therefore, f g fdA =0 whenever w; = 0. In general, we have

n

forol<x

=1

1 Mgl _

x T Ay X
Qi N qi

(wmefMH naolwillocl 1o

Next, define the function f: E() — V by
£ = flpo ~ f pax
E®

this function is mean zero and continuous. Moreover, for j € {1,...,q;}, we have

/

- 9

Diam(f1 (4i,1)) = Diam(£(4i1)) < TG =T

So, by Theorem 6.1, if () = 0, there exist a cyclic permutation {A; ; }7_1 of the
sets {EE} _, and a mod() automorphism T of EM such that TW (A, ;) = A; j41,

forj=1,...,¢;—1and T (A;,,) = A; 1, there exists a function g(’) € Loo(EW; V)
such that g o < Sul£0ac + ', [lg lalle <€ and f=g @) o T — gli),
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For f( = 0, this can also be done by simply putting ¢ = 0 and taking 70 in

the given form.
Next, we define the a transformation 7': U¢>1 E®D — Ui>1 E(

T™| 4, ;. We also define A = Uis1 Aipand h: A=V, L= foTi—1.
We then have
foro
E®

e < g o (TW) — g(i)HLOC(Ai,UV) +€

Hh|A11HOO < (i)oTj_l +a

Loo(Ai15V)

Z f@o T(l

Loo(Ai,15V)
< Hg(z) © (T(Z))q’LHLoo(Ai,l;V) + Hg(i)”lzoo(Ai,l;V) +€/ < 2”9(1) A |00 +€/ < 35/7
and hence ||h]|s < €. Next, for I =1,...,¢;, we have
-1
0TV S Dot +%f wa
Loo(Ai15V) =1 Loo(Ai15V) E®

<NgD o T — g1 vy T <N9D 0T nairivy + 199 sy vy + €
<N9Moo + 19D ais lloo + € < (SYIIfP oo + &)+ + ¢
<SSV flloo + 38" < Sv [ flloo + e

We will now show that there exists a subset A’ C A of positive measure such
that h|4 is mean zero. If J is empty, then w; = 0 for ¢ > 1, and so we have

hd\ = hd\ = fdx=0.
fran=3f, n=3

E®

Therefore, we can take A’ = A. Now assume that J is non-empty. Let v € V and
define v € RY by
vj = Z

é’j Q(l) <U7f f d)\)
=1 ) K
For ¢ > 1, we have

n

- Lo f 1) <o (2 @»)qw ()

=1 =1 MjeJ

(yﬂfw)zﬁﬁwy

Now, for v = 0, this expression is zero for all 7, that is, u is orthogonal to the sub-
space spanned by {fAv JhdX:iz 1}. If v # 0, then, by the above, there exists i > 1

such that
(u,f hd)\> = ¢;(w;,v) > 0.
Ain

n

=qi Z(fvvi)j Z aé’J

jeg =1
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This means that 0 € Conv({fAi 1hcl/\: i > 1}) Indeed, suppose on the con-
trary that 0 ¢ Conv({fAi 1hd)\: 12 1}) By the Hahn-Banach theorem, there
exists v € RY such that (u,fAi . hdX) < 0 for all i. But this contradicts the

fact that, for every non-zero v, there exists w; such that (w;,v) > 0. Hence
0 e Conv({fA 1hd)\: > 1})7 and therefore, by Theorem 2.3, there is a subset

A’ C A of positive measure on which A is mean zero.

We now set A’ =TI 1 (4,1 NA) fori >1and 1 <j < ¢. We also set
= Uiz Aéj, and define T": Ay — Aj as T'|4; = T|a; , for j < g; and
as T |A/ = T|A,1 1. Finally, we put b’/ = h|a;. Now the partltlon {40121,

1<j< ql} of AO, “the function A’ on A’, and the transformation 7" of A' have all
the properties required in the lemma (save for the fact that A{ # [0, 1]). However,
by Zorn’s lemma, we can iterate this argument to obtain a partition of the entire
interval [0, 1], thereby completing the proof. Lemma 8.3 is proved.

