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We show that if a sequence of piecewise affine linear processes converges in the strong sense with
a positive rate to a stochastic process that is strongly Holder continuous in time, then this sequence
converges in the strong sense even with respect to much stronger Holder norms and the convergence
rate is essentially reduced by the Holder exponent. Our first application hereof establishes pathwise
convergence rates for spectral Galerkin approximations of stochastic partial differential equations.
Our second application derives strong convergence rates of multilevel Monte Carlo approximations of
expectations of Banach-space-valued stochastic processes.

1. Introduction

In this article we study convergence rates for general stochastic processes in Holder norms. In particular,
in the main results of this work (see Corollaries 2.8 and 2.9) we reveal estimates for uniform Hdolder
errors of general stochastic processes. In this introductory section we now sketch these results and
thereafter outline several applications of the general estimates, which can be found in subsequent
sections of this article (see Corollaries 2.11, 4.5 and 5.15). To illustrate the key results of this work,
we consider the following framework throughout this section. Let 7 € (0,00) be a real number,
let (£2,.7,P) be a probability space, let (E, II-1l E) be an R-Banach space and for every function
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494 S.COX ET AL.

f:10,T] — E and every natural number N € N = {1,2,3,.. .} let [f]y: [0,T] — E be the function that
satisfies for alln € {0, 1,...,N — 1}, 7 € [2L, @2 DT] that

Fly® = (n+1 =) -£(55) + (F —n) -£(225) (1.1)

.....

THEOREM 1.1 Assume the above setting. Then for all p € (1,00), ¢ € (I/p,1], ¢ € [0,& — 1/p) there
exists C € (0,00) such that it holds for all 8 € [¢,1], N € N and all (.Z, ||-||z)-strongly measurable
stochastic processes X, Y: [0,T] x §2 — E with continuous sample paths that

1/p
p
(E[IIX - [Y]N||‘6’°‘([0,T],H-HE)])

SCNE( sup || Xur — Yur
nefo,1,...Ny N N

(1.2)

—p
| @i TN ”X”%ﬂ(w,ﬂ,n-|gp<n»;|-|5>>)'

The Holder and .£P-norms in (1.2) are to be understood in the usual sense (see Section 1.1 below
for details). Theorem 1.1 is a direct consequence of the more general result in Corollary 2.9, which
establishes an estimate similar to (1.2) also for the case of nonequidistant time grids. Moreover,

Corollary 2.8 provides an estimate similar to (1.2) but with (E[HX - Y||‘1 » " instead of

([O,T],H-IlE)])
(E[IX=[YTyloq 1] ”_”E)]) 7 on the left-hand side and with an appropriate Holder norm of ¥ occurring
on the right-hand side. Theorem 1.1 has a number of applications in the numerical approximation of
stochastic processes, as the next corollary, Corollary 1.2, clarifies. Corollary 1.2 follows immediately
from Theorem 1.1.

COROLLARY 1.2 Assume the above setting, let 8 € (0, 1] and let X: [0,T] x 2 — E and YN [0,T] x
2 — E,N € N, be (Z, ||-||p)-strongly measurable stochastic processes with continuous sample paths
that satisfy for all p € (1, 00) that VN € N: YN = [YN]N and

B _yN
1Xli52 G010 20 @400 T SUP [N pe01o) X = Yr |$P(P:|~|E>} = (1.3)
Then it holds for all p, e € (0, o0) that
Yp
sup [Nﬂ_s(IE[ sup [IX, — Y,N||5;D } < oo0. (1.4)
NeN tel0,T]

It is assumed in (1.3) that a sequence of affine linearly interpolated (.%, ||-||g)-strongly measurable
stochastic processes (YN)NeN converges for every p € (1,00) in Z7(P; ||-||) to an (Z, ||| ;)-strongly
measurable stochastic process X with a positive rate uniformly on all grid points and that this process
X admits corresponding temporal Holder regularity. Corollary 1.2 then shows that these assumptions
are sufficient to obtain convergence for every p € (1,00) in the uniform LP(P; ”'”C([O,T],H-HE))'
norm with essentially the same rate. Corollary 2.11 implies this result as a special case and includes
the case of nonequidistant time grids. Moreover, Corollary 2.11 proves an analogous conclusion for
convergence in uniform Holder norms, where the obtained convergence rate is reduced by the considered

1202 udy G uo Josn ouuo] Jo AusIeAlun Ad 081 LE8S/E6Y/L/LF/eI0IME/RUlRWIWOD dNO"DlWSpEoR)/:SARY WO} POPEOJUMOQ



CONVERGENCE IN HOLDER NORMS 495

Holder exponent. Corollary 2.12 demonstrates how this principle can be applied to Euler-Maruyama
approximations for stochastic differential equations (SDEs) with globally Lipschitz coefficients.
Arguments related to Corollary 2.11 can be found in Bally er al. (1995, Lemma Al) and Cox & van
Neerven (2013, second display on p. 325).

