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DISTRIBUTED EDGE-VARIANT GRAPH FILTERS

Mario Coutino, Elvin Isufi, and Geert Leus

Delft University of Technology, Delft, The Netherlands.

ABSTRACT

The main challenges distributed graph filters face in practice are
the communication overhead and computational complexity. In
this work, we extend the state-of-the-art distributed finite impulse
response (FIR) graph filters to an edge-variant (EV) version, i.e.,
a filter where every node weights the signals from its neighbors
with different values. Besides having the potential to reduce the
filter order leading to amenable communication and complexity
savings, the EV graph filter generalizes the class of classical and
node-variant FIR graph filters. Numerical tests validate our find-
ings and illustrate the potential of the EV graph filters to (i ) ap-
proximate a user-provided frequency response; and (i i ) imple-
ment distributed consensus with much lower orders than its direct
contenders.

Index Terms— Edge-variant filters, FIR graph filters, graph fil-
ters, finite-time consensus, graph signal processing.

1. INTRODUCTION

With the increasing demand to process large amounts of data liv-
ing on irregular domains, such as social, biological, or sensor net-
works, graph signal processing (GSP) [1], emerged as an exciting
field that processes these network data (signals) by naturally in-
corporating their relations represented by a graph. By providing a
specific definition of the graph Fourier transform (GFT), in GSP we
can process/analyze these signals with tools from harmonic anal-
ysis. In this context, graph filters [1–3] arise as the basic building
block to shape a graph signal by preserving different parts of its
spectrum.

Graph filters can improve tasks of signal denoising and inter-
polation [1–6], smoothing [7], and diffusion [8]. Furthermore, by
means of low-pass graph filtering a signal, the task of graph clus-
tering [9] can be performed as in [10]. To improve the scalability
of computation, or to perform filtering in sensor networks, graph
filters can be implemented distributively either in their finite im-
pulse response (FIR) [2, 3, 11], or autoregressive moving average
(ARMA) form [12–15].

In both the centralized and distributed implementations,
high-order FIR graph filters are often required to accurately ap-
proximate a given frequency response leading to high implemen-
tation costs. While ARMA graph filters are a possible choice to
tackle this problem, in this work we focus on alternative forms of
FIR graph filters which avoid stability issues that might arise with
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the ARMA implementations. Similar approaches have been con-
sidered in [11], which proposes the so-called node-variant (NV)
graph filters, and in [16, 17] in the context of stochastically spar-
sified graph filters. NV graph filters generalize classical FIR graph
filters, where for each filter shift different nodes can have differ-
ent weighting coefficients, yet a node applies the same weight to
all its neighboring signals [11]. The stochastic sparsification on
the other hand, considers a random edge sampling at each filter
shift reducing the filter cost, yet its output has a stochastic nature
with first and second order moments respectively unbiased and
bounded [16].

In this paper, we propose a generalization of the NV graph
filters named edge-variant (EV) graph filters, where for each fil-
ter shift different nodes can also apply different weights to their
neighboring signals. This improvement of the degrees of freedom
(DoF) allows a potential reduction of the filter order, and hence
of the implementation cost. We first introduce the most general
EV graph filter and highlight the challenges in its design phase.
Then, we present the constrained EV (C-EV) graph filter which al-
lows a more tractable design and still specializes the classical FIR
graph filter [3] where the for every shift, the weights are equal for
all nodes and edges, and to the NV graph filter [11] where for every
shift each node applies a constant weight for all its edges.

Our numerical tests show that the proposed EV graph filter
approximates a desired frequency response, including consensus,
with lower filter orders w.r.t. its contenders leading to lower com-
putational and communication costs.

2. PRELIMINARIES

This section covers some background information that is used
throughout the paper. We start with the basics of graph signal
processing and then recall the classical FIR and NV graph filters.

