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Abstract

This paper provides maximal function characterizations of anisotropic Triebel—
Lizorkin spaces associated to general expansive matrices for the full range of
parameters p € (0,00), ¢ € (0,00] and « € R. The equivalent norm is defined
in terms of the decay of wavelet coefficients, quantified by a Peetre-type space over
a one-parameter dilation group. As an application, the existence of dual molecular
frames and Riesz sequences is obtained; the wavelet systems are generated by trans-
lations and anisotropic dilations of a single function, where neither the translation nor
dilation parameters are required to belong to a discrete subgroup. Explicit criteria for
molecules are given in terms of mild decay, moment, and smoothness conditions.
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1 Introduction

Let A € GL(d, R) be an expansive matrix; that is, all eigenvalues A € C of A satisfy
|A| > 1. Choose a Schwartz function ¢ € S(R?) whose Fourier transform ¢ has
compact support

supp@ = {& € RY: (&) # 0} C RY\ {0} (1.1)
and satisfies
sup [p((A%)€)] > 0, & e RT\ {0}, (1.2)
JEZ

where A* denotes the transpose of A. Following Bownik and Ho [7], we define the
(homogeneous) anisotropic Triebel-Lizorkin space F"‘ (Rd A), with p € (0, 00),
q € (0,00) and @ € R, as the collection of all tempered distributions f € S'(R%)
(modulo polynomials) satisfying

) 1/q
(Zu det A/ f goﬂ)q)

J€EZ

< 00,

1/l = ‘

Lr

where ¢; := | det All@(AJ.). The space F‘;) OO(R”l; A) is defined via the usual modi-
fications.

The dilation group {A/ : j € Z} < GL(d, R) generated by an expansive matrix A
induces the structure of a space of homogeneous type on R, which differs from
the usual isotropic homogeneous structure on R?, unless A is C-diagonalizable
with all eigenvalues equal in absolute value, [3]. A particular motivation for the
study of function spaces defined through such non-isotropic structures is the anal-
ysis of mixed homogeneity properties of functions and operators. The scale of spaces
F‘;‘,, q (Rd; A) considered here contains, among others, the anisotropic and parabolic
Hardy spaces H? (R%; A) = FO 2(]Rd‘ A) for p € (0, 1] and the Lebesgue spaces
LP(RY) = Fg (R4; A) for p € (1, 00); see Sect.2.5. We refer to Bownik [3-7],
Calder6n and Torchinsky [13—15], and Stein and Wainger [58] for more background
and motivation regarding anisotropic dilations and associated function spaces.

The purpose of the present paper is to derive various characterizations of the spaces
F‘;‘,,q (Rd; A), with p € (0,00) and g € (0, o], in terms of Peetre-type maximal
functions. Our main motivation for such characterizations is that they allow to identify
a Triebel-Lizorkin space as a coorbit space [25] associated with a Peetre-type space
on an affine-type group. This identification will be used to obtain decompositions of
the spaces F“ (Rd A) in which both the analyzing and synthesizing functions are

“molecular systems (see Sect. 1.3); the recent discretization results [53, 64] are used
for this purpose.

Similar results for the endpoint case of p = oo are obtained in the subsequent paper
[45].
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Anisotropic Triebel-Lizorkin spaces and wavelet...

1.1 Maximal characterizations

Throughout, in addition to A being expansive, we assume that A is exponential, i.e.,
A = exp(B) for some B € R4*“ so that A® = exp(sB) is well-defined for all s € R;
see Remark 3.6 for additional comments on this assumption. Given ¢ € S(RY),s € R
and B > 0, we define the Peetre-type maximal function of f € S'(R?) as

*
@i f(x) == sup L xesa + 2l , xeR?
’ cerd (14 pa(A52))P
where ¢, = |det A|*¢(A®-) and py4 is an A-homogeneous quasi-norm on RY; see
Sect. 2.

Our first main result (Theorem 3.5) is the following characterization.

Theorem 1.1 Let A € GL(d, R) be expansive and exponential. Suppose that ¢ €
S(R?) has compact Fourier support and satisfies conditions (1.1) and (1.2). Then, for
all p € (0,00), g € (0,00], « € Rand > max{1/p, 1/q}, the norm equivalences

) 1/q
L= |(Zearin)

JEL

1/q
1y, =< |( [ Qaecarooi yas)

Ly
(1.3)

hold for all f € &' (RY)/PR?), with the usual modification for ¢ = oco.

Theorem 1.1 is classical in the setting of isotropic Triebel-Lizorkin spaces, where
it has been obtained under varying conditions on the multiplier ¢ € S(R?). Among
others, it can be found in Triebel [62], Bui, Paluszynski and Taibleson [10, 11], and
Rychkov [55, 56]; see Ullrich [63] for a self-contained overview of these characteri-
zations.

In the setting of anisotropic spaces, a maximal characterization of discrete type (i.e.,
a characterization involving the right-most term in (1.3)) was obtained by Farkas [23]
for diagonal dilations A = diag(2¥, ..., 2%¢) with anisotropy (ay, ..., aq) € (0, oo)d.
For general expansive matrices, a discrete maximal characterization of inhomoge-
neous anisotropic Triebel-Lizorkin spaces has been obtained by Liu, Yang, and Yuan
[48]. However, in contrast to Theorem 1.1, the smoothness parameter & € R in [48,
Theorem 3.4] is restricted to the range 0 < o < oo. In particular, the results in [48]
do not apply to the Lebesgue spaces L? for I < p < oo (which correspond to o = 0),
whereas Theorem 1.1 is applicable to these spaces.

Our proof of Theorem 1.1 is inspired by the approach in Rychkov [56] (see also
[63]), which combines Fefferman-Stein vector-valued maximal inequalities with a
sub-mean-value property of the convolution products ( f * ¢y)scr for f € S'(RY) and
@ € S(RY). This method is a variation of a technique originally due to Stromberg and
Torchinsky [59, Chapter V], and is extended here to anisotropic matrix dilations.

In addition to Theorem 1.1, we also provide a maximal characterization for the
Triebel-Lizorkin sequence spaces; see Theorem 3.8.
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1.2 Wavelet transforms

The continuous maximal characterization provided by Theorem 1.1 can be naturally
rephrased in terms of decay properties of wavelet transforms associated to the quasi-
regular representation

7, s)f =|det A2 F(AT5(—x)), (x,5) e R xR, feL?>RY, (1.4)

of the semi-direct product group G4 = R? x4 R; see Sect. 4 for basic properties.
To be more explicit, given an analyzing vector i € S(R?), the associated wavelet
transform of a distribution f € S'(R?) is the function on R¢ x R defined by

Wy f:Ga—C, (x,9) > (f,7(x,9)V).

Here, we use the sesquilinear dual pairing (f, ¢) = f(p) for f € S (RY) and
@ € S(RY). A function v is called admissible if Wy, : L*>(RY) — L*°(G 4) defines
an isometry into L2(G 4). Given a suitable admissible vector v e S(R4 ), a common
procedure for constructing an associated function space is by (formally) defining

Co(Y)={f e S®RH/PR?) : Wy feVY} (1.5)

where Y is an adequate translation-invariant (quasi)-Banach function space on G 4.
The function spaces such defined form so-called coorbit spaces, see, e.g., [17, 25,
30, 50, 64]. Generally, the definition of abstract coorbit spaces in the quasi-Banach
range [50, 64] requires an additional local property of the wavelet transform, but we
show that it is automatically satisfied in the concrete setting of the present paper (see
Remark 5.12 for details).

In this paper we prove several admissibility properties of functions ¥ € S(R?) and
establish various decay and norm estimates of their associated wavelet transforms.
In particular, it is shown in Proposition 5.11 that membership of f € S'(R?) in
the Triebel-Lizorkin space F"‘ can be characterized trough decay properties of its
wavelet transform Wy, f, in the sense that

F‘;‘,’q(A) = Col/,(Y;‘,q), (1.6)
for a Peetre-type function space Y, , on G 4 and arbitrary p € (0, 00), g € (0, oo] and
a € R. Such a coorbit reahzatlon 1s new for non-isotropic Triebel-Lizorkin spaces
and complements the realizations of anisotropic Besov spaces [1, 4, 16] obtained in
[32, 33].

The isotropic Triebel-Lizorkin spaces have been identified as coorbit spaces (1.5)
from the very beginning [38]. The function spaces Y used in the identification [38]
are the tent spaces of Coifman, Meyer and Stein [18]. It was later shown by Ullrich
[47, 63] that alternatively one could use so-called Peetre-type spaces, which allow for
a simpler and more transparent treatment (cf. [63, Section 4.1]). Our use of Peetre
spaces in Sect. 5 is inspired by [63].
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Anisotropic Triebel-Lizorkin spaces and wavelet...

Lastly, it is worth mentioning that the classical papers [25, 38] considered only
coorbit spaces associated with Banach spaces, while for treating Triebel-Lizorkin
spaces F%y o in the range min{p, g} < 1 it is essential to deal with general quasi-
Banach spaces. The framework [49, 50] was used for this purpose in [47]. However,
the theoryl [49, 50] is based on an incorrect convolution relation occurring in [51];
in particular, it does not apply to the affine group (cf. [64, Example 3.13]), although
it is used for this purpose in [47]. The present paper uses the framework [64] instead
of [50], and it is thus expected that our results in Sect.4 and Sect. 5 provide a relevant
contribution even for isotropic dilations.

1.3 Molecular decompositions

The identification (1.6) of anisotropic Triebel-Lizorkin spaces F"‘ g 3 suitable coorbit
spaces Coy; ( o) (cf. Proposition 5.11) enables us to apply general results on the latter

spaces to obtam new molecular decompositions of F% - However, as was already
observed in [34], the classical results [25, 38] on coorbit spaces do not guarantee
the same form of localization of both the analyzing and synthesizing functions as the
decomposition theorems of Triebel-Lizorkin spaces in [28, 29, 34] do. For this reason,
the recent results [53, 64] on molecular decompositions will be used, which bridge a
gap between [25, 38] and [28, 29, 34].

For p € (0, 00), g € (0, 0], let r = min{1, p, ¢q}. Given a countable, discrete set
I' C G4, afamily (¢ ), cr of vectors ¢, € L*RY) is a (coorbit) molecular system
(with respect to the window 1) if there exists an envelope ® € W(L} ) C LY(G )
satisfying

(Wydy ()] =1{dy, T(@¥) < P(y~'g), v €T, g€Ga; (1.7

here, W(L!,) denotes a so-called Wiener amalgam space (cf. Sect.5.3).

This notion of molecules depends on a so-called control weight w = w¢ pg Ga—
[1, co) for the space Y;" occurring in (1.6); see Sects.5.2 and 6.2 for details. Note
also that the functions ¢,, need not be of the simple form 7 (y)¢ given by translates
and dilates of a fixed function (as in (1.4)); rather, the wavelet transform of ¢,, satisfies
appropriate size estimates as if it was obtained in this manner.

Theorem 1.2 Let A € GL(d, R) be expansive and exponential. For p € (0,00), g €
(0,00]anda € R, letr =min{l, p,q}, ¢’ =a+1/2—1/q, and B > max{1/p, 1/q}.
Suppose ¥ € L*(RY) is an admlsslble vector satisfying Wy € W(L})) for the

standard control weight w = wp,q : Ga — [1, 0o) defined in Lemma.7. Moreover,
suppose Wy € W(L?,)) for some (thus all) admissible ¢ € Sy (RY). Then there exists
a compact unit neighborhood U C G 4 such that, for any I' C G 4 satisfying

=JyU and sup #(N'ngU) < oo, (1.8)

yel 8€Ga

! The published paper [50] is restricted to so-called IN groups, in contrast to the preprint [49]. The affine
group is not an IN group.
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there exist two molecular systems (¢,)yer C L2(R?) and ( fy)yer C L2(R?) such
that any f € F‘;’ q can be represented as

F=)_fmgy, =Y (f o) m¥ and £ =Y (f f;)fy:

yell yell yell

with unconditional convergence in the weak- topology of S'(R%) /P(R?).
(The dual pairings ( f, w(y)¥) and ( f, ¢, ) are defined suitably; see Definition6.5.)

The novelty of Theorem 1.2 is that it applies to possibly irregular sets I' —i.e., aris-
ing from non-lattice translations—and that both {w(y)y : y € I'} and {¢), : y € T'}
are molecular systems. It resembles the classical results for lattice translations by
Frazier and Jawerth [28, Remark 9.17] and Gilbert, Han, Hogan, Lakey, Weiland,
and Weiss [34, Theorem 1.5], and the work of Ho [42] for general expansive dila-
tions. In contrast to Theorem 1.2, the notion of molecules used in [7, 28, 34, 42] is
defined via explicit smoothness and moment conditions rather than decay estimates of
their wavelet transform as in Eq. 1.7. For comparison, we provide explicit smoothness
criteria for coorbit molecular systems in Sect. 6.4.

It should be mentioned that for specific vectors ¥ and particular construction meth-
ods, the validity of wavelet frame expansions in Hardy and Lebesgue spaces have,
among others, been obtained by Bui and Laugesen [9] and Cabrelli, Molter and Romero
[12]. The results in [9, 12] provide criteria and constructions that work for index sets
I' satisfying (1.8) for some neighborhood U, whereas Theorem 1.2 above requires
U to be sufficiently small. We mention that even for a molecular frame for Lz(Rd ),
the extension of the canonical L>-frame expansions to Hardy and Lebesgue spaces is
non-automatic in general, and that such frames might fail to yield decompositions of
L? for p # 2, see, e.g., Tao [60] and Tchamitchian [61].

Lastly, we complement Theorem 1.2 with a dual result on Riesz sequences. Theorem
1.3 shows that a solution to the interpolation or moment problem in discrete sequence

spaces [_');Z’ﬂ (I') < CF associated to a discrete ' C G 4 and the Triebel-Lizorkin
spaces F%’ 4 can be obtained using molecular dual Riesz sequences; see Definition 6.1
and Remark 6.2 for details.