Remark 8.1. There is a relation between the partition {A4;;:4 > 1,1 < j < ¢;}
constructed in Lemma 8.3 and the collection of disjoint sets {Im~ 1 < ] < w,
1 < ¢ < hj} constructed in Lemma 12.4 of [5]. The sets {I; ;} (referred to as
W-TUB(e, M, h,w)) are used together with a certain transformation 7 that maps
I j to Iiy1; for ¢ = 1,...,h; — 1. This difference is that {I; ;} is finite, and
{A; ;} is countably infinite. Also, to construct the collection {I; ;}, the function f
has to take infinitely many values, while the partition {A; ;} can always be con-
structed. Furthermore, the sets {I; ;} do not partition the entire interval like the
sets {A; ;}, though the function f is still mean zero on their union. Some bounds

that hold for the W-TUB are |Ef:o (71 (@))| < M||fllo for @ € I j, k < h;j and

hy—1 < ¢ for ¢ € I, ;. These conditions are similar to those given in
|Zv 0 2 g
Lemma 8. 3

Now, we are fully prepared to start the proof of our main result. We explain the
main idea of the proof. Intuitively, in order to solve the equation for the function f,
we build another bounded mean zero function h(Y) on a smaller domain. We then
solve the equation for the function h(!), and from this, we obtain a . solution for the
function f itself. However, we solve the equation for the function R by building
yet another bounded mean zero function h(®), on an even smaller domain, and
solving the equation for this function. It follows inductively that we first have
to build an entire sequence of bounded mean zero functions (h(*));>o on nested
domains A® D AM D ... Once this is done, we can in fact solve the equation
for all these functions simultaneously. In particular, we find a solution for the
function f. By adding coordinate functions to the function A(*) in every step of
the construction, we ensure that the final transformation is also ergodic.

Let now prove the following result, which implies both Theorems 1.2 and 1.3.

Theorem 8.1. Let V be a finite dimensional normed real vector space. Let f €
oo([0,1]; V) be a mean zero function and let € > 0. Then there exist a function
g € Lo(]0,1]; V) and an ergodic mod 0 automorphism T of [0,1] such that ||g|leo <
(Sv +e)llfllec and f =goT —g.
Furthermore, there exists a subset X of [0,1] of positive measure such that

ISr o f 0T, xS Sy + ) flls for all k> 0.
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Proof. Let (V,||-|lv), f and € be as in the theorem. We set d = dimV. Given
k>0, we let V; =V x R¥ denote the (d + k)-dimensional vector space with norm
||(v,w)||vk lvl|v + [Jw]|1. Let {D;}i>1 be the sequence of all sets of the form

N
{U(ambi)I NeN a,b;€Q, 0<a; <b < 1}-

i=1
We define the corresponding mean zero functions Zl(o) : A©) 5 R by
70 = xp, = A(Dy).

We can assume that f # 0, since otherwise the required result is trivial. First,
we set €' = ¢ f]loo/(2(Sy + 1)) > 0, and for k > 0, we define

!
/ 3

TP ) (8.1)

We also put A(%) f and A(®) := [0, 1]. Since 1(©) is mean zero, by Lemma 8.3 there
exist a sequence ( q; ))1>1 in N\ {1} such that (ql( ))z>2, a partition {A( ) i>1,1<

Jj < (0)} of A and a mod0 automorphism T of A© such that T(0 (Ag?j)) =
A’S]—‘rl for j = 1,...,q§1) — 1 and T(O)(A(‘O)(O)) = Agol) Moreover, this can be
7,q ’

’4q

done in such a way that if we denote A(Y) = Uizt AE,OB and define the function
(©) ~ ,
R AN 5 Vg by h(1)|A£?1> = Y5y WO o (T)771 then h(M) is mean zero and

1land 1 <! < ¢;, Lemma 8.3 gives the bound
SVHh(O)”oo +¢f.

AV |0 < €). Furthermore, for i

>
HZZ 1 h(O)o(Tw) i 1“ <

(Av)
© ,
For [ > 1, define the function Z": A®) — Rby z' |A<o> =3 ZOo(T®)i-1
Note that

(0)
120, Z/()IZ(l)IdA ZZ/M Do (1)1 g

i1 izl j=1
(0>
= ZZ \Z Oax= [ 121dx =2,
A©) !
izl j=1

which implies that Zl(l) € L1 (AM;R). Moreover, in the actual fact

70 ZM 70 o (i1
/Am d\ = Z/(O) d\ = ZZ/@ o (T©)7=1dx

=1 i1 9=1

(0)
_ZZ/ 70 d\ = / Z®dx =0,
(0)

i>1 j=1 A
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and hence Zl(l) is mean zero. As the bounded functions are dense in L;(A™M);R),
we can find a 21(1) € Loo(AM;R) such that HZF) - 21(1)”1 <el/2. As Z{l) is mean
zero, we have | [, Zfl) dA| < HZ{l) - 2{”“1 < €} /2. We now define a mean zero
function Zl(l) in Lo, (AW R) by ZF) = Z{l) — fA(DE{l) d\. Hence