Graph signal processing (GSP). Consider a signal x ∈ RN on an
undirected1 graph G = (V ,E ) with V the set of N vertices and E the
set of M edges. Let also W and L represent the weighted graph
adjacency matrix and the corresponding graph Laplacian. Both
W and L are valid candidates for the so-called graph shift oper-
ator S, a symmetric matrix that carries the notion of frequency
in the graph setting [1, 3]. Specifically, given the decomposition

of S = UΛUT, the graph Fourier transform (GFT) of x is inter-

preted as its projection on the modes of S, i.e., x̂ = UTx. Sim-
ilarly, U being an orthonormal matrix, the inverse graph Fourier
transform is given by x=Ux̂. Following the GSP convention, the
eigenvalues Λ = diag(λ1, . . . ,λN ) are commonly referred to as the
graph frequencies.

FIR graph filters. The output of a linear shift invariant graph fil-
ter in the frequency domain is given by

1We focus on undirected graphs for simplicity of representation. How-
ever, the paper contributions are valid also for directed graphs by making
use of the Jordan decomposion for instance [3].
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ŷ = h(Λ)x̂, (1)

where h(Λ) is a diagonal matrix with the frequency response of the
filter on its diagonal. Applying the inverse GFT on both sides of (1)
leads to the vertex domain filter output

y =Hx, (2)

with H =Uh(Λ)UT. A particular form of H is its expression as a
polynomial in the graph shift operator [3], i.e.,

Hc �
K∑

k=0
φkS

k , (3)

which we refer to as the classical FIR graph filter. Next to the cen-
tralized implementation of the graph filter (1), it is also possible to
run it distributively due to the locality of S [2, 11]. Specifically,
since Skx = S(Sk−1x) the nodes can compute locally the kth
shift of x from the (k −1)th shift of x in their local neighborhood.
Overall, for an FIR filter of order K this amounts to a computa-
tional and communication complexity of O (MK ).

Node-variant graph filters. From [11], a NV graph filter in the
vertex domain has the form

Hnv �
K∑

k=0
diag(φk )Sk , (4)

where the vector φk = [φk,1, . . . ,φk,N ]T contains the node coef-
ficients to be applied at the kth shift. It is easy to see that for
φk =φk 1 the NV graph filter (4) reduces to the classical FIR graph
filter (3). Similar to (3), the NV filter (4) preserves its efficient im-
plementation since the different node coefficients are directly ap-
plied to the kth shifted input Skx = S(Sk−1x) keeping also a
computational complexity of O (MK ).

For more details about the state-of-the-art classical FIR and
NV graph filters we redirect the reader to [2, 3, 11].

Since a desired graph filter H̃ is usually approximated by
means of a matrix polynomial such as (3), in accuracy-demanding
applications, like the ones mentioned in the previous section, the
filter order K is required to be large leading to computational and
communication costs that scale linearly with K . To overcome
these issues, the NV graph filters provide a solution. However, in
the sequel we take it one step further and generalize (4) to an EV
graph filter alternative, which due to its higher degrees of freedom
can approximate a graph filter H̃ with a much lower order K lead-
ing to a more efficient implementation. A benefit of both the NV
and the EV graph filters, is that they can approximate a broader
class of operators H̃ which not necessarily share the eigenvectors
of the shift operator, such as the analog network coding proposed
in [11].

3. EDGE-VARIANT GRAPH FILTERS

Similar to NV graph filters [11], it is possible to define a different
kind of graph filters in the vertex domain where for each node, the
contribution of its neighbors is weighted independently. Such EV
graph filters can be defined as

Hev � Φ0 +Φ1 �S+ (Φ2 �S)(Φ1 �S)+ . . .

+(ΦK �S)(ΦK−1 �S) · · · (Φ1 �S)

=
K∑

k=1

k∏
j=1

(Φ j �S)+Φ0, (5)

where Φ j ∈RN×N is an edge-weighting matrix that applies differ-
ent weights to the entries of S by means of the Hadamard product
"�" . The support of Φ j and S is the same. The matrix Φ0 is con-
sidered to be a diagonal matrix. Notice that in this definition, no
symmetry of the matrices Φ j is assumed. Depending on which in-
formation is seen locally by each node, the applied weights might
not be required to be symmetric.

