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Representer Theorem for Learning
Koopman Operators

Mohammad Khosravi

Abstract—In this work, we consider the problem
of learning the Koopman operator for discrete-time
autonomous systems. The learning problem is formulated
as a generic constrained regularized empirical loss
minimization in the infinite-dimensional space of linear
operators. We show that a representer theorem holds
for the introduced learning problem under certain but
general conditions, which allows convex reformulation
of the problem in a specific finite-dimensional space
without any approximation and loss of precision. We
discuss the inclusion of various forms of regularization
and constraints in the learning problem, such as
the operator norm, the Frobenius norm, the operator rank,
the nuclear norm, and the stability. Subsequently, we derive
the corresponding equivalent finite-dimensional problem.
Furthermore, we demonstrate the connection between the
proposed formulation and the extended dynamic mode
decomposition. We present several humerical examples to
illustrate the theoretical results and verify the performance
of regularized learning of the Koopman operators.

Index Terms—Koopman operators, learning, representer
theorem.

[. INTRODUCTION

EARNING-BASED and data-driven approaches for anal-
L ysis, modeling, and control of nonlinear dynamics have
received considerable attention in the recent years [1], [2], [3],
[4]. In these approaches, various tools are developed to sys-
tematically analyze nonlinear dynamical systems based on the
collected data and exploit valuable information and features such
as stability. The main root of these techniques is in the classical
point of view of the dynamical systems in which the system
is described based on its state-space model. Considering that
the evolution in nonlinear systems is defined through nonlinear
maps characterizing the difference or differential equation of
the system, learning methods are employed for obtaining these
governing rules from the available measurement or synthetic
data. These methodologies include regression techniques in the
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reproducing kernel Hilbert spaces (RKHS), polynomial opti-
mization methods, Gaussian process regression, training neural
networks, and many other ones [5], [6], [7], [8], [9], [10]. Work-
ing directly with the time-series data generated by the system has
the leverage of dealing with finite-dimensional objects; however,
the nonlinearity of the dynamics and incomplete information
about the state trajectories can be challenging issues.

In addition to the approaches mentioned above, recent efforts
in learning-based analysis of nonlinear dynamics have focused
on the data-driven operator-theoretic methods, which lift the
dynamics to an infinite-dimensional space via linear embed-
dings. More precisely, along with each dynamical system, a
so-called Koopman operator is introduced that translates the
dynamics of the system to a linear dynamical system on an
infinite-dimensional space of functions called observables [11],
[12]. While this framework leads to working in an infinite-
dimensional space, we only need to deal with linear maps, and
thus, one can leverage the linearity of resulting objects and
employ well-developed tools of functional analysis and operator
theory. The main feature of this lifting is the potential for full
representation and global characterization of the underlying
dynamical system [12], [13], [14]. This alternative formalism
offers applicability in data-driven settings for the analysis of
large classes of nonlinear and high-dimensional systems [11],
[15], e.g., the framework has been applied to systems with
different features, such as hyperbolic fixed points, limit cycles,
and, attractors [16]. Besides the analysis of nonlinear dynamical
systems, Koopman linear representation is also used for control,
whereby not only the problem simplifies but also, in certain
cases, it can outperform feedback policies designed based on the
underlying nonlinear dynamics [17], [18], [19]. In data-driven
settings, Koopman operators are already utilized in many appli-
cations, such as robotics [20], [21], human locomotion [22], neu-
roscience [23], fluid mechanics [24], and climate forecast [25].
Moreover, inspired by the physics of these applications or the
expected behavior of the underlying system, different features,
constraints, and forms of a priori information about the original
system have been included in learning Koopman operators [26],
[271, [28], [29]. For example, the stability constraints are im-
posed on the data-driven approximations of Koopman operators
in [28] to address the long-term accuracy issue. In [29], the
dissipativity constraint, which is a physics-based property of the
system, is imposed in the approximation of the corresponding
Koopman operator.

While the mentioned operator-theoretic approach has vari-
ous potentials and benefits, its underlying infinite-dimensional
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nature hinders its practical applicability unless one can obtain
a suitable finite-dimensional approximation for the Koopman
operator [17], [27], [30], [31]. To address this issue, various
methods are developed, including dynamic mode decomposition
(DMD) [32], Hankel-DMD [33], extended DMD (EDMD) [26],
[34], generator EDMD (gEDMD) [35], to name a few. These
linearization methods are either locally accurate or depend
strongly on the choice of observable functions to provide suitable
accuracy. Moreover, in all of the abovementioned approaches,
rather than direct learning the infinite-dimensional Koopman op-
erator, they initially enforce a restriction to a finite-dimensional
subspace, and then, the data are employed to learn the cor-
responding finite-dimensional matrix representation. Accord-
ingly, they suffer from a systematic loss of precision and in-
efficient utilization and exploitation of data. On the other hand,
problem formulations for learning infinite-dimensional objects
are generally ill-posed and intractable. Similar concerns arise
in the most existing nonparametric learning problems. In those
contexts, the issue is addressed using well-known representer
theorems [36], [37], [38], [39], which provide conditions for
characterizing the solution of learning problems as a finite linear
combination of known objects. This highlights the necessity of
developing analogous mathematical results for learning infinite-
dimensional Koopman operators.

Motivated by the above discussion, we propose an operator-
theoretic approach for learning the Koopman operator, formu-
lated directly in the infinite-dimensional space of linear op-
erators. The learning problem, in its most general form, is
introduced as a constrained regularized empirical loss minimiza-
tion, where the constraints enforce attributes of interests and
potentially available side-information about the unknown Koop-
man operator, and the regularization is considered to penalize
undesired features and avoid overfitting. We address the main
concerns of data efficiency and tractability by introducing a set of
representer theorems that provide equivalent finite-dimensional
optimization problems. We first consider the case where the
operator norm is employed for the regularization. We extend
the results to the formulation in which linear constraints are ad-
ditionally imposed enforcing features of interest. Subsequently,
we demonstrate the connection between the proposed Koopman
learning formulation and the well-known EDMD method. Then,
we generalize the developed representer theorem and provide
conditions under which the results hold. Following this, we
consider different cases of regularization and constraints, e.g.,
Frobenius norm, nuclear norm, rank, and stability. For each of
the resulting Koopman learning problems, we derive the equiv-
alent finite-dimensional version that can be solved in a com-
putationally tractable way using standard convex optimization
techniques and singular value decomposition (SVD). Finally, we
provide several illustrative numerical examples.

II. NOTATION AND PRELIMINARIES

The set of natural numbers, the set of nonnegative integers,
the set of real scalars, the set of nonnegative real numbers,
the n-dimensional Euclidean space, and the space of n by m
real matrices are denoted by N, Z,, R, Ry, R™, and R"*",
respectively. For eachn € N, {1,...,n} is denoted by [n]. For

Euclidean space R™* Hilbert space H

/—X.O
Koopman
lifting

Kg=gof

X1

—

X3
o\ X
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Nonlinear dynamics
in finite dimension

gt =Ky

Linear dynamics in
infinite dimension

Fig. 1. Lifting of the dynamics from finite-dimensional state space to
the infinite-dimensional Hilbert space of observables.

matrix A € R™*™  the entry at the ith row and the jth column is
denoted by [A](; ;). Given Hilbert spaces H and WV, the space of
bounded linear operators T : H — W is denoted by L(H, W),
and when W is the same as H, we simply use £(7{). Given vec-
torsu, v € ‘H, one can define arank-one bounded linear operator,
denoted by v ® u, such that (v ® u)w = v{u, w), for any w €
‘H. For vectors vq,...,v, € H, the Gram matrix V € R"*"
is defined as [V](; ;) = (vs,v;), for i, j = 1,..., n. For matrix
or operator A, the Frobenius or the Hilbert—Schmidt norm, the
trace, the nuclear norm, and the adjoint are, respectively, denoted
by ||Allr, tr(A), ||All., and A*. We have (v ®@v)* = v Q u.
Let H contain V-valued functions defined on X, where X is
a given set and V is a normed space. Then, for each x € X,
the evaluation operator at x, denoted by ey, is a linear map
ex : H — V suchthatex(g) = g(x), forany g € H. The RKHS
withkernelk : X x X — Risdenoted by Hy.. Givenx € X, the
section of kernel atx is defined as function k(x, -) : X — R.The
domain of function f : X — R U {400}, denoted by dom( f), is
defined as dom(f) := {x € X'|f(x) < oco}. Given sets B and C
such that C C B, the indicator function d¢ : B — R U {400} is
defined as d¢(a) = 0, when a € C, and é¢(a) = +oo, if a ¢ C.

I1l. DYNAMICAL SYSTEMS AND KOOPMAN OPERATORS

Let f: X — X be a map defined over X C R"=. Consider
the following autonomous dynamical system:

Xpr1 = f(xx), Kk €Zy €))

characterizing a discrete-time flow on the state space X'. Let H be
a Hilbert space of real-valued functions defined over X'. Suppose
‘H is closed under composition with map f, i.e., we know that
go f € H, for each g € H. Given a trajectory of the system,
with respect to each g € H, we have a sequence of real numbers
transferring information about system (1) through the lens of g.
Accordingly, each element of # is called an observable.

Definition 1 (Koopman operator): With respect to dynamical
system (1), the Koopman operator is defined as a linear map
K:H — Hsuchthat Kg = go f, foreach g € H.

The Koopman operator induces a lifting of the finite-
dimensional nonlinear dynamics (1) to the infinite-dimensional
linear dynamics ¢g© = Kg, which is in the Hilbert space of
observables H (see Fig. 1). Accordingly, the dynamical system
(1) can be completely described based on the corresponding
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Koopman operator K [11]. Motivated by this fact, when a set
of data about the dynamical system (1) is provided through
several observables, we can pose the problem of learning the
Koopman operator using the given data and potentially available
side-information. To this end, we propose an operator-theoretic
framework in Section IV, formulating the Koopman operator
learning problem as a generic infinite-dimensional constrained
regularized empirical loss minimization. Theorem 1 in Sec-
tion V provides a representer theorem for the case of Tikhonov
regularization, which also shows that the learning problem is
well-posed and tractable. In Section VI, Theorem 3 extends this
result to the case where we have additional linear constraints,
and following this, the connection to the EDMD method is
elaborated in Section VII. The most general case is studied
by Theorem 8, and subsequently, various cases of interest are
discussed in Section VIII.

