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ABSTRACT

State-of-the-art nanomechanical resonators are heralded as a central component for next-generation clocks, filters, resonant sensors, and
quantum technologies. To practically build these technologies will require monolithic integration of microchips, resonators, and readout sys-
tems. While it is widely seen that mounting microchip substrates into a system can greatly impact the performance of high-Q resonators, a
systematic study has remained elusive, owing to the variety of physical processes and factors that influence the dissipation. Here, we analyti-
cally analyze a mechanism by which substrates couple to resonators manufactured on them and experimentally demonstrate that this
coupling can increase the mechanical dissipation of nanomechanical resonators when resonance frequencies of resonator and substrate coin-
cide. More generally, we then show that a similar coupling mechanism can exist between two adjacent resonators. Since the substrate–mode
coupling mechanism strongly depends on both the resonator position on the substrate and the mounting of the substrate, this work provides
key design guidelines for high-precision nanomechanical technologies.

VC 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0092894

Optomechanics1 represents one of the core research directions
for improving the precision and accuracy of sensors, by combining the
low loss of mechanical sensors2–6 with the accuracy of optical readout
and control.7–9 An important figure of merit for maximizing perfor-
mance is the mechanical Q-factor, which greatly reduces the effect of
thermomechanical noise that limits sensors, but when considering
future applications of these resonators, their footprint, fabrication
complexity, and integration with other sensor components, such as
the substrate, are also crucial properties. High-stress silicon nitride res-
onators (Si3N4) exhibiting state-of-the-art mechanical quality factors
can be negatively impacted by interactions with their substrates.
Phononic shields10–14 have been used to reduce these interactions and
reach exceptionally high Q-factors (109), but their size, complexity,
and thermal performance limits many real-world applications. It is
well-known that thin and clamped-down substrates can produce sig-
nificant losses in high-Q Si3N4 resonators,15,16 but to date, little is
known about their precise interaction. Several works have focused on
acoustical impedance mismatching or phonon tunneling17–19 to study

and minimize dissipation channels of mechanical resonators to their
environment by treating the substrate as a semi-infinite structure, and
some works have studied the interaction between resonator modes
and the substrate.20–22 In this work, we build on this latter direction by
linking it to the well-known effect of dissipation in resonant coupled
resonators23 and show that coupling between resonator and substrate
modes can negatively affect the Q-factor of trampoline resonators15

despite their difference in size. We deliberately fabricate resonators
with resonance frequencies near those of a substrate mode and show
that their dissipation is increased by the coupling to this low-Q sub-
strate mode. Furthermore, we show that the substrate can even medi-
ate resonant coupling between two resonators separated by 1.5mm,
which can provide an additional loss path when the density of resona-
tors on a microchip is increased. With this study, we show the mecha-
nism by which resonators and substrate couple and highlight the
largely unexplored effect of substrate design, which can prove to be
important for future optomechanical microchip designs, particularly
when considering arrays of high-Q mechanical resonators.24,25
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The substrate, to which high-tension Si3N4 membranes are
anchored, is often treated as a fixed boundary (i.e., a simple spring
model).15,26,27 This simplification results in a negligible error when
considering the mode shapes and frequencies of the resonators, since
the stiffness and mass of the (typically �500mm) thick substrate are
much bigger than that of the thin membrane. Through the mode
shape and frequencies, the fixed-boundary method correctly takes into
account bending (and intrinsic) losses,28,29 and by adding a lossy
spring model, one can take into account radiative losses to traveling
waves in the substrate17,26,30 [phonon tunneling, cf. Fig. 1(a), top] as
well. However, this method does not treat losses due to coupling to a
specific substrate resonance mode [Fig. 1(a), bottom], which might
reduce Q when particular modes of the resonator and substrate coin-
cide, an effect well-known from classical mechanics.23

To gain insight, we consider a simple analytical model of two
stacked and coupled masses m1; m2 with springs k1; k2 and dampers
c1; c2 [see inset of Fig. 1(b)], representing a light resonator coupled to
a heavy substrate (m2 � m1). Without driving, the equation of
motion describing the positions of the masses x1; x2 for this system is