Theorem 1.3 Under the same assumptions of Theorem 1.2, the following holds:
There exists a compact unit neighborhood U C G 4 such that, for any I' C G4

satisfying

yUNy'U=4W@, forally,y eT withy £y, (1.9)

there exists a molecular system (¢, )yer C span{m(y)¥ :y € I'} C L2(RY) such
that the moment problem

(frmW¥)=cy. v el (1.10)

admits the solution f := Zyer cyPy € F%’q for any given (cy)yer € [');Z/”S(F) <
Cr.
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Theorem 1.3 seems to be the first result on Riesz sequences in anisotropic Triebel—
Lizorkin spaces and itis new even for regular index sets arising from lattice translations.
We mention that for regular index sets, the sequence space appearing in Theorem 1.3
coincides with the standard anisotropic Triebel-Lizorkin sequence spaces defined in
[7]; see Remark 6.2.

1.4 General notation

We write s := max{0, s} and s~ := — min{0, s} for s € R.

Given functions f,g : X — [0, 00), we write f < g if there exists C > 0
satisfying f(x) < Cg(x) forall x € X. We write f < gfor f < gand g < f.
The notation <, is sometimes used to indicate that the implicit constant depends on a
quantity «. If G is a group, we write f¥(x) = f(x~!) for x € G. The characteristic
function of Q C X is denoted by 1. For a measurable 2 C R4, its Lebesgue measure
is denoted by m(£2).

For a matrix A € , its transpose is denoted by A*. The norm || A|| s denotes
the operator norm of the induced map A : R? — R, The function || - || : RY - R
will denote the Euclidean norm on R¥.

The space of Schwartz functions will be denoted by S(R?) and the space of tempered
distributions by &' (R?). Moreover, the set P(R) denotes the space of all polynomials
of d real variables, and S'(R?)/P(R?) denotes the space of equivalence classes of
tempered distributions modulo polynomials. The Fourier transform }' S(Rd ) —
S(R?) is normalized as f(é) = [pa ()28 dx Tts inverse F! f = f(=)
will also be denoted by f . Similar notations will be used for the unitary Fourier-
Plancherel transform F : L2(R?) — L2?(R%) and its inverse. For f : R — C and
y € R?, we define T, f: R — C,x — f(x —y).

Lastly, if V is a topological vector space consisting of (equivalence classes of)
functions such that the conjugationmap V. — V, ¢ — @isawell-defined, continuous
map, then the associated map

Ra’xd

ViV fr f  with  f(p):= f(@)

between the dual space V' and the anti-dual space V* is a canonical isomorphism. In
this setting, we will not distinguish between f € V' and f € V*. In particular, the
dual pairings (-, ) = (-, -)yr,y and (-, -) = (-, -)y=,v will aTways be taken to be anti-
linear in the second component, i.e., {f, ¢) := f(@) for f € V' and (f, ¢) := f (@)
for f € V*. The two most important cases where this applies is for V = S(RY) and
V = Sy(R?) (cf. Definition 4.3).

2 Expansive matrices and Triebel-Lizorkin spaces

This section provides background on expansive matrices and associated function
spaces.
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2.1 Expansive matrices

A matrix A € R4 is called expansive if minyeqp(a) |A| > 1, where 0(A) C C
denotes the spectrum of A. The significance of an expansive matrix is that it induces
the structure of a space of homogeneous type on R?; see [19, 20] for background.

The following lemma is collected from [3, Definitions 2.3 and 2.5] and [3,
Lemma 2.2].

Lemma 2.1 [3] Let A € GL(d, R) be expansive.

(1) There exist an ellipsoid Q24 (i.e., Q24 is the image of the open Euclidean unit ball
under an invertible matrix) and r > 1 such that

QA CrQ2a4 CAQy
and m(Qa) = 1. The map ps : R — [0, 00) given by

oAGE) = |det Al7, if x € AITIQA\ ATQ4, 2.1
0, if x=0, '

is called the step homogeneous quasi norm associated to A. It is measurable and
there exists C > 1 such that it satisfies the following properties:

pa(—=x) = pa(x), x eRY,
pa(x) > 0, x e R\ {0},
pa(Ax) = |det Alpa (x), x eRY,
pa(x +y) < Cpa(x) + pa(), x,yeR. 2.2)

(ii) Define da : RY x RY — [0, 00), (x, y) = pa(x — y) and let m denote the
Lebesgue measure on RY. Then the triple (R, d 4, m) is a space of homogeneous
type.

For y € R? and r > 0, the d4-ball will be denoted by By, (y,r) == {x €
RY: palx —y) <7}

The following lemma shows that the homogeneous quasi-norm can be estimated
from above and below by (powers of) the Euclidean norm; cf. [3, Equation (2.7) and
Lemma 3.2].

Lemma2.2 [3] Let A € GL(d,R) be expansive. Let h_, Ay satisfy 1 < A_ <
minyeq(A) |A| and Ay > max;eq(a)|A|. Define

Ini_ Iniy
= (0,} d ¢4 =——"—€e(1,00).
mjdera) © (O a) and = ey € @)

Then there exists C > 1 such that for every x € R?, we have
Cpa@I < lIxll < Clpa)I, i pa(x) = 1,
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Cpa)I < |Ix| < Cloa()~, if palx) < 1.

We will also need the following fact about the integrability of powers of the quasi
NOrm p4.

Lemma 2.3 Suppose A € GL(d, R) is expansive. Then for all ¢ > 0 we have
/ [pa(X))F 'dx < 00 and / [pa(X)] " "dx < oo.
By, (0.1) RI\B,, (0,1)

Proof Directly from the definition of p4, we see

o
/ [oAGT™ ~Fdx = Y |det A/ 9m(ATH 24\ AT2)
RI\B,,, (0,1) =

o0
= " |det A|" m(AQ4 \ Q4) < o0,
j=0

since | det A| > 1. The proof for pr © l)[,OA (x)]F~'dx is similar. O
4 0,

2.2 Exponential matrices

A matrix A € R9*? is called exponential if A = exp(B) for a matrix B € R?*¢,
here, exp(B) = > oo, B"/n! denotes the usual matrix exponential. If A is expansive
and has only positive eigenvalues, then A is exponential by [16, Lemma 7.8]. See [21,
Theorem 1] for a precise characterization.

For an exponential matrix A = exp(B), the power A’ = exp(sB) is defined for
all s € R. We have det A* = det(exp(sB)) = €68 = ("B))s = (det A)*, see,
e.g., [41, Theorem 2.12]. The family {A® : s € R} forms a continuous one-parameter
subgroup of GL(d, R).

The next lemma provides norm bounds for the powers A® of an exponential matrix
A. For integral powers, these bounds are folklore?; see, e.g., [3, Equations (2.1) and
(2.2)].

Lemma 2.4 Let A € GL(d, R) be expansive and exponential. Let A_, A4 be constants
such that 1 < A_ < minycq(a) |A| and Ay > maxycq(a)|Al. Then there exists C > 1
such that

CT'A xll < A% < CAY lixll, s =0,
CT' A Il < A < CA% ixll, s <0,

forall x € R4.

2 Alternatively, they can be easily derived from the spectral radius formula.
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Proof Since t — A’ is continuous, there exists C4 > 0 such that ||[A?]|oc < Cy4 for
t € [—1,1]. Fors > 0, we write s = k + ¢ with k € Ng and ¢ € [0, 1), and use the
result for integral powers [3] to conclude

1A% = A" A x| < A" [loo 1A x| < Ca €AY [Ix]l < Ca €25 IIx]I.

Similarly,
CallAx| = A Nl IA°X] = [|AT A%x]|
= [|A% ] = C71AL Jlxf) = (€A I AL x]).
The estimate for s < 0 is shown using similar arguments. O

Corollary 2.5 Let A € GL(d, R) be expansive and exponential. Then there exists
C > 1 such that

C N det Al pa(x) < pa(A°x) < Cldet Al pa(x) x e R, s eR.

Proof Due tothe A-homogeneity of py4, it suffices to verify the claimforx € A Q4 \ Q4
(with 24 as in Lemma 2.1) and s € [0, 1]. By Lemma 2.4 and by the compactness of
AQa\Q2y C Rd\{O}, there exist Ry, R» > 0 such that

Ry < C7'a% x|l < |Ax || < CA% x| < R,
uniformly for all x € AQu\Q4 and s € [0, 1]. Furthermore, there exists k € N

such that A=%*Q, N {y € R? : |y| = R;} = ¥. Thus, we see for s € [0, 1] and
x € AQ4\Qy that ASx ¢ A7¥Q 4 and hence

pa(A*x) > |det A|™F = |det A| *pa(x) > |det A| %71 det A pa(x),

where we have used that p4 (x) = 1 forall x € AQ4\€24. This gives the lower bound
with C := | det A[¥*! > 1. The upper bound follows by replacing x with A™x. O

An alternative proof of Corollary 2.5 can be obtained by using a homogeous quasi-
norm associated to the continuous one-parameter group {A* : s € R} (cf. [58,
Proposition 1-9]) and the equivalence of all homogeneous quasi-norms associated
to A (cf. [3, Lemma 2.4]).

2.3 Analyzing vectors

Let A € GL(d, R) be expansive. Suppose ¢ € S(R?) is such that ¢ has compact
Fourier support

supp @ = {&€ e RY: 9(&) # 0} C RY\ {0} (2.3)
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and satisfies

sup [@((A*)/&)[ >0, & eR?\ {0} (2.4)
JjeZ

Then the function ¥ € S(R?) defined through its Fourier transform as

~ o P® ) Thez 18(AN 1, i £ e R\ {0},
V) = :0, it =0,
is well-defined and satisfies
D AN E YA E) =1, &R\ {0} 2.5)
JEZ

We refer to [7, Lemma 3.6] for more details.

2.4 Triebel-Lizorkin spaces

Let A € GL(d, R) be expansive and suppose that ¢ € S(R?) has compact Fourier
support satisfying (2.3) and (2.4). For given@ € R,0 < p < oo and 0 < g < o0, the
associated (homogeneous) anisotropic Triebel-Lizorkin space F‘;‘, ¢ = F%’ (A @) is
defined as in [7] as the set of all f € & (RY) /P(R?) for which

) 1/q
£l , = H(Z(IdetAlf“If*wjl)q>

JEZ

< 00,

Lr

where ¢; := |det A/ (A7), with the usual modification for g = oo.

As shown in [7, Proposition 3.2], the inclusion map F‘;,q — S/(Rd)/P(Rd) is
continuous and F‘;‘, q is complete with respect to the quasi-norm || - ”Ff,,q' Moreover,
[7, Corollary 3.7] shows that the space F; . is independent of the choice of ¢; we will
thus simply write F%,q (A) instead of F‘;‘%q (A, p).

The sequence space fl’;" ¢ = f';" q(A) onZ x 74 associated to F%’ 4 18 defined as the

collection of all ¢ € CZ*Z

) 1/q
el = H(Z > (|detA|/(a+1/z)|cj,k|]1Aj([o,l)uk))q)

P.q -
J€L kezd

satisfying

< 00, (2.6)

Lp
with the usual modification for g = co.
2.5 Anisotropic Hardy spaces

Denoting by H /‘Z the anisotropic Hardy space introduced in [3], it follows by [5,
Theorem 7.1] and [3, Remark on p. 16] that

@ Springer



S. Koppensteiner et al.

HY =F) ,(A), pe©1]
L = HY =¥ ,(A), pe(l,00).

Two expansive matrices A1, A» € GL(d, R) are said to be equivalent if HY =H Xz
for all p € (0, 1]. Given an expansive A1, there exists an equivalent matrix A, with
all eigenvalues positive and such that det A, = |det A|; see [16, Lemma 7.7] and
[8, Theorem 2.3 and Lemma 3.6]. Recall that such a matrix A; is exponential (cf.
Sect.2.2).

3 Maximal function characterizations
This section provides maximal function characterizations of Triebel-Lizorkin spaces.

In Sect.3.1 we provide preliminaries on maximal functions. The characterizations of
distribution and sequence spaces will be proven in Sects. 3.2 and 3.3, respectively.

3.1 Anisotropic maximal functions

Let A € GL(d, R) be expansive. For f : R? — C measurable, the (anisotropic)
Hardy-Littlewood maximal operator M, is defined as

M,, f(x) = sup

! d
Bsxm(B)fBlf(y)ldy, x € RY, (3.D

where the supremum is taken over all p4-balls B = B,, (v, r) that contain x.
The following simple observation is central for the remainder of this article.

Lemma 3.1 Let A € GL(d, R) be expansive. For f : RY — C measurable, it holds
M,,[f oAl =[M,, floAl, jeL. (3.2)

Proof For z € RY, the property A/z € B,,(y,r)is equivalent to z € B,,(A™/ 'y, r/
| det A|/). Hence, the substitutions z = A~/y and s = r/| det A|/ and the change-of-
variable v = A~/ w show

(M, )(A/x) = sup ——— f
. yer =0 MBpa(¥.1)) Jp,, (v

ijeBpA (y,r)

Lf(w)ldw

1
= sup | f(w)|dw
cerd so0 M(Bpy(Alz, [det AlVs) Jp, (aizjdetalis)
xeB,JA(z s)
| det A1 (AT d
= S v v
ceni o m(Byy (ATz, [detAVS) I, o)
xeBpA(z s)
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= (M,,[f o A7) (x),

as desired. O

A further central property is the vector-valued Fefferman-Stein inequality [24], in
the form stated in the following theorem. It follows, e.g., from [37, Theorem 1.2], by
using that (R, d4, m) is a space of homogeneous type.

Theorem 3.2 [37] Let A € GL(d, R) be expansive. For p € (1, 00), q € (1, 0], there
exists C = C(p,q,A,d) > 0 such that

H <Z[MpAfi]q>l/q

ieN

L Lr

1/q
-d|(z)
r ieN
for any sequence of measurable functions f; : R — C, i € N, with the usual
modification for g = oo.

The following majorant property of the anisotropic maximal operator can be found
in [2, Lemma 3.1] in a slightly different setting. Nevertheless, the proof given in [2]
applies verbatim in our setting.

Lemma3.3 [2] Let 6 : [0,00) — [0, 00) be non-increasing, and assume that
©:RY - [0, 00) given by ©(x) = 0(pa(x)) is integrable. Suppose that g € LY (RY)
satisfies |g(x)| < O(x) for almost all x € R%. Then, for f € L'(RY),

I(f @] = [Ollp1 My, f(x)

forall x € RY.

