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| hope the reader finds the research in this thesis intriguing and is inspired to tackle the problem
addressed in this thesis with their own methods.

Victor Ryan
Delft, 20 August 2024






Abstract

This thesis aims to estimate conditional distribution functions subject to the likelihood ratio order con-
straint. We use the modified gradient projection method to ensure that in each iteration, the point stays
feasible while improving the objective function. Regarding the objective function, we use the contin-
uous ranked probability score (CRPS), a loss function used for forecast evaluation. Given its strict
propriety, we use it for estimation procedures. Our numerical experiments indicate that the estimated
conditional distribution functions perform reasonably well as the number of iteration increases. How-
ever, the algorithm’s long running time makes it impractical for use in practice. Furthermore, due to the
reparametrization of the estimand, the objective function loses its convexity property while the feasible
set is convex. This causes the algorithm to potentially return a local minimum, rather than a global
minimum.
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Introduction

Regression is a procedure which estimates the relationship between a variable Y that depends on
a vector of covariates X = (X;,...,Xy)". The relationship between Y and X is described through an
unknown function f and a random error &, that is,

Y = f(X) + <.

In linear regression, for instance, the relationship of Y with X is described by the conditional average
E[Y|X]. This conditional expectation is then assumed to be linear in the parameter. Suppose for in-

stance, the conditional expectation is modelled in the following manner: E[Y|X] = B, + ZZ=1 B Xy, then
the goal in linear regression is to estimate the unknown coefficients g;, for all 0 < i < d. The rigidness
of this relationship may be relaxed by assuming that E[Y|X] belongs to a class of functions parame-
terized in a non-linear way. All in all, the relationship between Y and X is usually summarized by one
quantity, which is the expected value.

There is another type of regression, in which the whole conditional distribution Y|X is of interest in-
stead of only the conditional expectation. Such regression is called distributional regression (Fahrmeir
etal., 2013). Similar to usual regression, there are parametric and non-parametric distributional regres-
sion. In the parametric case, the conditional distribution of Y|X is assumed to be a distribution P, which
belongs to known class of distributions {Py : 8 € ©}, where © denotes the parameter space with finite
dimension. The goal is to estimate the unknown parameter 8. For non-parametric approaches, the
parameter is the distribution function of Y|X, which is only assumed to belong to a much bigger class of
distributions that cannot be smoothly parameterized with a finite dimensional parameter set. Because
the conditional distribution function is of interest, this type of regression is used when the forecasts are
probabilistic.

An example of an application of distributional regression is in the meteorological field. The physics
of the atmosphere may be described using partial differential equations, which are then solved numeri-
cally (Kalnay, 2002, p. 136). Due to the chaotic nature of these partial differential equations, the model
predicts long-term weather inaccurately. Therefore, an ensemble of multiple runs of numerical weather
prediction (NWP) models is used, to account for the uncertainty (Gneiting and Raftery, 2005). These
runs differ in the initial conditions and/or the parameterization of the model. The model outputs are then
statistically post-processed, to quantify the uncertainty of the model outputs (Gneiting and Katzfuss,
2014; Schefzik et al., 2013). One method of post-processing the outputs is to do distributional regres-
sion. The goal of this approach is to find the conditional distribution function of the weather quantity
Y (e.g. temperature, wind or precipitation), given the ensemble member forecasts X (Gneiting et al.,
2005).

Following from the example above, if multiple runs of NWP indicate a larger value of the weather
quantity (e.g. high temperature, heavy precipitation), then regressing of these outputs on the weather
quantity should be large as well intuitively (Henzi et al., 2021). This yields that the probability of ob-
serving large value of the weather quantity is also large. If we were to do the usual regression, then
we expect that the conditional expectation increases with the covariate values. Such a regression is
called the isotonic regression. The usual linear regression, in which the relationship is increasing, is

1



2 1. Introduction

an example of such a regression. In Henzi et al. (2021), the concept of isotonicity is extended for dis-
tributional regression. The isotonic relationship for this regression refers to the order constraint on the
conditional distribution function of Y|X = x. To be more precise, the isotonic distributional regression
preserves the order F(y|x;) = F(y|x;) forany y € R, if x;,x, € R such that x; < x,, where we denote
F(:|x) as the conditional distribution function of Y|X = x. If the conditional distribution function satisfies
this relationship, then we denote it as [Y|X = x;] <4 [Y|X = x,], which is an example of a stochastic
order.

In fact, new inference techniques have been developed that impose different types of stochastic
order constraints. An example of a stochastic order is the likelihood ratio order, which is a stronger
order than we discussed previously. This order stipulates that if X and Y have density function fx
and fy respectively, then X is stochastically smaller than Y in likelihood ratio order if and only if the
density ratio f,(t)/fx(t) increases in t. Imposing this order in a regression context means that the
ratio of the conditional densities f(y|x")/f(y|x) increases in y for x < x'. Recently, Mdsching and
Dimbgen (2024) show how to estimate the conditional distribution functions with this stochastic order as
a constraint. Their technique estimates F(y|x) non-parametrically by constructing empirical likelihood,
which is maximized with the likelihood ratio order constraint.

Inspired by the work of Henzi et al. (2021) and Md&sching and Dimbgen (2024), we attempt to
estimate conditional distribution functions while adhering to the likelihood ratio order constraint. In
this thesis, however, we use expected loss (risk) as the criterion function. We specifically choose the
continuous ranked probability score (CRPS) for the loss function, which is an example of a scoring
rule. A scoring rule takes two arguments: the probability distribution function used for the forecasting
and the realization. It then assigns these two arguments to a numerical value (Gneiting and Katzfuss,
2014).

This numerical value may be used for evaluation of the forecast and estimation procedure (Gneiting
and Raftery, 2007). In particular, we use a strictly proper scoring rule for the latter, such as CRPS,
which will be explained later in the thesis. The use of strictly proper scoring rule ensures that the risk
of probabilistic forecasting using a distribution function is minimum if and only if the said distribution
function is the true distribution of the realization. Henzi et al. (2021) demonstrate using such a scoring
rule (we will see that CRPS is strictly proper), to solve the isotonic distributional regression problem.

Therefore in this thesis, we aim to estimate the conditional distribution function similarly as in
Md&sching and Dimbgen (2024), but instead, we minimize the expected CRPS loss with the likelihood
ratio order constraint. To solve the minimization problem numerically, we use the gradient projection
method.

Before we delve deep into the main body of the thesis, we outline how this thesis is organized.
Chapter two through chapter four review the concepts that we have mentioned in this introduction. We
start in Chapter 2 which discusses the different types of stochastic orders. Here we will see that the
likelihood ratio order is the strongest stochastic order. In Chapter 3, we discuss scoring rules and give
examples of (strictly) proper scoring rules. It turns out that there is a connection between scoring rules
and information theory. The algorithm that is proposed by Mésching and Dimbgen (2024) is described
in Chapter 4. We include the information on their algorithm in order to understand their method. We
also apply the likelihood approach when the conditional distribution functions are chosen to belong to a
class of normal distribution. In Chapter 5, we formulate the empirical risk with CRPS as the loss function
and the likelihood ratio order constraint. It turns out that this feasible set is non-convex. Although, we
transform it so that it becomes a convex set, the objective function then becomes a non-convex function.
Lastly, Chapter 6 describes the algorithm that we use to solve the optimization problem. We also show
how the number of constraints can be lowered substantially, and present the results of a small simulation
study. In these results, we visually compare the performance of the algorithm developed in this thesis
with the one proposed by Mdsching and Dimbgen (2024). Their algorithm are implemented in the
programming language R (R Core Team, 2024), with a package name LRDistReg (see Mdsching and
Dumbgen (2022)).



Stochastic Orders

In the introduction, we have briefly introduced several terminologies such as stochastic order and scor-
ing rules. In this chapter, we begin by defining the stochastic orders more formally. There are four
orders that we will discuss: usual stochastic order, likelihood ratio order and the monotone hazard rate
order. We will show examples of random variables that follow these orders. We also show how these
orders is related. The definitions and theorems of the usual stochastic order, the hazard rate order and
the likelihood ratio order are taken from Shaked and Shanthikumar (2007). The proofs of the theorems
here are not new, but we add details on them for the clarity because the proofs/details are often omit-
ted in these sources. Lastly, the definition of the monotone hazard ratio order is taken from Wu and
Westling (2023).

2.1. The usual stochastic order
We start with the definition of the usual stochastic order.

Definition 2.1.1 (The usual stochastic order). Let X and Y be real-valued random variables. We say
that X is smaller than Y in the usual stochastic order (denoted by X < Y) if for any x € R,

P(X <x) > P(Y < x). 2.1)

Intuitively, we say X <. Y if and only if the probability of X taking a smaller value is higher than Y taking
that same value. From (2.1), we also have that X <; Y if and only if for any x € R,

P(X > x) < P(Y > x).

One way to characterize the usual stochastic ordering is to use the coupling method. The following
is a definition of coupling from van der Hofstad (2016).

Definition 2.1.2 (Coupling). Let X and Y be random variables on probability spaces (Qx, Fx, Px) and
(Qy, Fy, Py) respectively. The random variable (X,Y) is a coupling of X and Y if there exists a new
probability space (Q,F,P) such that the marginal distributions have the following properties:

P(X<x)=Py(X<x) and P(Y<y)=Py(Y <y).

That is, the marginal distribution of X is the distribution X, similarly the marginal distribution of ¥ is the
distribution of Y.

The following theorem from van der Hofstad (2016) states that there exists a coupling X and Y, say
(X,Y), such that X < ¥ almost surely if and only if X < Y.

Theorem 2.1.3. Let X and Y be random variables. There exists coupling (X 1?) of X and Y such that
P(X<Y)=1ifandonlyifX <yY.
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Proof. The proof of the coupling implies the usual stochastic order is shown by using the marginal
property of the coupling. Indeed, suppose that X and Y are coupled by (X,¥) suchthat P (X <¥) = 1.
For any x € R, we have

PY<x)=PP <x)=PP <xX<?)PEX<P)+P(P <xX>7)P(X>7)
=P(Y <x|X<Y)
=P(X<V<x)

<P(X<x)=PX<x).

The inequality is obtained by using P(4 N B) < min{P(4), P(B)}, which is true since P(A N B) =
P(A|B)P(B) < P(B) and P(A N B) = P(B|A)P(A) < P(4).

For the converse, we assume that X <, Y. Let F~! denote the generalized inverse function of the
distribution function F, i.e. for a € [0, 1],

F (@) =inflx e R: F(x) > a}.
Then it is known that F~1(U) has distribution function F if U is uniform on (0, 1). Indeed, for any x € R,
P(F~Y(U) < x) = P(U < F(x)) = F(x). (2.2)

Now, let Fy and F, be the distribution function of X and Y respectively. Define X := Fy'(U) and
Y := F; 1(U). Then (X,Y) have the same marginal distribution as X and Y by (2.2). By the assumption
Fy(x) = Fy(x) for any x € R, which follows Fy!(a) < Fy1(a) for any a € [0, 1]. Hence,

P(X<Y)=P(Ff'(U) <F'(U)) = 1.

We give examples of two random variables that satisfy the usual stochastic order.

Example 2.1.4. Let X and Y follow the Bernoulli distribution with parameters p, and p, respectively,
such that 0 < p; < p, < 1. To show that X <; Y, we couple the two random variables by using the
uniform distribution. Let U be uniformly distribution on (0,1). Let X = 1(U € (0,p;]) and ¥ = 1(U €
(0,p,]), the marginal distributions of X and ¥ correspond to the distribution of X and Y. Then,

PX<?)=PX=0YV=0)+PX=0V=1)+P(X=17=1).
These terms will sum up to one because
P(X=0Y=0)=PUE€®,1)=1-p
P(X—O =1) P(U € (p1,p2]) = P2 —P1
P(X=1Y=1)=PU € (0,p1]) = p1.

In fact, the probability of the event {X = 1,Y = 0} is zero since if X = 1, then U € (0, p;]\(p1, p2] and so
it is necessary that Y = 1 as well. We conclude that,

PX<YV)=1,
and therefore X <; Y by Theorem 2.1.3. A

Example 2.1.5. Let X and Y follow the geometric distributions with parameter p, and p, respectively,
such that 0 < p; < p, < 1. We interpret this distribution as the number of trials needed to get one
success. The claim is that Y < X.

One may prove this claim directly by using the Definition 2.1.1. Indeed, for any k € N, by using the
geometric series,

POC> ) = 1= ) pu(1=p)/ ™ = (L= p)* < (1= p)¥ = BY > ),
=1
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The inequality is true since p — (1 — p)¥ is a decreasing function in p € (0,1). Hence, Y < X.

A different approach is to use the coupling argument. The idea in this case is to consider two infinite
sequence of i.i.d. Bernoulli random variables, in which each element of the sequence are coupled
according to Example 2.1.4. The coupling of X and Y is constructed by finding which element of the
sequence is a success.

We interpret 'success’ as an event that takes a value one. Let (Y;);ey and (Z;) ey be i.i.d. Bernoulli
sequence such that Y; and Z; follow the Bernoulli distributions with parameters p; and p, respectively,
forany i € N. Let (¥, Z;) be a coupling from Example 2.1.4 for any i € N. The coupling of X and Y can
be constructed by defining the following random variables

X = min{j : }7] = 1} and X, := min{k:fk = 1}.

Note that X; and X, follow the geometric distribution with parameter p; and p, respectively, since the
tuple (Y;,Z;) is independent for each i € N. Further P (X, < X;) = 1 because the Z, will be equal to 1
earlier than ¥; since the event {Z, = 1} has higher probability than the event {¥; = 1}. A

2.2. The hazard rate order
The term hazard rate may be encountered in survival analysis. It is a statistical analysis where the
outcome of interest is the time at which a certain event happens, e.g. the mortality time of a patient, the
lifespan of an electrical device. The hazard rate is the rate of a subject not surviving for an additional
infinitesimally change in time t > 0, given that it has survived longer than t.

Let us define the hazard rate more formally, which is taken from Karim and Islam (2019). Let T be
a non-negative random variable and t = 0, then the hazard rate is the following function:

P(t<T <t+6t|T >t)

O = i, =

(2.3)
In survival analysis, one usually considers non-negative random variables. This is not required for
defining the hazard rate order.

Definition 2.2.1 (The hazard rate order). Let X andY be real-valued random variables, with hy(t) and
hy(t) being the associated hazard rates. We say that X is smaller than Y in the hazard rate order
(denoted by X <, Y) ifforany t € R,

hx(t) = hy(t). (2.4)

To gain an intuition of the hazard rate order, we first rewrite (2.3) in terms of the probability of
surviving. Suppose T has a density fr, then (2.3) may be written in terms of f and P(T > t). The
quantity Sy (t) := P(T = t) is called the survival function in survival analysis. This function is non-
increasing, since Sy(t) =1 — P(T < t). From (2.3), we obtain that

. P<T<t+6t) fr(t)
P(T > 1) si00 5t =50 > (2.5)

h(t) =

The hazard rate is non-negative because density functions are non-negative and the range of the
survival function is the interval [0, 1]. If f; is the derivative of the distribution function F; w.r.t. t, then
from (2.5),

1 d

d
[ -85:0) =5 a

d.
=5 B

h(t) = S de T

d

Sr(t) = 2 log S7(¢).
Therefore, the hazard rate is the instantaneous change of —logS(t). A small value of hazard rate
at a given point corresponds to a small change in —logS(t) for an infinitesimal increase in t. This
corresponds to a slow decrease in the probability of survival and therefore a higher lifespan. On the
other hand, a higher hazard rate implies a shorter lifespan.

Using (2.5), we can show that X <. Y implies X < Y. This means that the hazard rate order is a
stronger order than the usual stochastic order.

Theorem 2.2.2. Let X and Y be two non-negative random variables with density function fy and fy
respectively. If X <y, Y, then X <.Y.
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Proof. If X <;,, Y, then (2.4) is equivalent to

® _ F®
PX=>t) PY=t)

The values on the numerator and denominator on both sides of the inequalities are always non-
negative. Therefore, it is necessary that fx(t) = fy(t) and P(X = t) < P(Y > t) for the inequality
to be true. In any case, P(X = t) < P(Y = t), which is equivalent to P(X < t) = P(Y < t). Hence,
X <qV. O

Example 2.2.3. Let X and Y be exponentially distributed with parameters 1,1, > 0 respectively, such
that 4; < 4,. Then,

t t
Sx() =1 —f Me**dx=eMt  and  S,(t)=1 —f Aye~h2% dx = e~ 42!,
0 0

Therefore, the corresponding hazard rates are

Ale—llt Aze—lzt
hX(t) = W = Al and hy(t) = W = AZ-

Since 1, > 1;, we conclude that Y <, X. A

2.3. The likelihood ratio order

This particular stochastic order is the strongest order, in the sense that the monotone likelihood ratio
order implies the other two previously mentioned orders. Let us define the likelihood ratio order.

Definition 2.3.1 (The likelihood ratio order). Let X and'Y be real-valued random variables with density
function fy and fy respectively. Let supp(X) denote the support of X, i.e. supp(X) = cl{fx € R :
fx(x) > 03}, where cl(A) means the closure of a set A. Then X is smaller than Y in the likelihood ratio
order (denoted as X <, Y) if

fr(®)
fx(®)

In other words, we have X <, Y if and only if for any x,y € supp(X) U supp(Y) and x < y, then

) _ ()

>

fx @)~ fx()’

is increasing in t € supp(X) U supp(Y).

or equivalently,
fxfr ) = fxOfy(x) foranyx <y.

As a remark, this definition assumes that the probability measure is absolutely continuous w.r.t. the
Lebesgue measure. Dimbgen and Mésching (2023) generalize it for arbitrary probability measures on
R that are absolutely continuous w.r.t. a general measure.

The following theorem shows that the likelihood ratio order is a sufficient condition for random vari-
ables to follow the hazard rate order. This yields that the likelihood ratio order is the strongest stochastic
order among the usual and hazard rate orders.

Theorem 2.3.2. Let X and Y be real-valued random variables with density function fy and fy respec-
tively. If X <, Y, then X <y, Y and hence X < Y.

Proof. Let Fyx and F, denote the distribution function of X and Y respectively. Assume X <, Y, then for
anyx <y,

fxfy (V) 2 fx O fy (). (2.6)

Integrating both sides of inequality in (2.6) w.r.t. x on interval (—o, y] yields

y y
| neonmaxz [ ron@d o KB 2 HOFG) (2.7)
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We again integrate both sides of inequality in (2.6), but w.r.t. y on interval [x, o) yields

J fxOfy () dy ZJ M dy <= fOA =K 200 -FK®).  (28)

From (2.7) and (2.8), we obtain the following two inequalities:

fr(x) Fy(x) fr(x) 1-F(x)
. 2.
RO S RO ™ Ko SToRe 29)
From (2.9), we obtain that
fe(@) )

T-RGy W2 =177

and so X <y, Y. Further, we combine both inequalities in (2.9) to get
1-F[x) > Fy(x) PN Fy (x) > Fy (x) '
1—-Fx(x) — Fx(x) 1-Fx(x) ~ 1-F(x)
Hence, P(X < x) = P(Y < x), which means that X <i; Y. As a remark, the proof of X <, Y implies

X <4 Y is also in Theorem 2.2.2. Furthermore, the proof is for X and Y being continuous random
variables. The proof for discrete random variables is similar, but we replace the integrals with sums. [

We demonstrate the likelihood ratio order by giving the following examples and an example in which
two random variables follow the usual stochastic order, but not the likelihood ratio order.

Example 2.3.3. Let X ~ N (uy,0%) and Y ~ V' (u,, 0?) such that y; < u,. Let fi and f;, be the densities
of X and Y respectively. The ratio of the densities is

fr® ((t—ul)z (t_#z)z) _ <2t(Mz —uy) +pf —u%)
- = exp .

t - 202 202 202
fx ()

The ratio in (2.10) is increasing in t, for any t € R. Indeed, because y; < u,, we have yu, —u; = 0.
Therefore, the mapping t = 2t(u, — u1) is increasing in t. Hence, X <;, Y.

However, the likelihood ratio order does not hold if we vary the variance when both random variables
have the same fixed mean. Consider two centered normal distributions with different variances, i.e.
X ~N(0,62) and Y ~ N (0,02), such that 0 < o; < g,. Then for any t € R, we have

O o t?(of — o)
N 2002 ’

KO 0

which is not increasing due to the term t2. The ratio tends to infinity as t — 400, and it has a minimum
att=0. A

(2.10)

Example 2.3.4. Let X,Y € {1, 2,3} and we define their probability mass functions as follows

02 ifx=1, 01 ifx=1,
P(X =x)=<0.7 ifx=2, and P(Y =x)=1408 ifx=2,
0.1 ifx=3. 0.1 ifx=3.

We have that

PX<1)=02=201=P( <1)
P(X<2)=02+07=09=09=01+08=P(Y <2)
PX<3)=1=21=P( <3),

which means that X <.;Y. However,
Pyr=1) 01 1 P(Y=2) 08 P(Y=3) 01

PX=1) 02 2 PX=2 077" PXx=3 01
The ratio P(Y = x)/P(X = x) is notincreasing in x, and therefore X is not smaller than Y in the likelihood
ratio order. Note that we use the definition of the likelihood ratio order for discrete random variables.
In this setting, the density function in the definition is replaced by the probability mass function. A
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Example 2.3.5. We consider a distribution that is given by Henzi et al. (2021). Let Y and X be real-
valued random variables. Suppose X ~ Unif(0, 10) and

Y|X = x ~ Gamma(k(x) = Vx, 0(x) = min{max{x, 1}, 6}),
where k(x) > 0 for any x > 0 is the shape parameter and 6(x) > 0 is the scale parameter. Then the

density of Y[ X = x is

1
= k(0)-1,-¥/0(0)q _
fY|X(y|x) F(k(x))g(x)k(x)y e {y > 0}

Assume 0 < x < x’' < 10 and let (k(x),8(x)) and (k(x"),8(x")) be the shape and scale parameter of
Y|X = x and Y|X = x' respectively. Then the ratio of densities is

/ k(x)
frixIX) _ Tk() 6() Gk g¥/6 (=Y /0" = Cyk()=k(x)g¥/0(-Y/O)(2.11)
frix@lx)  Tk(x") 6(x")kE)

where

c o L) 0 (x)*™
T T(k(x")) B(x")kED

is a positive constant for a fixed x, x'.

Now, we will show that (2.11) is increasing in y for any y > 0. The mapping y ~ y*&)=k( js
increasing in y because x +— +/x is an increasing function and so k(x') — k(x) = Vx’ —x > 0.
Further, the mapping x = min{max{x, 1}, 6} is increasing as well. The scale parameter then equal to
either 1 or 6 for x € (0,1] and x € [6,10) respectively. For x € (1,6), the scale parameter increases
linearly. Therefore, if x < x’, then 6(x) < 6(x") and so y ~ e¥/0@~¥/0x") is increasing in y because
the exponent is non-negative. The ratio in (2.11) is increasing in y for any y = 0, and hence [Y|X =
x] < [YIX = x']ifx < x'. It also implies that [Y|X = x] <4 [V|X = x']. As a remark, [Y|X =
x] <st [Y]X = x'] is still true for X ~ Unif(0, ¢) for any ¢ > 0, and

Y|X = x ~ Gamma(k(x) = Vx, 8(x) = min{max{x, a}, b}), forany0<a<b<c.
A

Example 2.3.6. We adjust the following result from Lemma 3 in Mdsching and Dimbgen (2024), which
is valid for probability measures with dominating measures other than Lebesgue measure. Let X and
Y be random variables which has density functions fy and f, respectively, and assume X <;. Y. Let Z;
be another random variable with density function f;(z) := (1 — 1) fx(2) + 1fy(2), where 0 <1 < 1. The
claimisthat Zy <, Z, forany 0 <A<pu <1

Indeed, let 0 < A < u < 1 and take any z; < z,. Then

fi(Z1)fu(22) = fa(22)fu(z1) = [(1 = D = A1 = ] fx (21)fy (22)
+[A=-DA —p) = A =D = W]fx(21)fx(22)
+[AA = p) = A = D] fx(z2) fr(z1) + [An = Al fy (21) fr (22)
= (1 —Dfx@E)fy(22) — fr(2)fr(22)] 2 0,

by the assumption that X <;. Y. Hence, Z; <, Z, forany 0 <A< u < 1. A

2.4. The monotone hazard ratio order
Following our discussion about survival analysis, one might be interested in estimating the hazard ratio.
This quantity gives the relative hazard of an experiment group with a control group. For instance, what
the instantaneous risk of death of heavy-smoker patients relative to non-smoker patients is, at a time ¢,
given the survival time t. A model that is often used for obtaining the hazard ratio is Cox’s proportional
hazard regression model, which was proposed by Cox (1972).

