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Abstract

Turbulent shallow flows are characterized by the presence of horizontal large-scale vortices, caused
by local variations of the velocity field. Apart from these 2D large vortices, small scale 3D turbulence,
mainly produced by the interaction of the flowing water with the solid boundaries, is also present. The
energy spectrum of turbulent shallow flows shows the presence of a 2D energy cascade at low wave
numbers and a 3D energy cascade at high wave numbers, with a well-defined separation region between
them. Horizontal flow movements (e.g. 2D large-scale vortical structures) at low wave numbers mostly
determine the hydrodynamic behavior of these flows. Moreover, the generation of standing waves
often occurs closely associated to the interaction of 2D horizontal flows with lateral boundaries, this
is the case of seiches. To adequately reproduce these phenomena, a mathematical and numerical
model able to resolve 2D turbulence is required. We herein show that depth-averaged (DA) unsteady
Reynolds averaged Navier Stokes (URANS) models based on the Shallow Water Equations (SWE) are
a suitable choice for the resolution of turbulent shallow flows with sufficient accuracy in an affordable
computational time. The 3D small-scale vortices are modelled by means of diffusion terms, whereas the
2D large-scales are resolved. A high order numerical scheme is required for the resolution of 2D large
eddies. In this work, we design a DA-URANS model based on a high order augmented WENO-ADER
scheme. The mathematical model and numerical scheme are validated against observation of complex
experiments in an open channel with lateral cavities that involve the presence of resonant phenomena
(seiching). The numerical results evidence that the model accurately reproduces both longitudinal
and transversal resonant waves and provides an accurate description of the flow field. The high order
WENO-ADER scheme combined with a SWE model allows to obtain a powerful, reliable and efficient
URANS simulation tool.

Keywords:
Shallow flows; turbulence; shock capturing; lateral cavities; seiching;

1. Introduction

Shallow water flows are of great interest in civil and environmental engineering. They appear
in a wide variety of scenarios ranging from open channels to coastal areas [1, 2]. The water depth
in these environmental flows is characterized by being much smaller than the horizontal scale. The
turbulence produced in such flows is characterized by two different and coexistent scales of turbulent
structures: the 2D turbulence (with length scales much larger than the water depth) and the 3D
turbulence (with length scales smaller than the water depth) [3]. Local variations of the velocity field
promote the generation of horizontal 2D large-scale coherent vortices. These macro vortical structures
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play a relevant role in several aspects of hydro-morphological and biological interest: the conveyance
of fine sediments in suspension [4], the transport of pollutants [5] or the mass exchange of nutrients
between the flow and the aquatic biota [6]. In addition to 2D macro horizontal vortices, small scale
3D turbulent vortices, produced by the interaction of the flowing water with the solid boundaries and
in 2D shear layers, co-exist in environmental shallow flows. They participate in the vertical mass and
momentum transfer between the bottom and the flow surface.

The co-existance of 2D and 3D turbulent scales is reflected in the energy spectrum of the shallow
flow turbulence. The energy spectrum of such flows displays the presence of a 2D energy cascade at low
wave numbers and a 3D energy cascade at high wave numbers, with a well-defined separation region
between them [3, 7].

Besides the turbulent nature of shallow flows, another important characteristic of these flows is the
existence of a free surface. This free surface is the boundary between the water body and the air above
it. It may deform in response to physical intrinsic mechanisms that govern the flow (e.g. it is influenced
by the presence of turbulence, wind shear and bed topography). In free surface flows, surface gravity
waves usually appear and may determine the hydrodynamic pattern within the flow [8]. This additional
feature of shallow water turbulence involves additional energy dissipation mechanism. A particular type
of gravity waves are standing resonant waves that appear in bounded flows, called seiches [9]. There
is a wide range of spatial scales at which seiches may appear: ranging from centimeters (e.g. seiche
in lateral cavities of river banks [9]) to kilometers (e.g. seiche in lakes, bays or harbours [10]). The
understanding of seiches is relevant to determine the hydro-morphological interactions between the
main stream flow and the lateral cavities of river banks and the consequences of these to mass and
momentum transfer [11].

Concerning the mathematical modelling and numerical simulation of free surface shallow flows,
multiple approaches have been proposed by the scientific community in the past decades. The use of
3D models with advanced turbulence modelling techniques, such as Reynolds averaged Navier Stokes
(RANS) models, large eddy simulation (LES) or direct numerical simulation (DNS), has allowed com-
plex turbulent flows to be simulated with accuracy [12]. However, the use of 3D models is computation-
ally costly and handling the presence of the free surface is not a trivial numerical task. Most numerical
techniques (specially for the LES approach) ignore free surface deformations and they use the so-called
rigid lid approximation [13]. By using this approach, gravity waves are represented as vertical pressure
fluctuations but the deformation of the free surface cannot be tracked, and is numerically simpler than
other numerical approaches that aim at computing the physical and real free surface deformation (e.g.
interface tracking methods and interface capturing methods [14]). A more recent hybrid approach
considers a two-phase LES models that accurately resolve the interface between water and air [15].

A rather different approach for the simulation of free surface shallow flows is the use of 2D depth-
averaged models. Such models, involving a significantly lower computational cost, are able to reproduce
the propagation of gravity waves and to account for turbulent fluctuations. They are useful for the
simulation of large domains, which are virtually unaffordable by means of LES methods. The shallow
water equations (SWE) are a hyperbolic system of conservation laws that describe the propagation of
nonlinear gravity waves. They can also model additional physical processes by means of extra source
and diffusion terms (e.g. friction, bottom topography, turbulence) [16, 17].

The most common approach to handle turbulence for the SWE is the RANS methodology [18,
19, 20, 21|, which aims at the resolution of flow mean quantities by modelling the full turbulence
spectrum, including the large scales. The fluctuating terms are not resolved, though their effect in the
transport of mean quantities is included in the equations by means of a closure formulation that allows
to model the Reynolds stress term in terms of the mean flow. This closure formulation is normally
given by the so-called Boussinesq’s approximation, which states that the momentum transfer caused by
turbulent eddies can be modelled using the concept of an eddy viscosity coefficient. Mathematically,
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it is constructed using extra diffusion terms where the mixing intensity is controlled by such eddy
viscosity. In the RANS approach, the eddy viscosity coefficient accounts for both 2D large scale
turbulence and 3D turbulence and it is thus computed by models that consider the full structure
of shallow flow turbulence. Such models range from simple zero-equation models (e.g. constant eddy
viscosity model, parabolic eddy viscosity model or depth-averaged mixing length model), which assume
that turbulence is dissipated where it is generated, to the more advanced eddy-viscosity models, which
consider extra equations to account for the transport of turbulence (e.g. k — € turbulence model) [18].

When using the RANS methodology, mean velocities are accurately predicted, however, velocity
fluctuations and phenomena such as gravity waves (e.g. seiches) cannot be represented. To circumvent
this limitation, the unsteady RANS (URANS) [22, 8] approach will be used in this study. The idea
of using the URANS approach is motivated by the particular character of shallow water turbulence
(i.e. the presence of two well-defined turbulent cascades) [3]. 2D large-scale vortices are normally
resolved by means of a high-order approximation of the numerical solution, whereas 3D small-scale
turbulence can be modelled by a closure equation as described before. In the literature, it is possible
to find a broad variety of turbulence closure models. Some of such turbulence models only account for
small-scale 3D turbulence and others also include the effect of unresolved 2D eddies. The shallow water
URANS approach can be variously called: horizontal LES (H-LES), depth averaged LES (DA-LES) or
DA-URANS. Nevertheless, and as stated in [22], none of these methodologies can be considered a LES
model in the usual sense, as they are depth averaged and 3D turbulence always has to be modelled.
For this reason, in this work we will always refer to them as DA-URANS.

Once the mathematical model is defined, an adequate numerical scheme must be selected. The tur-
bulence modelling requires a high order approximation of the convective fluxes to avoid extra numerical
diffusion and to reduce dispersion errors [23]. The non-physical diffusion at small wave numbers may
damp the turbulent fluctuations to be resolved and the URANS approach may ultimately be turned
into the traditional RANS approach. Apart from turbulence modelling, it has been widely reported in
the literature that an accurate resolution of shallow water waves also requires a high order of accuracy
[24, 25]. In this work, the design of a RANS/URANS simulation model for the SWE with bottom
topography and friction, based on arbitrary order augmented WENO-ADER schemes [26], is explored.
In particular, WENO-ADER, schemes are applied to the computation of the convective fluxes and
source terms. Alternatively, different approaches for the discretization of the diffusive terms modelling
turbulent mixing are considered and assessed. Such approaches comprise a WENO-ADER reconstruc-
tion, a high order polynomial-ADER reconstruction and a second order discretization. Due to the
dominant character of the convective terms in the numerical solution, the second order discretization
of the diffusive terms was chosen for the sake of simplicity and computational efficiency.

The numerical scheme is explicit and integration in time is done in a single step thanks to the ADER
approach. Such method successfully allows the construction of arbitrary order schemes for systems
of hyperbolic conservation laws [27, 28, 29]. It is of particular interest for this work to consider the
application of ADER schemes for the resolution of geophysical problems [30, 31, 25], specially for the
resolution of the SWE [32, 25, 33, 34, 35, 36].