Corollary 1.2 is particularly useful for the study of stochastic partial differential equations
(SPDESs). In general, a solution of an SPDE fails to be a semimartingale. As a consequence, Doob’s
maximal inequality cannot be applied to obtain estimates with respect to the L2(P; ||'||C([0,T],|\<||E))'
norm. However, convergence rates with respect to the C([0,T], || LZ(P;”_”E))-norm are often
feasible and Corollary 1.2 can then be applied to obtain convergence rates with respect to the
L*(P; ||'IIC([O,T]’”,HE))-norm. Estimates with respect to the L*(P; ||'IIC([O’T]’H‘”E))—norm are useful for
using standard localisation arguments in order to extend results for SPDEs with globally Lipschitz
continuous nonlinearities to results for SPDEs with nonlinearities that are only Lipschitz continuous
on bounded sets. We demonstrate this in Corollary 4.5 in the case of pathwise convergence rates
for Galerkin approximations. To be more specific, Corollary 4.5 proves essentially sharp pathwise
convergence rates for spatial Galerkin and noise approximations for a large class of SPDEs with
nonglobally Lipschitz continuous nonlinearities. For example, Corollary 4.5 applies to stochastic
Burgers, stochastic Ginzburg-Landau, stochastic Kuramoto—Sivashinsky and Cahn—Hilliard—Cook
equations.

Another prominent application of Corollary 1.2 is multilevel Monte Carlo methods in Banach
spaces. For a random variable X € L2®: |-l g) convergence in L2 |-l g) of Monte Carlo
approximations of the expectation E[X] € E has only been established if E has so-called (Rademacher)
type p for some p € (1,2] and in this case the convergence rate is given by 1 — 1/p (see, e.g.,
Heinrich, 2001 or Corollary 5.12). However, the space C([0,T],E) fails to have type p for any
p € (1,2]. If X has more sample path regularity, this problem can nevertheless be bypassed.
More precisely, if it holds for some « € (0,1], p € (l/a,00) that X € ZL2*(P; I yyer o.71.6))
then Monte Carlo approximations of E[X] € W®%P([0,T],E) have been shown to converge in
L, I-lyyar (jo,7),)) With rate 1 — 1/min{2,p} and, by the Sobolev embedding theorem, also converge

in Z2(P; ”'”C([O,T],II-IIE)) with the same rate. Here, for any real numbers o € (0, 1], p € (I/a, 00) we
denote by W*? ([0, T], E) the Sobolev space with regularity parameter o and integrability parameter
p of continuous functions from [0,7] to E. Informally speaking, in order to gain control over
the variances appearing in multilevel Monte Carlo approximations it is therefore sufficient for the
approximations to converge with respect to the L2(P; ||~||(ga([O’T]’H_”E))-norm for some o € (0, 1]. For
more details, we refer the reader to Section 5 and, in particular, to Corollary 5.15, which formalises this
approach for the case of multilevel Monte Carlo approximations of expectations of Banach-space-valued
stochastic processes.

Finally we mention a few results in the literature that employ some findings from this article.
In particular, Corollary 2.10 in this article is applied in the proof of Jentzen & Pusnik (2015,
Corollary 6.3) to prove uniform convergence in probability for spatial spectral Galerkin approximations
of stochastic evolution equations (SEEs) with semiglobally Lipschitz continuous coefficients (see
Jentzen & Pusnik, 2015, Proposition 6.4). Moreover, Corollary 4.4 in this article is employed in
Cox et al. (2013, Sections 5.2 and 5.3) for transferring initial value regularity results for finite-
dimensional SDEs to the case of infinite-dimensional SPDEs using the examples of the stochastic
Burgers equation and the Cahn-Hilliard—Cook equation. Furthermore, Corollary 2.11 in this article
is used in the proof of Hutzenthaler et al. (2018a, Corollary 5.2) to establish essentially sharp
uniform strong convergence rates for spatial spectral Galerkin approximations of linear stochastic heat
equations.
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496 S.COX ET AL.

1.1 Notation

In this subsection we introduce some of the notation that we use throughout this article. For two sets
A and B we denote by M(A, B) the set of all mappings from A to B. For two sets A and B and a
mapping f € M(A, B) we denote by f(A) C B the image of f. For measurable spaces (£2,,.%,) and
(£2,, %,) we denote by .# (%, #,) the set of all .#, /.#,-measurable mappings from 2, to £2,. For
topological spaces (E, &) and (F, %) we denote by Z(FE) the Borel o -algebra on (E, &) and we denote
by C(E, F) the set of all continuous functions from E to F. We denote by |-| : R — [0, co) the absolute
value function on R. We denote by I": (0,00) — (0, 00) the gamma function, that is, we denote by
I': (0,00) — (0,00) the function that satisfies for all x € (0, 00) that I'(x) = fooo =D e~ dr. We
denote by &.: [0,00) — [0,00), r € (0,00), the mappings that satisfy for all » € (0,00), x € [0, 00)
that

(TN (L RTe) | A0 :
gr[x]_<n§01"(nr—+l)) _(1+F(r+1)+1"(2r+1)+ ) (1.5)

(cf. Henry, 1981, Chapter 7). As a notational device to condense the statements and proofs of many
results in this article in a mathematically rigorous way, we next introduce the notion of an extendedly
seminormed vector space, which, roughly speaking, corresponds to a vector space with a seminorm-
type function that is allowed to attain infinity. For a field K € {R,C}, a K-vector space V and a
mapping ||-|| : V — [0, 0] that satisfies for all v,w € {ue V: |ul| < oo}, A € K that ||Av|| =
\/[Re(k)]2 + [Im() ]2 ||v]| and [|[v+w]| < ||v|]l + [[w|l we call ||-|| an extended seminorm on V and
we call (V, ||-|]) an extendedly seminormed vector space. For a measure space (§2,.%, i), a measurable
space (S,.7), aset R C S and a function f: £2 — R we denote by [f] . the set given by

oy ={se #(F,7): QA e F: nA) =0and {w € 2: f(w) # gl@)} CA)}. (1.6)

For a measure space (£2,.#, ), a normed vector space (V,|-||;,) and real numbers p € [0,00), g €
(0, 00) we denote by .ZO(/L; I-ly,) the set given by