1200 - 200 < 120 - 200+ | |
A

We now define hM) € Lo ([0,1]; V4) by A1) = (b1, 5’129)/(”2?)”% +1)). Hence

—~(1
N2 oo i

1R oo = IR0 + —2 <
1ZM oo +1

Avs E(l) is mean zero, we can apply to this function the same construction as
for h©

Contlnumg this process by induction on k > 0, we can find:

e a sequence (qf ))l>1 in N with q( ) > > 2

7 3

e a partition {A( )i >1,1<5< q( )} of A(k) of sets of posmve measure;
e a mod 0 automorphism T*): A®) — A®) defined by T(k)(A ) A(’IEJr1 or
j<q” and T®(Af)) = A7)
k
e aset AR+ = Uizt AE,1)5
e a mean zero function A1) AR+ 5 V7, given by
B
\ @ Zh(k) Y (8.2)
e for [ > 1, the mean zero functions Zl(kﬂ) € Li(A%®+D) R) given by
o®
k+1 ‘A(k) = ZZ T(k ; (8.3)
e a mean zero function Z,(c]j:;l) € Loo (A% D R) such that
(k >(k
12537 = 2807 I < e (8.4)
e a mean zero function A*+YD € Lo (A®+D;V, 1) given by
1 7 (k+1)
Bk+1) — <h(k+1)7 ~fklc+le)c+1 ) (8.5)
12,57 lloo +1

Note thats, for £ > 0, the construction shows that

[REFD o < €hi1s [R* o < 26k 415
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and, fori > 1 and j =1,. ql(k)7

Z B0 o (T~

We will define the transformation 7', the function g, and the set X. For k > 0
let the mapping P*): A) — A(kH) be defined by

< Sv Ao + €. (8.6)
(A(k)’SVk)

this mapping “projects” points from A®*) to points from A*+1) . Let us construct the
mod 0 automorphisms 7} : [0, 1] — [0, 1] for k > 0 as follows. We set T | ,r) := T
o

fori >land 1<j< qf ) define Tk\ (k) = P(k)| w for i > 1. We also set
O O
Tk|[071]\A(k) = Id[O,l]\A(k)~ For ko > 0, consider the transformations Ry, : Alko) _y
Ao) defined by
Rko = lim TN o TN*I o---0 Tk}o'A(’“O)? (88)

N—o00
where the convergence is with respect to the measure topology. Indeed the limit
exists since AKTD € AW for k > 1, limp_o0 M(A®)) = 0, and Tp|g1pa) =
Idjg, 1\ aew for all " > k. Similarly, the limit of the inverses exists. Now, since T}
for £ > 0 are mod 0 automorphisms, it follows from Lemma 8.2 that Ry, is a mod 0
automorphism. We now define the final transformation by T := Rj.
Next, we define g;,: A*®) — V}, by

-1
= (Y h®) o (W)= o plk), 8.9
gy = (A0 o ()1 o (59)

=1

Note that he function g vanishes t on A*+1) = Uis1 Agﬁ). Given integers k1 > ko,
we define the coordinate projections py, x,: Vi, = Vi, by

Dhey o (V, W14« o Why ) i= (U, W1, .+ o, Wy )- (8.10)

We now define, for kg > 0, the functions ry, : Alko) _y Vi, by

Tko *= ij,ko OgjOP(j_l) o---0plko), (8.11)

Jj=ko

Let us show that these series converge. Indeed, for k£ > 0, we have Sy, < dimV} =
d + k [15], and hence, for ky > 0, we have

Z 1P k0 © gjlloo < Z P ko © Gilloo < Z gl

j=ko k=0

(8.6) ~
lgolloo + Y2 max Nl yolloe < lgolloe + 3 (Svi P o + 1)

k>1 1<J<q(k) k>1

(8.1) e
s “go‘loo+z(25Vk e < HgOHC’O"_ZQkﬁ < lgolleo +€" < 0.
k=1 k>1
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This shows that series (8.11) converges absolutely. Hence 7y, € Loo(A%0): V) is
well-defined.