The methods are tested here up to a 3-rd order of accuracy, but they can be extended up to
the desired order of accuracy provided the approximation of time derivatives has been computed by
means of the Cauchy-Kowalevski (CK) procedure. This circumvents Butcher’s barrier appearing for
Runge-Kutta (RK) integrators [37]. Source terms are taken into account at both cell interfaces and
inside cells [26, 38]. The augmented-solver approach, which ensures an exact equilibrium between
fluxes and sources at cell interfaces, is adopted by using the ARoe LF'S solver presented in [26]. The
combination of this solver with a suitable integration of source terms inside cells makes the resulting
scheme well-balanced, preserving the quiescent equilibrium. Such combination has already been used
to construct high order numerical methods for the SWE with bed topography and Coriolis [38]. It must
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be borne in mind that the bottom and friction source terms, present in the model herein proposed,
have a different nature: the former is a geometric source term whereas the latter is non-geometric.
Therefore, a different numerical treatment is required for each of them. In this work, the bottom
source term is integrated using the augmented approach in [38], whereas the friction source term is
only included inside cells using a traditional quadrature rule. This allows the construction of a well-
balanced scheme that preserves the quiescent equilibrium with machine precision and converges with
high order of accuracy to other solutions involving moving water.

The WENO reconstruction is another key feature of the numerical method herein used. It preserves
the high order of accuracy in smooth regions, with low diffusion and dispersion errors [39], and is able
to capture sharp gradients avoiding spurious oscillations. Furthermore, thanks to the shock-capturing
character of the solvers used, the celerity of gravity waves is accurately reproduced. Seiches should be
thus accurately captured.

The main advantages of using augmented WENO-ADER-type schemes are: a) the scheme can be
extended up to the desired accuracy without upper bounds, allowing the computation of 2D turbulent
scales [26, 40]; b) the scheme is explicit and fully discrete (i.e. it does not involve the computation of
fluxes at different sub-steps like RK integrators and consequently, it is computationally more efficient
[40]); ¢) the scheme allows the preservation of equilibrium states of relevance, in particular, the well-
balanced equilibrium [38]; d) wave celerities are accurately computed, as a result of the combination of
a shock-capturing solver with a high order scheme; and e) there is no need of a high mesh refinement
making large computational domains affordable. Furthermore, the augmented WENO-ADER, scheme
considered in this work ensures convergence with mesh refinement at the prescribed rate even in
presence of source terms, as shown in [26, 38].

The proposed model is herein applied to the resolution of transient problems involving resonant
phenomena. In particular, we focus on the coupling between the shedding of vortices and standing
gravity waves (i.e. seiches) in open channels with lateral cavities. The methods are validated using
experimental data measured in a) a channel with a single cavity [8] and b) channels with multiple
lateral cavities [9, 41]. A longitudinal seiche appears for case a) while a transverse seiche appears
for case b). The experimental data used as a benchmark include both velocities and water depths.
Thanks to the URANS approach the temporal fluctuations of the 2D vortical structures are accurately
reproduced: the experimental seiching frequency is reproduced with an error lower than a 6% in all
cases. On the contrary, the RANS approach proved not to be suitable for modelling resonant flows: the
large amount of dissipation provided by such technique smooths artificially the flow surface oscillations
leading to nonphysical results.

2. The mathematical model

2.1. System definition

The SWE are based on a 2D depth-averaged and hydrostatic model suitable for free-surface flows
where the vertical dimension is much smaller than the longitudinal dimensions. The SWE are composed
by the equation for the conservation of mass and momentum and are written in matrix form as follows:

ou n JF(U) N 0G(U)
ot oz oy

where x and y stand for the Cartesian coordinates, ¢ is the time, U = U(z,y,t) € C C R? is the vector
of conserved quantities that takes values on C:

=S+D, (1)

h
U=| hu |, (2)
hv



145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

161

162

163

164

165

166

167

168

169

170

171

172

F=F(U):C — R?and G = G(U) : C — R3 are the physical fluxes on the coordinate directions x
and y, respectively:

hu hv
F=| m2+igh® |, G= hvu (3)
huv hv? + 5 gh?

and the vectors S and D stand for the source and diffusion terms, which will be detailed below. Note
that ¢ is the acceleration of gravity, h is the water depth, hu is the depth averaged unitary discharge
in the x direction and hv the depth averaged unitary discharge in the y direction.

The methods herein described are based on the assumption that the convective part of the system
in Equation (1) is hyperbolic. The system in Equation (1) is said to be hyperbolic if the matrix
J(U,n) € R3*3 defined as:

T(Um) = S+ O, (1)
is diagonalizable with real eigenvalues for all n = (nz,n,) € R? and for all U € C with C C R? the
subset of physically relevant values of U. If all the eigenvalues are distinct, then the system is said to
be strictly hyperbolic [42].

The longitudinal and transversal velocities, v and v are depth-averaged mean components in the
term of the definition of the Reynolds decomposition. The water depth h also corresponds to a mean
value. The Reynolds decomposition of the instantaneous values of depth averaged velocities and water
depth, hereafter denoted as U, V', and H respectively, reads:

Ulx,y,t) = u(x,y,t) +u'(z,y,t) V(z,y,t) =v(x,y,t) + 0 (z,y,t) (5)

H(x,y,t) = h(z,y,t) + W (z,y,1) (6)

Mean values may be obtained by several types of averaging depending on the nature of the flow
[43]. The symbol (’) denotes turbulent fluctuation of the depth averaged values around its mean.
In general, the mean values are time dependent, only under steady conditions they do not depend
on time. The methods herein proposed aim at the resolution of the evolution in time of the mean
properties governed by (1)—(2). The fluctuating terms are not directly resolved, though their effect in
the transport of mean quantities is incorporated in the equations by means of a turbulence model.

The term S = S, + S includes the source terms, which involve the stress exerted by the bottom
topography, S,, and by the bed roughness, Sg. Such sources are also called bed slope and friction
source terms respectively and are written as:

0 0
S, = —ghg—; , Sg=| —crlvlu |, (7)
—ghg: —cplvlv

where |v| = Vu? 4 v? is the velocity magnitude, z = z(z,y) represents the bottom topography, which
is fixed in time, and c; is the friction coefficient, computed using Manning’s formulation as follows:

2
_gn
o= I ®

On the other hand, the term D includes the molecular and the turbulent diffusion, being the latter
a model of the mixing processes happening at the small turbulent scales according to the RANS and
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URANS approach. The vector D is thus expressed as the sum of the molecular and the turbulent
diffusion:

0
ol 0 ol 0 ohu'u’ dhu/v’
D= | [&whde)+ 8 (vhde)| + |- 20 - 25 | 9)
0 0 o) 9 ohv'u! ohv’v’
|2 (vhge) + 2 (vhGe)] + [~ 2 - 2]

where v is the dynamic viscosity of the fluid and w/u/, w/v/, v/o/ and v/v' are the depth-averaged
Reynolds turbulent stresses, which can be approximated by means of Boussinesq’s assumption. Note
that the overline denotes mean values of the fluctuations. This assumption states that the momentum
transfer caused by turbulent eddies can be modelled using the concept of an eddy viscosity. The
Reynolds stress tensor is thus proportional to the mean strain rate tensor. Following [8, 21], the
following approximations are used:

— ou 2
By Wi 1
u'u e 3k (10)
— — 0 0
—ulv = —v'u! = Vi (aZ + 8;) (11)
— v 2
—v'v = 21/,58—2 - §k (12)

where k is the mean and depth averaged turbulent kinetic energy, defined as k = %(EQ +52). Different
formulations of the viscous and turbulent diffusion terms in (9) are found in the literature [19, 8, 20, 21].
In this work, we consider the approach provided in [20, 21, 17], where the diffusion terms are expressed
as D = Dy + Dy, where:

0 0
D, — 88 Wl |, Dy = (,f Wy |, (13)
T\ hTy. Y\ h1y,
with Tyy, Ty, Tye and T, the depth-averaged stresses, which read as in [21]:
ou
Typw =2 — 14
(v + 1) e (14)
ou Ov
T:L‘y = Tyx = (I/ + Vt) <ay + 8:5) (15)
ov
Tyy =2(v + Vt)&iy (16)
where v is the fluid viscosity and v the turbulent (eddy) viscosity. Note that &k in (10)—(12) will be

neglected as a zero-equation model for v will be used [21].
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2.2. Turbulence models for the eddy viscosity vy

3D and 2D turbulent structures coexist in shallow water flows and it corresponds to a spectral
distribution of energy as displayed in Figure 1. Both 3D and 2D vortical structures participate in the
mass and momentum exchange within the flow. However, the nature of each vortical movement is
different. 3D turbulence is mainly produced by the friction with the solid boundaries and comprises
length scales smaller than the water depth. 2D turbulence is generated by gradients of horizontal shear
stress due to gradients of the velocity field between flow regions. The length scales are typically larger
than the water depth [22, 3].

The most common techniques to solve shallow water flows using a 2D model are based on the
URANS and RANS approaches. The range of scales resolved (i.e. computed with the set of equations
listed in the mathematical model) or modelled (i.e. computed by means of a closure equation) when
using such methods is depicted in Figure 1. The URANS approach usually resolves the large scale
motions of the flow (2D horizontal eddies) that contribute most to the turbulent transport but requires
a model for the unresolved small scale turbulent processes (3D turbulence) that involve vertical mixing.
The depth-averaged parabolic eddy viscosity model is one of the most preferred models to represent
the small scale turbulence produced by the friction with the bottom [3]. On the other hand, the RANS
approach does not resolve any turbulent scale. The 2D large scale turbulent mixing and the 3D small
scale turbulent dissipation are thus modelled. The depth-averaged mixing length model is often used
as the closure equation. The depth-averaged mixing length model will be hereafter considered for both
RANS and URANS simulation, as it allows to model the unresolved 2D small eddies (if necessary when
the resolution is not enough) and the 3D unresolved turbulent motion.