L2011y = {f e M(£2,V): fis (Z, ||]l)-strongly measurable}, (1.7

we denote by ||~||gq(m”,||v) : ﬁo(u; I-Ily/) — [0, oc] the mapping that satisfies for all f € fo(u; I-1y)
that

1q
Hf”,s,ﬂq(u;”.uv) = |:/Q |[f(a))||€,u(da)):| € [0, 0], (1.8)
we denote by £ (u; ||-Ily,) the set given by
2903 1) = [ € LW 11y Wl zaguapny < %0 (1.9)
we denote by L”(u; ||-||},) the set given by

P l-lly) = {lg € LG 1) n(f #8) =0} € LG Iy f € L2 ws l-ly)} (1.10)
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CONVERGENCE IN HOLDER NORMS 497

and we denote by ”'”L‘I(/L;II'Ilv) : LO(,u; lI-Ilyy) — [0,00] the function that satisfies for all f €
L0 |Illy) that

”{g € go(li; I-ly): n(f # g) = 0}||L"(M;H'||V) = ”f”g"(lt;l\'\lv) € [0, 00]. (L.11)

Note that for every p € [1, 00), every measure space (£2, .#, ) and every normed vector space (V, ||-[ly,)
it holds that (Z%(u; II-Ily), ||~||$p(m”,||v)) and (LO(u; II-1ly), ”'”U’(M;H'HW) are extendedly seminormed
vector spaces. For a real number 7 € [0,00), a measurable space (S,.#), a normed vector space
(V,lI-lly) and a mapping X: [0,7] x § — V that satisfies for all + € [0,7] that X,: S — V is an
(, I-lly)-strongly measurable mapping we call X an (., ||-|ly,)-strongly measurable stochastic pro-
cess. For a metric space (M, d), an extendedly seminormed vector space (E, ||-||), a real number r € [0, 1]
and a set A € (0,00) we denote by |'|%”r~A(M,\|-|\)’ |'|%”r(M,|H|)’ ||'||C(M,||-||) > ||‘||<gr(M,\|.”) : M(MLE) —
[0, co] the mappings that satisfy for all f € M(M, E) that

Flgeaang = sup([ LS €16y € Mod(ere) € A} U(0}) € [0,00], (1.12)
Flgrannn = Vlgrom o € 10,001, (1.13)

Wllearyp = supdllf @]l < e € M} U{0}) € [0, 00], (1.14)

Wl @y = Wllearn + Flerar € 10,001 (1.15)

and we denote by €" (M, ||-||) the set given by

G M, 1) = {f € COLE): Iflegr g < 0 (1.16)

For Hilbert spaces (H;, (-, ), I-l,), i € {1,2}, we denote by (HS(H,, H,), (-, Yusw, 1) I lasy Hy))
the Hilbert space of Hilbert—Schmidt operators from H; to H,. For a real number T € (0, c0) we denote
by &, the set given by

2, = {6 C[0,T]: {0,T) C 6 and #(6) < oo}. (1.17)

We denote by dyyxs din : Ure(0,00) P — R the functions that satisfy forall & = {6, 6,,...,044)_,} €
dmax(e) =

and  d_; (0) 0_,.  (1.18)

i1l et 2™y %~ O

max |9j
je{1.2,...#0)—1})
For a normed vector space (E, ||-||g), an element & = {6,0;,...,040)_1} € Urco00)Pr With 6 <
0 < -+ < Oyg)— and a function f: [0,044)_1] — E we denote by [fly: [0,044)_1] — E the
piecewise affine linear interpolation of flig o, g, _,)» thatis, we denote by [f]y: [0, 044y _1] — E the
function that satisfies for all j € {1,2,...,044)_}, s € [6,_;,6;] that

6= @) | =61 @)

=" =60 " G-60

(1.19)
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2. Convergence in Holder norms for Banach-space-valued stochastic processes
2.1 Error bounds for the Holder norm

LEmMMA 2.1 (An interpolation-type inequality). Consider the notation in Section 1.1, let (E, ||-[|g) be a
normed vector space, let (M, d) be a metric space, let f: M — E be a function and let ¢ € (0, 00),
o, B,y € [0,1] satisfy « < 8 < y. Then

Fles e = max{ca_ﬁ Il gaccooran g € V] %MO»vl(M,n-nE)} 2.1

and
Flgsanip < max{cafﬁ 1 geteon -7 7 U wm-d(M,nle)} : (2:2)

Proof. First of all, note that it holds for all e, e, € M with d(e(, e,) € (c,00) that

[fen) —flen|

< ld(e;,e,)|* P o (c.00 < @B @ (e.00 ) 2.3
d(erep)]? < |d(er. e Pl gy = ¢ Wlgeeoaniiy (2:3)

In addition, observe that it holds for all e|, e, € M with d(ey, e;) € (0, c] that

|f (e —flex)]

y=B y—B
|d(61,€2)| 5 = |d(61,6’2)| Ul gr.oam )i, < ¢ Ul v, 24

Combining (2.3) and (2.4) shows (2.1). The proof of (2.2) is analogous. This finishes the proof of
Lemma 2.1. Il

LEMMA 2.2 (Approximation error for affine linear interpolation). Consider the notation in Section 1.1,
let T € (0,00),0 € Pr,a € [0,1],let (E, ||-||g) be a normed vector space and let f: [0,T] — E be a
function. Then