Given an exponential matrix A € GL(d, R) and s € R, we define the dilation of
a function ¢ : RY — C by ¢(x) := |det A|*¢(A%x). For g > 0, the Peetre-type
maximal function of f € S'(RY) with respect to ¢ € S(R?) is defined as

. [(f * @) (x +2)| [(f * @5)(x + 2)| d
= sup —— o T LTRE TN x e RY

Crpl 00 = S0 S oyp S T paarep < ©
(3.3)

see Lemma A.1 for the validity of the second equality for the step homogeneous
quasi-norm p4. If A is not exponential, we define <p;’";3 also by (3.3), but only for
s € Z.

The Peetre-type maximal function and the Hardy-Littlewood operator are related
by Peetre’s inequality, cf. [7, Lemma 3.4] for a proof.

Lemma 3.4 (Anisotropic Peetre inequality) Let K C RY be compact and B > 0. There
exists C = C(K, B, A) > 0 such that for any g € S'(R?) with suppg C K, we have

lg(x — 2)| 1/8 B
o= <[ 34
W T paeyyp = CLMaalel D] (34)
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forall x € RY.

The expression g(x) in (3.4) makes sense, since every tempered distribution with
compact Fourier support is given by (integration against) a smooth function, cf. [54,
Theorem 7.23].

3.2 Function spaces

The following theorem is one of the main results of this paper. It provides an anisotropic
extension of corresponding results in [11, 62, 63].

Theorem 3.5 Let A € GL(d, R) be expansive and exponential. Assume that ¢ €
S(Rd ) has compact Fourier support and satisfies (2.3) and (2.4). Then, for all p €
(0,0), g € (0,00], « € Rand B > max{l/p, 1/q}, the norm equivalences

) 1/q
= (Z0ecarisz, )

J€EZ

1/q
11l = ” ( fR (1 det A[“, f)qu>

Lp Lp

(3.5)

hold for all f € 8 (RY)/PR?), with the usual modifications for g = oc.

(The function <p;”;3 f R — [0, 00] is well-defined for f € S'(RY)/PR?), since
@ has infinitely many vanishing moments and hence P x@; = 0 for every P € P(R).)
Remark 3.6 Let A € GL(d, R) be expansive.

(a) The proof of Theorem 3.5 shows that the characterization

(X taeraross )

JEZL

1/q

1 N, = ‘ . [ eSRY/PRY,
, o

does not require A to be exponential. Instead, it holds for arbitrary expansive
matrices: the estimate “<” is trivial, whereas Step 3 of the proof shows “>.

(b) For anisotropic Hardy spaces H X with p € (0, 00), the matrix A may be assumed
to be exponential by the discussion in Sect.?2.5.

Proof of Theorem 3.5 As seen in Sect.2.3, there exists ¥ € S(R?) with supp{ﬂ\ C
supp @ and such that

D a((AanE) Y ((Anig) =1, £ eR\ (o).

JjEZ

Note that with A, also A* is expansive and exponential. By Lemma 2.4, it follows that
there exist 0 < R; < Rp < oo such that

R < [(A")'€|l < Ry, te[-1,1], & €supp®.
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Choose N > 0 such that (A*)/ supp@N{& € R? : Ry < ||&|| < Ry} =W for|j| > N,
and define ® € S(R?) via its Fourier transform as

N

D)= Y @(An‘E) ¥ ((an‘e),

{=—N

noting that 6(5) = 1for Ry < ||| < R». A direct calculation based on the preceding
observations and using the convolution theorem shows that

Ok * Ppyy = @ and  @p4y x P = @y, k €Z, t €][0,1]. 3.6)

The remainder of the proof is split into three steps. For notational simplicity, we write
throughout vg(y) := (1+p4 (y))ﬁ fory e RY. By Eq. (2.2), it follows that vg satisfies
vg(x +y) S vg(x) vg(y) forx, y € R4, with implicit constant only depending on

A, B.
Let f € S(RY)/P(R?) be arbitrary. We prove the equivalences in (3.5) in several
steps.

Step 1. In this step we show that || f ”F" can be estimated by the middle term of (3.5).
p.q
For arbitrary, but fixed ¢ € [0, 1], a direct calculation using (3.6) gives

[(1detar? 1f x¢p01)

- H (| det A% |(f @4 % goj)(x)l)

JEZ 1z

. (3.7)

IS Z ”('detAI“’ ((f * @ittt ¥ Yjess ‘pf)(x)|>

7a
[ —

To estimate (3.7), note that for arbitrary x € RY,
[(f * Qjtett * Vjrots * @j)(X)]

</ |(f * @jaer)x + )]
= Jra vﬂ(Aj-i-f-Hy)

Vg (AT ) (Y joe % ) (= V)] dy

|(f * @jtes)(x + y)I e . |
: yeRd vg(AJ+tHy) ,vpA N W jerr * @) (=y)| dy
= ¢;i€+t,ﬁf(x) /H‘W Vﬁ(Aj+€+ly)|(¢j+£+z * ;) (—=y)| dy, (3.8)

where <p;";3 fisasin (3.3). We can estimate the integral in (3.8) by change-of-variables
as

/R AT DI o) 0] dy

< fR ATy /R [ det APy (ATFH )| [det A o (AT (—y — w))| dw dy
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= fRd /Rd v (AT 2) [y ()] lo(—z — A= EFDv)| dz dv

= /Rd /Rd vg(ATHy =) [y @) lg(=y)| dy dv

S /Rd Vﬂ(AE'Hy) lp(=y)I dy /Rd vg(v) [ (V)| dv. (3.9)
By Corollary 2.5 and Lemma 2.2, we see for —N < £ < N and ¢ € [0, 1] that

vg (AT y) < 1 det APV (14 pa(3)f < I det APV ||y|P/e-.
(3.10)

The integrals in (3.9) can therefore be bound independently of —N < ¢ < N and
t € [0, 1]. Thus, (3.8) implies

Idet A%V [(f % @jpote * Yjpose * 9))(X)]

g |detA|—a(€+l)| detAlﬁt(j+l+t)(p;<ie+t’ﬂf(x)

where we can estimate | det A|~**? < 1 with implicit constants independent of £, .
Combining this with (3.7) gives

N
H(| detA|°‘j|(f * (pj)(x)|> . ZHZ‘I < Z (| detA|Ol(j+Z+z) ﬁo;iew,ﬂf(x))
J€ =N jezlled
< H(|detA|“(j+’)goﬁt’ﬁf(x)> (3.11)
JEZlea

Lastly, the left-hand side of (3.11) being independent of ¢, we average over ¢ € [0, 1].
For this, let us assume g < oo. Taking the ¢g-th power of (3.11) and integrating gives

. 1 .
D (et API(f x 90! S /0 Y (Idet AU, o f(x)) dr
JEZ JEZ

=A;(|detA|°”g0;‘jgf(x))qu,

and thus

) 1/q g 1/q
‘ <Z(|detA|’“|f*¢j|)") < H(fR(|detA|“¢;‘i*,sf) ds)
Lr

JEZ
The case g = oo follows by the usual modifications.

Lr

Step 2. This step will show that the middle term can be bounded by the right-most
term in (3.5). Using the convolution identity (3.6), we calculate for x, z € R?, j € Z,
andr € [0, 1],
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[(f *@jye)(x + 2) - ﬁ: / I(f*§0j+z)(x+y+z)||(wj+z*(pj+t)(_y)| dy
< i

vg(AJtz) vg(AJ+7)
al I(f % @) (x +w) [ vg(ATT(z + y))

< - -
= V(AT W) Jpa vp(ATTI)

[(Yjre *@jr) (=) dy.
¢=—N weRd

(3.12)

To estimate the integral in (3.12), note that the essential submultiplicativity of vg and
a change-of-variable gives

(A G +y)
L e kg () dy

vﬂ(AjJrzZ)
JH ' ‘ ' .
S,A{d %Ad |detA|J+£|w(A/+£w)||detA|/+t|<p(AJ'H(—y—w))| dw dy
vg(AT ez + A1) o
SAd ,/Rd vp(ATFZ) [y ()| le(—=¢ — A" v)| dv dt
vﬂ(AjH o—t
./Rd /I;{d Vg (AJ+Z) Vg(A™0) [ ()] (=) dv dg. (3.13)

Next, by Corollary 2.5, we have ps(A’z) = pa(z) fort € [0,1] and z € RY.
Therefore, we see for —N < ¢ < N andt € [0, 1] that

1+ pa(Afz) AN I+pa@) _

< |det A S L (3.14)
1+ pa(Alz) + pa(A'z)
with an implicit constant independent of j, £, t and z. Combining (3.14) with (3.10),
we then see that the integral (3.13) can be estimated independently of j, £, t. Therefore,
(3.12) shows for g < oo that

q N ) q
<|detA|a(]+t) i f(X)> S Z (sup |(Jc>k(p]Jr€)()c+w)||detAI”‘(jH””_e)>
Ng:,N weRd vﬂ(Aj-Héw)
N . q
<Y, (| detA|°‘“+‘>«>;*iz,ﬂf<x>> . (3.15)
{=—N

The right-hand side of (3.15) being independent of ¢, integrating (3.15) over [0, 1]
shows that

/R(ldetAl‘“go fx) ds—Z/ (Idet A|*UH0gxt, o f(x)) d1

JEZ

N
<2 (|detA|“<f+f> o f(x))

jeZ t=—N
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<D (Idet A% g% £(x))?, (3.16)
JEZ

and thus

H</ ('detAlasgo:,zf)qu)l/q

The case g = oo follows by the usual modifications.

. 1/q
< H (Z (I detA|°”<o;’fj*ﬁf)")
LP

JEZ

L
Step 3. This final step will show that the right-most term in (3.5) can be estimated by

Il flljw - Note first that
P.q

o ) = sup (T EEDEH AT I xe)) 0 ATNATx 4 2)
Crpl = e Ut pa@P o (1 + pa(—2))P

)

(3.17)

where the symmetry of p, is used. In order to estimate (3.17), we apply Peetre’s
inequality in Lemma 3.4 to g; := (f *¢;) o A™/. To this end, note with the (bilinear)
dual pairing (-, -) ¢’ s that

(& ®)s.s=(f*wj. |det Ao al)y o= (Fxgj. ¢po(A) )y ¢
=(f. @A) ™) (@ o(A) )y =0

for all ¢ € S(RY) with supp ¢ C RAsupp @. Thus, supp &; < supp @ is contained in
the same compact set for all j € Z. An application of Lemma 3.4 therefore provides
a uniform constant C > 0 such that, for all j € Z,

o o 187(ATX 42| IR
#S 0= 8 G paimayp = CLMnlsil DAL

where M, is as in (3.1). Therefore, the right-hand side of (3.5) can be estimated
using Lemma 3.1 and the vector-valued Fefferman-Stein inequality (Theorem 3.2) as
follows:

. 1/q ' | e
"(Z('detA‘a"P??‘ﬂf)q) S (Z<|detA|°‘J[(MpA|8j|l/5)(AJ.)]ﬁ> )
JEL Lp = .
o 1/8 : \Bq 1/q
- (Z(MpA[(IdetAl lg;n V) (al ) )
JEL I
i 1/(aB) B
- (Z(MPNdetAl“flfwﬂ)“")’sq)
JEZL Lof
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. 1/q
S H(Z(|detA|a]|f*§0j|)q> .
Jez Lr
The last step used that pB, g8 > 1, so that Theorem 3.2 is applicable. O

3.3 Sequence spaces

This section provides a maximal function characterization of the sequence spaces f'l"," q
defined in Sect.2.4. We start with a simple lemma.

Lemma 3.7 Let A € GL(d, R) be expansive, let K C RY be bounded and measurable
with positive measure, and let B > 0. For £ € Z and z € RY, set Ky, = A’Z(K +2).
Then

|det A|

e\ B -
(1+pa(A'x —2)) " S (1’% Tt pa(at))P

)(x) X € Rd,

where the implied constant only depends on K, B, A.
Proof Define v(x) := (1 4+ p4(x))~#. Note that
Ik, (x) = |det A|"“(Mg)e(x — A™2) = | det A" [Ty, (1x)e] (x).
By applying similar manipulations to the left-hand side of the target estimate, and

multiplying both sides of the target estimate by | det A [, it is easily seen that the claim
is equivalent to

Tp-e,v0 S [Tp-e,(Lg)e] * vy
Since convolution commutes with translation, we can assume that z = 0, i.e., we need
to show that vy < (g )¢ * ve. Furthermore, using the identity (f o A) * (g o A) =
| det A| -1 (f *g) oA, itfollows that it suffices to prove v < T g x v. For this, note that

since p4 isbounded on K, we have 14+p4(x —y) < 14+ p4(x)+pa(—y) S 1+ pa(x)
and hence (1 + pa(x — y))fﬁ Z(1+ pA(x))fﬁ forx € R? and y € K. Therefore,

Ig *v(x) = /K(l + palx — y))_/3 dy 2 fK(l + pA(X))_ﬁ dy = m(K) - v(x),

which completes the proof. O

The following is a discrete counterpart of Theorem 3.5 and will be used in Sect. 6.1.

Theorem 3.8 Let A € GL(d, R) be expansive and exponential. Then, for all p €
(0,00), g € (0,00], € Rand B > max{l/p, 1/q}, the (quasi)-norm equivalence

llellja
.4
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| det A|-(@+1/2)s 7 \x
< H(/];{ (esssupm Z |C£,k|]1A—Z([_1’1)d+k)('+Z)1—€+[—I,1)(S)> dS)

d P
zeR ez kezd L

holds for all ¢ = (ce k) ey kezd € CZ*Z* \ith the usual modifications for q = oo.

