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Abstract: Singularly perturbed integro-differential Volterra equations with MIMO periodic
nonlinearities are considered, which describe synchronization circuits (such as phase- and
frequency-locked loops) and many other “pendulum-like” systems. Similar to the usual pen-
dulum equation, such systems are typically featured by infinite sequences of equilibria points,
and none of which can be globally asymptotically stable. A natural extension of the global
asymptotic stability is the gradient-like behavior, that is, convergence of any solution to one
of the equilibria. In this paper, we offer an efficient frequency-domain criterion for gradient-
like behavior. This criterion is not only applicable to a broad class of infinite-dimensional
systems with periodic nonlinearities, but in fact ensures the equilibria set stability under singular
perturbation. In particular, the proposed criterion guarantees the absence of periodic solutions
that are considered to be undesirable in synchronization systems. In this paper we also discuss
a relaxed version of this criterion, which guarantees the absence of “high-frequency” periodic
solutions, whose frequencies lie beyond a certain bounded interval.

Keywords: Singular perturbation, gradient-like behavior, periodic solution, integro-differential

equation, phase synchronization systems .

1. INTRODUCTION

Singular perturbation theory is a powerful tool to examine
natural and engineered systems, in which slow and fast
processes (or two different time scales) co-exist (Fridrichs,
1955; Dyke, 1964; Cole, 1968; Imanaliev, 1972, 1974;
Kokotovic et al., 1986; O’Malley, 1991; Naidu and Calise,
2001). Mathematically, a “singularly perturbed” system
is a family of systems, parameterized by a small scalar
parameter p > 0. The system, corresponding to p = 0, is
treated to as an original (unperturbed) system, whereas
the systems indexed by p > 0 are considered to be
its perturbations. Although the system’s coefficients are
continuous in u, its structure is changed as the parameter
vanishes p = 0, e.g. the dimension of the state may reduce
and a system of ODE may turn into a descriptor system.

In analysis of singular perturbations for various types of
dynamical systems two parallel lines can be distinguished.
The first of these lines, started by (Tikhonov, 1948), is
focused on proving convergence of the perturbed solu-
tions to unperturbed ones as p — 0 (Lizama and Prado,
2006b,a; Parand and Rad, 2011). The main concern of the
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second direction is to find conditions that guarantee global
asymptotical stability of the unique equilibrium point un-
der sufficiently small values of the parameter (Klimushev
and Krasovskii, 1961; Khalil, 1981; Kokotovic et al., 1986).

Unlike globally asymptotically stable equilibria, well stud-
ied in the literature, the behavior of more complicated
attractors under singular perturbations remains uncovered
by the existing results. In this paper, we consider singular
perturbations of a Lur’e-type system, represented as the
feedback interconnection of a linear integro-differential
equation and a periodic MIMO nonlinearity. Special cases
of such a model are pendulum-like systems (Stoker, 1950)
and synchronization systems (e.g. phase- and frequency-
locked loops), arising in electrical and communication en-
gineering (Margaris, 2004; Leonov et al., 2015; Leonov,
2006; Hoppensteadt, 1983). Singular perturbations in such
systems may describe the effects of relaxation oscilla-
tions (O’Malley, 1991) or “weak” filtering (Hoppensteadt,
1983) (the parameter determines the filter bandwidth).

The presence of periodic nonlinearity in the system usually
leads to an infinite sequence of equilibria (which may be
stable or unstable), as exemplified by a usual pendulum.
One of main questions regarding the dynamics of synchro-
nization system is the convergence of any solution to one



of the equilibria. This property is sometimes referred to as
the gradient-like behavior (Leonov, 2006). Efficient suf-
ficient “frequency-algebraic” conditions for the gradient-
like behavior, based on the periodic Lyapunov functions
and integral quadratic constraints, have been established
in (Leonov, 2006; Leonov et al., 1996; Perkin et al., 2012).