If = ol cqorpay = 152Vl gqoriig- 2.5

Proof. Throughout this proof let N € N, 6,,6;,...,0y € [0,T] be the real numbers that satisfy 0 =
Oy<b0y<---<Oy=Tand 0 = {0,,0,,...,0y}, lets € [0,T]\ 6, letj € {1,2,...,N} be the natural
number such that s € (9];1 s 0]-) and let g: [0, 1] — R be the function that satisfies for all u € [0, 1] that
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CONVERGENCE IN HOLDER NORMS 499

gw) = (1 —u)u®* +u (1 —u)*. Observe that the concavity of the function [0, 00) > x > x* € R shows
for all u € [0, 1] that

%) = (1 —uw) Qw* +u (1 —w)* < (1 —u)2u+u2(1 —u)®

(2.6)
= @u(l —u)* =(1 - Qu—DH* < 1.
Note that this proves that
1F®) = 1 | = algs 1) = @) | + o [ ) = £6))]
0 E — 0/ 1) 1 E (0 / I) J E
(0;—s) (s—0;—1) o
= —(e,’ 75— 00" WVl geqoniig + g=d- 0 — 9" lgeqoriin
2.7)
_(6=9) (=D | (=61 ( G=5) \a «
= (<e,-19j71>((9,~—é71)) + =i (@=g0) ) 6= 0-1)" Vlgeqoriiig
s—0i_1 o 0i—0i—1
= g(g==) 0= 61)" W gwqorniny = (5" Wlgwqorniig:
The proof of Lemma 2.2 is thus completed. O

The next result, Corollary 2.3, provides estimates for the Holder norm differences of two functions
by using the difference of the two functions on suitable grid points. Corollary 2.3 is a consequence of
Lemmas 2.1 and 2.2.

CoroOLLARY 2.3 Consider the notation in Section 1.1, let T € (0,00), 0 € &5, 8 € [0, 1], a € [0, B8],
let (E, ||-||z) be a normed vector space and let f, g: [0, 7] — E be functions. Then

I — gl geqorniig

\dmdx<e>| =y
< T sup If () — gl + (flgrqornaip + l8les qoriig)
and
U = 8l o110 -
2 lelElX 0
= | +1] [ sup (1) = g0 + 425 (Pl oy 11, + I8 "fﬁ“‘)’”"“f))}‘
Proof. Lemma 2.1 and the triangle inequality ensure that
I = &l geqo,r,i 10
< max {1 O If = lgoams 290111159 i @1 ™ I = glegnorie 10

< max{2|dmax(9)l_“ I = &lleqor e 1man @)1F (WW([OT e 18l o ||E))}
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In addition, observe that Lemma 2.2 and the triangle inequality demonstrate that

W = glleqorng = Hf —flg ”C([O,T],H.HE) + ” [flg — [glo ||C([0,T],||‘||E) + ” lglo — g||C([0,T],H~||E)

dmax (0
< sup I (1) — gDl + | doas @) | (Wwao,n,w) + |g|<ﬁ<lo,ﬂ,n~u5)) - (21D
€

Inserting (2.11) into (2.10) yields inequality (2.8). Moreover, adding inequalities (2.8) and (2.11) results
in inequality (2.9). This finishes the proof of Corollary 2.3. U

LEmMA 2.4 Consider the notation in Section 1.1, let (E, ||-||z) be a normed vector space, let T',c €
(0,00), € [0,11,0 € &y, N € N, 0y,...,0y € [0,T] satisfy 0 = 6, < --- < Oy = T and
0 ={6y,...,0y}and letf: [0,T] — E be a function. Then

—o

1
|[f]9 | G000, ) = d;n(g) |: SEP N |[f(9]) _f(ej_1)”E:| . (2.12)

Je{l.2,...,

Proof. Observe that it holds for all s, € [0, T] with r — s € (0, c] that

11 ® = Flo@ g _ | e Ule) @ duf

|t —s|* |t —s|*

_ 1= sl [supucqoano 101) @]
- I — s

2.13
- If6) —fO_plg @19
<|t—s| p
jett2..Ny 18— 6,

11—«
< [ sup uf<e,.>—f<9,-_1>||E]

=
din(©0) | je(12....N)

This completes the proof of Lemma 2.4. U

LEmMA 2.5 Consider the notation in Section 1.1, let (E, ||-|| ;) be a normed vector space, let T € (0, co),
a €[0,1],0 € Z;andletf: [0,T] — E be a function. Then |[f],

e qo.1L1p = Fleeqoring:
Proof. Throughout this proof let N € N, 6,,6,,...,0y € [0,T] be the real numbers that satisfy 0 =
Oy<b6,<---<bOy=Tand6 = {6,,0;,...,0y}and letn: [0,T] — Nand p: [0,T] — [0, 1] be the
functions that satisfy for all ¢ € [0, T] that

1= Ohn—1

n() = min{k € {1,2,...,N}: t € [6,_1,6,]} and  p(®) = (2.14)

en(t) - en(t)—l -

Note that it holds for all ¢ € [0, T'] that

Flo@ = (1= p®)) - FOpy—1) + 1) - FOpy) = f Opp—1) + PO) - (FBpi)) — f @) (2.15)
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CONVERGENCE IN HOLDER NORMS 501
Hence, we obtain for all #|,¢, € [0, T] with #; < 1, and n(t|) = n(t,) that