Proof We only prove the case ¢ < o0; the case ¢ = 0o can be proven by the usual
modifications. For ¢ € Z and k € Z4, define Quk = AE(—1, 1)d + k) and Py =

ATLI0, )Y 4 k). Given ¢ = (cep)gep ezt € CPZ let F: R? x R — [0, 00] be
defined by

Fx.s)= Y leeallg () I ri—1n(s). (x.5) e R xR
LeZ,keZd

Then we can re-write

|detA|—(oz+l/2)S
1 ::/ (esssupm
R zemd PANE " g kema

F( q
— / (| detA|—(Ot+1/2)S ess sup M) ds
R cerd (14 pa(A=52)P

q
|C£,k|ﬂA—l([_1’1)d+k)(' + 2T _pyq1, 1)(S)> ds

. F(+z.—(j q
= Z <| det A|@F/2DUHD egs sup [FC+2 (.] +t))|) dt. (3.18)
o,1) cerd  (L+ pa(Aitiz)p

JEZ
Note that for j € Z and t € (0,1), we have F(x + z,—(j + 1)) <
é:]l > kezd lcekllo,  (x + 2) for x,z € R“. Moreover, for fixed j € Z, each

y € R? belongs to at most a fixed number of sets from the family (Q k) gezds thus,

D lejullp, (2 S|Fx+z.—( + )
kezd
Jj+1
SO0 eerld g, (x +2). (3.19)

t=j kezd

Therefore,

1 . aq )

1< Z Z/ |detA|(a+l/2)(j+m—m+t)q ess sup ZkEZd |C/+m’k'| Q/'-th,k( +2) dt
=0 ez, O.D cerd (L4 pa(ATtm=mtiz))bq

D kezd leexlLg, (- +2)

(1+ pa(Atz))Pa

< Z | det A|@ /24 egs sup (3.20)

ez zeR?

where the last step follows by using Corollary 2.5 and noting that |det A|'~™,
|det A|"™~" < 1, with implicit constants independent of ¢ € (0, 1) and m € {0, 1}.
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Next, since 8 min{p, g} > 1, we can choose r € (0, 8) such that »r min{p, g} > 1,
and estimate

ISY ) [ det Alett/Dia |cj,k|‘1(esssup ]IQJ'*('J.FZ) )qr. (3.21)
JeL kezd cerd (14 pa(AT2)PI

To estimate (3.21) further, note thatx+z € Q; y forx € Rd,implies Al (x+z2)—k €
[—1, 114, hence

1+ pa(Alx —k) = 1+ pa(Alx + Alz —k + (= A772))
S (14 pa(Al (x +2) — k) (1 + pa(—Alz))
S 1+ pa(Al2).

Therefore, for arbitrary x € RY,

Lo, (x+2) - 1
€SS su A -
S (T pa(ATNPT ™ (1t pa(Aix — K))PI"
| det A|/
<|1p. _ , 3.22
~ < P T pacaioperr ) 522

where the last inequality follows from Lemma 3.7. The function g; := | det AV +
pa(ATN)7AI is in LY (RY) by Lemma 2.3. Moreover, we have || g;ll = llgoll.1 for
every j € Z. Therefore, noting that g;(x) = |det AJ7(1 + |det Al pa(x))~A/"
and applying the majorant property of the Hardy-Littlewood maximal function (see
Lemma 3.3) to the right-hand side of (3.22) gives

]le.k x+2) <
€ss sup . <
cerd (L4 pa(Aig)PIr

palp, (x), xeR% (3.23)

Combining (3.21) and (3.23) yields

. qr
Z5393 |detAl(a+1/2)161|cj’k|q(MpA]le,k(.))
J€Z kezd

. qr
=2 (MpA[ldetAH““/ZW|c,-,k|”’1lp,-,k]<')> |

J€Z kezd

This, together with an application of the Fefferman-Stein inequality of Theorem 3.2,
gives

|l 5

1/2)j 1 N
(Z 2 (MPA[ldetAﬁ“ P e /’hj,k](')) )

J€L kezd

Lr
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D 1 qry 1/(rq)
(Z 2 (MpA[ldetAl<“+ I el /’ﬂp,-,k]<')> )

r

|

jeLkezd Lr
1/2)j q e
S ‘ (Z > (Idet A| TP |c; 4 1p, () ) = llelly -
J€Lkezd Lr
The reverse estimate follows easily by combining the lower bound
F 3
F(x,s)gesssupM, (x,s) e R? x R,
zeRd (14 pa(A SZ))’S
(see Lemma B.1) with (3.18) and (3.19). O

4 Admissible Schwartz functions and wavelet coefficient decay
Let A € GL(d, R) be an exponential matrix. Define the associated semi-direct product

Ga=RIxsR={(x,5):x eR% s € R} 4.1

with multiplication (x,s)(y,?) = (x + A’y,s + t) and inversion (x, )~ =
(—A™%x, —s). Left Haar measure on G4 is given by dug, (x,s) = | det A|*dsdx,
and the modular functionon G 4 is Ag, (x, s) = | det A|*. To ease notation, we often
simply write i 1= ®g,.

For p € (0,00), the Lebesgue space on G4 is denoted by LP(G4) =
L?(G 4, tG,)- The left and right translation by 4 € G 4 of a function F : G4 — C
are defined by

LyF=Fh™') and R,F=F(h)
respectively.

4.1 Admissible vectors

The quasi-regular representation (7, Lz(Rd Nof Gy = RY x4 Ris given by
w(x,$)f = |det A| 2 AT (- —x)), e L*RY.
For fixed ¢ € L?(R%), the associated wavelet transform is defined as

Wy : L*(RY) — L®(Ga), Wy f(x,s) = (f,m(x,)¥), (x,5)€Ga,
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and  is admissible if Wy defines an isometry into L%*(G ). This implies
W; Wy = id 2 ey, which gives rise to the reconstruction formula

f= leWwf:/G Wy f(@m(@Vduc,(3),  feL*R), (42
A

with the integral interpreted in the weak sense. Furthermore, the reproducing formula
Wof =Wy fxWoy, f,eeL*RY) (4.3)

follows directly from the isometry of Wy, and the intertwining property Wy [7(g) f] =

Lg[Wy f1.
Admissibility of a vector can be conveniently characterized in terms of its Fourier
transform, see, e.g., [46, Theorem 1.1] and [31, Theorem 1].

Lemma 4.1 [31,46] Avector ¢ € L*>(R?) is admissible if, and only if,

fRW((A*)Sg)Pds =1, aeteR? (4.4)

The significance of A being expansive is that this guarantees the existence of admis-
sible vectors with convenient additional properties:

Theorem 4.2 [3, 22, 39, 44] Let A € GL(d, R) be an exponential matrix. Then the
following assertions are equivalent:

() Either A or A~V is expansive.
(ii) There exists an admissible vector y € L*(R%) such that ¢ € C o0 (RY).

If A is expansive, there exists an admissible ¢ € S(R?) satisfying ¢ € C o0 R\ {0}).
In addition, it can be chosen to satisfy the support condition (2.4).

Proof The claimed equivalence is proven in [39, 44], see also [57, p. 319]. The final
claim easily follows from [22, Proposition 10] or [3, Chapter II, Theorem 4.2] and
their proofs. O

In the sequel, a matrix A € GL(d, R) will be assumed to be expansive and expo-
nential.

4.2 Decay estimates

This section concerns decay properties of the wavelet transform. The derived decay
estimates will play an important role in the subsequent sections, but are also of inde-
pendent interest.

We recall the following Fréchet space of Schwartz functions with all moments
vanishing.
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Definition 4.3 Let So(R?) denote the space of all ¢ € S(R?) satisfying
/ e(x)x%dx =0
R4

for all multi-indices o € N§. The space Sp(R?) will be equipped with the subspace
topology coming from S(R?). Its (topological) dual space will be denoted by &, RY).

The dual space 86 (R?) can be identified with &' (R9) / P(RY); see, e. g., [36, Propo-
sition 1.1.3].

The following lemma will be helpful in establishing decay of the wavelet transform.

It is a generalization to the anisotropic setting of a well-known estimate, see, e.g., [36,
Appendix B.1].

Lemmad4 Ifs > 0and L > 1, then
/Rd(l +0a) (14 pa(A™ (v =) " dy Saar (14 pa(A=x) 7"

forall x € RY.

Proof Since L > 1, an application of Lemma 2.3 shows fRd(l +pa(y)Ldy < 1.
Therefore, if pa(A™°x) < 1, then

/Rd(l 1 pa) H 1+ oA — )y < /Rd“ + oA L dy

S A4 pa(A™x)7E

In the remainder of the proof, it may therefore be assumed that p4 (A™%x) > 1.

Let C; > 1 with pg(x + y) < Ci(pa(x) + pa(y)), and let C» > 1 denote the
constant in Corollary 2.5, so that p4 (A’x) < Cp |det A|*pa(x) forall x, y € R? and
s € R. Define

U:={yeR: pa(y) = 2C1C2) " |det A pa(A~*x)}

and V := {y € R": ps(A™(y — x)) = pa(A=5x)/2C)}. Then R = U U V;
otherwise,

pA(A™x) < Ci(pa(A™° (x — y)) + pa(A™"Yy))
< Ci(pa(A™" (x — y)) + Ca [ det A|pa())
< Ci(pa(A™x)/(2C1) + C2 | det A|*(2C1C2) ™' det Al pa(A™*x))
= pa(A™%x),

forany y € R\ (U U V).
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On the one hand, it follows by p4(A™°x) > 1 and a change-of-variable that

/U (14 pa) ™ (14 pa(A~ (v —x)) Ly

(2c1c2)L-|detA|LS/ ,, L

< 1 A5 (y — d
A Rd( +pa(A™ (y —x)) T dy
_ @CiCyt [det A

(1 + pa(A=x)k
1

< 9
~ (1 + pa(A=sx)E

/ (14 pa(z)) tdz
]Rd

where the last inequality uses Lemma 2.3 and | det A| —(L=Ds < 1gince L > lands >

0. On the other hand, if y € V, then 1+ pa(A™5(y —x)) = 2C1) " (1 4 ps(A™*x)).
Therefore,

B _ 1
l L 1 A—S — Ld <
/v( +pa) (L4 pa(AT G —0)) Ty S s

by Lemma 2.3. Combining these estimates yields the claim. O
Lemma4.5 Let fi, f» € L>(RY).
Q) If1fi()] < Ci(1 4+ pa(-) "L ace. for some L > 1 and all i € {1, 2}, then

IWh f2(x, )] S C1Ca [ det A|7F12(1 4 pa(a= x)) " 4.5)

for all s € R, where the implied constant only depends on d, L, A.
(i) If fi € CN(RY) satisfies |0% fi(x)| < C3 forall a € Ng such that || < N, and

/Rd €I 1200 dx < Ca, and /

x% fr(x)dx =0 for |a| < N,
R4

then

W fa(x,$)| < C3Cq | det A7 AN, (4.6)

forall s € R, where the implied constant only depends on d, N.

Proof (i) s > 0, Lemma 4.4 implies

— — — —L
W falx, )| < C1Ca /Rd(l +pA() T et AT (14 pa(A™ (v = x)) " dy
< C1Ca et A2 (14 pa(A™x) ",
as claimed. For s < 0, note that

(Wh falxo9)| = [Wp fi(=AT"x, =3)|
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S C1C2|detA|_‘_S|/2(1 + PA(—A_(_S)+A_‘Yx))_L
= C1Caldet Al M2 (14 pa(a™ ") ™"

(i1) By Taylor’s theorem, there exists a polynomial P, of degree N — 1 that satisfies

lfi(x 4+ 2) — Pe(@)| < C3llz|V forall z eR?,

with implied constant only depending on d, N. Since fRd P(y) f2(y)dy = 0 for any
polynomial P with degree at most N — 1, it follows that

Wi fatroo) =| [ )l deca ™ FGA=G =y

= ‘/1;1 2] detA|—S/2[f1 A=y —A—x) — P (A )]dy

< Csldet A2 /R | DA yIY dy

< C3Cy | det A2 | AT,

as required. O
The following consequence is what we will actually use in most applications.

Corollary 4.6 Let yr, ¢ € So(RY) and 1 < A_ < minjeq (a) |A| be as in Lemma 2.4.
Then, for every L, N € N,

Wy, ) S (14 pa@) 22Ny gll, 4.7)

where || - || is a suitable continuous Schwartz semi-norm. The implied constant and
the choice of the semi-norms depend only on L, N, A, d, h_.

Proof Note that ¥, ¢ € Sp(RY) guarantees that all assumptions of Lemma 4.5 are
satisfied and the bounds C1, ..., C4 can be replaced by suitable Schwartz semi-norms
of Y or ¢.

We first use the estimate (4.5). Note that p (A_S+x) = | det Al _S+pA (x) by Corol-
lary 2.5. Therefore, we see for any K > 1 that

Wy, ) S W1 el | det A|7SV2(1 4 [ det A7 pp(x) ™K
Sl llgll | det AI7172 max {1, [det AIK ST} (14 pa )™
Sl el det AIK S (14pa ()~ F
< 91 llgll | det AJTE (14 p4 () 7%, (4.8)

where || - || is a suitable Schwartz semi-norm depending on K, A.
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We now show for arbitrary M € N that

Wy, 5)| < A

¥l el (4.9)
Indeed, if s > 0, then [|[A™ ]|l < AZ® by Lemma 2.4 and the claim follows
immediately from (4.6). The claim for s < 0 follows from the case s > 0 via
Wye(x,s) = Wor (—A™5x, —s).

Finally, we interpolate between (4.8) and (4.9). To this end, note that a priori the
seminorms in (4.8) and (4.9) are distinct, but that we can assume that they are equal
by possibly enlarging them. Now, since A_ > 1, we can choose H = H(A, A_) € N
such that A\ > | det A|. Taking K =2 L and M = 2(HL + N) yields that

Wy )l = [Wyetx )Wy (x5
, L
S Il det AFIE (1 4 pa(a)) ™5 aZHIHEN
SV IlRl A+ paCe) =2z,

as claimed. O

4.3 Extended wavelet transform

The wavelet transform can be extended via duality to S&(Rd) =~ SRY)/PRY).
Throughout, we will use the dual bracket defined by

() SHRY x SHRY — T, (f, ) = f(@). (4.10)

The bracket is a sesquilinear form naturally extending the L?-inner product.
If ¥ € So(RY), then the (extended) wavelet transform

Wy : S&(Rd) = C(Ga), Wyfx,s)=(f,mn(x,)¥), (x,s)€ R? x R,
4.1D)

is well-defined. Here, we implicitly use the continuity of R x R — S(R?), (x, s) >
7 (x,s)¥. In addition to the wavelet transform, we also extend the representation
to Sy(R?) by defining

() o) == (f,m(h ") for f e SH(RY) and ¢ € Sy(RY).

The following lemma extends the reconstruction formula (4.2) to all of S, (RY).

Lemma4.7 Let € So(R?) be admissible. Then
/G Wy f (&) Wye(g)dug,(8) = (f, ¢) (4.12)
A

forall f € Sy(RY) and ¢ € Sy(RY).

@ Springer



S. Koppensteiner et al.

Proof The proof follows [32, Lemma 2.11] and [33, Lemma 40], with suitable modi-
fications.