If the system is not gradient-like, a natural question arises
whether it has periodic solutions. Existence of periodic
solutions of some prescribed frequency in phase locked
loops (PLL) was studied in (Shakhil’dyan and Lyakhovkin,
1972; Evtyanov and Snedkova, 1968). In (Leonov and Sper-
anskaya, 1985) a general nonezistence criterion was ob-
tained, employing the Fourier series method. It was shown
that a relaxed version of the condition for the gradient-
like behavior guarantees absence of periodic solutions with
sufficiently high frequencies. The results of (Leonov and
Speranskaya, 1985) were extended to discrete-time sys-
tems (Leonov and Fyodorov, 2011) and infinite dimen-
sional systems (Leonov et al., 1996). These latter results
were further improved in (Perkin et al., 2015; Smirnova
and Proskurnikov, 2016; Smirnova et al., 2016b) with
tightening of the frequency-domain conditions.

In this paper we consider singularly perturbed integro-
differential equations with periodic nonlinearities. We of-
fer a frequency-domain criterion of gradient-like behavior
under small values of the parameter. In the case where
the frequency-domain condition is valid only for suffi-
ciently large frequencies, it ensures the absence of the
high-frequency periodic oscillations. Unlike the previous
works (Smirnova et al., 2016a,b), we consider the case
of MIMO nonlinearities and though the methods are the
same the technique is much more complicated.

2. PROBLEM SETUP

Consider a system of singularly perturbed integro-differential

Volterra equations as follows

.Mmmw+dMa>=ww+Raer—/Qu—ﬂaﬂdn
£(t) = plon (1), ’
(1)

Here opr(t),£(t) € RY and the MIMO nonlinearity ¢ is
input-output decoupled: p(oar) = (p1(oa), -, 0i(om)).
The map ¢; is C'-smooth and Aj-periodic for any j
and has simple and isolated roots on [0; A;) (being thus
non-constant). The matrix R € R™! delay h > 0, ker-
nel v : [0;4+00) — R™! and b : [0;4+00) — R are
known. The function b(-) is continuous, the function ()
is summable. The matrix M is diagonal and given by

0, O
M:(él th)’ Lhi+ly=1 p>0. 2)

t>0.

where I,,,, O stand for m x m identity matrix and for the
k x k null matrix respectively and u is a small parameter.
To determine a solution of (1) uniquely, initial conditions
have to be fixed
on(t) =0 (t)Vt € [~h;0], o € C'[-h;0), 3)
oam(0+0) = %(0), as(0 + 0) = 5°(0),

hence the solutions of (1) are continuously differentiable.
We impose the additional assumptions that

b(t)] + |y (1)] < Ce™™,  C,r>0. (4)
We also introduce the constants mi; and mo; as follows

A .. dei(Q) A d;(€)
ma; = lnf ,Mo; = . 5
1 ¢el0,a;)  d¢ 2 C€l0,4y) dg ®)

Since ¢; is periodic and non-constant, mi; < 0 < mg; Vj.

The criteria, proposed in this paper, do not require to know
the exact values of my;, mg;. It is assumed, however, that
they belong to a certain finite interval [o; co] (that is, ¢,
satisfies a conventional slope restriction)

—o0 < ay < mi; < maj < Qg < 00 VJ (6)

We introduce the matrices of lower and upper bounds
A .
A; = diag{a,...,aqt (E=1,2).

The system (1) arises as a singular perturbation of the
following system (corresponding to p = 0)
t

oo(t) = b(t) + RE(E—h) — /’y(t —7)&(7) dr, (7)

£(t) = p(oo(t)), ’

In papers Perkin et al. (2012), Perkin et al. (2015) the
conditions for gradient-like behavior of (7) as well as
the conditions for the absence of periodic solutions are
obtained. They are formulated in terms of the transfer
matrix of its linear part from the input to the output (—¢):

“+oo

m@:me+/wm%ﬁ<mc»<&
0

t>0.

