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A B S T R A C T

The response of maritime structures can be multiaxial, involving predominant mode-I and non-negligible mode-
III components. Adopting a stress distribution formulation based effective notch stress as fatigue strength
parameter for mixed mode-{I, III} multiaxial fatigue assessment purposes, a mode-I equivalent von Mises type
of failure criterion has been established at the critical fracture plane. Counting includes a cycle-by-cycle non-
proportionality measure and damage accumulation is based on a linear model. Distinguished mode specific
and material characteristic strength and mechanism contributions in terms of respectively the resistance curve
intercept and mean stress induced response ratio coefficient, resistance curve slope and material characteristic
length, have been incorporated. Evaluating the mid-cycle fatigue resistance, the outperformance is impressive.
The analysed multiaxial mode-{I, III} data fits the uniaxial mode-I reference data scatter band and a single
resistance curve can be used for fatigue assessment.
1. Introduction

Maritime structures are typically exposed to environment and ser-
vice induced loading conditions varying over time, introducing a cyclic
response. Fatigue can be a governing limit state [1]. For commonly
applied materials like steel, the arc-welded joints typically connecting
the planar or tubular structural members are fatigue sensitive because
of the notched geometries; hot spots [2].

In general, maritime structural response conditions can be mul-
tiaxial with potential contributions from loading, geometry and/or
even material sources. External environment and service loading com-
ponents, like wind and waves from different directions, as well as
heavy lifting operations and rotating turbine blades (Fig. 1), can occur
simultaneously. Stiffness variations because of changing geometry or
material anisotropy enable multiple – internal – load transfer mecha-
nisms along dissimilar paths. Normal mode-I, in-plane shear mode-II
and/or out-of-plane mode-III shear components (Fig. 2) can be in-
volved, either proportional (P); i.e. in-phase (predominantly geometry
and material source related), or non-proportional (NP); i.e. out-of-
phase (often related to the loading source) because of asynchronous
behaviour and/or different frequencies [3].

Since the (curved) plate thickness is often relatively small in com-
parison to the other structural member dimensions and the external
loading is typically a distributed one, the internal mode-I loading
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components: normal force 𝐹𝑛 as well as the in-plane and out-of-plane
bending moments 𝑀𝑏,𝑖𝑝 and 𝑀𝑏,𝑜𝑝, are typically governing. Any in-plane
shear force 𝐹𝑠,𝑖𝑝 mode-II component is in general negligibly small. At
the same time, the out-of-plane shear force 𝐹𝑠,𝑜𝑝 and torsion moment
𝑀𝑡 mode-III components affect in specific cases [4,5] the predominant
mode-I response and multiaxiality has to be taken into account for
accurate fatigue strength and life time estimates [e.g. 3]. Adopting
respectively intact and cracked geometry parameters [2], the initiation
and growth contributions to the fatigue damage process can be mod-
elled [1]. The fatigue life time 𝑁 is predominantly spent in the notch
affected region [6], meaning a notch characteristic intact geometry
parameter can be adopted as fatigue strength parameter 𝑆 rather than
a cracked geometry one, even if 𝑁 for welded joints is typically crack
growth defined. Since far field response spectra of welded joints in steel
maritime structures reflect predominantly linear elastic behaviour, 𝑆 is
typically of the stress – rather than strain or energy – type, in particular
for mid- and high-cycle fatigue [7]. Correlation of 𝑆 and 𝑁 typically
reveals a log–log linear dependency and a Basquin type of resistance
relation is naturally adopted: log(𝑁) = log(𝐶) − 𝑚 ⋅ log(𝑆). Intercept
log(𝐶) and slope 𝑚 reflect respectively a strength and mechanism
contribution, suggesting the mode-I and mode-III values are different.

Different fatigue strength parameters have been developed over
time aiming to obtain more accurate lifetime estimates, balanced with
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Nomenclature

Symbols

𝛼 (half) notch angle
𝛽𝑎 particular stress angle
𝛽(𝑁) lifetime dependent shear strength coefficient
𝛾 response ratio coefficient
𝛥 prefix indicating stress range
𝜖 residual
{𝜁𝜎𝑎, 𝜁𝜎𝑠} mode-I blunt body eigenvalue of (anti-)symm. part
𝜃 generic (stress) angle
𝜆 eigenvalue
{𝜆𝜎𝑎, 𝜆𝜎𝑠} mode-I eigenvalue of (anti-)symmetry part
𝜆𝜏 mode-III eigenvalue
{𝜇𝜎𝑎, 𝜇𝜎𝑠} mode-I equilibrium coeff. of (anti-)symmetry part
𝜇𝜏𝐹 mode-III force equilibrium coefficient
𝜇𝜏𝑀 mode-III moment equilibrium coefficient
𝜌 (real) weld notch radius
𝜌𝑆∞

mid/high-cycle fatigue transition curvature
𝜌∗ material characteristic length
𝜌𝜏 normal to shear stress ratio
𝜎 normal stress
𝜎𝑒 mode-I effective notch stress
𝜎𝑓𝑒 mode-I linear structural field stress
𝜎𝑁 fatigue lifetime standard deviation
𝜎𝑛 (𝑟∕𝑡𝑝) weld toe notch normal stress distribution
𝜎𝑠 (structural) normal stress
𝜎𝑠𝑒 mode-I self equilibrium stress
𝜎𝑠𝑏 𝑀𝑏 induced structural normal stress component
𝜎𝑠𝑚 𝐹𝑛 induced structural normal stress component
𝜎𝑦 material yield strength
𝜏 shear stress
𝜏𝑒 mode-III effective notch stress
𝜏𝑓𝑒 mode-III linear structural field stress
𝜏𝑛 (𝑟∕𝑡𝑝) weld toe notch shear stress distribution
𝜏𝑠 (structural) shear stress
𝜏𝑠𝑒 mode-III self equilibrium stress
𝜏𝑠𝑠 𝐹𝑠 induced structural shear stress component
𝜏𝑠𝑡 𝑀𝑡 induced structural shear stress component
𝛷 parameter vector
{𝜒𝜎𝑎, 𝜒𝜎𝑠} mode-I eigenvalue coeff. of {𝜆𝜎𝑎, 𝜆𝜎𝑠}
{𝜔𝜎𝑎, 𝜔𝜎𝑠} mode-I blunt body eigenvalue coeff. of {𝜁𝜎𝑎, 𝜁𝜎𝑠}
𝐶 fatigue resistance curve intercept
𝐶𝑏𝑤 weld load carrying normal stress coefficient
𝐶𝑛𝑝 path characteristic non-proportionality coefficient

𝑐𝑚 material characteristic non-proportionality coeff.
𝐶𝑡𝑤 weld load carrying shear stress coefficient
𝐹𝑛 nodal normal force
𝐹𝑠 nodal shear force
ℎ𝑤 weld leg height
𝑙𝑤 weld leg length
𝑚 fatigue resistance curve slope
𝑀𝑏 nodal bending moment
𝑀𝑡 nodal torsion moment
𝑛 number of counted cycles
𝑁 fatigue lifetime in number of cycles
𝑝𝑠 probability of survival
𝑟0 radial distance coordinate system origin to notch tip
𝑟 radial coordinate
𝑟𝜎𝑠 structural normal stress ratio
𝑟𝜏𝑠 structural shear stress ratio
𝑅 response ratio
𝑅𝑟 response ratio including 𝑆𝑟
𝑅𝑡 tube outer radius
𝑆 fatigue strength parameter
𝑆𝑟 (mean) residual stress
𝑆𝑒 effective notch stress parameter
𝑆∞ fatigue strength limit
𝑡𝑏 base plate thickness
𝑡𝑐 cross plate thickness
𝑡𝑝 plate thickness
𝑇𝜎𝑆 10% – 90% strength scatter band index
 log-likelihood
𝐼 mode-I index
𝐼𝐼𝐼 mode-III index

Abbreviations

AW as-welded
CA constant amplitude
DS double side
FE finite element
MLE maximum likelihood estimate
NP non-proportional
P proportional
SR stress-relieved
SS single side
VA variable amplitude
VAR variance
c
o
e
i

n
r

parameter complexity and computational efforts [8]. Incorporating lo-
cal (notch) information provides more generalized 𝑆 formulations and
the number of involved fatigue resistance curves reduces accordingly
(i.e. ultimately to one), like for the effective notch stress concept [8–
14]. Embedded in the critical distance theory [15], applications are not
limited to welded joints but extents for example to 3D printed materials
and structures [16–19]. Taking advantage of semi-analytical weld notch
stress distribution expressions [8,20], the effective notch stress 𝑆𝑒 can
e calculated averaging the notch stress distribution along the expected
2

rack path over a material characteristic length 𝜌∗, introducing an-
ther mechanism contribution. Solid finite element (FE) models to
stimate 𝑆𝑒 are not required anymore. Uniaxial mode-I and mode-III
nvestigations revealed distinguished {𝜌∗𝐼 , 𝜌∗𝐼𝐼𝐼} as well as {log(𝐶𝐼 ),

log(𝐶𝐼𝐼𝐼 )} and {𝑚𝐼 , 𝑚𝐼𝐼𝐼} values [7,8,20]. Since a response cycle
eeds two parameters for a complete spatial description, e.g. range and
atio, mode specific response ratio coefficients {𝛾𝐼 , 𝛾𝐼𝐼𝐼} containing

another strength contribution have been proposed as well [7,8,20].
However, consequences for mode-{I, III} multiaxial fatigue have not

been investigated before.
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Fig. 1. Support vessel and wind turbine, resp. a planar and tubular maritime structure.

Fig. 2. DS welded T-joint in a tubular structure with internal load components.

Aiming to reduce the still relatively large multiaxial fatigue resis-
tance scatter [e.g. 21,22], dedicated mode-{I, III} strength and mecha-
nism related contributions, respectively {log(𝐶), 𝛾} and {𝑚, 𝜌∗}, will
be incorporated in order to obtain improved lifetime estimates. An
𝑆𝑒 based multiaxial fatigue strength parameter will be established
considering all relevant assessment aspects for a time domain approach
(Section 2) and the performance will be evaluated using multiaxial
fatigue resistance data (Section 3).

2. Multiaxial fatigue aspects

Based on fatigue damage criteria classification [2], particular at-
tention will be paid first to modelling aspects for different types of
criteria, looking at static and fatigue strength similarities, as well as dif-
ferences between infinite and finite life criteria (Section 2.1). In order
to be able to deal with random multiaxial response conditions, damage
plane selection (Section 2.2) and cycle counting aspects will be ad-
dressed (Section 2.3), including ways to deal with non-proportionality
(Section 2.4). Last but not least, fatigue damage accumulation model
considerations will be discussed (Section 2.5).

2.1. Failure criterion

Classical failure criteria for more ductile isotropic materials, includ-
ing polycrystalline metals like steel, already aim to estimate yielding
of materials for monotonic – ultimate strength related – multiaxial
response (i.e. stress) conditions [23].

Any stress tensor can be decomposed into the sum of a hydrostatic
(mean) and deviatoric (shear induced) part. Whereas the hydrostatic
part introduces a volume change only without deformation, the devi-
atoric one is associated with shape change, distortion. Polycrystalline
metals comprise of grains with different shape, size and orientation,
meaning for any loading condition each grain shows a different amount
3

of slip; a shear induced response, changing the shape. After failure,
slip bands turn out to be visible at the fracture surface, i.e. experimen-
tal evidence suggesting the Tresca maximum shear stress criterion is
decisive [24]. For shell/plate type of structures only the mode-III com-
ponent is relevant: 𝑆 = max(𝜏𝐼𝐼𝐼 ) ≤ 𝜎𝑦, since the mode-II contribution is
negligible. At the same time, experimental evidence shows that ductile
materials do not fail in case of a hydrostatic stress component only
(e.g. metals in deep ocean waters), introducing the distortion based von
Mises maximum deviatoric stress criterion [24]. For shell/plate type of
structures principally containing a governing mode-I normal and mode-
III shear component only: 𝑆 = max

{√

𝜎2𝐼 + 𝛽 ⋅ 𝜏2𝐼𝐼𝐼
}

≤ 𝜎𝑦. The von
Mises criterion is essentially an equivalent normal stress formulation.
Shear strength coefficient 𝛽 is a material constant. For steel 𝛽 = 3 is
typically adopted [24].

For cyclic – fatigue strength related – multiaxial response condi-
tions, linear and non-linear failure criteria have been proposed for the
infinite life region [e.g. 25–27]. A fatigue resistance limit is naturally
introduced, defining the threshold for an unlimited number of cycles:
𝑆∞(𝑁 → ∞). Based on different modelling philosophies, the criteria
are principally a combination of two parameters: a primary governing
term and a secondary correcting one. The linear criteria: 𝑆 = max

{

𝐶1 ⋅
𝑓 (𝑆1) + 𝐶2 ⋅ 𝑔(𝑆2)

}

≤ 𝑆∞(𝑁 → ∞), seem of the Tresca type; the non-
linear ones: 𝑆 = max

{
√

𝐶1 ⋅ 𝑓 (𝑆1)2 + 𝐶2 ⋅ 𝑔(𝑆2)2
}

≤ 𝑆∞(𝑁 → ∞), of the
von Mises type. Parameters 𝑆1 and 𝑆2 are for example the deviatoric
and (max) hydrostatic stress, respectively, taking the complete stress
state into account. The shear stress – assuming crack initiation provides
the major contribution to the fatigue lifetime – and (max) hydrostatic
stress can be used as well. Alternatively, the shear stress 𝜏𝐼𝐼𝐼 and
(max) normal stress 𝜎𝐼 are adopted [e.g. 28], reflecting the multiaxial
mode-I and mode-III contributions. Constants 𝐶1 and 𝐶2 are (fitted)
material dependent coefficients. Since a response cycle requires two
parameters for a complete definition in space, e.g. the stress range 𝑆
and the response ratio 𝑅 = 𝑆𝑚𝑖𝑛∕𝑆𝑚𝑎𝑥, both may affect the fatigue
strength and the criteria may even turn into: 𝑆 = max

{

𝐶1 ⋅ 𝑓 (𝑆1, 𝑅1) +
𝐶2 ⋅ 𝑔(𝑆2, 𝑅2)

}

≤ 𝑆∞(𝑁 → ∞) for an equivalent shear stress and
𝑆 = max

{
√

𝐶1 ⋅ 𝑓 (𝑆1, 𝑅1)2 + 𝐶2 ⋅ 𝑔(𝑆2, 𝑅2)2
}

≤ 𝑆∞(𝑁 → ∞) for an
equivalent normal one.