For M, N € N>441, let SM,N(Rd) denote the space of all functions f € CN(RY)
satisfying

0. 2= maxyg g1y sup (1 xDM10 ol < 0. (4.13)
xeR

The function space Sy, v (RY) equipped with the norm in (4.13) is a Banach space.
Furthermore, S(R?) <> SM,N(Rd). Since G4 — S(RY), g — 7 (g)y is continuous
and G 4 is o-compact, this implies that the map

Ga— Sun@RY), g Wye(g) ()Y (4.14)

is continuous and has a o-compact (and hence separable) range. Moreover, the decay
estimates of Corollary 4.6 show fGA Wy @ m(@¥llm,nduc,(g) < oo.Overall,
this shows that the map in (4.14) is Bochner integrable, for arbitrary M, N € N>;41.

The reconstruction formula (4.2) shows for ¢ € SoRY) ¢ L2R%) N Swm, N(Rd)
that

§0=/G Wy (@) [m(V1duc, () (4.15)
A

where the integral is understood in the weak sense in Lz(Rd ). As shown above, the
right-hand side also exists as a Bochner integral in Sy, N(Rd). Since M > d + 1,
we have Sy .y — L?(R?). Furthermore, if ¢ € Swm.n satisfies (¢, f) = 0 for all
f € L?>(RY), then ¢ = 0. Hence the identity (4.15) also holds in SM,N(R‘I).

Lastly, if f € S{)(Rd ), then f extends to a continuous linear functional on S(R?)
by [36, Proposition 1.1.3]. Hence, there are M, N € N> 441, such that the restriction
of f to SO(IRd) is continuous with respect to || - ||, n5; see [35, Proposition 2.3.4].
Using the Hahn-Banach theorem, we can extend f to a bounded linear functional f on
SM.N (R%). In view of (4.15), and using that the Bochner-integral can be interchanged
with bounded linear functionals by [66, V.5, Corollary 2], we obtain that

o0 = F@ = 7( | We@n v duc, o)

- fG Wy a@\ f, 7 (V) i, ()
A

for any ¢ € So(R?). O

Corollary 4.8 (Reproducing formula) Let ¥ € So(R?) be admissible. Then
Wof = Wy f s« Wy (4.16)

holds for all f € Sy(RY) and ¢ € Sp(R?).
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Proof Replacing ¢ by 7 (h)¢ in Lemma 4.7 easily yields the claim. O

5 Coorbit spaces associated to Peetre-type spaces

This section is devoted to characterizations of anisotropic Triebel-Lizorkin spaces in
terms of wavelet transforms. Explicitly, it will be shown that Triebel-Lizorkin spaces
can be identified with coorbit spaces associated to so-called Peetre-type spaces.

5.1 Peetre-type spaces

For p, g € (0, co], the mixed-norm Lebesgue space L”9(G 4) consists of all (equiv-
alence classes of a.e. equal) measurable functions F : G4 — C satisfying

1FLra =[x = IF G zaw | Lo ge, < 00 (5.1)

relative to the Borel measure v on R defined by v(M) = f Iy ‘dedt—s/w. The weighted
space is given by L59(G4) = (F : G4 — C: w - F € LP9(G,)}, with norm
Il pa = lw - FllLra.

Definition 5.1 Fora € R, 8 > 0, and p € (0, 00) and ¢ € (0, 0o], the Peetre-type
space P‘,x,ig (G 4) on G4 is defined as the collection of all (equivalence classes of a.e.
equal) measurable F : G4 — C satisfying

Fll. Bi= <00,
I Fllges

F i a g4 l/q
X (/ <|detA|‘” ess sup [Ptz §)| ) > )
R cerd (1+pa(A™52))P ) | det A

with the usual modification for g = oo.

Lpr

An essential property of the Peetre-type spaces for our purposes is their two-sided
translation invariance. For proving this, the following lemma will be used. Its proof is
deferred to Appendix 1.

Lemma 5.2 The weight function

1 Au
Vi Ga— 0,00, (y,1)> sup + oAl t 2) (5.2)
(z,u)eG 4 1+ pa(A7*Alz —y)

is well-defined, measurable, and submultiplicative. Furthermore, we have

v(y, 1) =< max{1, |det A|~"}(1 + min{pa(y), pA(A™"Y)})
=1+ |detA]”"+ pa(A7"y). (5.3)

The basic properties of Peetre-type spaces are collected in the following lemma.
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Lemma5.3 Letax € R, 8 > 0, and p € (0, 00) and q € (0, oo]. Then the Peetre-type
space I"gjg(G A) is a solid quasi-Banach function space (Banach function space if
p.q = 1). Furthermore, the operator norms of the translation operators Ly and R,

acting on P;’,g (G A) can be bounded by
ILcsll] = 1det AP HYP=VD and [ Riy.p ||| < 1det A7 (u(y, 1))7,

where || - ||| ;= - . and v is the weight function defined in Lemma 5.2.

” PO‘ B P

Proof It is easy to see that || - ”Poz p 1s a solid quasi-norm, as defined in [65, Chapter 2],
P9

and a solid norm if p, g > 1. The positive definiteness of || - ||Pa s follows from Lemma

B.1.
For the completeness opr ¢ suppose that (F,) ;e satisfies lim inf;, o || Fyy ||1~,a,ﬁ <
p.q

oo, and let F € P,,:q(GA) be such that |F(x, s)| < liminf,_  |F,(x, s)| for a.e.
(x,s) € R? x R. Then it follows directly from Fatou’s lemma and the definition of

Il that

1F | pa.p < Hmiinf || [ pas (5.4)

and thus P ’3 satisfies the so-called Fatou property, which in particular implies that

Pp,g is complete; see [67, Section 65, Theorem 1] and [65, Lemma 2.2.15].

We show the translation-invariance for ¢ € (0,00). Let F € I.’%’,g (G4) and
(y,1) € R? x R be arbitrary. Then a direct calculation using the substitutions X =
x —yandx = A7'X, as well as 7 = A~'z shows

F(A™! —y),s—0|7 ds Y4
X </ [|detA\°”esssup| (A7 +z=y).s )l] i )
R ZeRd (14 pa(A=52))f | det A|*

) F Aft"‘ A*f s —t q d 1/q
xr—)(/ [ldetA|°“esssup| A7+ Sk )|:| u )
R zeRd (14 pa(A=s2))f | det A|*

LiynFllyes =
|| (y.1) ”P‘;g

LP

LP

‘ Fx+7Z,s—1t “ g4 1/q
x|—>(/ |:|dCtA|°”esssup [Fx+2,s =0l ] s )
R ZeRd (14 pa (Af('gft)z))ﬂ |det A

= |det A7 | det A|"“" VD F||jap.
r.q

—|detA|?

L

For the right-translation, the substitutions 7 = z + A%y and s = s + ¢ show that

] F Ay, H11¢ d 1/q
XH(/ |:|detA\°”esssup| (rt+z+ A%y, s+ )|] s >
R

Riy.o) Floep =
H .0 ”P,,ﬂ - eRd (1 + pa(A=s7))P |det AJS L
~ ~ 1
= xr—)(/ [ldetAl“G_’)esssup \F(x—l:z,i“)l ]q dSN )/q .
R zerd (1 +pa(A—SAZ —y)P | |det AP~ Lr
By Lemma5.2, (14 p4(AS Az —y)) "' < 200 forall z, 5), (v, 1) € R xR,

. . = Tpa(A—o)
showing the desired estimate. The case g = f(q)slows via the usual modifications. O
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Lastly, the following simple observation allows to apply results of [64] in the remain-
der.

Lemma54 Leta € R, 8 > 0. For p € (0,00), g € (0, 00], let r := min{l, p, g}.

The quasi-norm || - || ye.p IS an r-norm, i.e.,

s

IF1 + Fallys < 1F1 s + I Fallhs for Fi, Fy e P96

Pp,g Ppﬁ Pp-g f P
Proof The case p,q > 1 follows directly by Lemma 5.3, so let p, g < 1 throughout
the proof. For F; € l"‘;’,g with i = 1, 2, define

F; ,
H;(x,s) = | det A|*® ess sup Filx + 2. 9)] (x,s) e R" x R.

remd (L+ pa(A= )P

Using this notation and the inequalities » = min{l, p,q} < l and g/r, p/r > 1, a
direct calculation yields

~ =

r

q r
Fi(+z,8)+ FB(+z9\ " ds q
||F1+F2”;')a,ﬁ: </ (IdetAI‘” esssup| 1 ) _i( : )|) S)
P.a R 2Rl (14 pa(A=52)) |det A|

r

LP

< f Hi(, )" + Ha(-, 8)" F_ds ),,~l r
= RS 20 ) Vet aps o
= HleHLq/r(v)"' ||H2r||Lq/r(v) Lol

<

IF1 e + P2l p s
Py L
where v denotes the Borel measure on R given by v(M) = fM Mde‘i—SAP asinEq.5.1. 0

5.2 Standard envelope and control weight

The notion of a control weight plays an essential role in coorbit theory, see, e.g., [25,
30, 38, 64]. For the study of control weights in the setting of the present paper, the
class of functions will be useful.

Definition 5.5 For o = (01, 02) € (0,00)? and L € R, define n; : G4 — (0, 00)
and 6, : R — (0, 00) by

. _ L of, ifs >0,
nL(x,s) := (1 +min{pa(x), pA(A~*x)}) and  O,(s):=1{ 1"
0y, ifs <0.
The standard envelope 4.1, : G4 — (0, 00)isgivenby Eq 1 (x, 5) 1= 05 (s)nL(x, 5).

Lemma 5.6 Foreach L € R, we have ny (x,s) < (1 —l—pA(A_erx))_Lforall (x,5) €
Ga.
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Proof Corollary 2.5 shows ps(A™5x) =< |det A|*p4(x). Because of |det A| > 1,
this implies

min{pa(x), pa(A~*x)} < min{ps(x), |det A| ™ pa(x)}
= [det A|™*" pa(x) = pa(A™ x),

where Corollary 2.5 was again used in the last step. This estimate easily implies the
claim. O

The next lemma provides the existence of a so-called control weight for l"%’g and

shows how to estimate it by a standard envelope.

Lemma5.7 Leta € R, and B > 0. For p € (0, 00), g € (0, o], letr := min{1, p, g}.

As in Lemma 5.3, write ||| - ||| :== || - «.p. There exists a continuous, submulti-

”P(Ii‘-g”l’)p-q

plicative weight w = wg:g : G4 — [1, 00) such that

w@) =A@ Hwe™, Lyl wl@, [|R|| <w(e), g€Ga,
with implicit constant depending on A, B. The weight w is called a standard control
weight.

Furthermore, define o = | det A|Y/"tlet1/r=1/4l gnd o := | det A|~let1/P=1/4l
as well as
|detA|1/r+Ol+/3—1/q l.fO[ > — 1/"‘“/3_2/‘1,
Kl =
! |det A|~(@~1/@) otherwise,
and

|det A|=@tB=1/D) jfo > _W,

Ky 1=
2 =|det A|Vrte=Ya  otherwise.

Then the standard control weight w satisfies w < Eq,0 + B, —g-

Proof The weight v : G4 — [0, co0) constructed in Lemma 5.2 is submultiplicative,
measurable, and locally bounded; see Eq.5.3. Furthermore, v > 1. Thus, v is a weight
function in the sense of [52, Definition 3.7.1] and by the proof of [52, Theorem 3.7.5],
there exists a continuous, submultiplicative function vy : G4 — [1, 00) satisfying
v X< .

Let r € R and set a;(g) = a;(x,s) := |det A]* for g = (x,s) € G4. Note that
ar is multiplicative and that A = a_. For y, § € R, define the function wy s : G4 —
[1, 00) by

. v B
wys =max{l, air, @y, Ay, ayiijr, Qyr—ys assiyr - )P, azs v}

Then w,, s is again continuous and submultiplicative. Since a; = a_, it follows easily
that (A'/")Y - wY s = w, 5. Choosing y =« +1/p —1/q and § := a — 1/q and
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setting w = w%jg := w5 yields, by Lemma 5.3, that [[|L,-1 || = a_,(g) < w(g)

and ||| Ry || S a-s(g) vo(g)? < w(g).

For proving the second part of the lemma, note that w < wj + w, for the weights
given by wi := max{ag, air,ay,a—y,aijryy,a1/—y} and wy = max{a3+1/, .
(v(\)’)ﬁ, a_s - vg}. It remains therefore to show that w; < By and wy < &, _g,
with « and o as in the statement of the lemma. To estimate wj, note that if
1={0,1/r,y,—y,1/r +y,1/r — vy}, then

|det A|S™a&! if g > 0,

maxresdr (X, s) = :|detA|s'mi“1 s <0

)l det AjSUrEYD if s > 0,
|1 det A7, ifs < 0.

Hence, by the choice of y and o, this yields wi(x, s) = max;esar(x,s) = 05(s) =
Es.0(x, s). Lastly, for estimating wy, note that the estimate for v in Lemma 5.2 implies

vy (x, 5) =< max{l, |detA|S}(1 + min{ps(—A"%x), ,oA(—ASA_sx)})

= |det A" (14 min{pa(x), pa(A~"x)})
= |det A" n_1(x,s).

Similarly, one can show that vo(x, s) < |det A|* n_i(x,s). In case of s > 0, this
gives

wa(x,s) < (n,](x, s))ﬂmax{| det A|(/+3+P)s |detA|_‘SS}
=n_p(x, )k}

= EK,—ﬁ(xs S)7

sincemax{l/r+46+p8, -6} = max{l/r+a+p—1/q, —a+1/q} = 1/r+a+B—1/q

if and only if & > —l/r“%. The estimate for s < 0 follows similarly. O

5.3 Norm estimates

Let O C G 4 be arelatively compact unit-neighborhood. The two-sided local maximal
Sfunction Mo F of a measurable function F': G 4 — C is defined by

Mo F(g) :=esssup |F(ugv)|. (5.5)

u,veQ
Two properties of this maximal function that will be used below are its measurabil-

ity (see, e.g., [43, Lemma B.4]) and the estimate |F| < MoF ae. (see, e.g., [65,
Lemma 2.3.3]).
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For p € (0, 00), g € (0, o], let r := min{l1, p, g}. The (weighted) Wiener amal-
gam space YW(L')) is defined by

W(L}) :=Wo(L},) == {F € C(Ga) : MgF € L;(GA)},

where w : G4 — [1,00) is a standard control weight for I"?,jg as provided by
Lemma 5.7.