In this paper we extend the frequency—algebraic criteria
for asymptotic behavior of unperturbed system (7) to
singular perturbed system (1).

Solving the Cauchy problem for functions &ar;(t) with
j =1 +1,...,1 one can reduce the system (1) to the
system

t

oa(t) = bar(t) + RE(E—h) — /W(t—T)g(T) dr, )

£(t) = plom(t))
where R is a l; x [-matrix, bys(t) and v/ (t) satisfy the

estimate
bar ()] + Iar ()] < Cre™™

(C1>0). (10)

The transfer matrix for system (1) from the input £ to the
output —a () is as follows

Ill; 0
1
0: 112>' (11)
L+ pp

3. THE CONVERGENCE OF SOLUTIONS OF
SINGULARLY PERTURBED SYSTEM

Ku(p) = Q(p)Ko(p), Qp)= (

The results of this section are based on the following
technical lemma, proved in (Smirnova et al., 2014).

Lemma 1. Suppose there exist diagonal matrices » >
0, > 0,0 > 0,7 > 0 such that for all w € R one has



Qw) == Re{%KM(z'w) — (K (i) +
+ AT Hiw) (K (iw) + Ay tiw)—
—K]’f/[(iw)eKM(iw)} —6>0 (2=-1)

(12)

Then the quadratic functionals It[ops(-), &(+)], defined by

I 2 / [ar ()" 526() + E(1)0E(E) + rar ()" e (1) +

+ (0 (t) — ATIE@)) T(on (1) — Ay E(1)} dt
(13)
are uniformly bounded along any solution of (1):
@ = sup Irlon (), £0)] < oo. (14)

Henceforth the diagonal entries of matrices s, d,e,7 are
denoted by, respectively, s;,9;,¢;5,7;. Foreach j =1,...,1
we introduce the following constants and functions

2,002 ¢ (1 - ag () (1 — ag ) (0)),

A A
f ‘/73 f @j(C)dC
Vi = AOJ , Voj = A, 0 ,
6H<pg Qld¢ b{¢j<<)|@j(g)|dc
Aj
[ #;(¢)d¢
Vlj('r7y) = A; 0 .
[ lei(Qly 1+ 593(Ode

Henceforth we use ReH = 3(H + H*) to denote the
Hermitian part of a square matrix H.

Our first result gives a condition for the convergence of
solutions to equilibria points.

Theorem 2. Suppose that positive definite diagonal matri-
ces s, 0, ¢, 7 and numbers a € [0,1] (k=1,...,1) exist,
satisfying the following conditions:

1) for all w > 0 the inequality (12) is true;

2)the quadratic forms

Wi(€,n,¢) ==&, + 6;m* + 75¢% + jav;En+

. 15
+3;(1 —aj)voin¢ (G=1,...,10) (15)
are positive definite.
Then the solutions of (1) converges
ou(t) = 0 on(t) T @ (16)

to some equilibrium point g, where ¢ (q;) = 0Vk.

Proof. Recalling the definition of ®;, the functional (13)
can be represented in the following way

I T
i =Y [ G000 + 5,60+

, (17)
Jj=1y
a5 () + 3@ (o ()65, (1) } dt.
Introducing the functions Fj(() = ©i(¢) — vilei (),

¥;(0) = i (€) l¢;(€)], it can be shown that

@](C) VO]

1 T
=3 [ il @y 0+ 168,00+
=19

%jaoﬂt)ﬂfg( )P (an(t))aM]( ) + 7592 (0 (1)) 0775 (0)+

+5j§ } dt + Z %Jaj O']y[] (t))de(t)dt+

0
T
+/%jGOjVOJ‘I’Oj(UMj(t))de(t)dt ,
0

(18)

where ag; 21— aj By noticing that

F(¢ dg/

it can be shown that the integrals fF-(an(t))c}'Mj(t)dt
0

¢)d¢ = 0V, (19)