We now set g := 1o and define X := A1), Let us now prove the theorem.

1) Let us first estimate ||g||s. By the above,

glloe <D IPr.0 0 gklloo < llgolloe +&” < ( g ||go|A§?];> +e

k>0 . 0
z 1< <q”

(8.6) ~
< (Sllh oo +0) + & < SvIfllo + 26" < (Sv + )| floos

which gives us an estimate for ||g]|oo-

2) Let us now show that plko) = Tk © Riy — Tk, for all kg > 0. In particular, this
will imply that f =goT —g.

For z € A%0) and k > kg, we set

zp = PF Do o po)(g) e AR, (8.12)
Let 1, = z. Next, for k > ko, we define
k) ._ (k)
B® = A
i>1 ¢

If 2, € B for some k > ko, then Ty (x1,) = 2)41. Therefore, in the case 2, € B*)
for all k& > ko, we have Ry, (z) € (5, A®) Since Ry, is measure preserving and

limy,_ 00 A(A®)) = 0, we find that, for almost all z € A®*0) there exists N > ko
such that zy ¢ BW). Let N(z) be the smallest integer (not smaller than k)
with this property. We will assume that N(z) is finite for all z € A(0), For
k=ko,...,N(z) — 1, we have 2, € B*), and so Ty (x1) = 2p41. Hence

Z‘N(z) = TN(w)fl ©---0 Tko (x) (813)
By (8.12) and from the definition of N(z), we have 2y, € AN @)\ BNV @) and,

therefore, zx(,) € AE’]}](‘T)) forsomei>1and 1 < j < qu(x)) — 1. Hence

T (@n@) = TN (@ye) € Agﬁ)) (8.14)

and, therefore,
pPWN@) 4 T (o) (TN(@) = (T(N(x)))l—(jﬂ)(T(N(w))(xN(I)))
= (TN (25 ()) = PN (2y(,)). (8.15)
Next, by (8.14) we have T (4 (zn () € ANV@) \ AN@+D “and hence

8.8 . 8.13 .
Riy(@) ™ Jim Tago-e0 Ty (0) 27 lim Taso-wo Ty (on(e)

=Tn@)(@N@) € AN@), (8.16)
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An appeal to (8.15) and (8.16) shows that

PN o Ry () = PN 0 Ty (e (a)) = PN (@n (). (8.17)

Note that by definition, for k > ko, P®*) is identical on A%*+1), Hence from (8.16)
we have Ry, (z) € AN@) C ... C Ak for k = ky,...,N(x) — 1, we have

P® o...o ptko) o Ry (x) = Ry, (). (8.18)

PN@) ... o plko) o Riy (2) (8.18) pWN@) Ry, (2) (8.17) P(N(z))(zN(x))

(8.12) PIN@) 5. .o P(kO)(x)'

As a result, for M > N(x), we obtain

PM ..o pko) o By (x) = PM) o... 0 Po)(g), (8.19)

Next, we have

oo
(8.11) _
(Tho © Rg — Tho ) ()~ = Z Prky 0 gk 0o PE oo PO o Ry ()

k=ko
- Zpk,ko O gk © PE-1 6.0 P(ko)(x)
k=1
8.19) 2
(8.19) Z Phky © g 0 PF D o.oo Pko) o Ry ()
k=Fko
N(z)
B Z Dk,ko © gk © PFEDo..o P(k“)(z)
k=ko
(8.12),(8.18) N(z) N(x)
= Z Ph,ko © gk © Ry () — Z Dk ko © G (Th)-
k=ko k=ko
As a result,
N(z)
(Pho © Rko = ko) () = D Proky © (gk © Rio (x) — gi(a)). (8.20)
k=Fko

Let us now consider the summands on the right to show that this expression
is h(ko) ().
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By the definition of N(x), zn(,) € A( @) for some i > 1 and 1 < qZN(I) 1,

and by (8.14) we have Ty (o) (Tn(z)) € AE jJ(rl)) Hence, by definition of IN ()

IN() © TN@) (TN () = IN(@) (TN ()

J
= (Z NG o (PN@))=1 o pN@) TN(z)(xN(I)))
=1

Jj—1
_ (Z RN @) o (PN @))i-1 4 P<N“””<xzv<x>>>

=1

(8.15) (Z RN o (T(N@)yi=1 P(N(m))(xN(w)))