(16 = Fle@ |y = [ [(1 = £@D)) - fBugyy—D) + £(t1) - f ,i,))]
—[(1 = p@) - fOuiyy—D) + £t - £ G D] |
= (o) = p@)) - F Opy—1) + (0 = P(1)) - F ) |
= [o@) = p@)| - [fOui1y—1) = F i) |
< |p(t) — p@)] If] € (0,T11-llg) 1Oy —1 = Onie | © (2.16)
= [p@) = P Ul geqoriiig [(P1) = £@) - iy = Ouiy-1) |
< Flgeqoryiiy (0@ = ) - Oury) = Ouey—1)|
=l geqoriie |1 = Onan—1 = (2 = Opryy1) [
= flgeqoriiip [n = 0"

Moreover, (2.15) ensures for all ¢;,¢, € [0, T] with n(t;) < n(t,) that

1016 = 1) |z = | [(1 = 2@)) - FBpiry—1) + 0D - f O]
—[(1 = 2(t)  fOuiy—0) + P(1) - f O] |
< (1= ) (1= p) [fOuyy—1) = FBuiiny- | 5 + 2D 0 [F i) = F i)
+ (1= p)) pt) [f Gpieyy—1) = G|l g + @D (1= p0)) [FGiry)) = F Giiy—) |
< flgeqorpipl (1= 2@D) (1= 2E)) 1650y —1 = Oniyy—11* + 211 P2 10011y = Oy
+ (1= ) 1) -1 = Ouin) + ) (1= p(1)) 1B0) = Oniey—11}- 2.17)

The concavity of the function (—00,0] > x — [x|* € R hence proves for all ¢;,#, € [0,7] with
n(t;) < n(t,) that

11t = [Flg (1) |
= Vlgaqoripnl (1=2@D) (1= p(2)) Ouy—1 = uiy—1) + Pt PE) Oy = Oniry)
+ (1= 0) p(13) (Batyy1 = Oniry) + 201 (1= £(12)) (Buey) = Ouiny—1) |
= Ul geqorniin! (1= 2ED) Ougy—1 + 20D by = (1= 0(1) Oyt = £(12) By |
=l gqorip e
WOury=1 + @D [8uirry = Cuiery—11} = {Ouiiny=1 + £ [Bny = Onry—1 1}

= o
=l geqoanip [ = 12| *

Combining this and (2.16) completes the proof of Lemma 2.5. ]
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LEMMA 2.6 (Approximations by piecewise affine linear functions). Consider the notation in Section
1.1, let (E, ||-]lz) be a normed vector space, let T € (0,00), & € [0,1], B € [e, 1], 6 € F; and let
f,g:10,T] — E be functions. Then

2 |dimax (0)]' = -
|~ L8lo| weqorning < 5 — sup I/ (1) = g0l +2 x|~ flegp oy 219
te

and

If = &do ]l o
2 dmaX 0 e X (220)
< (% + 1) sup I/ () — g0 + (m + 2%) [ O 1 80,7111
(S

Proof. Throughout this proof let N € N, 6,,0,,...,0y € [0,T] be the real numbers that satisfy 0 =
Oy<0) <---<Oy=Tand 0 = {6,,0,,...,0y}. Note that Lemma 2.1 implies that

lf - [8]9 ¢ [0,T11 1) < max { |dmax(9)| “ lf - [8]9 %0.(dmax (0).00) ([0,T1, ||| ) >
(2.21)
|donax 0)] P |f — L8]y ‘tfﬂ’(o’dmax(e)]([O,T],H-llE)} '
Next note that Lemma 2.2 ensures that
If = [8lo| goammorco qorring = 21 = 8% | cqorii
=2[f = ol cqorrpam +2 160 = &l cqorn i
dmax 0
<2 |—2( ) ‘/S f] EBA0.TLI ) +2- Sug IIf () — g(t)”E 2.22)
te

d_ . (0)
<2 |dmax(9)|ﬂ Ul s oy 2+ dméx(e) - sup If () — gl -

Moreover, observe that Lemmas 2.4 and 2.5 imply that

If = [8)o| wp0amuenqoryip <V = ol goqorning + U = 8lo| gp0ammengoryyip
< Ul esqoayiip + 1| w8 o110
dmax liﬂ
+ Mo O [ S [[F @) — @] = [F6,_) — 2] ||E] (2.23)
je{l.2,...,

2 dmax(e)
=2l gs@or1 e T U@ dun @ - sup If @ — gDl
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Substituting (2.23) and (2.22) into (2.21) proves (2.19). It thus remains to prove estimate (2.20). For
this, note that Lemma 2.2 yields that

If = L8l | cqorning = W = UFlolcqorpan + 107 = 18l | cqorn iy

(2.24)
< |dus(®|F

Ul s o1 + Sug) If () —gOllg-
te

Combining (2.19) and (2.24) shows (2.20). The proof of Lemma 2.6 is thus completed. (I

2.2 Upper error bounds for stochastic processes with Holder continuous sample paths

We now turn to the result announced in the introduction that provides convergence of stochastic
processes in Holder norms given convergence on the grid points. For this, we first recall the
Kolmogorov—Chentsov continuity theorem; cf., e.g., Revuz & Yor (1999, Theorem 1.2.1 and its

proof).

THEOREM 2.7 (Kolmogorov—Chentsov continuity theorem). Consider the notation in Section 1.1.
There exists a function & = (&7, 8)7 )0 per" R* — R such that for every T € [0,00),
p € (1,00), B € (I/p, 1], every Banach space (E,|-||g), every probability space (£2,.%#,P) and
every X € €°([0,T1, |-l f”(P;H-HE)) there exists an (%, ||-|| p)-strongly measurable stochastic process
Y: [0,T] x £2 — E with continuous sample paths such that it holds for every « € [0, 8 — 1/p) that

p
p =
(E[”Y”%a([o,T],nAuE)]) = Erpap Xl o1 grpyy,,) <o and

Vie[0,T]: PX, =Y, = 1.