From the point of view of a URANS model applied to shallow water flows, the large scale 2D
horizontal eddies are incorporated and considered as part of a time varying mean flow (i.e. u(z,y,t),
v(z,y,t) and h(z,y,t)). From the point of view of a RANS model, all the time varying components
are modelled, hence the mean fields corresponds to the time-averaged variables (i.e. u(zx,y), v(z,y)
and h(z,y)).

Modelled (horizontal + vertical diffusion)
SWE RANS

M Il inl tical diffusi
Resolved : odelled (mainly vertical diffusion) SWE URANS

Energy supplyi

<

Inertial subrange

N

h

2D eddies : 3D turbulence
Coherent structures : Small scale turbulence

Power spectrum of kinetic energy

Wave number

Figure 1: Schematic representation of the two-range turbulence spectrum in shallow water flows. The wave number is
defined as the inverse turbulent length, which is related with the size of the eddies. The range of scales modelled /resolved
by the URANS and RANS approaches is provided. This figure is adapted from [22, 3].
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2.3. Depth-averaged mizing length model
The depth-averaged mixing length model is used to account for both the horizontal (2D) and
vertical production of turbulence (3D). This model reads as:

ve =/ ()? + (1}')? (17)

where v and 1)' are the vertical and horizontal eddy viscosities. The vertical component is mainly
produced due to the bed friction and it is calculated as:

v’ = \U*h, (18)

where A is an empirical coefficient and U* = /cy(u? + v?) is the bed shear velocity. Note that ¢y is
the friction coefficient defined in Equation (8). The parameter A can be theoretically estimated as /6,
with k the Von Karman’s constant, though it is normally retained as a calibration parameter [21]. The
model in Equation (18) corresponds to the depth-averaged parabolic eddy viscosity model.

On the other hand, the horizontal component of turbulence is mainly produced by horizontal
velocity gradients and it is resolved as:

ou 2 v\ 2 ou v\
g :W? (3) 2(5) + (5 5) 19)

with ls=k min(cpmh, yw) [21, 19], where ¢, is an empirical coefficient (normally set to 0.267 [19]), Y
is the distance to the nearest wall and [ is a calibration constant.

In this work, the depth-averaged mixing length model is used both for URANS and RANS simula-
tions (see Figure 1). In the case of URANS approach, the horizontal eddies are mostly resolved. The
strength of the horizontal turbulent mixing, 3, is thus much lower than in the case of RANS simula-
tions. This yields to an eddy viscosity coefficient that is mainly composed by the vertical diffusivity.
Note that in the limit when 5 = 0, the depth-averaged parabolic eddy viscosity model is recovered (i.e.
only the vertical diffusivity is modelled). On the other hand, when adopting the RANS methodology,
the horizontal diffusivity may become dominant, specially in cases involving strong shearing flows. In
such cases, the mixing processes are not represented as convective processes (as it is done with URANS
simulation) but as purely diffusive processes, governed by ;.

It is worth pointing out that the use of the eddy viscosity in (19) for URANS simulation, in
combination with the approximation of the depth-averaged Reynolds stress tensor in (14)-(16), is
equivalent to the well-known Smagorinsky (SGS) sub-grid model when the coefficient BI? is of the
order of magnitude of CsAz, where C; is found in the interval 0.4 to 0.8 for shallow flows [44, 45]. This
evidences the role of the horizontal component of the eddy viscosity in (19) as a sub-grid dissipation
model for the unresolved scales.

3. Numerical model: augmented WENO-ADER scheme in Cartesian grid

Let us consider the system of conservation laws in (1)—(2) to compose the following Initial Boundary
Value Problem (IBVP):

PDEs: %—?—kV-(F,G) —S+D
IC: U(x,0) = U(x) ¥xeQ (20)

BC: U(x,t) = Upa(x,t) Vx € 0N

8
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defined in the domain €2 x [0, T'], where Q = [a, b] X [c, d] is the spatial domain. The initial condition is
given by U(x) and the boundary condition by Uggq (x t). The spatial domain is discretized in N, x N,
volume cells, defined as €;; C €, such that ) = U ;;, with cell edges at:

2,7=1
a=x1 <$% <"'<$Nw—% <me+% =b, (21)
and
c=y1 <ys < .. <yN_7<yN+1_d (22)

Cells and cell sizes are defined as:

Qj = |2 yom | < [yoswian] s i= L Na i = 10N, (23)
and

ﬁzJ:(xH—% _‘,L'z—%)(yj_yé _yj_%)7 Z:LaNva:lvaNya (24)

respectively. In the case of regular grid we have ¥;; = Az?.
Inside each cell, at time t", the conserved quantities are defined as cell averages as:

U;, = / U(x, t")d i=1,.,Ny, j=1,..,N,. (25)
ij

where dA = dzdy is the differential element of surface. Let us consider again the system in (20) and
integrate it over the discrete domain €;; x At, where At = tnt1 — ¢7 Application of the Gauss-
Ostrogradsky theorem yields to:

1 At At At
U =U" (F,G) - idldt + — S dAdt D dAdt, 26
ij g 1%] /8Q ‘1n + 19” / / + — 1913 / ( )

where dl is the differential length. If we consider a regular Cartesian grid with Az = Ay, we obtain
the following fully-discrete updating formula:

=—n+1 =-n At _ + At _ + At = —
Uij = Uij A2 (Fz+1/2,] Fz 1/2,;) T A2 (Gi,j+1/2 G, ij— 1/2) + A2 (SU +Dij)’ (27)
where Fg1 /2.7 and Gr”jFl /o A€ the numerical fluxes at cell interfaces and

/At /$z+1/2 /ym/zs duds d 5. /At/ i+1/2 /ym/zD dvde d (28)
ij yaxr at , ij ~ yaxr art .
At ZTi—172 JYj-1/2 At Ti-1/2 YYj-1/2

are the approximation of the space-time integral of the source terms and diffusion terms inside the
cell. Both approximations are explicit. The time step, At, is computed dynamically according to the
condition in [46] to preserve the stability of the numerical solution. Such condition states that the
sum of the Courant-Friedrichs-Levy (CFL) and Peclet (Pe) number must be below 0.5 for Cartesian
meshes.

The numerical fluxes are computed as the space-time integral of the numerical fluxes over the cell
edges. To construct a numerical scheme of order (2k—1)-th, it is sufficient to approximate such integrals
using a (2k — 1)-th order Gaussian quadrature, thus requiring k& quadrature points. For instance, the

numerical flux F i+1/2,f is computed as follows:
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k
_ Ax _
Fi+1/2,j -9 E :qui—‘rl/Q,j,q (29)
g=1

where w, are the Gaussian weights inside the interval [—1, 1] at the ¢ = 1, ..., k quadrature points along
the cell edge and F 172, the numerical fluxes at each of these points, computed by means of the
resolution of the Cauchy problem.

The numerical fluxes are computed solving an arbitrary order approximation of the Cauchy problem
at the quadrature points along cell interfaces. This is given by the so-called DRP, which is defined in
the x direction for the numerical fluxes on the east and west interfaces and in the y direction for those
fluxes on the north and south interfaces. It is worth noting that the source term is included in the
definition of the DRP, according to [26]. The DRP g defined in the x direction, at the interface i +1/2
and quadrature point ¢, reads as [26]:

ou JF(U) _
ot + oy Sit1/2
(30)
Ul t = 0) = { Ui (2, Yit1/2,5,q) r <0
Uip1(%,Yiv1/25,4) >0
where U;;(z,y) and U4 j(x,y) are smooth spatial reconstructions, defined using the WENO method.
Such functions are evaluated at the particular location where the DRP is defined, y = y;11/2,,4- On the
other hand, S;; 1/, represents the integral of the source term at cell interfaces, which only is non-zero
when considering geometric source terms (e.g. bed elevation source term). It is computed as:

At z+1/2
Z+1/2 ] At / / S dx dr. <31)

i+1/2

The solution for the DRP in (30) is constructed using the flux expansion approach as:

- _7(0) At
F7,+1/2,j q Fi+1/2,j,q + Z i+1/2,5,q (k‘ + 1)' )

(32)
At
+ _
Fz+1/2,y q Fz+1/2,J " Z l+1/2] 4(k+ 1)’
—,(k +,(0 + k . .
where F, +(1 /)23 g F, +(1 /)27j7q, F, +(1 /)Q,j,q nd F; +(1 /)2] g are computed by solving the DRP . When using

the LFS-ARoe solver [26], the coefficients of (32) read as:

(k) (k) Nx (Y= (k —®\"  =m _
Fz+1/2_F + 2w <)‘ a®) — g~ ))i+1/2ei+1/27 k=0K -
33
+,(k) (k) N k) ~m _
F1+1/2 F(Z+1 +2mt ( ik ) i+1/2 z+1/2’ k=0,K

where F( ) and FE J)rl)

their k-th time derivatives, a®) are the wave strengths, 57 the source strengths and AT and &™

are the left and right-hand limits to the cell edge of the physical flux (k = 0) and

i+1/2
the approximate wave celerities and eigenvectors defined using Roe’s averages [47] The computation
of the aforementioned quantities is detailed in [38]. The fluxes G and G are computed

ij+1/2,q
analogously.

4,j—1/2,q°
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3.1. Equilibrium properties

When the velocity vanishes, the equation for the conservation of energy and momentum yield to:

V(h+z2) =0 (34)

which represents the hydrostatic equilibrium, also known in the literature as lake at rest condition. At
the discrete level and considering a Cartesian grid, Equation (34) is decomposed into the Cartesian
directions as:

d(h+2)

where (z1,y1) and (x2, y2) are two different points. To construct a well-balanced scheme, the previous
discrete conditions in (35) must be satisfied. This can only be achieved if the WENO reconstruction
method is applied to n = h+z and z first, and h is computed from the difference of these reconstructions

as hEF))) = "7((.0)) — z((g), where "7((.0)) and z((g) are the reconstructed water surface elevation and bottom

=0, o(h+2),. =0 (35)

Z2,T1 Y2,91

elevation and h@ the computed water depth. The discharges hu and hv are also reconstructed using
the WENO method.