O\QD

T
and [ U;(onr;(t))onr,(t)dt are uniformly bounded. Us-
0

ing (14), one arrives at the following inequality

I T
S [ e @016305(0) + e (1)
0

Jj=1
(01 (1) () + €03y (1) + 8;€7 (D) +
“!‘T](I)Q(O']u]()O'MJ }dt<00 VT >0,
where Cj is a constant. Condition 2) and (20) entail that

(20)

+oo

/f )dt < 400, /O’Mj()dt<+00
0
Using the Barbalat lemma (Leonov et al., 1996) it can be
shown that ¢;(oa;(t)) — 0 and, due to (1), da; — O,
which implies convergence of op(t) as t — oo to one of
the isolated equilibria points.H

(21)

Theorem 3. Suppose there exist diagonal matrices s >

0,e > 0,0 > 0,7 > 0 such that (12) holds for all w € R

and v1; = 11;(7j,¢;) satisfy inequalities
2\/53‘53‘ > |I/1j|%j (VJZI,,Z)

Then the solutions converge in the sense of (16).

(22)

Proof. Introducing the following diagonal matrix ® (o) 2

diag{®1(op1),-..,Pi(or)}, one may notice that

T
r = [ a0y ele) + 0o+
+op () (e + 7®%(opr)) s (t)]dt.
Additionally, we introduce the functions
Y5(0) £ ¢5(0) = vsles (O1P;(€), Py () 1+%‘1>?(C)

and notice that & = Yj(oan,) + v1,l¢;|Pj(om;) and

the integrals fo (oa;)0 0 (t)dt are uniformly bounded.
Lemma 1 now nnphes the uniform boundedness of integrals

A

T
| bl oansPitonsy) + 86 + 2363, P ot
0



entailing that ar; € L2[0; 00], & € L[0; 00] due to (22) .
The proof is ended by applying the Barbalat lemma.l

In the following two theorems we establish frequency—
domain conditions, providing convergence of the solutions
of (1) under small parameter. They employ the transfer
function Ky(p) of unperturbed system (7).

Theorem 4. Suppose there exist positive definite diagonal
matrices ¢,d, 7,2 and numbers a; € [0,1] (j = 1,...,1)
such that the following conditions are satisfied :

1) the frequency inequality

Qo) = Re{%Ko(iw) — (K (iw)e Ko (iw)—

—(Ko(iw) + AT Viw)*r(Ko(iw) + Aglm)} —§5>0,

(23)
is true for all w > 0.

2) the quadratic forms (15) are positive definite.

Then there exists po > 0 such that for all u € (0, p) the
solutions of (1) converge in the sense of (16).

Proof. It follows from Theorem 2 that (16) holds if the
frequency-domain inequality (12) holds for all w > 0.
Recalling (11) the function £(w) may be decomposed as

Qw) = Qo(w) - Q(w), (24)
where, by definition

Q(w) £ Re{%@l(zw)Ko(zw) K3 Q7 (i) 7 (Ko (i) +
FiwAy ") — (K§(iw) + iwAT ) 7Q1 (iw) Ko (iw)+
K (1) Q3 (1) (7 + £)Qa (i) Koli) —
—2(K™*(iw)eQ1 (iw) Ko (iw) ¢,

(25)
and the diagonal matrix Q1 (p) stands for

L[(0 0
Q)= o ;.
L+pup

A straightforward computation shows that
Qw) = O(W T (w) + O(u*) Tr(w),
where T;(w) (i = 1,2) are continuous functions. Since

|Ko(iw)| is bounded for w € R, the inequality (12) is
equivalent to

— AT T AN 4 P(w)w + Po(w)+

+u(P3(w) + Py(w)w?) + p? (AT T AT T wt— (26)

—0w?) >0 (A7'rASt <0),

where P; (1 = 1,2,3,4) are bounded for w € [0, +00). So
we can fix g > 0 and choose the positive value wgy such
that the inequality (26) is valid for all w € [wg, +0o0) and
all u < fi. Next step we choose 1o < fi so small that Q(w)
is positive for w € [0, wp] and all p < po (this is possible
due to (25)). Theorem 4 is proved. B

Theorem 5. Suppose where exist positive definite diagonal
matrices €, 9, 7, such that for all w > 0 the frequency
inequality (23) is satisfied. Suppose also that for varying
parameters €;,0;,7;, »; the inequalities

2V/gjd; > (el (G=1,...,0)

are valid. Then the conclusion of Theorem 4 is true.