The Cox’s proportional hazard regression model assumes that the hazard rate for an individual with
covariates X € R% is

h(t|X) = ho(t) exp(B'X),
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where h, represents the baseline hazard when the covariates X = 0 and g € R%. Suppose X = X; € R,

then
h(t|X; +1) _

haxy) - P B,

which yields that the hazard rate given an increase of X; of one unit, is proportional to the hazard rate
given X;. If X; € {0,1}, then, the ratio of hazard rate is exp (8). We interpret it as the mortality risk of
patients that belong to group X; = 1 relative to patients from group X; = 0. In both of these cases, the
hazard ratio is independent of time.

The assumption that the hazard ratio is constant with time, may be violated in practice. Fortunately,
Wu and Westling (2023) developed a non-parametric estimator for estimating the hazard ratio, in the
case that it exhibits a monotone behavior. In constructing the estimator, they define a new type of
stochastic order called the monotone hazard ratio order.

Definition 2.4.1 (The monotone hazard ratio order). Let X andY be real-valued random variables, with
hx(t) and hy(t) being the associated hazard rates. We say that X is smaller than Y in the hazard rate
order (denoted by X <., Y) if

hy (t)
hx (t)

As stated by Wu and Westling (2023), if two random variables are ordered in the monotone hazard
ratio sense, then in general they are not ordered in the usual stochastic order, likelihood ratio, or hazard
rate. The monotone hazard ratio order is also not implied by any of these three orders. This is illustrated
by the following example taken from Wu and Westling (2023). We refer to the aforementioned article
for more examples.

is non-decreasing in t € supp(X) U supp(Y). (2.12)

Example 2.4.2. Suppose first that we have two geometric random variables X; and X, with parameters
p1, b2 € (0, 1] respectively. We still interpret this distribution as in Example 2.1.5. Then for i € {1, 2},
the cumulative distribution is

Fy,®)=1—-(1-p)', teN.

By (2.5) the hazard rate for X;’s are

P(X; =1¢)
= px =1
P(X; =1t)
TPX, =t) + P(X; > t)
1

1+ PX;, > t)/P(X; = )

We have that .
PX:i>t) _  (A-p) _1-p
PX;=0) pi(1-p)t! pi
Therefore, the hazard rate for X; is hy,(t) = p;, and so the hazard ratio is

hx, () _D2 1-p;
hy, () p11-p;
which is non-decreasing in t € N. However, as we have seen in Example 2.1.5, we have to impose an

order on the p;’s. If p; > p,, then X; <. X, but X; <4 X, is false. Therefore, X; <;. X, and X; <;,; X,
are also false. A







Scoring Rules

In this chapter, we define more formally what a scoring rule is and its interpretation. We also give
examples of scoring rules and study their properties. Finally, there is a relation between the scoring
rules and information theory, which we will discuss as well.

Suppose we forecast an event, in which its uncertainty is quantified by a probability distribution. The
forecasts are based on a given data set. The question is, under the assumption that new events have
the same distribution as those observed in the given data set, how well do the forecasts predict these
new events? To assess the quality of the probabilistic forecasts, one might consider using scoring rules.
In this section, we review well-known scoring rules and their properties. We mainly use Gneiting and
Raftery (2007) for the basic information about the scoring rules. In this section, we also give several
examples of scoring rules.

Let us first define scoring rules formally.

Definition 3.0.1 (Scoring rules). Let P be a convex class of probability measures on a measurable
space (Q,F). A function S : P x Q — R is called a scoring rule if for any P € P, the function S(P, ) is
measurable, and the integral of S(P,-) w.r.t. Q exists forany Q € P.

Before we interpret the scoring rule, there is a technicality that we need to address. Gneiting and
Raftery (2007) requires S to be P-quasi integrable, which means that for any P € P, a real-valued
measurable function f on the probability space (@, F, P) is P-quasi integrable. Let f = f* — f~, where
f* = max{f,0} and f~ = min{—f,0}. For f to be P-quasi integrable, means that at least one of f*
and f~ has a real integral w.rt. P. So then [fdP € R. One may also say that the integral f w.r.t
measure P exists (Bauer, 2001, p. 65).

We may interpret scoring rules in two ways: as a reward or a loss system. If the scoring rules are
interpreted as a reward system, then the scoring rules are said to be positively oriented. If we view the
scoring rules as a loss system, then the scoring rules are negatively oriented. In positive orientation, a
forecaster that predicts the observed event well receives a high reward. Alternatively, scoring rules that
are seen as a loss system give less loss on well-predicted events. In this section, we use the positive
orientation, unless mentioned otherwise.

3.1. Proper and strictly proper scoring rules

A natural question that comes up is how can we construct forecasts such that the reward is high.
Further, the scoring rule varies depending on the probability measure and the data. To this end, we
will need a scoring rule such that the averaged reward is maximized when we predict events using the
‘true’ distribution of the data set. We refer to such scoring rule as proper. If the scoring rule has a
unique distribution that maximizes the reward output, then the scoring rule is strictly proper.

Definition 3.1.1 (Proper and strictly proper scoring ru_Ies). Let P be a convex class of probability mea-
sures on a measurable space (Q,F). LetS : P xXQ - R be a scoring rule. Let Eq denote an expectation
under the probability measure Q € P. The scoring rule S is proper relative to P, if forany P,Q € P,

BolS(@ )] = [ $(@.0)dQw) > [ S(P,0) dQ(®) = EglS(P. )] (3.1)

11
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We refer to S being strictly proper if the equality in (3.1) holds if and only if P = Q.

From the Definition 3.1.1, we observe the following. Suppose a given data set follows the distribution
of Q, but the forecaster uses IP to predict events in the data. Then on average, the reward of predicting
events using the true distribution should give the maximal reward, if the reward system (i.e. the scoring
rule) is proper. If the distribution Q is the only distribution that gives maximal reward, then the scoring
rule is strictly proper. We further observe that if S interpreted as a loss function, then predicting events
using Q should give the least loss. In that case, (3.1) therefore becomes

Eq[S(Q, )] < Eq[S(P,)]. (3.2)
We now give examples of scoring rules and show that they are (strictly) proper.

Example 3.1.2 (The Brier score). The Brier score or the quadratic score is presented in Brier (1950)
for weather forecast verification. For this score, the convex class of probability measures P is

Pri= pz(pw)weQERr:VwEQ'prO'przl ’ (3.3)

wWEN

which is defined on a measurable space (Q, F) such that Q := {1,2,...,r}. Then the Brier score is
defined as follows:

Strier(P.) = = ) (b —1G = @))?, (3.4)
w=1

where 1(j = w) = 1 if the event w occurs, otherwise its value is 0.

The interpretation of this score is quite straightforward. Suppose p is the probabilistic forecast and
j is the event that we observe. Suppose the forecaster has 100% confidence that event ' will occur,
i.e. p,s =1andp, = 0forany w # w' € Q. If we observe event j = w', then from (3.4), the Brier score
takes a value of zero. On the other hand, if we observe event j that is not w’, then the score is negative.
In this particular example, the score is equal to —2. The highest reward for 'perfect’ forecasting is then
zero.

To show that Sg; is strictly proper, we compute Eq[Sgrier(q, )] — Eq[SBrier(P,-)]- For any fixed
j € Q, we have

Serier(PyJ) = — Z Pf) =21 = w)p, +1(j = a))z

WEQ

=2 -1- ) 7,

wEN

and so,

Sprier(0)) = Sorier (B.)) = 20 = P) = ) (4 P3).

wEQN

Therefore for any q,p € P, we get

IIE:q [SBrier(q' )] - IEq[SBrier(p' )] = Z SBrier(q'j)qj - Z SBrier(p'j)qj

jea jea

= Z [SBrier(d,J) — SBrier(p'j)]qj

JjEQ

— _ _ 2 _ 02

—2 2(q; —pj) Z(qw po) | 4q;
JjEQ WEQ

= Z 2q;(q; —pj) — Z(qi —Pf))ij

jea weN =)



3.1. Proper and strictly proper scoring rules 13

= Z 2(q7 — qjp) — Z(qf -}

jea jea
= )4} =20+ ]
jea
= Z(Qj -pj)*=0,
jeq

the squared Euclidean distance in R" of p and q. The Brier score satisfies the condition in (3.1), and
therefore Sg. e (P, *) is a proper scoring rule. By the definition of metric distance, equality is attained if
and only if q = p. A

Example 3.1.3 (The pseudo-spherical score). While we find the pseudo-spherical score in Gneiting
and Raftery (2007), the spherical score was already mentioned in Winkler and Murphy (1968). The
measurable space (Q, F) and the convex class of probability measures are the same as in Example
3.1.2. The pseudo-spherical score is defined as follows: for any « > 1 and p € 7.,

a-1

J
(Zken K

According to Selten (1998), if @ = 2, then Sgpherical IS Called spherical because the vector p is
mapped to a vector on a unit sphere. Indeed, let « = 2 and let

SSpherical(pﬂj) = )(a—l)/a'

SSpherical(p) = (SSpherical(p» 1)' e SSpherical(p' r))T-

Then the Euclidean norm of Sgpperical(P) is

2

2
v, Zear;

ISsphericat®)Il = | Y. ) = s =t
jea \ (Zkea Pi) kea P

For a general a, the norm of the vector Sgyperical(P) is generally not equal to one. The name pseudo-
spherical scores most likely refer to the generalized version of the spherical score when a = 2.

To show that the pseudo-spherical scoring rule is proper, we use Hdélder’s inequality. For any p,q €
2. and a > 1, we have

pit
Eq[Ssphericat (P, )] = ) —— 4
ql°Spherica (a-1)/a i
jeq (Zken P?)
~a-1)/a
= Z Pk Z pi'q; (3.5)
ken jen
and
1/a
_ i _ o
Eq[Sspherica (@)1 = ) ———2c—o = > af | (3:6)
jeq (Zkeﬂ Qk) jeQ

By using Holder’s inequality for p = a/(1 — a) and g = a on the second term of (3.5) and combine with
(3.6) yield

(a-1)/a 1/a
pr‘lq,- < Zp;‘ Zq,‘-‘
ien ien ien
(a-1)/a
= Z p;x IlEq [SSpherical(q' Il (3.7)

=)
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Combining (3.5), (3.6) and (3.7) yield,
IE:q [SSpherical(pr )] < 1Eq [SSpherical(q: )]
A

Example 3.1.4 (The logarithmic score). Let (Q,F) and 2. be measurable space and a convex class
of probability measures as defined in Example 3.1.2. Then for p € . and j € Q, the logarithm scoring
rule is

Slog(p:j) = logpj- (3.8)
This score is strictly proper since Eq[Siog(q, )] — Eq[Siog(P, )] is related to the Kullback-Leibler di-

vergence. Indeed,
Eq[Si0g(0, )] — Eq[Siog(, )] = ) [log(a;) — log(p)]1q; Zlog( ) Zlog( )qj. (3.9)

jeQ JEQ jEQ
By using the inequality —log(x) = —x + 1 for any x € R, on (3.9), we have
]Eq[slog(q: )] - IEq[Slog(p: )] = Z (__ + 1) qj = Z —Pj + qj = 0. (310)
JEQ JEQ

The inequality in (3.10) is an equality if and only if p = q, which follows immediately from (3.9). Note

also that if Sl*og(p,j) = —Siog(P,J), then Sl*og(p,j) is the negative orientation version of the logarithmic
score and
Eq[Siog(@ /)] = — Z q;logqj,
jea
which is the Shannon entropy. A

3.2. The (continuous) ranked probability score

In Section 3.1, we have seen several examples of (strictly) proper scoring rules. These scoring rules
are defined on a finite sample space. Such scoring rules use the probability mass function and the
observed event to give the forecaster a reward or a loss, depending on the orientation of the scoring rule.
In this section, we discuss the development of a scoring rule that uses the distribution function directly
instead of the probability mass function. This scoring rule is called the continuous ranked probability
score (CRPS), which was introduced by Matheson and Winkler (1976). Before the CRPS, there was
also a scoring rule called the ranked probability score (RPS), which was introduced by Epstein (1969).
In this section, we will discuss both the RPS and the CRPS. Furthermore, even though Matheson and
Winkler (1976) already stated how the RPS and the CRPS are related, we will prove the truthfulness
of the statement mathematically as well.

3.2.1. The ranked probability score
The ranked probability score is constructed with the goal that it is sensitive to how far’ lies a forecast
from the observed event. Consider the following examples of forecasts for a hypothetical location, in
which the wind speed is rarely very high and is often low. Suppose then the recorded wind speed
can be partitioned and ranked from very high, high, moderate to low-speed. Now, a forecaster A and B
forecast these events with the following probability respectively: (0.1,0.1,0.2,0.6) and (0.2,0.1, 0.1, 0.6).
If a low wind speed is observed, then all scoring rules that we have discussed in the previous section
will give the same score. However, forecaster B assigns a higher probability to the event as 'very high’,
and so one might argue that forecaster A has a better quality forecast. For this reason, a scoring rule
that can distinguish such forecasts was developed by Epstein (1969).

The derivation of the ranked probability score uses the utility framework. Suppose the sample space
Q = {1,2}, where 1 is interpreted as bad weather that requires full protection and 2 is good weather
which requires no protection. One can then compute the expected utility, by designing a utility matrix
and a decision rule of when action to protect is taken. Instead of two possible outcomes, Epstein
(1969) apply the utility framework on Q = {1, ...,r} for r > 2. Suppose we again interpret the sample
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space as the outcome of the weather and we rank the elements of Q from worst to the best weather,
one then can compute the expected utility in this scenario. Unfortunately, the resulting expected utility
will depend on the outcome of the weather and the "goodness” of the prediction. We describe the
computation and explanation of the utility in more detail in Appendix A. That is, if we predict the best
weather perfectly, then its expected utility is higher than when the worst weather is perfectly predicted.
The ranked probability score is defined by combining the resulting expected utility when we rank the
weather from best to worst, and vice versa. Now, we state the definition of the ranked probability score.

Definition 3.2.1 (The ranked probability score). Let (Q, F) be the probability space, where O = {1, ..., 1},
such that the elements are ranked from “good” to “bad” or vice versa . Let p,, denote the probability
of event w occurs. Let P, be a class of convex probability measures on (Q, F), defined as in (3.3). The
ranked probability score (RPS) is a scoring rule defined as follows

2
-1 r
i=

T i 2 T
. 3 1 1 L
Sees®0.) = 5~ 35— L || 2P )+ 2 e —r_lzlu—npi. (3.11)
i=

1 k=1 k=i+1

The ranked probability score gives the maximum reward for ’perfectly’ predicting an event j and it is
independent of how the forecaster ranks the sample space. Indeed, letp = (py, ...,p,) such thatp; = 1
andpj; =0forany1<j# " <r. Thenforany 1 <i <r — 1, the summand of the second term in
(3.11) is equal to 1. This is because if 1 < j < i, then ¥, _, px = 1 and ¥, _;,, Px = 0, and vice versa
fori <j <r. Hence,

r—1

g L3 1 21_3 1_1
RPs(p,])—z 20r — 1) « R

=1

Now suppose we predict with 100% confidence that weather j’ occurs, but the observed outcome
isj#j'.Incasewesetp =p; =(1,0,..,0)and j > 1, then

S 3 1 §1 13 1 j-1_ T
RPS(PL])—Z 2(7‘—1)_1 r—1(1 )_2 2 r—1 r—=-1'
i=

If we let p, = (0,0, ...,1) butj < r, then

S 3 1 rz'll 1 31 j-1_j-1
rrs(P2,J) = 27 20r— 1) 4 ’ o 1(7‘ )= 272 =
i=

r—-1 r—-1

The score Sgps(p1,j) is decreasing linearly with j, as opposed to linearly increasing Sgps(p2,j) in j.
These scores are intercepting at j = (r — 1)/2, which is the weather in the middle range.

The following result states that the ranked probability score is strictly proper, which is already proven
in Murphy (1966) and von Holstein (1970).

Theorem 3.2.2. The ranked probability score is strictly proper relative to P,.

Proof. Let X be a random variable that takes values in {1, ..., r} and following a distribution with prob-
ability mass vector q = (g4, ..., q;) € P.. Before we compute Eq [Sgps(p, X)], let us rewrite the second
term in Sgps(p,j). We prove

2
r r

- i 2 r
i Zp" + Z Pk =ZZ[(r—1)—Ik—ll]pkm- (3.12)
i=1 1 =

k= k=i+1 k=1

"The term "good” and "bad” depends on the context of the problem. If we consider temperature, we can discretize and assign
an interpretation for each interval. The sample space Q in this case would be sorted from hot to cold or vice versa
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. 2
To this end put each summand in a (r — 1) x 2 array, where the first column represents (Z;c=1 pk) and

2
the second column is (X)_;,, Px) :

pi (P2 + 3+ +prg +pp)?
(p1 +p2)? (p3 + -+ pro1 +py)?
(1 + D2+ D3+ +0ro2)? (Pr-1 +pr)?
(1 + D2 +p3+ -+ Dz + Prq)? &

If we expand the polynomials, we notice that p?, p3, ..., p? appears in each r — 1 rows . As for the cross
terms, welet 1 < n #m < r. If n < m, then p,p,, does not appear in the rows which the entries are

(hees pk)2 and (Xj_m pk)z, where n < m’ < m. There are n — m such rows. Similarly, if n > m, then
PnPm Will not appear in m — n rows. Hence, forany 1 <n #m < r, there are [(r — 1) — |n — m|] terms
of p,pm- Hence (3.12) is true.

Now, we let p = (py, -..,pr) € P, then

Eq [Srps(p, X)] = Z Srps(P.))q;j

j=1
r r—1 i 2 r
DALY Z oy SN
T L2 20r-1) 4 Pk ro1 i
Jj=1 i=1 k=1 k=i+1 i=1
. 2 2
r—1 i T r T
_3 1 Z Z N z 1 Z .
2T -1 Pk ), Pr o1 W Ll
i=1 k=1 k=i+1 Jj=1 =1
T T
_ 3 1 L " 1 Z Z
=27 -1 [((r—1)—| |1pxpr — 1 2.9, li —Jjlpi (-
k=11=1 j=1 i=1

We would like to find p such that p maximizes Eq [Srps(p, X)], subject to Z§=1 p; = 1. To this end, we
use the Lagrange multiplier, and therefore we solve

p = argmax Eq [Srps(p, X)] + 14 ij —1 |, =targmaxf(p,21).
PEPr PEPr

Then, if we differentiate f w.r.t. some entry in p,, in p, we obtain

d
i) ———Z [0 = 1) = Im ~ il]p Z|m jla; + 2,

2
af(p.)—

The second derivative test then guarantees that the maximum exists. To find the stationary point, we
use the constraint that the p;’s sum up to 1. So we then have

am(p. ) = r—1,1|m i|p; r—l.llm Jlg;
i= j=

,
1 .
—a1-1+ mZ'm—ﬂ@f - ).
]:



3.2. The (continuous) ranked probability score

17

Which means

a 1 <
=0 m}zl [m = j1(p; — ) = (r = (A = A).

The trick that is used in Murphy (1966), is to subtract the above equation with another adjacent equation

to eliminate (r — 1)(1 — 1). Sothenfor1 <m <r —1, we have

T T
D im =iy —ap) = ) lm+ 1= ji(; — ) =0
j=1 j=1

= Z (pj—aq;) - Z(p,—q,)—o

j=m+1
= Z(Pj —qj) = Z(Pj —qj) — Z(Pj —q;)
j=1 j=1 j=1

m
= ZZ(P;' -q;) =0,
=1

(3.13)

where we again use the constraint. Equation (3.13) is true if and only if p; = g; forany 1 < j <m
and 1 <m <r —1. Hence, p = q. This maximizer is unique and so the scoring rule is indeed strictly

proper.

O

Lastly, we would like to show another way to formulate the RPS. This will be needed when we link
the RPS with the CRPS. It turns out that the RPS is an affine transformation of a certain function that

depends on the forecast probabilities.
Lemma 3.2.3. Letp = (p1, .., pr) EP-andje Q={1,..,r}. Let

G; = Z Di and therefore  1—G; = z pi-
k=i+1

Then,

Srps(P, ) =1+

r—1 r—1
—ZG?HZQ—(r—j)
i=1 i=j

Proof. From the definition the RPS, and using (3.14) yields

. 3
Sers(P.)) = 5~ 35— 1)Z[GZ+<1—G) le—m
r—1
_3 ! Z[ZGZ+1 26G;] ! Z '
_2 2(7'_1) i i T'—l_ |l ]lpl
i=1 =1
3 1 r—1 r
=E_r_1z[Gl_Gi]_E_r 1le—]lpi
i=1 i=1
r—1 r
e D G0 e W
B r—1 t Heor—14 J1pi
i=1 =1

Now, note that

Zu—nn Zo—z)wZo p

i=j+1

(3.14)

(3.15)
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=@i+p1++tp)+ @2+ +p)+ o+ (P o 1)+p,1

(Jj-1) terms (j—2) terms 2 terms 1torm
+ p]+1 +(p]+2 + p]+2) + (pr + Pr +t pr)
1 term 2 terms (r—j) terms
=p1+ @1 +p2)+(Pr+ - +Dpj-1) (3.16)
(j—1) terms
+ @j+1 +Pj2 + o 0) + @2+ A P) + o 0
(r—j) terms
j-1 i
2 Z kpx + Z Z Pk
i=1k i=j k=i+1
Z G+ 2(1 ~G)
j—-1 r—1
:ZGi+(r—j)—ZGi. (3.17)
i=1 i=j

We combine (3.15) and (3.17) to get

j-1 r—1
1
Srps(P,j) = 1——Z[G2 1 ZGi—ZGH‘(T—j)
=1 =7

1 r—1 r—1 j—1 r—1
=1t =D 6+ D G- Y G+ Y Gi— (=)
=1 =1 =1 =]
r—1 r—1
=1+ — —ZG§+2201—(r—1)
i=1 i=j

3.2.2. The continuous ranked probability score

In the previous section, we showed examples of (strictly) proper scoring rules defined on finite sam-
ple space. The convex class of probability measures in these examples consists of probability mass
functions. We will discuss a scoring rule that takes directly the distribution function as input, together
with an observed real-valued number. It turns out that this scoring rule is a generalization of the Brier
score, and this scoring rule is referred to as the continuous ranked probability score (CRPS).

The connection between the CRPS and the Brier score becomes clear if we discuss how the CRPS
is constructed. The CRPS is introduced by Matheson and Winkler (1976), and the motivation behind
the score is to assess the probabilistic forecasts using the continuous probability distributions directly.
Consider first the Brier score in Example 3.1.2, with the class P, and the sample space {0,1}. Then,
for p € P,, the Brier score may also be written as

Sarier(P,)) = —p*1( # w) — (1 = )*1(j = w).

If the event w occurs and the forecaster predicts that event with probability mass p, then the reward
for the forecaster is —(1 — p)?, the reward is —p? otherwise. Now, when the sample space is R, then
we usually compute the probability using the distribution function F. Matheson and Winkler (1976)
generalizes the Brier score by replacing p with F. Further, instead of checking whether a value is
observed, we check if the observed value is at least a fixed real number. That is for x, t € R, we define
the score as follows

S(F,x) = —F(£)*1(t < x) — (1 — F(£))?1(t = x). (3.18)
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The score in (3.18) depends on the threshold t. To remove such dependencies, all possible threshold
value are integrated, i.e. we integrate (3.18) w.r.t. t on R. This yields

S*(F,x) = — fR F2(O1(t < x)dt — fR(l —F(t))*1(t = x)dt

—f F2(t)(1 — 1(t = x)) dt —f (1—F(£)1(t = x) dt
R R

—f F?2(t) —F?(O)1(t = x) + 1(t = x) — 2F(O1(t = x) + F2(O)1(t = x) dt

R

= —j F2(t) - 2F(O1(t = x) + 1(t = x) dt
R

= —f [F(t) —1(t = x)]? dt. (3.19)
R

The score in (3.19) is called the continuous ranked probability score (CRPS). We formally define the
score in the following.