The space W(L!)) is independent of the choice of Q. 3 In particular, this implies
that

FeWL!) ifandonlyif FY e W(L.): (5.6)

since the condition w(g) = A" (g7Hw(g™") in Lemma 5.7 implies || FY ||, =
| Fllz; » and by choosing Q to be symmetric it follows that Mg (®Y) = (Mo ®)".
The following norm estimate will be used repeatedly in the remainder.

Lemma 5.8 Let Q C G 4 be a relatively compact unit neighborhood. Let € Sy(R?)
and let w : G4 — [0, 00) be any weight such that w < &, where B is a linear
combination of standard envelopes (see Definition 5.5).

Then, forall p, q € (0, o0, there exists a continuous Schwartz seminorm || - || such
that

Wyl pa < IMo(Wy@llra S lell

forall ¢ € So(R?); in particular, Wy e W(L?)) forall r € (0, oo].

Proof Let 1 < A_ < minjey(a) |A]. By Corollaries 4.6 and 2.5 and Lemma 5.6, it
follows that for all L, N € N and ¢ € Sp(R?),

_ — ot —L.—
IWyox, )| < Il + pa) ™ 22N < lll(1+ 1 det A= pa(x) ~“aZlW
<l BLc(x. ),

where 7 := (A_", AV) and a suitable continuous Schwartz seminorm || - |, depending
on L, N. Lemma B.2 yields MpE; S Er ¢, and hence Mo[Wy ol S ll@llEL 7.

~

In addition, Lemma 5.6 shows that np(x,s) = (1 + |detA|_s+,oA(x))_L <
|det AISIL(1 4+ pa(x))~L. Therefore,

Mo[Wyel(x,s) < llel(14 pax))~E( det AJIET/aN)ls1 (5.7)

where L, N € Nare arbitrary and || - || is a continuous Schwartz semi-norm depending
onN, L.

3 Given two relatively compact unit neighborhoods P, Q C G4, one can write Q C UIN: 1 X P and
0 cC Uﬁwzl Pyj, and this easily implies Mg F < Zi,j Rx,.Lyj_l (Mp F). The result then follows by

noting that L (G 4) is invariant under left- and right-translations, since w is submultiplicative.
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It clearly suffices to prove the claim for the case where w = 6, - 1) is a standard
envelope, with o = (01, 02) € (0, 00)2 and M € R. Define 5 := max{oy, a{l}; then
Oy (s) < &1l forall s € R. Since gy < 1 = no for M > 0, we may assume that
M < 0. Then, Lemma 5.6 and Corollary 2.5 imply

. 9) S (1+pa(A™ 0) ™ < (14 1det A7 pa0))™! < (1 + patx)) M.

Since | det A| "4 < |det A[I¥1/9, we thus have

_ 1 ‘
MIZE (1 det A a G N1

(5.8)

| det Al 9 w(x, )Mo Wy p](x.5) < lpll(1+ pa(x))

Therefore, choosing L, N sufficiently large, it is an easy consequence of Lemma 2.3
that

IMoIWy@lllra = ||det A" 4 w() MolWyl()] 1 pq S llell,

which completes the proof. O

5.4 Coorbit spaces

This section proves wavelet characterizations of anisotropic Triebel-Lizorkin spaces
by identifying them with so-called coorbit spaces (cf. [25, 64]).

For technical reasons, coorbit spaces associated with quasi-Banach function spaces
are commonly defined in terms of merely /eft local maximal functions. For a function

F € L3.(Ga), its left maximal function is defined by

MéF(g) =esssup |F(gu)|, g€ Gy,
ueQ

where Q C G4 is arelatively compact unit neighborhood.

Definition 5.9 Let p € (0, 0),q € (0,00], @ € R, and B > 0. Let A € GL(d, R)
be expansive exponential and let O C G4 be a relatively compact, symmetric unit
neighborhood.

For an admissible vector ¥ € Sy(R?), the coorbit space Co(Png ) = Coy, (I"‘;‘,’,g )
is the collection of all f € Sy(R?) satisfying

_ _ L
1 Moty = 1F o, oty = MG Wy f) | < 00,
and equipped with the norm || . || Cop®hy:
p.q

In the above definition, note that there exist admissible vectors ¢ € Sy (R9) by
Theorem 4.2.
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Remark 5.10 The space Co(P‘[x,jg ) defined in Definition 5.9 can be identified with the
abstract coorbit spaces defined in [64, Definition 4.7]. In particular, several basic
properties of coorbit spaces, such as independence of the defining vector ¥ € So(RY)
and neighborhood Q, follow directly from the theory [64]. See Lemma D.1 for details
on the identification.

Anisotropic Triebel-Lizorkin spaces are identified with coorbit spaces by the fol-
lowing proposition.

Proposition 5.11 Let p € (0, 00), g € (0, 00], @ € R, and B > max{1/p, 1/q}. Then

. . 1 1
ngq = CO(PPVDZI’/S) for o =a+ 5~ 5

Proof Throughout, let ¥ € Sp(R?) be admissible (4.4) with compact Fourier support
in RY\{0} satisfying the support condition (2.4). The existence of such vectors is
guaranteed by Theorem 4.2. Furthermore, let Q := [—1, l)d x [—1, 1). The space

Co(szg) is independent of these choices by Remark 5.10. To ease notation, set o’ :=
a+1/2-1/q.

The proof is split into three steps.
Step 1. Let ¢ € S (Rd) be an admissible vector (4.4) with compact Fourier support
in R\ {0} satisfying (2.4). Then also ¢* € So(R?) satisfies (2.4), where ¥/*(t) :=
¥ (—t). Since

m(x, )Y = |det A2 Y (A5 (- —x)) = |det A" Ty,
it follows that

Wy f(x,8) = (f, w(x, )Y) = (f, |det AI"*Teyr_) = |det A2 f % ¢* (x).
5.9

Therefore, using * as the analyzing vector in Theorem 3.5 yields

* q 1/q
X > (f (IdetAl_as sup —I(f*l//,s)(x—i-z)l) ds)
R zerd (1+ pA(A=S2))B Lr

1
X (/ (|detA|—<a+1/2—1/q)s sup Wy f(x +2,9) )" ds ) /4
R cerd (14 pa(A=52)B ) | det AJS Lp

=Wy fllyars (5.10)
pr.q

1l =

for any f € Sy(RY).

Step 2. Since |F| < MéFa.e. onGyfor F e Llloc(GA) (see,e.g.,[65,Lemma2.3.3]),
it follows by Step 1 that

‘ = / L / = . /
1 M = IIWwflll-,;z.,s = ”MQ(WI//f)”P;‘O‘;.ﬂ ”f”co(p;f;ﬂ)’
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for f € Sy(RY).

Step 3. This step will show the remaining estimate || f|l . . o5 S |Ifllje for
CO(Pp,q ) p-q

fes, (R?). Parts of the used arguments resemble Step 2 in the proof of Theorem 3.5
and will for this reason only be sketched.

First, a direct calculation using the involved definitions and a change-of-variable
yields that

IMG§(Wy f)(x +2,5)] Wy f(x +2+ Ay, s +1)]|
€ess sup o p — esssup ———
cerd (1 +pa(A72)) 2eR¢ (14 pa(A™2))
(y.0eQ

Wy f(x + 2,5 +1)]
= ess sup

zeR? (1+ pa(A=5z = y)P
(r.0eQ

W, , t
<4 055 SUp Wy f(x +2z,5 +1)]

cert L+ pa(A752)P
te[—1,1)

, (5.11)

where the last inequality follows from (1 + pa(A%z — y)) ™ < (1 4 pa(A®2))~P for
ye[—1, 4.

For fixed s € R and t € [—1, 1), the identity (5.9) and Corollary 2.5 allows to
estimate

W LS+t I(f % ¥ (1) (x +2)
| det A|~5/% ess sup Wy/x+z5 +10) <A esssup ()
cepd (L4 pa(A=52))P cepd (1 +pa(A=52))F
SA.p €sssup (T A V)4 2)
ST eme (L4 pa(A=6Hz))p
= (w*)t*(s+[)’ﬁf(-x)‘

This, combined with (5.11) and | det A|7*" <44 1 forz € [—1, 1), yields that

MWy f)(x +2,5)
|detA|_S/2esssup| oWy / : |
cerd (L4 pa(A=s2)P

14 , t
NV, | det A| /% ess sup Wy flxt 2.5 +0)

repd (L + pa(A=2)P
te[—1,1)

<ap ess sup(lﬂ*)i*(wz),ﬁf(x)
te[—1,1)

Sha esssup | det AT W)y p.f ().
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Now let ¢ < oo. Then arguments similar to proving (3.15) yield N € N such that
‘ q N " q
<| det A|—“<A+’>(w*)’f:s+,),ﬁf(x)) <y (| det A| 0+ >(¢*>i’zs+g),ﬁf(x>) :

{=—N

The right-hand side being independent of ¢ € [—1, 1), it follows that

\ME(Wy f)(x + 2,5\
(| det A|~@F1/2s egq qup —2 24 )
zeR4 I+ IOA(A_SZ))’3

q
< esssup (I det A|"*CHI (W L)) 5 f (x))

N

q
<> <|detA|—“““>(xp*)tiﬁe),ﬂf(x)) : (5.12)

l=—N

Combining this estimate with Theorem 3.5 gives

.
1 5,

L . q 1/q

- (f (ldetA|—<a+1/2—1/q>sesssup Mg Wy F)( +“)|) ds )

R zeR4 I+ IOA(Aﬂ'Z))ﬁ |det A L

N , a \1/4
< (Z f (|detA|‘°‘<s+>(w*>i*;s+@),,gf> ds)

{=—N R LP

g 1/q
< ( fR (1 det A[*° (™)1 f) ds) .
=1 f Iy -
The case g = oo follows from (5.12) by similar arguments. O

Remark 5.12 For p € [1,00) and g € [1, 0o], the coorbit spaces Co(Pﬁ:g) of Defi-
nition 5.9 are genuine Banach spaces, which are well-known to admit the equivalent
norm

— L = .
I goqpty = IME Wy Fllges < Wy f g

see, e.g., [26, Theorem 8.3] and [64, Proposition 4.10]. The proof of Proposition 5.11
shows that the same holds for the Peetre-type spaces ngg in the quasi-Banach range

min{p, g} < 1.
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6 Molecular characterizations

This section provides new molecular characterizations of anisotropic Triebel-Lizorkin
spaces. The results will be obtained from [53, 64] by exploiting the coorbit identifi-
cation of Triebel-Lizorkin spaces provided by Proposition 5.11.

6.1 Peetre-type sequence space

LetI' C G4 be arbitrary and let U C G 4 be a relatively compact unit neighborhood.
The set I is relatively separated if

sup #(I'N gU) = sup Z 1,y-1(8) < o0
geG geG yel

and is called U-dense if G = Uyer yU.ThesetI' is U-separated in G if g ,(y U N
y'U) = 0 forall y,y’ € T with y # y’ and is separated if it is U-separated for
some unit neighborhood U. Any separated set is relatively separated. Furthermore,
the notion of being relatively separated is independent of the choice of the relatively
compact unit neighborhood U.

Definition 6.1 Let ' C G 4 be relatively separated and let U C G4 be a relatively
compact unit neighborhood. For p € (0,00),qg € (0,00], « € R, and 8 > 0, the
sequence space p‘,’,’,g (I, U) associated to the Peetre-type space P%:g (G ) is defined
as the set of all ¢ = (¢ )yer € C such that

> ey ltyu

yell

Cll. = < 0
I ”p%’,Q 8

P
and equipped with the (quasi)-norm | - ||l.)oc./3.
p.q

The sequence space p‘;‘,’ﬁ (I, U) is a well-defined quasi-Banach space, independent
of the choice of the defining neighborhood U ; see, e.g., [25, 51] or [65, Lemma 2.3.16].

Remark 6.2 The Triebel-Lizorkin space fg’ q defined in (2.6) can be identified with a

sequence space p;;g via Theorem 3.8. To be more explicit, if ' = {(A~/k, —j) : j €
Z,k € Zd}, then the map

—(a+3—1)

.o, d .
P%f,(l“’ [-1. D x [=1, D)) = £, " (ey)yer & (C(A’Jk’—j))(j,k)erZd

is an isomorphism of (quasi)-Banach spaces, for any p € (0, 00), g € (0, 0], « € R
and 8 > max{l/p, 1/q}.
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6.2 Molecular systems and the extended pairing

Following [40, 53, 64], the notion of molecular systems used in this paper is defined
through properties of the associated wavelet transform.

Definition 6.3 Let I' C G4 be relatively separated and let ¢ € L%(RY) be an admis-
sible vector such that Wy € W(L!)), where w = wg’,g : Gy — [1,00) is the
standard control weight of Lemma 5.7.

A family (¢ ),er of vectors ¢, € L2(R?) is an L’ -molecular system if there
exists an envelope ® € YWW(L',) such that

Wy ¢y ()] = Ly P(x), (6.1)

forx e Ggandy €.

Remark 6.4 The condition (6.1) is independent of the choice of the window ¥ in the
following sense: If yr, ¢ € L?(R¥) are both admissible satisfying Wy, Wyir, Wyp €
WI(L',), then (¢y)yer C LZ(R") is a molecular system with respect to the window
Y if and only if the same holds with respect to the window ¢; see [64, Lemma 6.3].

In order to treat molecular systems consisting of general vectors in L>(R¢) in a
meaningful manner, we define the following extended dual pairing.

Definition 6.5 Let ¢ € Sp(R?) be admissible. For f € SH(R?) and ¢ € L*(RY),
define the extended pairing as

(f+ @)y 1=/G (fimxe, )Y) (. m(x, )V) 12 dug,(x,s),
A

provided that the integral converges.

Remark 6.6 Let ¥ € So(R?) be admissible.

(@ If f €S, R and ¢ € So(R?), then the extended pairing ( f, @)y coincides with
the standard conjugate linear pairing (f, ¢) := f(¢) by Lemma 4.7.

(b) Ifboth f, ¢ € L*>(R?), then (f, ¢)y coincides with the L?-inner product (£, ¢)
by Eq. (4.2).

For showing that the extended pairing defined in Definition 6.5 is well-defined, in
the sense that it does not depend on the choice of admissible vectors, the following
approximation property will be used.