For the finite life region, principally the same type of criteria
could be adopted, although the coefficients will become response level
dependent and the fatigue limit will turn into a lifetime dependent
fatigue resistance relation because of the finite number of response
cycles 𝑁 : 𝑆 = max

{

𝐶1(𝑆1) ⋅ 𝑓 (𝑆1, 𝑅1) + 𝐶2(𝑆2) ⋅ 𝑔(𝑆2, 𝑅2)
}

≤ 𝑆(𝑁) and
𝑆 = max

{
√

𝐶1(𝑆1) ⋅ 𝑓 (𝑆1, 𝑅1)2 + 𝐶2(𝑆2) ⋅ 𝑔(𝑆2, 𝑅2)2
}

≤ 𝑆(𝑁). The gov-
erning mode-I and mode-III log–log linear mid-cycle fatigue resistance
relations (Fig. 3): log(𝑁) = log(𝐶) − 𝑚 ⋅ log(𝑆) → log(𝑆) =

{

log(𝐶) −
log(𝑁)

}

∕𝑚 → 𝑆(𝑁) = (𝑁∕𝐶)−1∕𝑚, have characteristic intercept and
slope parameters {log(𝐶), 𝑚}, respectively reflecting different fatigue
strengths and mechanisms. In case initiation dominates the fatigue
lifetime, the shear stress is in control and a Tresca type of criterion
seems straightforward. If growth provides the major contribution, an
equivalent normal stress based von Mises type of criterion makes sense.

Adopting an (equivalent) shear stress 𝑆 = max[VAR
{

𝜏𝐼𝐼𝐼 (𝑡)
}

] based
on a primary governing term only, a response based normal to shear
stress ratio has been introduced to establish the failure criterion [21,
29–31]: 𝜌𝜏 = 𝛥𝜎𝐼∕𝛥𝜏𝐼𝐼𝐼 =

√

[2 ⋅ VAR{𝜎𝐼 (𝑡)}]∕
√

[2 ⋅ VAR{𝜏𝐼𝐼𝐼 (𝑡)}]. In-
corporating the relative mode-I and mode-III contributions, a response
representative – rather than mode-III equivalent – resistance curve has
been proposed with log{𝐶(𝜌𝜏 )} = 𝑎 ⋅ 𝜌𝜏 + 𝑏 and 𝑚(𝜌𝜏 ) = 𝑐 ⋅ 𝜌𝜏 + 𝑑,
turning the criterion into: 𝑆 = max[VAR

{

𝜏𝐼𝐼𝐼 (𝑡)
}

] ≤
{

𝑁∕𝐶(𝜌𝜏 )
}−1∕𝑚(𝜌𝜏 ).

Coefficients {a, b, c, d} are based on the mode-I and mode-III reference
resistance curve parameters. Since both the resistance and response
information define [log

{

𝐶(𝜌𝜏 )
}

, 𝑚(𝜌𝜏 )], the intercept and slope can be-
come out of (resistance) control. Bounds have been provided [31,
32], but remain a modelling limitation. Involving the mean stress
as a 2nd parameter to define a cycle in space, the equivalent shear
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stress turns into an effective one [30]: 𝑆 = max[VAR
{

𝜏𝐼𝐼𝐼 (𝑡)
}

𝑒𝑓𝑓 ] ≤
{

𝑁∕𝐶(𝜌𝜏 )
}−1∕𝑚(𝜌𝜏 ). A similar ratio has been proposed to establish a

hear stress fitting coefficient 𝐶2
{

𝛥𝜏𝐼𝐼𝐼∕𝛥𝜎𝐼
}

, aiming to obtain a mode-
II equivalent resistance curve [33]. Explicit model limitations do not
eem to exist, although the multiaxial test data fitted 𝐶2(𝛥𝜏𝐼𝐼𝐼∕𝛥𝜎𝐼 )

formulation implicitly determines up to what extent the criterion: 𝑆 =
max[𝑆1 + 𝐶2

{

𝛥𝜏𝐼𝐼𝐼∕𝛥𝜎𝐼
}

⋅ 𝑆2] ≤
{

𝑁∕𝐶𝐼𝐼𝐼
}−1∕𝑚𝐼𝐼𝐼 with 𝑆1 = 𝛥𝜏𝐼𝐼𝐼 and

𝑆2 = 𝛥𝜎𝐼 , is applicable.
For a finite lifetime, the ratio of the mode-I and mode-III fatigue

strength depends on the number of cycles 𝑁 until failure (Fig. 3), mean-
ing that for an equivalent normal stress criterion the shear strength
coefficient has to be response level dependent rather than constant [e.g.
28]: 𝑆 = max[

√

𝜎2𝐼 + 𝛽
{

𝜎𝐼 (𝑁), 𝜏𝐼𝐼𝐼 (𝑁)
}

⋅ 𝜏2𝐼𝐼𝐼 ], with 𝛽 = 𝛥𝜎𝐼 (𝑁)∕
𝛥𝜏𝐼𝐼𝐼 (𝑁) = 𝐶 ⋅ 𝑁𝑀 , 𝐶 = 10{𝑚𝐼𝐼𝐼 ⋅log(𝐶𝐼 )−𝑚𝐼 ⋅log(𝐶𝐼𝐼𝐼 )}∕{𝑚𝐼 ⋅𝑚𝐼𝐼𝐼 } and 𝑀 =
(𝑚𝐼−𝑚𝐼𝐼𝐼 )∕(𝑚𝐼 ⋅𝑚𝐼𝐼𝐼 ). Both uniaxial and multiaxial mode-{I, III} fatigue
test data should fit in the mode-I resistance data scatter band, reflecting
the same equivalent strength and mechanism, i.e. intercept and slope:
𝑆 = max[

√

𝜎2𝐼 + 𝛽
{

𝜎𝐼 (𝑁), 𝜏𝐼𝐼𝐼 (𝑁)
}

⋅ 𝜏2𝐼𝐼𝐼 ] ≤
{

𝑁∕𝐶𝐼
}−1∕𝑚𝐼 . The 𝑆(𝑁)

ormulation is fully resistance defined and 𝛽(𝜎𝐼 , 𝜏𝐼𝐼𝐼 ) bounds, either
eal or artificial, are not required.

Although the shear strength coefficient should be response level
ependent, still a constant 𝛽 has been used since the fatigue resistance
ata scatter would hardly reduce [34,35]. However, at least the uni-
xial mode-I and mode-III data is not aligned since the mode-III data
s mode-I equivalent at one particular number of cycles only, rather
han over the full finite lifetime range. Hardly observing a reduction in
atigue resistance scatter seems a consequence of unbalanced uniaxial
ode-I, mode-III and multiaxial mode-{I, III} data in general, or at

east ignoring the resistance characteristics for the particular groups
f data. Adopting a constant 𝛽, regression analysis will principally
rovide biased, i.e. averaged, fatigue strength and damage mechanism
ontributions with respect to

{

log(𝐶), 𝑚
}

. In case the mode-I parameters
re simply adopted, the mode-III contribution is not properly taken
nto account. A mean stress correction is typically limited to a mode-I
ontribution, introducing an effective normal stress 𝜎𝐼,𝑒𝑓𝑓 [e.g. 28,36].

Rather than a resistance based shear strength coefficient, a response
ependent one: 𝛽(𝛥𝜎𝐼 , 𝛥𝜏𝐼𝐼𝐼 ) — similar to the normal to shear stress
atio 𝜌𝜏 for the equivalent shear stress criterion, has been proposed
21,37–39]. The uniaxial mode-I and mode-III reference conditions can
e represented, although for a multiaxial response 𝛽(𝛥𝜎𝐼 , 𝛥𝜏𝐼𝐼𝐼 ) can
ake unrealistic values since fatigue resistance related limitations are
acking.

.2. Damage plane

Whereas for proportional (i.e. in-phase) multiaxial mode-{I, III}
esponse conditions in a particular 2D {𝑆1, 𝑆2}- plane with angle 𝜙 only

Fig. 3. Lifetime dependent mode-I and mode-III fatigue strength ratio.
4

p

Fig. 4. Temporal evolution of stress in the {𝑆1, 𝑆2}- stress plane.

the stress tensor magnitude is changing (Fig. 4), the tensor additionally
rotates for non-proportional (i.e. out-of-phase) ones and the plane angle
𝜙(𝑡) is varying in time.

Incorporating the damage contribution of all planes explicitly intro-
duces typically an equivalent fatigue strength parameter: 𝑆𝑒𝑞 = (1∕2𝜋) ⋅
∫ 𝑆(𝜙)d𝜙, representing the integral plane [e.g. 37,38,40]. Alternatively,
an enclosing surface like an ellipse can be established in the von Mises
stress plane based on the perimeter 𝑝 (Fig. 4) — an implicit angle
measure, meaning: 𝑆𝑒𝑞 = (1∕𝑝) ⋅ ∫ 𝑆(𝑝)d𝑝 [e.g. 41].

Rather than the integral plane, only the governing, i.e. critical plane
can be considered, e.g. based on the maximum value of the adopted
fatigue strength parameter 𝑆, either an equivalent shear stress [e.g.
29–31]: 𝑆 = max[VAR

{

𝜏𝐼𝐼𝐼 (𝜙)
}

], or an equivalent normal one [e.g.
28,41,42]: 𝑆 = max[

√

𝜎2𝐼,𝑚𝑎𝑥(𝜙) + 𝛽
{

𝜎𝐼 (𝑁), 𝜏𝐼𝐼𝐼 (𝑁)
}

⋅ 𝛥𝜏2𝐼𝐼𝐼 (𝜙)]. Since
he stiffness distribution of (maritime) structures in stiffened panel
onfiguration is predominantly orthotropic and cracks at the weld
otches typically develop first in plate thickness direction, the fracture
lane can be used as well to obtain 𝑆 [e.g. 34].

The full stress tensor of a volume element consists of 3 normal-
nd 6 shear stress components. For (quasi) isotropic materials (like
teel) in static equilibrium, element rotation is prevented for and tensor
ymmetry appears: 𝜏𝑖𝑗 = 𝜏𝑗𝑖, reducing the tensor content to 3 normal-
nd 3 shear stress components only. Certain symmetric stress tensor
roperties are coordinate system rotation (i.e. plane) independent,
ntroducing invariants. Both tensor parts (Section 2.1) can be incor-
orated in terms of invariants to take the complete stress state into
ccount [e.g. 40,43]. The hydrostatic part, equal to one third of the
irst tensor invariant 𝐼1, is basically the average normal stress; a mean
alue. The square root of the second invariant of the deviatoric stress
𝐽2 represents the other part, often incorporated as a von Mises type

of criterion:
√

𝛽 ⋅ 𝐽2; a stress range, with the shear stress coefficient 𝛽
ither constant or response level dependent. Both invariants represent
p to some extent 2 parameters defining a cycle in space.

.3. Cycle counting

Although for a mode-I or mode-III uniaxial response cycle counting
i.e. identification of the number of closed hysteresis loops – is

rincipally required for variable amplitude (VA) conditions, in case of a
ode-{I- III} multiaxial one cycle counting can already be relevant for

onstant amplitude (CA) conditions, in particular when asynchronous
ehaviour is involved and/or the frequencies are different. However, if
ultiaxial cycle counting is required, depends on the adopted failure

riterion (Section 2.1) and selected damage plane (Section 2.2).
For an equivalent fatigue strength parameter 𝑆𝑒𝑞(𝑡) at the integral

lane — either of the Tresca or von Mises type, at each time instant
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Fig. 5. Cycle counting illustration in the von Mises plane, searching for the max.
range [e.g. 34,35,48–50].

𝑆𝑒𝑞(𝑡) can be established. Reducing the time series to a peak–valley
equence, uniaxial (rain flow) counting can be adopted in order to
btain the equivalent stress spectrum {𝑆𝑒𝑞(𝑛)} [e.g. 38].

In case of a Tresca type of criterion at the critical plane, 𝑆(𝑡) can still
be processed using uniaxial rain flow counting [e.g. 31]. Virtual cycles
have been counted based on zero crossings [44], rather than closed hys-
teresis loop criteria, but suggest at least that mean stress effects cannot
be incorporated. Adopting a von Mises type of criterion, several ways of
cycle counting have been considered. The uniaxial rain flow counting
algorithm can be straightforward applied to 𝑆(𝑡), but sign information
– lost by definition – should be incorporated [e.g. 45,46]. However,
sign changes may cause artificial anomalies affecting the von Mises
time series and providing unrealistic counting results. Introducing a
primary and secondary channel, multiaxial rain flow counting has been
proposed. In fact, one von Mises stress component is counted (e.g. the
mode-I normal stress) at the primary channel and the corresponding
other one (e.g. the mode-III shear stress) at the secondary channel is
a projection at the primary channel peak–valley location [e.g. 47].
Although at least the mode-I and mode-III components have been
incorporated up to some extent, the established cycles are not likely
multiaxial closed hysteresis loops. However, an algorithm continuously
searching for the maximum range in the time series (segments) at the
von Mises plane (Fig. 5) provides cycles reflecting closed hysteresis
loops [e.g. 34,35,48–50]. In case the structural response is uniaxial,
the results are the same as obtained with rain flow counting.