Definition 3.2.4. Let B(R) be the Borel set of R and (R, B(R)) is the measurable space. Let P be the
convex class of probability measures P such that they are defined on B(R). Let F be the cumulative
distribution function, which identifies the probability measure P € P. The CRPS is defined as

CRPS(F,x) = — f [F(t) — 1(t > x)]? dt. (3.20)
R

There is an equivalent formulation of the CRPS, which is used to test the hypothesis that two dis-
tributions are equal. We will use this formulation to show the CRPS is strictly proper. To achieve this,
we need the following lemma from Baringhaus and Franz (2004, Lemma 2.1).

Lemma 3.2.5. Let X and Y be two independent real-valued random variables, such that their first
moments are finite. Let F and G be the distribution function of X and'Y respectively. Then

E[|X-Y|] = fRF(t)(l —-G()dt+ fR(l — F(t))G(t) dt.
Proof. Note that for any x,y € R, then
|x—y|=J-R]l(xSt<y)+]l(ySt<x)dt. (3.21)
Indeed, let A be the Lebesgue measure. If x < y, then1(y <t < x) =0, and so
=y1= [ A< e <y)de =2y =x-.
If y > x, then 1(x < t < y) = 0, which means that
k=yl= [ 1< e<nde =200 =y -~

Incasethatx = y,thenl(x <t <y) = 1(y <t < x) = 0. So the integral representation in (3.21) is
true. Therefore,

E[|X — Y]] =IEU ll(XSt<Y)+]1(Y§t<X)dt].
R
Since the indicator function is a measurable function, by Fubini-Tonelli’s theorem, we have
E[|X — Y]] =]EU ]l(XSt<Y)+]1(YSt<X)dt]
R

=f E[1(X <t < V)] +E[I(Y <t < X)]dt
R
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:f PX<t<Y)+P¥ <t<X)dt

R

=f P(X < P(Y > t) + P(Y < )P(X > t) dt
R

=f F(t)(1—c(t))dt+f(1—F(t))a(t)dt.
R R

O

The following statement shows that a new formulation of the CRPS is equivalent to the one in
Definition 3.2.4. It also shows that the score has the same unit as the observations. This result is
stated in Gneiting and Raftery (2007) and we check that it is indeed correct.

Lemma 3.2.6. Let P be a convex class of probability measures on a measurable space (Q,F). Let
CRPS : P x Q1 - R be a scoring rule as defined in (3.20). Let X be a random variable with distribution
function F, which uniquely identifies the probability measure P € P. Suppose X' is an independent
copy of X. Then, for any x € Q,

CRPS(F,x) = %[EHX —X'|1 - E[|X — x[].
Proof. By Lemma 3.2.5, we have
E[|X -X'|] = Zf F)(1-F(t)dt = Zf F(t) — F2(t) dt,
R R
and by (3.21) and Fubini-Tonelli’s theorem,
E[|X —x|] = f FOLU(t <x)dt+ f (1-F@)1(t = x)dt
R R
= J FO)(1 -1t =x))dt + f (1 -F(@)1(t = x) dt.
R R
Therefore,
%]E[|X - X'|]-E[|X —x|] = f F()—F?(t) - F() 1 —-1(t = x)) — (1 = F(e)1(t = x) dt
R
= J —F2(t) + 2F(O)1(t = x) — 1(t = x) dt
R
= —f (F(t) —1(t = x))? dt,
R

which is the definition of CRPS. O

We use Lemma 3.2.5 and Lemma 3.2.6 to show that CRPS is strictly proper. Although we use the
lemmas here, one can also show this property by using the definition of CRPS directly.

Theorem 3.2.7. The CRPS is a proper scoring rule relative to P, the convex class of Borel probability
measures. It is strictly proper relative to a class of Borel probability measures with finite first moment.

Proof. Let P,Q € P, where P and Q are identified by the distribution function F and G respectively. Let
X,X',Y,Y' be mutually independent random variables. Let F (resp. G) be the distribution function of
X, X' (resp. Y,Y'). Forany x € R,

CRPS(G,x) — CRPS(F,x) = %IEHY -Y'|] - %IEHX —X'|1 = E[|Y —x|] + E[|X — x]]
= f {G(t) —G%(t) — F(t) + F2(t) — G(t)(1 — 1(t = x))
R

(=GOt =x) +FOM -1t = x)) + (1 — F()I(t > x)} dt
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= f F2(t) — G%(t) + 2(G(t) — F(t)1(t = x) dt.
R
By using Fubini-Tonelli, we obtain
E;[CRPS(G, x)] — E¢[CRPS(F,x)] = f {f F2(t) — G%(t) + 2(G(t) — F(O))1(t = x) dt} dG(x)
R R
= f {f F2(t) — G%(t) + 2(G(t) — F(O)1(t = x) dG(x)}dt
R R
= f F?(t) — G?(t) + 2(G(t) — F(t)){f 1(t = x)dG(x)}dt
R R
= J F2(t) — G%(t) + 2(G(t) — F(t))G(t) dt
R
= f (G(t) — F(t))?>dt = 0.
R
We can use the Fubini-Tonelli theorem because the integrand is a measurable function. Hence, the

CRPS scoring rule is indeed a proper scoring rule. Suppose F and G have finite first moment. If F = G,
then it is clear that

E¢[CRPS(G, x)] — E;[CRPS(F, x)] = f (F(t) — F()?dt = 0.
R

If F # G, then
E;[CRPS(G, x)] — E¢[CRPS(F,x)] = f (F(t) — G(t))?dt > 0.
R

O

We have confirmed that CRPS is strictly proper, yet we need to explain the relationship between
this score and the ranked probability score (see Section 3.2.1). According to Matheson and Winkler
(1976), these two are equivalent in a sense that both are affine transformations of a certain function.
To see this, Matheson and Winkler (1976) starts by generalizing CRPS by assuming that the integrated
variable t is random and it follows a distribution R(t). Therefore, we get a new scoring rule, which we
denote as S**. From the computations to get (3.19) yield

X (o]
S$*(G,x) = —f G2(t) dR(t) —j (1—G()*dR(0). (3.22)
—o x
If R(t) is a step function, i.e. fort; < -+ < ¢,
r—1
R@) = ) nel(te < £ < tip),
k=1
then if x = t;, and G(ry,) := G, we have
j—1 r—1
S (G, 1)) = — Z G2r, — 2(1 G (3.23)
k=1 k=)

In case thatr, = 1/rforany k =1,...,r — 1, we have

j—1

-

* %k 1
S (G,g) ==-;

ling

r—1

G2 + 2(1 — G2
k=j

-1

r—1
=—= G,§+Z(1—26k+6§)
1 k=j

~.

=
1l
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=—% G,§+(r—j)—22c;k+2c;,§ . (3.24)
k=1 k=j k=)
Since _
r—1 r—1 Jj-1
z G2 = Z G2 — z G2, (3.25)
k=j k=1 k=1

both (3.24) and (3.25) yield

S**(Gt)——%lz +(r—])—ZZGk+ZGk Zak

r—1 r—1
ZGk+ZZGk—(r—j) . (3.26)
k=j

We compare the result from Lemma 3.2.3 with (3.26). While the RPS is an affine transformation of
— Y IG2 42 Z;;} G, — (r—J), the CRPS is a linear transformation of it. In any case, both the of these

score are affine transformations of — Y} _; G2 + ZZZ;; Gy — (r—J).

3.3. The connection of scoring rules with information theory

So far, we use scoring rules to measure the quality of the forecasts. However, if S is a negatively oriented
and a proper scoring rule, then we can also view scoring rules as a loss function. The expectation
Eq[S(P,-)] is then the expected loss of using IP to predict events, while the true distribution of the
events is Q. By (3.2), we then want the expected loss to be minimized, where Q is a minimizer of the
expected loss. This minimizer is unique if S is strictly proper. If we choose a particular S, we can in fact
obtain entropy and Kullback-Leibler divergence back. In this section, we discuss the connection the
terminologies used in the information theory and review a generalization of these notions.

Although we have mentioned the entropy and the Kullback-Leibler divergence in the previous sec-
tion, let us recall and define them more properly in this section.

Definition 3.3.1 (The Shannon entropy). Let (Q,F, Q) be a probability space, such that Q. is finite. Let
X be a random variable with probability mass function q, := Q(X = x), where x € Q. The entropy or
the Shannon entropy is defined as

H(Q) 1= Ey[~logq(N)] = = ) qxlog(ax). (3.27)

xX€QN

The Shannon entropy indicates the average information that is contained in X (Yeung, 2002). Equiv-
alently, it measures the uncertainty of the outcome of X. The larger the entropy of a random variable,
the more uncertain one can predict an outcome of X.

If one wish to measure how “far” the two measures p and q are apart, we can use a well-known
measure called the Kullback-Leibler divergence. This measure is non-negative and equal to zero if and
only if p = q. This measure is not a distance measure in a metric sense because it is not symmetric.
Below is a definition of the Kullback-Leibler divergence.

Definition 3.3.2 (The Kullback-Leibler divergence). Let Q. be a finite sample space. Let P and Q be
probability distribution on (), with probability mass functions p, and q, respectively. The Kullback-Leibler
divergence is defined as follows:

DxL(P||Q) = Z DPx log— = Z Dx log—
XEQ XEQ

Now let us rewrite the Shannon entropy. Let Q be a finite sample space and P be a family distribution
over (). Suppose a random variable X follows an unknown distribution P € P. Let G be a family of
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probability mass function of q. The entropy can also be written as

H(P) = infEp[—logq(X)], (3.28)

which is a consequence of the fact that Dg (P||Q) = 0 and equality is obtained if and only if P = Q.
This statement is called the information inequality in Theorem 2.6.3 from Cover and Thomas (2005).
To see that (3.28) is true, take any q € G. Then,

Ep[~1ogq(0)] = = ) p.logas

XEQ

= —Zp log(q—xp )
X px X

XEQ

q
=— Z [px IOg(—x> + Py 10gpx]
Px

XEQ
= Dk (PI|IQ) + H(P) = H(P),

where we use that Dk (P||Q) = 0 and H(P) = 0 since the probability mass function is always non-
negative and p,, € [0, 1] for any x € Q. Then the equality is obtained if and only if p = gq.

In (3.28), we observe that the entropy is the smallest possible "value” under the logarithmic loss.
Grunwald and Dawid (2004) generalizes this definition by considering an arbitrary loss function L :
P x Q = R. The generalized entropy function is then the following:

Definition 3.3.3. Let (O, F) be a measurable space and P be a class of probability measures on (Q, F).
The generalized entropy function associated with the loss function L : P X Q — R is defined by

H(P) := inf Ep[L(Q,")] (3.29)

Now, we relate (3.29) with the scoring rule. If the scoring rule S is interpreted as a loss function (i.e.
the scoring rule is negatively oriented), then the definition remains the same. If the scoring rule is seen
as a reward system, then (3.29) becomes

H(P) := sup Ep[S(Q, )], (3.30)
QeP

where S is a proper scoring rule. Indeed, consider the logarithmic scoring rule which we orient positively.
Then,

Ep[logq(X)] = H(P) — Dk, (P||Q) < H(P),

because H(P) = 0 and —Dg; (P||Q) < 0. To ensure that there exists Q € P such that Ep[S(Q, )] is
maximum, we need S to be proper.
Grinwald and Dawid (2004) also defines the divergence between two distributions.

Definition 3.3.4. Forany P, Q in class P and proper scoring rule S, the divergence function of P and Q
is

d(P,Q) += H(Q) — Eq[S(P,)] = Eq[S(Q, )] = Eo[S(P,)].

The divergence function d(P, Q) is non-negative because the distribution Q maximizes the expected
reward, and it is positive if and only if S is strictly proper. Additionally, d(P, Q) is not necessarily equal to
d(Q, P). Indeed, if S is the logarithmic scoring rule, then the divergence function is the Kullback-Leibler
divergence, which is known to be asymmetric (Sason, 2022). As a remark, if S is negatively oriented,
the divergence function is

d(P,Q) = Eo[S(P,")] = H(Q),

which is still non-negative.
Let us compute the generalized entropy function and the divergence function for the Brier, pseudo-
spherical, logarithmic score and CRPS.
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Example 3.3.5. For the Brier score,

H(q) = IE:q[SBrier(q: )] = Z SBrier(qrj)Qj

jeq
= Z(qu -1- Z a5)4;
jeq WEN
= ZZ q; —1- Z '
jen wWEN
= Z q; — 1L
JEQ

The divergence function is already computed, which is
d@p) = ) @ -p)>
JjEQ
the squared Euclidian norm (see Example 3.1.2). A

Example 3.3.6. We use the results from Example 3.1.3 to compute H(q) and d(p, q) of the pseudo-
spherical score. The generalized entropy function is

1/a

H@={)af ]

jeQ
and the divergence function is

1/a
d(p,q) = Zq}* - ZP}“% Zp;‘é‘

jeQ =) keq

—(a-1)/a

Example 3.3.7. For the positively oriented logarithmic score,

H(q) = Z q;jlog(q;),

jen

which is the negative (Shannon) entropy. The divergence function is the Kullback-Leibler divergence
as we have shown previously in Example 3.1.4:

d(p,q) = Z logCI)—’:) qj = —Z 10g<%> qj-
J J

=) jen

Example 3.3.8. For the CRPS, the generalized entropy function is
H(G) = f f (G(t) = 1(t = x))*dt dG(x)
RJR
= f j G?(t) — 2G(OH1(t = x) + 1(t = x) dt dG(x)
R /R
= f f G2(t) —2G(DH1(t = x) + 1(t = x) dG(x) dt
RJR

= f G%(t) — 2G*(t) + G(t) dt
R
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=f GO(1 - G(D) dt.
R

The divergence function associated with CRPS is

d(F,G) = fR(F(t) — G(£))? dt.






Distributional Regression with Likelihood
Ratio Order Constraint

Recall from Chapter 1, that the goal of distributional regression is to estimate the cumulative distri-
bution function of the response variable given the covariates. We will restrict ourselves to univariate
regression. In usual linear regression, we model the relationship between the response and the co-
variate by its conditional expectation. Then, we assume the expected response variable, given the
covariate, is linear in the parameters. In isotonic regression, we only suppose that the relationship
between the response and the covariates is monotonic. In other words, for any x; < x, we have
E[Y|X = x;] < E[Y|X = x,].

In isotonic distributional regression, we impose a certain order on the conditional distribution func-
tion. Let y » F(:|x) denote the conditional distribution of Y|X = x. Suppose we want that for any given
covariates x; < x,, we have F(y|x;) = F(y|x,) for all y. Then we have seen in Chapter 2 that we
impose the usual stochastic order: [Y|X = x;] <4 [V|X = x,]. Distributional regression under this con-
straint has been studied by Henzi et al. (2021). We also have seen that the likelihood ratio order is the
strongest order compared with the hazard ratio and the usual stochastic order. Therefore, it is natural to
develop a new estimation technique with likelihood ratio order as the constraint. Fortunately, Mésching
and Dimbgen (2024) have developed such a technique, which we describe later in this chapter.

The structure of this chapter goes as follows. We start by discussing distributional regression for
the parametric case. In Section 4.1, we model the conditional distribution using the normal distribution.
It turns out that imposing likelihood ratio order when we choose this particular model, yields the isotonic
regression. We then shift focus to a non-parametric approach to estimating the conditional distributions
in Section 4.2. Here, we explain the estimator that Mésching and Dimbgen (2024) proposed. The
method utilizes empirical likelihood and maximizes the likelihood function to obtain the estimators.

Before we proceed with the chapter, let us describe the setting and define some notations that we will
use throughout this chapter. Let D,, := (X;,Y;)i; = (x;,¥:)]=; denotes a data set with n observations.
Both (Y;)’~, and X := (X;)}~, are real-valued random variables. Suppose each (X;,Y;) are identically
distributed from P and (Y;);., is independent given X. We denote Fy,(y|x) := P(Y < y|X = x) to be
the conditional distribution of Y|X = x, and we assume that it has a density function f(y|x). We use
D, to estimate the family of conditional distributions Fy |, (y|x), such that

X1 <Xz and y; <yz = f(y2lx)f (1lx2) < falx)f (v2lx2), (4.1)

thatis, [Y|X = x1] <ir [V|X = x,] (see Section 2.3 for a definition of this order). The resulting estimator
will be denoted by Fy|x.

4.1. The parametric estimation case: normal distribution

We have shown in Example 2.3.3 several instances in which random variables that follow normal distri-
butions respect the likelihood ratio order. In this regression setting, we will first assume that the mean
and the variance parameter depend on X. More formally, suppose that a given data set D,, follows

27
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from an unknown distribution P, but we know that Y|X; ~ M (u(X;),0(X;)?) forany 1 < i < n, such that
x = u(x) and x = o(x) is an arbitrary functions of x. Let (x;, ;)] be the realization of D,,. The goal
is to estimate p(x;) and, if possible, as well as o(x;) for each 1 < i < n under the likelihood ratio order
constraint by using D,,. It turns out that when the conditional distribution is modelled using the normal
distribution under the likelihood order constraint, optimizing the likelihood of the model is equivalent to
isotonic regression (see Appendix C).

We first find under what condition [Y|X; = x,] <;; [Y|X; = x;], where x; < x;. Let fyx,(¥|x;) be the
density function of N (u(x;), o(x;)?). Then, for any y € R,

frix Ol _ ol <(y —u(s)? —u(xt))2>

fY|XS(.V|xs) B o(xt) 20(x,)? 20 (x;)?
_ oG (00?0~ pE)? ~ 0x)*(r ~ k)’
T o) T 20(x5)%0 (x,)?
o(xs)
B o(xt)
o (Y2000~ 025)?) + 2y (u(x)a (29)? ~ w(E)o (0)?) + ()20 (x)? — p() 0 (x)?
P 20 (x5)20 (x;)? '

From these results, we are unable to conclude that the density ratio is increasing y due to an unknown
behavior of y » y2(a(x;)? — a(x5)?) . To remove this term, we can let a(x,;) = o(x;) =: o, i.e. the
distribution of Y|X; has equal variance. Then, we are left with the following result

e Olxe) _ <2y(u(xt) — u(xg)) + p(x5)* — u(xr)2>
fox Ol ~ 7P 207 '

(4.2)

In this case, the ratio is increasing in y if and only if u(xs) < pu(x;) forany x; < x;. ltmeansthatx = u(x)
is an isotonic function of x € R. Indeed, if x = pu(x) is isotonic, then x; < x; implies u(xs) < u(xs),
which yields [Y|Xs; = x5] ~ N (u(xs),0?) is smaller than [Y]|X; = x;] ~ N (u(x.),c?) in the likelihood
ratio.

With this reason, we assume that [Y|X; = x;] ~ N (u(x;),0?) forall 1 < i < n. Suppose for now
that u(x;) and o2 for any 1 < i < n are unknown. We compute the likelihood L(u(x),a?|D,,) for each
1 <i<n. Wehave

o1 1
L0, 2°1D2) = L, 1D0) = | | = exp (701 = e
i=1

1 \" 1 %
=<U m) exp —ﬁ;m—um))z

So the log-likelihood is
n
2 n n 2 1 2
log L(u(x),0%Dy) = —3 log(2m) — 7 log o — 5 > (v — K(x))* (4.3)
i=1

Let y/(a?) be the estimated u(x) and o2 is the estimated o2. Then we should solve the following opti-
mization problem without likelihood ratio order constraint:

— n 2 1 < )
(109, 0?) = argmax{~Z1oga? = —— > (i = u(xp)
u(x),o? 2 20 =~

To add the likelihood ratio order constraint, let us first sort the realizations D,, since the order matters:

o xn} = {xay, X} and  {yy, ., v} = {ay o Y b
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where x(;) < ... < Xy and yqy < ... < Y for some 1 < £,m < n. Then the log-likelihood in (4.3)
becomes

£
2 __n n 2_ 1 N 2
log L(u(x), 02|Dy) = —3 log(2m) — 7 10g 0> = 52 > " we (e — H(x())*
j=1k=1

As we have explained previously, the likelihood ratio is increasing if x = u(x) is an isotonic function.
Therefore, we add the following constraint on p(x):

u(xy) < plxg+n)) V1i<j<A

So, we state the optimization problem as the following:

{ m
— n 1
(#(x),az) = argmax{—>logo? — - Z Z wir Ve — 1(x()))? (4.4)
w00 | 2 202 Ly
s.t. M(X(j)) < M(X(j+1)) V1i<j<A4.

Note that if we choose a specific model for u, such that it is an isotonic function of x, then we can
also remove this constraint. For instance, let u(x) = a + fx where a and § = 0. Then, the solution of
the optimization problem is the same as the solution that is obtained from the ordinary least squares
method. See Lemma E.1 in Appendix E for more detailed computations.

Another remark is that o2 is independent of the constraint. Therefore, we can maximize the log-
likelihood w.r.t. a2. We have

oL , nl 1 O\ ,
W(H(x).ff |Dy) = 572 t5a Z Z Wik Yy — #(xjy))= =0
j=1k=1
1 {f m
= =% Z Z WiV — #(x(j)))z-
j=1k=1

If we substitute o2 with o2, the optimization problem in (4.4) becomes
£ m
— n
p(x) := argmax —5 log Z Z Wik Ve — 1(x()))?
ux) -
s.t. ,u(x(j)) < [l(X(j+1)) V1i<j<dt.

Equivalently, if we replace the log-likelihood with the negative log-likelihood, we want to solve

{f m
f(x) := argmin Z Z Wik Ve — 1(x(jy))? (4.5)
GO e e |

As it turns out, the minimization problem in (4.5) is an isotonic regression (see Appendix C). To see
this, let

S 1 Wik
— k=1 WjkY (k)
Wiy = z Wik and Y= ————
J+ ] j Wiy

f m {f m
z Z Wik Vo — 1(x)))? = z Z wix Ve =V, +¥; — 1(x))?
' k=1



30 4. Distributional Regression with Likelihood Ratio Order Constraint

= Z Z Wik V) — y]‘)z + ZZ Z Wik =Y — 1(x()))

j=1k=1 j=1k=1

+ Z wir (7 — 1(x)))?

Jj=1

The first sum is independent of u(x), and the second term is equal to zero (see Lemma E.2 in Appendix
E). Hence, the minimization problem in (4.5) with the constraint (4.6) becomes

¢
ux) = argmin Z Wj+@j - .U(x(j)))2
ECON

Therefore, in this particular case, distributional regression under likelihood ratio order constraint is
equivalent to isotonic regression of ij with weights w;..

4.2. The non-parametric case

Now that we have treated the parametric case, we will discuss an estimator in which the model be-
longs to a much bigger class of distributions. In particular, Mésching and Diimbgen (2024) choose to
model the conditional distributions that belong to some discrete distributions with unknown probabili-
ties. These weights are then estimated subject to the likelihood ratio order constraint. In this section,
we will explain how Mdsching and Dimbgen (2024) estimate these unknown weights. The idea is to
construct an empirical likelihood. In Section 4.2.1, we review what empirical likelihood is and apply it to
the distributional regression problem. The empirical likelihood is rewritten in such a way that the max-
imization problem can be solved numerically by using a well-known method from isotonic regression.
These will be explained in more detail in Section 4.2.2 and Section 4.2.3.

To apply this method, we sort the response and the covariate values in D,, from the smallest to
the largest value. We also remove ties in the value, and so we use the following observations for the
estimation:

X1, -, Xn} ={x1, .., xp} and {4, ...V} ={y1, . Yy}

with x; < - < xp, and y; < -+ < y,,. The following constant defines how many observations have the
same values as (x;,yx), where 1 < j < £and 1 < k <m. We define

Wi = # {0 (X, YD) = (g, 710}

4.2.1. The construction of the likelihood: empirical likelihood
To estimate the conditional distributions Fy)x foreach 1 < j < ¢, Mosching and Dimbgen (2024)
used the empirical likelihood approach. Let us briefly review what this approach is, and apply it for the
estimation problem.

The empirical approach uses the empirical likelihood of a cumulative distribution function, which is
then maximized to get a non-parametric estimate of the distribution. The following is the definition of
the empirical likelihood of a distribution from Owen (2001, p. 6)

Definition 4.2.1 (The empirical likelihood). Let (X;)]-, be any i.i.d. real-valued random variables. The
empirical likelihood is

L) = | iFee - Fax),
i=1

where F(x) = P(X < x) and F(x—) = P(X < x).