[V. LEARNING KOOPMAN OPERATOR

Let Xg,X1,...,Xn, be a trajectory of dynamical system (1)
and g1, 92, ..., 9n, € H be a set of observable maps. Accord-
ingly, set of data & is provided as

@::{yk,l =gi(xk)|k=0,...,ngl= 1,...,ng}. 2)

Note that one may define yy; as yx; = ¢i(xx) + €, for k =0,
...,ngand [ =1,...,ng, where ¢y is introduced for consid-
ering the possible uncertainties in the value of observable g;
at xj, that can be potentially due to imperfect measurements
or evaluations. We can also apply similar considerations to
the trajectory data. In order to learn the Koopman operator of
dynamical system (1), we need a suitable learning objective
function to be minimized over the hypothesis space of candidate
operators L(H). To this end, we define regularized empirical
loss function, J : L(H) — R4 U {+o0}, as
J(K) :=E&(K) + AR(K) 3)
where R : L(H) — R4 U {400} is a regularization function,
A > 0 is the weight of regularization, and £ : L(H) — R is
the empirical loss function characterized as
EEK) = (yw — (Kgo)(xx-1))* . )
k=11=1
Furthermore, we may also consider a constraint set C C £(H)
in the learning problem for the inclusion of some possibly
available side-information on the Koopman operator. This side-
information can be about different aspects of the local or global
behavior of the dynamical system (1), e.g., the stability of an
equilibrium point. Accordingly, the optimization problem for
learning the Koopman operator is defined as

KIEIE&) J(K) = E(K) + AR(K) )
s.t. Kelcl.

Note that (5) is an optimization problem over an infinite-
dimensional set. Hence, the main concern is whether this prob-
lem admits a solution, and if such solution exists, how one
can obtain it in a computationally tractable way. These issues
depend on the choice of the regularization function and the
constraint set. In the following, we study various settings and

provide conditions under which a representer theorem holds for
the learning problem (3) and also for its generalized form.

V. LEARNING KOOPMAN OPERATOR WITH TIKHONOV
REGULARIZATION

In the statistical learning theory, Tikhonov regularization is
the most common choice, i.e., R is defined as the quadratic
function R(K) := ||K||?. If there is no additional constraint on
the Koopman operator, we have the following learning problem:
ns Mg
DO (g — (Ka)(xk-1))* + AIK[P - (6)
k=11=1
which is a special case of (5). To study this problem, we need a
technical assumption given below.

Assumption 1: For k = 0,...,ngs — 1, the evaluation opera-
tor ey, is continuous (bounded), i.e., ex, € L(H,R).

This assumption says that, for each k € {0,...,ns — 1},
the value of g(xx) depends continuously on g. More pre-
cisely, there exists a nonnegative constant C' such that we have
lg(xx)| < C|\g||, for each g € H.Roughly speaking, by a small
perturbation of g, we expect that the value of g(xy) does not
change significantly. Namely, when g, h € H are almost similar
observables, i.e., ||g — h|| is small, g(x}) and h(x},) are expected
to have almost similar values. Accordingly, one can see that As-
sumption 1 is quite natural, otherwise, the observable functions
in H do not provide reliable and useful information on dynamics
(1).

Remark 1: A special case where Assumption 1 holds is when
‘H is an RKHS [40], [41]. More precisely, if H is endowed with
reproducing kernel k : X x X — R, we know that

lg(xk)l = [(k(xk, ), 9)| < Ik(xw, )lllgll, Vg eH (7)
which is due to the reproducing property of the kernel and the
Cauchy-Schwartz inequality. Accordingly, if C'is defined as

C:zmax{”]k(xk,-)H‘k::0,...,ns—1} ®)

min
KeL(H)

then, for any g € H, we have |g(xx)| < C||g]|-

The next theorem characterizes the solution of (6). More
precisely, we derive an equivalent finite-dimensional convex
program to solve infinite-dimensional optimization problem (6)
without any approximation error.

Theorem 1: Let Assumption 1 hold and A > 0. Then, the
optimization problem (6) admits a unique solution denoted by
K. Moreover, there exist vectors U1, ..., U, € H such that

Ng Ng
K:ZZaklvk®gl )
k=11=1
where A = [akl]Z:ﬁ #_, € R is the solution of the follow-
ing optimization problem:
min  [[VAG — Y|2 + A|[VZAG? |2
AcRmsxng
given that V and G are, respectively, the Gramian matrix of
{v1,..., v, and {g1, ..., gn, },and Y € R™*"s is the matrix
defined as Y := [ykl]ZZIL,lg:1-

Proof: Since operators ey, ..., e, , are bounded, due to
the Riesz representation theorem [42], we know that there exists
vy, € H such thatey, ,(-) = (v, -), for k € [ng]. Therefore, we

(10)
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have (Kg;)(xx—1) = (vk, Kg;), for each k € [ng] and each | €
[ng]. Thus, one can write the objective function in (6) as

ng Ng

K)i=> > (yu —

k=11=1

(v, Kgn))* + AK|1% D
Since (vy, Kg;) is linear and continuous with respect to K, we
have that 7 : £(H) — R is a continuous map. Also, as A > 0,
one can see that 7 is a strongly convex function. Therefore,
the optimization problem minge,z) J(K) admits a unique
solution [43] denoted by K.

Let the linear subspaces V' and G be defined, respectively, as
V = span{vi, ..., v, } and G := span{gi, ..., gn, }. Also, let
Iy :H—H and IIg : H — H denote the projection operator
on V and G, respectively. Since the dimension of VV and G are
finite, they are closed subspaces of 7{, and hence, the projection
operators 11y, and Il are well-defined. Let operator S be defined
as S:= HVKHg. Due to the definition of IIg, we know that
IIgg: = gi, for | € [ng]. Accordingly, for each k and I, we have

(v, Sgi)= <vk,HvKHggz>
= <'UkaHVKgl> = <HT;U1¢,K91>

where ITj, is the adjoint of IIy,. Since V is a closed subspace, the
projection operator IIy; is self-adjoint, i.e., I}, = I1Iy. Hence, for
each k € [ng], we have IT},v;, = Ilyvy, = vy, where the second
equality is due to the definition of operator II,. Accordingly,
from (12), we know that (vg, Sg;) = (Iyvy, Kgl> = (v, Kgl>
for each k € [n¢] and [ € [ng]. Consequently, it follows that

12)

s ns MNg

ZZ Yrt — (U, Sg1))” = ZZ (ykl - <vk,f(gl>)2.

k=1 1=1 k=1 1=1
(13)

Since Iy and Il are projection operators, we know that
|y ||, |Tg|| < 1. Therefore, we have ||S||?> < ||K]||2. Conse-
quently, from (13), one can see that 7 (S) < j(f() Since, the
operator K is the unique solution of minge,3) J(K), we need
to have K = S = II, KHg. Due to the linearity of operator K,
it follows that there exist ar; € R, for k € [ng] and [ € [ng],
such that K = Zk 1 l ®, apvr @ g;. To find these values, we
replace K in minger () J(K) with K considering the given
parametric form. To this end, we need to calculate the value of
empirical loss and the regularization term for K. Note that, for
eachk € [ng]andl, j € [ng], we have (v; ® g1)9; = vi (g1, 9;)-
Accordingly, due to the linearity of inner product, for K=
> l £, ak; v ® gi, we have

(Kgj)(xi1) Zzakl (vi, (v @ g1)g5)

k=11=1

Ng ng Ng

*Zzau vi ok, g50) = > > (Vi vk) akt (g1, 95)

k=11=1 k=11=1

for each i € [ng] and j € [ng]. Subsequently, due to the defini-
tion of Gramian matrices V and G, it follows that

(ng) (xi-1) = [VAG],j)- (14)

Therefore, given the definition of matrix Y, we have

(Kgr)(xk1))° i
— [VAG]kp)” =

[akl]Ziff - We also need

Ng
k=1 2_1= 1(ykl_

Zk 1241= 1( }(k,l)

where A is the matrix defined as A =

(15)
IY = VAGI

to derive the value of ||K||2. For each h € H, we have

Kh = (izak””“ ®gz> izaklvk (g1, h

k=11=1 k=11=1
We know that (g;, h) = (gi,IIgh), for each [ € [ng]. Accord-
ingly, since Ilgh € G = span{g; },"*, and due to the definition
of operator norm, one has
[

IK|J? = sup 130k D205 aw vk{gn Tlgh)

[ITlg h|[? + |[Tg. >

kg Yoy ane vrlgn, Y05 i) |12
152521 g

where ¢ = [c1, ..., ¢,,]T € R"= is the vector of coefficients in

the expansion of IIgh as in IIgh = Z;-Lil c¢jgj. Note that we
have

= sup
ceR"s

Ng Ng ng
) . e :
H > :ngjH => > cilgj i) = ¢ Ge.
=1 Jim1da=1

Also, due to the linearity of inner product, one can see that

Ng Ng Ng Ng Ng MNg

Zzakl Uk gz,zcj9j> = Zzzakwkcj<gl,9j>

k=1 1=1 F=11=1 j=1
ns
= vkd
k=1

where dj, is defined as dj, := Y%, >0
Ek € [ns]. Accordingly, we have

aki{g1, g;)c;, for each

ng Ng

H Zzakl vr{g1, chgg H

k=11=1

=d"Vvd

where V is the matrix defined as V = [(vy, , vg,)];;* o _;, and d
is the vector defined as d := [dj];= ;. One cansee thatd = AGec.
Subsequently, we have

c"GATVAGc

||K||2: SUPccRne TCe

(16)
— IvEAGE GE|? —IV3A 2

= SUPccRne HG%cH? ||V G* 2
where the last equality is implied from the definition of matrix
norm and also using the change-of-variable b = Gzc. There-

fore, due to (15) and (16), one can see that
J(K) = [[Y = VAG|2 + A|[VZAGE 2. (17)
This concludes the proof. |

Remark 2: Let the Hilbert space of observables be the RKHS
‘Hi.. From the reproducing property of k [41], we have

e (9) = 9(xn1) = (k(xp-1,), 9) (18)
and subsequently, we have v, = k(xy_1, -), for k € [ng]. Fol-
lowing this, we can derive the Gramian matrix V as

V)= Vi, vj)

= (k(xi-1,-), k(x;j-1,-)) 19)

= De(xi-1,%;-1)
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for each 1i,j € [ng], where the last equality is due to the re-
producing property. Since the linear span of {ky|x € X'} is
dense in H, one may take observables as the sections of
kernel at points of a given set P := {py,... ,png} Cc X, ie.,
a1(+) :=k(py, ), for I € [ng]. Then, similar to (19), one can
see that [G](; jy = k(pi, p;), for any [, j € [ng]. Moreover, we
have g;(xx—1) = k(ps, xk-1), forany k € [ng + 1] and [ € [ng].
One can also obtain similar expressions when observables are
finite linear combinations of the sections of kernel.