If in terms of invariants only the damage related tensor component,
i.e. the deviator, is involved, uniaxial rain flow counting is straight-
forward applied. When the hydrostatic component is involved as well,
multiaxial rain flow counting can be used adopting a primary and
5

secondary channel [e.g. 43].
2.4. Non-proportionality

The normal mode-I and shear mode-III stress components are not
necessarily proportional, e.g. because of asynchronous behavour, differ-
ent frequencies or time varying amplitudes. How non-proportionality
is incorporated typically depends on the adopted type of criterion
(Section 2.1), selected damage plane (Section 2.2) and cycle counting
procedure (Section 2.3).

Since an equivalent fatigue strength parameter (Section 2.2) takes
the damage contribution of all planes into account, any type of non-
proportionality is principally incorporated in the criterion. Adopting
for example a von Mises type of criterion; an equivalent normal stress,
non-proportionality is considered introducing a shear stress variations
𝜏(𝜙) based correction: 𝑆𝑒𝑞 = 𝑆(𝜙 = 0) ⋅ 𝑓

{

𝜏(𝜙)
}

, assuming 𝜏(𝜙) to be
he basic requirement to develop fatigue damage [37,38].

Although for an equivalent shear stress like 𝑆 = max[VAR
{

𝜏𝐼𝐼𝐼 (𝑡)
}

]
31] the normal stress component is not explicitly considered, the
esponse based normal to shear stress ratio 𝜌𝜏 = 𝛥𝜎𝐼∕𝛥𝜏𝐼𝐼𝐼 =
[2 ⋅ VAR

{

𝜎𝐼 (𝑡)
}

]∕
√

[2 ⋅ VAR
{

𝜏𝐼𝐼𝐼 (𝑡)
}

] defining the characteristic re-
sistance curve incorporates at least an average non-proportionality
measure. Using a similar ratio 𝐶2

{

𝜏(𝑡)∕𝜎(𝑡)
}

, the equivalent shear stress
akes the instantaneous

{

𝜎(𝑡), 𝜏(𝑡)
}

contributions into account, meaning
on-proportionality is explicitly considered: 𝑆 = [𝑆1+𝐶2

{

𝜏(𝑡)∕𝜎(𝑡)
}

⋅𝑆2]
ith 𝑆1 = 𝜏(𝑡) and 𝑆2 = 𝜎(𝑡) [44].

For an equivalent normal stress of the von Mises type at the critical
lane, non-proportionality can be considered in different ways. Using
he instantaneous normal and shear stress contributions

{

𝜎(𝑡), 𝜏(𝑡)
}

,
on-proportionality is explicitly incorporated. Even if only a single
omponent has been counted (e.g. the mode-I normal stress) at the
rimary channel and the corresponding other one (e.g. the mode-III
hear stress) at the secondary channel is a projection at the primary
hannel peak–valley location, meaning the non-proportional time series
re basically turned into quasi-proportional ones, non-proportionality
s implicitly included up to some extent [e.g. 47]. Cycle counting in
he von Mises stress (critical) plane (Section 2.3) allows to capture at
east the stress range. However, the actual response path or perimeter
as been identified as being crucial (Fig. 6). Introducing an effective
tress range 𝑆𝑒𝑓𝑓 = 𝑆(1 + 𝑐𝑚 ⋅𝐶𝑛𝑝), with 𝐶𝑛𝑝 = ∫𝑆{𝑟 ⋅ | sin(𝜃)|}

𝑛d𝑝∕ ∫𝑆{𝑅 ⋅
sin(𝜃)|}𝑛d𝑝 and 𝑛 =

{

0, 1, 2
}

for respectively either a 0th order moment
representing length), 1st order (static) moment or 2nd order moment
of inertia) based path correction factor incorporating the level of non-
roportionality for each cycle relative to the straight line defined stress
ange (Fig. 6). Any material characteristic non-proportionality effect is
eflected in fitting coefficient 𝑐𝑚 [34,35,49,50].

Adopting a failure criterion based on the full stress tensor, mul-
iaxial rain flow counting of the invariants

√

𝐽2 or
√

𝛽 ⋅ 𝐽2 and the
projection of the corresponding 𝐼1 at respectively the primary and

Fig. 6. Cycle-by-cycle response path based non-proportionality in the von Mises plane.
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Fig. 7. Linear superposition of an equilibrium equivalent and self-equilibrium part for
the mode-{I, III} weld toe notch shear stress distribution of a DS welded T-joint and
DS welded cruciform joint in a tubular structure.

secondary channel [43] implicitly includes non-proportionality up to
some extent.

2.5. Damage accumulation

Fatigue damage is progressive and accumulates cycle-by-cycle,
meaning history counts. Both linear and non-linear models have been
developed over time [e.g. 51,52], although typically for uniaxial re-
sponse conditions. Application extends to multiaxial ones as well,
since the failure criteria are typically of the equivalent stress type
(Section 2.1) and even multiaxial rain flow counting (Section 2.3)
is limited to the primary channel, meaning a single time series is
considered for damage accumulation.

The linear damage model 𝐷 =
∑
{

𝑛𝑖(𝑆𝑖)∕𝑁𝑖(𝑆𝑖)
}

≤ 1; the sum of
he ratios of the number of response cycles at a particular level 𝑛𝑖(𝑆𝑖)
nd the corresponding resistance defined number of cycles to failure
𝑖(𝑆𝑖) [53,54], is the universal standard for fatigue design, as reflected

n applications for criteria defined at the integral plane [38], the critical
lane [31,33,34] and the invariant plane [43].

However, numerous test results have shown the deficiency, includ-
ng possible non-conservative 𝐷 estimates [e.g. 52]. Sequence effects
urned out to be an important one from response perspective and 𝐷 for
xample proved to be different for a single overload in comparison to a
ingle underload and for a low-to-high sequence different from a high-
o-low one [e.g. 55]. Even for random response conditions as typically
bserved for a wave loading induced response of maritime structures,
≠ 1 is obtained for different types of spectra [e.g. 56–59]. From

esistance perspective, cycles with a stress range below the (random)
atigue limit affect 𝐷 as well [e.g. 60]. Still adopting the linear model,
he maximum allowed damage is typically reduced to a value below
ne, depending on the variable amplitude response characteristics [e.g.
8].

Most non-linear models [e.g. 51,52] addressing the response aspects
re basically of the type: 𝐷 =

∑

[𝐶𝑖 ⋅
{

𝑛𝑖(𝑆𝑖)∕𝑁𝑖(𝑆𝑖)
}𝑓 (𝑆𝑖)] ≤ 1,

onsidering the linear one as a special case for 𝐶𝑖 = 𝑓 (𝑆𝑖) = 1. Simpli-
fications typically concern a bi-linearization. Fitting coefficient 𝐶𝑖 and
fitting function 𝑓 (𝑆𝑖) are meant to incorporate any material specific
contribution as well. So far, applications for multiaxial fatigue seem
limited, although a non-linear model of this type has been adopted for
𝑆 defined at the critical plane [28,47].

Anyway, a generalized, all-encompassing model overall outperform-
ing the linear one is not available yet [e.g. 52]. At the same time, the
6

damage accumulation model performance seems related to the adopted 1
fatigue strength criterion. For and advanced 𝑆 formulation the linear
odel still proved to be sufficient since variable amplitude fatigue

esistance data fits the constant amplitude data scatter band [34,55,61].
When both mid- and high-cycle fatigue are involved, a resistance

nduced damage accumulation non-linearity appears as well, because of
he changing slope (i.e. changing mechanism) as reflected in the 2-slope
esistance curve formulations [e.g. 7]. For a bi-linear one with a finite
igh-cycle fatigue slope, still 𝐷 =

∑
{

𝑛𝑖(𝑆𝑖)∕𝑁𝑖(𝑆𝑖)
}

≤ 1, but the resis-
ance part involves different slope contributions 𝑚 based on the number
f cycles at the mid- to high-cycle fatigue transition 𝑁𝑡: log

{

𝑁𝑖(𝑆𝑖)
}

=
og(𝐶) − 𝑚 ⋅ log(𝑆𝑖) with 𝑚 = 𝑚𝑚𝑖𝑑 for 𝑁𝑖 ≤ 𝑁𝑡 and 𝑚 = 𝑚ℎ𝑖𝑔ℎ for 𝑁 >
𝑡 [52,62]. However, 𝐷 estimates are quite often observed to be non-

onservative [e.g. 63]. In case of an infinitely high-cycle fatigue slope,
ike for the generalized random fatigue limit formulation [7,55,64]:
og𝑁𝑖(𝑆𝑖) = log(𝐶) −𝑚⋅log(𝑆𝑖) − 𝜌𝑆∞

⋅log
{

1−𝑆∞(𝜇, 𝜎;𝐷)∕𝑆𝑖
}

, the fatigue
imit 𝑆∞ decreases for increasing 𝐷, meaning the damage accumulation
alculation becomes an iterative process: 𝐷 =

∑
{

𝑛𝑖(𝑆𝑖)∕𝑁𝑖(𝑆𝑖;𝐷)
}

≤ 1.

. Effective notch stress assessment

For mixed mode-{I, III} multiaxial response conditions of planar
nd tubular maritime structures, the mode-I contribution is governing
Section 1), meaning the normal stress 𝜎𝐼 is predominant. At the same
ime, the fatigue lifetime of arc-welded joints is growth – rather than
hear induced initiation – controlled because of the welding induced
efects, explaining why an equivalent normal stress based von Mises
ype of failure criterion will be adopted (Section 2.1). Since cracks at
eld notches typically develop first in plate thickness direction, the

racture plane is identified as the critical one and will be selected for
riterion evaluation (Section 2.2). Cycles will be counted – because
f the time domain approach – in the von Mises plane (Section 2.3),
n order to be able to incorporate non-proportionality cycle-by-cycle
Section 2.4). The linear damage accumulation model will be used,
ince good performance has been shown for advanced fatigue strength
riteria. Including a response related non-linearity may correct for
atigue strength parameter deficiencies because of the fitting involved,
hich should be identified first. Starting with mid-cycle fatigue, the

esistance related non-linearity is not required as well (Section 2.5).
Opting for an effective notch stress based fatigue strength parame-

er, a failure criterion 𝑆 = 𝑆𝑒 =
√

{

𝑆2
𝑒,𝐼 + 𝛽(𝑁) ⋅ 𝑆2

𝑒,𝐼𝐼𝐼
}

will be estab-
ished first (Section 3.1) and includes a lifetime dependent shear stress
oefficient 𝛽(𝑁). Using fatigue test data from literature (Section 3.2)
he strength and mechanism contributions, reflected in respectively
ode specific {log(𝐶), 𝛾} and {𝑚, 𝜌∗} coefficients, will be investigated

Section 3.3).

.1. Fatigue strength parameter

The through-thickness weld notch stress distributions along the
xpected (2D) crack path – defining the fracture plane – are assumed
o be a key element for an appropriate fatigue design and detectable
epair criterion [8]. Semi-analytical formulations

{

𝜎𝑛(𝑟∕𝑡𝑝), 𝜏𝑛(𝑟∕𝑡𝑝)
}

,
ith plate thickness 𝑡𝑝 either the base plate or cross plate value, 𝑡𝑏 or

𝑐 , have been developed for both non-symmetry and symmetry with
espect to half the plate thickness (𝑡𝑝∕2), using respectively a double
ide (DS) welded T-joint and DS welded cruciform joint for illustration
urposes (Fig. 7), in case of both zero and finite notch radius 𝜌 [8,20].
dopting a linear superposition principle [61], far field related equilib-
ium equivalent and self-equilibrium parts

{

𝜎𝑓𝑒, 𝜎𝑠𝑒; 𝜏𝑓𝑒, 𝜏𝑠𝑒
}

have been
istinguished (Fig. 7), involving three components: the notch stress, the
eld-load carrying stress and the far field stress. Typically three zones

an be identified in all distributions: the zone 1 peak stress value, the
one 2 notch-affected stress gradient and the zone 3 far-field dominated
tress gradient, demonstrating stress field similarity.

Since the (as) weld(ed) notch radius 𝜌 is typically small, a zone

peak stress fatigue strength parameter would be too conservative.
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Adopting a micro- and meso-structural notch support hypothesis, an
effective notch stress estimate

{

𝜎𝑒, 𝜏𝑒
}

has been obtained by averaging
he notch stress distribution along the expected crack path over a
aterial characteristic micro- and meso-structural length 𝜌∗ – rather

han introducing a fictitious notch radius, partially incorporating a
one 2 notch stress gradient – and zone 3 far field stress gradient
ontribution as well [34,43,65–69]. Physically speaking, 𝜌∗ reflects the

length in which the majority of the fatigue lifetime has been spent. For
mode-I if 𝜌 = 0 [8]:

𝑒 =
𝑡𝑝
𝜌∗𝐼 ∫

𝜌∗I
𝑡𝑝

0
𝜎𝑛

(

𝑟
𝑡𝑝

)

d
(

𝑟
𝑡𝑝

)

. (1)

he effective notch stress parameter 𝑆𝑒,𝐼 = 𝛥𝜎𝑒 becomes in case of
on-symmetry with respect to (𝑡𝑝∕2) [8,61]:

𝑒,I = 𝛥𝜎𝑠

(

𝑡𝑝
𝜌∗I

) {

1
𝜆𝜎𝑠

(

𝜌∗I
𝑡𝑝

)𝜆𝜎𝑠

𝜇𝜎𝑠𝜆𝜎𝑠(𝜆𝜎𝑠 + 1)⋅

[

cos{(𝜆𝜎𝑠 + 1)𝛽𝑎} − 𝜒𝜎𝑠 cos{(𝜆𝜎𝑠 − 1)𝛽𝑎}
]

+

1
𝜆𝜎𝑎

(

𝜌∗I
𝑡𝑝

)𝜆𝜎𝑎

𝜇𝜎𝑎𝜆𝜎𝑎(𝜆𝜎𝑎 + 1)⋅

[

sin{(𝜆𝜎𝑎 + 1)𝛽𝑎} − 𝜒𝜎𝑎 sin{(𝜆𝜎𝑎 − 1)𝛽𝑎}
]

+

𝐶𝑏𝑤

{(

𝜌∗I
𝑡𝑝

)2

−

(

𝜌∗I
𝑡𝑝

)}

− 𝑟𝜎𝑠

(

𝜌∗I
𝑡𝑝

)2 }

.