Note that if the distribution function is continuous, then the empirical likelihood is zero. If (X;)I-, is
a sequence of discrete random variables and i.i.d. of F, then F(x) — F(x—) = P(X; = x). To have a
non-zero likelihood, we must assign non-zero probabilities to each observation.
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When we maximize the empirical likelihood unconstrained, we will get the cumulative empirical
distribution function (ECDF). This result is also stated and proven in Theorem 2.1 in Owen (2001, p. 7).
However, we decide to show it in a different way. Therefore, the ECDF is a non-parametric maximum
likelihood estimator of a distribution. We state this result and reprove it in the following theorem.

Theorem 4.2.2. Let (X;)]-, be any i.i.d. real-valued random variables. Let F, be the ECDF of (X;)I-,,
ie.

E,(x) := %Z 1(X; < x).
i=1

Let F be any cumulative distribution function. Then F, maximizes the empirical likelihood L(F).

Proof. Let {Xi, ..., X} = {xq,...,xp} such that x; < x, < - < x, forsome 1 < ¢ < n. W.l.o.g. we
assume that p; # 0. Letn; = #{i : X; = x;} > 0, so that Z§=1 n; =nand p; := F(X;) — F(X;—). Then,

I3

f(0) 1= 1ogL(F) = ) n;logp;. @7

j=1

We would like to maximize (4.7) subject to Zle p; = 1. So then (4.7) is simply a function of p :=
(p1, ---, Pe), Which is defined on a set

?
S={pe ) ) p=1f.
j=1

We use the Lagrange multiplier to solve this optimization problem. Let

£
L(p,A) == log L(F) + 1| 1— ij .
=

Then, forany 1 <j < ¢,
Lon=S_1=0 = =
o, @D = = pi=

j
From the constraint, we obtain that

Therefore,

Let p := n"1(ny, ..., np), then p maximizes f(p). This is because the function f(p) is strictly concave
in p, hence p is the unique maximizer of f(p). In the case that £ = n, we have that n; = 1, so that
p; = 1/nforany 1 <j < £. These are the probabilities for the ECDF. O

We now go back to our distributional regression problem. We would like to estimate Fy,, for any
x € X using D,,. To use the empirical likelihood approach, we first assume that Fy |, has a support
{y1, -, ym} for each observed x; € X, 1 < j < £. Then the ECDF for each x; € X is

m
Friay 01 = ) 4l 0 <),
k=1
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where g, can be understood as the probability of observing y; given the value x;, which is unknown.
The empirical likelihood is then

n n
L(Fyjxys 0 Fyjx,) = [FY|xj (Yielxj) = Fypx; (Y; = |xj)]
J=1 k=1
SLom Wi
= [FY|x]- Oielx) = Fyae; i = |xj)]
j=1 k=1
tom
w
= a;
J=1 k=1
and so its empirical log-likelihood is
{f m
A@) = 10gL(Frpe,, o Fyie,) = ). Z «logqj, (4.8)
j=1k=1

where q € [0,1]°*™. If we add the likelihood ratio order constraint (4.1), then the optimization problem
that we want to solve is

q := argmax A(q)

qe[()'l]{’xm
Z Gk =1, vi<j<é, (4.9)
qjlkijzklﬁqjlqujzkz, vV1i<j; <j2S{’,1£k1<k2Sm. (410)

The constraint of the form in (4.10) will appear often throughout this chapter, and so we refer to this form
of constraint as the ”likelihood ratio order constraint”. This optimization problem has ¢ constraints to
ensure that weights g, are summed up to one for each j. There are further (z) (’;) inequality constraints
for the likelihood ratio order constraints. It turns out that we can reduce the number of constraints, by
relating this optimization problem with estimating the joint distribution (X, Y) under the likelihood order
constraint.

4.2.2. The empirical likelihood of the joint distribution
As mentioned at the end of the previous section, we can reduce the number of constraints. Instead of
estimating the conditional distribution for each covariate value, one can estimate the joint distribution
(X,Y) using the empirical approach as well. Mésching and Dimbgen (2024) showed that these two
estimation problems are equivalent.

The ECDF of the observed values (x;, yi)k is

m
Fxy(x,y) Z Z hjl(x; < x, ¥, < y),

j=1k=1

where hj; > 0 and h,, := Zf:l ZZ;l hjx = 1. When we construct the empirical likelihood, we obtain
the same likelihood as in (4.8). However, the number of constraints that we use for this optimization
problem is (1)(") + 1, instead of (}) (")) + ¢. The optimization problem that we then want to solve is

f m
= argmax ZZ wji log hj, = argmax A(h) (4.11)

he[o0,1]xm i he[o,1]xm

st hy,=1, 4.12)
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hj1k2hjzk1 = hhklhfzkz' V1<ji<jz<t1<k <k;<m (4.13)

As a remark, since hj, may interpreted as a probability mass function, then the additional constraint
(4.13) implies that we estimate an unknown TP, distribution. The term TP, stands for ’total positive of
order 2. To see more details about TP, distribution, we refer the reader to Appendix B.

Note that we can remove the constraint (4.12) by using the Lagrange multiplier. Let

L(h,A) =Ath) +1(1 — hyy).
Thenforanyl<j<fandl1<k<m,

0L _ ik 3 and Z—1-n
Oy hy o1 i

Set both equations to zero and we solve for 1. We have

Wik SR Z§:1 Z:cnzl Wik n
hjk=7 = ZZhﬂc:f = 1=z = A=n.

Let A*(h) = L(h,n), then we need to show that the following optimization problem

h = argmax A*(h) = argmax A(h) + n(1 — hy,) (4.14)
he[o‘w)fxm hE[O,OO)[Xm
s.t. hj1k2hj2k1 < hj1k1hj2k2' V1 S]l <j2 < {),1 < kl < kz <m,

also solves (4.11) with constraints (4.12) and (4.13). Indeed, take any h € [0, 114%™ such that h,, = 1
and A*(h) > —oo. Let h := (hj/hyy)jk, then it is clear that h satisfies (4.13) if and only if h also
satisfies this constraint and h,, = 1. Therefore A*(h) = A(h). Further,

A*(h)

}klOg ik +n(l —hyy)

‘M% M-

m
m
Z Wik 10g< h++> +n(l—hyy)
1k=1

= A(h) + n(loghyy —hyy +1)

< A(h) = A*(h),

where the inequality is obtained by using logx < x — 1 for any x € [0, ). The inequality A*(h) < A (h)
becomes equality if and only if h,, = 1, meaning that h = h. Hence, a maximizer of A* also maximizes
A, because it satisfies the likelihood ratio order and the entries have to sum up to 1.

Lastly, the maximizer of A*(h) also maximizes A(q), and vice versa. For an arbitrary h € [0, )™
such that A(h) > —oo, write

hiy

h]k =DPjqjk with pj = Z ik = j+ and Ajr = 7
hjy

k=1

Note q = [gx];x € [0, 0)?*m and h satisfies the likelihood ratio order constraint if and only if q does.

Then,
{ m { m i3
AR = > wyloghy Z D wi(logp; +108d;) = ) w;. logp; + A(a),

j=1k=1 j=1k=1 j=1
also,

£ £ £ m
h++=zhj+=zpj and "=Zzwjk:zwj+-
j=1 j=1 j=1k=1

=1
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Hence, we rewrite (4.14) into the following expression

A(h) =Ath) +n(1 —hyy)
0 ¢
= A(q) +ZWj+ logp; +sz+ 1 —ij
= = :

Jj= j=1

¢
=A(q) + Z(Wj+ logp; —np; + wj).
=

Let p = (p1,...,pr) and M(p) := Zf=1(wj+ logp; — np; + w;;), then M(p) is uniquely maximized at
(wj+/n)§-=1. This easily verified by differentiating M(p) w.r.t. p and solve M(p)/dp = 0. Note that
(wj+/n)5-:1 sums up to 1. The uniqueness and existence of the maximizer is guaranteed because
M(p) is convex. Now the equivalence of the two estimation problems can be explained by using the
maximizer j, = p; = wj, /n.

» Assume h is a maximizer of A*(h) under the likelihood order constraint. Then Gy, := Ry /h;4 is
also a maximizer of A(q) that satisfies the constrains (4.9) and (4.10).

+ If § maximizes A(q) that satisfies the constraints (4.9) and (4.10), then E]-k = P;qjx maximizes
A*(h) under the likelihood ratio order constraint.

The equivalence of the estimation problem implies that we only need to find h that maximizes A*(h).
We next describe the procedure of finding h that maximizes A*(h), under the likelihood ratio constraint
in (4.13).

4.2.3. Estimation procedure

By estimating the joint distribution of (X,Y), we have seen in the previous section that the number of
constraints is less than in the original problem. The optimization problem is further relaxed through
the use a Lagrange multiplier. Now, we discuss the estimation procedure proposed by Mdsching and
Dimbgen (2024). Before we proceed, we need to discuss the reduction of the number of parameters
and how the number of constraints can be further minimized drastically. Then, after rewriting and
reparameterizing the objective again, the optimization problem is solved by using an iterative algorithm.
The algorithm computes a new proposal and performs a linear search so that the objective function
decreases. However, we will not discuss in detail how the linear search is done.

The reduction of the dimension and the number of constraints
The parameter space h is in [0,0)**™. This space can be reduced to a smaller space, consequently
reducing the number of constraints.

Define a set P, which consists of pair (j, k) such that m; < k < M;, where

m; := min{k : wj;, > 0 forsome j' >} and M; := max{k : wjr, > 0 for some j’ < j},
or equivalently there exists ¢;, and L; such that £, < ¢ < L, where
£ := min{f : wj» > 0 forsome k' > k} and Ly := max{f : wys > 0 for some k' < k}.

An illustration of P is in Figure 4.1. We observe that (j, k) ¢ P if at (j, k) there are no observed points
in one of the shaded areas. As a remark, the set P may also be defined as follows:

P:={0,k): Wj i, Wj,k, >0forsome 1 <j, <j<j,and 1<k, <k <k, <mj}. (4.15)

The indices of the observed points are certainly in 2. In the example in Figure 4.1, the location of a
point P, which is (5,4) is in P because we can choose j; = 4,k, = 4 and j, = 5,k; = 3. An equivalent
representation of P is

Pz{(j,mj):1Sj££’}UU{(j,k):{’ijSLk_l}. (4.16)
k=2
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LetA:={(j,m;) : 1 <j < £}. The set A represent the "lowest” points on j. In the example of Figure 4.1,
the elements (4, 3) and (5, 3) are examples of points in A. The points on the left of (6,4), e.g. the points
(4,4) and (5,4) are in the set Ug=,{(j, k) : €x <j < Lx_1}. So the latter set is a collection of points on
the left of (j, Ly), up until the point (j, ¢;), for each k = 2, ..., m. Another equivalent representation of P
is

The points in the set {(j,k) : 1 < j < ¢,m; < k < M;} essentially represents the points above m; up
until M; foreach 1 < j < 4.

L _____ Y l,=4 L,=6

i 1

3 no |

| 1

2 ° ° J‘ :
| | :

| 1

| 1

——— L

1 2 3 4 5 6 7 8

Figure 4.1: In this example, we have £ = 7 and m = 5. The red dots are observations such that wj, > 0 and the black dots are
the unobserved points. These dots represent P. The shaded area in the bottom right can be used to find m; or L;. The shaded
area in the top left is used to find M; or £;. The point P is at (5, 4) and it belongs to P because we can find ms and M5 such that
mg <4 < M.

The points whose indices are outside of P does not worsen A* and the number of constraints is
drastically reduced. These properties of P are stated in Lemma 1 in Mdsching and Dimbgen (2024).
We state the results of this lemma below without proof.

1. We have h;;, > 0 for any (j, k) € P, if h satisfies the likelihood ratio order constraint and A*(h) >

—00,

2. Leth := (1((j, k) € P)hji),x, then h also satisfies the likelihood ratio order and A*(h) > A”(h)
with equality if and only if h = h.

3. We can replace the likelihood ratio order constraint by
hj—l,khj,k—l < hj—l,k—lhj,k! 1 <j <?t1< k <m, (417)

if h € [0, 0)?*™ such that {(j, k) : hj, > 0} = P. Consequently, the number of constraints reduces
to (£ — 1)(m — 1) inequalities, which is much smaller than (ﬁ)(’zn) for large £ and m.

From property (1) and (2), we set hj, := 0 for any (j, k) € P, and h;, > 0 for any (j, k) € P. Instead
of the parameter space being in [0, ©)?*™, we now focus on h € (0,00)”. Further forany 1 < j < ¢
and 1 < k < m, itis sufficient that (j — 1,k), (j,k — 1) € P so that (j, k), — 1,k — 1) € P. Indeed,
if j —1,k),(j,k—1) € P, then we choose j; =j—1,j, =jand k; = k —1,k, = k to prove that
(,k),j—1,k—1) € P. Hence (4.17) becomes

hiciichieet < hj_ipeihje G —1,k), G k—1) € P. (4.18)
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Reparametrization of the parameter and reformulate the constraints
The purpose of reparametrization of the parameter is to transform the non-linear constraints into linear
constraints. The feasible set also becomes a convex set. Furthermore, it will turn out that one can use
a method from isotonic regression such as PAVA (see Appendix C), to find a search direction for the
next iteration. For convenience purposes, we consider the negative log-likelihood and the objective is
now to minimize it subject to the constraints.

First, we transform each entry of the matrix h = (1{(j, k) € P)hji}jk by using logarithm. Let 8 :=
(log hjr) (jer = (Bjk)(jier, then the objective function A*(h) in (4.14) becomes

Z (w0 — n(1 — exp(bjx))).
(jOeP

So, the goal is to minimize

F0) = D (~wyby +nexp(6;0), (4.19)

(.k)eP

subject to

91 - gj,k—l + 9]—1,k—1 —Uj-1k > 0, 1 <j < f,l <k <m,

which is the constraint in (4.17).
Now, consider a transformation T(0) of @ for all 1 < j < ¢, defined as follows:

T (8) i= By o= | ™ ithe = my,
Ik L 9] - Hj,k—l if m] <k < M]

Note that 6;; = Z;:m}, 8, forall 1 < j < ¢and m; < k < M;. Then, substituting 8;; with Zi’:mj Bixr
yields

K k
f(®) = Z —Wijk Z Bjrr | +nexp Z B
(oeP K'=m; k'=m;
M k k
= Z —Wijk Z G | +nexp Z O
j=1k=m;j k'=m; k'=m;

For computing the first term of the summand, let us fix 1 < j < ¢, we then have

M] k
Z —Wjk Z Ojrr | = =Wjm; + -+ Wjm)0m; = Wjmje1 + o+ Win )0jm 10 — = —
k=m;j k'=m;
= Wim;Om;
M [ M
5 (S
k=mj k'=k

Let W = Zf/zk wjr, then the objective function becomes

M] k

7@ =i >
T=1k=m

As for the constraints, we take the log on both sides of the equation in (4.18). This yields

m}.kgjk+nexp Z B

. I— .
j k'=m;

O _1k1 + Ok — 01— i1 20, (G —1,k), (G k—1)€P. (4.20)
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Equivalently, we have
O 201, IfG—1Kk),(k—1)€P. (4.21)

In (4.21), we observe that §jk is increasing in index j. By a definition of P in (4.16), the constraint in
(4.21) becomes

~ \Lg—1—tk+1 . . .
(ejk)jsz is an increasing sequence, for 1 <k <m,Ly_; — £, + 1 = 2.
Obtaining the search direction

Let us summarize what has been done and state some results from Mésching and Dimbgen (2024)
without proof. First of all, the function f(0) in (4.19) is strictly convex. Let © be the set of 8 such that
(4.20) is satisfied, then the set 0 is a convex set. Theorem 1 in Mdsching and Dimbgen (2024) shows
that £(@) has a minimum in the set ©.

Next, we reparameterize 8 by 8. We then obtain a function £(8), with a new constraint (4.21).
Let © be a set of 8 such that it satisfies (4.21). The function f and the feasible set 8 are still strictly
convex and convex respectively. To solve this minimization problem, the function fwill be approximated
by a quadratic function. The minimizer of the quadratic function yields the search direction. The full
description of how to obtain the new point for the next iteration will not be explained here. We refer the
reader to Section 3.5 in Mdsching and Dimbgen (2024) for the explanation.

Let us apply second-order Taylor expansion of f at 8. First of all, we apply derivatives and the inner
product only for indices in P, i.e.

~ af (%
(xy)= Z XjkYjr and Vf(f()=< f~(x)) .
(i.k)EP

(OeP jk
We have s
~ o~ o~ ~ 1 a ~ ~
F&® ~ f(0) +(vf(0), (- 0)) + > Z ﬁﬁ;(@)@k —0j1)* (4.22)
G.k)ep 7

For the computation of V£(%), we refer the reader to Lemma E.4 in Appendix E. Recall that O =
Zﬁrzmj 8, by the definition of 8. Therefore, by Lemma E.4, we get for any (j, k) € P,

Mj

VF(0) = W +n Z exp(Bj) and
k'=k

M;

@ =n Z exp(Bj). (4.23)

k'=k

9% f
072,
(J.k)EP

Note that the cross partial derivatives of f is equal to zero. Indeed, it is clear from Vf(%) that for any
1<j<{ k=mjandj’ #j, then

of of

s = 3% — = 0.
6xjk6xjrk 6.X'jlk6x]'k

Incasethat2 < k <mand ¢, <j < L,_4, if we choose k # k*, then we consider £} < j' < Lp«_4
which is a different coordinate of X that is absent in,

Mj

(vf(é))(j'k) =W, +n Z exp(Gjx!).

k'=k

The second-order Taylor expansion of f at 8 is then applied by combining (4.22) and (4.23). This
yields

1 92F 2F N oF o
fE®~fO)+5 72 @] 2 o2, @ ij(a)(xjk = Ojk) + Xjj — 2% 05k + 0
G.kepr I J
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2 2

1 92 92 -1 52 -t
=f®+; ) 5T @ (- e,k+<a~f (e)) o 57 ® | - (af (e>) o -®)

Let
2

1 o2f . [( * o
const(8) := f(8) — 3 Z 09?-%2 )] ( i (9)) f (9) ,
j

52
(.k)eP 0%

then (4.22) becomes
2

. Ly @ oA
f(X) =~ const(0) + 3 Z 6~£ O % —| O — <6~£ (0)) Bx]; @

Goep Tk
? _ 2
w@+2Y 2L @) 7 < 7 )) 7@
= cons = = X ~ ~
2 =1 d jz,m] P Iy ax]%mj axj‘m

1 92F _ _ 92F _ -1 P)
+§Z, a~§(9) Fjie — ij—(a~]f(e)) Tf(o)

Fix k such that 1 < k < m. We note the minimization of the quadratic approximation of the objective

function with the feasible set © yields the isotonic regression of (x]k)J with welghts o7, (0) Let
02f S oF
T(O) = Gz @) = ) exp(@)  and  7u0) = = it 5 @)
k'=k

=Ty (0) + ij(e)_lek -1,
Then the proposed search direction is the solution to the following optimization problem

P(0) ==argmin > 74(0) (G — (@)
X€O (. eP

The above problem is solvable by using PAVA algorithm on (x]k)j ! foreach 1 <k <m.

After the algorithm proposes a search direction, the algorithm then computes a new point for the
next iteration. Let O, be the output of the algorithm at s-th iteration. Then, the new point is 6,,; =
(1-1t)8, + ty(8;), which remains in ® due to its convexity property. The goal is to find the best t, such
that the objective function f in (4.19) decreases. We omit the details of how to find the suitable t.



Minimization of The Empirical Risk with
The Likelihood Ratio Order Constraint

In Chapter 4, Mdsching and Dimbgen (2024) estimate the conditional distributions by maximizing an
empirical likelihood function. In this chapter, we propose another method to estimate conditional dis-
tribution functions. This method uses the empirical risk as the objective function with CRPS as the
loss function. We use CRPS as the scoring rule because it is proper and is strictly proper when the
probability measure has a finite first moment. We then require the minimizer of the empirical risk to
satisfy the likelihood ratio order constraint.

To this end, we start with computing the empirical risk and formulating the constraints (Section 5.1).
It turns out that the objective function is convex, and we give a counterexample that proves the non-
convexity of the feasible set (Section 5.2). To ensure that the feasible set is convex, we apply a log
transformation on the estimand with a price of losing the convexity property of the objective function as
will be seen in Section 5.3.

Before we start, let us define and recall several notions and notations that we will use throughout
this chapter. Similar to at the beginning of Chapter 4, we use D,, = (X;,Y;)~, to denote a data set. For
any1 <i<n,letY(X;) =Y; := [Y|X = X;] and suppose it has a finite first moment and it follows an
unknown distribution Gyx,. We further require that for any x; < x; and 1 <i # j < n, we have

Y(Xi) <ir Y (X))

We will construct the "best” estimator Fyx; of Gy|x,, in a sense that it minimizes the excepted CRPS
using the estimator Fy|y,, while Y(X;) has a true distribution Gy x,, for each i = 1,..,n. Formulated
differently, we require Fyx, to have the following property

Egyyy, [CRPS(Fy|x,, Y (X))] ~ Egy, [CRPS(Gyjy, Y (X)), foreachi=1,..,n.

Instead of taking the expectation of CRPS(Fyx, Y (X)) w.r.t. the distribution Gyx, we compute the
risk w.r.t. to the joint distribution of (X,Y). Assume that (X,Y) ~ P and D,, consists of n realizations of
(X,Y). Let Py be the marginal distribution of X. Then,

E(x.v)~p [CRPS(Fyjy, Y (X)] = Ep, [Eq,,, [CRPS(Fyix, Y (X))]|
> Epy [Egy,x [CRPS(Gyix, Y ()]
= [E(X,Y)~P [CRPS(GYlX' Y (X))

Due to the (strict) propriety property of CRPS, the inequality above is equal if and only if Fyx = Gy x.
Since the joint distribution P is unknown, we will use the empirical risk to estimate the expectation, i.e.

n n
1 1
Eocn)-p[CRPS(Frje, Y (] = = " CRPS(Fyyx, Y(X0) = = ) CRPS(Fyy, Y. (5.1)
i=1 i=1

The above quantity will be computed by choosing a specific model for Fy|x, of each 1 < i < n, which
allows us to formulate the function that we wish to minimize.

39
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5.1. Formulating the objective function and the constraints

The model choice of the conditional distributions is the same as in Mésching and Dimbgen (2024).
Before the estimation procedure, we sort the covariate and the response values in D,, from the smallest
to the largest value:

{X1' ""XTI} = {xl,...,X[} and {Yl""'YTL} = {yl,...,ym},
where (xj)ﬁf=1 and (yx)y=, are strictly increasing sequences. Let wj, := #{i : (X;,Y;) = (x;,y,)}. We
then model the conditional distribution by assuming that Fyx; has a support {y;, ..., ¥y } With probability
mass function
fOilx) = qjx forall1<j<$1<k<m

Therefore, the conditional distributions forany 1 < j < £ are

m
Fovlg) = ) al{ye < v}
k=1

which means that the empirical risk in (5.1) becomes

1 {f m
=" Wi CRPS (Fyjay, i)

We denote the expression above with R(q), where q is a vector of size £ - m and

a4 = (G121, G1ms -+ Qj1s o Qjmo -0 o1y s Gom) -

We compute the score when we predict the probability of observing y, using Fy|xj. Foranyl<j<¢¥
and 1 < k <m, we have

m
CRPS (g 90 = | | D ayuetlne <21 =1y < 23| da
R1=1
We write R as a set of disjoint intervals:
m—1

R = (=o0,3) U { | 0 i) | U D 0).
k=1

LetM >0, Fj; := Zilzl qjk’ and Ay; = y;11 — y¢, We then have

2

3

Verr | O Ym+M 2
CRPS(Fy|x;, ¥k) = f Z Gty < 2} =Wy, < 23| dz+ Hm f [Fim — 1] dz
t=1 "Vt kK =1 Ym
m-—1
2 X 2
= > {IFe — 1t 2 k)] Ay} + lim M [y — 1]
t=1
k-1 m-—1
_ 2 2 : 2
= ) Fidye+ ) (1—-F)®Ay: + 1&1_{1301\4 [Fim — 1]

..,
1l
ey
~
I
=

3
A

. 2
Fiiby, — 2 Z Fiedye + m = yi) + lim M [F — 1]
t=k

=

,.,
1l
ey
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Let M > 0 be sufficiently large. The empirical risk is then

m-—1 1

1 £ m - - M £ m
R@ =~ > > wid > FiAye=2 ) Febye+ Gm =) (+— > > WilFym — 1%
=1k=1 t=1 t=k i=1k=1

The optimization problem is therefore

£ m m—1 m-1 £
min > > wi) ) FRAye =2 ) Fbye (+M ) wyi[Fm =~ 112 (5.2)
j=1k=1 t=1 t=k j=1

where w;, = Z;nzl wj, and C is some feasible region.