_ <Z7L<N<x)> o (TN E@)I-1 P(N(ﬂ?))(l-N(w))>
=1

= hN@) o (TN@)i=1 o pN@) (g5,

(8.7) = T z)\j— x —
=) pNV @D o (TN =L o (TN (g0 ) = RV @) (2y,).
This together with (8.16) gives
RNCD (@5 (0) = gN(a) © Bio (€) = g () (TN (). (8:21)

Let now kg < k < N(z) — 1 be fixed. By the definition of N(z), x, € B®),
and hence, for some 7 > 1, we have z € Agk)(k). We also have P(¥) (zx) € Aikl) by
1,q; ’

definition of

™1
K () (89) Z hk) o (k) OP(k)(IL‘k)

n
= (Z?),(k) o (T(k))j—l o P<k)($k)> — (E(k) o (T(k))qgk)_l o P(k)(l‘k))
Jj=1
2 00 (P (1)) — () o (100" 1 0 PO (1)

8.7 ~ (k) _ (k)
<:>h<k+1>(p<k>(xk))_(h(k)o(Tw))qi Lo (T))1=0:" ()

= R (PO () — B8 () EPLD o R (2 41) — A (),

Note that, for k > ko, by definition of g, we have gi| e+ = 0. Next, Ry, (x) €
AWN@) C ... C Ako) by (8.16), and hence, there exists k = ko, ..., N(x) — 1 such
that gi(Rg,(x)) = 0. Hence, for k = ko, ..., N(z) — 1,

g © Rio (2) — gr (1) = —gi(zx) = B¥) (2) — pryrp o R D (). (8.22)
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Finally, we obtain

N(z)
820
(o © Ry = 110)(@) 2737 i © [k © Ry () — i)
k=Fo
(821 N(z)—1 _
< Z Ph.ko © [gk © Rio () — gk($k)]> + DN (@)ko © PV (@ N ()
k=ko
(822 N(z)—1
' ( Z Proko © [A9) (1) — pk+1,k0h(k+l)($k+1)]> + DN ko © MV D (@ N ()
k=ko
(8.10) N(z)—1
= ( > pk,ko(h(k)(xk))_pk+1,k0(h(k+1)(xk+1))> + PN (@) ko (WY (2N ()
k=Fo
~ 8.10) +~ 8.12) ~
= Pko,ko (h(kO)(xko)) ( = ) h’(kO)(xko) ( = ) h(k())(l‘>

This shows that h(ko) = Thy © Ry — Tr, for kg > 0. Since f = E(O), g = ro and
T = Ry this gives, in particular, that f = goT — g.
3) Let us prove that T is ergodic. We fix k > 0 and ¢ > 1. We first show that

(k)
. |A§f“1> = Rk+1|A§fc1)~ (8.23)

Let z € A( ) for some ji=1,. Uc) — 1. Then, by definition

Tie) = T®(2) € Afj

i,j+1° (824)

In particular, Ty (z) ¢ A+ D AK+2) S ... For M > k + 1, Ty is identical on
AM=1\ AM) “and so, for M > k, we have

Tyro---oTg(x) = Ti(x). (8.25)
Hence
Ry (x) €9 A}im Tyro---oTg(x) ¢2%) Tk (z) #29 T® (z) € AE?_H
—o0
Now if y € Agﬁ), then it follows inductively that, for j =1,... ,ql(k),
Ry y) = (@07 y) € ALY (8.26)

(k) _
We put z := Rzi 1(y) Since z € A(‘k)(m, we have, by definition of T}, and P*),
2,9,

Ti(2) = PW(z) = (T®)1=0" (2) O2V y € AR ¢ 4G4, (8.27)
As a result,
(k) 8.8) ..
R () = Ri(2) ® lim Tyro-o 0 Th(2)
. (8.8) (8. 27)
— (A}@m Taro-- oTk+1) ‘A(M oTi(2) ) Rypi o Tu(2) 27 Ryr ().
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Therefore,

(k)
q;
R

Al = RkJrl A (828)

Note also that, for j =1,..., qgk), it follows from (8.26) that

R agy = @O gy BNAG) = A (8:29)