(2.25)

The next result, Corollary 2.8, follows directly from Corollary 2.3 (with 7 = 7,60 = 6, B = v,
a=p.E=DP®|lp.f = (0.T] 51 (Ze LOP:|p): PZ #X,— ¥,) =0} € ®: |- ).
g=0forp e [l,00), B € [0,1], ¥y € [B,1] and (Z, ||| p)-strongly measurable stochastic processes
X, Y:[0,T] x 2 — EwithVt e [0,T]: |X, — Yt||$p(P;”_HE) < 00 in the notation of Corollary 2.3) and
the Kolmogorov—Chentsov continuity theorem (see Theorem 2.7 above).

CoroOLLARY 2.8 (Grid point approximations). Consider the notation in Section 1.1, let T € (0, 00),
0 € Pr,let (82, .#,P) be a probability space and let (E, [l E) be a Banach space. Then

(i) itholds forallp € [1,00), B € [0,1], ¥ € [B, 1] and all (.Z, ||-||z)-strongly measurable stochastic
processes X, Y: [0,T] x £2 — E that

1X = Yllige o111 greuy < 2 dman @] 77 +1) [Sug 1%, = Yill 2o -1
te

+ s O] (1XI 57 011011 on gy T 1] %V<[0,T],|»|$p(n»;|-|5>>)] (2.26)
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(ii) anditholds forallp € (1,00), B € (I/p, 1], € [0, 8 — 1/p), y € [B, 1] and all (F, ||-||)-strongly
measurable stochastic processes X, Y: [0, T] x §£2 — E with continuous sample paths that

Up
P = _
(E[”X - Y“‘K“([O,T],ll-l\,;)]) = Erpap X = Yllgsqoriiwrey,)

< Erpap (2 |dnn @] 7P +1) [Stgg 1Xe = Yill 2o @) (2.27)

Y
+ s O] (IXT 7 (0 111 om0 T Y] CKV(IO,TI,H'II_(M(P;LE)))]'

The next result, Corollary 2.9, follows directly from Lemma 2.6 (with £ = LP(P; ||-lz). T = T,
a=B.B=v.0=0f=(0.TI>1—{Zec LOP;|lp): P(Z # X, — Xy) =0} € P (P; ]| |Ip)).
g=(0.T] 5t {Z € L2 |llp): P(Z # [Y]y(1) — Xy) = 0} € LP(P; ||-l|)) for p € [1,00),
B € 10,11, y € [B,1] and (Z, ||| p)-strongly measurable stochastic processes X,Y: [0,7] x 2 — E
with sup,eq 1X; — Yill 2oy, + |X|‘5V([O,T],H~ng<nm;u.uE>) < 00 in the notation of Lemma 2.6) and the
Kolmogorov—Chentsov continuity theorem (see Theorem 2.7 above).

COROLLARY 2.9 (Piecewise affine linear stochastic processes). Consider the notation in Section 1.1, let
T € (0,00), 0 € P, let (2, F,P) be a probability space and let (E ||-||E) be a Banach space. Then

(i) itholds forall p € [1,00), B € [0,1], ¥ € [B,1] and all (Z, ||-||z)-strongly measurable stochastic
processes X, Y: [0,7] x §2 — E that

_ 2 |dmax 0)|'~F _
|x 171, Hw([o,TJ,u.nﬂ(ﬂ,,;H_HE)) = [ don @) T 1] sup 11X, = Yill 2o 1) 028

+ [21dmax @17 + 277 ] |donax O 71X g 1111 o)

(ii) anditholds forallp € (1,00), B € (I/p,1], ¢ € [0, 8 — 1/p), ¥ € [B, 1] and all (Z, |-||5)-strongly
measurable stochastic processes X, Y: [0, T] x §£2 — E with continuous sample paths that

)

p
P
(E[”X - [Y]G”%aqo,n,uwlw]) =

+ [2 |dmax(9)|_ﬁ + 2—)/] }dmax(e)} "X %”V([O,T],H-Hzﬂ(m.uE)))‘ (2.29)

2 |dinax (6)|'~#
T,p,a,ﬁ([ g +1] Sup X, = Yillzr @it

In (2.29) in Corollary 2.9 we assume besides other assumptions that ¢ is strictly smaller than y. In
general, this assumption cannot be omitted. To give an example, let (§2, %, P) be a probability space and
let W: [0, 1] x 2 — R be a one-dimensional standard Brownian motion with continuous sample paths.
Then it clearly holds for all p € [1, c0) that ||W||<51/2([0’1]’”.”iﬂp(m)) < oo. However, the fact that the

sample paths of the Brownian motion are P-a.s. not 1/2-Holder continuous (cf., e.g., Revuz & Yor, 1999,
Theorem 1.2.7 and Arcones, 1995, Corollary 3.1) ensures that it holds for all 8 € &2, p € (0, c0) that

o p _ . .
IE[|| W —[W], ||%1/2([0’1],|.|)] = 00. The following corollary is related to Bally et al. (1995, Lemma Al).
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COROLLARY 2.10 (£P-convergence in Holder norms for a fixed p € [1, 00)). Consider the notation in
Section 1.1, let T € (0,00), p € [1,00), B € [0,1], let (2,7, P) be a probability space, let (E, |- )
be a Banach space and let YV: [0,T] x 2 — E, N € N, be (Z, ||-||p)-strongly measurable stochastic

processes with continuous sample paths that satisfy lim supy_, o | l%6 0,17 Flgregi < and
7], Al

Vi e[0,T]: limsupy_, oo 1YY = YV |l gp gy, = O- Then
. . 0 . N
(i) it holds that [Y=les (0,711 oo ey ) = HMSUPN—s o0 1YV |68 (0,710 om0 ) < O
(ii) it holds for all o € [0, 1] N (—oo, B) that lim supy_, YO0 — YN”%“([O’T]»”'||$1’(JP;|\4HE>) =0

(iii)) anditholds for all @ € [0, 1] N (—o0, B — 1/p) that

lim supE[HYO — ¥, (2.30)

N—oo

([o,T],n-nE)] =0.