3.2. Numerical approximation of source terms

Apart from a suitable reconstruction procedure, source terms have to be properly integrated both
at cell interfaces, using the discretization in (28), and inside cells, using (31), to construct a well
balanced scheme. The numerical approximation of source terms in (28) and (31) can be expressed
using a Taylor power series expansion as follows:

K k K k
s _go (k) ALY s _go gk) AT
Sij =8, + 2 Sij TESk Siti2=8 11+ ;SH—I/Q G+ (36)
where
= (0) Tiv1/2  [Yj+1/2 < (0) %11/2
50 — / / Si(x,y,0) dyda, S, , = Si(,y,0) de,
Ti—1/2 JYj—1/2 Tit1/0

(37)

+
_ Tit+1/2  [Yj+1/2 B x,
ng) = / / ] 858('%.7 Y, O) dyd[B ) 851)1/2 = / e afS(.T, Y, 0) d.f s
T y z

i—1/2 i—1/2 i+1/2

are the spatial integrals of the source term and its time derivatives at the initial time.

It must be noted that the first component of the source term vector will always be zero, as no
source is considered for the mass conservation equation. On the other hand, the source term may be
non-zero for the x and y momentum equations. The 2-nd and 3-rd components of the numerical source
term, Sij , corresponding to the z and y momentum equations, will be hereafter referred to as S’fj and
Siyj, respectively. The same notation is used for S; ;5.

3.2.1. Bed slope

Bed slope source term must be discretized in a particular way so that the scheme preserves the
well-balanced property. Since this source has a geometric nature, it is discretized both at cell interfaces
and inside cells. At cell interfaces, the leading term is computed as:

gz,(0) _ 7 ¢.1(0) gy, (0) _
Si+1/2 - (—gh5z)i+1/2 ) 5?4_1/2 =0, (38)
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which satisfy the steady state equilibrium condition (Xia(o) g0 ) = 0 in Equation (33). Note

i+1/2
(0) (0) (0) (0) 50 (0)
that h, 12 = = 0.5(h;, + h(i—i—l)w) and 6z, o = Z( 11y ~ Zip -
Higher order terms are computed as:
_xv(k) _ 7 (k 0
Siti2 = <_gh( 52! ))i+1/2 ' (39)

The cell-centered discretization of the bed slope source term needs to be derived to also retain the
order of accuracy of the scheme. To this end, the approach proposed in [38], based on Romberg’s
integration, is used for the zero-th order terms:

k
go,(0) _ A o (0" gui(0) _ Az 5v:(0)
S50 =S Y w{siP} . S0 =5 Z Sija (40)
p=1 a=1
where {S’fj’(o)} and {Slyj (a)} are based on Richardson’s extrapolation of the differential formulation
’ m
of the integral of the source term [38]. Such extrapolation provides an arbitrary order approximation
of the integral of the bed slope source term along the straight line connecting two quadrature points
at opposite walls (in Cartesian directions).
Concerning the derivative terms, there is no need of a particular discretization to ensure the well-

balanced property as time derivatives vanish under steady state. A 2D Gaussian integration is used
[38]:

9 k k

(k)

where h, 5 is the k-th time derivative of h at the quadrature point.

3.2.2. Friction

The friction term is discretized here as a centered source term, which means that it is not accounted
for in the definition of the DRP. Such approach does not ensure an exact equilibrium between bed and
friction slope but ensures convergence with arbitrary order to this equilibrium state. The following 2D
Gaussian quadrature is proposed to approximate the integral of the leading term inside the cell:

)

_J _AzLZi: Zk:lwﬁ <_Cf’V(O)‘U(O)>a,87 _ZJO = Zwang( cf‘ ‘ (0)>

(42)
with ¢; = Cf(U(O),n) and n the Manning coefficient. To construct a Gaussian quadrature for the
derivative terms of the source term, the CK procedure must be used first to provide an approximation
of the time derivatives of the source at the quadrature points:

@ (k ok (k ok
o = e,y U = o (—erviv), - (43)

Then, we can construct the 2D Gaussian quadrature as follows:
0 _ A~ (k)
ax, z,
S5 = = 2wy weSy s Y Z%Zw Sai (44)
a=1 p=1
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3.8. Numerical approximation of the diffusion terms

The diffusion terms in (13) are based on Boussinesq approximation and involve the numerical
approximation of spatial gradients of the velocity. Here, two different approaches to compute such
spatial gradients are tested:

e Sub-cell derivative reconstruction procedure:

This is an arbitrary order reconstruction technique originally proposed in [48]. It is based on
constructing a high order polynomial inside each cell by using as interpolating data the high
order reconstructed information (provided by the WENO reconstruction or any other recon-
struction method [49]) at different points inside the cell. The derivatives of such polynomial will
approximate the derivatives of the variables of interest.

The WENO method for reconstructing the sub-cell data uses a stencil selection procedure to
prevent spurious oscillations and guarantees monotonicity near strong gradients or discontinuities.
Such features are normally observed in boundary layers, where the relation between the physical
width of the boundary layer and the cell size is crucial for an accurate reconstruction of the
boundary data. In cases where the width of the boundary layer is smaller than the cell size, the
local velocity gradients are interpreted by the WENO reconstruction as a discontinuity between
smooth flow domains (i.e. the limiting case would be given by two regions connected by a
discontinuity as presented in Appendix A). The sub-cell derivative reconstruction thus yields
to nil values of spatial derivatives in the boundary layer, which it is not consistent with the real
physics and ultimately it leads to an underestimation of the diffusive terms in Equation 13 (i.e.
the magnitude of the turbulent mixing modelled by the diffusive terms is underestimated).

A different possibility for reconstructing the sub-cell data consists of using a linear reconstruction
by means of a classical high order polynomial. With a classical polynomial, non-linear limiters,
such as those present in the WENO method, are avoided. Such way, the aforementioned physical
inconsistency is partially overcome as the jump in the flow velocity is spread along a length
corresponding to the cell size. This avoids the limitation of large sub-cell gradients, leading to
larger diffusion at these regions. The overall performance of the non-limited sub-cell derivative
reconstruction procedure is better than the WENO sub-cell derivative reconstruction procedure,
even though the diffusive terms are not accurately discretized either. In the framework of very
high order schemes, it would be worth exploring more sophisticated reconstruction techniques
that are more consistent with the physics of the flow.

Centered differences:

Another possibility to compute the spatial gradients is to use centered differences, departing from
cell-averaged data. This approach is second order accurate and is free from limiting techniques,
hence it is adequate to approximate the diffusion terms in (13). Moreover, it has lower compu-
tational cost than the sub-cell derivative reconstruction procedure. By using this discretization,
Equation (13) yields to:

0 i+1/2,5 0 i,j+1/2
]:_):B,ij =Axd }:Lzm; 5 I_)y,ij =Axd }:foy . (45)
Ty, i—1/2,5 hTy, i,j—1/2
where:
_ h 1,'+h',' _ h.7.+h._17.
hi+1/2,j _ % 7 hi—1/27j _ % , (46)
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are the average water depths at z-cell interfaces, computed using cell averages. The average water

depths at y-cell interfaces are computed analogously. More generally, (-);41/2,; = W and

(ij+1 = W The approximate stresses, Typ, Ty, Tyzand Ty, are approximated using

central differences as follows:

23l o — Ui+1,5 — Ugj
(Tm)i+1/2,j =2 (V + Vt¢+1/2,j> < Az ) ’ (47)

o _ Lo (Wit + i1 Uit o1+ Uij—1) | Vi) — Vi
(Tym)i—i—l/Q,j = (V + Vti+1/2,j) <2A$ < 2 o 2 + Az ’

(48)

= B _ Ui j+1 — Ui j 1 Vit1,j+1 T Vitl,j  Vi-14+1 + Vi1,
(Try)z‘,j-;-l/z - (l/+l/ti,j+l/2> ( Az + 2Ax < 2 B 2 ’
(

49)

— _ Vij1 — Vi
(Tyy)i,]drl/z =2 (V + Vti,j+1/2> <]A$]> : (50)

The centered differences have a truncation error of order O(Az?), which is lower than that of the
convective part. However, due to the particular application of the scheme that involve small diffusion
coefficients, the presence of the O(Axz?) term in the truncation error is far from limiting the higher
order of accuracy of the scheme (i.e. the convective term dominates over the diffusive terms as the
Peclet number [46] is several orders of magnitude lower than the CF L number).

Among the two physically consistent approaches: (i) a non-WENO polynomial and (ii) the centered
derivatives, the second order centered derivatives technique is eventually chosen, as stated in the
Appendix A. Although the level of accuracy is lower with the centered derivatives than with a
high order polynomial reconstruction, the computational effort saved with the centered derivatives
compensated such selection.