At last, we determine the feasible region C. For that, we discuss the constraints we impose for this
minimization problem. Firstly, we want that forany 1 < j < £ and 1 < k < ¢, the function Fj; is a well-
defined conditional distribution function, that is, F;,, = 1 forall 1 < j < ¢. This constraint is accounted
for by the second term of R(q). If q € [0,)?™ and M > 0 is large, then

m
ij=2qjkrz1, Vi<j<d,
k'=1

and qj, € [0,1] forall 1 < j < ¢,1 < k < m. Furthermore, we add the constraint to ensure that the
likelihood ratio is increasing, i.e.

ik Djoky = gk, sk, V1< j1 <J2 < V1 <k <k, <m.
This means that the feasible region is
C:={q € [0,0)"™ : qj 1, Ajpk, = Aoy Ajsk, Y1 S J1 <Jo2 S V1 <y <ky <},

Note thatforany 1 <j; <j, <fand 1<k, <k, <m,

Ajiky ik,
Djsky Djoky = Qjoker Djsks S Djaka Djnky ~ ipky Djnkep = 0 < det (q. q; = 0.
J2k1 J2k2

Therefore, the set ¢ may also be formulated as follows

C = {q € [0,00)¢™ : det (qh"l qfl"Z) >0V1<j; <j,<tV1<k <k,< m}. (5.3)
Qj,k,  jrk;

In the subsequent section, we investigate the convexity of the objective function and the feasible set.

5.2. The convexity of the objective function and the feasible set

In an optimization problem, we wish that the objective function is strictly convex and the feasible set
is convex. It ensures that if the objective function has a minimum in the feasible set, the minimizer is
unique. Therefore, we investigate the convexity of the objective function and the feasible set for our
problem. It turns out that the objective function in (5.2) has a minimum and is strictly convex in the
domain [0,)*™. The convexity property of the objective function is proven in Section 5.2.1. After
that, we show that the objective function for the unconstrained problem has a minimum (Section 5.2.2).
Unfortunately, the feasible set in (5.3) is a non-convex set, which we illustrate with a counterexample
in Section 5.2.3.

5.2.1. The objective function is convex

To show that the objective function (5.2) is convex, we will show that the Hessian matrix is positive
definite. We prove this claim by using the LU-decomposition of the Hessian matrix. It will turn out that
the pivots of the upper triangular matrix are all positive, which means that all of its eigenvalues are
positive.
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Let ¢ (q) be the objective function in (5.2), i.e.

2 2
{f m m-1 t m-1 t t m
ou(q) = Zzwjk Z Z qjr' | Ayy—2 Z qjr' |Aye +M2Wj+ Z qjrr — 1| -
j=1k=1 t=1 \k'=1 t=k \k'=1 j=1 k'=1
Wehaveforanyl<j<fandl1<k<m-1,
m-1 t k m-1

oy
Fr 2w, Gu’ |AYe ¢ = 2(Vm — Vi) Wigr — 2 Wi Om — Vi)

Jk t=k \Kk'=1 k'=1 k'=k+1

m
+2Mwj, Z Qe — 1
K'=1
k-1 m—1
= 2wj; { Om — V) Z qjk’ + Qi |+ Z qjk' OVm — Yi')
k=1 k'=k+1
k m-1 m
= 2Vm — Yi) Z Wit — 2 Wy Vm — Vi) + 2Mw;j Z Qi —1],
k=1 k'=k+1 k'=1

o “

M

k'=1

As for the second derivatives, the Hessian matrix is an £ - m x £ - m. The diagonal entries are for all
1<j<fand1<k<m-1

0°du

aq]z_k = 2Wj+(}’m - Yr) + 2Mw;
62

# = 2Mw;,

0

As for the other entries, first note thatforany 1 <j #j' <fand 1 <k, k' <m,

02 02
aqj’k’aqjk aqjk’aqjk

Foranyl<j<?letl<k=#k'<m,then

2Wj Ym — Ykr) + 2Mwy,  if1<k<k'<m-1

dy 2w O — k) +2Mwy, f1<k' <k<m-1
0qj,9q | 2Mwj, fk=m1<k'<m-1
2Mw;, ifl<k<m-1k'=m.

This means that the Hessian matrix is a diagonal block matrix, in which each block is an m x m
matrix. The Hessian matrix of ¢, is then

Al,(l:m) 0 0 A 0 0
O AZ,(l:m) O A 0 0

V2, = 0 0 Asgmy - 0 0

0 0 0 Af,(l:m)
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where forany 1 < j < £, the matrix 4; 1.,y € R™™ and is defined as follows,

2w (Ym — y1) + ZMw;, 2wjy (Ym —y2) + 2Mwjy o 2w (Vm — Ym-1) + 2Mw;, 2ZMwy,
2Wj (Ym — y2) + ZMw;, 2wj . (Ym = ¥2) +2Mwyy o 2Wi (Um — Ym-1) + 2Mwyy 2Mw;,
2w (Ym — y3) + 2Mw;, 2Wj (Ym — y3) + 2Mwyy o 2w (Vi — Ym-1) + ZMw; 2ZMwyy
2wj s Vm — Ym-1) + 2Mwj 2Wj U — Yin—1) + 2Mwjy - 2w (U — Ym-1) + ZMw; 2ZMwyy

Note that all of the entries of the matrix above are positive. Furthermore, let ¢; = ¢;(j) := 2wj, (ym —
yi) + 2Mw;, then ¢; > ¢; > -+ > ¢p. Each block 4 1.) is @ symmetric matrix and so Vi, is
symmetric. For each 1 < j < ¢, the matrix 4; .., is positive definite and therefore so is V2¢py. The
positive definiteness of 4; 1., is shown in the following lemma.

Lemma 5.2.1. Let A € R™™ be a matrix. Let a;;, denote the entries of A, where forall 1 < i,k < m,

Ck ifi< k,

Qi = .
: ¢ ifi>k,

and (c)y=, is an arbitrary real-valued sequence such that c; > ¢, > -+ > ¢, > 0. The matrix A is
positive definite.

Proof. The matrix A is defined as follows,

1 C2 C3  Cm—1 Cm
C2 C2 C3  Cm-1 Cm
C C C vt Cp— C
A= 3 3 0, mtom
Cm-1 Cm-1 Cm-1 = Cm-1 Cm
Cm Cm Cm Cm Cm

To show that A is positive definite, we show that A has an LU-decomposition with positive pivots (Meyer,
2023, p. 559). Let

1 0 0 0 0
C2/C1 1 0 0 0
L= c3/c1 c3/c; 1 0 0
Cm-1/€1 Cm-1/C2 Cm-1/C3 - 1 0
Cm/cl Cm/CZ Cm/C3 Cm/cm—l 1
and
€1 . C2 . C3 . Cm-1 c Cm
i(ﬁ —C2) i(‘h —C2) 7:1_1 (c1—¢2) f(q —C2)
0 C_3(C2 —C3) mt (cz —c3) C_m(cz —C3)
U= 2 . 2 €2
Cm—1 ' Cm '
0 0 0 Cm—2 (Cm—l - Cm—Z) Cmz (cm—l - Cm—Z)
0 0 0 0 c;"fl (Cme1 — Cm)

The entries of matrices of L and U are denoted as (¢;;); ; and (u;;); ; respectively, where

/ ifi>i Cj ifizl,
C. C- l_ ’ .

=37 j and wij =4¢6/ci-1(cim1 —¢) i<,

0 ifi <j, 0 fi>

i>].

Now, we compute the entries of the outcome LU. We have forany 1 < k < m,
m

Z U = €1allig = Ui = C = Qg
j=1
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Ifl<i<mand1<k<msuchthati <k, then
m m
Zf’ijujk =ik +Z€quk
j=1 j=2
= _Ck + Z i’l}u]k + z fuu}k

2<j<i i<jsm
= _Ck + Z i’l}u]k
2<j<i
i
Ci Ci Ck
Z_Ck+z__(cj 1 C})
cq L Cj Cj_q
J_
i-1
Ci Ci Ck
=—Cp + - (C] 1 C]) +— (Cl 1—Cp)
1 e Cj Cj_q Ci—1
]_
i-1
Ci n 1 1 n Ci
= —Cg CiCk —_— - Cr — Ck
c ci  Ci_ ci_
1 = j j—1 -1
Ci n 1 1 N C;
= —Cg T CiCg Ck — Ck = Ck = Qig-
1 Ci—1 C1 Ci-1
In case i = k, we do similar computations as before,
m
Z{’ijujkz _Ck+ Z fuujk
j=1 2<j<k
k-1
Ci 1 1 Ci
= Gkt Cilk Pl (Cr-1 = Cx)
1 = j j—1 k-1
Ci " 1 1 " Ci
= —C T CiCg Ci — Ck = Ci = Qjk-
€1 Ck—1 C1 Ck—-1

Hence, A = LU. Because ¢; > ¢; > -+ > ¢, > 0, all pivots of matrix U are positive. Therefore, the
matrix A is positive definite. O

5.2.2. The existence and uniqueness of the minimum
The strict convexity property ensures that the objective function has a unique minimum if it exists. In this
section, we confirm that the function does have a minimum. The idea is to first show that for any fixed
q € [0,00)*™, the function value ¢,, goes to infinity as we moves increasingly farther from q. Then, we
restrict ¢, on a bounded domain and use continuity and the compactness of the set to guarantee the
existence of the minimum.

The following lemma shows the existence and the uniqueness of the minimum of ¢,,.

Lemma 5.2.2. The function ¢,,(q) has a minimum in [0, ©)*™ and it is unique.

Proof. Letc > 1 and fix M > 0. Choose q € [0, )™ such thatforall 1 < j < £, we have Z;"zl qjk =1,
then,
2

{ m m—1 t m—1 t
Pu(cq) = Z Z Wiy 4 € Z Z Qx| Ay —2c Z Z Q' | Dy
j=1k=1 t=1 \k'=1 t=k \k'=1

2

¢
+MZ Wiy Z cqjrr — 1

j=1 k'=1



5.2. The convexity of the objective function and the feasible set 45

i 2
{ m m m—1 t
ZZZ Wik { M Z cqjrr — 1 —ZCZ Z qjk |Aye
j=1k=1 Kk'=1 t=k \k'=1
£ m-1 m
> z wix I M(c —1)* - 2c Z Z Q' | Aye
j=1 t=k \k'=1

[w {(M(c = 1)? = 2¢(m — v }]

v
M N

-
I
-y

[\
.
M= T s

~.

1l
g
&

Il
iy

[wire (M(c = 1)? = 2¢(ym — y1)}] = n(c = 1)*M = 2¢ (v — y1)fm

Note that the lower bound of ¢, (cq) is independent on the choice of q. Furthermore, this bound goes
to infinity as ¢ — oo. In other words, there exists ¢’ > 1 such that for any ¢ > ¢, we have

Pu(cq) = Py (q).

Now consider the following bounded set

m
S=1qe€ [o,oo)f~m:ijk < foralll<j<et,
k=1

and we restrict the domain of ¢,, in S. Because the function ¢,, cannot attain its minimum outside this
set and the functiorlis continuous, then a minimum exists on the compact set S. The uniqueness is
guaranteed due to ¢ being strictly convex in [0, 00)? ™.

O

5.2.3. Counterexample illustrating the non-convexity of the feasible set
In this section, we give a counterexample that shows why the feasible set ¢ in (5.3) is a non-convex
set. For the sake of consistency, we replace [0, )™ with [0,0)¢™. So, the feasible set is then

C:= {q € [0,00)f™ : det (qfl"l qh"2> >0V1I<j; <j,<tV1<k <k, < m}. (5.4)
Ak, jyk;

To prove that a set C is convex, we want that for any x,y € C, we have (1 — t)x + ty € C for any
t € [0,1]. We choose £ = m = 2 and consider the following vectors

q=(0.1,0.7,0,0.2)" and p = (0.4,0.2,0.2,0.1)7.
Then,

0 02 0.2 0.1
which means that p,q € C. Now let t € [0, 1] and consider (1 — t)p + tq, then we have

det(o'1 0'7)=o.02 and det(0'4 0'2>=o,

et (01 =0 + 04t 07(1 1) +0.2¢
¢ 0.2t 0.2(1—t) +0.1¢ )"

For t = 1/2, the determinant of the above expression is
(0.05 + 0.2)(0.1 + 0.05) — 0.1(0.35 4+ 0.1) = 0.0375 — 0.045 = —0.0075 < 0.

There exists t € (0,1) such that (1 —t)p + tq & C, therefore the set C is not convex.

These results imply that the objective function have local minima. Therefore, we decided to trans-
form the feasible set so that it is convex, with a price of changing the parameter of the objective function.
In the next section, we will see that the objective function with the transformed parameter loses its strict
convexity property.
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5.3. Log transformation of the parameter and quadratic form

We have seen in Section 5.2 that the objective function is convex, but the feasible set is non-convex.
To fix the non-convexity, we transform the parameters so that the feasible set becomes convex. We
then have to estimate the transformed parameter. To ensure that we obtain the original parameter
back uniquely, we choose a transformation that is bijective. To this end, we follow a similar method as
in Mésching and Dumbgen (2024). This results in estimating the transformed parameter with a price
that the objective function loses its convexity property. In this section, we show the truthiness of this
statement by producing an example.

5.3.1. Transforming a non-convex set into a convex set
Recall that we wish the minimizer q of the objective function ¢,,(q) to satisfy

Qi Qjoky = Ak Qjpkey, V1< J1 <j2 <4, 1<ki <k, <m,

where q € [0,0)*™. Let @ = log(q) = (6k) j x and take log in both sides of the equation. The inequality
above is then equivalent to

0j1k1+6f2k2_6f1k2_9j k120 V1<j1<j, ¢ 1<k <ky<m,

where 8 € RU {—}. Let R_,, := R U {—0o0}, the transformed feasible set that we are considering now
is the set

C:={0 €RYS : 0),4, — Oj,k, + Ojpk, — Ojpie, =0, V1< )3 <jp <£,1<ky <k, <mj}. (5.5)
For convention, we allow writing log(0) = —oo and therefore exp(—o) = 0. Note that 0 € ¢, but 0 ¢ C.
This is because we may obtain an indeterminate form co — co. To allow a vector with entries of infinity

as well, we allow 0 — 0 = —o0 + 00 = 0 as another convention. Lastly, we also allow the following
operations:
w+4+c=c+ o0 =00 V¢ € (—oo, 0]
—0+ (¢ =C— 00 =—0 V¢ € [—oo, )
C-c0=00:C=00 Vc € (0, 0]
C-00=00-C=—00 VCE[—O0,0)

=§=0 V¢ € (—o,0)

8|a

Next, we show that C is a convex set.
Lemma 5.3.1. The set C c R™ js a convex set

Proof. Take any 8, and @, from C and let t € [0,1]. Now define 8 := (1 — t)@, + t0, and denote 9]-(,?
and 9]-(,? as the entries of 8, and 0, respectively. Thenforanyv1<j, <j, <4 1<k; <k, <m,itis
clear that we have

(1) (1) (1) 1) (2) (2) (2) (2)
-9 [9j1k1 - 9j1k2 + gjzkz - 9f2k1] +t [9j1k1 - 9j1k2 + ejzkz - 9j2k1 = 0.

Hence 0 € C, and we finish the proof. O

5.3.2. Reparametrization of the objective function

Now that the feasible set is a convex set, it remains to check what happens to the objective function
if it is a function of 8. Furthermore, the objective function ¢,, is a double sums of quadratic function.
We will rewrite this function so that it is easier to implement it as a code. In particular, we rewrite ¢,
in a quadratic form. Besides being easier to implement, we also obtain information about the global
minimum of the unconstrained problem. The example that ¢,, is a non-convex function in € is shown
here as well.

We start with the empirical risk that we want to minimize:

NgE:

S|k

Wk CRPS (Fy ., 3ic).

I3
j=

1k

1



5.3. Log transformation of the parameter and quadratic form 47

Fix a large M > 0 and recompute the CRPS of Fy)x when y,, is observed :

m—-1 t z m z
CRPS iy, 70 = ) 4 D @i =120 | Gea =y {+ M| ) g — 1
t=1 k'=1 k'=1

3

-1

{(Fe@ ~1¢t 2 0)° Gra1 =y} + [Frn(@ — 10m 2 0] O + M = )

{(Fe(@ -1t 2 0)” Oess — 90}

Il
DMz I3 I

(Fe(q) —1(t = k))z Ayeg.
{

,.,
1l
sy

where Fj.(q) := ZZ'=1 Qjk> DYt = Ye41 — Ve and we set y, 41 2= Y + M. Now let
F(q) = (Fll(q)' ey Flm(q)' e F}I(q)! !ij(q)! "'!Fi’l(q)' 'F{’m(q))T € Rgm
and let F;(q) := (Fj1(q), ..., Fim(q))" € R™ forall 1 < j < ¢, then

F(q) = (Fi (@), ... Fe(@))".

So, the risk function that we want to minimize is

Ru(q) = Z i Z (Fie(q) —1(t > k)" WikAye

n

Now, the goal is to write the risk function as

Ru(q@) = (F(q) — ©)TA(F(q) — ¢) + K.

First, let us write the summand as a quadratic form. Fix 1 <j<fand 1 <k <m and let

wj Ay,
-

Q) =) (Fe -1t 2 b))’
t=1

Let c;(k) := (1(1 = k),1(2 = k),..,1)T and a;(k) := (0, ...,c;(k),...,0)T, where c; is from the [(j —
1)m + 1]-th until jm-th location and 0 € R™. Let A;; € R*™ ‘™ be a matrix and let C; (;.,,)(k) be an
m X m matrix defined as follows

(Wji/m)Ay 0 0
0 wi /M)A 0
Cj,(1:m)(k) = : ( ]k/f )Ay, :
0 0 = (Wi /M)Ay
The matrix Ajy is then
o0 0 -- 0 e 0
00 0 -- 0 e 0
0 0 0 - 0 0
A= & & o~ : s,
0 0 0 - Ciamk) -~ 0

0 0 0 - 0 0 O
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where C; 1..,)(k) is at the j-th diagonal block. So then

£ m
Ru(@ = ) > (F(@) — a;(k) Az (F(@) - 2;(0)).

T=1k=1

Computing the above equation so that we can complete the squares:

{f m
Ry(q) = Z F(q)TAjxF(q) —2a;(k)TA;F(q) +a;(k)"Aja; (k)
=lk=1
m £ m m
=F@T( D) A JF@-2( > > a(00TA |F@+ ) > 2,007 Ajea; (k).
j=1k=1 j=1k=1 j=1k=1
Let
£ m
A := z Z Ajk'
j=1k=1
{f m
ci= > > Agay(k),
=1k=1
£ m
K= Z Z a;(k)TAa; (k) — cTA e,
j=1k=1
Note that matrix A € R™*™ is defined as followed
Ca1my (K 0 0 0 0
0 Cac1emy () 0 0 0
m 0 0 Cyamy(k) - 0 ... 0
A= Z : : : : : ,
k=1 0 0 0 o Camy (k) - 0
0 0 0 0 0 Cprmy(k)
where forany 1 <j < ¢,
(Wjs/m)Ay, 0 0 0 0
0 (W4 /M)Ay, 0 0 0
m 0 0 (W /mAy; 0 0
= 0 0 0 o (Wi /WAy 0
0 0 0 0 0 (Wis /M)Ay
This matrix is invertible since it is a diagonal matrix and the entries are positive. Hence,
{ m
R(q) = (F(q) — A™c)TA(F(q) — A~'c) —cTA ¢ + Z Z a;(k)TA (k). (5.6)
j=1k=1

Lastly, note that we can write F(q) as a product of an invertible matrix times a vector q. Indeed, for
anyl1<j<¢,

F1(q) 100 00 qj1
Fiz(q) 110 0 0 qj2
F, 11 1 0 0 :
F@=| 7@ 5 P =g,
Fjm-1(q) 111 1 0/\4qjm1
Fm(q) 111 11 qjm



5.3. Log transformation of the parameter and quadratic form 49

where L; is m X m lower-triangular matrix and q; is a vector of length m. Therefore,

Fi(q) LL 0 - 0 q:
F 0 L 0

Fl@ = qu) ol R | B T
Fe(q) 0 0 - Ly \q

where the diagonal block matrix L € R*™*™. The matrix L is still invertible because it is a diagonal
block matrix in which each block is invertible. We can therefore write (5.6) as follows

Ry(q) = (Lq —LL"'A™'c)TA(Lg — LL"*'A™ ') + K
=(q—-L'A'c)"LTAL(q — L *A %¢c) + K.
As a function of 8, we then have
Ry(0) = (¢? —L'A"1¢)TLTAL(e? — L'A"%¢) + K.

The function R,,(8) is not in a quadratic form anymore because 8 ~ e? is a non-linear transformation
of 6.

The function Ry, (0) is furthermore not convex as illustrated in Figure 5.1. We generate 84,0, € R*
randomly, where each entry of 8; and 6, are independently sampled from N (—3,0) and standard
normal distribution respectively. The entries of these vectors should satisfy the likelihood ratio order
constraint

011 — 012 + 025 — 02, 2 0.

From this simulation, we discover an example that shows R, () is not convex. Let ¢,,(0) := Ry (0)—K,
0, :=(-2.6,—4.1,-3.1,-3.5)7 and 0, :=(-0.3,-0.3,-2,-1.4)".
Then 8, and 0, satisfy the likelihood ratio order constraint, but there exists 1 € [0, 1] such that

Pu((1 —21)8; +26,) > (1 — DPy(0;1) + 1Py (6).

— au((1-2)81+28) — (1-2)ou(6) +Agy(62)
354
3.0
251
2.0-
15-
0.00 0.25 0.50 0.75 1.00
A

Figure 5.1: A plotillustrating why Ry, (0) is a non-convex function. Define é1(8) := Ry (0)—K. The red and blue curve represent
the function 2 = @ ((1 — 1)0; + 10,) and 1 = P (01) + AP (0,) respectively. We choose 0, := (—2.6,—4.1,-3.1,-3.5)T
and 0, := (-0.3,-0.3,-2,-1.4)T.






Numerical Minimization of The Empirical
Risk: The Gradient Projection Method

In Chapter 5, we have shown that the objective function is convex, but the feasible set is non-convex.
After transforming the parameters into a logarithmic scale, we achieved the convexity of the feasible
set. Unfortunately, the objective function with the transformed parameters loses its convexity property.
Consequently, applying a numerical optimization method to our minimization problem no guarantees
a global minimizer. Additionally, due to a large number of constraints, the minimization problem is
impractical to program.

Despite these problems, we still attempt to numerically solve the objective function with the likelihood
ratio order constraint. The impracticality problem can be fixed by reducing the number of constraints
drastically. This is due to the linear dependence of the constraints (Section 6.1). We will see that
the constraint is rewritten as a matrix inequality. Due to the presence of this inequality, we solve the
minimization problem by the gradient projection method described in Section 6.2. In Section 6.3, we
modify the algorithm in Section 6.2 to sequentially approximates the conditional distribution functions.
In Section 6.4, we do a small simulation study where we visually compare the performance of the
proposed algorithms, compared to the one proposed by Mdsching and Dimbgen (2024).

6.1. Reduction of the number of constraints

Recall from Chapter 5 that the feasible set G of the minimization problem is defined in (5.5). For later
computation, we now let € as follows

C:={0 R : —0; 1, + 0k, + Ok, — Ok, <0, V1< )3 <jp <L1<ky <ky <mj.

Because the constraints are linear combinations of @, we can express the constraints as a matrix
inequality, which has a size of (ﬁ)(’;) x ¢Ym. Due to memory limits in a computer, it is not possible to

store a large matrix. For instance, suppose £ = 100 and m = 100, then R requires approximately 1800
Gb memories to store the matrix 1. In this section, we show that the number of constraints is reducible
to a matrix of size (/ — 1)(m — 1) X #m.