(2)

In case 𝜌 > 0 and non-symmetry with respect to (𝑡𝑝∕2) applies [8,61]:

𝑆𝑒,I = 𝛥𝜎𝑠

( 𝑡𝑝
𝑟0 + 𝜌∗I

)

{

1
𝜆𝜎𝑠

[

( 𝑟0 + 𝜌∗I
𝑡𝑝

)𝜆𝜎𝑠
−
(

𝑟0
𝑡𝑝

)𝜆𝜎𝑠
]

⋅ 𝜇𝜎𝑠𝜆𝜎𝑠(𝜆𝜎𝑠 + 1)⋅

[

cos{(𝜆𝜎𝑠 + 1)𝛽𝑎} − 𝜒𝜎𝑠 cos{(𝜆𝜎𝑠 − 1)𝛽𝑎}
]

+

1
𝜁𝜎𝑠

[

( 𝑟0 + 𝜌∗I
𝑡𝑝

)𝜁𝜎𝑠
−
(

𝑟0
𝑡𝑝

)𝜁𝜎𝑠
]

(

𝑟0
𝑡𝑝

)𝜆𝜎𝑠−𝜁𝜎𝑠
𝜆𝜎𝑠

(

2𝛼
𝜋

)

4
{

(

2𝛼
𝜋

)

− 1
}

⋅

[

𝜔𝜎𝑠1 cos
{

(𝜁𝜎𝑠 + 1)𝛽𝑎
}

+ 𝜔𝜎𝑠2(𝜁𝜎𝑠 + 1) cos
{

(𝜁𝜎𝑠 − 1)𝛽𝑎
}]

+

1
𝜆𝜎𝑎

[

( 𝑟0 + 𝜌∗I
𝑡𝑝

)𝜆𝜎𝑎
−
(

𝑟0
𝑡𝑝

)𝜆𝜎𝑎
]

𝜇𝜎𝑎𝜆𝜎𝑎(𝜆𝜎𝑎 + 1)⋅

[

sin{(𝜆𝜎𝑎 + 1)𝛽𝑎} − 𝜒𝜎𝑎 sin{(𝜆𝜎𝑎 − 1)𝛽𝑎}
]

+

1
𝜁𝜎𝑎

[

( 𝑟0 + 𝜌∗I
𝑡𝑝

)𝜁𝜎𝑎
−
(

𝑟0
𝑡𝑝

)𝜁𝜎𝑎
]

(

𝑟0
𝑡𝑝

)𝜆𝜎𝑎−𝜁𝜎𝑎 𝜆𝜎𝑎
4(𝜁𝜎𝑎 − 1)

⋅

[

𝜔𝜎𝑎1 sin
{

(𝜁𝜎𝑎 + 1)𝛽𝑎
}

+ 𝜔𝜎𝑎2(𝜁𝜎𝑎 + 1) sin
{

(𝜁𝜎𝑎 − 1)𝛽𝑎
}]

+

𝐶𝑏𝑤

{

( 𝑟0 + 𝜌∗I
𝑡𝑝

)2

−
(

𝑟0
𝑡𝑝

)2

−
( 2𝑟0 + 𝜌∗I

𝑡𝑝

)

}

−

𝑟𝜎𝑠

[

( 𝑟0 + 𝜌∗I
𝑡𝑝

)2

−
(

𝑟0
𝑡𝑝

)2
] }

.

(3)

For mode-III if 𝜌 = 0 [20]:

𝜏𝑒 =
𝑡𝑝

𝜌∗𝐼𝐼𝐼 ∫

𝜌∗𝐼𝐼𝐼
𝑡𝑝

0
𝜏𝑛

(

𝑟
𝑡𝑝

)

d
(

𝑟
𝑡𝑝

)

. (4)

he effective notch stress parameter 𝑆𝑒,𝐼𝐼𝐼 = 𝛥𝜏𝑒 becomes in case of
on-symmetry with respect to (𝑡𝑝∕2):

𝑒,III =
𝛥𝜏𝑠
𝜆𝜏

𝑡𝑝
𝜌∗III

{

cos(𝜆𝜏𝛽𝑎)𝜇𝜏𝐹

(

𝜌∗III
𝑡𝑝

)𝜆𝜏

− 𝜆𝜏

(

𝜌∗III
𝑡𝑝

)

⋅

[(

𝜌∗III
)

(𝜇𝜏𝑀 + 𝑟𝜏𝑠 + 𝐶𝑡𝑤) − 𝜇𝜏𝑀 − 𝐶𝑡𝑤

] }

.

(5)
7

𝑡𝑝
In case 𝜌 > 0 and non-symmetry with respect to (𝑡𝑝∕2) applies [20]:

𝑆𝑒,III =
𝛥𝜏𝑠
𝜆𝜏

(

𝑡𝑝
𝑟0 + 𝜌∗III

) {

cos(𝜆𝜏𝛽𝑎)𝜇𝜏𝐹

[(

𝑟0 + 𝜌∗III
𝑡𝑝

)𝜆𝜏

−
(

𝑟0
𝑡𝑝

)𝜆𝜏
]

−

(

𝑟0
𝑡𝑝

)2𝜆𝜏
cos(𝜆𝜏𝛽𝑎)𝜇𝜏𝐹

[(

𝑟0 + 𝜌∗III
𝑡𝑝

)−𝜆𝜏

−
(

𝑟0
𝑡𝑝

)−𝜆𝜏
]

−

𝜆𝜏
𝜌∗III
𝑡𝑝

[(

2𝑟0 + 𝜌∗III
𝑡𝑝

)

(

𝜇𝜏𝑀 + 𝑟𝜏𝑠 + 𝐶𝑡𝑤

)

− 𝜇𝜏𝑀 − 𝐶𝑡𝑤

] }

.

(6)

Mode-{I, III} formulations for symmetry with respect to (𝑡𝑝∕2) have
been developed as well, both for 𝜌 = 0 and 𝜌 > 0 (Appendix). The far
field stress parameters

{

𝛥𝜎𝑠, 𝑟𝜎𝑠 ;𝛥𝜏𝑠, 𝑟𝜏𝑠
}

can be obtained using nodal
orce output of relatively coarse meshed shell/plate FE models [70–72],
aturally providing the constant membrane and linear bending contri-
ution: 𝜎𝑠 = 𝜎𝑠𝑚 + 𝜎𝑠𝑏, as well as the constant shear and linear torsion
ontribution: 𝜏𝑠 = 𝜏𝑠𝑠+𝜏𝑠𝑡. The structural normal and shear stress ratios:
{

𝑟𝜎𝑠 = 𝜎𝑠𝑏∕𝜎𝑠, 𝑟𝜏𝑠 = 𝜏𝑠𝑡∕𝜏𝑠
}

reflect the far field stress gradients [8,
20]. Eigenvalues

{

𝜆𝜎𝑠, 𝜆𝜎𝑎, 𝜆𝜏
}

, eigenvalue coefficients
{

𝜒𝜎𝑠, 𝜒𝜎𝑎
}

and
stress angle 𝛽𝑎 can be obtained using the notch angle 𝛼. Coefficients
{

𝜇𝜎𝑠, 𝜇𝜎𝑎, 𝜇𝜏𝐹 , 𝜇𝜏𝑀
}

are obtained using force and moment equilibrium.
The mode-I bending and mode-III torsion related weld load carry-
ing stress coefficients, respectively 𝐶𝑏𝑤 and 𝐶𝑡𝑤, are loading and ge-
ometry dependent. Fitting functions have been established [8,20]. A
complete spatial description of a response cycle requires 2 param-
eters to be involved, important for modelling of sequence effects.
The ranges

{

𝑆𝑒,𝐼 , 𝑆𝑒,𝐼𝐼𝐼
}

and ratios
{

𝑅𝐼 = 𝑆𝑒,𝐼,𝑚𝑖𝑛∕𝑆𝑒,𝐼,𝑚𝑎𝑥, 𝑅𝐼𝐼𝐼 =
𝑆𝑒,𝐼𝐼𝐼,𝑚𝑖𝑛∕𝑆𝑒,𝐼𝐼𝐼,𝑚𝑎𝑥

}

are selected for this purpose. Adopting Walker’s
mean stress model, typically providing the best results for welded
joints [7,20], the effective notch stress parameter becomes:

𝑆𝑒,𝑒𝑓𝑓 =
𝑆𝑒

(1 − 𝑅)1−𝛾
(7)

with {𝑆𝑒,𝑒𝑓𝑓 = 𝑆𝑒,𝑒𝑓𝑓 ,𝐼 , 𝑆𝑒 = 𝑆𝑒,𝐼 , 𝑅 = 𝑅𝐼 , 𝛾 = 𝛾𝐼} for the mode-I and
𝑆𝑒,𝑒𝑓𝑓 = 𝑆𝑒,𝑒𝑓𝑓 ,𝐼𝐼𝐼 , 𝑆𝑒 = 𝑆𝑒,𝐼𝐼𝐼 , 𝑅 = 𝑅𝐼𝐼𝐼 , 𝛾 = 𝛾𝐼𝐼𝐼

}

for the mode-
III effective notch stress component. The response ratio coefficient 𝛾
is a fitting parameter. For 𝛾 → 1, the range dominates the fatigue
resistance; the mean stress becomes governing for 𝛾 → 0. However,
an environment and service loading induced mean stress component
is not the only one. Arc-welding adds a thermal loading induced –
typically high-tensile – quasi-constant residual (mean) stress, affecting
the fatigue strength. An explicit residual stress measure is typically not
included, since for fatigue design in general only joints in as-welded
(AW) condition are considered [e.g. 67,73,74], meaning any residual
stress affecting the fatigue resistance is just implicitly incorporated in
the most likely fatigue resistance parameter estimates. A stress relieving
heat treatment can be applied, being one way to virtually eliminate
residual stress and improve the fatigue strength. If both as-welded and
stress-relieved (SR) test data are jointly considered, an explicit residual
stress measure 𝑆𝑟 has to be introduced to cover the thermal condition,
meaning a re-formulation of the response ratio is required:

𝑅𝑟 =
𝑆𝑒,𝑚𝑖𝑛 + 𝑆𝑟

𝑆𝑒,𝑚𝑎𝑥 + 𝑆𝑟
=

𝑅 ⋅ 𝑆𝑒 + 𝑆𝑟(1 − 𝑅)
𝑆𝑒 + 𝑆𝑟(1 − 𝑅)

. (8)

From fatigue design perspective, the as-welded condition is still
adopted to define the reference resistance, meaning the stress-relieved
data – principally without any residual stress – is expected to provide
a compressive 𝑆𝑟 estimate. Note that the extended 𝑅 formulation most
likely affect the mean stress sensitivity coefficient 𝛾 as well.

Because of the arc-welding induced heat input, the material crys-
tallography changes, introducing a heat affected zone in between the
weld and base material at the fatigue sensitive weld toe notch location.
The hardness in the heat affected zone is typically large in comparison
to the base material value. Since the weld material hardness is in
general in between the heat affected zone and base material value,
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an M-shaped hardness characteristic appears [75]. Applying a post-
welding heat treatment is principally meant to reduce the hardness –
in particular in the heat affected zone – and the aim is to obtain a more
uniform hardness distribution across the material up to a certain extent,
depending on parameters like heat rate, maximum temperature and
treatment duration [75–77]. In general, an increased hardness reflects
a smaller grain size and the other way around, introducing fatigue
resistance consequences; i.e. changing crack initiation and growth be-
haviour. Since for a smaller grain size the initiation resistance seems
to increase and at the same time the growth resistance decreases —
for a larger grain size the opposite applies [78], dedicated material
characteristic 𝜌∗ parameters seem required for the as-welded and the
stress-relieved condition.