(27)

Proof. The proof is similar to the proof of Theorem 4,
using Theorem 3 instead of Theorem 2. H

4. FREQUENCIES OF PERIODIC SOLUTIONS

Definition 6. We say that a solution oy (t) of (1) has the
period Ty > 0 or the frequency wy = 2w /Ty if there
exists a set of integers I; (j = 1,...,() such that

UMj(t—l—T]\/[):O']ij(t)-i-]jAj (j:1,2,...,l). (28)
In this section we establish the conditions for the absence
of periodic solutions with certain frequencies under suffi-
ciently small values of the parameters p < .

We shall need some preliminaries Leonov and Speranskaya
(1985); Leonov et al. (1996). Suppose op(t) is a Tas—
periodic solution of (1). Then (o (¢)) is a Th—periodic
function. Indeed it follows from (28) that

@j(on;(t+Tan)) = @jlon(t) + I;A;) = @j(UMj(t)()ég

Consider the Fourier series of this periodic function
—+o0
plom(t) = Y Bre®* By eR' (i =-1), (30)
k=—oc0
By substituting (30) in (9) we have
+oo
oM (t) =ba(t) + B(t) Z K (iwk) Bre™™,  (31)
k=—o00
where the function 8(t) is defined as follows
—+oo
502 [ mnpoute-mar. @)

t

The restrictions (10) imply that that bas(¢) + 8(t) = 0.
— 00

Since s (t) is Th—periodic, by (t) + B(t) = 0 and thus

—+oo
> Ku(iwk)Bpe™*.

k=—o00

om(t) = — (33)

Theorem 7. Suppose there exist @ > 0, positive definite
matrices s, T, €, 6 and numbers a; € [0;1] (j =1,...,1),
such that the following conditions are valid:

1) for w = 0 and all w > © the inequality (12) is true;

2) the quadratic forms (15) are positive definite.

Then (1) has no periodic solution with frequency w > @.

Proof. Using the functions F}(¢), ¥;(¢) from the proof

of Theorem 2, denote F(o) = (Fy(o1), .o, Ey(o))T

U(o) 2 (Uy(a1), ..., ¥;(07))T. Introduce the diagonal ma-
trices A = diag{as,...,a;}, Aog = diag{l —aq,...,1 —a;}.
Let o (t) be a Ths—periodic solution of (1) and

G(t) = oy (t)ean(t) + <'7M( )rep(om
" (o (t)dp(on(t)) — F*(op(t )) 20y (t)—
—U* (o (t ))Ao%oM( )+

and

+(oa(t) = AT p(on () (o (1) — A3 (o (1))
(34)
and consider the function
o
J(0O) :/ G(t)dt (©>0). (35)
0

Substituting © = Ty; and using (19), we have



Ty !
I@) = [ 3 (et 0+ s oy (0 (1)
j=1
—a; 7 Fj(on(8)on (1) + 0,07 (o (1) —
—(1 —a;)sV;(on;(t) o (t)+
+75 (6015 (1) — g} @i(on;(2)))-
(615 (8) — a3, 5001, (1)) | dt =

Ta !
_ /0 S {ei62(0) + 8563 ous(0)+
=1

473630, (08 0005 (1)) + 550505 (005 (1) a0 (1)
5451 = ag)vosliplons; (D)l (@ (o (1) } dt =

Ty !
= [ S W0 o ) 6502 o5 0).