ðk1 � x2m1Þ þ ixc1 �m2x2

�ðk2 þ ixc2Þ ðk2 � x2m2Þ þ ixc2

" #
x1
x2

" #
¼ 0; (1)

which we can straightforwardly solve for complex eigenfrequencies xi

(i¼ 1, 2) from which we can extract the Q-factor via

Qi ¼
ReðxiÞ
2ImðxiÞ

: (2)

We use realistic parameters m1 ¼ 1.47mg and m2 ¼ 11.8ng for the
effective masses31 of substrate and resonator mode, choose x1

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
k1=m1

p
¼ 2p� 100 kHz, and choose c1; c2 such that our resona-

tor is intrinsically limited toQ2 ¼ 106 but our substrate Q1 is substan-
tially lower. Then, we vary x2 by adjusting k2. When the (real part of
the) eigenfrequencies of the two modes is very different (x2 6¼ x1),
the two resonances are essentially independent; thus, there is little
energy transfer between the modes. However, when their eigenfre-
quencies are closer together (x2 � x1), the modes hybridize and
energy transfer from one mode to the other can occur.23,32 If the
damping of the substrate mode is higher than that of the resonator
mode, the substrate mode essentially functions as an additional loss
mechanism for the resonator mode as shown in Fig. 1(b). The fre-
quency range over which the energy transfer is significant is deter-
mined both by the Q-factor of the low-Q mode and by the difference
in mass/stiffness of the two resonators. From this basic model, it is
expected that low-Q substrate modes might have significant impact on
the Q-factor of high-Q resonators under certain conditions. We will
numerically and experimentally explore this loss mechanism in more
detail for Si3N4 trampoline resonators.

We use a finite-element model of our resonator and substrate to
numerically analyze the loss mechanism by substrate–resonator
mode-coupling (see supplementary material Sec. S1 for details). We
take a viscoelastic material loss model for both the substrate20,28 (loss
factor gSi ¼ 10�4) and membrane33 (g SiN ¼ 10�7), where we choose
the values such that Q ¼ g�1 matches with experimental observations
of the substrate modes (supplementary material Sec. S2) and resonator
modes, respectively. To distinguish these Q-factors, we will refer to the
viscoelastically limited (intrinsic) Q’s as Qi, and the hybridized Q’s
withQh.

In Fig. 2, we plot the Q-factor of the simulated membrane mode
as a function of resonator mass, such that its resonance frequency
crosses two substrate modes. When the resonator frequencies are very
different, the resonator’s Q is limited by the Si3N4 material loss,
1=g SiN ’ 107 so Qh

2 ¼ Qi
2, as expected from uncoupled modes. Close

to a substrate mode (dashed line), the Q-factors of the modes hybrid-
ize similarly to the analytical model; Qh

2 decreases to Qh
1 ’ 1=gSi

’ 104 limited by the substrate material loss. Here, energy-loss via cou-
pling to the lossy substrate mode is the dominant loss mechanism.
Not all substrate modes decrease the resonator Qh

2 equally, e.g., the
mode of Fig. 2(a) with frequency x1 ¼ xn shows no decrease, while
the mode of Fig. 2(b) with frequency x1 ¼ xan shows a pronounced
decrease. If the resonator is located at a node of the substrate mode
(mode shape shown in Fig. 2 insets), there is no motion to couple to,
so there is almost no energy transfer between the modes. Trends visi-
ble in the resonator Q-factor in Fig. 2(a) are attributed to nearby sub-
strate modes (not shown) that do couple to the resonator mode.