Let us start with an example of a matrix that represents € with small £ and m.

Example 6.1.1. Let £ = 2 and m = 4, then the matrix inequality that represents C is of size 6 x 8.

"In R, we can use object.size () to approximate the memory size needed to store an R-object.

51
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Below is the matrix inequality

011
-1 1 0 0 1 -1 0 0\ /6y,
-1 0 1 01 0 -1 0 \|6y
~1 0 0 1.1 0 0 —1f{6|_,
0 -1 1 00 1 -1 0 [|6, '
0 -1 0 10 1 0 -1]|e,,
0 0 -110 0 1 -1/16,

024

Let T be the matrix above, then note that T is not a full-rank matrix. Let R,, be the row vector of the
u-th row of matrix T. Then
R2:R1+R4; R3:R1+R5; R5:R4+R6.

g
R3=R1+R4+R6;

Now define a matrix T € R3*8, in which each row consists of entries of R;, R, and Rg;:

-1 1 0 01 -1 0 0
T={o0o -1 1 00 1 -1 o0
0 0 -1 10 0 1 -1

Then T is a full-rank matrix. If T@ < 0, then T@ < 0; and vice versa. Let (x,y) be the usual inproduct
in R™. Note that the converse of the statement follows immediately. Suppose T8 < 0, then for
u € {1,4,6} we have (R}, 8) < 0. Furthermore,

(R7,0) = (R],0) + (R}, 0) <0,
(R%,0) = (R],0) + (R}, 0)+ (R],0) <0,
(RL,0) = (R],0) + (R},0) <0,

Therefore, we can replace the matrix T with T, which has a smaller number of rows and it is a full-rank
matrix. The matrix inequality T@ < 0 is equivalent to the following constraint for @,

_Hj—l,k—l + Hj—l,k + Hj,k—l - Hj,k <0 vi1 <j < f, 1<k <m.

Let
Cred, '={0€ERM : =0,y 1 +0j_1x + 041 —0jx <0 VI<j<{1<k<m},

for a general £ and m. Following from Example 6.1.1, we have that the constraint in € is equivalent
to the constraint in C,.q . This has been proved in Mésching and Diimbgen (2024) for 8 € R”. In
our case, we have 8 € R”%, and the constraints are still equivalent by following the arguments from
the aforementioned article. This implies that the number of constraints are reduced from (£)(™) to
(¢ — 1)(m — 1) number of constraints. We state this result in the following lemma.

Lemma 6.1.2. Let 8 € R%. Then

_9j1k1+9j1k2+9j2k1_9j SO,VlS}l <j2£'€,1$k1<k2 <m (61)

2k>

is equivalent to
—0j_1k-1 T ej—l,k + Hj_k_l - ej,k <0 Vli<j<?41<k<m (6.2)

Proof. Take any @ € R‘™,. If @ satisfies (6.1), then it is immediate that @ satisfies (6.2). Indeed, the
inequality in (6.2) is still true by letting j; =j—1,j, =jandk; =k—1andk, =kforanyl <j<¥
and 1 <k <m.
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Now suppose that 0 satisfies (6.2) and let1 < j; <j, <fand 1 < k; < k, < m be arbitrary. Let
jeyi+1,...j,}and k € {ky +1,...,k;}. Then we have

ko
—Uj-1,kq + 6]-_1,,(2 + Gj’kl - gj,kz = Z _gj—l,k—l + Hj_l,k + Hj,k_l - Hj,k < 0. (63)
k=kq,+1

The inequality is true because of (6.2)and j € {j; + 1, ...,jo}and k € {k; + 1, ..., k,}. Next, by (6.3),

Jj2

_9f1k1 + 9]'1’(2 + 9f2k1 - gfzkz = Z _Hj_l!kl + 9]—1,k2 + gf,k1 - ej;kz <0.
Jj=j1+1
Hence if 0 satisfies (6.2), then it also satisfies (6.1). O

Let T € RE-Dm-DxIm gch that T@ < 0 is equivalent to @ € C,.q. The matrix T has a rank
(¢ — 1)(m — 1), which means that T is a full-rank matrix. Indeed, recall that

0 = (911, ey 91k' ey Hlm, ey gjli ey 9jk' ey Bjm' ey 9{11, ey ng, ey egm)-r.

Atrow R, of T, where 1 < u < (£ — 1)(m — 1), the first non-zero element is at (j — 2)m + k — 1 for
1<j<¢and 1<k <m.Ifwe construct T as in Example 6.1.1, then the first non-zero entry is shifted
to the right as u increases. It means that the elements below the first non-zero entry are zero, which
makes it the pivot of R,,. Each row has such pivot and hence the matrix T is a full-ranked matrix.

6.2. The implementation of the gradient projection method
Now that the number of constraints is reduced, we proceed to implement an algorithm that solves the
following minimization problem

0 := argmin ¢, (0) = argmin (e? —L"1A"1¢c)TLTAL(e? — L"*A"1¢c)
R, R

st. To<o.

To solve this, we choose the modification of the gradient projection method of Rosen (1960), proposed
by Du and Zhang (1989). This iterative method ensures that in each iteration, the new proposed point
stays feasible and it minimizes the objective function. The modification of this method ensures that
the iterative method converges to a Karush-Kuhn-Tucker (KKT) point or it generates a sequence of 6,
such that every accumulation point is a KKT point. For details of the unmodified version of the method
we refer the reader to Appendix D. The solution of the algorithm, however, is not necessarily a global
minimum because ¢,, is a non-convex function.

Table 6.1: A list of parameters that we need to create matrices for computing the objective function ¢,

] Parameter H Description

n the number of observations

£ the number of unique covariate values
m the number of unique response values
X

y

a vector of size ¢ such that x; < -+ < xy
a vector of size m such that y; < --- <y,
a vector of size m such that for 1 < k < m, the k-th entry
Ay iS Yr+1 — Yx and the m-th entry is a large positive
number M
w an £ x m matrix such that wj, is the number of observed (x;, yi)
\/ a vector of size £, where the j-th entry is Z;"zl Wik
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Before applying the algorithm, we prepare the dataset by computing the necessary parameters for
the objective function ¢,,. For instance, we need to extract £ and m from the dataset to determine the
size of the matrices. We further need to sort the covariate and the response values from the lowest
to the highest values. With the response values, we also need to compute the difference between
each consecutive response value. In Table 6.1, we summarize all of the necessary parameters of
the dataset we extract before proceeding to the main algorithm. With these parameters, we can then
construct matrices A, L, a vector c, as defined in Section 5.3.2 and the matrix T that represents the
constraints for @ in C.q .

Once the necessary matrices and vectors are constructed, we enter the initialization step and pro-
ceed with the main procedure of the gradient projection method which consists of two steps. We
describe the procedures in Algorithm 1 and Algorithm 2. In these algorithms we use s, to stop the
algorithm early if required.

We add several remarks on the Algorithm 1. First of all, the modification of the gradient projection
method occurs in the choice of the direction vector d. In the unmodified version, the algorithm uses d!!
for the direction vector if w £ 0 and there is no d.. Further, if c = 0 and d # 0, then d! will always
be assigned to d,. This coincides with the unmodified gradient projection method in Appendix D. If M
is an empty matrix or if df = 0, then the algorithm is also similar to the unmodified gradient projection
method. Regarding the gradient of ¢,,, we compute it in the following way:

Ve (0) = 2E(0)(LTAL)(e? — 1A 1),

where E(8) is a diagonal #m x #m matrix with e® as the diagonal entries?.

To comment further on the Algorithm 2, if d < 0 we use the L-BFGS-B algorithm to compute A,
otherwise we use a method that combines both the golden section search and successive parabolic
interpolation®. The L-BFGS-B algorithm uses the gradient projection method and the quasi-Newton
method. The former is used for finding the set of binding constraints and the latter is used to ap-
proximate the Hessian matrix of ¢,,. We refer the reader to Byrd et al. (1995) for more detail on the
L-BFGS-B algorithm. In the alternative case, the golden section search method is used to reduce the
length of the interval for finding the minimum. Meanwhile, the successive parabolic interpolation en-
sures faster convergence to the minimum. For these two methods we refer the reader to Brent (2003,
p. 146) for a description of the algorithm. We also recommend Bazaraa et al. (2006, p. 350) for an the
explanation of the golden section search method.

The last part that we need to address is the method for generating a feasible point 8,. To this end,
we use the uniquely sorted response values from the given dataset. Next, we sample independent new
response values y, := (y/(co))zlzl from a uniform distribution on the interval [y;, yx]. Foreachj=1,...,¢
and x; € x, we then compute

1
(0 x:)—
]

where §(x;) = x; + a and a € {10,20}. Here, the function fy(ﬂ? is a density function of a gamma
distribution with shape function ¢(x;) and scale 1. The shape function ¢(x;) is an isotonic function

and the scale is a constant. Therefore, the densities admit the likelihood ratio order if x; < x;; and

1<j,j' ¢ Thus, 8, = (log fyx 7 1%))jx € R™, where 1 < j < £and 1 < k < m, is a feasible
starting point.

6.3. Sequentially estimating the conditional distribution functions
In Algorithm 2, the algorithm determines 4, which tells us how far to move from 6, in the direction of d
such that the function value decreases. Using a common 4, we move all entries of 8 in the direction
of d and obtain a new point for the next iteration, 684, ;. In this section, we adjust the Algorithms 1 and
2 so that for any fixed 1 < j < m, we apply the algorithm only on a vector 8; := (6,4, ..., ;). Further,
for each 1 < j < m, we obtain J; instead of 1. For j = 1, we solve the unconstrained minimization

2Let f(x) be a function, where x € R% and A € R¥*? is a symmetric matrix, then d%f(x)TAf(x) = %f(x)(A + ADf(x) =
2 %f(x)Af(x). Here, --£(x) is the Jacobian matrix of £(x).
3Ifd < 0, then we use optim () and choose method = ’L-BFGS-B’.Ifd < 0, then we use optimize ()
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Algorithm 1: The main step that returns the estimated minimizer 8

Input: Dataset, the maximum number of iteration s, M > 0,c >0and b
Compute the parameters that are listed in Table 6.1 ;
Construct the matrix constraint T of size (£ — 1)(m — 1) x #m;
Generate a starting point 8, € R*™ such that T8, < 0;
Decompose T and b into (T, T,) and (by, b,) respectively such that T, 0, = b; and T,0, < b,;
s« 0;
0, — 0,
while TRUE do
if s = s then
| break
end
M~ Tl;
Compute Ve, (0,);
if M is an empty matrix then
if Vg (05) = 0 then
| break
end
else
ds — —Voy(0;);
Do Algorithm 2 ;

s—s+1;
end
end
else

P—I1-M"(MM")"1M;
d — —PVgy(65);
W — —[(MMT)"'M]V¢y (6,);
if w > 0 then
if d. = 0 then
| break
end
else
d; — dé;
Do Algorithm 2;
s—s+1;
end
end
else
Remove the h-th row from T; and call it M;
P—I-MT(MM™)"M;
di — —PVg(05);
d, —dlif ||dL]|/|wp]| > c; otherwise d¥;
Do Algorithm 2;
s—s+1;
end
end
end
Output: The estimated minimizer 6
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Algorithm 2: The line search step that returns a new point 65, b, and the matrices T, and T,

Input: Step s > 0, T,, T, a vector @ and b, from Algorithm 1, and a direction vector d
b—b,-T,0;
d— T,d;
if d < 0 then
| As « argmin, ¢y (65 + Ad) such that 1 > 0;
end
else
Amax < min{b;/d; : d; > 0} ;
As «argmin, ¢y (05 + Ad) such that 0 < A < Apay;
end
0, — 0, + 1.d;
Decompose T into T; and T, such that T8, = 0 and T, 80, < 0;
Output: The new 6., b,, and the matrices T, and T,

problem. For j > 1, we use the gradient projection method so that the likelihood ratio order constraint
is satisfied. To this end, we start by discussing the changes in the objective function. Subsequently,
we also change the constraint and adjust the algorithms from the previous section.

6.3.1. The adjustment of the objective function and the constraint

Let us recall the matrices and vectors required to construct the objective function ¢,, in Section 6.2.
We refer the reader to Section 5.3.2 for the definitions of these matrices and vectors. We first have
0 € R, which the entries are defined as

0 = (911, ey glk' ey 91m, aney 9]'1, ey gjk' ey gjm, ey 6[1, ey Q[R, T g{lm)-r.

Let 8; := (8;1,...,0jm)" € R™, forany j = 1,..,%, then 8 = (64, ..,0,)". The matrix L is a diagonal
block matrix of size £m X £m, where each block is an m x m lower triangular matrix, denoted as L;. The
matrix A has the same type and size of matrix as in L, but each block in A is an m x m matrix defined
as

(wjy /M)Ay, 0 0 0 0
0 (Wi /n)Ay, 0 0 0
0 0 Wjy/m)Ays - 0 0
A= z : : s :
0 0 0 o (Wi /M)Ay 0
0 0 0 0 0 (wj /n)Ayn,

Lastly, a vector ¢ € R*™ consists of vectors ¢; € R™ where

m [ Wjk/m)Ay, 0 0 1(1=k) wj1Ay;
¢ = Z 0 Wji/1)Ay, - 0 122k) | _ 1 (w1 +wj)Ay,
j = : : : : ~n ;

e 0 0 e (Wi /M)A 1 Wi+ A

We use the vectors 6, ¢;, and the matrices A; and L; to compute
du(0;) = (% — L7 'A7'c))TLI AjL;(e% — L7 'Aj'c)).
Minimizing EﬁM(e,) corresponds to minimizing

m

1

= Wik CRPS (Frje,, i),
k=1

forafixed1 <j<m.
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Regarding the constraint for 8, the inequality in (6.2) is equivalent to
Oik-1— 0k <Oj_16-1—0j—1k
forall 1 <j <¢and1 <k <m. For the adjusted algorithm, we first solve

6, = argmin ¢ (6;)
0,€R™,

numerically by the method of steepest descent method. For 1 < j < m, we solve

éj = argNmin $M(0j)

ejecred.,j
with a feasible convex set
Cred.j i ={0; ERIG : 0k —Oj <0131 — b1 1<k <mj

Let T be a matrix of size (m — 1) xm, such that its main diagonal entries are 1, its superdiagonal entries
are —1 and 0 otherwise. Then, forany 1 < j < ¢4,

To, <TO;_, ifandonlyif ;€ Creq, ;-

The matrix T is a full-rank matrix, with rank m — 1.

As a remark, for each j = 1, ...,#, we need to propose an initial feasible point 0}0). To reduce the
work on programming, we reuse the initial point generated for Algorithm 1. However, from our numerical
experiment, we discover that for this new algorithm the starting point might be infeasible. To correct
the initial point so that it becomes feasible, we do as follows. Fix 1 < j < m, and let

(0 (0) ~ ~
6(0) 6](0) /S
0 . _ 0, — 0; _ ¥pn(0) ) . 012 —0j_13 _ %D
_AOJ o— 12 ' ]3 —_ TGJ and - Aaj_l o— J . J —_ Tej_l
9]((31)1 1= 9}.(31) é\j—1,m—1 - é\j—1,m

which are vectors of size m — 1. Suppose —ABJ@ % —Aﬁj_l, then there exists a non-empty set of index
I c{1,..,m—1}suchthatforanyi €I,

(© 0 (0) ~ ~
—86 =0/ — 00, > 1y — By 41 = —0Gj_y;
Now we replace —AB}O) with —AEJ@ where its entries are defined as followed:

<o) |\ —ABi_y; ifiel
—AY = 0 e
a0 L ifigl
Then the new initial point is
6
9(0)+A9(0)

9 = | 6© + Ae“’) + AH(O)
0 m 1 x(0
60 + 3t g
which is feasible because Té}o) 5( < T@;_, by definition of AO(O)

6.3.2. The description of the adjusted algorithm

The first algorithm that we describe is for solving the minimization problem

0, = argmin ¢, (0,).
6,€R™,
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For this problem, we use the method of steepest descent. This iterative method uses d = —V¢,, for
the direction vector. It then performs a line search to determine how far we should move from a given
point in the direction of d. More information on this method can be found in Bazaraa et al. (2006, p.
384). The implementation of the steepest descent method is in Algorithm 3.

At the beginning of Algorithm 3, we construct a large size of matrices L, L™1, A, A~1, and a vector c.
From these matrices and vector, we extract a sub-matrix and sub-vector that correspond to computing
du (8;). The locations of these sub-matrices and sub-vectors are already determined in Section 5.3.2,
which is the (j — 1) * m + 1-th through (jm)-th entries. Since the matrices are diagonal block matrices,
we only need these blocks to compute the objective function and apply the steepest descent method.

Algorithm 3: The steepest descent algorithm for approximating 8;

Input: Dataset, the maximum number of iteration s,,x, M > 0,¢c >0
Compute the parameters that are listed in Table 6.1 ;
Construct the matrices L, L™, A, A~! and a vector c ;
Generate a starting point (¥ € Rt™ ;
s<0, j«<1, loc—(G—D*xm+1):(m);
A; < Afloc,loc], Aj‘1 — A '[loc,loc], L; < L[loc,loc], Lj‘1 — L [loc,loc], ¢ «
c[loc] ;
0:” —6©[loc] ;
d; — —VGu (6] ;
while TRUE do
0\ — 0';
if s = s« then
| break
end
if [|d,|| < € then
| break
end
else
As < argmin, ¢, (6)” + Ad;) such that A > 0;
S«—s+1;
0 — 0 + A,dy;
ds — —VG (6)) ;
end
end
Output: The approximated 8,

As for Algorithm 4, we apply the gradient projection method for each j = 2,...,m. For each j, we
extract the necessary matrices for computing ¢,, in the same manner as in Algorithm 3. We then
correct the initial starting point if it is infeasible, as discussed in Section 6.3.1. Afterwards, we enter the
while loop as described in Algorithm 1.

6.4. Simulation studies

In this section, we compare the estimator proposed by Mdsching and Dimbgen (2024) with the one
developed in this thesis. For comparison purposes, we generate a dataset using the same density
function as in the aforementioned article. We then visually assess the performance of the estimated
conditional distribution functions, contrasting it with the estimator proposed by Mdsching and Dimbgen
(2024). Before we present the results, we explain how the dataset is generated which we follow from
Mésching and Dimbgen (2024).
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Algorithm 4: The method of gradient projection for approximating 51- foreachj = 2,...,m. This
is the continuation of Algorithm 3

Input: Dataset, the maximum number of iteration s,,x, M > 0,and ¢ > 0
For every j =2,3,...,mdo
loc—(G—1*m+1):(Gm);
A; < Afloc,loc], Aj‘1 — A '[loc,loc], L; « L[loc,loc], Lj'1 — L loc,loc], ¢«
c[loc] ;
6" —6©[loc] ;
-26(” — To{”;
—A@,-_l — T/O\j_l;
if —26(” % —AB,_, then
[ (i: =085 > -8, ;
—28 — —06”;
—AB8O[1] « —28;_4[1];
0}0) « the cumulative sum of a vector (ngf),AO}O)T)T ;
end
Decompose T and b into (T;, T,) and (b;, b,) respectively such that T‘le}o) =b, and
T,6(” <b,;
Do the while loop from Algoritm 1 with constraint matrix T, the binding constraint matrix T,
the starting point 0}0) and a vector b,. Save the result in '0\1-;

end
Output: The approximated ’0\}- forj=2,..,m.

6.4.1. Generating the dataset

In order to generate the dataset, we first generate the covariate values, which we then use to generate
the corresponding response values. To generate the covariate values X, ..., X,, we draw each X;
independently for i = 1, ..., n, where each X; takes value in a set

3
X:=14+—-{1,2,..,%0}
o
and ¢, € N. The sampling is done with replacement so that it is possible to obtain ties among the X;.

To generate the response values given Xj, ..., X,,, we sample Y, ..., ¥,, from the gamma distribution
with the following density function

k®-1g=/b01(y > 0} (6.4)

1
Irix %) = W}’

where the shape function k(x) : X - R,, and the shape function b(x) : X - R, are defined as
follows: k(x) := 2+ (x+1)? and b(x) := 1 —e~19%, Both k(x) and b(x) are isotonic if x > 0. Therefore
by Example 2.3.5, we have that [Y|X = x;] <. [Y|X = x;r] if x; < x;». The sample size of the generated
data set is n = 15 and we set £, = 1000. To allow the possibility of ties the response values are
rounded to one decimal place.

6.4.2. Comparing the results of the estimated conditional distributions
For consistent comparison, we use the same generated dataset when using algorithms in Section 6.2
and Section 6.3. The generated dataset has £ = m = 15. The starting feasible points for these
algorithms are not necessary. We choose ¢ = 1000 for both algorithms. Regarding the parameter M,
we set M = 1000 for Algorithm 1 and M = 10* for Algorithm 3 and Algorithm 4.

In this simulation study, we aim to plot the estimated conditional distribution functions. Each figure
we produce includes four functions of y: the true conditional distribution function with density (6.4),
the estimated conditional distribution using algorithms in Section 6.2 or in Section 6.3, the distribution
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function computed using the initial feasible point, and the estimated conditional distribution using al-
gorithms from Mdsching and Dimbgen (2024). We denote these functions as Gy|x;» fym, Fy|xj, FY(IOx)j

and Flei respectively. Let Fyx; € {ﬁym,Fy|xj,FY(|°)3j,fy|xj}, then with the output of the algorithms, we
compute ]Fy|x]. in the following manner:

k
1
Fyy. x-=—Zex Yiper Vi<j<#$1<k<m,
vix; Vie|%;) S exp ) Pjr’) j

where 9, € {@k,ﬁjk,ej(,f)ﬁjk}. We still normalize Fy),; since Y, exp(jr) is not exactly equal to
one or smaller than one for ]Fy|x]. € {ﬁy|xj,17y|xj,FY(|°,3j}. Additionally, we assume that the conditional

distributions has support {y;, ..., i} forany 1 < j < £. As a remark, the computation of fym and
therefore the normalization, is already computed from the LRDistReqg package. Finally, we plot Gy|xj
and Fyix;» where j = 1,7,15. The corresponding covariate values are x; = 1.054,x;, = 1.624 and
X15 = 3.94.

We first present the results of using algorithms in Section 6.2 in Figure 6.1. We set s,,,, = 3000
and a = 20 for generating the initial feasible point 8,. We observe that ﬁy|x7 and fy|x7 are closely
aligned. However, the algorithm of Mdsching and Dimbgen algorithm performs better for estimating
Gy|x]., for j = 1,7,15. While fym over estimates Gy|y,, the estimator I?Ym severely underestimate

Gy|x,, especially on approximately y € [0,6]. For j = 15, the estimator FymS lies close to the true
distribution. However, the estimator Fy|x15 performs poorly in estimating Gy,
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Figure 6.1: The plot of {ﬁy|xj,F}§f;j,fy|xj} with the true distributions Gylx; for j = 1,7,15. The function Fé?;j is the gamma
distribution with shape x; + 20 and scale is 1. The number iterations needed to produce ﬁym is 3000.

We then increase the number of maximal iterations s, to 2 - 10%, with the results displayed in
Figure 6.2. Compared to when s, = 3000, the estimators ﬁy|xj for j = 1,7,15, are closer to the

true distribution Gylx;- However, we observe that the bias of the estimator I?Ym remains large for
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approximately y € [0, 6]. Furthermore, there is a notable improvement in Fyms compared to the result

in Figure 6.1. In this instance, the estimator ﬁy|x15 fits Gy, better, while Fy, _ overall underestimates
it.
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Figure 6.2: The plot of {ﬁy|x].,F}5‘|2j,Fy|xj} with the true distributions Gylx; for j = 1,7,15. The function F,S?,zj is the gamma
distribution with shape x; + 20 and scale is 1. The number iterations needed to produce ﬁyp(j is 2 -10%.

For more figures of ﬁy|x]_ and j =1, ..., %, we refer the reader to Appendix F. Here, we also present
the results of ﬁy|xj when s, is set to 5 - 10*. We observe in these figures that the bias of ﬁy|xj for
j =1is smaller fgr approximately y € [0, 6]. Recall from Figure 6.2, it illustrates the poor performance
of the estimator Fy ., within this interval.