Remark 3: Theresults introduced in Theorem 1 and the equiv-
alent finite-dimensional optimization problem can be extended
to the case where we have multiple trajectories of the system.
More details are provided in [44, Appendix A].

VI. LEARNING KOOPMAN OPERATOR WITH IMAGE IN A
SUBSPACE OF INTEREST

Let W be a closed linear subspace of #, and define £y as the
set of bounded linear operators mapping G = span{ gl}ln:g1 into
W, ie.,

Ly == 1{S € L(H)|S(G) C W (20)
Since we may encode some specific form of prior knowledge
through employing WV, it might be of particular interest to learn
the Koopman operator as an element of L£,. For example,
when gi,...,9,, and f are polynomials, respectively, with
maximum degree of d, and d¢, we know that Kg; = g; o f is
a polynomial with degree maximally equal to d4dy¢, for each
l=1,...,ng. Accordingly, one may introduce WV as the set of
polynomials with degree less than or equal to dydy. The next
theorem provides the closest approximation of learned operator
f(, introduced in (9), in the closed subspace Lyy.

Theorem 2: Define operator Kyy as

Ky =Y an (o) ® g; 21

k=1 1=1
where A = [ag],21'7_, € R™" is the solution of (10) and
V1,...,VUn, € H are the vectors defined in Theorem 1. Then,

we have Kyy € £,y and Ky € argming. . IK -9
Proof: Being VV a closed linear subspace of 7, the projection
operator IIyy is well-defined. One can see that Iy (v ® g) =
(ILyv) ® g, for any v,g € H. Accordingly, we have K,y =
IIyK, from which it follows that Kyy € L. Since Ilg is a
projection operator, we know that ||IIg|| = 1. Accordingly, for
any S € Ly, we have
K = STlg[| = |(K = S)Ig|| < [[K = S][[[Tg]| = K= S]]
(22)
where the first equality is a result of f(Hg — K, which is ac-
cording to the definition of K in (9). Also, due to the definition
of Lyy, we know that S(G) C W, and consequently, one has
1T,y SIIg = 0. Accordingly, it follows that
[Ty K| = [[TIy2 K — Iy, SHg |
< [Ty [[[K = STg|| = [[K — STlg||
where the last equality is concluded from ||[II,y. || = 1 that is

due to the fact that II,,,: is a projection operator. Furthermore,
we know that II),,. = I — IIy, where I is the identity operator

(23)

on H. Hence, due to IN(W = HWK, we have II. K=K-— Kw.
Therefore, from (22) and (23), it follows that

K —Kw| < [[K-=S5], VS € Ly (24)
which concludes the proof. |
According to Theorem 2, to obtain the closest approximation
of operator K in Lyy, i.e., Ky, we need to solve (10) and
also derive IIyyvy, = argmin, .y |lvy — wl|, for k =1,...,ng.
On the other hand, one may propose to learn the Koopman
operator in Lyy via a direct approach by finding the solution
of the following learning problem:

. 2
guin E£(K) + AK]| (25)

where £ :H — R is the empirical loss defined in (4).
The following theorem characterizes the solution of infinite-
dimensional program (25) through obtaining an exact equivalent
finite-dimensional convex reformulation.

Theorem 3: Let Assumption 1 hold, A > 0,andvy,...,v,_ €
‘H be the vectors defined in Theorem 1. Then, the optimization
problem (25) has a unique solution denoted by Kyy. Also,
there exists A = [akl]zz;’lg:l € R™*"s which characterizes
KW as

ns Ng
Kw=>> an (o) @ gi.
k=11=1
Define matrices G and Y as in Theorem 1, and W, as
the Gramian matrix of vectors 1lyyvy, ..., Iyv,, . Then, ma-
trix A in (26) is the solution of the following optimization
problem:

(26)

1
min  |[WyAG — Y[2 + A[WZAG2 2. (27)
AcR"s*"g
Proof: See Appendix A. |

In the next theorem, we discuss the situation where the di-
mension of WV is finite. This result is employed in Section VII
to provide the connection between the introduced Koopman
learning problem and the EDMD method [34].

Theorem 4: Let the hypotheses of Theorem 3 hold,
Wi,...,W,, €H be linear independent vectors such
that W = span{wy,...,w,, }, matrix Py, be defined as
Py = [wy (Xk_l)]zzlnj”:l, and, W be the Gramian matrix of
vectors wi, ..., Wy, . Then, one can represent the unique
solution of (25) as

Ky = chjle ]

j=11=1

(28)

where C = [cjz]}’iifﬁi

tion problem:

1 is the solution of the following optimiza-

min  |PwCG — Y2 + A|[W2CGZ|% (29
CERnwxng
Proof: See Appendix B. |

Remark 4: From the proof of Theorem 4, one can see that
C =W~ 'PyyA and Wy, = Pyy W 1P],,. These identities can
be used as change-of-variable tricks for obtaining more tractable
optimization problems.

Corollary 5: ItV := span{vy,...,v,_} C W, then we have

Ky = Ky = K. (30)
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The approach discussed in Theorem 1 for learning the Koop-
man operator K demands the knowledge of vy,..., vy, . This
issue can be addressed by Theorem 3 when Ilyyvy, ..., v,
are known. Note that this knowledge is not sufficient for the
scheme proposed in Theorem 2 that approximates K in Ly,
where indeed, the knowledge of vy, ..., v,, is again required
to first solve problem (6), and then derive the approximation.
On the other hand, in the case of finite dimensional space
W, when vectors wy, ..., w,, € H are given such that W =
span{wy, ..., wy, }, for solving the learning problem (25), it
is enough to know {w,, (xx-1) ZZ;L,gm:r In this situation, the
knowledge of vy, . .., v,_ is notrequired. Also, from Corollary 5,
we can see that if the set of vectors wy, . .., wy,, is rich enough
in the sense that ¥V C W = span{wy,...,w, }, then the
learning problems (6), (25), and (29) admit same solution.
Hence, under the condition V C W = span{wy,...,wy, },
when {w,, (xk,l)}ZZ?inzl is given, we can solve each of the
above-mentioned learning problems without the knowledge of
VlyeooyUng-

s

VIl. CONNECTION TO THE EDMD

In this section, we consider the case where G :=
span{gi, ..., gn, } is an invariant subspace of the learned Koop-
man operator, i.e., based on the notations introduced in Sec-
tion IV, we need to have K € Lg. Without loss of generality, we
assume gi, . . . , g, are linearly independent.

In the EDMD method, the Koopman operator is approximated
by a finite-dimensional linear map U : G — G, and then, the
observation data & is employed to estimate this map [34].
Since the dimension of G is finite, the map U admits a matrix
representation in the basis {g1, ..., gn, }. More precisely, there
exists matrix M € R"=*"= such that Ug, = Y72, [M](; g, for
l=1,...,ng. The matrix M is estimated by minimizing the
empirical loss &y defined as

Eu(M) := [[PgM — Y| = ZZ (Ugo) (xx1) — 91 (xx))?
k=11=1
where Pg := [g;(x¢1)];2;'j_,, which is assumed to be full
column rank, i.e., rank(Pg) = n,. Accordingly, the empirical
loss £y has a unique minimizer M* = PTY where PT
(Png) 1Pg is the Moore—Penrose pseudomverse of Pg.

Theorem 6: Define matrix Cy+ as Cy» := M*G 1 and, let
operator Kyy € L(H) be defined as
Ku =YY [Caly g5 @ g 31)
j=11=1

Then, KU belongs to argming. ﬁgé' (K), and, the EDMD map U

coincides with the restriction of KU toG,ie., U= KU |g'
Proof: Similar to the proof of Theorem 3, one can show
that £(K) = E(TIgKTlg), for each K € Lg. Accordingly, if
minge,, £(K) admits a solution, it has also a solution in the
set of operators £(G), which can be characterized as {K¢ :=
Z;’il S cjig; ® gi|C € RM*me}. Therefore, it is enough
to consider the problem minkc,(g) £(K). Given C € Rz,
we define M = CG, where, based on same steps as in the proof

of Theorem 4, we can show that £(K¢) = Ey(M). Hence, there
is abijection between the value and solutions of mink ¢ £ (g £ (K)
and minycgnexne Ey(M). Since M* is a solution for the latter
problem, then K¢, ., which coincides with KU, is a solution of
minger(g) £(K), which concludes the proof of first part. Due
to (31), we have

Kugi= Y751 2% [Cael . 95 (91, 94)
=Y 5 [Cwe Gl g5 = Y75 MY G0 gs
for each i € [ng], where the last equality is due to M* =
Cm+G. |
The following theorem demonstrates the connection between

EDMD and the introduced learning problems.
Theorem 7: For A > 0, let Kg , be the unique solution of

min 7, (K) := £(K) + 1| K|*. (33)
Kelg

(32)

Then, lim, o Kgy)\ = KU and lim;_, Kgﬁ,\ = 0, both in opera-
tor norm topology.