Proof. Throughout this proof let 6" € ;, n € N, be the sequence that satisfies for all n € N that
on ={0,L, 2L . w, T} € Zr. Observe that the assumption that V¢ € [0, T]: limsupy_, o, ||Y?—

LRI
N — : : N
Yl #r ;)1 = 0 and the assumption that imsupy_, oo 1Y [ 10,77, oo» ) < 00 ensure that

@:l-lg)

0 0

0 1Yy =Y5ll 2p @)1 )
Y = su L 8§ = E
| l(&”ﬁ([O,T]’H'||$1’(H”;|\-HE)) ste[OpT] [ [—s/P

s#£t
limsupy o 1Y =Y+ =Y+ YD) L op @)
= Ssup \t—slﬂ (231)
s,1€[0,T1, .
SF#EL

1YY =YVl op @) i|

< sup lim sup[ Ta;

s5,t€[0,T], N—oo
s#Et

. N
< limsup [Y |(to”/3([O,T],H-||$P(n»;”.HE>) < o0
N—oo

This establishes item (i). In the next step we prove item (ii). We apply Corollary 2.8 (i) to obtain for all
o € [0,8],n,N € N that

N — N
1Y’ —y ligeqoriingrey = 2ldman @]~ +1) |:,S€u£ 1Y) = Yl v @i

ny| B 0 N
+ i O P (1Yl 0,110 1o o) + 1Y |W<[0,T],|~|gp(ﬂ»;|-|5)>)]

< (5 +1) sup 12 = YV L gy (2.32)

ted”"

278 T8 0 N
+(nﬁ—a +n_/3> (Yl @011 zmeqap) T 1Y 18 Q0TI p @)
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Item (i) and the assumption that V¢ € [0,T]: limsupy._, ||Yz0 — YtN||$”(1P;H~HE) = 0 hence imply for
all @ € [0, 8], n € N that

][hm sup sup || Y0 — va||$v(ﬂ>;|-|g>]

N—oo teh"

. 0 N
timsup Y™ = ¥Vl e qo.101-1 o g = [

s +[
=[5

Hence, we obtain for all « € [0, 1] N (—o0, B) that

278 ] 1 N
-+ i ]hmsuplY |(6’ﬂ([O,T],ll'||21’<1P;\|.||E)) (2.33)
N—o00

11msup|Y lz8 0.7, < 00.
] Nesoo AOTLN-l2p @)1 )

= lim sup lim sup || Yo —yN ||<ga

n—»o0 N-—>oo

limsup [ Y0 — ¥V||u

0,711l 1.
m su AOTLI N 2p @) —

O.TLI- Il 2r @1 5))

< |:1im sup ‘4 hm sup i| lim sup hal le8 0.17 L L p @) = 0. (2.34)

n—oo

This shows item (ii). It thus remains to establish item (iii) to complete the proof of Corollary 2.10.
For this we apply the first inequality in Corollary 2.8 (ii) to obtain for all r € (1/p,00) N (—o0, B,
a €[0,r—1/p), N € N that

p
0 N P [ _yN
ElIY"—Y ”(u([o,T],u-nE) = Srpar ”YO Y ”%’([O,T],Hv\lgp(u»;u-” )° (2.35)
E

This and item (ii) imply for all » € (1/p, 00) N (—o0, B), o € [0, — 1/p) that

: _ yNyP E li YO N I — 2.
timsup B[ 17~ Yo 711 = (B WS IY =iy =00 236)
This establishes item (iii). The proof of Corollary 2.10 is thus completed. O

The next result, Corollary 2.11, is a consequence of Corollaries 2.8 and 2.9.

CorOLLARY 2.11 (Convergence rates with respect to Holder norms). Consider the notation in Section
1.1,1et T € (0,00), p € (1,00), B € (p,11, OV)yey S Py satisty limsupy_, o, dpay OY) = 0, let
(2, #,P) be a probability space, let (E ||-||E) be a Banach space, let YN:[0,T] x 2 — E,N € Ny,
be (Z, ||-|lg)-strongly measurable stochastic processes with continuous sample paths that satisfy Yg €
ZLP(Ps Il ) and

0 Ny|— 0 N
Y |(tfﬂ([0,T],||‘||_<£1’(P:l<E))+;u§|:|dmax(9 )| 7P sup 1Y)~ Y] ||.$P<P;||-|E>} <00 2.37)
€

tedN

1202 udy G uo Josn ouuo] Jo AusIeAlun Ad 081 LE8S/E6Y/L/LF/eI0IME/RUlRWIWOD dNO"DlWSpEoR)/:SARY WO} POPEOJUMOQ



CONVERGENCE IN HOLDER NORMS 507

and assume ([ SUPyeN |YN|(fﬁ([O,T],H~Hzn<]p;u,”E)) < oo] or [SUPNeN dmax(GN)/dmm(eN) < oo and VN €
N: YV = [YN]yn]). Then it holds for all & € [0, 8 — 1/p), & € (0, 00) that