Lastly, we present the results of estimating Gylxj using the algorithm in Section 6.3. Here, we set
Smax = 1000.In Figure 6.3, we observe overall poor performance of Fym. Notably, the function Fy,,, ,
which is the result of the unconstrained minimization, appears similar to Fy ., in Figure 6.1 and Figure
6.2. While the function FY|x1 fits Gy|x, reasonably well over a certain interval, for j = 7,15 the function
Fy|xj performs poorly compared to ﬁy|xj from Figure 6.2 and FY|xj-



62 6. Numerical Minimization of The Empirical Risk: The Gradient Projection Method

1.00
0.754
<
I
0.50 =
o
a
B
0.25
0.004
1.00 A —
0.754 —
x CDFq
x I —
LE- 0.504 5 - SD\FMOSCHIHQ
= == CDFi000
0.254 — Theoretical
Distribution
0.004
1.00
0.754
x
I
0.50 w
©
=
0.254
0.00 4 —
10 20 30

y

Figure 6.3: The plot of {F’y|xj,F}g(|2j,Fy|xj} with the true distributions Gy|x; for j = 1,7,15. The function F,S?;j is the gamma
distribution with shape x; + 20 and scale is 1. The number iterations needed to produce ﬁym is 1000.



Conclusion

The purpose of this thesis was to implement an algorithm that estimates conditional distribution func-
tions with a likelihood ratio order constraint. The estimated conditional distribution functions minimize
the empirical risk with the CRPS as the loss function while satisfying the imposed constraint. Before
we implemented the algorithm to solve this minimization problem, we transformed the estimand into a
logarithmic scale. This transformation converts the non-convex feasible set into a convex one. How-
ever, the objective function becomes non-convex within this set. To solve the problem numerically, we
use the gradient projection method to find a local minimum that is feasible. During the implementation
of the gradient projection method, we also modified it to estimate the distribution functions sequentially.

In the initial version of the algorithm, we observed that the performance of the estimators are im-
proved as we extend the run time. This observation was based on comparing the initial proposed
function and the estimated function after the algorithm was stopped. Visually, the algorithm accurately
fit the estimated distribution function to the true distribution over some interval. However, we observe
underestimation as well on some parts of the distribution function. Notably, for the distribution function
given the smallest covariate value, the algorithm of Mdsching and Dimbgen (2024) tended to overes-
timate the distribution, while the algorithm implemented in this thesis exhibited underestimation. This
underestimation might be caused by the early stopping of the algorithm.

Regarding the modified version of the algorithm, its performance falls short compared to the initial
version. Although under performance is explainable by the early stopping (s;,.x = 1000 for each
j =1,..., %), extending the running time for each j would results in a longer total running time. Moreover,
due to the early stopping, poor performance for any j — 1 and 1 < j < ¢ negatively impacts the
performance of the subsequent estimators. These effects accumulate, which leads to overall sub-
optimal estimators.

In contrast, the initial version of the algorithm estimates the distribution functions simultaneously,
which avoids the poor performance of the estimators to cascade. However, the modified algorithm
offers an advantage. Since the algorithm estimates the distribution functions sequentially, the number
of constraints is reduced. Specifically, the size of the matrix constraint is (m — 1) X m instead of
(¢ —1)(m—1) x £m. This might be beneficial when working with a larger dataset, despite the trade-off
in the estimators performance.

7.1. Limitations of the study

We now discuss several limitations of our studies. First, though the running time of the proposed
algorithms were not exactly measured, it took approximately 3 to 4 hours and 8 to 10 hours to obtain
the estimators when s, = 2 - 10* and when s, = 5 - 10* respectively. We also observed the poor
performances of the estimators, when s, = 1000. Given these results, we believed that there is
no value in making a predictive performance comparison, since the performance was visibly inferior to
the method proposed by Mdsching and Dimbgen (2024). However, performance did improved when
Smax = 2 - 10*. Despite this, the length computational time made it impractical to conduct Monte-Carlo
simulations, even with small sample size (n = 15). Therefore, we are unable to investigate whether
the algorithm proposed by Mésching and Diimbgen (2024) or the one proposed here performs better.
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Another important limitation is that we did not verify whether the estimated probabilities are indeed a
global minimizer of the empirical risk. Unlike the method proposed by Mésching and Diimbgen (2024),
where the authors have proven that the negative log-likelihood function is strictly convex in a convex
feasible set, our optimization problem does not have this property. As a consequence, the algorithms
return a local minimum. If one wants to verify that the algorithms return a global minimizer, one can
generate random initial feasible points and solve the optimization problem using these starting points.
Then compute the value of the objective function for each approximated solution. The smallest value
of the objective function is possibly the approximated global minimum. We decided not to pursue this
investigation as well, due the same reason as why we did not conduct Monte Carlo simulations.

7.2. Concluding remarks and future direction

Considering the limitations and the results presented in this thesis, we conclude that the estimation
procedure in this thesis is impractical to use, compared to the procedure from M&sching and Dumbgen
(2024). Even though, the estimators using a small dataset performs reasonably well.

The main problem lies on the running time to obtain the estimated conditional distribution functions
While the estimator of Mésching and Diimbgen (2024) produce estimates of the distribution functions
in less than a minute, the algorithm in this thesis may took 8 to 10 hours when using a small dataset.
Therefore, we would like to explore other algorithms that could reduce the computational time.

Despite these disadvantages, the CRPS scoring rule is one evaluation tool for probabilistic fore-
casts. A well-predicted event that uses the ‘correct’ distribution corresponds to a small loss, otherwise
the loss is large. We hypothesize that on average, the loss of forecasting new events using the estima-
tors presented here is smaller than Mdsching and Dimbgen (2024). However, due to the absence of
convexity property of the objective function, this may not be necessarily the true. If we have developed
an algorithm that solves the presented optimization problem efficiently, we can conduct an investigation
that is presented in the previous section.
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Additional Information about The
Ranked Probability Score

In this appendix, we explain the construction of the ranked probability score (RPS) in detail. The reason
for that is to explain why there is a term "ranked” in the name of this scoring rule. The first lemma in this
appendix is found in Epstein (1969). We add small details of the results to understand how the author
arrived at their calculations. The second lemma in this appendix is not in Epstein (1969). The lemma
is necessary so that it is clear that the combination of these two lemma results in the RPS.

The construction of the RPS uses the utility framework. Consider the following situation given in
Murphy (1966). Let Q = {W,NW?}, where W is the event of adverse weather and NW is the event of
non-adverse weather. Let P and DNP be the action to protect and not to protect respectively. Let C
be the cost of taking protective measures and L be the loss of not taking the protective measure. If W
occurs, then we should take action P which will cost C. If P is not taken then there will be a loss L. If
NW occurs, then protection is unnecessary which yields zero loss and zero cost. If the action to protect
is taken anyway, then there will be a cost of C. These scenarios can be summarized in the following
cost-loss matrix:

|w NW
P |Cc ¢
DNP| L 0

If W occurs with probability p, then the expected cost when action P is taken is pC + (1 —p)C = C. If
action DNP is taken, then the expected loss is pL. We then take action depending on which expectation
is bigger. If the expected loss is bigger than the expected cost, i.e. pL > C or equivalently p > C/L,
then we follow the course of action P. If p < C/L, then the action DNP is taken.

The quantity C/L is called the cost-loss ratio and it is defined on the interval (0, 1) for a decision
situation to exist. Indeed, if C/L > 1, then we will always take the course of action DNP. If C/L < 0,
then the loss is always larger than the cost and so we always take the action P.

For convenience, we can transform the cost-loss matrix into a utility matrix, so that the preferred
outcome has utility +1, and otherwise it is zero. Then the cost-loss matrix becomes the following utility
matrix:

| w NW
P [1-C/L 1-C/L
DNP 0 1

If c;; and u;; are the entries of the cost-loss matrix and the utility matrix respectively. Then the trans-
formation of ¢;; is defined by u;; := 1 — ¢;;/L. According to this utility matrix, the action of DNP while
the weather is W is the least desirable outcome. The most favourable outcome is when the weather is
non-adverse (NW) and no protective action is taken (DNP). The utility of taking action Pis 1 — C/L,
which is close to +1 if the loss L is very large. Lastly, by using the utility matrix and the decision rule,
we can define the utility as the following:

U=(1-C/L)i(p=C/L) +81(p < C/L), (A1)
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where 6§ = 1 if NW occurs, and equal to 0 otherwise.

Epstein (1969) then generalizes the situation described above for a finite sample space. Let Q =
{Wy, ..., W,.}, such that r = 2 and the elements are ranked such that the event W, is the most adverse
weather and W, is non-adverse weather. Let 4;,j € Q be the action taken such that the protection
measure is successively less complete. Instead of a 2 x 2 cost-loss matrix, we now have a r x r
cost-loss matrix. The entries of this matrix are defined as follows:

Clr— i
SR, ifi <,
Cr—0+Li-j) . .
— , ifi>].

If the decision is to take a full protective measure, while the observed weather is less adverse than
predicted, then the total cost comes only from the protection. If the protective measure is not sufficient,
since the observed weather is more severe than predicted, then there is a cost from the protection, in
addition to the loss. The loss increases as the action i lies further than the action j, which should have
been taken when weather j occurs.

The decision rule and the utility matrix are defined in a similar matter as in the case when r = 2.
The cost-loss matrix in the general case is transformed into the utility matrix by defining the following
entries u;; = 1 —¢;;/L, where ¢;; is (A.2). The decision rule of taking action k would be

=

-1

k
j=1

1

-
1l

Generalizing (A.1), we express the utility U; if weather W; occurs as a function of the utility matrix, a
vector p = (py, ...,pr) €10,1]" and 0 < C/L < 1, which yield

r

Uy = ) uydi(p, C/L)

i=1

where

i—-1 i
LWZ <“§Z ,
dpc/my=1t 1L PSS 2P

0, otherwise.

Treating C/L as a random variable which follows a uniform distribution on (0, 1), we can then com-
pute the expected utility when the weather W; occurs. We state the result in the following lemma.

Lemma A.1. Let C/L be uniformly distributed on interval (0,1). Then,

r—1 i

1 1 <
E[Uj]=1—m Zpk T _1 Z(i_j)pi-

i=1 | \Ikk=1 i=j+1

The maximum value of the expected utility when W; is observed, is (r + j — 2)/2(r — 1). Its minimum
value is (j — 1)/(r — 1) in the region j < (r + 1)/2, and it becomes 1/2 forj > (r + 1)/2.

Proof. Let X := C/L, then,

X(r—1 e
- 7 <
1 m—— ifi <j,
uij= (A3)
Xrr=0D+0—-j) .. _.
1 — , ifi>j.

we have

T

MW=[ZW%m@M

i=1
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r

- 11fol{zj:[r—l—x(r—i)]di(p,x)+ >

[r=1—-x(r—i+j—- i]di(p,x)} dx

i=1 i=j+1
1 (&t LR
== 1{Zfo [r—1—-x(r—1i]d;(p,x)dx + Z fo [r—1—-x(r—i)+j— i]di(p,x)dx}
i=1 i=j+1
1 (o
= r—1{ fo [r—1—x(—1i)]d;(p,x) dx+ j [ —ild;(p,x) dx} (A.4)
i=1 i=j+1
Let
Gy = Zpi, and therefore 1-Gg = Z Di, (A.5)

i=k+1

then combining (A.4) and (A.5) yield

[E[Uj]=r_1{ZL r—1—x(r—l)]dx+2f_ —l]dx}

-1 i=j+1

=G; r
= {Z [(r - 1x — —xz(r - l)] Z (G- i)x]ﬁjgj_l }

x=Gj_1  j=j+1

1 (v 1
=r_l{Z[w—l)(Gi—Gi_l)—g(af 1)(r—z)] Z[o—zxa—cl 1>]}
i=1

i=j+1

1 r
2(r—1) ;(T—i) [Glz 1]__ Z =

i=j+1

r—1 i
S22
B YSE Pk
Z(T 1) i=1 k=1

The last equality is obtained by the following computation

= )pi-

i=j+1

Z(r—i) (62 — G2, = r - DG? + (r — 2) [} — G7]
i=1

+(r—3)[63 - G2+ +2[G2, — G23] + [GE, — GZ,]
=Gi(r—-1—-(r-=-2)+Gi(r—-2—-(r-3)++G*:,2—-1)+G%2,

r—1
= Z Gi2
i=1
r—1 i
= Z Z Pk
i=1 \k=1

To analyze how E[U;] behaves, we first suppose that we predict the weather W; with 100% confi-
dence and the weather W; is observed for any j € Q. This means for every j we perfectly predict W;,
which corresponds to finding the maximum of the expected utility. Let (p4, ..., p,-) be the vector proba-
bility such that it is 1 at the j-th position and 0 otherwise. Then, the last term in E[U;] vanishes because
pi =0foranyj+1<i<r. Further, G; =1 wheneverj <i <r —1and G; = 0 otherwise. Hence,

_ —j _T+j—2
E[U;] =1 20r _1)2 2(r—1) 2r—1)°
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As for the minimum value, suppose we predict the observed weather W; incorrectly with 100% confi-
dence. Consider the following two cases:

Case 1: Let (py, ..., p,) be a probability vector such that p; =1 and p; = 0 forany 1 < i < r. Suppose
we observe an event1 < j <r. Then,

r—1
1
E[l&]=1—m;1=§

Case 2: Let (py, ..., pr) be a probability vector such that p, =1 and p; = 0 forany 1 <i <r. Suppose
we observe an event 1 < j <r. Then,

E[U;] Z _ /-1
[U;] = —3 t—Npi=1 _1 =TT

i=j+1

Combining these two cases yields the minimum expected utility, which is min{(j — 1)/(r — 1),1/2}.
This value increases with j in the region j < (r +1)/2, and it becomes a constant forj > (r +1)/2. O

From the Lemma A.1, we observe that the maximum and the minimum of the expected utility depend
on the subsequent observed weather. The maximum value of E[U;] increases as j increases. This
means that the utility is at its best when we perfectly predict the most non-adverse weather. Perfectly
predicting the worst weather does not increase the utility.

For this reason, Epstein (1969) adjusts the scoring scheme so that it is less dependent on what type
of weather occurs. To achieve this, the elements of the sample space are ranked differently. Recall
that in the beginning, we rank them from the most adverse to the least adverse weather. Now we rank
the elements of the sample space from the least adverse to the most adverse weather. The action
sequence (Aj)§=1 is now an action to protect and is subsequently more complete. Then we define ui’fj
to be the entries of the new utility matrix

Cr—10 o
—m, |fl>],

uf; = (A.6)
Cr—=0D+LG-1) . .
1-— e , ifi<j.

This is similar to u;;, which is defined in (A.3). The cost-loss ratio C/L is still assumed to be random
and it follows from a uniform distribution (0,1). We then define the following random variable that is
similar to U;:

-

UF = ) uijd} ,C/L),

i=1
where

1, fz CL<Z )
atmemy =1 " Ly P EE L

k=i+1
0, otherwise.

Equivalently, df (p,C/L) = 1ifand only if (1 - G;) < C/L < (1 — G;_,), and 0 otherwise. We now state
what the expected utility U;" is

Lemma A.2. Let C/L be uniformly distributed on interval (0, 1). Then,

J
E[Uf]=1- Z(r—l)z Z - riliz;(j_i)pi'

=1 k=i+1

The maximum value of the expected utility when W; is observed, is (2r — j — 1)/2(r — 1). Its minimum
value is (r —j)/(r — 1) inthe region j = (r + 1)/2, and itis 1/2 forj < (r + 1)/2.
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Proof. The computation in this proof is similar to the ones in Lemma A.1. Let X := C/L, then we have

1. T

IE[U;“]:L Z wldi (p, x) dx

i=1

1 1 J T
- r—1fo {Z[f—1-x(r—i>+i—j1d?<p.x)+ > [r—l—x(r—i)]dnp,x)}dx

i=1 i=j+1

ZL1[i—j]df(P,x)dx+ZL1[r_1—x(r—i)]di+(p,x)dx}
fll_—GGL 1 ] dx+2f11 Gi—1

- 1
[{ —j1(G; — Gi—y) + Z [(T - D(G; = Giy) — E((l -G = (1-Gi)H)(r - i)]}
=1

1
r—1

1
-1

[r=1—x({—-1)] dx}

1

1
-1

|
=
-
=

D I I

1 r
(=Dpit(-D-3 Z [(1-6)*— (1 —-Gi_)H)(r - i)]}
i=1

1l
N

i

j
2(r—1)z Z _rilg(j_i)pi'

=1 k=i+1

To confirm the maximum and the minimum value of the expected utility U]-+, we follow the step that is
in Lemma A.1. For the maximum expected utility, let (p4, ..., p;-) be the vector probability such that it is
1 at the j-th position and 0 otherwise. Then, the last term in E[U;] vanishes because p; = 0 for any
j+1<i<r. Ifthe observed outcome is 1 < j < r, then,

j-1
1 j—1  2r—j—1
E[U} =1——Zl=1— = .
[G7] 2(r—1) 4 . 2(r—1) 2(r—1)
i=

If j =1, then IE[U}*] is simply equal to 1. As for the minimum value, suppose we predict the observed
weather W; incorrectly with 100% confidence. Consider the following two cases:

Case 1: Let (p4, ..., p,) be a probability vector such that p; =1 and p; = 0 forany 1 < i < r. Suppose
we observe an event 1 < j < r. Then, the second term of IE[U]*] vanishes. So,

E[U}]=1-

Case 2: Let (p4, ..., p,) be a probability vector such that p, =1 and p; = 0 forany 1 < i < r. Suppose
we observe an event 1 < j < r. Then, the last term of ]E[U;f] = 0. So,

1 1
E[l]}]zl—mz:l:E

Combining these two cases yields the minimum expected utility, which is min{(r—j)/(r—1), 1/2}. This
value is a constant when j < (r + 1)/2, and it decreases in j linearly for j > (r + 1) /2. O

We observe from Lemma A.2 that the maximal expected utility also depends on the outcome of the
weather. To make the score independent of the type of observed weather, Epstein (1969) combines
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Lemma A.1 and A.2. To be more precise, the ranked probability score is the result of the two lemmas
in this appendix, which we subtract this result from 1 — E[C/L] (von Holstein, 1970). That is,

Sres(P.J) = E[U;] + E[U/"] — (1 — E[C/L]).

Indeed,
. 2
r—1 i T
. 1 1 .
SRPs(p,])=1—mz Zpk ] Z (i =D
i=1| \k=1 i=j+1
2 .
r—1 r j
i=1 k=i+1 =1
. 2 27 .
r—1 i r r J
_ 3 1 + Z . Z
27 2 =1) Pk ), Pr —— @ = pi 72,0 = 0pi
= k=1 k=i+1 i=j+1 i=1
_ ' 2 27
r-1 i r r
SR ORI EID) SO
= 2T —1) . Pk ), P — [t — Jjlpi-
i=1 k=1 k=i+1 i=1

If C/L is uniformly distributed, then 1 —E[C/L] = 1/2. In a case that the distribution of C/L is unknown,
von Holstein (1970) showed how to generate a family of ranked probability scores.



On Totally Positive Distribution

Recall from (4.1) that we want the density function of [Y|X = x;] and [Y|X = x;] to satisfy the following
relation:

fOlx)f alxe) = f(2lxs) f alxe) 2 0, (B.1)

forall x; < x; and y; < y,. Let

K= <f()'1|xs) f(Y1|xt)>
fO2lxs)  f(yalx)

Then (B.1) is equivalent to
det(K) = 0.

This looks similar to a notion of total positivity, which was introduced by Karlin (1968, p. 11).

Definition B.1 (Totally positive function). LetE,F € RandletK : E XF — R be a function. The function
K is totally positive of order r (denoted as TP,.) if for any

X< <Xy V1 < < VYo X;€E,y;EF,1<m<r,
we have
K(x1,y1) K(xu,y2) - K(x1,Ym)
K(x2,y1) K(x2,¥2) - K(x2,Ym) > 0.
K(xm' yl) K(xerZ) K(xm'ym)

To connect the notion of likelihood ratio order and a function being totally positive with order 2,
Dumbgen and Mdsching (2023) define what is a totally positive distribution of order 2.

Definition B.2 (Totally positive distribution of order 2). Let A; < A, and B, < B, (element-wise) be any
Borel sets in R%. A probability distribution P is TP, distribution if

P(A, x By)P(4; X B,) < P(4; X B)P(4, X B,).

Let f be the density function of a probability distribution P of (X,Y). If f is a TP, function, then P is a
TP, distribution. The converse is not true however, unless the (X,Y) is a joint discrete random variable.
This is stated in the following theorem, but it is stated as a corollary in Dimbgen and Mdsching (2023)
with no proof.

Theorem B.3. Let (X,Y) be a joint discrete random variable with a joint probability mass function
h(x,y) :=P(X = x,Y = y). The following statements are equivalent:

1. Forany x; < x, with P(X = x;),P(X = x3) > 0,
Y1X = x1] < [YIX = x2].

2. The function h is TP,.
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Proof. This follows directly by using the Bayes’s theorem. Let h(y|x) := P(Y = y|X = x). Then
statement (1) implies for any y; < y,,

h(y11x1)h(yz|x2) = h(y1lx2)h(y2|x1).
This is equivalent to
h(y1, x0)PX = x1)h(x2, y2)P(X = x3) = h(y1, X2)P(X = x2)h(x1, y2)P(X = x1),

and so, by removing the common factors, we obtain that h is TP,. The converse can also be shown
using the Bayes’s theorem, i.e. h(x,y) = h(y|x)P(X = x). O



Isotonic Regression

In this appendix, we review a regression method that models a set of observations such that the fitted
curve is non-decreasing. This regression is called the isotonic regression. We will first define isotonic
regression and we explain this notion graphically as well. The sources that we use in this appendix are
mainly from Barlow et al. (1972) and Robertson et al. (1988).

Before we define isotonic regression, consider the following regression problem. Let (x;, ;)i
be a data set with n independent observations, and suppose for all 1 < i < n, the random variable
X;|Y; ~ NV (u(x;),0?) and known a2. The goal is to estimate u(x;) for all 1 < i < n, with the restriction
that

,Ll(X(l)) < ,LI(X(Z)) <-- < ll(X(n)) where X(1) < X(2) << X(n)-

Let y;(x;) be the j-th observed response at x; and n; be the number of observed response values at
x;. In the unrestricted case, we can estimate n(x;)) by minimizing the following negative log-likelihood
function

n 2 n n 2 1 AN 2
~log L(u(0)| (1, Yy, 0%) = 5 log(2m) + 3 loga? + 5 > > (v = u(x))*
i=1j=1
The minimizer of the negative log-likelihood is
1<
,LL(X(L)) = n—zy](X(l)) =: yi forl<ic<k,
{ s

Jj=1

which is the average response values at x;;. As for the restricted case (i.e. with the monotonicity
constraint), we have seen in Chapter 4 that the minimization problem of the unrestricted problem can
be rewritten as follows

n

p(x) 1= argmin Zni(yi — ulx)?
u(x) i=1

s.t. M(X(i)) < ,U(X(H_l)) vVi<i<n

This is a particular case of isotonic regression. Below is a formal definition of isotonic regression taken
from Robertson et al. (1988, p. 14).

Definition C.1. Let g be a function on X and w be a positive function on X. An isotonic function g* on
X is an isotonic regression of g with weights w if g* minimizes

D 1960 - FEOPwe),

XEX
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in the class of all isotonic functions f on X. That is, for all isotonic functions f on X,

D190 - g OPwe) < ) 900 - FEPwE).

XEX XEX

If we go back to the example where Y|X is assumed to follow a normal distribution, we have g(x) =
ij and w(x) = n;. To obtain g*, we first explain it through graphical construction of g* (Section C.1.
Then, we give an example of a well-known algorithm that determines the isotonic regression (Section
C.2).

C.1. Graphical construction: Greatest Convex Minorant
In this section we use Barlow et al. (1972, p. 9 - 13) for the explanation of the graphical construction of
g~ As for the explanation about the greatest convex minorant (GCM), we use Robertson et al. (1988,
p. 7).