Because of the mode-I and mode-III finite lifetime specific strength
and mechanism fatigue resistance characteristics, a response level
dependent shear strength coefficient 𝛽(𝑁) is adopted, rather than a
constant one (Section 2.1). For a single-slope resistance relation 𝑁 =
𝐶 ⋅ 𝑆𝑚

𝑒 :

𝛽(𝑁) =
𝑆𝑒,𝐼 (𝑁)
𝑆𝑒,𝐼𝐼𝐼 (𝑁)

= 𝐶𝛽 ⋅𝑁
𝑀𝛽 (9)

with

𝐶𝛽 = 10
log(𝐶𝐼 )𝑚𝐼𝐼𝐼−log(𝐶𝐼𝐼𝐼 )𝑚𝐼

𝑚𝐼 ⋅𝑚𝐼𝐼𝐼 (10)

and

𝑀𝛽 =
𝑚𝐼 − 𝑚𝐼𝐼𝐼
𝑚𝐼 ⋅ 𝑚𝐼𝐼𝐼

. (11)

Since only the uniaxial mode-{I, III} number of cycles {𝑁𝐼 , 𝑁𝐼𝐼𝐼} are
nown in advance, the actual 𝛽(𝑁) value has to be obtained in an
terative cycle counting process in order to capture 𝑁 for the equivalent
ormal stress based von Mises type of criterion:

𝑒,𝑒𝑓𝑓 =
√

{

𝑆2
𝑒,𝑒𝑓𝑓 ,𝐼 + 𝛽(𝑁) ⋅ 𝑆2

𝑒,𝑒𝑓𝑓 ,𝐼𝐼𝐼

}

. (12)

Counting iteratively the effective von Mises notch stress (Fig. 8) at the
critical fracture plane (Section 2.2), the range 𝑆𝑒,𝑖 including the normal
and equivalent shear stress projections

{

𝑆𝑒,𝐼,𝑖, 𝛽(𝑁) ⋅𝑆𝑒,𝐼𝐼𝐼,𝑖
}

and corre-
sponding ratios

{

𝑅𝐼 = 𝑆𝑒,𝐼,𝑚𝑖𝑛,𝑖∕𝑆𝑒,𝐼,𝑚𝑎𝑥,𝑖, 𝑅𝐼𝐼𝐼 = 𝛽(𝑁)⋅𝑆𝑒,𝐼𝐼𝐼,𝑚𝑖𝑛,𝑖∕[𝛽(𝑁)⋅
𝑒,𝐼𝐼𝐼,𝑚𝑎𝑥,𝑖]

}

can be obtained for each cycle 𝑖 (Section 2.3). Adopting
0th, 1st or 2nd order moment approach (Section 2.4), differences

etween the actual response path and the (straight) range have been
sed to incorporate a non-proportionality effect cycle-by-cycle in terms
f 𝐶𝑛𝑝, including a material characteristic contribution in terms of
𝑚 [34,35,49,50]:

𝑒,𝑒𝑓𝑓 ,𝑖 = 𝑆𝑒,𝑖
(

1 + 𝑐𝑚 ⋅ 𝐶𝑛𝑝,𝑖
)

(13)

ith

𝑛𝑝,𝑖 =
∫𝑆 (𝑟 ⋅ | sin(𝜃)|)

𝑛d𝑝
∫𝑆 (𝑅 ⋅ | sin(𝜃)|)𝑛d𝑝

for 𝑛 = 0, 1 or 2. (14)

Although 𝐶𝑛𝑝,𝑖 and 𝑐𝑚 are meant to reflect respectively the path
and material characteristic part, 𝑐𝑚 may correct for any cycle counting
and/or non-proportionality related model deficiency as well, since data
fitting is used to obtain an estimate. A compromised value may be
acquired, meaning interpretation becomes more difficult. In order to
obtain a mid-cycle fatigue related equivalent effective notch stress pa-
rameter 𝑆𝑒,𝑒𝑞 for variable amplitude data fitting the constant amplitude
data scatter band; i.e. 𝑁(𝑆𝑒) = 𝐶 ⋅𝑆−𝑚

𝑒 with 𝑆𝑒 = 𝑆𝑒,𝑒𝑞 , the linear damage
model is adopted: 𝐷 =

∑
{

𝑛𝑖(𝑆𝑒,𝑖)∕𝑁𝑖(𝑆𝑒,𝑖)
}

≤ 1 with 𝑁𝑖(𝑆𝑒,𝑖) = 𝐶 ⋅𝑆−𝑚
𝑒,𝑖 .

For 𝐷 = 1, reflecting failure, the formulation becomes:

𝑆𝑒,𝑒𝑞 =

[
∑

{𝑛𝑖(𝑆𝑒,𝑖) ⋅ 𝑆𝑚
𝑒,𝑖}

𝑁

]1∕𝑚

. (15)

Recall 𝑁 =
∑
{

𝑛𝑖(𝑆𝑒,𝑖)
}

, the iteratively obtained total number of
effective von Mises notch stress cycles.
8

Fig. 8. Effective notch stress cycle characteristics in the von Mises plane.

.2. Test data

Data series containing steel specimens with both tubular and planar
tructural joints have been considered (Fig. 9 and Tables 1 and 2),
nvolving respectively circular/square hollow and plate cross-sections
ith specified joint dimensions (Fig. 7). Most data is obtained for

onstant amplitude loading conditions, but some variable amplitude
ata is included as well. Uniaxial mode-I, uniaxial mode-III and mul-
iaxial mode-{I, III} response conditions – both proportional and non-
roportional – have been introduced at the governing fatigue sensitive
ocations: SS welded butt joints and DS welded T-joints, as well as
S welded cruciform joints showing respectively non-symmetry and

ymmetry with respect to (𝑡𝑝∕2) [8,20,61]. The governing hot spot is
ypically of the type C along the weld seam, although some of the
ype A at the weld end exist as well. Only specimens showing weld toe
nduced fatigue damage are included, involving predominantly failures
nd some run-outs. The data size is ∼500.

The external loading consists of a normal force 𝐹𝑛 or bending
oment 𝑀𝑏 for the mode-I response and a shear force 𝐹𝑠 or torsion

moment 𝑀𝑡 for the mode-III response. Multiaxiality is often either load-
ing [37,38,79–81,83–85,87,88,90] or geometry [86,89,91,92] induced.
In case a mode-I and mode-III response related external loading compo-
nent (e.g. 𝑀𝑏 and 𝑀𝑡) are applied and at the same time the specimen
contains a non-circular cross-section and warping constraints, multiax-
iality includes even both a loading and geometry contribution [87,88].
The response is proportional by definition if multiaxiality is a result
of geometry only. The response ratio 𝑅 = 0 for the majority of the
data series, reflecting a pulsating loading induced response condition
with non-zero mean. For a significant amount of data 𝑅 = −1, meaning
the response condition is fully reversed and the mean component is
zero. For the remaining data series, 𝑅 ≠

{

0; −1
}

. Since data with both
as-welded and stress-relieved thermal conditions are considered, the
influence of (mean) residual stress has to be addressed as well. A von
Mises based structural stress fatigue assessment (Fig. 10) of the adopted
test data (Fig. 9 and Tables 1 and 2) shows the initial data scatter
and the clear distinction between CA and (maximum range) VA results.
Cycle counting is not involved for the multiaxial data and 𝑁 is based
on the mode-I lifetime.

3.3. Strength and mechanism contributions

The life time range of the considered data (Fig. 9 and Tables 1
and 2) virtually reflects mid-cycle fatigue characteristics only: 𝑁 =
(104 ∼ 5 ⋅ 106) cycles. A log–log linear resistance formulation of the
Basquin type typically relates 𝑁 to a fatigue strength parameter 𝑆 [7]:
log(𝑁) = log(𝐶) − 𝑚 ⋅ log(𝑆). Linear regression on life time is adopted
to estimate the single-slope curve parameters: intercept log(𝐶) and

slope 𝑚, respectively reflecting a strength and mechanism contribution,
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Fig. 9. Fatigue test specimen geometry, external loading (arrows) and constraints (thick lines or ▵◦◦ symbols).
Table 1
Specimen characteristics of the fatigue resistance data from literature.

source 𝑡𝑏 𝑡𝑐 𝑙𝑤 ℎ𝑤 joint dimension 𝜌 weld hot spot thermal
[mm] [mm] [mm] [mm] [mm] [mm] geometry type condition

[38] Sonsino TP 10.0 25.0 9.0 9.0 �44.4 ∗ 10.0 0.45 SS T-joint C SR
[79] Yousefi 8.0 25.0 10.0 10.0 �42.4 ∗ 8.0 n.a. SS T-joint C SR
[80] Siljander 9.5 9.5 8.0 8.0 �25.4 ∗ 9.5 0.18 SS T-joint C SR
[81] Witt 8.0 16.0 9.0 9.0 �44.4 ∗ 8.0 n.a. SS T-joint C SR
[82] Seeger 8.0 20.0 6.3 6.3 �54.0 ∗ 8.0 1.00 SS T-joint C SR
[37] Sonsino TT 6.0 / 10.0 1.0 �44.4 ∗ 6.0 0.45 SS butt joint C SR
[83] Amstutz 7.7 25.0 9.0 9.0 �42.1 ∗ 7.7 1.00 SS T-joint C SR
[84] Razmjoo 3.2 12.0 11.0 11.0 �24.3 ∗ 3.2 0.18 SS T-joint C AW
[85] Yung 8.0 8.0 7.7 7.7 �23.8 ∗ 8.0 n.a. SS T-joint C {SR, AW}
[86] Meneghetti 8.0 20.0 12.0 12.0 �50.8 ∗ 8.0 2.00 SS T-joint C {SR, AW}
[87] Bäckström 5.0 20.0 6.0 6.0 2100 ∗ 100 ∗ 5.0 1.00 SS T-joint C AW
[88] Archer 6.0 10.0 9.0 9.0 2200 ∗ 200 ∗ 6.0 n.a. SS T-joint {A, C} AW
[89] Dahle TW 10.0 / 12.0 2.0 2150 ∗ 150 ∗ 10.0 n.a. SS butt joint C AW
[90] Takahashi 12.0 12.0 6.0 6.0 1000 ∗ 1000 ∗ 12.0 n.a. DS Cruciform joint {A, C} AW
[91] Maddox 12.5 12.5 9.0 9.0 700 ∗ 160 ∗ 12.5 n.a. SS T-joint {A, C} AW
[92] Kim 9.0 9.0 9.0 9.0 1000 ∗ 200 ∗ 9.0 n.a. SS T-joint {A, C} AW
t
l
f
(
m
a
n
d
t
t
a
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p

introducing the life time scatter (i.e. performance) parameter 𝜎𝑁 . For
trength performance evaluation purposes, the scatter band index 𝑇𝜎𝑆 =
∶ (𝑆10∕𝑆90) will be used: the fatigue strength ratio for 10 [%]

nd 90 [%] probability of survival [69]. Maximum likelihood based
egression [61,93] will be employed to obtain the most likely parameter
ector estimate 𝛷 ∶ max { (𝛷;𝑁|𝑆) ;𝛷} with 𝛷 =

{

log(𝐶), 𝑚, 𝜎𝑁
}

,
ssuming fatigue lifetime 𝑁 is most likely log(Normal) distributed [8,
0]. For 𝑆 = 𝑆𝑒,𝑒𝑓𝑓 (Section 3.1), the response ratio coefficient and
aterial characteristic length providing respectively another strength

nd mechanism contribution are introduced, principally extending the
arameter vector to: 𝛷 =

{

log(𝐶), 𝛾, 𝑚, 𝜌∗, 𝜎𝑁
}

. Note that ideally the
niaxial mode-I and mode-III, as well as the multiaxial proportional
nd non-proportional mode-{I, III} data (Fig. 9 and Tables 1 and 2)
ould have been balanced for appropriate 𝑆𝑒 performance evaluation,
eaning that except the 𝜎𝑁 and 𝑇𝜎𝑆 parameters as global indicators

or all data, the individual data groups behaviour have to be carefully
onsidered as well.
9

{

Starting with the uniaxial reference fatigue resistance in terms of 𝑆𝑒,
he mode specific strength and mechanism coefficients will be estab-
ished first (Section 3.3.1) in order to obtain 𝛽(𝑁). The 𝑆𝑒 performance
or multiaxial fatigue resistance data will be investigated accordingly
Section 3.3.2). Particular attention will be paid to the consequences of
ode specific strength and mechanism for mixed mode-{I, III} fatigue

nd the influence of non-proportionality. Since 𝑆𝑒 is an equivalent
ormal stress von Mises type of parameter, the fitting of the multiaxial
ata in the mode-I uniaxial data scatter band will be verified, as well as
he fitting of VA data in the CA data scatter band in order to establish
he performance of the adopted linear damage accumulation model for
𝑆𝑒,𝑒𝑓𝑓 based fatigue assessment.

.3.1. Uniaxial reference fatigue resistance
The 𝑆𝑒 based mode-I mid-cycle fatigue resistance formulation for

lanar structures in steel (maritime) structures, involving hot spot types

A, B, C} and various as-welded joint geometries, has already been
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Table 2
Loading characteristics of the fatigue resistance data from literature.

source uniaxial mode-I uniaxial mode-III multiaxial mode-{I, III} loading no. specimens

𝑅I loading 𝑅III loading 𝑅I 𝑅III loading condition I III {I, III}

[38] Sonsino TP −1 𝑀𝑏 −1 𝑀𝑡 −1 −1 𝑀𝑏 +𝑀𝑡 {CA, VA} 21; 9; 29
[79] Yousefi [0; −1] 𝑀𝑏 −1 𝑀𝑡 [0; −1] [0; −1] 𝑀𝑏 +𝑀𝑡 {CA, VA} 38; 14; 82
[80] Siljander [0; −1] 𝑀𝑏 [0; −1] 𝑀𝑡 [0; −1] [0; −1] 𝑀𝑏 +𝑀𝑡 CA 10; 8; 20
[81] Witt −1 𝑀𝑏 −1 𝑀𝑡 [0; −1] [0; −1] 𝑀𝑏 +𝑀𝑡 CA 11; 11; 19
[82] Seeger / / −1 𝑀𝑡 / / ∕ CA 0; 6; 0
[37] Sonsino TT −1 𝑀𝑏 / / −1 −1 𝑀𝑏 +𝑀𝑡 CA 14; 0; 24
[83] Amstutz [0; −1] 𝑀𝑏 −1 𝑀𝑡 [0; −1] [0; −1] 𝑀𝑏 +𝑀𝑡 CA 12; 7; 19
[84] Razmjoo 0 𝐹𝑛 0 𝑀𝑡 0 0 𝐹𝑛 +𝑀𝑡 CA 7; 8; 13
[85] Yung −1 𝑀𝑏 −1 𝑀𝑡 −1 −1 𝑀𝑏 +𝑀𝑡 CA 5; 2; 7
[86] Meneghetti / / / / 0.1 0.1 𝐹𝑛 CA 0; 0; 14
[87] Bäckström [0.1 ... 0.7] 𝑀𝑏 −1 𝑀𝑡 [0.4 ... 1.1] [−1.3 ... 0] 𝑀𝑏 +𝑀𝑡 CA 5; 4; 13
[88] Archer 0 𝑀𝑏 −1 𝐹𝑠 0 −1 𝑀𝑏 + 𝐹𝑠 CA 1; 12; 18
[89] Dahle TW −1 𝑀𝑏 / / −1 −1 𝑀𝑏 CA 3; 0; 5
[90] Takahashi 0 𝐹𝑛 / / 0 0 𝐹𝑛 + 𝐹𝑛 CA 6; 0; 11
[91] Maddox 0 𝐹𝑛 / / 0 0 𝐹𝑛 CA 6; 0; 12
[92] Kim 0 𝐹𝑛 / / 0 0 𝐹𝑛 CA 13; 0; 27
s

c
t
𝛾
a
c

established for CA data [94] and shows an excellent performance as
reflected in the lifetime standard deviation: 𝜎𝑁 = 0.21. The intercept
and slope values are: log(𝐶𝐼 ) ∼ 13.28 and slope 𝑚𝐼 ∼ 3.12. Note that
the slope is close to the typical design value 𝑚 = 3 [67,73]. Assuming
𝜌 = 0, a most likely 𝜌∗𝐼 ∼ 1.34 has been obtained, suggesting the major
art of the fatigue lifetime is spent in the notch affected region indeed.
he response ratio coefficient 𝛾𝐼,𝐴𝑊 ∼ 0.90 implies a predominant
ontribution of stress range over mean stress as a consequence of the
ypically high-tensile welding induced residual stress. Since the data
ize of the considered (predominant) tubular and (some) planar mode-
data (Tables 1 and 2) is ∼140, relatively small in comparison to the
2500 assessed before [94], enforcing log(𝐶𝐼 ) ∼ 13.28, 𝑚𝐼 ∼ 3.12,

𝜌∗𝐼 ∼ 1.34 and 𝛾𝐼,𝐴𝑊 ∼ 0.90 seems straightforward from parameter
confidence perspective. For the stress-relieved joints, 𝛾𝐼,𝐴𝑊 ∼ 0.90 is
initially still adopted in case 𝑅 ≥ 0, although expected to be too large
because of eliminated residual stress. Assuming only the tensile part
of the cycle contributes to fatigue damage accumulation, 𝛾𝐼,𝑆𝑅 = 0 has
een used for 𝑅 < 0, based on a crack opening mode-I requirement [7].
he parameter vector becomes: 𝛷 = {𝜎𝑁}.