As a result, for a given desired response ỹ given by

ỹ = H̃x, (6)

an edge-variant graph filter Hev [cf. (5)] is designed with the aim
of solving the following optimization problem

minimize
{Φ j }

∥∥∥∥∥H̃ −
K∑

k=1

k∏
j=1

(Φ j �S)+Φ0

∥∥∥∥∥ , (7)

where ‖·‖ is an appropriate distance measure, i.e., Frobenius norm
(‖ · ‖F ), spectral norm (‖ · ‖2), etc. As in practice entry-wise close-
ness between H̃ and Hev is desired, in this work, we consider
the Frobenius norm to measure the error of the approximation.
Note that the Frobenius norm is also a natural upper bound for
the spectral norm.

Unfortunately, (7) is a high-dimensional nonconvex problem
that might lead to suboptimal results due to its multiple local min-
ima. To address this issue, in this work, we propose a two-step
approach for designing the weighting matrices {Φ j }K

j=0.

First, let us consider the following decomposition for approx-
imating a given filter H̃ by a finite matrix series:

H̃ ≈
K∑

k=1
Φ̃k �Sk + Φ̃0, (8)

where the matrix Φ̃k has the same support as Sk and Φ̃0 is as-
sumed diagonal. This decomposition perfectly describes any
filter H̃ for sufficiently large K , i.e., as large as the diameter of
the graph, as then all the entries of SK are nonzero. Although
there is no unique decomposition for H̃ , the proposed decompo-
sition in (8) allows us to approximate any filter as a set of matrices,
{Mk }K

k=0, that can be decomposed through an element-wise op-

eration, i.e., Mk = Φ̃k �Sk . Using the definition of the Frobenius
norm, we can find the weighting matrices {Φ̃k }K

k=0 from (8) by
solving

minimize
{φ̃k }

∥∥∥∥∥h̃−
K∑

k=0
diag(sk )φ̃k

∥∥∥∥∥
2

, (9)

where h̃ := vec(H̃), φ̃k := vec(Φ̃k ) and sk := vec(Sk ). As prob-
lem (9) is clearly a convex program, methods for its efficient solu-
tion are readily available. In most instances (9) is an underdeter-
mined problem, hence a natural regularized solution for (9) could
be given by the minimum norm solution. However, it is clear that
any other regularization technique can be employed to obtain the
matrices {Φ̃k }K

k=0.

After the weighting matrices {Φ̃k } are obtained, as a second
step, we require to obtain the weighting matrices of the edge-
variant filter in (5). To do so we propose to fit the matrices {Φk }K

k=0
by solving sequentially the following problem:

minimize
Φk

∥∥∥∥∥Φ̃k �Sk − (Φk �S)
k−1∏
j=1

(Φ j �S)

∥∥∥∥∥
F

, (10)
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where it is assumed that the matrices {Φ j } j<k have been already

obtained, Φ0 = Φ̃0 and Φ1 = Φ̃1.
Even though the EV graph filter proposed in (5) is the most

general version of linear graph filters that weight the entries of
the shift operator, the two-step design of the weighting matrices
might result in an involved and ill-conditioned task. This is due
to the fact that: (i ) the decomposition in (8), and (i i ) the solution
obtained in (9) are not optimal choices for a particular problem
instance. Considering these facts, in the next section we propose
a constrained version of the EV graph filter that provides a simpler
design for the weighting matrices and still preserves the efficient
implementation with complexity O (MK ).

4. CONSTRAINED EDGE-VARIANT GRAPH FILTERS

Instead of considering the filter structure in (5), consider the fol-
lowing description for a ready-to-distribute constrained EV (C-EV)
graph filter:

Hc−ev �
K∑

k=1
(Φk �S)Sk−1 +Φ0. (11)

Similar to the previous case, the matrix Φk ∈ RN×N is an edge-
weighting matrix whose support is equal to the one of S. In this
formulation, the matrix Φ0 is assumed to be diagonal.