Proof: From Theorems 3 and 4, we know that, foreach A > 0,
(33) admits a unique solution Kg; = 372, 37 [Ci] 5. 97 @
g1, where C; is defined as

C, = argmin |PgCG — Y||% + A[|GZCG2 .

CeRnwxng

(34)

By the definition of C;, we have
IPgC,.G— Y2 <|[PgCrG—Y |2 +A|GZC, G2 <Y |3

which implies that |PgC;, Gl|r < 2||Y||p. Using Lemma 15 in
Appendix H, we have

ICslle=[[(P§Pg) ' PE(PgCLG)G ‘1||F

- (35)
< [PGIIIPoCLGlR G < 2PE Y elIG.
Accordingly, (34) in equivalent to the following program:
argmin J; (C) := [|[PgCG — Y|[2 + A[|GZCG2|>  (36)
CeM

where M := {C € R™*"s | [[C,]| < 2[PLI[Y]e]lG ]},
which is a convex and compact set. Let C; be the solution set of
(36) for A > 0, which is a singleton due to the strong convexity
of the objective function. Moreover, we know that function
J;, is continuous with respect (C, A). Hence, from Maximum
Theorem [45], it follows that set-valued map A +— C;, is upper
hemicontinuous with nonempty and compact values, which im-
plies that lim, o C, = CO, ie., hm,\w C; = Cyp+. Accordmgly,
due to the structure of KA and KU, we have lim, o Kg = KU
in operator norm topology. On the other hand, since 0 € Lg is
feasible for the problem and due to the definition of ng,\, we
know that

MKgall? < 7i(Kga) < 7(0) = ||YII5
which implies ||Kg,| < %HY”F Therefore, we have
lim . |[Kg.|| =0, and subsequently, it follows that
lim; _, 4 oo Kg » = 0, in operator norm topology. |

Remark 5: Forproblem (6), onecanseeas A — oo, the unique
solution introduced in Theorem 1 converges to zero, in operator
norm topology. The same claim holds for the unique solution of
(25).
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VIIl. GENERALIZED REPRESENTER THEOREM AND CASES
OF INTEREST

Considering the set of indices Z C {1,...,ns} X
{1,...,ng} and function £ : R x Rl — R, the empirical
loss can be generally defined as

E(K) = ¢ ([(K90) (k1)) yez » o)y )

which is a convex function when £(-, Y7) : Rl — R is convex
for Yz := [yrt] (k,1yezr € RIZI. Note that (37) generalizes various
forms of empirical loss functions including the ones introduced
in robust learning and statistics. Given a generic regularization
function R : L(H) — Ry U {400} and A € R, the learning
problem for the Koopman operator can be defined in the most
general form as

(37)

min  J(K) := &(K) + AR(K) (38)
st. Kel

where F either denotes L(H), or Lyy, for a closed subspace
W C H, and C is a subset of H. In the following, we determine
when learning problem (38) is tractable, i.e., we provide suitable
conditions under which a representer theorem holds for (38).

Notational conventions: Define R : L(H) — R U {+o0o} as
R := AR + d¢, and let Il be the projection operator on G =
span{gi, ..., gn,}. For brevity, we unify the notations for
both cases of F. Indeed, when F is Ly, we set n, as ng,
z as zp = vy, for k=1,...,n,, and Z as the subspace
Z =span{z1,...,z,, }. Moreover, we denote by IIz and Z,
respectively, as the projection operator on Z and the Gramian
matrix of vectors 21, . .., 2,,. By abuse of notation, we use the
same letters for ng, v1,...,v,,, V, Iy, and, V, for the case
F = L(H). Also, in order to provide arguments analogous to the
case of finite dimensional subspace W = span{wy, ..., wy}
as in Theorem 4, we adopt the same notational convention for
Nw, W1, ..., Wn,, YW, Iy, and, W. To provide a generalized
representer theorem for (38), we need the following assumption.

Assumption 2: For any S € L(H), we have

R(IIzSIlg) < R(S). (39)

Based on the discussions in Section I'V for learning the Koop-
man operator with Tikhonov regularization, one can see that the
property (39) holds for (6) and plays a crucial role in deriving the
presented results. The following theorem provides analogous re-
sult for (38). More precisely, we show that the learning problem
formulated as the infinite-dimensional program (38) admits an
exact finite-dimensional convex reformulation.

Theorem 8 (Generalized Representer Theorem): Let As-
sumptions 1 and 2 hold, and vy, ...,v,, € H be the vectors
defined in Theorem 1.

i) Suppose that the optimization problem (38) admits a
solution. Then, (38) has a solution in the following form
K= Zzakl 2 @ g
k=11=1
where ay; € R, for k € [n,] and [ € [ng].
ii) When D := F Ndom(R) N C is anonempty, closed, and
convex set, £(-,Y7) : Rl — R is a convex function for
each Y7 := [yrt](k,1)ez € R, R is convex and lower

(40)

semicontinuous, and R is coercive, then, (38) admits at
least one solution with parametric representation (40).
Additionally, if R is strictly convex on D, then the so-
lution of (38) is unique and admits parametric form in
(40).
Proof: Define function 7, : L(H) — R U {+oc} as
To(K) = E(K) + AR(K) + 6e(K) + 7(K)  (41)
for each K € £(H). One can see that the learning problem (38)
is equivalent to mingez(z) J¢(K). Let S be a solution of (38),
which is clearly a solution for this optimization problem as well.
Consider the case F is £(#) and let operator K be defined
as K = ITySIlg. In this case, the last term in (41) is zero for
S and K. Moreover, similar to the proof of Theorem 1, one
can show (Kg;)(xx_1) = (Sg1)(xk_1), foreach k € [ng]and €
[ng]. Hence, by the definition of & in (37), we see that £ (K) =
&i(S). Due to Assumption 2, we have

Tu(K) = E(K) + R(K) < £(S) +R(S) = Tu(S).  (42)

Thus, K is a solution of (38) as well, and, we have 7¢(K) =
T¢(S). From linearity of K, it follows that K admits the para-
metric form in (40). For the case F = L)y, define operator KW
as KW = II,ySIlg. By similar arguments, we can show that KW
is a solution of (38) for which we have the given parametric
representation. This concludes the proof for part 1).

Due to the convexity property of ¢, we know that £(-, Y7) :
Rl — R s a continuous function, for Y7 = [yy] (4.1)ez € R\
Furthermore, we know that

&) = £ (IKg i) eper s Wlgeer)  @3)

which implies that & : H — R is a proper, convex and con-
tinuous function. Moreover, R is convex and lower semicon-
tinuous. Note that we have dom(7;) = F Ndom(R)NC = D,
which is a nonempty, closed and convex set. Thus, 7, is a proper
function, and also ép is proper, convex, and lower semicon-
tinuous. One can see that J,(K) = &(K) + R(K) + dp(K),
for each K € H. Therefore, J; is proper, convex, and lower
semicontinuous. Moreover, it is strictly convex, when R is a
strictly convex function. From nonnegativity of £ and dp, and,
due to J¢(K) = &(K) + R(K) + 6p(K), for each K € H, it
follows that 7, is coercive. Therefore, (38) admits at least one
solution, which is unique when R is strictly convex [43]. This
concludes the proof for part ii). |
Remark6: LetD := F Ndom(R) N C,and, define 7, : D —
R as the restriction of function 7, introduced (41) to D, i.e.,
To=Te |p. Due to variational principle [42], if D is a nonempty
weakly sequentially closed set, and [, : D — R is weakly se-
quentially lower semicontinuous and coercive, then there exists
K € Dsuchthat (K) = infsep J(S), i.e., (38) has a solution.
Note that here no convexity assumption is required, and hence,
these conditions are more general.
Theorem 9:
i) Leth € Ry, R: L(H) = Ry U {400} be aregulariza-
tion function, and, C, be a given subset of #, for each
o € A, where A is the corresponding set of indices.
Define C := NyeaCo and R, := AR + &¢,, for a € A.
If Assumption 2 is satisfied by R, foreach o € A, then

R := AR + d¢ also satisfies Assumption 2.
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ii) Let Ry, ..., R : L(H) — Ry U{+oc} be given regu-
larization functions, Ay, ..., A, € R, and C be a subset
of H. If R; = A;R; + ¢ satisfies Assumption 2, for
i € [m], then R := " A;R; + dc also satisfies As-
sumption 2.
Proof:

i) Let S be an arbitrary element in £(H). If S ¢ C or
AR(S) = +o0, then (39) holds trivially. Hence, we as-
sume that AR(S) is finite and S € C. Therefore, for each
a, we know that S € C,, and subsequently, dc_ (S) = 0.
Since Assumption 2 holds for R, we have

R(I1zSg)+dc, (I1zS11g) <AR(S)+dc, (S) =AR(S)

which implies that I1zSIlg € C, and AR(IIzSIlg) <
AR(IIzSIlg). Therefore, we have IIzSIlg e C,
and O¢(I1zSTIg) = 0. Subsequently, it follows that
R(I1zSTlg) < R(S). Hence, Assumption 2 is satisfied
by R.

ii) It is easy to check that

RE=Y AR

for any S € L(H). Thus, the proof is implied directly. B
Remark 7: Theorem 9 allows utilizing the result of Theorem 8
for a wide range of interest case, where different combinations
of constraints and regularization terms are considered together
in the Koopman learning problem (38).
In the following, we provide applications of the theorems
above.