3.4. Boundary wall numerical treatment: the composite wall friction model

The friction in a 1D model of a channel is computed by means of a composite Manning coefficient,
which includes the friction of the lateral walls. The Horton-Einstein equation is thus used:

2/3
B (n2/2b+2n2,/2h> /

(51)

b

where n;, is the roughness coefficient of the bed, n,, the roughness coefficient of the walls, b is the width
of the channel and h the water depth. In the numerical model proposed here, a composite Manning
coefficient is considered in those cells containing solid walls (i.e. the boundaries that enclose the water
body). The roughness coefficient in such cells, n, is computed by accounting for the contribution of
the bed plus the contribution of the walls. In the case of having solid walls along the z direction, we
compute the z-Manning composite coefficient as:

2/3
B ng/QAy + nf’u/Qh /
Nng = Ay

(52)
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and analogously when having solid walls along the y direction:

2/3
n2/2Ax + nf’U/Qh /
My = Az

(53)

The proposed model accounts for the shear stress on the walls by including an extra friction
component on the boundary cells, introducing all the extra friction on the first row of cells by re-
calculating the Manning coefficient using the Einstein-Horton formulation. The shear momentum
introduced in the first cell by the effect of the wall roughness is eventually transferred to the inner
cells (in the spanwise direction, towards the center of the channel) thanks to the diffusion terms and
the numerical diffusion. The size of the boundary layer developed in the numerical solution will thus
depend on the wall roughness, the diffusion coefficient and ultimately, in some extent, on the mesh
resolution.

In the present model there is still a broken link between the wall roughness and the mixing length:
both play an important role on the vortical dynamics. As a future work, it will be useful to carry out
a further investigation on more accurate wall friction models by including the relation between such
quantities: the wall roughness and the mixing length. For instance, it will be valuable to implement a
wall friction law which could dynamically span over a certain number of cells and ultimately, develop
a velocity profile over the wall. The wall roughness could thus actively participate in the vortical
production of the mixing layer.

4. Numerical results

4.1. Single lateral cavities

4.1.1. Problem configuration

The fundamental behavior of unsteady flow in an open channel with a lateral cavity was investi-
gated, both experimentally and numerically, by Kimura and Hosoda in [8]. A schematic diagram of
the flow domain is shown in Figure 2. A rectangular dead zone of variable longitudinal length (two
cases are proposed with L = 15 and L = 22.5 c¢m) is attached to the side wall of an open channel. The
length in the transverse direction, W, is 15.0 cm, and the channel width, B, is 10.0 cm. The hydraulic
variables for the two laboratory tests proposed in [8], hereafter referred to as Case 1 and Case 2, are
listed in Table 1. For the velocity measurements, an anemometer with a propeller with a diameter of
3 mm was used for velocities over 6 cm/s, and a thermal type anemometer with a diameter of 3 mm
was used for velocities below 6 cm/s. Temporal velocity variations were measured at half the depth
along the interface along the T'— T” section in 2. One of the fundamental properties of this type of
flow is the generation of seiches due to the coupling between the shedding of vortices at the opening
of the cavity with a traveling gravity wave inside the cavity. A selective amplification of vortices is
induced by the presence of the seiche. Such vortices are eventually transported inside the cavity and
dissipated. According to [8], the analytical estimation of the period of the seiche is given by:

2L
T="2, n=1203,.. (54)
nc

yielding a period of T'=0.958 s and T = 1.011 s for cases 1 and 2 respectively, which are larger than
the experimental measurements, in Table 1. Note that such values are estimated considering the first
harmonic, that is n = 1.

The experiments were simulated using the proposed WENO-ADER scheme. Note that the lengths
Lyp and Loy in Figure 2 are required to define the computational domain. Such parameters are
unspecified in the original work [8] and here we choose Ly, = 15 cm and Lgey, = 20 cm for Case
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Figure 2: Sketch of the experimental setup used by [8] and detail of the main features of the flow.

Case L (cm) W (ecm) B (ecm) ¢ (I/s) ho (cm) Slope Fr  Re T exp. (s)
1 15.0 15.0 10.0 0.255 1.00  1/500 0.81 2781 0.89
2 22.5 15 10.0 0.747 2.02 1/500 0.83 8150 0.87

Table 1: Experimental hydraulic parameters.

1 and Ly, = 15 cm and Lgown = 25 cm for Case 2. For all simulations, a stability condition of
CFL + Pe = 0.4 is used.

4.1.2. Case 1

Numerical results for case 1 are presented in this section. Different sub-cases, defined by different
calibration and simulation parameters, are presented. Details of the parameters for the simulations
are summarized in Table 2. Runs 1 to 5 correspond to unsteady RANS (URANS) simulations whereas
run 6 corresponds to a RANS simulation, which only resolves averaged quantities.

Run  Model gy (I/s) hpe (cm) v (m?/s) A B ny Ny Az (mm) Order

1.1 URANS  0.255 1.0 1E-6 0.3 03 0.010 0.03 1.25 3
1.2 URANS 0.255 1.0 1E-6 0.3 03 0.010 0.03 2.5 3
1.3 URANS  0.255 1.0 1E-6 0.3 03 0.010 0.03 5 3
1.4 URANS 0.255 1.0 1E-6 0.3 03 0.010 0.03 2.5 1
1.5 URANS  0.255 1.0 1E-6 0.15 0.05 0.010 0.025 1.25 3
1.6 RANS 0.255 1.0 1E-6 1.5 2.0 0.010 0.025 1.25 1

Table 2: Numerical parameters for the turbulent model and the simulations.

The Manning coefficient has to be properly calibrated to ensure uniform flow along the channel
with a water depth of h = 1 cm. We have selected ny, = 0.010 as the optimal Manning coefficient.
In the original work by Kimura and Hosoda in [8], non-slip boundary conditions were imposed in
combination with an adaptive mesh refinement near the walls. In this work, we consider the composite
Horton-Einsten Manning formulation to account for the friction with the walls as described before. The
numerical results evidence that the lower the wall roughness, the larger the velocity in the recirculation
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inside the lateral cavity. According to the results, the optimal choice for the wall Manning coefficient
should be between n,, = 0.02 and n,, = 0.03. A sensitivity analysis of the solution to the grid size was
carried out in runs 1.1-1.3, where three different grids with Az = 1.25 (run 1.1), Az = 2.5 (run 1.2)
and Az =5 mm (run 1.3) were used.

Numerical results for the time-averaged streamwise velocities along the section T'—T" are presented
in Figure 3 (a) and results for the mean water surface evolution in time at the upstream edge of the
cavity are presented in Figure 3 (b). The amplitude of the seiche decreases as the grid size increases.
In addition, its period is practically not modified, as reported in [8]. It is observed that the grid
resolution of Ax = 5 mm is not enough to properly capture the expected amplitude of the seiche and
the measured magnitudes of velocity. On the other hand, grid sizes Ax = 2.5 and Az = 1.25 mm
provide similar results that mimic the experimental measurements and the results in [8], which means
that Az = 2.5 m is sufficient to provide the neccesary accuracy.

(a) (b)

Streamwise velocity Water depth
0.3 T T T T 0.015 T T : .
*  Experimental Run 1.1 (Ax=1.25 mm)
0.25F % Ky —— Run 1.1 (Ax=1.25 mm) [ 0.014 Run 1.2 (Ax=2.50 mm) |4
) 20000 ttas Run 1.2 (Ax=2.50 mm) Run 1.3 (Ax=5.00 mm)
0.2[4 —e— Run 1.3 (Ax=5.00 mm) |1 0013l |
0.15}
G E 0.012
\E, 0.1 w
= < 0.011
0.05
0.01r q
0 L
-0.05 0.009 - 4
-0.1 i i j j 0.008 ‘ ‘ ‘ ‘
0 0.05 0.1 0.15 0.2 0.25 80 82 84 86 88 90
y(m) Time (s)

Figure 3: (a) Computed and measured time-averaged streamwise velocity along T —T" for Az = 1.25 (run 1.1), Az = 2.5
(run 1.2) and Az = 5 mm (run 1.3). (b) Mean water depth at the upstream edge of the cavity computed using Az = 1.25
(run 1.1), Az = 2.5 (run 1.2) and Az = 5 mm (run 1.3). Time-averaged quantities are denoted by the overbar symbol

Ok

The role of the order of accuracy of the numerical scheme was also investigated. A comparison of
the results provided by the 3-rd order WENO-ADER scheme (run 1.2) and a 1-st order scheme (run
1.4), using a Az = 2.5 mm grid, is presented in Figure 4. The numerical results evidence that a first
order of accuracy is too diffusive to reproduce the standing gravity wave, since the shear instability at
the opening of the cavity cannot be captured. Additionally, it is observed that the velocities inside the
cavity, along the section T'— T, are underestimated by the 1-st order scheme. This scheme is thus not
adequate to reproduce resonant flows. Only when using the RANS approach (i.e. when using adequate
values for the turbulent viscosity), the 1-st order scheme is valid.

In [8], the authors provided measurements of the time evolution of the streamwise velocity mag-
nitude at different locations along the shear layer. In particular, they define the points a, b and c,
whose coordinates are provided in [8]. Such data allow to assess the validity of the numerical model
to reproduce the vortex generation/amplification process and its coupling with the seiche.

Finally, and departing from the previous results, the best calibration of the URANS model was
obtained and corresponds to run 1.5. The bottom and wall friction (n; and n,,) and the turbulence
parameters of the model (A and ) were fine tuned to provide accurate results of the time-averaged
velocities along the section T'— T” (Figure 5), assuming a realistic description of the time evolution
of the velocity at the shear layer, when compared to the measurement in [8] (Figure 6). This case
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Figure 4: (a) Computed and measured time-averaged streamwise velocity along T — T for a 1-st order scheme (run 1.4)
and 3-rd order scheme (run 1.2). (b) Mean water depth at the upstream edge of the cavity computed using a 1-st order
scheme (run 1.4) and 3-rd order scheme (run 1.2). Time-averaged quantities are denoted by the overbar symbol (7).

corresponds to a URANS simulation where the horizontal eddies are practically resolved while small-
scale dissipative effects are modelled by choosing a suitable parametrization of the turbulent viscosity.