Let

J j
=) glxdw(x) and W;= ) w(xy),

where x; < x, < .. < xy,. Forall 1 < j <n, plot the points P, = (W}, G;), and P, := (0,0) and connect
these points. The slope between P; and P;_; is

G: — G
] j-1

AL = g0,

Wi — Wi ’

The plot with segments that join the points P; and P;_, is called the cumulative sum diagram (CSD). It
turns out that g* is the slope of the greatest convex minorant (GCM) of the CSD. Let G*(t) be the GCM
of the CSD on [0, W;,], then at ¢, the function value G*(t) is the supremum of all convex functions on
[0, Wy] such that G*(¢) < G(¢). Let G*(W)) := G and let P’ := (W}, G}), then the CSD and GCM at P;
are the same, i.e. G; = G;. An example of a CSD and its GCM is given in Figure C.1. To obtain g*(x;)
from this plot, we simply compute the slope of the segment between P/ and Pi_,, i.e.

G — G*
J Jj-1 *

= g"(x;).

W —W_, J

Note that if G; < G;, then g*(xj4+1) = g*(x;) forj = 1,..,n— 1 and the last point G, = G,. In Figure C.1,
we therefore have g*(x;) = g*(x2) = 9" (x3) < 9" (xy) = g" (x5).

The following result shows that the isotonic regression g* of g on X is unique (see Theorem 1.1 in
Barlow et al. (1972) or Theorem 1.2.1 in Robertson et al. (1988)).

Theorem C.1. Let x; < -+ < x,. Then, g™ is the isotonic regression of g. Indeed, if f (x) is isotonic on
x, then

NGE

l9Ge) = FGOPwx) 2 ) [9Ge) =" P we) + ) [9° () = fofPw). (©1)
i=1 i=1

~
1l
-

The isotonic regression is unique.

Proof. We have

n

[g(xi) = fCe)Pw(x) = Z[g(xi) — 9" () + 9" () — FO)Pw(x)

i=1

=

...
1l
Y

n

[9(x) — 9" () Pw () +Z [g" () — f (eI w(x)

i=1

+2 Z[g(xi) =g (x)1lg™ (x) — f(x)Iw (xp).
i=1
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CSD

Figure C.1: The solid line is the cumulative sum diagram (CSD) and the dashed line is the greatest convex minorant (GCM) of
the CSD. The coordinates of P;’s are (W}, G;) and the coordinates of Pj*‘s are (W;, G}), forall j € {1,2,3,4,5}. In this instance,
we have P; = P; and P = Ps.

So we need to show that
Z[g(xi) —9 ()9 () — f(x)]w(x) =0, (C.2)
i=1

for all isotonic functions f. We apply Abel’s partial sum formula, which is also stated and proven in
Lemma E.3 in Appendix E. We let

i-1
Ay = (9000 = 9" Wk = Gioy = iy,
k=1

and b; = [g*(x;) — f(x))], for1 <i <n. Then,

n

Z[g(xi) =g ()1lg" () — fFx)Iw(xy) = Z[Gi—l =G {f () = fxi-)] = [97 () — g7 (-]}

i=1 i=1

+[Gn = Grllg" (xn) — f(xn)],

where we set f(xy) = g*(xg) = Gy = G; = 0. Because P, = P;, we have that G, = G;. Because
G;_, is the GCM of a CSD, we have G;_, < G;_; which implies g*(x;) = g*(x;—1). Hence, [G;—; —
Gi4][g9"(x) = g"(xi-)] = 0forall 1 < i <n. Lastly, G;i_; < Gy and f(x;—1) < f(x;) forall1 <i<n,
the inequality (C.2) is true.

To verify the uniqueness, let g* to be another isotonic regression that minimizes

n
D lgt) — feolPw(x),
i=1
over all isotonic functions f on x. Since both g* and g* minimizes the sum of squares,

[9Cx) — 9" (e)Pw () = Z[g(xi) — g* () Pw(x). (C.3)
i=1 i=1

L
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By (C.1),

n n

[9G) = g*ColPw) = ) [g(x) — g" GPw) + ) [9° () - g*GoPwlx).  (C4)
i=1 i=1

i

i=1

Subtract both sides of the inequality in (C.4) by Z?zl[g(xi) — g*(x)]?w(x;) and use (C.3) yields,

[g" () — g% (x)Pw(x;) < 0.
i=1

L

Because w(x;) > 0 and [g*(x;) — g% (x))]? = 0, we have g*(x;) = g#(x;) forall 1 < i < n. O

C.2. The Pool-Adjacent-Violator Algorithm (PAVA)

From Figure C.1, we observe that the construction of the GCM of the CSD can be done by replacing line
segments with larger slope with a smaller slope on an interval [W;_,, W;] such that G;_; > G;. Indeed,
on [W3, Ws], the point P, lies higher than P, which means G, > Gs. The GCM of on this interval is the
line segment P;P;. On [W;, W3], we have G, > G, which means that we can replace the segment P,P;
by a line segment P, P;. However, the slope of the line segment P, P; is still larger than the line segment
PyP;. Hence, the GCM of this particular CSD consists of the line segments P,P; and P;P;. The slopes
of these line segments are the isotonic regression.

The PAVA algorithm is widely used to determine the isotonic regression. It starts with the given g,
which is the solution if g is isotonic. Otherwise, there exists an i such that g(x;_1) > g(x;). The idea is
to pool x;_, and x; to create a block {x;_4,x;}. Then, compute the weighted average

_ 9 )wlri-g) + gGwx) _ Gi— Gigp

Av(i—1,i): =
vi-10 w(x;i_1) + w(x;) W, =Wy’

which is equivalently the slope of the line segment P;_,P;. If after the first iteration, there exists another
j < isuchthat g; is, say, strictly larger than Av(i — 1, i), then we compute again the weighted average
but with weight w(x;_;) + w(x;). This value is in fact equivalent as the slope of the line segment P;_; P;.
The procedure is repeated until there is no more violator.

Example C.1. To illustrate this algorithm, we give an example of data set that is used to produce the
CSD in Figure C.1. We already sort the values (x;)7_, from the smallest to the largest. The data set
is given in Table C.1. We are unable to set g(x;) = g*(x;) for all j because it is not isotonic. We have

Table C.1: Example data set used for plotting the CSD in Figure C.1

Jlwlx) | 9(x) | W | G
1 1 1 1 1
2 2 3/2 3|4
3 1 -5 4 | 1
4 2 3/2 6 | 2
5 2 -1/2 8 1

g(xy) > g(x3) and g(x,) > g(xs) which violate the isotonicity constraint. So we pool data points that
are non-increasing. In our examples, the pools are {2,3} and {4,5}. Now, we compute the weighted
average of the pooled data points:

g)w(xz) + g(x3)w(xz) _ Gz—Gy 2

w(x;) + w(xs) Ws—W, 3
gx)Iw(xs) + g(xs)w(xs) _ Gs—G; 1
w(xy) + w(xs) W —-W, 2

These values are the slopes that connect the segments P, P; and P; Ps; respectively. Next, we replace
g(xz) and g(x3) with gi(x;) = g1(x3) := —2/3, g(x4) and g(xs) with gi(x,) = gi(xs) := 1/2 and
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Table C.2: The new data points after the first iteration. There is still a violator, since the average in pool {1} is still larger than
the average in pool {2, 3}.

Pools | Weights | Average

Ty 1 1
{2,3} 3 -2/3
{4,5} 4 1/2

91(xj) = g(x;) otherwise. The weights of the new values accumulate, and so the new weights are
wy(xz) = wi(x3) = w(xz) + w(xz) = 3, and similarly, wy(x,) = wy(xs) = wy(xs) + wi(xs) = 4,
otherwise w; (x;) = wy (x;). The result of this iteration is summarized in Table C.2.

The procedure that we have done in the first iteration is repeated until the isotonicity constraint of
g on x is satisfied. Since g;(x;) > g7 (x;) still violates the isotonicity constraint, we compute again the
weighted average with the newly computed data points. We have

91 (w1 (x1) + g1 (x2)wy (x2) _1-1+ (=2/3)-3 _ 1

wy(x1) + wq(x2) 4 4’

Hence, the isotonic regression g* is defined as follows

9" (x1) = g"(x2) = g"(x3) = —=1/4, and g"(x4) = g*(x5) = 1/2.






Optimization Theory: The Gradient
Projection Method

This appendix discusses the numerical optimization method we use in Chapter 6. Recall that we want
to minimize a function subject to inequality constraints. Due to these constraints, the steepest direction
method may lead to infeasible points. We use the gradient projection method to ensure that the next
iterated point remains in the feasible set and it improves the objective function.

We start with a recap of basic notions of Karush-Kuhn-Tucker (KKT) optimality conditions. Then we
discuss the algorithm of the gradient project method. We specifically discuss the following optimization
problem:

min f(X)

st. Ax <0,

where f : R - R is differentiable, x € R* and A € R™*%¢. We denote the minimization problem
above as problem P. We use I as the notation for the identity matrix with a suitable dimension. We use
Bazaraa et al. (2006) for the main source of this appendix.

First, we define feasible direction, improving feasible direction, and active (binding) constraints.

Definition D.1. Consider the problem P, and a feasible set S.

* A vector d # 0 is a feasible direction at x € S if there exists a § > 0 such that for any A € (0,9),
we have x + Ad € S (Bazaraa et al., 2006, p. 538 - 539).

» A vector d is an improving feasible direction at x € S, if d is a feasible direction, then f(x + Ad) <
f(x) (Bazaraa et al., 2006, p. 538 - 5639).

* Leta,, ..., a, denote the row vectors of matrix A from problem P. The active constraints or binding
constraints is the set of indices {i = 1, ...,n : (a],x) = 0} (Bazaraa et al., 2006, p. 177).

Lastly, we state a result of the Karush-Kuhn-Tucker (KKT) optimality condition for constrained opti-
mization problem P. We first state the necessary KKT conditions, followed by the sufficient condition.
The theorem below will not be proven, and we refer the reader to Bazaraa et al. (2006, p. 190) and
Bazaraa et al. (2006, p. 195) for the proofs.

Theorem D.2. Consider the problem P and let x* be a feasible solution of P. Let I be the set of binding
constraints and (a;)}-, denote the row vectors of matrix A. Suppose (a;);e; are linearly independent.
If x* is a local solution of P, then there exists u; = 0, i € I such that

VA + z wal = 0.
i€l
The above condition is referred to as the KKT condition. If f is a convex function on the set {x : Ax < 0},
then the KKT conditions are sufficient for the optimality condition.
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D.1. Generating improving feasible direction

In an unconstrained optimization with differentiable objective function, one can solve the problem by
using the steepest descent. Let d € R? such that

lim f(x+2d) - f(x) <
A-07F A

0:

then d is called the direction of descent. One can show that for
_ V™
VFIl

then the direction is the steepest descent. In each iteration of the steepest descent algorithm, it com-
putes the direction —Vf(x) and subsequently a line search is performed along this direction.

For solving the problem P, we want that the next iterated point stays feasible. To do this, instead
of moving along —Vf(x), we let d := —PVf(x), where P is a suitable projection matrix. Suppose
PVf(x) # 0 and AT = (A],A)) such that A;x = 0,A,x < 0, and A] is a full-rank matrix. Let P =
1-AJ(A;A])"tA,, then we observe P is a projection matrix, i.e. this matrix is symmetric and P? = P.
The matrix A;A] is also non-singular because A;A] because A] is a full-ranked matrix. We further
observe that A;P = 0, meaning that P projects the gradient of the binding constraints into 0. Therefore,
A;PVf(x) = 0 which implies that Pf(x) is a vector in the null space of A;. Hence the matrix P projects
Vf (x) onto the null space of A,.

The following lemma shows that for d = —PVf(x) and x satisfies Ax < 0, the objective function at
x + Ad is improved and it remains feasible.

Lemma D.1. Consider the problem P that we want to solve. Let x be a feasible point and let AT =
(AT,A]) such that A;x = 0 and A,x < 0. Let P be a projection matrix such that PVf(x) # 0 and
d := —PVf(x), then there exists § > 0 such that

fx+Ad) < f(x)  forall0<A<3. (D.1)

Let A, and assume rank(A,) = n. If P = 1— AJ(A;A])" 1A, then d satisfies (D.1) and x + Ad is a
feasible point for all A € (0, ).

Proof. Because f is differentiable, we have
y fx+2d) - f(x)
im 3

A-0%

=(Vf(x), d).
Indeed, by applying first-order Taylor expression of the expression in the limit around x we have

f&x+4d) - f(x)
A

and let 2 - 0*. Since P is idempotent and symmetric, we have

(Vf(x),d) = —VF(x)TPVf(x) = —Vf(x)TPTPVf(x) = —|[PVf(%)||* < 0.

= (Vf(x),d) + 0(2?),

This implies that d = —PVf(x) is an improving direction. If P =1— AT(A;AT) 1A, then

Aid = -A;PVf(x) = —A;(1- A (A;A])T"ADVf (%) = 0.
Therefore for some § > 0, we have A;(x + Ad) = 0 for any 4 € (0,5). Since A,(x+ Ad) < 0 remains
true for small enough A, we conclude that x + Ad € S, where S = {x € R% : Ax < 0}. O

In case when d = 0 at x, then we either have a point that satisfies a KKT conditions, or we need to
adjust the projection matrix to compute a new improving feasible direction. Indeed, assume PVf(x) = 0
and let u := —(A;A])71A,Vf(x), then

PVf(x) = (1 - A (A;A]) ' AVf(x) = Vf(x) + ATu = 0. (D.2)

We observe that if u > 0, then x satisfies the KKT conditions. If u £ 0 then we will choose an entry
u; such that u; < 0. The corresponding row of A; is then removed to create a new matrix A;. Let P

be the new projection matrix that is constructed similarly but replacing A; with A;. Then the direction
—PVf(x) is an improving feasible direction.
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Lemma D.2. Consider the problem P that we want to solve. Let x be a feasible point and let AT =
(A],AY) such that A;x = 0 and A,x < 0. Letu := —(A;A]) A, Vf(x) and A, is a full-rank matrix.
Suppose u # 0 and u; is the negative entry of u. LetA, be a matrix that is obtained from A, by removing
the j-throw A,. If P :=1—AT(A,A])"'A,, then d = —PVf(x) is an improving feasible direction.

Proof. Assume u £ 0 and let u; < 0, which is the j-th entry of u. Let P be the projection matrix as
defined in the statement. We start by proving that PVf(x) # 0 by contradiction. Suppose PVf(x) = 0.
Leti = —(A;A]) 1A, Vf(x), then

PVf(x) = (1 - AJ(A,A])'A)Vf(x) = Vf(x) +AJa = 0.
Note that from (D.2), we have
Vf(x) + Alu = Vf(x) + AJu" + u1] =0, (D.3)

where 1; is the j-th row of A;. This means that

V) +AJa - (V) + Alu + ur] ) =A] (@ —u") —wr] =0.
Because u; # 0, it implies tEat the rows of A; are linearly deBendent. It contradicts the assumption that
A, is a full-rank matrix. So PVf(x) # 0 and therefore d = —PVf(x) is an improving direction by Lemma
I:).1I-t remains to show that for some § > 0, a point x + Ad satisfies Ax < 0 for any 1 € (0,5). We have
" Aud = RPY/ (0 = -, (1 — AT RADA)V/00 = 0

_ (A d\_ (0
Ald_(w)‘(rjd)'

It is therefore sufficient to show that r;d < 0. Multiply both sides of Equation (D.3) by rj’ﬁ yields

This yields

r,PVf(x) + ;PAJu" + uPr| = 0 & —rjd + wrPrf = 0.

Because the projection matrix P is positive semi-definite and u; < 0, we have that r;d < 0. Hence
A,d < 0. We conclude that d is a feasible direction. O

D.2. Line search for the next iteration
We have seen how a projection matrix is constructed such that the next iterated point stays feasible
and it improves the objective function. Let x; be the result of the s-th iteration such that it is feasible
and d; is the direction vector. The next iterated point is defined as x,,; = x; + A,d,. In this section,
we formulate the optimization problem for finding A;.

We solve the following one-dimensional optimization problem:

min f(Xs + Ady)
StAxs+Adg) <0
A=0.

The optimization problem can in fact be relaxed such that there is only one constraint. Let AT be
decomposed into (A],A]) in the same way as in Lemma D.1. Since A;x, = 0, and we have in the
proof of Lemma D.2 that A;d < 0, we conclude A;(x; + Ad;) < 0 forall A = 0. Next, we need 1 = 0
such that A, (x; +1d,) < 0, i.e. 1A,d; < —A,X,. Because A,x; <0, if A,dg < 0, then 1A,d; < —A,X
is true forany 4 = 0. If A,d; £ 0, then we need to choose A such that 1 < (—A;X;);/(A,d;); such that
the j-th entry of A,d; is positive. Therefore, the line search problem becomes

min f(Xs + Ady)
st0<1< dhnan
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where o R
min{b;/d; : d; > 0} ifd <0,
o0 ifd<o.

Amax

and



Other Technical Computations

Lemma E.1. Given a data set D,, = (x;,y;)-,, let

(o xn} = Xy, o X} and {yy oy} = vy o Y b

where X(1) <. < X andy(l) <. < Ym) forsome1 < {,m<n. Let Wi = #{l : (Xi,yi) = (X(]),_'V(k))}

Then
¢

Jj=1

~ —_ > * X -5
a=y—ﬁx, ﬁ=_—_, and o? =

: Wik Vo — & = Bx()?,
Xc —X

NgE:

Sk

=
1l

1

solve the following optimization problem:

NgE:

n ) 1
arg max —Elog(f —?Z

wik Ve — @ = Bxj))?
(a,B,02)ERZXR5q 2 kU (k) )

=
Il

j=1k=1

Proof. We obtain the following partial derivatives:

m
9 1
aL(oc,ﬁ,az) == Z z Wik — @ = Bx(j)

Wik Yy —a — Bxy) =0

£ m
W]k(y(k) ﬁxu)) azzwjkz

j=1k=1 J=1k=1

1 £ m
er=- Z Z Wik (V) = Bx(j)
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1 m
,—lz WakY () ~ ZW1+x(J)

g
Q)
I
<
2

%
m
Z wik Yy = & — Bxj)?

These critical points maximize the log-likelihood and they are unique log function is strictly concave. [
Lemma E.2. Given a data set D,, = (x;,y;)i-,, let

{x1, o xn} = {x@), o x} and {1, v}t = ey - yemd

where X(l) < << X(g) and J’(1) <. < y(m) for some 1 < i’,m <n. Let ij = #{l : (xi,yi) = (X(]),y(k))}
and we define

m m m
. d - Yk=1 WikYk) Yk=1 WikY (k)
Wjt i= Wi an Yji= ™ = .
Zk=1 Wik Wj+

Then,
£ m
D) Wi =7, — #Gx)) = 0
j=1k=1

Proof. We have

£ m t m f m
Z Z ij(}’(k) - yj)(yj - H(x(j))) = Z y]’ ) Z Wik Y (k) Z ll(x(j)) : z Wik Y (k)
j=1k=1 j=1 k=1 j=1 k=1
' 2 m ?
- Z (y]) : Z Wik Z (x(])) Z Wik
j=1 k=1 j=1
t m '
= Z ¥ Wik (k) Z u(x) Z Wik (k)
j=1 k=1 j=1
‘ 2
_Z (ij) Wi+ +Zy]ﬂ(x(]))wj+
j=1 j=1
? m ? m
_ (Zk 1 W]ky(k))
= u(x) - Wik Y (k)
j=1 j=1 k=1

£ m

Z(Zk 1W1ky(k)) Z u(xj) - Z Wik o)
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Lemma E.3 (Abel’s partial summation formula, adjusted from Exercise 13 page 34 in Busam and Freitag
(2009)). Let (a;)i, and (b;)i-, be real-valued sequence and define

Ai=a,+a,+--+a;_,, forsomeiz=1,

where we set A; := 0 and b, := 0. Then, foreachn = 1,

n n
aibi = ) Ai(biy = b) + Anyaby
=1 =1
Proof. We have,
n n
ab; = Z(AHl — Apb;
=1 -1
n n
= Z Ai+1bi - ZAlbl
i=1 i=1
n+1 n
= Z Aibi—q — zAibi
= =

n n
= Z Aibi_y — ZAibi —A1by + Apy1by
=1 i=1

n
= > Ailbiy = ) + Ay by,
i=1

LemmaE.4. Let

£ M k -
o - ~ ~ o [f®
f&® = -w . X +nexp X' and VFX) = — .
—jk™ 7 Xik .
=1 k=m; K'=m; IR (oep
Then for any (j, k) € P,
~ . M] k'
o/ &) =—-w. +n Z €x Z X;
ai]k - _jk p ]S
k'=k s=mj
Proof. Fix1<j<{andm; <k <M. We have
Mj k
Z —gjkfjk + nexp Z Xjgr = (—wjmjfjmj + nexp(ijmj))
k=m; k’:mj

+ (_ﬂj'mﬁlfj,mﬁl + nexp(fjm]. + fj,mj+1)) +
+ (_&jk’?jk + nexp(a?jmj + o+ X)) + o
+ (—m},Mja?ij + nexp(a?jmj +oe+ X e+ J?ij)).

Therefore, differentiating the above expression w.r.t. X;; yields

oF® S :

4

~( =—w. +n exp Xis

0%; —jk J
Jk k'=k s=m;

This is because %;, appears in the exponential M; — k + 1 times. O






Additional Figures Produced Using
Algorithms in Section 6.2

F.1. Figures with parameter s, = 20000
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Figure F.1: The plot of {ﬁy|xj,F§f,3]_,Fy|Xj} with the true distributions Gylx; for j = 1,2,3. The function F,E?;], is the gamma
distribution with shape x; + 20 and scale is 1. The number iterations needed to produce ﬁy|xj is 20000.
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Figure F.2: The plot of {ﬁym,F,ﬁ?;]_,fym} with the true distributions Gy|x; for j = 4,5,6. The function F}gf,ﬂ]_ is the gamma
distribution with shape x; + 20 and scale is 1. The number iterations needed to produce ﬁy|xj is 20000.
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Figure F.3: The plot of {ﬁwxj,FlS?;]_,fym} with the true distributions Gy|x; for j = 7,8,9. The function F}Ef;j is the gamma
distribution with shape x; + 20 and scale is 1. The number iterations needed to produce ﬁy|x]. is 20000.
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Figure F.4: The plot of {ﬁy|xj,F,§?,2j,fy|xj} with the true distributions Gylx; for j = 10,11,12. The function F,E?;], is the gamma
distribution with shape x; + 20 and scale is 1. The number iterations needed to produce ﬁy|xj is 20000.

1.004
0.754
x
I
0.50 w
3]
~
~
0.25
0.00
1.004
0.754 —
x = CDF20000
x 1 —_—
> 0.50 o === CDF
i 3 _
© - CDFMdschlng
0.25+ Theoretical
Distribution
0.00
1.004
0.754
x
1l
0.50 w
©
S
0.25
0.00 1 . r !
10 20 30
y

Figure F.5: The plot of {ﬁy|xj,F1§(|);]_,Fy|xj} with the true distributions Gy|x; for j = 13,14,16. The function F}ﬁf;j is the gamma
distribution with shape x; + 20 and scale is 1. The number iterations needed to produce ﬁy|x]. is 20000.
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F.2. Figures with parameter s, = 50000
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Figure F.6: The plot of {ﬁy|xl,,F,§(|2j,fy|xj} with the true distributions Gyx; for j = 1,2,3. The function F,ﬁ?;], is the gamma

distribution with shape x; + 20 and scale is 1. The number iterations needed to produce ﬁy|xj is 50000.
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Figure F.7: The plot of {ﬁy|xj,F,§f;j,1?y|xj} with the true distributions Gy|x; for j = 4,5,6. The function F}S?;j is the gamma

distribution with shape x; + 20 and scale is 1. The number iterations needed to produce ﬁy|x]. is 50000.



F.2. Figures with parameter s, = 50000

93

1.004

0.754

0.50

0.254

0.00 1

=X

29T

1.004

0.754

0.50 1

FY|X

0.254

0.004

=X

CELT

1.00

0.754

0.50 1

0.254

0.00 1

=X

702

Figure F.8: The plot of {ﬁy|xj,F,£?;]_,Fy|xj} with the true distributions Gy|x; for j = 7,8,9. The function F,
distribution with shape x; + 20 and scale is 1. The number iterations needed to produce ﬁy|xj is 50000.
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Figure F.10: The plot of {Fy, F,E‘l’;]_fmj} with the true distributions Gyl for j = 13,14,15. The function F,Sf;]_ is the gamma
distribution with shape x; + 20 and scale is 1. The number iterations needed to produce ﬁy|xj is 50000.
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