From the definition of the C-EV graph filter in (11), it can be
observed that it allows a distributed implementation. More specif-
ically, every node can track two values which can be obtained by
local interactions: (i ) the output of a regular shift x(k) =Sx(k−1),
and (i i ) the output of a weighted shift y(k) = (Φk �S)x(k−1),
which can both be computed locally by appropriately combining
neighboring data.

Following the same approach as in the previous section, we
can design the weighting matrices {Φk }K

k=0 through a least squares
approach when the criterion in (7) is employed. That is, the opti-
mal weighting matrices are the solution to the following optimiza-
tion problem

minimize
{φk }

∥∥∥∥h̃−
K∑

k=1
(Sk−1 ⊗I)diag(s)φk +φ0

∥∥∥∥
2

, (12)

where s and φk are defined as diag(S) and vec(Φk ), respectively.
The vector h̃ = vec(H̃) is the vectorized desired filter response
matrix.

As the support of the weighting matrices is known, i.e., the lo-
cations of the nonzero entries are given by the nonzero entries
of the shift operator, the filter (in its vectorized form) can be ex-
pressed as

hc−ev =
K∑

k=1
S̃k φ̃k + φ̃0, (13)

where hc−ev = vec(Hc−ev), φ̃k is the vector with the nonzero en-
tries of φk , and S̃k is the matrix (Sk−1 ⊗I)diag(s) with the zero
columns removed. That is, as the support for each Φk is known,
only its nonzero entries must be estimated.

Therefore, the optimal weights for the edges are given by the
solution to the linear system

h̃ = [
I S̃1 . . . S̃K

]
⎡
⎢⎢⎢⎢⎣
φ̃0
φ̃1

...
φ̃K

⎤
⎥⎥⎥⎥⎦=Ψθ, (14)

where Ψ ∈RN 2×nnz(S)·K+N and θ ∈Rnnz(S)·K+N. Here, nnz(·) is the
number of nonzero entries of a matrix. In addition, if a regular-
ized solution is desired, a natural penalisation term might be the
convex �1-norm which induces sparsity in the solution leading to
a reduced number of active coefficients.

The linear system in (14) has a unique solution as long as the
condition rank(Ψ) = nnz(S)·K+N holds. Otherwise, regularization
should be used in order to obtain a unique solution for (14). We
conclude this section with the following remark:

Remark 1. It is worth noticing that the previously proposed NV
graph filter [11] [cf. (4)] is a particular case of the C-EV graph fil-
ter, in which every row of the matrices {Φk }K

k=1 has equal non-zero
elements, i.e.,

Hnv =
K∑

k=1

(
(φk1

T )�S
)
Sk−1 +diag(φ0). (15)

In the sequel, we illustrate the performance of the proposed
methods via numerical tests.

5. NUMERICAL RESULTS

In this section, we test the proposed C-EV graph filter for approx-
imating a user-provided frequency response2. For these tests,
we consider a random community graph generated with the GSP
Toolbox [18], with N = 256 nodes and shift operator S =Ln, i.e.,
the normalized Laplacian. Further, the maximum order of the FIR
graph filters that is used as baseline is Kmax = 25. For analysis,
we first consider two frequency responses commonly used in the
graph community: (i ) an exponential kernel, i.e.,

h̃(λ) := e−γ(λ−μ)2
,

and (i i ) an ideal low pass filter, i.e.,

h̃(λ) =
{

1 0 ≤λ≤λc

0 otherwise,

with γ and μ being the spectrum decaying factor and the central
parameter for the exponential kernel, respectively, and λc the cut-
off frequency in the ideal low pass filter. These two ideal filters are
considered as the desired filter responses.