The numerical results provided by the URANS simulation (run 1.5) are compared to the results
provided by a pure RANS computation (run 1.6) in Figures 5 and 6. Note that the RANS approach
provides a steady solution with no variation in time of the water level. The whole effect of the
time fluctuating value of the water level is modelled and accounted for by the turbulence model. A
comparison of the time-averaged longitudinal velocity along T'—T” is depicted in Figure 5 (a), showing
that the URANS approach (run 1.5) provides accurate results in the main channel and in the shear
layer, though it overstimates the velocity in the recirculation zone. On the other hand, the RANS
approach (run 1.6) appears to be diffusive (due to excessive numerical viscosity) and inaccurate in the
main channel and shear layer though it provides acceptable results inside the cavity. A comparison of
the time-averaged velocity field for the URANS and RANS approaches (run 1.5 and 1.6 respectively)
with the solution in [8] is presented in Figure 5 (b, ¢ and d). It is observed that the velocity field
provided by the proposed scheme when using the URANS model contains the same features than the
solution in [8]. Inside the cavity, both solutions show the presence of a main vortex, referred to as S1,
and three secondary eddies, denoted by S2, S3 and S4. The RANS model only shows the main vortex,
S1, but the secondary eddies cannot be captured.

The lack of accuracy of the RANS model in the resolution of the shear layer is evidenced in Figure
6: the velocity at points a (z = 0.175 m, y = 0.09 m), b (x = 0.200 m, y = 0.09 m) and ¢ (z = 0.250
m, y = 0.09 m), which is steady given the nature of RANS simulations, is lower than the time varying
experimental data.

4.1.8. Case 2

In this section, numerical results for the case 2 (cavity length L = 22.5 m) in Table 1 are presented.
The calibration chosen for Case 1 - run 1.5 is preserved to evidence the applicability of the numerical
model to a different case. Details of the parameters for the simulation are summarized in Table 2. In
run 2, a RANS simulation of the problem is carried out. To this end, a different configuration of the
turbulence model is required in order to model all fluctuations in time. When considering the URANS
approach (run 1), relatively small values of A and (3 are used, so that the main coherent vortices are not
damped and can be resolved by the model. For the RANS approach, such calibration constants must
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Figure 5: Computed and measured time-averaged streamwise velocity along T — T” (a). Magnitude and streamlines of
the time-averaged velocity provided by the RANS approach (b) and URANS approach (¢). Numerical solution provided
in [8] (d). The main vortical structure is denoted by S1 and the secondary eddies by S2, S3 and S4. Note that the

bottom-right plot has been obtained from [8]. Time-averaged quantities are denoted by the overbar symbol (7).

be increased in order to damp any fluctuation and to model their effect as a pure diffusive process.

Run  Model gy (I/s) hpe (cm) v (m?/s) A B o Ny Az (mm) Order
2.1 URANS 0.747 2.02 1E-6 0.15 0.05 0.010 0.025 2.5 3
2.2 RANS 0.747 2.02 1E-6 1.5 2.0 0.010 0.025 2.5 1

Table 3: Numerical parameters for the turbulent model and the simulations.

In Figure 7 (a), the numerical solution for the time-averaged streamwise velocity component along
T—T" is compared with the measured and numerical solution provided in [8]. A top-view representation
of the time-averaged velocity field for the RANS and URANS simulations, compared with the results
provided in [8], is presented in Figure 7 (b, ¢ and d). It is observed that the numerical solution provided
by the proposed model matches the reference solution. The results provided by the RANS approach
(run 2) evidence that the velocity gradient across the shear layer is smeared and the prediction of the
flow field in the main channel is less accurate.

Figure 8 shows the evolution in time of the numerical and measured mean water surface elevation,
h, and u velocity at point d. As mentioned before, only when using the URANS approach (run 2.1),
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Figure 6: Measured (plots a, ¢ and e) and numerical (plots b, d and f) evolution of the streamwise velocity in the
z-direction at points a (plots a and b), b (plots d and d) and ¢ (plots e and f). Results provided by URANS (run 1.5,
green line) and RANS approaches (run 1.6, blue line).

temporal variations of the mean flow field are captured. As in [8], the oscillation of the predicted
streamwise mean velocity, u, has a greater amplitude than in the experimental observations. This
may be due to an excessive level of periodicity and coherence in the numerical solution, without extra
oscillating modes, produced by an absence of vortex breakup mechanisms that would damp the periodic
component associated to the seiche [50]. Figure 8 also shows that the RANS approach yields an steady
solution which provides a better prediction of water depth and velocity, in terms of time-averaged
values, than in Case 1.

The numerical results prove that the proposed WENO-ADER scheme reproduces the observed
seiche, providing an accurate estimation of the frequency and amplitude of the oscillation, as well as
the instantaneous and time-averaged magnitude of the velocities within an acceptable level of accuracy.
Taking into account the results for Case 1 and 2 discussed above, we can conclude that the proposed
numerical scheme is sufficiently valid to reproduce complex flow patterns in enclosed water bodies,
involving the coupling of shear instabilities and gravity waves.
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4.2. Multiple lateral cavities

4.2.1. Problem definition

In this section, the proposed WENO-ADER scheme is applied to the resolution of the flow in
channels with multiple lateral cavities. Such cavities are built in the banks of rivers to create harbors
or to promote areas with hydraulic and morphological diversity that enhance habitat suitability. For
instance, this is a very common measure to recover and revitalize riverine habitats that have degener-
ated because of anthropogenic activities (e.g. river channelization for different purposes such as land
expansion, flood protection or agriculture) [11, 51].

The hydrodynamic response of lateral cavities is characterized by a main recirculation region that
may trap the fine sediments travelling within the flow in the main channel as defined in [9, 41, 52]. In
particular conditions, a seiche appears inside the cavities, which homogenizes the small-scale fluctua-
tions in the flow and promotes vertical mixing, compromising the trapping efficiency of the cavities.
Unlike in geometric configurations involving a single cavity, as those in the previous section, the in-
teraction of multiple cavities has an additional effect in the propagation and formation of resonant
waves.

The complex flow structures produced by the geometric configurations herein described challenge
the prediction capabilities of the numerical methods and are thus considered in this section to evaluate
the performance of the proposed numerical methods. Systematic laboratory tests in an open channel
equipped with bank lateral embayments were carried out by Juez et al. [9, 41] for different geometric
configurations. The hydrodynamic response of the configurations tested was assessed by means of
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Figure 8: Experimental (a,c) and numerical (b,d) mean water surface elevation (a,b) and time evolution of mean streamise
velocity (c,d) at point d. URANS approach in green line and RANS approach in blue line.

velocity (surface PIV) and water surface elevation (ultrasounds probes) measurements. The experi-
mental results obtained in these tests are considered here as a benchmark. In particular, the flow for
the geometric configurations 2.1 and 3.1 [9, 41] will be reproduced.

Comparison with experimental data will allow to explore the role of the turbulence model in the
prediction of the frequency and amplitude of the seiche. The effect of the numerical diffusion in the
solution, which is related to the grid size, is investigated.

A schematic representation of a sector of a channel with lateral cavities is depicted in Figure 9.
The relevant dimensions, also represented in Figure 9, are the total width of the channel (base channel
and cavities), B, the width of the base channel, b, the lateral width of the cavities, W = (B —b)/2,
the length of the cavities, [, and the distance between cavities, L. The geometric configurations 2.1
and 3.1 [9, 41] depicted in Figure 10.

4.2.2. Geometric configuration 3.1

The geometric configuration 3.1 is characterized by a total channel width of B = 1 m, a base
channel width of b = 0.5 m and a length of the cavities equal to their separation, that is { = L = 0.5
m. The geometry of the channel and the location of three numerical probes, P1, P2 and P3, measuring
the water depth, are depicted in Figure 10 (b). The cavity where surface PIV measurements were
carried out is highlighted in blue and experimental measurement of water depth was only done at the
location of P1 and P3. The slope of the channel is 0.1% and the flow was configured to be uniform,
with h = 0.05 m and Q = 8.5 1/s.

In this particular configuration, a seiche with a period of T = 2.84 s was observed [41]. The
analytical estimation of the period of the seiche can be calculated with T' = 2B /nc, setting B =1 m
and h = 0.05 m, and yields is 7" = 2.86 s. This result is in good agreement with the experimental
measurement.

All simulations will be computed using the 3-rd order WENO-ADER scheme if no other method
is specified. The simulation time is ¢ = 300 s, which is sufficient for the seiche to be stable and allows
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Figure 10: Representation of the channel configuration 2.1 (a) and 3.1 (b), including the location of the probes P1, P2
and P3. The cavity used in the experimental measurements is highlighted in blue.

to use an adequate time window for the time integration of the velocities. The computational domain
is given by ©Q = [0,7.5] x [0,1] and four different cell sizes will be used, Az = 0.0125 m, Az = 0.01
m, Az = 0.00625 m and Az = 0.005 m. The stability condition is set to CFL + Pe = 0.45 for all
simulations. The boundary conditions are given by a constant discharge of hu = Q/b = 0.017 m?/s
upstream and a constant water depth h = 0.05 m downstream. Note that the boundary conditions are
imposed by means of the characteristic variables at the inlet and outlet cell interfaces.

The Manning coefficient on the channel bed is set to n = 0.01 sm~/3 and on the channel walls
to n = 0.03 sm~'/3 in the case of concrete (inner walls) or n = 0.01 sm~'/3 in the case of glass (side
walls). See [9, 41] for a detailed description of the experimental setup. The depth-averaged mixing
length turbulence model is used, if no other method is specified, considering the following calibration
A =0.15 and 8 = 0.05.