>

i=1

S)+de(S S)+dc(9))

A. Learning Koopman Operator With Frobenius Norm
Regularization

In Section IV, the introduced regularization function is based
on the operator norm. On the other hand, one may propose
employing Hilbert—Schmidt or Frobenius norm of the Koopman
operator to define the regularization term, i.e., R : L(H) —
R, U{+o0} is defined as R(K) := ||K||%, for K € L(H).
Thus, the learning problem is formulated as

. 2
min &(K) + A|[K]f5 (44)

where £ (K) is the empirical loss defined in (4). Before proceed-
ing further, we recall that ||S||% = tr(S*S), for each S € L(H).

Moreover, given an orthonormal basis {by }3°_; for H, the trace
of operator S € Lyy is defined as

Z (b, Sby,)
k=1
when the summation converges [42]. Based on (45), we have
o0
R(K) = [K|[F = (be, K'Kby) = Y [[Kby||*.
k=1 k=1

Note that the left-hand sides of (45) and (46) are independent of
the choice of orthonormal basis {b}7% ;.

(45)

o]

(46)

The following theorem characterizes the solution of the
infinite-dimensional learning problem (44) through obtaining
an exact finite-dimensional quadratic program reformulation.

Theorem 10: Let Assumption 1 hold and A > 0. Then, the
optimization problem (44) has a unique solution with parametric
representation as in (40), where A = [akl] e 1 l 1 € R™*e ig
the solution of the following quadratic program

min

1,1
minZAG - Y[E + A|ZEAGH 2.
Proof: See Appendix C. |

Define Jp : R™*"s — R as the objective function in (47),
ie., forany A € R"=*"s we have

(47)

Je(A) = [ZAG - Y|} + A[Z2AG2|2. (48)
For the first derivative of Jg, one can easily see that

1

5VAJF (A) = Z*AG? 4 AZAG — ZYG. (49)

To solve (47), we can use the first order necessary condition
VaJr(A) = 0, which is a linear system of equation with respect
to A. Indeed, Va Jr(A) = Ois a generalized Sylvester equation,
which can be solved efficiently. More precisely, Va Jr(A) =0
has a closed form solution in terms of A, matrix Y, and the SVD
of matrices G and Z.

Remark 8: According to the discussion above, one can see
that employing Frobenius norm for the regularization leads to
less computationally demanding problem compared to the case
of regularization with operator norm. Hence, one may prefer
learning Koopman operator based on (44) rather than (6).

Remark 9: Forl > 0and F = Lg, let Kg » denote the unique
solution of learning problem (44). Similar to Theorem 7, one
can show that lim; o Kg = KU and limy_, o Kg 5 = 0, in the
Frobenius norm and the operator norm topologies.

B. Learning Koopman Operator With Rank Constraint

Learning a low-rank operator can be of interest when a
reduced version of the Koopman operator is desired, e.g., for
the model reduction of the system [35], [46]. Thus, one may
introduce a rank constraint in the learning problem as

ci={secm) ’rank(S) = dim(S(H) <7} (50)

wherer € Z_ isagiven bound on the rank of Koopman operator.
Accordingly, the resulting learning problem is

min  E(K)
KeF (&2))
st. KeC

where £(K) is the empirical loss defined in (4). The following
theorem says that for the infinite-dimensional program (51),
there exists an exact equivalent finite-dimensional convex re-
formulation that can be solved efficiently to obtain the solution
of (51).

Theorem 11: Under Assumption 1, if the optimization prob-
lem (51) admits a solution, it has a solution with parametric form
given in (40), where A = [ay|,"s_, € R"=*"= is the solution
of the following problem: 7

min |ZAG — Y|
AcRmzxng

(52)
s.t. rank(ZAG) <r
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Proof: See Appendix D. |

Remark 10: The conditions in Theorem 8 or Remark 6
provided for guaranteeing the existence or uniqueness of the
solution are not satisfied for the learning problem (51). More
precisely, function R is not coercive here.

Using change-of-variable B = ZAG, the optimization prob-
lem (52) can be modified to

min IB—Y|32
BeRm2xne (53)
s.t. rank(B) <7

where 7 is defined as 7 = min{r, rank(G), rank(Z)}. Following
this, one can use Eckart—Young—Mirsky theorem [47] to solve
(53). More precisely, let Y = QZUT be the SVD of matrix Y,
3 = diag(oy, . ..,07) be the diagonal matrix containing first
7 largest singular values of Y, and, U; and U be, respectively,
the matrices containing first 7 columns of U and U. Then,

B = QZlﬁT solves (53), and subsequently, we can obtain A
by solving ZAG = US, U for A.

C. Learning Koopman Operator With Nuclear Norm
Regularization

In various learning problems, like collaborative filtering, nu-
clear normregularization is employed to penalize the complexity
of the model [48]. Indeed, the nuclear norm is interpreted as
a convex relaxation of rank [49]. Similar to the matrices, the
nuclear norm of operator S € £(H) is defined as ||S||.. = tr(|S|),
where |S| denotes the square root of S, i.e., |S| is a nonnegative
operator such that [S|? = S*S [42]. Thus, due to (45), given an
orthonormal basis {b }7° ;, we have

IS]l. := > (bx, ISbe)

k=1

(54)

when the summation converges [42]. Also, it is known that
K[l = sup {|e(CK)|| C € K(H), [[C|| < 1}

where K(H) denotes the set of compact operators on H [42].
Considering nuclear norm of the Koopman operator as the
regularization term, we have the following learning problem:

(55)

min E(K) + A||IK]|| (56)
where A > 0 and £(K) is the empirical loss defined in (4). It can
be shown that the infinite-dimensional learning problem (56)
can be reformulated precisely to a finite-dimensional convex
optimization.

Theorem 12: Under Assumption 1, the optimization prob-
lem (56) admits a solution K with parametric form (40),
where A = [akz]ZZf ;_; is the solution of following convex
program:

min  [|ZAG — Y||2 + A[|Z2AG? ], . (57)
AcRnzxng

Proof: See Appendix E. |

Remark 11: The regularization function R(-) := || - ||+, em-

ployed in (56), is not strictly convex. Therefore, Theorem 8
cannot guarantee the uniqueness of the solution. However, if

we only consider the minimum norm solution of (56), then it is
unique and attains the parametric form (40).

Remark 12: Let IA(g,A be the unique minimum norm solu-
tion of the learning problem (56) with A > 0 and F = Lg.
Similar to Theorem 7, we can show that lim, o Kgﬂ\ = KU,
and lim; Kg7 » = 0, in nuclear norm topology, which implies
convergence in Frobenius norm and operator norm as well.

D. Learning Stable Koopman Operator

Let Xeq = [Teq,15 - - - 7:ceqm]T € X be an equilibrium point for
dynamics (1). In this section, we assume the Hilbert space of
observables is an RKHS . endowed withkernelk : X x X —
R for which we have

k(x, Xeq) = Kk(Xeq,x) =0,

Indeed, given kernel h : X x & — R, we can define k as

lk(x, Y) = ]h(x, y) — h(x, Xeq) - ]h(Xeq7 y) + ]h(Xeqvxeq)

for each x, y € X. Then, one can see that k is a positive definite
kernel satisfying (58). Note that when k has this property, for
each observable g € Hj,, we have

9(%eq) = (k(%eq, "), 9) = 0.

Assumption 3: There exist hq,...
tive scalars Lq,..., Ly ,oq,...
[z1,...,2,,]" € X, we have

|hj(x)] > Lj|zj — Teq 17,

Vx € X. (58)

(59)

yhn, € Hi and posi-

, v, such that, for each x =

X

Vie{l,...,nx}.

For example, if quadratic function h(x) = ||x — xeq||* be-
longs to H,, then Assumption 3 is satisfied. More precisely,
(60) holds for h; = h, L; = 1, and o; = 2, for j € [ny].

Theorem 13: Let Assumption 3 hold for H,
Supyey k(x,x) < 0o, and there exist >0 such that
K| <1—¢e. Then, x,q is a globally stable equilibrium
point.

Proof: See Appendix F. |

Motivated by Theorem 13, we can include in the learning
problem the side-information on the stability of equilibrium
point (38) as

(60)

min Eo(K) + AR(K)
st. Kec (61)
K[ <1—¢

with € > 0. Similar to before, we have the following theorem.
Theorem 14: Under the hypotheses of Theorem 8, the exis-
tence, the uniqueness, and the parametric representation (40) are
implied for the solution of learning problem (61).
Proof: See Appendix G. |

IX. NUMERICAL EXPERIMENTS AND EXAMPLES

In this section, we provide numerical examples elaborating the
presented results. Throughout this section, the Hilbert space of
observables is specified as RKHS H) withkernel k : X x X —
R, and observables { g; };¢ [n,] are defined according to Remark 2,
ie,qi(-) :=k(ps,-), forl € [ng], where P := {p;},2, isa finite
set of points in A'. Furthermore, for tuning hyperparameters
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Fig. 2. Magnitude of eigenvalues derived from the proposed scheme
converge to the ones obtained from EDMD as the weight of regulariza-
tion, A, goes to 0. We can see that convergence has different behavior
depending on the choice of regularization.

such as the regularization weight, we employ a cross-validation
scheme implemented using a Bayesian optimization heuristic.