Aside from the mode shape, the substrate thickness also affects
the mode coupling, as can be seen from the different colored curves of
Fig. 2. WhileQh

2 goes to the same level when the resonance frequencies
are equal (if x2 ¼ x1; Qh

2 ! Qh
1 ’ Qi

1 ’ 1=gSi ’ 1� 104), the fre-
quency range over which this happens is much more narrow for a
thick substrate. The reason is that the mass difference between resona-
tor and substrate is bigger for a thicker substrate, which reduces the

FIG. 1. (a) Schematic of (incoherent) phonon scattering into an infinite substrate
(top), and (coherent) phonon transfer into a discrete mode of a finite substrate that
is the focus of this work (bottom). (b) Mode coupling between a high-Q resonator
(m2) and a low-Q substrate mode (m1, inset) reduces the effective resonator Q
(y-axis) if their frequencies x1 and x2 are identical. The reduction of resonator Q
depends on the intrinsic substrate Q1 as indicated by the difference between the
orange (Q1 ¼ 104) and blue (Q1 ¼ 102) curves.
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effective coupling between the masses [top-right term in Eq. (1) after
normalization]. While the shape and size of a substrate are important
parameters for the frequency distribution of substrate modes, Eq. (1)
and the results of Fig. 2 suggest that the substrate mass governs the
coupling strength between resonator and substrate modes at reso-
nance. This points to thicker substrates being better (less coupled) in
general, but for a given substrate thickness and resonator frequency,
the optimal substrate shape and size must be carefully designed.

To investigate the effect of coupling to the substrate mode on the
resonator’s Q-factor Qh

2, we fabricate (see supplementary material Sec.
S3) resonators with slightly different resonance frequencies, by varying
the membrane’s mass-per-area by perforating it using small holes of
controlled radius. This square lattice of holes also functions as a pho-
tonic crystal to increase the membrane’s reflectivity34 and causes the
membrane to release evenly during the fabrication process. Since this
method ensures that the geometry of the resonator is almost constant,
this allows varying the resonance frequency with minimal effect on
the Q-factor.15,35,36 We change lattice constant a and hole radius r
[Figs. 3(a)–3(c)]. The mass ratio rm ¼ 1� pr2=a2 relates the mass of
the patterned photonic crystal to the mass of unpatterned Si3N4. The
range over which rm can be varied is limited, due to stress focusing
(see supplementary material Sec. S4 for details) and fabrication con-
straints. The effect of rm on Qi

2 is negligible; simulations predict at
most 20% change over the parameter range (supplementary material
Sec. S4), confirmed by the absence of a dependence of the measured
values of Qh

2 on the photonic crystal parameters. We use 10� 10
�1mm3 chips with 25 membranes fabricated with five different rm.
The measured resonance frequencies of their fundamental modes
agree well with simulations [Fig. 3(d)].

We utilize a Polytec MSA400 laser Doppler vibrometer to spa-
tially resolve mode shapes, to obtain resonance spectra, and to acquire
time traces from which we extract Qh

2 via ringdown measurements
(see supplementary material Sec. S3). In Fig. 4(a), we show the
mechanical spectrum for three trampoline resonators with nominally

the same rm ¼ 0:54, where the fundamental mode (II) is close to a
substrate mode (I). The spread in frequency due to fabrication imper-
fections is<300Hz on 115 kHz, which highlights our control over the
mechanical frequencies. The inset shows for a particular device the
ringdowns of the membrane (Qh

2 ¼ 1:2� 106) and substrate modes.
There is a spread in resonator Qi

2 (see supplementary material Sec.
S4 and Fig. S5) that could obscure an absolute reduction of resonator
Qi

2 due to coupling to the substrate mode. We can isolate the effect of
the substrate coupling by controlling the substrate Q-factor Qi

1. By add-
ing carbon tape between substrate and stainless steel sample holder (see
supplementary material Sec. S3 for the measurement protocol), we
reduce28,30 Qi

1 from 1:2� 104 (resting without tape) to�3� 103 (with
tape, see supplementary material Sec. S2). By comparing the resonator’s
hybridized Q-factor Qh

2 for an untaped chip (Qu) to the resonator’s
hybridized Q-factor for a taped chip (Qt), we isolate the effect of the
substrate–mode coupling. That is, the ratio Qt=Qu should be smaller
than one only due to the enhanced dissipation by mode coupling.