Lemma6.7 Let f € Sy(RY) and let ¥ € So(RY) be admissible with Wy f €
Lcﬁw(G A), where w : G — [1, 00) denotes the standard control weight provided
by Lemma 5.7.

There exists a sequence (fy)nen of functions f, € L*(R?) with the following
properties:

(i) Asn — oo, fn — f with weak-x-convergence in S()(Rd);
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(ii) For each ¢ € So(RY), there is a constant C = C (¢, ¥, f) > 0 such that

W fn(8)l = Cw(g), ge€Ga.

Proof For n € N, define @, = [-n,n]? x [-n,n] and F, = Wy f - 1g,.
Note that since w is continuous and €2, C Gy is compact, for each n € N
there is C,, > O satisfying w(x) < C, for all x € ,. This implies |F,(:)| <
Cn||Wwf||L?7w]1§2,,(') € LY(Gyp). Since g — m(g)y is continuous from G4

into L>(RY) and || F,(-) 7 (¥ ll;2 < |¥ll2|Fa()| € L'(Ga), this shows that

fn = fGA F,(g)n(@¥duc,(g) € L2(RY) is well-defined as a Bochner integral.
Letp € Sy (Rd) be arbitrary. For & € G 4, a direct calculation gives

|We fu(h)] Sf |Fn (I (@)Y, (M@} dng , ()

Ga

SfG Wy F@NIWyoh™ @) dig,(g)

IA

IWy £l /G w(h) wih™'g) [Wyeh ™' )l diu, (@)

w) Wy fllLg, 1WyellLy,

IA

where || W¢<p||Lllu < oo by Lemma 5.8. This proves (ii).
To prove (i), applying the dominated convergence theorem and Corollary 4.8 gives
lim Wy f,(h) = lim / Fu(@)(m (@, m()y) dig,(8)
n— o0 n— o0 GA
= Wy fx Wyy)(h) = Wy f(h).

As shown above, Wy, f;, — Wy, f pointwise and |Wy, f,(g)| < Cw(g). On the other
hand, given ¢ € So(R?), Lemma 5.8 shows that Wy € L}H(G 4). Therefore, a
combination of Corollary 4.8 with the dominated convergence theorem shows that

oo = tim [ Wy @ Wp@ dic, @ = fim (.0,

proving that f, — f with respect to the weak-s#-topology on S, (RY). O

Lemma 6.8 Let w : G4 — [1, 00) be a standard control weight as in Lemma 5.7. Let
¥ € So(R?) be admissible.

If [ € SyRY) satisfies Wy f € LS5, (Ga) and ¢ € L*(R?) satisfies Wy ¢ €
L}U(GA), then (f, @)y is well-defined and independent of the choice of ¥ € Sy (RD).

Proof We first show for ¥ = L9, (Ga) or Y = Ly (Gy) thatif f € S(RY) sat-

isfies Wy f € Y, then W, f € Y for every ¢ € So(Rd). For this, first note that
Wy f = Wy f x Wy¢r;see Corollary 4.8. If ¥ = L}y(G A), the submultiplicativity of w
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implies Y+L! (Ga) C L} (G ), while Lemma 5.8 shows that W,y € L} (G »). Thus,
Wy f € L! w(Ga). Incase on = L‘f?w(GA), note that [(Wy)(h)| = |(W¢(p)(h’1)|,
and

1 1 1
@!ngnsf o wf(h)! |Ww<g 1| dua, (h)

< ||Wwf||Ll/w||Ww||L;,,

for all g € G4; here, we used that “)Eh) < %ﬁf)m = w(g~'h). Thus, also
Wy f € Ll/w(GA)

Since Wy f € Ll/w(GA) and Wy¢ € LTIU(GA) by assumption, it is clear
that (f,¢)y € C is well-defined. Next, let ¢ € So(R?) be admissible, and let
(fu)nen C L*(RY) as provided by Lemma 6.7. Note that Wy, f,,(g) = (fu, 7(2)¢) —
(f,m(g)p) =Wy f(g) forall ¢ € So(R?) and g € G 4. Therefore, an application of
the dominated convergence theorem implies

(fo )y = Wy f,Wyo) = nlinéJW‘/fﬁ“ Wy )2
= nli)II;O(Wq)ﬁu pr¢>L2 =(f, ¢><p7

where we used the isometry of W, Wy, : LZ(Rd) — L2(GA). O

6.3 Molecular decompositions

This section provides the proofs of Theorems 1.2 and 1.3.
We first show the following auxiliary claim which is implicit in the statements of
Theorems 1.2 and 1.3.

Lemma 6.9 Let p € (0,00), g € (0,00], « € R, and B > 0. Letw—wpq Gy —
[1, 00) be a standard control weight as defined in Lemma 5.7 and let r = min{1, p, q}.
Ify € L2RY) and if ¢ € So(R?) is admissible with W,y € W(L')), then Wy €
W(L:) for all ¢ € So(RY).

Proof ByEq.4.3,theidentity Wy = W,v x Wy holds. Note that Wy € W(L?,) by
Lemma 5.8 and W,vy € W(L' ) by assumption. The weight w := w%jg is continuous
and submultiplicative with w > 1 and satisfies w(g) = w(g~")A/"(¢g~"), meaning
that it is an r-weight in the terminology of [64, Definition 3.1]. Therefore, using the
convolution relation W(L?,)) « W(L! ) < W(L")) from [64, Corollary 3.9], we see

that Wyyr € W(L7,), as claimed. O

Proofof Theorem 1.2 Let ¢ € S(RY) be an admissible vector satisfying ¢ €
cx (Rd\{O}) and the support condition (2.4); see Theorem 4.2. Then an application of

Proposition 5.11 yields that F"‘ o= Cow(';‘f]/’ﬁ ). Furthermore, since ¥, ¢ € L*(RY)
are admissible and satisfy Wy, Wy, Wor € W(L!)) (see Lemma 5.8 and 6.9),
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it follows by Lemma D.1 that F%’ o can be identified with the abstract coorbit space
Col{ (#,% ") used in [64].

An application of [64, Theorem 6.14] yields a compact unit neighborhood U C G 4
such that for any I' C G4 satisfying condition (1.8), there exist molecular systems
(¢y)yer C L2(Rd) and (fy)yer C LZ(Rd), such that every f € Cog(l";)o,;’ﬂ) can
be represented as

F=Y AL mWgy 20 by = D AT b))y it TV =Y (F rdpy st fro

yel yell yel
(6.2)

with unconditional convergence of the series in the weak-*-topology on the space
Rw = Ry ((¥) introduced in Sect. 1. By Lemma D.1, any f € F%’ q can be extended

uniquely to an element f € Co?}(l');z/’ﬁ ). Since (¢y )y er and (fy )y er are molecules
with respect to v, they also satisfy the molecule condition with respect to ¢ by Remark
6.4. Therefore, Eq. D.2 shows that the dual pairings occurring in Eq. 6.2 coincide with
the extended dual pairing from Definition 6.5. Lastly, applying Eq.6.2 to f, using
Eq.D.2, and restricting the domain of both sides of Eq.6.2 to So(RY) c H] () =
'Hl (%), we see that Eq.6.2 holds for all f € F¢ 7.q» With unconditional convergence

of the series in the weak--topology on S'(R?)/P(RY) = S (RY) > Ry (). O
Proof of Theorem 1.3 As in the proof of Theorem 1.2, the Triebel-Lizorkin space

F‘;‘) ¢ can be identified with Cow (P ) of Lemma D.1. An application of [64,
Theorem 6.15] yields a compact unlt neighborhood U C G4 such that for any
I' C G4 satisfying condition (1.9), there exists a molecular systems (¢, )yer

in span{m (y)¥ : y € I'} such that, given (¢)),er € p;fi,/’ﬂ, the vector }7 =
Y er &by € CoZ/f(I";f;,’ﬁ ) satisfies

(Fom¥)g, 2t = ¢y, v €T 6.3)

Arguing as in the proof of Theorem 1.2, another apphcatlon of Lemma D.1 yields that
the restriction f = f|30 € F"‘ satisfies (f, w(Y)¥)y = f ﬂ(y)l/f)R H for all
yel. m|

6.4 Explicit criteria

This section provides explicit criteria for coorbit molecules. The proof relies on the
following lemma concerning the standard envelope from Definition 5.5.

Lemma6.10 Lerr € (0, 1]. If o € (0, 00)?2 satisfies o1 < 1, 0 > IdetAll/r and if
L > 1/r, then Es,1, € L"(G ).

Proof Using Lemma 5.6, a change-of-variable yields
/ InL(x, 5)|r dx x/ (14+pa(A~" ) ™ dx=|det A" / (L+oa(0) " dy
R4 R4 Rd
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= |det A",

where the last step follows from Lemma 2.3 and the assumption Lr > 1. Therefore,

1oLl G = / | det A]~ (8 (5)) f (n1(x, 9)) dx ds
R R4

fo|detA|S+—S(9(,(s))’ds

00 0
:f alrsds+f |det A| "% 05" ds
0

—00

00 0
:/ esrlnolds +/ es(rlnozflnldetAl) ds < oo
0 —00

since Ino; < 0 and r Ino, > In | det A| by assumption. O

Theorem 6.11 For p € (0, 00), g € (0, 00], let r = min{p, g, 1}. Letax € R, B > 0.
Choose constants L > 1, N € Ngand § € (0, 1) suchthat L - (1 —68) > 1/r + B and
SN L ltjat+i_L —i+ltatp-t —l@-h
A% > maxq|det A|r 2 poa' |detA| 27 9, |det A| 2 a’ ¢,

6.4)

where L_ € R satisfies 1 < A_ < minyeq(a) |A| as in Sect.2.1.
Suppose f € L*(RY) N CN(RY) satisfies

LS A+ pa@) ™ [ VI dr <00, and maxeoy sup [0° £ < o,

xeRd

(6.5)

as well as

/ x¥ f(x)dx =0 foralla € N‘é with || < N. (6.6)
R4

Then Wy f € W(L},)) for the control weight w = wg’,g provided by Lemma 5.7.
Proof We need to show that Mo (W f) € L7, (G 4). The proof is split into two steps.
Step 1. In this step, we show that |[W¢ f (x, $)| S B, 1(1-s)(x, 5), Where T = (71, 12)

with 7 := |det A|"Y/2A=N% and 1, := | det A|'/2AN%. Assumptions (6.5) and (6.6)
together with Lemma 4.5 imply that

(Wil S 1det A2 (14 pa(A™ )", xeRLseR,  (6.7)

and Wy f(x,s)] < |det A|72A= Y < |det A|7/222Y for x € RY,s > 0,
by Lemma 2.4. Applying this latter estimate to Wy f(x,s) = Wy f(—=A~Sx, —s) for
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s < 0 yields immediately that [Ws f(x, s)| = |[W; f(—A™5x, —s)| < | det A[*/22sN
and therefore

Wef(x,s)] S ldet A7BV2 TSIV x e RY 5 e R, (6.8)
Combining (6.7) and (6.8) gives

W f(x, ) = WsfQx, )P |Wefx, )™

SJ IdetAI_‘g‘/Q‘)L:IVlNS(l + ,OA(A_S+X))_L(1_8),

as desired.

Step 2. Step 1 and LemmaB.2 yieldwM o (W f) < wMo(Ez L(1-5)) SwEr L(1-8)-
Recall from Lemma 5.7 that the standard control weight satisfies w < E4,0 + B, —g,
where o, k € (0, 00)? are as in the statement of Lemma 5.7. Denote by t © o :=
(1101, T202) component-wise multiplication. Then

wMo(Wrf) SwErri1-6) S Broo,L(1-8) + Erow, L(1-8)—8- (6.9)

It remains to verify the integrability conditions for standard envelopes of
Lemma 6.10 for the right-hand side of (6.9). The assumption L - (1 —§) > 1/r + B
guarantees that

min{L(l —8), L(1 =48) — B} > 1/r,

while the assumption (6.4) implies that both of the conditions max{rjo1, T1x1} < 1 and
min{t07, T2k2} > | det A|'/" are satisfied. An application of Lemma 6.10 therefore
yields Mo(Wyr f) € L7, (G ). O
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Appendix A. The Peetre-type maximal function

LemmaA.1 Let A € GL(d, R) be expansive and B > 0. Let either s € Z or let s € R
and assume that A is exponential. Let f : R? — [0, 00) be continuous. Then

/(@) /(@)
sup —————— —esssup————————.
cerd (14 pa(Asz))P cerd (14 pa(As2))P
Proof First, we see from the definition of p4 (see Eq. (2.1)) for arbitrary A € R that

] ifA <0
xeRe: xX)<i=13" -
{ Pa(x) <A} IAk+1szA, if |[det AJ¥ < & < |det A|FT! fork € Z.

(A1)

Since Q4 C R? is open, this shows that {x € R?: pa(x) < A}is always open.

We now show for arbitrary 6 € R that W := {z eR?: f(2)/(1+pa(A®2))P > 9}
is open; this then easily implies the claim of the lemma, since every non-empty open
set has positive Lebesgue measure. First, if 6 < 0, then W = RY is open. Next, if
0 =0,then W = {z € R?: f(z) # 0}isopen. Finally,letd > 0,z90 € W,a := f(z0),
and b := (1 + py (A%z0))P. Then a/b > 6 > 0 and hence a > 0. We can thus choose
0 < d < a with a’/b > 6, meaning that ps(A°z0) < (a’/0)"/P — 1. Note that
U:={zeR? f(z) >a'}isan open neighborhood of zg. Similar, the considerations
from the beginning of the proof show that V := {z € R?: p(A%z) < (a’/0)'/F — 1}
is an open neighborhood of zg. Finally, note that U NV C W. Since zo € W was
arbitrary, this shows that W c R is indeed open. O

Appendix B. Peetre-type maximal function on R x R

Let A € GL(d, R) be an expansive exponential matrix and § > 0. For any measurable
function F : RY x R — C, define

F )
(F**)ﬂ(x, S) ‘= ess Sup M
serd (1 + pa(A=52))P

for (x,s) € R x R. We use the following basic properties repeatedly.