Example 1: The connection between EDMD and learning
problems (6), (44), and, (56) is discussed respectively in Theo-
rem 7, Remark 9, and Remark 12. To illustrates this feature, we
consider the following stable nonlinear dynamics

L1, k+1= U121,k

62
To 1= oo + (1} — po) o3 62)
where 111 = 0.95 and po = 0.75 [30].
Consider Gaussian kernel k defined as
I
k(x,y) =e 22" v« v eR? (63)

where £, = 1. The system is initialized at xo = [1,0]", and then
generated a trajectory of length ns = 60. Let g1, g2, and g3 be
three observables defined, respectively, as section of kernel k
atp; = [1,0]T, p2 = [1,1]T, and p3 = [0, 1]T. Suppose that we
have the values of these observables along the trajectory of the
system. Given this data, we can apply the EDMD method, and
also, the scheme introduced in Theorem 4, for different values of
A and, w; := g;, for [ = 1,2, 3. Each of these methods provides
an estimation of the eigenvalues of the Koopman operator. From
Theorem 7, we expect that as the weight of regularization, A, goes
to 0, the magnitudes of eigenvalues derived from the proposed
scheme, denoted here by 71, v2, and ~y3, converge to the ones
obtained from EDMD. Moreover, we know thatas A — 400, the
solution of (33) goes to 0. Accordingly, we expect that v1, 2,
and ~y3 converge to 0. Based on Remarks 9 and 12, we expect
to observe similar results for the case of R(K) = ||K||% and
R(K) = ||K]||.. Fig. 2 demonstrates these asymptotic phenom-
ena. One can see that depending on the choice of regularization
functions, we have different forms of convergence for 71, s,
and ~y3. Furthermore, comparing the cases R(K) = ||K||? and
R(K) = ||K||?, when the regularization term is based on the
Frobenius norm, we observe that as A — oo, the convergence of
Y1, 72, Y3 to 0 is with higher rate. Moreover, when nuclear norm
is employed for the regularization term, 71, 2, and 73 converge
to O faster than the two previous cases. These phenomena can be
explained based on the inequality between the operator norm,
Frobenius norm, and nuclear norm, i.e., ||S|| < ||S||r < [|S]]« <
oo, which holds for all S € £(#Hy). Additionally, we can see

that when R(K) = ||K||,, the rank of operator K drops as A

increases. The is due to the nature of nuclear norm, which leads

to promoting low-rank solutions. A
Example 2: The Van der Pol oscillator is described as

j?lz )

Jbgz,u(l—x%) To— 21+ U (64)

where 1+ > 0 is the damping coefficient and u is the input. To
obtain a discrete-time system as in (1), we set ;= 0.5 and
u =0 in (64), and employ forward Euler method with step
size At = 0.2s. We consider trajectories starting from initial
points x)’ = [~2,2]T and x{’ = [0, —1]T, respectively, with
length ngl) =50 and n?® = 50 (see Fig. 3 ). We employ Matern
kernel k with parameter v, = g and length scale ¢, = 1 [50],
and define observables gi,...,g,, as the sections of kernel
k at points P = {(0.54,0.55)|i,j = —5,...,5}. To perform a
Monte Carlo experiment, we corrupt the trajectories data points
with zero mean white Gaussian additive noise. More precisely,
we consider different values for noise variance to include low,
medium, and high signal-to-noise ratio (SNR) levels, namely
with 10, 20, and 30dB. With respect to each of these SNR
levels, 120 sequences of noise realization are generated for
being added to the trajectories. Given observables data, we can
estimate the Koopman operator using the EDMD approach and
the regularized learning methods mentioned in the previous sec-
tions by solving their equivalent finite-dimensional optimization
problems. To compare the performance of these methods, we
employ test observables g, ... s Gy specified as the sections
of kernel k at points P = {(0.1i,0.15)|i,j = —5,...,5}, and
the mean squared error for the estimated Koopman operator K
defined as

MSE(K) = — / (Ko g)(x) (F(X)))de (65)
& =1

where F' is the vector field resulting from time discretization
of Van der Pol dynamics (64), R = [—2.5,2.5] x [—2.5,2.5],
and the integral is calculated numerically using a grid with
Ax = (0.025,0.025). Fig. 3 illustrates and compares estimation
performance outcomes. One can observe that the introduced
learning schemes outperform the EDMD method, i.e., the in-
corporation of regularization terms and constraints results in
a more accurate estimation of the Koopman operator. Further-
more, learning techniques with regularization terms defined
based on operator and Frobenius norms exhibit superior es-
timation performances compared to those with nuclear norm
regularization. The observed outperformance can be due to
the fact that nuclear norm dominates operator and Frobenius
norms, and consequently, they have more effective impacts.
The same arguments hold when the impact of rank constraint
is compared with nuclear norm regularization. Moreover, we
observe that the estimation performances generally improve as
the SNR level increases, which is an expected phenomenon. The
minor exception is the case of including rank constraint, which is
possibly due to its nonconvexity. Finally, we can see that nuclear
norm regularization and rank constraint are not as effective as the
regularization terms specified by operator and Frobenius norm,
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indicating that the original Koopman operator is probably not
low-rank here. A

Example 3: The incorporation of potentially available side-
information about the Koopman operator can improve the learn-
ing accuracy by shrinking the hypothesis space and rejecting
spurious solution candidates. To demonstrate this feature, we
employ a scaled version of the Nicholson—-Bailey model for

host-parasitoid dynamics [51] described as

T k+1= Ry Tk (1 + 21’2,]@)7%

To 1= CT1k (1 — (1 + 2.1'2)/6)_%)

where Ry = 1.1 and ¢ = 3. We consider the trajectory starting
from the initial point xq = [0.5,0.05]T and with length n, = 100
(see Fig. 4 ). We employ Gaussian kernel (63) with ¢/ = 0.1
[50]. The observables g1, ..., gn, are defined as the sections
of kernel k at points P = {(0.3,0.05) + (0.025¢,0.0255)|¢,
j=0,...,8}. According to the behavior of the system shown in
Fig. 4, one can conclude that the system is stable. Meanwhile, as
we estimate the Koopman operator using the observables data
through the EDMD approach and also the learning method with
Frobenius norm regularization (44) where A = 1075, we observe
that the magnitude of dominant eigenvalues of the estimated
Koopman operators is less than one. This observation confirms
the discussed stability side-information. Following this, we per-
form a Monte Carlo experiment by corrupting the trajectory data
with realizations of zero mean white Gaussian additive noise.
The variance of noise is chosen such that the resulting SNR is
30 dB. We generate 450 sequence of noise realizations for being
added to the trajectory data, and subsequently, the observables
are evaluated on the noisy trajectory. Given the observables
data, we repeat previous Koopman operator estimation schemes.
Furthermore, to integrate the stability side-information, we mod-
ify the learning method with Frobenius norm regularization by
including the stability-inducing constraint ||K|| < 1 — ¢ where
¢ = 10°. Fig. 4 (bottom) demonstrates the dominant eigenval-
ues of the estimated Koopman operators. We can see from Fig. 4
that when the stability-inducing constraint is used, the domi-
nating eigenvalues are inside the unit circle, whereas they are
mainly located outside the unit circle when the other techniques
are implemented. Comparing the EDMD results, it can be seen
that the dominant eigenvalues have a smaller magnitude when
Frobenius norm regularization is used, which is potentially due
to the inequality ||S|| < ||S||r. Indeed, the Frobenius norm reg-
ularization partially incorporates the stability side-information.

(66)

20dB  30dB 10dB  20dB  30dB 10dB  20dB  30dB 10dB  20dB  30dB

Left: two trajectories of Van der Pol dynamics (64). Right: the box-plots for the mean squared error of different Koopman learning methods.
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Fig. 4. Top-left: a trajectory of dynamics (66) and its noisy measure-
ment with 30 dB SNR. Top-right: performance comparison for Koopman
operator estimate using the EDMD approach, the learning scheme with
Frobenius norm regularization, and its modified version with the stability-
inducing constraint. Bottom: the dominant eigenvalues of estimated
Koopman operators.

Similar to the previous example, we quantitatively com-
pare the Koopman operator estimation results using test
observables gy, ... - defined as the sections of kernel
k at points P = {(0.3,0.05) + (0.014,0.015)|i,j = 0,...,20}
and the mean squared error (65) calculated on region R =
[0.3,0.5] x [0.05,0.25]. Fig. 4 (top-right) compares the perfor-
mance of discussed Koopman operator estimation schemes. One
can see that the inclusion of stability side-information improves
learning and estimation accuracy. A

Example 4: Consider the following convection-diffusion
PDE:
ou 0% u
aa§ —|—ba§2(£,t)
where (§,1) € [0,1] x [0,00),a = 1,andb = 0.1. We discretize
domains of ¢ and ¢, respectively, with A = 1072 and At =
10~* to obtain discrete-time dynamics x* = F(x) with state

(&:1) (67)

ou
E(fat) =
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Fig. 5. Exact solution (left) of PDE (67) with initial condition «(&,0) =

1 —e~¢, and the approximate solutions derived from Koopman estima-
tions, one obtained by the EDMD approach (middle) and the other via
the learning method with Frobenius norm regularization (right).

dimension ny = 101. From the definition of Koopman oper-
ator, we know that g(x,) = K"(xq), for each n € N. Thus,
when x can be derived using the value of observables at x,
one can employ the estimation of Koopman operator to obtain
the solution of system for any arbitrarily initial condition. The
precision of this solution indicates the accuracy of estimated
Koopman operator. Accordingly, we consider the solution of
discrete-time system that corresponds to the initial condition
u(&,0) = sin(r€). Also, we employ kernel k(x,y) =1 +x'y,
and specify ng = 2ny observables gy, ..., Gn, as the sections
of kernel kk at points P = {p1, ..., Dy, },» Which are randomly
chosen from the standard normal distribution in R™x. We esti-
mate the Koopman operator using data of the observables, and
subsequently, we obtain the solution corresponding to the ini-
tial condition u(¢,0) = 1 — e~ following the abovementioned
discussion. To estimate the Koopman operator, we employ the
EDMD approach and the learning method with Frobenius norm
regularization, and denote the resulting approximated solutions
respectively by @ and @. To quantitatively compare these ap-
proximate solutions, we define solution mismatches as Az :=
@ —u and A := U — u, and subsequently, their #2-norm is
calculated on the region [0, 1] x [0,1.25]. The resulting val-
ues are ||Adill; = 2.543 x 107! and [|Adl]; = 1.004 x 1072,
In Fig. 5, the approximate solutions are compared to the ex-
act solution u. Fig. 5 shows that 4 is nearly identical to the
exact solution, whereas u appears to be considerably different.
The quantitative evaluation and graphical comparison indicate
that the Koopman operator estimation obtained by the learn-
ing method with Frobenius norm regularization is significantly
more accurate compared to the one derived from the EDMD
approach. A

X. CONCLUSION

In this article, we investigated the problem of learning Koop-
man operators for discrete-time autonomous systems. The learn-
ing problem was formulated as a constrained regularized opti-
mization over the infinite-dimensional space of linear operators.
We showed that a representer theorem holds for the Koopman
learning problem, which allows a finite-dimension problem
reformulation without any approximation and precision loss.