We plot the ratio Qt=Qu for 152 measurements from the resona-
tors spread over four chips in Fig. 4(b).Qt andQu are each determined
by the average of three ringdowns on the same device. The data are
then binned by frequency with respect to the substrate mode, for each
bin we determine the mean and standard deviation to obtain the error-
bars. Circles indicate single devices. Figure 4(b) also shows the theoret-
ical analytical model introduced by Eq. (1), the upper bound
corresponds to a membrane located at a node and thus not coupled,
while the lower bound corresponds to a membrane located at an anti-
node, maximally coupled [simulated mode shape inset in Fig. 4(b)].
The red dotted line indicates the expected mean reduction in Q-factor.

Close to the substrate mode at x1, the average Qt=Qu is reduced,
and closely matches the theoretical mean, while far away from x1 it is
close to 1. To gauge the statistical significance of the reduction of
Qt=Qu, we performWelch’s t-test on the mean Q-factor ratios close to
the substrate mode (x1 � 2 kHz < x2 < x1 þ 2 kHz) and far away
from the substrate mode (x2 < x1 � 7 kHz). This tests our

FIG. 2. Simulated Q-factor Qh
2 of resonator mode at x2, at different values of x2 � x1 coupling to two different substrate modes, with (a) a node at the resonator position

(x1 ¼ xn), and (b) an anti-node at the resonator position (x1 ¼ xan). Insets show the normalized out-of-plane displacement of the substrate mode, with the resonator
located in the center. The lossy substrate mode significantly reduces the Q-factor of the resonator mode over a large frequency range when located at an anti-node (b), but
has little effect when located at a node (a). Different curves show the effect for different substrate thicknesses.
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hypothesis (Q-factor reduced close to x2) against the null hypothesis
(Q-factor not affected by x2). We obtain a probability p¼ 0.000 72 of
the null hypothesis, so we can reject it. This means the reduction in Q-
factor close to the substrate mode is statistically significant.
Additionally, the spread in the measured ratio of Qt=Qu can be attrib-
uted predominantly to the positioning of the resonators on the chip
with respect to the nodes or antinodes of the substrate mode [inset of
Fig. 4(b)]. This effect is illustrated by the green shaded area bounded
by theory. In some resonators, there is heating and optothermal driv-
ing from the laser (1 mW continuous-wave power) which affects the

ringdown measurement, and we have excluded these devices (see sup-
plementary material Sec. S5, and Fig. S5). Summarizing, we find a sig-
nificant reduction of the average Qt=Qu close to the substrate mode
x1, which quantitatively agrees with the theoretical model of substra-
te–mode coupling, thus supporting the hypothesis that coupling to the
substrate increases dissipation of the membrane mode.

After having investigated the importance of resonator–substrate
coupling, we now address the possibility of two resonators on the same
chip affecting each other. Such couplings can be relevant in resonator
arrays and have been found in lower-Q devices.37–39 By measuring their

FIG. 4. (a) Mechanical velocity spectrum [20 log10ðv=vrefÞ with vref ¼ 1 ms�1] of three different devices, showing fundamental mode (II) close to the substrate mode (I) by driv-
ing with white noise. Inset: ringdowns of the untaped device fundamental mode (II) and substrate mode (I), showing the difference in their Q’s. (b) Ratio of Qh

2 measured on a
taped (Qt) vs untaped (Qu) substrate: the increase in substrate losses causes a decrease in Qh

2 when the modes are close in frequency. Theory curve shows expected reduc-
tion in Qh

2 around x1 for Qi
1 ¼ 1:2� 104 ! 3� 103 when applying tape. Insets shows the simulated mode shape of the substrate mode and a photo of the fabricated chip

with 25 devices.