(36)
Condition 2) implies that

J(Tar) > 0. (37)

Suppose now that op/(t) has the frequency w > @. Let
us transform the functional J(Th) using expansions (31)
and (33) under the following obvious equalities:

B_. = Bk (k € Z),
where the symbol — is used for complex conjugation;

(38)

"y .
iwpr kt _twpyrmt _ Oa lf k 7é —m,
/0 glwmkt giwn dt—{TM7 if = —m, (k,m € Z).
(39)
Accordingly to Definition 6 the equalities are valid
iy o (Thar)
/Fj(UMj(t))é'JV[j(t) dt = F;(¢)d¢ =0, (40)
0 o (0)
T
/ U, (oary () 6rar; (£) dt = 0, (41)
0

We may decompose the integral J(©) from (35) as follows

4
J10) =3 J(0), (42)
k=1
©
7,(6) = / 54 (B)sep(on (£)) dt,
€]
712(0) = / " (ot () (on (1)) dt,
©
J5(0) = /0 ot (Dednr (1) dt, (43)

(._)
74(©) = / (Gar(t) — AT (o (1))

(G (t) — Ay p(onr (1)) dt.
Now we are going to calculate J;(Ths) using the formu-
las (31) and (33). We obtain

Jy(Tar) = —TM{BSKX/I(O)zB(H—

- (1)
+2 Z (BZR@(%KM(iwk))Bk> }»

k=1

+oo
Jo(Tar) = Tn{Bj0By +2 > BidBy},
k=1
J3(T') = Trn{ By K, (0)e K (0) Bo+

(45)

+o0 (46)
+23 " B Ki(iwk)e Ky (iwk By}
k=1
For integral Jy(Ths) we use the formula
+o0
plom(t) = Y iwkBe™*.
k=—o0

From (31), (33), (47) it follows that

(47)

—+oo
+2Ty > Bi Re{ (K (iwk) + Aj Viwk)*-
k=1

(48)

T (K (iwk) + Ay Yiwk) } By

From (44), (45), (46), (48) we get that
+o00
—6}By — 2Ty Y Bi{Re(sKn (iwk)—
k=1

— (K (iwk) + iwk AT 7 (K (iwk) + iwk A5 1)) —

-0 — K}kw(lwk)EK]y[(lwk)}Bk
(49)
Condition 1) of the Theorem guarantees that all the terms
B Q(wk)By, >0 (k=0,1,2,...) and hence
J(T) < 0. (50)
The contradiction with (37) implies that (1) has no peri-
odic solution with frequency w > @. Theorem 7 is proved.

Theorem 8. Suppose there exist w > 0, positive definite
matrices €, 0, 7, » and numbers a; € [0,1] (j =1,...,1)
such that the following conditions are valid :

1) for w = 0 and all w > @ the inequality (23) is true

2) the quadratic forms (15) are positive definite.

Then there exists po > 0 such that system (1) has no
periodic solutions with frequencies w > @ for p € (0, po).

Proof. Following the arguments of Theorem 4, under
condition 1) there exists po > 0 such that inequality (12)
is true for w = 0 and w > @ for u € (0, po). Theorem 7
can now be applied to system (1) with p € (0, po).

Counterparts of Theorem 3 and Theorem 5, ensuring the
absence of high-frequency oscillations, can be derived in
the same way. We omit these extensions due to the page
limit.

5. CONCLUSION

The paper is devoted to asymptotic behavior of singu-
larly perturbed infinite dimensional phase synchronization
systems (PSS), described by integro-differential Volterra
equations with periodic nonlinear functions and a small
parameter at the higher derivative. First of all the problem
of gradient—like behavior is considered. It is shown that



for sufficiently small value of the parameter frequency—
algebraic stability criteria can by extended from unper-
turbed PSS to singularly perturbed ones. In this pa-
per we demonstrate also that the relaxation of stability
frequency—algebraic conditions guarantees nonexistence of
periodic solutions of high frequency. The upper bound for
the frequency of periodic solutions is uniform with respect
to the small parameter.
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