Moreover, we investigated the incorporation of various forms of
regularization and constraint in the Koopman operator learning
problem, including the operator norm, the Frobenius norm, and
rank. For each of these cases, we derived the corresponding
finite-dimensional problem. We have also elaborated on the
connection between these learning problems and the EDMD
method. Finally, we have demonstrated the impact of regu-
larizations, constraints, and side-information through several
numerical examples.

APPENDIX
A. Proof of Theorem 3

The existence and uniqueness of the solution Kyy follows from
the same lines of arguments as in the proof of Theorem 1. Define
the linear subspace W as W := span{ILyvy, . .. , Iyv,,_ }, and,
let I1;; be the projection operator on W.Fork € [ng], we know
that IT)yv, € W, and therefore, W is a subspace of W. Define
operator Sas S := HWKWHQ. Since W C W, wehave S € L.
From the definition of IIg, we know that Ilgg; = g;, forl € [ng].
Thus, for any & and [, we have

(vr, Sq1) = vk,H~Knggz>
v i (68)
= 'Uk7H17\;KWQZ> = <H%,Uk, ngz>
where H% is the adjoint of Il 3. Since W is a finite dimen-

sional subspace, it is closed and the projection operator 11,
is self-adjoint, i.e., H% = ;. Also, from W C W, we know
that W+ C W+, and subsequently, we have IT 3 IT,y. = 0. Ac-
cordingly, one can see that 115, — I 31Ty = I5(1 — Iy) =
1311y = 0. Thus, for each k& € [n], we have

H%Uk = vak = Hwnka = Hw’l}k (69)

where the last equality is due to ILyv € W. Note that W is a

closed subspace, and subsequently, II)y is a self-adjoint operator,

i.e,, 11}, = IIyy. Accordingly, from (68) and (69), we can see that
(v, Sgi)= ( Iyvr, Kywgr

= (o, Iy Kwa ) = <Uk, HWKW9l>

for each k and [. Due to the definition of Lyy in (20) and
since KW € [ZW, we know that ngl € W, and subsequently,
HWKng ngl, for [ € [ng]. Hence, from (70), we have

iz (yrt — (vk,Sgn))?

k=11=1

(70)

£(S)

s

= ZZ Yt — (v Kwagr))? = E(Ky).
k=11=1
Similar to the proof of Theorem 1, one can show that ||S||?
||KW|| and subsequently, one can see that £(S) + A[|S||*
E(Kw) 4—)»HKW||2 From the uniqueness of the solution of
(25), we have KW =S =1ly KW IIg. Due to the linearity of
operator Ky, it follows that there exist ar; € R, fork € [ng] and
| € [ng],such that Ky, = Zk L300 a(Thwoy) @ giyie., we
have (26). Considering KW in this parametric form and due to

INIA
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the linearity of inner product, for each i € [ns] and j € [ng], it
follows that

(Kg)(xi1) = 2ok 2op%y are (vi, (Thwow) ® 1) g5)
=2 ni Z? 1 @kt (Vi Ihwor(gr, 95))

= 2kz1 2oy (Mhwoi, Ihwor) aki (g1, 95)
where the last equality is due to the fact that (u,ILyyv) =
(Thyyu, Myv), for any wv,u € H. Accordingly, we have
[(Kgj)(xi-1)]i=, "%, = WyAG. Thus, following the calcula-
tion steps similar to those in the proof of Theorem 1, we can
show that A can be obtained by solving convex program (27).H

B. Proof of Theorem 4

For each k € [ng], there exist gx1, . . .

Ny
Iy, = Z Qrjwj = argmln f||vk —w|*.

J=1

Define matrix Q as Q = [qk]]zlny 1» and let the row vectors
qi and py, be, respectively, defined as qx = [qx J]” and pj, =
[(vg, w])] 1- From (71), we can easily see that q, = py W~ '.
Also, due to the definition of vectors vy, ..., vy, we know that
Py =[p{,....p,_]T. which implies that Q = PyyW~!. From
(71), which says that IIyyv, = Z?gl gr;jwj, one can see that

, Qkn,, Such that

(71)

KW in (26) has a representation as in (28). Moreover, we have

Nw Ng Ng
Ky = ZZ (Z Qk]akl> wj D gy

J=11=1

_XW:ZQA (7,0) wj®gl

Jj=11=1
which yields C = QTA. Also, for each k, i € [n], one has

Wyl (k)= (Thwo, yv;) = <Z;—L§1 Qrjwi, Y1 Qilwl>
=3 S kg (wjs wi)gin = [QWQ T (1
and, consequently, we have Wy, = QWQT. We, thus, get Wy, =
PywW1P], . Subsequently, it follows that
PyC =PywQ'A =Py W 'PJ,A = WyA  (73)
which gives |PwCG — Y ||z = [[WyAG — Y||%. Furthermore,
from ATWpA = ATQWQTA = CTWC, we know that

(72)

||W%CG%||2 = sup 2TG2CTWCG 22
zER™e, 2] <1
= sup ZTG%ATWVAG%Z - ||WEAG% ”2

zeR™e [|z]|<1
Thus, using the mentioned change-of-variable in (27), we get
the convex program (29). |

C. Proof of Theorem 10

We know that K = 0 is a feasible point for (44). Therefore,
for the optimal solution of (44), we need to have

MK[E < EK) + A[|K[IE < £(0) +AlJ0]F = [Y[F. (74)
Accordingly, (44) is equivalent to the following problem:
min  £(K) + A|K|2
min  £(K) + 1K s

st. KecC

where C is defined as C := {S € L(H) | ||S]|r < %HYHF}.Let
S € L(H), and {bx}72, be an orthonormal basis for 7 such
that G = span{by, ..., by, }, where My < ng. If k& <7y, we
have || IIzSIIgbg|| = ||TIzSby ||, and since ||TIz|| < 1, it follows
that ||HZngbk|| < ||Sbk|| If k > Ng, then ||HZngbk|| =0.
Therefore, due to the definition of Frobenius norm, we have

Tz SThg [ = D Tz STgbe|* < Y [ISbe]|* = [1S]I3-
k=1 k=1
Thus, forany S € £(H), we have R(11zSIlg) = ||11zSIg||Z <
IS||Z = R(S). Moreover, for each S € C, one can see that
[TLzSHg|lr < [IS[le < —=[[Y||r, which implies that ITzSIIg €
C. Therefore, d¢(I1zS1lg) < d¢(S), and hence, Assumption 2
holds. By definition, we know that C C dom(R) and 0 €
D:=FnNdom(R)NC=FnNC. Since | - |r is a norm on
dom(R) and C C dom(R), it follows that C is a convex set.
Let {S,,}nen C L(H) be a sequence such that lim,, ., S,, =
S € L(H) in norm topology. For any k € N, we know that
lim,, o0 [|Snbr||? = ||Sbk||?. From Fatou’s lemma, it follows
that
ISIIF = >2%=1 IS0k |* = 3272 liminfy, [|S, byl
<liminf,, Y37, [ISnbk|* = liminf,, ||S,[/3.
Therefore, we have R(S) < liminf, R(S,), and R is lower
semicontinuous. Moreover, if {S,},en C C, then ||S,|r <
% [IY||r, for each n. Subsequently, due to (76), we have ||S||p <

%HY”F, which implies that S € C. Hence, C and D = FNC

are nonempty, closed, and convex sets. Due to ||S|| < ||S]||, we
know that R is coercive, which implies that R is coercive as
well. Furthermore, it follows from Lemma 16 that R is strictly
convex. Therefore, due to Theorem 8, (75) admits a unique
solution with the parametric form in (40). This solution coincides
with the unique solution of (44) due to the equivalency of the
corresponding programs. Since for any hi, ho € H, we have
(h1 ® ha)* = hy ® hq, for K in the given parametric form, we
know that K* = "1 | 3" ai g1 @ zi,. One can easily see
that

(76)

(h1 ® ha)(hs ® hy) = (ha, h3)(h1 ® hy)
for any hq, hs, hs, hy € H. Accordingly, we have

K'K = Zn i Zl 1 Z? 1 ka5 (g @ 21) (2 @ gy)
Z% 121 1(9l®gj)2k 1Zz 1 aki{zks zi)aig  (78)
=35 Y (9 ® g5)[ATZA] ).

Since tr(g; ® g5) = (g1, g;), foreach 7,1 € [n], it follows from

(78) and || K||2 = tr(K*K) that

HKHF_Z Zz 1<glvgj>[A ZA](ZJ) ) )
tr(GATZA) =tr(Gz 2ATZ373AG? 2) = ||[Z2AGz 3.

Using calculation steps similar to those in the proof of The-

orem 1, one can see £(K) = |ZAG — Y||2. Replacing these
terms, optimization (47) results. |

(77)

(79

D. Proof of Theorem 11

We know that (51) is a special case of (38) where R =0,
and C is given in (50). Accordingly, we have R = . For any
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operator S € H, we know that
rank(ITzSIIg) < min {rank(IIz), rank(S), rank(Ilg)}
< rank(S).
Hence, S € C implies that IIzSIIg € C, and, we have
R(IzSIg) = d¢(I1zS11g) < d¢(S) = R(S). (80)
Therefore, the Assumption 2 holds for (51). Accordingly, Adue to
Theorem 8, if (5) admits a solution, it has also a solution K with
parametric form given in (40). By taking orthonormal bases for
Z and G, one can easily show that rank(K) = rank(ZAG). More
precisely, let {b1,...,bm,} and {p1,...,pg,} be two sets of
orthonormal vectors such that G = span{by, ..., bz, } and Z =
span{p1, ..., pm, }. Then, for each [ € [n,] and k € [n,], there
exist real numbers e;1, . . ., €, and g1, . .., Qrn, Suchthatg; =

Z;L Lejbjand 2, = Z?ﬁl qripi- Accordingly, one can see that

K= 21:1 7:1 (Zﬁil Z?; Qki Okl elj) (pi ® b;)
=31 25 [QTAE] 5 (pi ® b))
where matrices E and Q are defined, respectively, as E =

[elj]zlg’lnj p and Q = [gr]=1%_,. From (81), we know that

rank(K) = rank(QTAE). Also, we can obtain the Gramian ma-

trices G and Z, respectively, as G = EET and Z = QQ". Thus,
from Lemma 18 in Appendix H, we have

rank (K)= rank QTAE) = rank (QTAEET)

= rank QQTAEET) = rank(ZAG).