Let k > 0 and let F C A%) be an Rj-invariant set of positive measure. Since

8.28 (k)
R (F 0 AWD) = | Resr (F 0 Al "2y URE Fnald)cF,

i>1 i>1

and since Ry 1(A*+D) € AK*+D by definition of the map Ryy1, it follows that
Rip1(FnAFHDY € Fn ARHD | which means that F 0 A%+ is Ry, -invariant.
Now, we fix a T-invariant set D C [0, 1] of positive measure. Let us show
that A(D) = 1. By what has been established, it follows by induction on k > 0 that
DN A% is Ri-invariant. Now we fix k > 1. Since DN A*®—1 ig Ry, _1-invariant,

we have, for ¢ > 1 and j = 1,...,(]51671)7

RIZHD A AYT) = REZ(D A D) 0 Rz (AlY)

(8.29) _ k—1 k—1
=) (DnA*R D)y n AR = DAy, (8.30)

Now, for [ > 1, we have

ZH) dx = / AR
/DmA<k> : ; DNATY l

(k=1)

o) q;
= ) ) o(T )T dA
i JpnAlTY 4
[e%s} q(kil)
(8.29) ; / (k=1)  pj-1
= Z o Ry 7 d\
(k=1)

75D g\ = / 75D g,
DNA(k=1)
Hence, for £ > 0 and [ > 1, we have
/ ZM ax = / ZO dx = N(D N D) — A(D)A(Dy).
DNAk) DNA0)
On step 2) of the proof, for £ > 0, we have shown that k) = rp 0 Ry — k.

Now by (8.5), for k£ > 1, the function Z,ik) can be written as an Rg-coboundary,
since (sz/HZ,(ck) lloo + 1)Z,gk) =Y}, 0 R, — Y}, where Y}, is the last coordinate function
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of 1. Hence, since DN A®) is Ry-invariant, we have fDﬂA(’“> Z,(Ck) d)\ = 0. Since
||Z,gk) - Z,ik)ﬂl < g, (see (8.4)), this implies that, for & > 1,

IN(D N D) — M(D)X(Dy,)| < €.

We claim that A\(D) = A\(D)?2. Let p > 0. By regularity of the Lebesgue measure,
there exists an open set U such that D C U and A(U \ D) < p. Now U can be
written as a countable union of disjoint open intervals, that is,

U= G(ai,bi)a
i=1

where a;,b; € Q. Hence, there is an integer number [ > 1 such that D; C U and
AU\ D;) < p. We can moreover choose [ large enough so that €] < p. From the
bounds on A(U \ D) and A(U \ D;), we find, for the symmetric difference DAD;,
that A(DAD;) < 2p. Hence |A(D) — A(DNDy)| < 2p, |A(D;) —A(D)| < 2p, and so,

IA(D) — A(D)?| < [M(D) = A(D N Dy)| + [MD N Dy) — MD)ADy)|
+ IAD)A(Dy) — A(D)?| < 2p + €] + 2pA(D) < 5p.

As p > 0 was arbitrary, we have A\(D) = A\(D)?. This gives us A\(D) = 1, proving
the ergodicity of T.

4) Let now prove the required result for the set X. As X = AW it is clear
that X has positive measure. Now, to obtain the required bound, we note that
the function go is such that gO‘A@f =0 for i > 1. Since X = A = Uit A£?1)7
this means that go|x = 0. Procééding as in the proof of the inequality ||g||c <
(Sv +¢/2)||floo, we have

9
1902 xiv) < kz>:1 lgrlloo < &" < 5 1/ lloo-

Hence, for £ =0,1,...,

k
1 FoT Ny < llgo T =gl cxm)
§=0
<llg o T oo + llgll o (xivy < (Sv + )| lloos

proving the required result.

Lemma 8.4. Let f: [0,1] — R? with components f1,..., fq4, and let P;: R? — R
the projection onto ith coordinate. Then:

(1) fFUX x - x Xy) = ﬂle (X)) for any Xy, ..., X C R;

(ii) if f is a measurable function, then o(f) C o(f1) x -+ X o(fa);

(iii) if f € Loo([0,1];RY), then o(f) is compact in R and o(fi) C Pi(o(f)),
i=1,...,d;

(iV) f € Loo([o’ 1];Rd) AN f17 s afd € Loo[0> 1]3

(v) if f€ Loo([0,1];RY) and if a norm on R? is such that |P;(-)| < |- ||, then
Vil < 1 flowni = 1. d.
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Proof. First of all, let us observe that fi,..., fs are measurable if and only if so
is f (see [12], Lemma 2.12.5).