Regression analysis of all data shows that intercept log(𝐶) and slope
, hardly changed in comparison to the reference data values [94],

ince the amount of added data (Fig. 9 and Tables 1 and 2) is relatively
mall. The AW data fits the reference data scatter band reasonably well

Fig. 10. Structural stress based fatigue resistance.
10
(Fig. 11). However, the fatigue strength and mechanism of SR data
seems different, as reflected in the scatter and non-fitting behaviour,
explaining the increased 𝜎𝑁 . Introducing for the SR data a residual
tress 𝑆𝑟 and response ratio coefficient 𝛾𝐼,𝑆𝑅, covering the full 𝑅 range

like for AW data (Section 3.1), extends the parameter vector to: 𝛷 =
{log(𝐶𝐼 ), 𝑆𝑟, 𝛾𝐼,𝑆𝑅, 𝑚𝐼 , 𝜎𝑁}. The SR data fit in the reference AW data
scatter band improved indeed with respect to strength and mechanism:
log(𝐶) and 𝑚 (Fig. 12). The most likely residual stress 𝑆𝑟 proved to be
ompressive (Section 3.1), confirming the (average) residual stress for
he AW data is highly tensile indeed. Mean residual stress coefficient
𝐼,𝑆𝑅 ∼ 0.6 reflects an almost balanced contribution from stress range
nd mean residual stress, like for 𝛾 = 0.5 [7]. Since 𝛾𝐼,𝑆𝑅 ≠ 0 in
ase 𝑅 < 0 for the SR joints and 𝛾𝐼,𝑆𝑅 applies for the full 𝑅 range,

suggests some residual stress is still present. However, the residual
stress consists of an equilibrium equivalent and self-equilibrium part
as well [61]. A stress-relieving heat treatment could very well elim-
inate the equilibrium equivalent part, but the self-equilibrium part
– highly tensile in the notch affected region, – may still exist. The
lifetime standard deviation 𝜎𝑁 has reduced, but is still larger than the
original reference data value as the data scatter indicates, suggesting
another modelling step is required. Because of the differences in ma-
terial crystallography for AW and SR data (Section 3.1), a dedicated
material characteristic strength parameter can be introduced, meaning:
𝛷 = {log(𝐶𝐼 ), 𝑆𝑟, 𝛾𝐼,𝑆𝑅, 𝑚𝐼 , 𝜌∗𝐼,𝑆𝑅, 𝜎𝑁}. The 𝜌∗𝐼,𝑆𝑅 ∼ 3.86 estimate turns
out to be larger than the AW value: 𝜌∗𝐼,𝐴𝑊 ∼ 1.34 (Fig. 13). Since
a stress relieving heat treatment in general decreases the hardness,
the initiation resistance decreases and the growth resistance increases
(Section 3.1), suggesting a decreased fatigue resistance. However, the
positive effect of eliminated residual mean stress consequences exceeds
the negative influence of the 𝜌∗ decrease, still providing an increased
fatigue resistance when a stress relieving heat treatment is applied.
The most likely residual stress estimate 𝑆𝑟 changed somewhat, but
surprisingly the residual mean stress coefficient 𝛾𝐼,𝑆𝑅 has become about
equal to the AW value 𝛾𝐼,𝐴𝑊 , meaning the stress range contribution
dominates anyway. Yet, the most important result seems the reduced
lifetime data scatter 𝜎𝑁 , principally the same value as obtained for just
the reference data. At the same time, 𝜎𝑁 ∼ 0.27 for the considered
data (Fig. 9 and Tables 1 and 2) only; at least a matter of data size
as reflected in the parameter confidence (Table 3). The corresponding
strength scatter band index 𝑇𝜎𝑆𝑒

= 1 ∶ 1.67 and turns out to be larger
than a typical value of 1 ∶ 1.50 [10]. At first glance, the VA data fits
the CA data scatter band for 𝐷 = 1, supporting the hypothesis that
advanced fatigue damage criteria – including the mean stress as an
important sequence parameter in terms of 𝑅 and 𝛾 – contributes to the
(linear) damage accumulation model performance (Section 2.5).

The 𝑆𝑒 based mode-III mid-cycle fatigue resistance parameter esti-

mates and confidence (Fig. 14,Table 3) for tubular structures in steel
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Fig. 11. Mode-I data effective notch stress based fatigue resistance, including mean
stress correction.

Fig. 12. Mode-I data effective notch stress based fatigue resistance, including mean
and residual stress correction.

(maritime) structures, principally involving hot spots type C and a DS
welded T-joint geometry only (Fig. 9 and Tables 1 and 2), have already
been established for CA data [20]. The data size is ∼50. Excellent
performance has been obtained, as reflected in the lifetime standard
deviation: 𝜎𝑁,𝐼𝐼𝐼 ∼ 0.21; basically the same value as obtained for
the mode-I reference data, but way smaller than the value for the
considered data: 𝜎𝑁,𝐼 ∼ 0.27. The difference in lifetime scatter between
mode-I and mode-III could partially be related to the type of loading
and the geometry, reflecting a volume (i.e. weld seam length) effect.
For the mode-I data on the one hand, most specimens are subjected
to a bending moment 𝑀𝑏 and have a tubular, circular hollow cross-
section (Fig. 9). The governing hot spot and most likely fatigue failure
position is observed at one location along the weld seam, principally in-
dependent of the fabrication aspects induced weakest link; a matter of
production tolerances and welding induced defects. On the other hand,
for the mode-III data a torsion moment 𝑀𝑡 is typically applied and for
tubular, circular hollow cross-sections all locations along the weld seam
are identified as hot spot. Fatigue failure develops at the position of
the fabrication defined weakest link, like the location of the welding
11
Fig. 13. Mode-I data effective notch stress based fatigue resistance, including mean
and residual stress correction with dedicated 𝜌∗𝐼,𝐴𝑊 and 𝜌∗𝐼,𝑆𝑅.

Fig. 14. Mode-III data effective notch stress based fatigue resistance, including mean
stress correction.

Table 3
Effective notch stress based parameter estimates and 75[%] lower and upper confidence
bounds for mode-I and mode-III.

parameter mode-I mode-III

log(𝐶) 13.28 [13.20, 13.36] 18.91 [18.17, 19.64]
𝑚 3.12 [3.08, 3.15] 5.12 [4.85, 5.37]
𝜌∗ / / 0.12 [0.07, 0.21]
𝜌∗𝐴𝑊 1.34 [1.22, 1.45] / /
𝜌∗𝑆𝑅 3.85 [3.56 4.16] / /
𝛾 / / 1.00 [0.98, 1.00]
𝛾𝐴𝑊 0.90 [0.88, 0.91] / /
𝛾𝑆𝑅 0.89 [0.87, 0.91] / /
𝑆𝑟 −144 [−144, −143] / /
𝜎𝑁 0.27 [0.25, 0.29] 0.21 [0.18, 0.24]
𝜎𝑁 incl. [94] 0.21 [0.19, 0.23] / /

induced extreme defect. The mode-III fatigue strength scatter band
index 𝑇𝜎𝑆𝑒

= 1 ∶ 1.27 is smaller than a typical value of 1 : 1.50 [10].
Intercept log(𝐶𝐼𝐼𝐼 ) ∼ 18.91 and slope 𝑚𝐼𝐼𝐼 ∼ 5.12 have been obtained
as most likely values. Note that the slope is close to the typical design
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Fig. 15. Uniaxial mode-I and mode-III data effective notch stress based fatigue
resistance.

Fig. 16. Effective notch stress based fatigue resistance for uniaxial and multiaxial data;
𝜌∗I ≠ 𝜌∗III and 𝛽 =

√

3.

value 𝑚 = 5 [67,73]. The real weld notch radius has been required
to be included in order to obtain 𝜌∗𝐼𝐼𝐼 ∼ 0.12. Since 𝑚𝐼𝐼𝐼 > 𝑚𝐼 and
𝜌∗𝐼𝐼𝐼 < 𝜌∗𝐼 , the mode-III damage process seems in comparison to mode-I
even more an initiation related near-(notch) surface phenomenon [20].
The response ratio coefficient 𝛾𝐼𝐼𝐼 ∼ 1, meaning (residual) stress hardly
affects the mode-III fatigue resistance and distinguishing different ther-
mal conditions seems not relevant (Fig. 14). Like for the uniaxial
mode-I assessment, the linear damage accumulation up to 𝐷 = 1 shows
VA data fitting the CA data scatter band.

A comparison of mode-I and -III data and mean (i.e. 50 [%] reli-
ability) 𝑆𝑒 − 𝑁 curves clearly shows differences in both strength and
mechanism (Fig. 15), i.e. in

{

log(𝐶), 𝛾
}

and
{

𝑚, 𝜌∗
}

, implying a lifetime
ependent shear strength coefficient 𝛽(𝑁) rather than a constant one is
equired for multiaxial fatigue assessment (Section 3.1).

.3.2. Multiaxial fatigue resistance
Involving the multiaxial fatigue data (Fig. 9 and Tables 1 and 2), the

ormal stress equivalent von Mises type of failure criterion is adopted
12
Fig. 17. Effective notch stress based fatigue resistance for uniaxial and multiaxial data;
𝜌∗I = 𝜌∗III and 𝛽 =

√

3.

Fig. 18. Effective notch stress based fatigue resistance for uniaxial and multiaxial data;
𝜌∗I ≠ 𝜌∗III and 𝛽 = 𝑓 (𝑁).

Eq. 12): 𝑆𝑒 =
√

[

𝑆𝑒,𝐼,𝑒𝑓𝑓 (𝛾𝐼 , 𝜌∗𝐼 )
2 + 𝛽(𝑁) ⋅ 𝑆𝑒,𝐼𝐼𝐼,𝑒𝑓𝑓 (𝛾𝐼𝐼𝐼 , 𝜌∗𝐼𝐼𝐼 )

2
]

. Note
hat for the single sided (SS) welded butt joints the 𝑆𝑒,𝐼𝐼𝐼 related
𝑡𝑤 estimate (Eq. 6) is obtained using the formulation as principally
stablished for DS welded T-joints, assuming 𝑡𝑐 = 0 [20]. For CA mixed
ode-{I, III} data involving asynchronous behaviour and/or different

requencies, as well as for VA multiaxial data, cycle counting in the
on Mises plane is initially adopted without any material characteristic
on-proportionality effects: 𝑐𝑚 = 𝐶𝑛𝑝 = 0 (Eq. 13). In order to illustrate
he importance of strength and mechanism contributions, reflected in
he 𝛽(𝑁) related {log(𝐶), 𝑚} and the 𝑆𝑒 based mode-I and material crys-
allography dependent {𝛾, 𝜌∗} parameters, regression analysis results
or 𝛽 =

√

3 as well as for 𝛾𝐼 = 𝛾𝐼𝐼𝐼 and 𝜌∗𝐼 = 𝜌∗𝐼𝐼𝐼 are provided
for reference purposes (Figs. 16 and 17). The parameter vectors have
been 𝛷 =

{

log(𝐶), 𝑆𝑟, 𝛾𝐼,𝐴𝑊 , 𝛾𝐼,𝑆𝑅, 𝛾𝐼𝐼𝐼 , 𝑚, 𝜌∗𝐼,𝐴𝑊 , 𝜌∗𝐼,𝑆𝑅, 𝜌
∗
𝐼𝐼𝐼 , 𝜎𝑁

}

and
𝛷 =

{

log(𝐶), 𝑆𝑟, 𝛾, 𝑚, 𝜌∗, 𝜎𝑁
}

respectively.

In comparison to the structural stress based results (Fig. 10), it
is clear that adopting the effective notch stress as strength criterion
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Fig. 19. Most likely 𝜎𝑁 for a range of 𝑐𝑚 in case of three different 𝜌∗𝐼 values and 𝜌∗𝐼𝐼𝐼 = 0.12. Path dependent non-proportionality: 0th moment (left), 1st moment (centre) and 2nd

oment (right).
Fig. 20. Most likely 𝜎𝑁 for a range of 𝑐𝑚 in case of three different 𝜌∗𝐼𝐼𝐼 values and 𝜌∗𝐼,𝐴𝑊 = 1.34 and 𝜌∗𝐼,𝑆𝑅 = 3.85. Path dependent non-proportionality: 0th moment (left), 1st moment
centre) and 2nd moment (right).
Fig. 21. Effective notch stress based fatigue resistance for uniaxial and multiaxial data;
𝜌∗I ≠ 𝜌∗III, 𝛽(𝑁), 1st order path dependent non-proportionality with 𝑐𝑚 = 0.65.

nd cycle counting allows to enclose in the same scatter band CA and
A data. At the same time, the overall lifetime standard deviation is
ignificantly reduced.