Using calculation steps similar to those in the proof of Theo-

rem 1, we have £(K) = ||ZAG — Y||%. Replacing these terms,

we obtain optimization (52). [ |

1)

(82)

E. Proof of Theorem 12
For program (56), K = 0 is a feasible solution. Therefore, for
the optimal solution of (56), the following inequality holds:
MK < E(K) + 2Kl < €(0) + A0l = [Y[[F.  (83)
By virtue of (83), we define C as C := {S € L(H) | ||S||. <
LYY ||r}, and, consider constrained optimization problem

Jnin - E(K) + A[K][. (84)

which is equivalent to (56). Let S € £(#), and {by};> , be

an orthonormal basis for # such that G = span{bs, ..., bs,}.

Note that IIgb, = by, if & <7y, and, Ilgb, = 0, otherwise.

Accordingly, from (55), (45), and II}, = Ilg, we have
||HZSH(_;||* = ( tr(CHZSHg)‘

) | Zoner (CTLzSTghy, by |
Sup|cj<,cecm) | oper (CHzSIghy, b)|
SUp|cj<1,cen) | SRE 1 (CITzSbg, by)|
SUP|aj<1,cex) | Sopty (CHzSby, gby)

( (

( (

(

SUP||c||<1,Cek(H)
SUP||c||<1,Cek(H)

SUP|cj<1,cex) | 2one1 (CHLzSb, Mgby,)
SUp |y <1,cek (i) | 2oner (MgCIzSby, by)|
SUp|cj<1,ce (i) | 2onet (CSbk, br)|
supjc<1,cec(w) |r(CS) | = [IS]|«

where the inequality is due to the fact that IIgCIIz € K(H) with
|TIgCIIz|| < 1, when C € K(H) with ||C|| < 1. Therefore, for
any S € L(H), one can see that R(I1zSIlg) = ||lIzSTg||, <

A

IS]]« = R(S). Moreover, for S € C, we have |IIzSIlg|. <
S]]« < A7 Y|Y||r, and, subsequently, it follows that ITzSIIg €
C. Therefore, d¢(11zSI1g) < d¢(S), and hence, Assumption 2
holds for R = AR + d¢c. From the definition of C and R,
it follows that dom(R) N C = C, and subsequently, we have
D :=Fndom(R)NC = FNC. One can easily see that 0 €
D. Since || - ||« is a norm on dom(R) and C C dom(R), we
know that C is a convex set, and also, R is a convex func-
tion. For S € L£(H), we have the inequality ||S|| < ||S]|., which
implies the coercivity of R. Hence, R = AR + & is a coer-
cive function. Let {S,, },en C £(H) be a sequence such that
lim,, o S, =S € L(H) in norm topology. Subsequently, we
know that lim,,_,~ |S,| = |S| in norm topology. Hence, for
any k € N, we have that lim,,_.o (b, |Sn|bk) = (b, |S|bk).
Moreover, since {|S,|}nen and |S| are nonnegative operators,
we know that (by,|S,|br) >0 and (b, |S|bx) > 0, for any
n, k € N. Hence, from Fatou’s lemma [45], it follows that

811 = S35, (b, ISIbe) = 55, liming, (b, [Se)

<liminf, >3 (bk, [Sy|bx) = liminf, ||S, ..

Accordingly, we know that R(S) < liminf, R(S,), and R is
lower semicontinuous. Also, if {S,}n,en C C, then [|S,]). <
%||Y| r, for each n. Therefore, due to (85), we know that
S|l < £[[Y||p, and, subsequently, we have S € C. Hence, C
and D = F N C are non-empty, closed and convex sets. Accord-
ingly, Theorem 8 implies that (84) admits solution K with the
parametric form in (40), which is also a solution for (56) due
to the equivalency of the corresponding programs. Let {b,, } ,en
be an orthonormal basis such that G = span{b;|j € [fg]}. Thus,
foreachl € [ng], there exist real numbers e;y, . . . , €, such that

g = Zjﬁ-il ez;b;. From (78), it follows that
K*K—Z i (Zv 1 Cli z) <Zk 1€kak> [ATZA]q)

Z Z Zl 1 el’L[A ZA}(l,j)ejk) (bz & bk)
= Zz Y 1[ETATZAE}(2 k) (bi @ br)

where E is the matrix defined as E =

(85)

[elj]?j’lzfgzl. One can
easily see that G = EET. Due to the equality above, we
know that there exist 7, for i, k € [Mg], such that |K*K| =

ZZ 1Zk 1 Tk (bs ®b;€) From (77), we have

|K*K|2 = 2?51 g 172](() ®b) Zk 1rlk(bl®bk)
= Y= Z D i 1r1Jrlk<bg;bl>(b1®bk)
= 2?51 k 1[R2] zk)(b ®bk)

n,

where R is the matrix defined as R = [r;;]. 2 ’fi:l. From the

abovementioned calculations for K*K and |K*K|2, it follows
that

R2 — ETATZAE = (Z%AE)T (Z%AE) . (86)

Note that we have (hy, (he ® h3)h1) = (h1, ha)(h1, h3), for
any hy, ho, hg, hy € H. Therefore, we have

HKH*—U(IK*KD 352 (b oty ok, rin(bi @ br)by)
=3 Sy SR rakby bi) (b, by =D00% m =tr(R).

Accordingly, from (86), we know that |[K||, = ||ZZAE|..
Note that, for any matrix M, we have ||[M]. = |[MT|, =
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tr(MTM)2) = tr(MMT)2). From this fact and G2Gz =
G = EET, it follows that

IKJ. = ((22AE) (ETATZ))
:tr((z%AG%) (G%ATZ%)) = |GEATZE|,
= ||Z2AG?|..
Similar to the proof of Theorem 1, one can also show £(K) =

|ZAG — Y||%. Substituting these terms in (56), we obtain the
optimization problem (52). |

F. Proof of Theorem 13

Consider a trajectory of system (1) as {x,}nen, and let
g € Hy. From the reproducing property of kernel and Cauchy—
Schwartz inequality, it follows that

9(n) [ =1(K"g) (x0)| = [{k(x0, ), K" )| < [[I(x0, ) [[[ K" g].
Since ||Kk(xo,)|| = k(x0,%0)? and ||K|| <1—¢, we have

l9(xn)| < (1 — &)"k(x0,%0) 2 |g]|. Due to (60) and by replacing
g with hj, it follows that

Lj |2n.j = Teq 5[ < [hj(xn)| < (1 —€)"k(x0,%0) 2 || ]|

where x,, ; is the j™ coordinate of x,,, for j € [ny]. Accordingly,
for each j, we have

n 1 1 k]
[Zn,j = Teq.j| < (1—&)* max | —suplk(x,x)[|h]
j€lng] [ Ly xex

where o = max{q;|j € [ny]}. Hence, we have lim,, ,, x,, =
Xeq» Where the convergence is uniform and with exponential

rate. [ |

G. Proof of Theorem 14

We know that ||TIzSTIg|| < ||S|, for all S € £L(Hy;). Hence,
S| <1 — ¢ implies that ||IIzSTIg|| < 1 — . Subsequently, we
have d¢_ (I1zSIg) < dc_(S), where C. is the nonempty, closed,
and convex set defined as C. := {S € L(Hy)|||S|]| <1-—¢}.
Thus, R. := d¢. satisfies Assumption 2, and claims are implied
directly from Theorems 9 and 8. |

H. Supporting Lemmas

Lemma 15: For matrices A and B, we have ||AB|r <
[|A||IB||r. Also, if B is invertible, then || AB||¢ < ||A]r|B|l-

Lemma 16: The function f:L(H)— Ry, defined as
f(T) = ||T|3, is strictly convex.

Proof: Let {bj, }32_, be an orthonormal basis for , ¢t € (0, 1)
and T, Ty € L£(H) such that T = Ts. Then, for each k, we
have || T1bg||? + || Tabg||? > 2(T1bx, Tobz). The equality holds
if and only if T by, = Tabg. Since T # T, there exists k such
that this inequality is strict. Now, multiplying both sides with
t(1 — t) and rearranging the terms, we have

t|T1be||® + (1 — ¢)[| Tabg||* > 2| T1bgl|* + (1 — )| Toby?
+2t(1 — t)(T1by, Tabg) = ||(#T1 + (1 — £)T2)bi 2.

By taking summation and due to the definition of Frobe-
nius norm, we have ¢||T|% + (1 —¢)|| T2|% > [|tT1 + (1 —

t)To||%. Thus, it follows that tf(Ty)+ (1 —¢t)f(T2) >
f(tT1 + (1 — t)T3), which concludes the proof. |

Lemma 17: For matrices A € R™™ B e R™ % and
C € R¥P, we have rank(AB) + rank(BC) < rank(B) +
rank(ABC).

Lemma 18: For matrices A € R™*™ B e R™** and C e
R P we have rank(AB) = rank(ATAB) and rank(BC) =
rank(BCCT).

Proof: We know that rank(ATAB) < rank(AB). Therefore,
from Lemma 18, it follows that rank(ATA) + rank(AB) <
rank(A) + rank(ATAB) < rank(A) + rank(AB). Hence, from
rank(ATA) = rank(A), we have rank(AB) = rank(ATAB).
Similarly, we can show the other equality. |
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