LemmaB.1 If F : RY x R — C is measurable, then (F*)g : RY x R — [0, 0o] is
measurable. Furthermore, there is a constant C = C(B, A) > 1 such that for each
s € R, there is a null-set Ny C RY such that for all x, w € RY with x + w ¢ N, we
have

|F(x + w,s)| o
(+ paa—ruyp = (a0

In particular, if (F**)g = 0 almost everywhere, then F = 0 almost everywhere.
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Proof Since the map H : (x,z,5) — % is measurable, it is well-known
that (F**)g(x,s) = esssup,cpe H(x,z,s) is measurable as well; see, e.g., [43,

Lemma B .4].

Let us fix s € R and write Fy(x) := F(x,s) and Q; := A*Qy, with Q4 C R4
as in Lemma 2.1. For the open unit neighborhood Qs C R, we consider the local
maximal function Méxf(x) =esssup,cp, | f(x +¢q) of a measurable f : RY — C.

Note thatif x € Q24\{0}, thenx € AJ Q4 for some minimal J € Z,which necessar-
ily satisfies j < 0. Hence, x € AU=DHIQ \A/~1Q, so that ps(x) = |det A[/ ™! <
|detA|_1 < 1, by definition of p4. Furthermore, Lemma 2.1 yields C’ > 1 with
pa(x+y) < C'[pa(x)+pa(y)]forallx, y € R4 Forq € Qy, we then have A—*¢q €
Q4 and hence ps(A™*q) < 1. Thus, 1 +ps (A" (z+¢)) < (14+CH (14 pa(A~2))
forg € Qs and z € R?.

Now, by definition of (F**)g, given x € R? and s € R, there is anull-set Nsx C RY
with

Fx +z, ok
(1|+(:A(—AZ‘:Z))|)55(F pxs), 2 eRI\ Ny

Fix x,z € R? and s € R. Then, for ¢ € Q;\(Ns.x — z), we have z + g € RI\N; .,
and hence

|FS(X+Z+CI)| ’
14+C
a2 TS

5 IR +z+9)
(I + pa(A=2)F”

(F™)p(x,5) = a

Therefore, M Fy(x +2) < C(1 + pa(A™ )P (F*)g(x,s) for all x,z € R? and
s € R, with C := (1 + C")P.

Lastly, it follows by [65, Lemma 2.3.3] that there exists a null-set Ny = N r C R4
with |Fy(x)| < Mj_Fy(x) forall x € R4\ N;. For x, w € R? with x +w ¢ Ny, we
then see that

|F(x 4w, )| = |Fs(x + w)| < Mg Fi(x + w)
< C(1+ pa(A™ w)P (F*™)g(x, 5).

which completes the proof. O

The following lemma allows to estimate maximal functions of the standard envelope
defined in Definition 5.5.

LemmaB.2 For arbitrary o € (0, oo)2 and L > 0, let E5,1 : Gao — (0, 00) denote
the standard envelope defined in Definition 5.5. Then for any relatively compact unit-
neighborhood Q C G 4, there exists a constant C = C(Q, 0, L, A) > 0 such that
MpEsy <C-Eqs L.
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Proof Since Q C G4 is relatively compact, we have Q C [—N, N1 x [-N, N] for
some N > 1. Recall that E5 1 (x, 5) = 05 (s) - nr(x, s) with

— S’ f > O,
G s) =< (1+oa(A 0)™" and 6,5 = {71 "=
0,5, ifs <0,

where the first estimate is due to Lemma 5.6 and s+ := max{0, s}.
We split the proof into several steps and treat the two factors separately.

Step 1. We show that, for all s € Rand ¢t € [—N, N], we have 0, (s +t) < 040(, (s),
where ¢ 1= max{alN,afN,azN,a{N} € [1, 00). Note thatif s > N, thens +¢ > 0,
and hence 0,(s +1) = 0] = 0l6,(s) < cOy(s). Likewise, if s < —N, then
s+t < 0andthus ,(s + 1) = GZH’ = oééﬂ(s) < cOy(s). Lastly, if s € [N, N],
thens, s+ € [-2N, 2N]. Butforx € [-2N, 2N, it follows that c =2 < 6, (x) < ¢2,
and hence 0, (s + 1) < c*0, (s).

Step 2. We show that MgnL < nL, where MSF(g) = esssup,eq |F(ug)| for

~

any measurable F : G4 — C. Let (x,5) € G4 and (y,t) € Q be arbitrary. Then
Corollary 2.5 implies
pA(A™ " x) = |det A ™ pa(A'x)
< ldet Al (pA(Afx +y)+ pA(—y))

< | det A| SO (PA (A=CH07 (Alx + y)) + 1>,

where we used in the last step that p4(y) < 1 for y € [-N, N]%; see Lemma 2.2.

Note that (s + )T < st 4+t <sT 4+ N forr € [-N, N], and hence —s* + (s +
1T —t <2Nforalls € Randt € [N, N]. Therefore, | det A|=* +G+0"=1 < |
and consequently

(0, D@, 9)) = ne(ATx +y, 5 +1) < (14 pa (A= (ATx + ) 7F
<14+ paA™ ) =< nrans)

for all (x,s) € G4 and (y,t) € Q; here, we used that L > 0.
Step 3. Similar to Step 2, we show that Mé’?L < ng, for MéF(g) =

~

esssup,cp [F(gv)]. Let (x,s) € G4 and (y, 1) € Q be arbitrary. Then Corollary 2.5
again implies

_ _ ot
pa(A™"x) < |det A pa(x)
S 1det A1 (palx + ATY) + pa(=AY))

< Idet A7 THOFT py (ATCHDT (x4 Ay)) + [ det AT pa ()
S pa(ATCT @+ ACy)) + 1,
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since we have |det A| = 60" | det A|="+ < 1foralls € Randr € [N, N,
and since pa(y) < 1fory € [-N, N]¢ by Lemma 2.2. Therefore,

L (0 )0n D) = el + A%y, s +1) = (14 pa(A~CH (x 4+ 4%y)))~F
S+ paA™ 1) < npx,s)

for all (x,s) € G4 and (y,1) € Q.
In combination, the obtained estimates easily imply the claim. O
Appendix C. Proof of Lemma 5.2
Proof Step 1. In this step, we prove the bound
v(y, 1) < max{l, |det A|~"} (1 +min{pa(y), pa(A~')}), (C.D

which will also imply that v is well-defined. To this end, first note by the quasi-triangle
inequality for p4 that there exists H > 1 such that

L+ pa(x) <1+ H(palx —y) + pa(y))
<H( + palx —y) + pa(y))
SHA 4+ palx —y)A + pa(y)),

and hence (1 + pa(x —y)~! < H - }iﬁﬁg; Next, we note as a consequence of

Corollary 2.5 that 14 p4 (A= Dz) > 14| det A" ps(A™"z) > min{1, |det A|"}(1+
pAa(A7"2)), so that

(1 4 pa(A=“D2) 7" < (minf{1, [det AI'}) ™ (14 pa(A™2) ™"

— max {1, |det A| "} (1 + pa(A™"2)) .

Combining this with the previous estimate, we see

_ - 1+ pa(y) _ 14 pa(y)
14 ps(A7"HA 7 — Pe TPV < max{l, [det A7} — A
(1+ pa( ) T pA(A—iATD) {1, ] | }1+,oA(A*"z)

which shows that v(y, 1) < max{1, |det A|~"}(1 + pa(y)).
On the other hand, using Corollary 2.5, we see

(14+pa(A" @0z — ) ' = (14pa(ATA ™z — A" y])) !

(1+1det Al pa(A™"z — 4" y)) ™'
max{1, | det A|~"}
T 1+ pa(AT"z—ATy)

X
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1+ pa(A7"y)

< max{1, |det A|'} T pr (A7)

which implies v(y, t) < max{1, |det A|7"}(1 + pa(A~"y)). This shows Eq.C.1.

Step 2. As a consequence of (A.1), we see for arbitrary 6 > 0 and A € R that

{xeRd:ﬁ>)\}=[xeRd:pA(x)<§—l}

is open, meaning that 3P is lower semi-continuous. Based on this, it is not hard to

0
. (1+pa)" ; ;
see that v is lower semi-continuous as a supremum of continuous functions; see [27,
Proposition 7.11]. This means that {(y,#) € G4: v(y,t) > A}is open forall A € R,

so that v is measurable.

Step 3. Define y (x, s) := 1 + ps (A~ %x) for brevity. Note that

(w0 =y —A"A""y, u—1)
=1+4pa(A"“(z— A“A7"y))
=1+pa(A7"A'z—y).

Thus, v(y, 1) = sup( ec, ¥ @ u)/y((z,u)(y,1)~") and hence v(g) = sup,¢,
y(k)/y(kg~") for g € G 4. This easily implies that v is submultiplicative; indeed, for
g, h € Gy, weseefork :=« h~! that

y (k)
v(gh) = sup ——————
80 = T YkhTgT)

sup y()  yh™)

weGy ¥V (Kh™1) y(ch=1g=1)

v(h) sup VN(—K_)] <v(h)v(g),
%eG, Y(Kg™Y)

IA

as claimed.
Step 4. Starting from the definition (5.2) of v, the substitutions a = A7 %z and b =
A'a — y show by Corollary 2.5 that

I+ pa(a) 1+ pa(A7"(b+y))
vy = sup < , = sup
acrd L+ pa(Ala —y)  pcpa 1+ pa(d)
w Lt |det A" pa(b +y)
beRd 1+ PA(b)

~
=

By using the second-to-last expression and setting b = 0, we see v(y,t) > 1 +
pa(A™"y).
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Next, note that p4(b) < H(pa(b+ y) + pa(—y)) and hence pa(b+y) > H™!
pa(D)pa(y), by the symmetry of p4. Furthermore, Lemma 2.2 shows p4(b) — o0
as ||b|| — oo. Therefore, as ||b|| — oo,

1+|det A" pa(b+y)

v(y, 1) 2 sup

beRd 1+/0A(b)
. 1+|det A|~"-(H ' pa(b)—pa ()
- 1+p0a(b)

— H™'|det A,

so that we also get v(y, 1) = |det A|~". Overall, we see v(y,7) = 1+ |det A|™" +
pA(A™"y).
There are now two cases: If # > 0, then Corollary 2.5 shows that

max{1, | det A|~"}(1 + min{p4(y), pa(A™"y)})
= 1+min{p4(y), pa(A™"y)}
=< 1+min{pa(y), |det A| ™" pa(y)}
< 14 pa(A7"y)
<1+ |det A|™" + pa(A™"y)
Sy, ).

Otherwise, in case of t < 0, we see

max{1, |det A| ™" }(1+min{pa(y), pa(A™"y)})
= | det AI™ (14+-min{pa(y). | det Al pa()})
= | det A (1 + pa(y)
= |det A|™" + pa(A™"y)
=1+ |detA|™" 4+ pa(A7"y)
S, .

In combination with Eq. C.1, this proves Eq.5.3. O

Appendix D. Independence of coorbit reservoir

Let ¥ € L?(R?) be an admissible vector satisfying Wy € W(L?,)) for the standard
control weight w = ngg : G4 — [1, 00) provided by Lemma 5.7. Define the space

HL () =|f e LPRY) : Wy f € LL(G )
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and equip it with the norm ”f”H,‘,,(v/) = ||W1/,f||L]1‘). Let Ry (Y) = (va(w))* be
the anti-dual space of H}U(l/f) and write Vg f == (f, 7T(~)¢)>RwYH1' for f € Ry ()

and ¢ € HL (¥).
The following lemma is a special case of [64, Corollary 4.9].

Lemma D.1 Leta eR, B >0 andp € (0,00),q € (0, 0], withr —min{l,p,q}.

Let w = u)p q : G4 — [1,00) be a standard control weight for P d,, q as provided
by Lemma 5.7. Suppose Q€ So(R?Y is admissible and Ve L2(RY) is admissible
satisfying Wy € W(L3,)) and Wy € W(L3,). Then

Colf(P%Py := {f € Ru() : MGVy f € PLEY = Co, (P%F)

in the sense that the restriction f +— fls, is a well-defined bijection. Furthermore,
given the unique extension f~ € Cog(f’%’,g) of f € Coy (I"‘;,’,g), then

(Frdp, 2 = (f-d)p ¢ € H(p),

w

where (-, -), denotes the extended pairing of Definition 6.5.

Proof We first verify that the Peetre-type spaces P ’3 satisfy the standing assumptions

of [64]. As shown in Lemma 5.3, the Peetre space P is a solid, translation-invariant

quasi-Banach space, and Lemma 5.4 shows that || ||Poc g is an r-norm. Moreover,

the standard control weight w := w,, q 1 Ga — |1, oo) defined in Lemma 5.7 is
continuous, submultiplicative and satlsﬁes w(g) = w(g_l)Al/ r (g_l). Furthermore,
Lemma 5.7 shows that ||L;,- ||Paﬂ pes < w(h) and ”Rhllpa.ﬁ pes < w(h) for

all h € G 4. Together, this shows that w is a strong control weight for P ’3 in the
termmology of [64, Definition 3.1]. By [64, Corollary 3.9], this implies that the pair
(P,, q» w) is L7 -compatible in the sense of [64, Definition 3.5].

Since ¥, ¢ € L*(R?) are admissible and satisfy Wy tr, Wy, Wor € W(L?), it
follows from [64, Lemma 4.3 and Proposition 4.8] that Hl W) = Hl (¢) and hence
also Ry, () = Ry (). Therefore,

Co?}(l"‘[",:g) ={f e RuW): M{Vy f € Pg;g} ={f eRul@): M3V, f € P‘;;g}.
(D.1)

Lemma 5.8 easily shows that So(R?) — H}U (¢), and Lemma 4.7 shows that [64,

Equation (4.14)] is satisfied for So(R?). Therefore, invoking [64, Corollary 4.9], it

follows that the restriction map f* > f|g,(ra) is a bijection from COZZ (Pp 5) onto

Coy (P%1). Combining this with Eq. D.1 yields that
Coy (P}f) — Co, (PYF).  f = flsyea)
is a well-defined bijection.
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By the above, any f € Co(p(f’gjg) uniquely extends to an element of ]7 €
Coy (I.’gig) C Ry (), denoted by f Note that V(pf = W, f. Then, a combina-
tion of [64, Lemma 4.6(iii)] and Definition 6.5 shows for any ¢ € Lz(]Rd ) with
W, € L) (R?) (ie., ¢ € H] (¢)) that

(. B)my it = (Wo f s Wed) oo 11 = (f, D)y (D.2)

1w ~w

This completes the proof. O
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