The different strength and mechanism for the uniaxial mode-I and
ode-III as well as the multiaxial mode-{I, III} P and NP data can

learly be observed in the separate data scatter bands for 𝛽 =
√

3,
eflected in the imaginary intercept and slope for each data group
Fig. 16). The lifetime scatter parameter 𝜎𝑁 ∼ 0.46 and corresponding
trength index 𝑇𝜎𝑆𝑒

= 1 ∶ 4.24 illustrate in comparison to the uniaxial
alues: 𝜎𝑁,𝐼 ∼ 0.27, 𝜎𝑁,𝐼𝐼𝐼 ∼ 0.21, 𝑇𝜎𝑆𝑒 ,𝐼 = 1 ∶ 1.67 and 𝑇𝜎𝑆𝑒 ,𝐼𝐼𝐼 =
∶ 1.27 (Section 3.3.1) a much worse fit. Eliminating in addition

he 𝑆 related mode and material sensitive strength and mechanism
13

𝑒

Fig. 22. Lifetime ratio plot of effective notch stress based fatigue resistance for uniaxial
and multiaxial data; 𝜌∗I ≠ 𝜌∗III, 𝛽(𝑁), 1st order path dependent non-proportionality with
𝑐𝑚 = 0.65.

contributions changes the imaginary intercept and slope for each data
group (Fig. 17), but improves the overall performance: 𝜎𝑁 ∼ 0.40 and
𝑇𝜎𝑆𝑒

= 1 ∶ 2.77. However, the data scatter of the individual data
groups even increased, suggesting the equivalent shear strength and
effective notch stress based strength and mechanism contributions are
important. Overall, the uniaxial mode-I and multiaxial mode-{I, III} P
data shows a reasonable fit, but the uniaxial mode-III and mode-{I,
III} NP data are way out of range (Figs. 16 and 17), illustrating at the
same time the consequences of data imbalance (Section 3.2). Without
affecting the global performance lifetime and strength parameters 𝜎𝑁
and 𝑇𝜎𝑆𝑒

, the relative position of groups of data can change significantly
and may cause wrong conclusions regarding the importance of strength
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Table 4
Lifetime standard deviation 𝜎𝑁 and strength scatter band index 𝑇𝜎𝑆 for different multiaxial fatigue assessment concepts.

source developer failure criterion damage cycle non-proportionality damage 𝜎𝑁 𝑇𝜎𝑆
plane counting measure accumulation

Eq. (12) Bufalari et al. a non-linear eq. stress:
von Mises type with 𝛽(𝑁)

critical multiaxial:
von Mises plane

path: 1st order
(cycle-by-cycle)

linear 0.26 1:1.65

[21] IIW
(guidelines)

b non-linear eq. stress:
von Mises type with 𝛽(𝑆|𝑁 = 2 ⋅ 106)

critical uniaxial damage
down grade

linear 0.46 1:2.69

[95] IIW
(guidelines)

b non-linear eq. stress:
von Mises type with 𝛽(𝑆|𝑁 = 2 ⋅ 106)

critical uniaxial damage
down grade

linear 0.42 1:2.28

[21] CEN
(Eurocode)

b non-linear eq. stress:
damage mode superposition based

critical uniaxial / linear 0.40 1:2.65

[95] CEN
(Eurocode)

b non-linear eq. stress:
damage mode superposition based

critical uniaxial / linear 0.49 1:2.62

[21] / b max principal stress critical uniaxial / linear 0.51 1:3.45
[21] / b von Mises stress with 𝛽 =

√

3 critical uniaxial / linear 0.44 1:2.41

[21] Sonsino b non-linear eq. stress:
von Mises type with 𝛽(𝑆)

integral uniaxial in failure criterion
(cycle-by-cycle)

linear 0.58 1:6.04

[21] Carpinteri
et al.

b non-linear eq. stress:
von Mises type with 𝛽(𝑁)

critical multiaxial:
main+aux. channel

in failure criterion
(cycle-by-cycle)

non-linear 0.47 1:2.81

[21] Findley b linear eq. stress critical uniaxial / linear 0.46 1:2.40

[21] Susmel b shear stress invariant uniaxial in resistance curve
(time series VAR)

linear 0.48 /

[95] Dong et al. c non-linear eq. stress:
von Mises type with 𝛽 =

√

3
critical multiaxial:

von Mises plane
path: 1st order
(cycle-by-cycle)

linear 0.36 1:2.03

Fatigue strength parameter:
a effective notch stress using material characteristic length
b effective notch stress using fictitious notch radius
c traction equivalent structural stress
i
c
b
A
a
m
n
a
p
m

and mechanism contributions as observed before [34,35,95]. Adopting
the mode specific and material characteristic strength and mechanism
contributions; {log(𝐶), 𝑚} in terms of 𝛽(𝑁) – for an iteratively obtained
𝑁 value (Section 3.1) – and {𝛾, 𝜌∗}, significantly improves the model
performance (Fig. 18). The lifetime scatter and strength scatter band
index reduced to a value about equal to that of the uniaxial mode-I
data: 𝜎𝑁 ∼ 0.28 (Section 3.3.1) and 𝑇𝜎𝑆𝑒

= 1 ∶ 1.70. However, the
ultiaxial NP data group still shows room for improvement.

Adopting a 0th, 1st or 2nd order moment approach (Section 3.1),
ifferences between the actual response path and the (straight) range
ave been used to incorporate non-proportionality cycle-by-cycle in
erms of 𝐶𝑛𝑝 (Eq. 14), including a material characteristic contribution
𝑐𝑚 (Eq. 13). The 𝑐𝑚 − 𝜎𝑁 sensitivity has been investigated for the
𝐶𝑛𝑝 defined 0th, 1st and 2nd order moment approaches to evaluate the
model performance. At the same time, the influence of 𝜌∗ has been
explored up to some extent, running the sensitivity analysis for the most
likely mode-I and mode-III 𝜌∗ estimate, as well as a smaller and larger
value (Figs. 19 and 20). Since data is unbalanced, i.e. the multiaxial
NP data size is relatively small, the performance for the multiaxial
NP data only as well as all data has been considered. Looking at the
𝑐𝑚 − 𝜎𝑁 sensitivity for varying 𝜌∗𝐼𝐼𝐼 (Fig. 20), the trendlines do not
change much. However, in contrast to the results for varying 𝜌∗𝐼 , the
sensitivity is approximately 𝜌∗𝐼𝐼𝐼 independent considering all data, since
the governing scatter contribution is mode-I related (Figs. 12 and 13).
An optimum 𝑐𝑚 still exists for the 0th, 1st and 2nd order approach.
Again, the best performance is obtained for a 1st order approach and a
coinciding optimum for both the multiaxial NP data only and all data
is observed. However, for a smaller 𝜌∗𝐼𝐼𝐼 an even better performance –
still for 𝑐𝑚 ∼ 0.65 – is obtained, basically confirming that 𝑐𝑚 corrects
in addition for any cycle counting and/or non-proportionality related
model deficiency indeed. Assessing all data (Fig. 9 and Tables 1 and 2)
using the most likely mode and material specific strength contributions,
{log(𝐶), 𝑚} and {𝛾, 𝜌∗} respectively represented in 𝛽(𝑁) and 𝑆 , as well
14

𝑒 s
as the 1st order approach to obtain 𝐶𝑛𝑝 cycle by cycle for 𝑐𝑚 ∼ 0.65
in case of non-proportionality, an even better performance is obtained.
The lifetime scatter has reduced to 𝜎𝑁 ∼ 0.26 and the strength scatter
band to 𝑇𝜎𝑆𝑒

= 1 ∶ 1.65. (Figs. 18 and 21). Principally all data fits the
mode-I reference data scatter band, i.e. the interval in between 5 and
95 [%] reliability for 75 [%] confidence (Figs. 21 and 22). Note that
an increased data size: currently ∼500 for the assessed data (Fig. 9 and
Tables 1 and 2) and ∼2500 for the mode-I reference data, can contribute
to another 𝜎𝑁 reduction.

The multiaxial mode-{I, III} P data appears to show the largest scat-
ter. However, the uniaxial mode-I and mode-III resistance (material)
characteristics have been explicitly incorporated, as well as multiax-
ial mode-{I, III} non-proportionality measures, meaning that only for
the multiaxia mode-{I, III} P data no specific resistance aspects have
been considered; an obvious requirement to continue the improvement
of the fatigue resistance formulation. Aside from improved damage
plane selections, cycle counting algorithms and/or non-proportionality
measures, failure criterion aspects could be reconsidered as well. One
possible research direction could be to incorporate a shear strength
coefficient based on times series rather than a peak–valley sequence
analysis, i.e. instantaneous rather than cycle-by-cycle; 𝛽(𝑡) rather than
𝛽(𝑁), implying even the multiaxial P data would show NP behaviour
n the von Mises stress plane. However, a redefinition of the failure
riterion may be required as well, since the 𝑆𝑒 formulation is currently
ased on a cycle characteristic parameter: the (effective) stress range.
nother direction might be the introduction of coupling terms, for ex-
mple like 𝑆𝑒 =

√

𝐶1 ⋅ 𝑆2
𝑒,𝐼 + 𝐶2 ⋅ 𝑆𝑒,𝐼 ⋅ 𝑆𝑒,𝐼𝐼𝐼 + 𝐶3 ⋅ 𝑆2

𝑒,𝐼𝐼𝐼 . To illustrate:
ean (residual) stress effects for uniaxial mode-III fatigue might be
egligible, but may be relevant if a mode-I contribution is involved
s well [e.g. 96]. Mode and material specific uniaxial {log(𝐶), 𝛾, 𝑚, 𝜌∗}
arameters have been established to assess multiaxial data, but missing
ode-{I, III} interaction could explain the multiaxial proportional data

catter. The variable amplitude data fits the constant amplitude data
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Fig. 23. Effective notch stress based fatigue resistance for uniaxial and multiaxial,
constant and variable amplitude data.

scatter band for 𝐷 = 1 (Fig. 23), supporting the hypothesis that an
advanced fatigue failure criterion like 𝑆𝑒 contributes to the (linear)
damage accumulation model performance. However, most variable
amplitude data involves a random sequence reflected in a Normal
distributed narrow-band spectrum (Fig. 24), meaning the data contains
at maximum an averaged sequence effect. A response based non-linear
damage model (Section 2.5) may still be required if data for different
types of random sequence (e.g. broad-band spectra) or even for a
determined sequence will be incorporated.

In comparison to the assessment for other combinations of failure
criterion, damage plane, cycle counting algorithm, non-proportionality
measure and damage accumulation model in terms of lifetime and
strength scatter; i.e. 𝜎𝑁 and 𝑇𝜎𝑆𝑒

, the outperformance is impressive
Table 4). In principle only the effective notch stress is considered for
he sake of fair judgement, although one mode and material invariant
ictitious notch radius is adopted to obtain an 𝑆𝑒 estimate at once,
ather than averaging the stress distribution over a material charac-
eristic length to obtain the actual 𝑆𝑒 [43,66–69,97,98]. One exception
s the equivalent traction based structural stress; a cracked rather than
ntact geometry based parameter, considered because a similar cycle
ounting algorithm is involved.

Results from other sources (Table 4) do not consider all the data
vailable (Fig. 9 and Tables 1 and 2), meaning in general a better fit
han when all data is involved and emphasizing at the same time the
uality of the obtained performance criteria: 𝜎𝑁 ∼ 0.26 and 𝑇𝜎𝑆𝑒

= 1 ∶
.65. Using not the same data sets partially explains the differences for
he multiple IIW and Eurocode results as well. Note that the lifetime
catter parameter 𝜎𝑁 is not proportional to the corresponding strength
catter band index (Table 4), since 𝑇𝜎𝑆𝑒

is slope dependent: 𝑇𝜎𝑆 =

∶ (𝑆𝑒,10∕𝑆𝑒,90) with 𝑆𝑒,𝑝𝑠 =
{

𝑁 ⋅
(

𝐶 ⋅ 10Φ−1(1−𝑝𝑠)⋅𝜎𝑁
)−1

}−1∕𝑚 and
−1(1 − 𝑝𝑠) the inverse of the adopted Normal distributed probability
ensity function for probability of survival 𝑝𝑠, meaning (𝑆𝑒,10∕𝑆𝑒,90) =

{

10𝜎𝑁
(

Φ−1(1−0.10)−Φ−1(1−0.90)
)

}1∕𝑚. Anyway, both the lifetime scatter and
strength scatter band index are not yet similar to the reference mode-I
data values [94]: 𝜎𝑁 = 0.21 and 𝑇𝜎𝑆𝑒

= 1 ∶ 1.49, suggesting room for
improvement of effective notch stress assessment is still left.

4. Conclusions and outlook

The fatigue lifetime of arc-welded joints is predominantly spent in
15

the notch affected region, explaining why the effective notch stress 𝑆𝑒
has been adopted as intact geometry fatigue strength parameter. A for-
mulation has been established taking advantage of semi-analytical weld
notch stress distribution expressions. Uniaxial mode-I and mode-III
investigations [7,8,20] already revealed distinguished material depen-
dent strength and mechanism contributions in terms of {log(𝐶), 𝛾} and
{𝑚, 𝜌∗}, i.e. respectively the resistance curve intercept and mean stress
induced response ratio coefficient, resistance curve slope and material
characteristic length. Since for mixed mode-{I, III} multiaxial response
conditions of planar and tubular maritime structures the mode-I con-
tribution is governing and at the same time the fatigue lifetime of
arc-welded joints is growth defined rather than initiation controlled
(i.e. a shear induced process) because of the welding induced defects,
an equivalent normal stress based von Mises type of failure criterion
at the critical fracture plane has been selected for fatigue assessment
purposes. Cycles are counted in the von Mises plane, incorporating non-
proportionality cycle-by-cycle and accumulating damage using a linear
model.