(i) Indeed, t € f~1(X; x - x X3) & f(t) € X1 x --- x Xqg & fi(t) € X;,
i=1,....deteN, (X))

(ii) Let v € o(f), and let U; be neighbourhoods of P;(v) in R for each i. Then
U :=U; x---x Uy is a neighbourhood of v. By (i), f~*(U) C f[l(Ui)7 i=1,...,d.
Therefore, A(f; ' (U;)) > 0, that is, P;(v) € o(fi), i = 1,...,d. Hence,

o(f) Colfr) x---xa(fa)-

(iii) Since f € Lo ([0,1];R%), it follows that o(f) is bounded in R?. So, it
remains to prove that o(f) is closed. Assume that o(f) > v, — v. Then, for every
neighbourhood U of the point v, there exists an index n for which v,, € U. In this
case, A(f~1(U)) > 0. Hence, v € o(f). In other words, o(f) is compact.

Let 1 <i<d, t€o(f;). By (i), we have

(e b ) (i)

for every n € N. So, we have
i—1 1 1 d—i
K, =[R™7x|[t——t+—-| xR No(f)
n n

is a non-empty compact set in R? for every n € N. Observing that {K, }>2, is
a centred system of compacts, we infer that

a(f)N R x {t} x R = () K # 2.
n=1
In particular, t € P;(o(f)), and, therefore, o(f;) C Pi(o(f)),i=1,....d.
(iv) This follows from a combination of (ii) and (iii).
(v) There exists r € o(f;) such that || fi||coc = |7|. By (iii), we know that r = P;(v)
for some v € o(f). Then | filloo = |r| = [Pi(v)] < [v]l < sup{llw]: w € o(f)} =
[Ifllcc- Lemma 8.4 is proved.

Proof of Corollary 1.1. Let f € Lo ([0,1]) be a complex-valued mean zero function,

fi == Re(f), f2 :== Im(f) € Loo[0,1]. Then f := (f1,f2) € Loo([0,1];R?) (see
Lemma 8.4 (iv)), where R? is equipped with the Euclidean norm || - ||.

Theorem 1.2 guarantees that there exist § € Loo([0, 1];R?) and an ergodic mod 0
automorphism 7" of [0, 1] such that

F=90T=3  ll§lle < (Szz + &) flloc = [l flloc-

Let g = (g1,92), then g := g1 +ig2 € Lo [0, 1] (see Lemma 8.4, (iv)), [|gllco= [|9]lco
and

2
since Sg> = v/5/2 (see [16], Theorem 2, and [17]). Corollary is proved.

fogoT—g, lglle< (*/5 +a) 1l
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Another interesting extension of Theorem 1.1 may be stated for an arbitrary
finite collection of real valued mean zero functions.

Theorem 8.2. Let fi,..., fn € Lso[0,1] be mean zero real-valued functions. Then,
for any € > 0, there exists an ergodic mod 0 automorphism T and real-valued func-
tions g1, .-y gn € Loo[0,1] with ||gillec < (n+ &)||filloo such that fi = g; o T — g,
1=1,...,n.

Proof. Without loss of generality, we may assume that || fi]lec #0, ¢ = 1,...,n.
Consider the norm on R"

[oll = max(fusl), v = (01, vn),
and define the function
F=Ff s fa): [0,1] 5 R,
where f; = fi/|lfilloc, i = 1,...,n. By Lemma 8.4 (iv), (ii),
feLoo([0,15RY),  [|fee < 1.

It is straightforward that fis a mean zero function.

By Theorem 1.2, there exists a § € Lo ([0, 1];R™) and an ergodic mod 0 auto-
morphism mod 0 T of [0,1] such that

fzgoT_ga Hg‘|oo<n+€7

since Sg» < n (see [15]).
Let g = (g1,---,9n), then g1,..., g, € Ls[0,1] and [|gilloc < |gllcc, i =1,....d
(Lemma 8.4 (iv), (v)). Therefore,

Gillo <nte, fi=gioT—G, i=1,...,n

It remains to set g; = ||fillsoGi, ¢ = 1,...,n. Theorem 8.2 is proved.

The authors want to thank Thomas Scheckter for his comments that improved
the exposition and Igor Shparlinski for his help on the Diophantine approximation
part.
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