FIG. 3. (a) Schematic of variation of photonic crystal parameters used to change the mass ratio. (b) Optical microscope image of suspended membrane, the blue color is from
thin-film interference effects of the SiN. (c) Zoom-in of photonic crystal edge to show change in hole size and spacing. (d) Simulated and measured resonator frequencies as
function of designed rm for two nominally identical chips. Standard deviation of frequencies is approximately equal to the size of the data points.
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resonance frequencies, we identify two membranes spaced 1.5mm apart
(see supplementary material Sec. S6 for details) with resonance frequen-
cies identical to within 2Hz (x1=2p ¼ 118.828 kHz and x2=2p
¼ 118.830 kHz), much closer together than either of them are to the
substrate mode, Fig. 5(a). From Lorentzian fits to the spectrum (orange
curves), we extract their Q-factors,Q1 ’ 0:6 � 106 andQ2 ’ 0:8 � 106.

By driving at the resonance of one membrane and recording the
ringdown, we see oscillatory behavior which we model by two discrete
coupled resonators, Fig. 5(b) and supplementary material Sec. S6 for
details. The equation of motion for the resonator positions is

ðk1 � x2m1Þ þ ixc1 J2

J2 ðk2 � x2m2Þ þ ixc2

" #
x1
x2

" #
¼ 0; (3)

where the coupling between the resonators via the substrate is mod-
eled by the parameter J. The indices 1,2 now both refer to the two

membranes, and J2 ¼ k33
m1m2

is the coupling rate between them
[Fig. 5(b), inset]. By integrating the equations of motion, Eq. (3), and
plotting the resulting velocity of one of the resonators, we can nearly
exactly reproduce the oscillating ringdowns we observe after having
adjusted the initial position to get a good fit. The oscillations in the
ringdown can be attributed to energy exchange between the spatially
separated resonators through the substrate. Based on the periodicity,
we extract a coupling rate J=2p ’ 138 Hz. When a linear fit is made
through the middle of the oscillations, we obtain a Q-factor of
Qtot ¼ 0:83 � 106, corresponding reasonably well to the Q-factors
from the Lorentzian fits. This measurement demonstrates that the on-
chip coupling between Si3N4 membranes on the same substrate can
present an important coupling channel. Furthermore, the oscillating
behavior implies coherence in the energy exchange, which is of interest
for information processing37–40 in particular if a control mechanism to
adjust the coupling can be devised. The fact that we see such energy
exchange in a passive system suggests it should be taken into account
when designing sensors based on resonator arrays.24,25

In conclusion, we demonstrate analytically, numerically, and
experimentally a mechanism behind the coupling between high-Q reso-
nators and substrate modes, which can reduce the Q-factor of the

resonators when their frequencies match. Using a laser Doppler vibr-
ometer to identify resonator and substrate modes, we are able to explain
the physics behind this interaction. Interestingly, this interaction is not
only limited to resonator and substrate but also exists between spatially
separated high-Q resonators under the same frequency-matching con-
dition. These behaviors in a fully passive system show the importance
of considering resonator–substrate interactions in future designs of
arrays of high-Q mechanical resonators for sensing, actuation, filtering,
and timing applications. In particular, thin and clamped-down sub-
strates may have a dense spectrum of low-Qmodes and suffer from res-
onator–substrate interaction as a result. To avoid these interactions, our
numerical results point toward thick substrates for their increase in
mass and stiffness,15 and laterally small chips for a sparser spectrum of
substrate modes. We further confirm the result that avoiding tape to
mount chips to a sample holder is best to retain high resonator Q-
factors. Neither of these effects had been systematically explored before
due to the stringent requirements on resonator frequency precision.
This work, thus, highlights the substrate and mounting as important
parameters to incorporate in future design methodologies.

See the supplementary material for details regarding sample fab-
rication, measurement method, and simulation, as well as additional
measurements and simulations supporting the main text.
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FIG. 5. (a) Spectrum measured on one membrane containing both a signature of the substrate mode (black bar) and of a second membrane extremely close in frequency.
Inset shows membrane peaks fitted with two Lorentzians (orange, with semi-transparent the separate Lorentzians). (b) Ringdown (blue) by driving at the resonance of one
membrane and recording the time-trace of that same membrane. Oscillations are due to coherent coupling between the two resonators spaced by 1.5 mm (bottom inset).
Simulated ringdown (orange) of two coupled resonators (top inset) using fit parameters obtained from (a).
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