Fig. 1(a) shows a comparison of the normalized approxima-
tion error in terms of the Frobenius norm between the fitted, Hfit,
and the desired, H̃ , frequency response, for both scenarios, i.e.,
en = ‖H̃ −Hfit‖2

F /‖H̃‖2
F . In the low pass scenario, we remark

that the C-EV graph filter achieves the error floor for K = 8, while
the NV graph filter for K = 13 and the classical FIR for K = 17. In
the exponential kernel scenario we observe that the gap for a fixed
NMSE between the constrained EV and NV graph filters is only two
orders while the classical FIR requires much higher orders to meet
the imposed NMSE target.

In Fig. 1(b) we depict the approximation accuracy of the C-EV
graph filter (K = 8) with that of the classical FIRs of different orders
for the low pass filter case. We note that the approximation quality
for the C-EV graph filter is similar to that of the classical FIR with
K = 25. This order reduction implies that less communication
rounds in the graph are required to implement such a low pass
filter. Similarly, the comparison between the responses of the dif-
ferent filters approximating an exponential kernel filter, is shown

2The code to reproduce the figures in this paper can be found in
https://gitlab.com/fruzti/EdgeVariantGraphFilter
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Fig. 1: (a) Error comparison between the proposed EV graph filter, the NV graph filter and the classical FIR for different orders. (Top) Performance in the ideal low pass scenario.
(Bottom) Performance for the exponential kernel. (b) Comparison of the frequency response for a FIR filter of increasing order with the response of the C-EV filter of order K = 8
when approximating a perfect low pass filter. (c) Comparison of the frequency response for a FIR filter of increasing order with the response of the C-EV filter of different orders
when approximating an exponential kernel with parameters μ= 0.75 and γ= 3.
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Fig. 2: Comparison approximation error of FIR filters for increasing order with the
response of the C-EV filter when approximating a consensus operation, i.e., H̃ =
1/N11T .

in Fig. 1(c). In this case, the exponential kernel, with parameters
{μ = 0.75,γ = 3}, is well-approximated by the C-EV graph filter for
K = 3. This approximation produces a similar result with a clas-
sical FIR of order K = 5, providing less communication rounds.
Notice that the C-EV filter of order K = 2 outperforms all classical
FIRs with K ≤ 4.

Finally, we compare the performance of the FIR filters to im-
plement distributed finite-time consensus. The latter is a partic-
ular case of the ideal low pass example with H̃ = 1

N 11T . Fig. 2
shows the normalized approximation error, en , of the three ap-
proaches where we note that the C-EV graph filter improves the
approximation accuracy by up to one order w.r.t. the other alter-
natives.

It is worth noticing that the improved accuracy of the C-EV
graph filter is due to its larger DoFs, i.e., DoFc−ev = nnz(S) ·K+N >
N · (K+1) = DoFnv leading to a saving in terms of communication
and computational complexity compared to a distributed imple-
mentation of FIR graph filters. However, due to this design free-
dom, we would like to remark that the filter design for the C-EV
graph filters might suffer from numerical issues for large filter or-
ders due to the conditioning of the matrix Ψ, i.e., the number of

parameters to be estimated (nnz(S) ·K+N) becomes larger than
the effective rank of Ψ. Similar problems might arise for NV filters
of high order, although the number of parameters to estimate are
smaller compared to the C-EV graph filter.

6. CONCLUSION

In this work, a generalization of the finite impulse response graph
filters, named the edge-variant graph filter, has been proposed in
order to reduce the communication and computational complex-
ity related to a distributed filter implementation. By designing
edge-weighting matrices, it is possible to locally weight, possibly
in an asymmetric way, the information acquired from each node’s
neighbors giving higher/lower weight to the most/less informa-
tive nodes. Despite that the more general edge-variant graph filter
may encounter numerical challenges in the filter design phase, we
show that it is possible to obtain a constrained version of it that
still generalizes the state of the art and reduces the communica-
tion and computational complexity while ensuring the same ap-
proximation accuracy.
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