In comparison to the assessment for other combinations of failure
criterion, damage plane, cycle counting algorithm, non-proportionality
measure and damage accumulation model in terms of lifetime and
strength scatter; i.e. 𝜎𝑁 and 𝑇𝜎𝑆𝑒

, the outperformance is impressive.
Rather than a constant, a lifetime dependent shear strength coefficient
𝛽(𝑁) has been introduced to cover the mode specific and material
characteristic {log(𝐶), 𝑚}, whereas 𝑆𝑒 explicitly contains {𝛾, 𝜌∗}. The
cycle-by-cycle non-proportionality measure includes a response path
and material contribution. A 1st order response approach shows the
best performance. Judgement is based on the affected data rather than
all data, since balance between the non-proportional and other data
does not exist. If non-proportionality involves a material aspect indeed
seems impossible to prove, as the material fitting coefficient 𝑐𝑚 behaves
at the same time as a cycle counting and non-proportionality modelling
deficiency correction factor. The multiaxial proportional data appears
to show the largest scatter. However, the uniaxial mode-I and mode-III
resistance (material) characteristics have been explicitly incorporated,
as well as multiaxial mode-{I, III} non-proportionality measures, mean-
ing that only for the multiaxial proportional data no specific resistance
aspects have been considered; an obvious requirement to continue
the improvement of the fatigue resistance formulation, for example
incorporating a shear strength coefficient based on times series rather
than a peak–valley sequence analysis – implying even the multiax-
ial proportional data would show non-proportional behaviour in the
von Mises stress plane – or introducing coupling terms to the failure
criterion.

Fig. 24. Different stress histories in the von Mises stress plane.
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The VA data fits the CA data scatter band for 𝐷 = 1, support-
ng the hypothesis that an advanced fatigue strength parameter like
𝑒 contributes to the (linear) damage accumulation model perfor-
ance. However, most VA data involves a random sequence reflected

n a Normal distributed narrow-band spectrum, meaning the data con-
ains at maximum an averaged sequence effect. A response based
on-linear damage model may still be required if data for different
ypes of random sequence (e.g. broad-band spectra) or even for a
etermined sequence will be incorporated. A resistance induced non-
inearity becomes relevant if both mid- and high-cycle fatigue become
nvolved.

Although the obtained lifetime scatter parameter 𝜎𝑁 is still rela-
tively large, the assessed uniaxial and multiaxial mode-{I, III} data fits
the uniaxial mode-I reference data scatter band and a single 𝑆𝑒 − 𝑁
esistance curve can be used for fatigue assessment in engineering
pplications. However, the aim for high accuracy may impose high
ngineer qualifications in order to satisfy the balance with model
omplexity and computational (programming) efforts.
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ppendix. Effective notch stress formulations for symmetry with
espect to (𝒕𝒑∕𝟐)

Taking advantage of the stress distribution formulations for mode-
[61], the effective notch stress criterion 𝑆𝑒,𝐼 = 𝛥𝜎𝑒 (Eq. 1) becomes in
ase of symmetry with respect to (𝑡𝑝∕2) for 𝜌 = 0:

𝑒,I = 𝛥𝜎𝑠

( 𝑡𝑝
𝜌∗I

)

{

[

1 − 2𝑟𝜎𝑠

(

1 − 𝑓𝜌=0

(

𝑟
𝑡𝑝

= 1
2

))]

⋅

(

( 𝜌∗I
𝑡𝑝

)𝜆𝜎𝑠 𝜇𝜎𝑠𝜆𝜎𝑠(𝜆𝜎𝑠 + 1)
𝜆𝜎𝑠

[

cos{(𝜆𝜎𝑠 + 1)𝛽𝑎} − 𝜒𝜎𝑠 cos{(𝜆𝜎𝑠 − 1)𝛽𝑎}
]

+

( 𝜌∗I
𝑡𝑝

)𝜆𝜎𝑎 𝜇𝜎𝑎𝜆𝜎𝑎(𝜆𝜎𝑎 + 1)
𝜆𝜎𝑎

[sin{(𝜆𝜎𝑎 + 1)𝛽𝑎} − 𝜒𝜎𝑎 sin{(𝜆𝜎𝑎 − 1)𝛽𝑎}] +

𝐶𝑏𝑤

{

2
( 𝜌∗I

𝑡𝑝

)2

−
( 𝜌∗I

𝑡𝑝

)

} )

+𝑟𝜎𝑠

{

2𝑓𝜌=0

(

𝑟
𝑡𝑝

= 1
2

)

− 1

}

⋅

[{

1 − 𝑓𝜌=0

(

𝑟
𝑡𝑝

= 1
2

)

}

( 𝜌∗I
𝑡𝑝

)

−
( 𝜌∗I

𝑡𝑝

)2] }

(A.1)

with

𝑓𝜌=0

(

𝑟 = 1
)

=

(

𝜆𝜎𝑎 − 𝜆𝜎𝑠
) (

𝜆𝜎𝑎𝜆𝜎𝑠 − 2𝐶𝑏𝑤
)

( ) ( ) + 𝐶𝑏𝑤. (A.2)
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𝑡𝑝 2 𝜆𝜎𝑎 𝜆𝜎𝑎 − 1 − 𝜆𝜎𝑠 𝜆𝜎𝑠 − 1
or 𝜌 > 0:

𝑒,I = 𝛥𝜎𝑠

( 𝑡𝑝
𝑟0 + 𝜌∗I

)

{

[

1 − 2𝑟𝜎𝑠

(

1 − 𝑓𝜌>0

(

𝑟
𝑡𝑝

= 1
2

))]

( [

( 𝑟0 + 𝜌∗I
𝑡𝑝

)𝜆𝜎𝑠
−
(

𝑟0
𝑡𝑝

)𝜆𝜎𝑠
]

𝜇𝜎𝑠𝜆𝜎𝑠(𝜆𝜎𝑠 + 1)
𝜆𝜎𝑠

⋅

[

cos{(𝜆𝜎𝑠 + 1)𝛽𝑎} − 𝜒𝜎𝑠 cos{(𝜆𝜎𝑠 − 1)𝛽𝑎}
]

+

[

( 𝑟0 + 𝜌∗I
𝑡𝑝

)𝜁𝜎𝑠
−
(

𝑟0
𝑡𝑝

)𝜁𝜎𝑠
]

(

𝑟0
𝑡𝑝

)𝜆𝜎𝑠−𝜁𝜎𝑠 𝜆𝜎𝑠
𝜁𝜎𝑠

(

2𝛼
𝜋

)

4
{

(

2𝛼
𝜋

)

− 1
}

⋅

[

𝜔𝜎𝑠1 cos
{

(𝜁𝜎𝑠 + 1)𝛽𝑎
}

+ 𝜔𝜎𝑠2(𝜁𝜎𝑠 + 1) cos
{

(𝜁𝜎𝑠 − 1)𝛽𝑎
}]

+
[

( 𝑟0 + 𝜌∗I
𝑡𝑝

)𝜆𝜎𝑎
−
(

𝑟0
𝑡𝑝

)𝜆𝜎𝑎
]

𝜇𝜎𝑎𝜆𝜎𝑎(𝜆𝜎𝑎 + 1)
𝜆𝜎𝑎

⋅

[sin{(𝜆𝜎𝑎 + 1)𝛽𝑎} − 𝜒𝜎𝑎 sin{(𝜆𝜎𝑎 − 1)𝛽𝑎}]+
[

( 𝑟0 + 𝜌∗I
𝑡𝑝

)𝜁𝜎𝑎
−
(

𝑟0
𝑡𝑝

)𝜁𝜎𝑎
]

(

𝑟0
𝑡𝑝

)𝜆𝜎𝑎−𝜁𝜎𝑎 𝜆𝜎𝑎
4𝜁𝜎𝑎(𝜁𝜎𝑎 − 1)

⋅

[

𝜔𝜎𝑎1 sin
{

(𝜁𝜎𝑎 + 1)𝛽𝑎
}

+ 𝜔𝜎𝑎2(𝜁𝜎𝑎 + 1) sin
{

(𝜁𝜎𝑎 − 1)𝛽𝑎
}]

+

𝑏𝑤

{

( 𝑟0 + 𝜌∗I
𝑡𝑝

)2

−
(

𝑟0
𝑡𝑝

)2

−
( 2𝑟0 + 𝜌∗I

𝑡𝑝

)

} )

−𝑟𝜎𝑠

{

2𝑓𝜌>0

(

𝑟
𝑡𝑝

= 1
2

)

− 1

}

[{

1 − 𝑓𝜌>0

(

𝑟
𝑡𝑝

= 1
2

)

}

( 𝜌∗I
𝑡𝑝

)

−
( 𝜌∗I

𝑡𝑝

)2] }

.

(A.3)

The mode-III effective notch stress criterion 𝑆𝑒,𝐼𝐼𝐼 = 𝛥𝜏𝑒 (Eq. 4) becomes in
case of symmetry with respect to (𝑡𝑝∕2) and 𝜌 = 0 [20]:

𝑆𝑒,III =
2𝛥𝜏𝑠
𝜆𝜏

( 𝑡𝑝
𝜌∗III

)

{

cos(𝜆𝜏𝛽𝑎)𝜇𝜏𝐹

( 𝜌∗III
𝑡𝑝

)𝜆𝜏 { 1
2
+ 𝑟𝜏𝑠

[

𝑓𝜌=0

(

𝑟
𝑡𝑝

= 1
2

)

− 1
]}

−

𝜆𝜏

( 𝜌∗III
𝑡𝑝

)

[

( 𝜌∗III
𝑡𝑝

) {

𝜇𝜏𝑀

2
+ 𝑓𝜌=0

(

𝑟
𝑡𝑝

= 1
2

)

+ 𝐶𝑡𝑤 − 1
2
+

[

𝑓𝜌=0

(

𝑟
𝑡𝑝

= 1
2

)

− 1
]

(

𝜇𝜏𝑀 + 2𝐶𝑡𝑤
)

𝑟𝜏𝑠

}

−

[

𝑓𝜌=0

(

𝑟
𝑡𝑝

= 1
2

)

− 1
]

(

𝜇𝜏𝑀 + 𝐶𝑡𝑤
)

𝑟𝜏𝑠 +
[

𝑓𝜌=0

(

𝑟
𝑡𝑝

= 1
2

)]2

−

1
2

[

𝜇𝜏𝑀 + 3𝑓𝜌=0

(

𝑟
𝑡𝑝

= 1
2

)

+ 𝐶𝑡𝑤 − 1
]

]}

(A.4)

ith

𝑓𝜌=0

(

𝑟
𝑡𝑝

= 1
2

)

=

[

( 1
2

)𝜆𝜏−1
𝜇𝜏𝐹 cos(𝜆𝜏𝛽𝑎) − 𝐶𝑡𝑤

]

. (A.5)

or 𝜌 > 0:

𝑒,III =
2𝛥𝜏𝑠
𝜆𝜏

( 𝑡𝑝
𝑟0 + 𝜌∗III

)

⟨ [

cos(𝜆𝜏𝛽𝑎)𝜇𝜏𝐹

{

1
2
+
[

𝑓𝜌>0

(

𝑟
𝑡𝑝

= 1
2

)

− 1
]

𝑟𝜏𝑠

}

]

⋅

{ (

𝑟0
𝑡𝑝

)2𝜆𝜏 [( 𝑟0
𝑡𝑝

)−𝜆𝜏
−
( 𝑟0 + 𝜌∗III

𝑡𝑝

)−𝜆𝜏 ]

−

[(

𝑟0
𝑡𝑝

)𝜆𝜏
−
( 𝑟0 + 𝜌∗III

𝑡𝑝

)𝜆𝜏 ] }

−𝜆𝜏
𝜌∗III
𝑡𝑝

{

𝑟𝜏𝑠

[

𝑓𝜌>0

(

𝑟
𝑡𝑝

= 1
2

)

− 1
]

⋅

[

(

𝜇𝜏𝑀 + 2𝐶𝑡𝑤
)

( 2𝑟0 + 𝜌∗III
𝑡𝑝

)

− 𝜇𝜏𝑀 − 𝐶𝑡𝑤

]

+

( 𝜌∗III
𝑡𝑝

)[

𝜇𝜏𝑀

2
+ 𝐶𝑡𝑤 + 𝑓𝜌>0

(

𝑟
𝑡𝑝

= 1
2

)

− 1
2

]

+

[

𝑓𝜌>0

(

𝑟
𝑡𝑝

= 1
2

)]2

+
[(

𝑟0
𝑡𝑝

)

− 3
2

]

𝑓𝜌>0

(

𝑟
𝑡𝑝

= 1
2

)

+

(𝜇𝜏𝑀

2
+ 𝐶𝑡𝑤 − 1

2

)

(

𝑟0
𝑡𝑝

)

+ 1
2
−

𝜇𝜏𝑀

2
−

𝐶𝑡𝑤

2

}⟩

(A.6)
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with

𝑓𝜌>0

(

𝑟
𝑡𝑝

= 1
2

)

=

[

(

2𝑟0 + 1
2𝑡𝑝

)𝜆𝜏−1
𝜇𝜏𝐹 cos(𝜆𝜏𝛽𝑎)⋅

{

(

2𝑟0 + 1
2𝑡𝑝

)−2𝜆𝜏 ( 𝑟0
𝑡𝑝

)2𝜆𝜏
+ 1

}

−

𝜇𝜏𝑀

{

2
(

2𝑟0 + 1
2𝑡𝑝

)

− 1

}

− 𝐶𝑡𝑤

{

4
(

2𝑟0 + 1
2𝑡𝑝

)

− 1

} ]

.

(A.7)
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