Remark that a initial perturbation in the transverse direction must be added in order to trigger the
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presence of the seiche. Otherwise, the numerical solution is perfectly symmetrical and only longitudinal
traveling waves are observed since the grid is also symmetric with respect to the channel longitudinal
axis. Figure 11 shows the evolution in time of the difference hp; — hpo for a simulation without
initial perturbation and with a initial perturbation of v = 0.008 m/s. Note that the visualization of
the difference hpy — hpo allows to quantify the level of symmetry of the solution. Only when such
difference is below machine precision, the solution is symmetric. Figure 11 (a) shows the solution for
the whole simulation time. Figure 11 (b) shows a zoom of a small region of the unperturbed solution.
The grid size is Az = 0.00625 m. It is observed that only when the initial condition is perturbed, the
span-wise symmetry is broken up and a coherent oscillation is observed. This oscillation represents the
seiche. On the other hand, the unperturbed solution also shows an oscillation, as shown in the zoomed
plot. This oscillation has an amplitude of the magnitude of machine truncation errors. It can be thus
considered numerical noise.

(a) (b)

T
;E_:: 'Hp‘uH1HmuuHHll'!”,””””H”'”””l””!”””””

Figure 11: (a) Evolution in time of the mean water depth difference between points P1 and P2, hp1 — hpa. The red line
is the numerical solution when no initial perturbation is added whereas the blue line represents the numerical solution
when adding a initial perturbation of v = 0.008 m/s. (b) Zoomed region of the unperturbed solution that shows that
hp1 — hp2 is below machine precision.

The role of the turbulence model in the numerical prediction of the seiche is now investigated. In
Figure 12, the evolution in time of the numerical mean water depth at P1, P2 and P3 is depicted
for the three different meshes described above. In the upper row, results obtained when using the
depth-averaged mixing length turbulence model (A = 0.15 and f = 0.05) are presented, while in
the bottom row, results without turbulence model are depicted. It is observed that the use of the
turbulence model in combination with a high order of accuracy in the numerical integration is crucial
for a suitable prediction of the water depth oscillation. Only with the help of a turbulent model, the
numerical solution can become mesh independent, as observed in Figure 12. On the other hand, if the
turbulence model is not considered, the periodicity of the oscillation is destroyed as the mesh is refined
due to a lack of dissipation (the numerical diffusion is highly reduced and there is no other source of
diffusion). This is also evidenced in Figure 13, where the power spectrum of the signals, computed by
means of an FFT algorithm, is depicted. It is observed that the analytical estimation of the period of
the seiche is well captured when using the turbulence model, with independence of the grid.

A plot of the evolution of the peak-to-peak amplitude, hy, = 2v/20}, (where oy, is the standard
deviation of A in time), with respect to the cell size is presented in Figure 14. The results are computed
using the depth averaged mixing length turbulence model (A = 0.15 and 8 = 0.05) and evidence that a
resolution of Az = 0.00625 m is sufficient to avoid any dependence with the grid. This can be observed
as the convergence of hy,, at P1 to a virtually constant value. Note that the factor 21/2 is the ratio
between the peak-to-peak amplitude and the standard deviation of a sinusoidal signal. In this case, the
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seiche is close to a sinusoidal fluctuation, hence h,, will be an adequate estimation of the peak-to-peak
amplitude.
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Figure 12: Mean water depth evolution in time at P1 (blue), P2 (yellow) and P3 (orange), computed by the 3-rd order
WENO-ADER scheme in three different meshes with Az = 0.01 m (a,d), Az = 0.00625 m (b,e) and Az = 0.005 m
(c,f), using the depth-averaged mixing length turbulence model (A = 0.15 and 8 = 0.05) (a,b,c) and without using any
turbulence model (A = 8 =0) (d,e,f).
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Figure 13: Power spectrum density distribution of the mean water depth fluctuation, measured at P1, for the case with
turbulence model (a) and without turbulence model (b). The analytical and experimental frequency of the seiche are
depicted with a black and green dashed line, respectively.

A comparison between the experimental water depth oscillation, measured at P1 and P3, and the
numerical prediction is depicted in Figure 15. It is again observed that the numerical model correctly
reproduces the frequency and amplitude of the seiche at both locations.

The time-averaged velocity field inside the cavity highlighted in Figure 10 was experimentally
assessed using a surface PIV technique. A comparison between the experimental measurements and the
numerical estimation of the velocity inside the cavity is presented in Figure 16. The numerical results
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Figure 14: Plot of the peak-to-peak water depth amplitude, h,p, = 2v/205, at P1 (blue) and P3 (orange), against the
cell size. The solution is computed using the 3-rd order WENO-ADER scheme and the depth-averaged mixing length
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Figure 15: Numerical (a) and experimental (b) mean water depth evolution in time at P1 (blue) and P3 (orange).
The numerical solution is computed using the 3-rd order WENO-ADER scheme and the depth-averaged mixing length
turbulence model, using Ax = 0.00625 m. The period of the seiche is obtained using an FFT algorithm.

are computed using Ax = 0.0625 m. Figure 16 (a and b) shows a 2D comparison of the y component
of the time-averaged velocity field. It evidences that the numerical model is able to reproduce the
recirculating flow inside the cavity. A more quantitative comparison is presented in Figure 16 (¢ and
d), where cross sectional representations of the measured and computed time averaged velocities are
plotted. The time averaged streamwise velocity is plotted over the y direction at x = 0.125,0.25,0.375
m, whereas the time averaged spanwise velocity is plotted over the x direction at y = 0.05,0.125,0.2
m. It is observed that the numerical model slightly overpredicts the magnitude of the velocity in the
recirculation region, if compared to the surface PIV measurements.

4.2.8. Geometric configuration 2.1
The geometric configuration 2.1 is characterized by a total width of the channel B = 1 m, a width
of the base channel b = 0.6 m, a length of the cavities equal to [ = 0.25 m and a separation between
cavities of L = 0.5 m. The slope of the channel is 0.1% and the flow was configured with Q = 8.51/s
and h = 0.048 m at the outlet. In this particular configuration, a periodic seiche was not reported [41].
The numerical solution was computed again using the 3-rd order WENO-ADER scheme. The
simulation time is ¢ = 300 s and the computational domain is given by £ = [0,7.5] x [0,1]. The
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Figure 16: Measured (a) and computed (b) time-averaged spanwise velocity inside a cavity. Cross sectional representation
of the measured and computed streamwise time-averaged velocity, along the y direction (c) and spanwise time-averaged
velocity, along the x direction (d). Time-averaged quantities are denoted by the overbar symbol (7).

boundary conditions are given by a constant unit discharge of hu = Q/b = 0.01416 m?/s upstream
and a constant water depth h = 0.048 m downstream.

The Manning coefficient on the channel bed is set to n = 0.01 sm~!/? and on the channel walls to
n = 0.03 sm~ /3 in the case of concrete (inner walls) or n = 0.01 sm~'/3 in the case of glass (side walls).
The depth-averaged mixing length turbulence model is used with the following calibration A = 0.15
and 8 = 0.05.

As in the previous case, the time-averaged velocity field inside one of the cavities is experimentally
assessed using surface PIV. A comparison between the experimental measurements and the numerical
estimation of the velocity inside the cavity is presented in Figure 17. The numerical results are
computed using Az = 0.005 m. Figure 17 (a and b) shows a 2D comparison of the y component of the
time-averaged velocity. In Figure 17 (¢ and d), a cross sectional representation of the measured and
computed time-averaged velocities are plotted. The streamwise component of the velocity is plotted
over the y direction at x = 0.0625,0.125,0.1875 m. In addition, the spanwise component of the velocity
is plotted over the = direction at y = 0.05,0.1,0.15 m. As in the geometric configuration 3.1, it is
observed that the numerical results yield to a higher velocity magnitude in the recirculation region,
specially near the downstream wall.

The calibration found in this work for the horizontal eddy viscosity coefficient in URANS simulation
(i.e. B =0.05) is consistent with previous literature as the coefficient 812 is of the order of magnitude
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Figure 17: Measured (a) and computed (b) time-averaged spanwise velocity inside a cavity. Cross sectional representation
of the measured and computed time-averaged streamwise velocity, along the y direction (¢) and time-averaged spanwise
velocity, along the x direction (d). Time-averaged quantities are denoted by the overbar symbol (7).

of CsAxz. For instance, BI12 ~ 1079 for cases 2.1 and 3.1, which is in good agreement with CsAz for
the selected grids (i.e. Az = 0.005 m and Az = 0.00625 m for cases 2.1 and 3.1, respectively) and for
Cj inside the expected range, according to [45].

5. Concluding remarks

A depth averaged 2D URANS hydrodynamic solver based on an arbitrary order augmented WENO-
ADER scheme for the SWE is designed for the resolution of turbulent shallow flows. A large extent of
the large-scale 2D turbulence spectrum is thus resolved thanks to the high accuracy of the numerical
scheme. Conversely, depth averaged calculations do not resolve 3D turbulence and the modelling of the
unresolved subdepth-scale of 3D turbulence is required. Part of the dissipation produced by this effect
is accounted for by means of friction losses, using a friction source term in the momentum equations.
However, this was not sufficient hence an eddy viscosity model, related to the friction velocity and
water depth, is used. The proposed model is also able to compute RANS simulations by means of
including an extra contribution in the eddy viscosity due to local variations of the horizontal velocity.

The depth-averaged mixing length model is used for the evaluation of the eddy viscosity both for
the RANS and URANS approaches. When using the RANS approach, both 3D and 2D turbulence is
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modelled. When using the URANS methdology, 3D turbulence is modelled as in the RANS approach
and 2D turbulence is mostly resolved. Only the smallest horizontal scales (sub-grid scales) cannot be
resolved and have to be modelled using a horizontal eddy viscosity coefficient. In URANS simulation,
such approach can be regarded as a sub-grid model for the unresolved horizontal 2D scales.

Concerning the numerical scheme, a WENO-ADER method is used. It can be regarded as an
arbitrary order extension of the first order Godunov’s method. The WENO reconstruction is used
to provide an arbitrary order of accuracy in space, avoiding Gibbs oscillations. The ADER approach
allows to extend the updating scheme to arbitrary order in time without needing extra sub-steps.
Thanks to the use of WENO-ADER schemes, the numerical diffusion and dispersion are reduced to
the desired level so that the scheme is able to resolve small-scale features of the flow. This makes such
schemes suitable for the resolution of 2D turbulence, as it is possible to control to which extent the
energy spectrum is resolved or modelled. As a result, the numerical scheme shows convergence with
mesh refinement even in cases with transient propagation of gravity waves and shedding of vortices.

Different approaches for the numerical approximation of the turbulent diffusion terms are assessed.
The use of a WENO-based reconstruction of the derivatives is not suitable due to the non-linear limiting
of sharp gradients provided by the WENO method when the length scales of the velocity gradients are
lower than the cell size, making the solution not consistent with physics. On the contrary, the linear
version of such method circumvents this problem and provides a more accurate solution. For the sake
of simplicity and efficiency, a second order discretization using centered differences is chosen.

Bed variations are also considered in the SWE in order to account for a complex bathymetry. The
thrust exerted by the bed slope is accounted for as a source term in the momentum equations. The
ARoe solver, in combination with a particular integration of the source terms of arbitrary order, is
used to satisfy the well-balanced property and preserve the lake-at-rest equilibrium state. The DRP
is solved by means of the ARL solver, which is a high order extension of the ARoe solver.

The performance of the proposed model is assessed by comparing with experimental data. Four
benchmark cases, two of them involving a channel with a single lateral cavity, and other two involving
a channel with multiple lateral cavities, are used. The numerical results evidence that the URANS
model accurately reproduces both longitudinal and transversal seiche waves and provides an accurate
description of the flow field. In certain cases, the magnitude of the time-averaged velocity in the
recirculation zones is slightly overestimated. This is presumably due to the non-purely 2D nature
of the flow, thus it has been more clearly noticed in cases where the ratio between the horizontal
dimensions of the cavity and the flow depth is low. When considering the RANS approach, the scheme
reproduces the measured time-averaged velocity field, but fluctuations in time and seiches cannot be
reproduced.

It is observed that the amplitude and shape of the seiche is, in general, sensitive to the parameters
of the turbulence model. However, the frequency keeps a quasi-constant value regardless the changes in
the calibration of the turbulence model. The numerical frequency is systematically in good agreement
with the theoretical /experimental estimation. Furthermore, it is evidenced that there is no need to
use very fine meshes thanks to the WENO reconstruction technique and the ADER time stepping. A
number of 40 to 60 cells along the width of the cavity has been reported in all tests to be sufficient to
reproduce the experimental data.

The proposed model offers a suitable solution for the computation of turbulent shallow flows with
high order of accuracy, allowing to resolve a large extent of the 2D turbulence spectrum, while modelling
the 3D small scale turbulence. The model is explicit and fully discrete, and preserves the fundamental
equilibrium states of interest (e.g. lake-at-rest) thanks to a robust integration of the source terms that
ensure high order of accuracy without loosing stability. The framework for the construction of arbi-
trary order schemes has been presented, allowing to find a good compromise between the accuracy and
the computational cost of the scheme. The model is suitable for coarse computational meshes, thanks
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to (a) the high order of accuracy and (b) to the accurate modelling of the sub-grid unresolved physics
(i.e. wall and bottom friction and small scale turbulence), using high order sub-cell reconstructed
data. This makes the proposed model a useful tool for realistic scenarios, comprising large spatial
and temporal scales, with an eventual application to more complex phenomena (e.g. geomorphological
applications). As a future work, the development of a more accurate wall friction model that relates
the wall roughness and the mixing length will be considered. The design of a wall friction law that
spans over the cells within the boundary layer will be investigated in the framework of the proposed
model.
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Appendix A. Details on the numerical approximation of the diffusion terms

To show the numerical performance of the two different approaches for the reconstruction of the
spatial gradients outlined in the text, a numerical experiment involving a shear flow is presented. Let
us consider a pure shear flow with constant water depth depth in the streamwise direction, x, defined
in the semi-infinite domain {2 = [—o00, 00] x [0, 1]. The transverse velocity, v, is nil and the streamwise
velocity, u, is equal to -0.001 if 0 <y < 0.5 and 0.001 if 0.5 < y < 1. Bed slope and bed friction are
not considered. All variations in x are nil. This problem can be reduced to a 1D problem in the y
direction and Equation (1)—(2) becomes:

0(hu) n 0(huv) 0%u

=vh— Al
at oy oy (A1)
For the conditions of the problem, the solution of (A.1) is given by:
_ y—0.5
hu(y,t) =5-10""e A2
(.1 i (L) (2.2)
and it leads to v = 0. In discrete form, Equation (A.1) becomes:
n n At * * 1 =
(hu)j+1 = (hu)} + Az <(huv)j+1/2 - (huv)j71/2> + ED (A.3)
where
_ "t ey 2
D~ / / yha—;bdydt (A.4)
tn Yi—1/2 dy

As in the analytical solution, when v = 0, the numerical flux for the shear momentum provided by
the ARoe solver, (hu’u); 41/ is nil. This is straightforward to prove by analyzing the third component
of the y-version of (33), which involves the numerical flux for the shear momentum:

N _(udh  ©Oh — 6(hv) - _(udh  voh —6(hv) -
(huv)j+1/2:(huv)j+1—v< 5~ 5 u+5(hu)—u5h>—c< 5 57 v, (A.5)

If inserting v = dh = §(hv) = 0 in Equation (A.5), it yields to:
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(huv)i ), = (huv)jt1 =0 (A.6)

hence, no shear momentum will be transferred across the interface in the numerical solution due to
convective transport. Therefore, Equation (A.3) becomes:

1 -
n+l _ n
(hu)?™" = (hu)} + A733D (A.7)

The term D must be numerically approximated by using one of the options described before. If
choosing the first option, based on the sub-cell derivative reconstruction procedure in [48], D yields to:

_ ZK . Atk ZK ) Atk
k=1 /i k=1 /s

where the subscript N and S stand for north and south, with reference to the cell center. For instance,
(Oyu)jy is the sub-cell spatial derivative reconstruction at y = y;, . Note that this numerical sub-cell
derivative can be reconstructed departing from data provided either by a WENO reconstruction or by
an optimal polynomial reconstruction.

On the other hand, if choosing centered differences in Equations (45)—(50), D yields to:

. Ujrl —Uj U — U1
D = Atvh < o As ) (A.9)

Numerical results for the problem configuration detailed above, comparing the performance of the
different approximations of the diffusion terms, are presented in Figure A.18. Four different tests, listed
in Table A.4, are carried out. The first test does not consider any diffusion, hence the numerical scheme
must preserve the discrete equilibrium, according to Equation (A.3). This is evidenced in Figure A.18
(a), which shows that the exact initial equilibrium is maintained and that there is no mixing across
the shear layer.

On the other hand, tests 2, 3 and 4 do involve a nonzero viscosity. Test 2 is is based on the sub-cell
WENO derivative reconstruction in (A.8) and, as expected, the solution in Figure A.18 (c) evidences
that such method prevents the diffusive mixing across the discontinuity. The initial equilibrium is
maintained since the reconstructed spatial gradients (and their higher order time derivatives) are nil
in the whole domain, (9yu) j., = 0, with independence of the order of accuracy. Therefore, the method
is unable to reproduce the analytical solution.

Test 3 is based on the same sub-cell derivative reconstruction approach, but using an optimal
polynomial reconstruction rather than the WENO reconstruction. In this case, the derivatives at the
discontinuities are properly approached, hence the method is more adequate to compute the diffusion
terms. Numerical results for a 3-rd and 5-th order scheme are presented in Figure A.18 (d).

In Test 4, the diffusion terms are computed by means of centered differences in (A.9). As in Test
3, this method is able to accurately reproduce the analytical solution as depicted in Figure A.18 (b).

The numerical results evidence that the centered differences approach provides a lower accuracy
than the the sub-cell derivative reconstruction method. However, the differences in accuracy of such
approaches for the particular application of this methods will be negligible when compared to the
numerical error of the convective terms. Furthermore, carrying out a sub-cell derivative reconstruction
based on the optimal polynomial reconstruction supposes an added computational expense. Therefore,
the centered differences approach is chosen for the particular applications herein considered.
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Test v Approximation of diffusion terms Az  Reconstruction order

1 0 None 0.02 -

2 0.001 Sub-cell derivative reconstruction (WENO limiting) 0.02 3-rd, 5-th
3 0.001 Sub-cell derivative reconstruction (optimal rec.) 0.05 3-rd, 5-th
4 0.001 Centered differences 0.05 2-nd

Table A.4: Numerical tests to assess the validity of the approximation of the diffusion term.

x 10
1
I
|
I
0.5 |
I
Q Q
o o
E 0 £
=)
e e

hu(m2/s)

“03 04 05 0.6 0.7

Figure A.18: Cross sectional representation of the exact (solid line) and numerical hu in the y direction for test 1 (a),
test 2: sub-cell derivative reconstruction with WENO limiting (c), test 3: sub-cell derivative reconstruction with optimal
reconstruction (d) and test 4: centered differences (b). The numerical solution is presented at ¢ = 0.1,1,3 s. Crosses and
circles stand for 3-rd and 5-th order solutions, respectively.
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