NP Ny |~ (B—a—=1/p—e) 0 NP p
sup [E[”Y ”%/“([O,T],”‘”E):I—'—|dmax(9 )| (]E[”Y -y ”%a([o,n,wng)]) }<°°'
(2.38)

Proof. Throughout this proof let ¢, € [0, 00), ¢y, ¢, € [0, o0] be the extended real numbers given by

0 Ny= 0 yN
co=1Y |<€ﬂ([O,T],H-ng(nﬁ;u-um) + ;2% |:|dmax(9 i tst;[})\] o= ”"(ZP(P;".”E)} ’
(S

(2.39)

Cl == Sup

[dmax (ON)
NeN

and ¢, = sup |[YV .
dmin(QN)] : NepN| 6 Q0TI 200

Next we observe that Corollary 2.8 (ii) ensures for all » € (1/p, 8], @ € [0,7 — 1/p), N € N that

(]E[”YO — ¥ < Erpar (2|dmax(9N)|—r n 1) [ sup Y0 = YNl o i,

tedN

)
¢ (0,111

Ny (B (110 N
+ 1 OO (1Yl 0,711 ) + 1Y |%ﬁ([o,r],|~||gp<u»;|.E»)}

IA

— N — N N
ST por (2|dmax(0 )|(/S D+ | ax (0 )|ﬂ) [Co + 1Y |%ﬁ([O’T]’”'pr(lP’;H-HE))] (2.40)

IA
)

Tp.a.r (2|dmax(9N)|(/3—r) + |dmax (QN)lﬁ) [CO + C2]

|
&)

s (2 g @) M @17 [+ 3]
This implies for all r € (1/p, 8], & € [0, r — 1/p) that
Ny|—(B—1) y0 N P p . .
Nem [ )] (E[” —Y ||<€a([0,T1,||-nE>]) S Erpar 2+T) [+ ] (241)
€

Hence, we obtain for all « € [0, 8 — 1/p), r € (o + 1/p, B] that

(B [r——1 p
:]ug [|dmax(9N)| (,3 o /P [r—a /P]) (E[”YO _ YN”%&([O’T],H”E):I) }
€

< Erpaatipiir—a—tp G+ 1) (co+ ) -

(2.42)
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This shows for all « € [0, 8 — /p), ¢ € (0,8 — o — 1/p] that

Ny |—(B—a—1/p—e) 0 _ yNP W
;lé%[ldmax@ )| (E[“Y Yo a<[o,T],n~uE>]) ]

< Erpaatipre G+ T) (g + ).

(2.43)

In the next step we note that Corollary 2.9 (ii) proves for all » € (I/p,B], « € [0,r — 1/p),
N € N that

Yp
([”YO o [ o111 HE)]) =

Ny | — — N 0
+ [2 |dmax(0 W42 ﬂ:l |dmax(9 )|/3|Y |(gﬂ([0’n’”'|$l’(ﬂ”;»IE)))' (2.44)

[I]

2 |dmax (8™~
TPW([ o Gy 1] sup 172 = ¥l

teoN

This implies for all » € (1/p, 8], « € [0,r — 1/p), N € N that

Yp
0 N
(=LY = v B o))
Ny 1-r
< ol )P 1 g (25T 4142 1 (6™ +27F) (2.45)

= 20l O Er s ([e1 + 1] Wan @) 4 1),

Hence, we obtain for all r € (1/p, 8], & € [0, r — 1/p) that

e I/p
:’lele |:|dmax(9N)| v r)(E[||YO_[YN]BNH%"‘([O,T],H'HE):I) ]

(2.46)
= ch ET,p,oz,r (Cl +1+ Tr) = 2CO ET,p,a,r (2 +7T+ cl) .
This shows for all ¢ € [0, 8 — I/p), r € (@ + 1/p, B] that
Ny |~ (B—a—Yp—lr—a—1/p]) 0 _ ryNy 1P W
sup |:’dmax(9 )| ’ ! (]E[”Y ¥ ov 5 o111 ||E>]) ]
NeN (2.47)
<260 Erpaatiprira—yp 2+ T+e).
This establishes for all @ € [0, 8 — 1/p), € € (0,8 — @ — 1/p] that
—(B—a—1/p—e) 0 N e
sup | |d (6N) ([Y Vv |2 ])]
NeN [‘ max ‘ ” O N ([0,TLII I g) (2.48)

S 2C0 ET,p,Ol,O(+l/p+€ (2 + T + C]) .
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Combining (2.43) and (2.48) proves for all « € [0, 8 — 1/p), ¢ € (0, 00) that

Ny |~ (B—a—Yp—e) 0 _ yNyp Ve
Nex s @] (E[”Y -y ”%a([o,T],\LHE)]) = (2.49)
€

In addition, note that the assumption that Yg € LP(P; ||-llg), the assumption that | Y 0 lzp (0.7

LI-Legp @)1 )
< 00, the assumption that Y has continuous sample paths and Theorem 2.7 ensure for all o € [0, B—1/p)
that E[[|Y° ||pw([0 T] ”.”E)] < o0. This and (2.49) complete the proof of Corollary 2.11. O

The next result, Corollary 2.12, illustrates Corollary 2.11 through a simple example. For this, note
that standard results for the Euler—-Maruyama method show under suitable hypotheses for every p €
[2,00), B € [0, 1/2] that condition (2.37) in Corollary 2.11 with uniform time steps is satisfied (cf., e.g.,
Kloeden & Platen, 1992, Section 10.6). The convergence rate established in Corollary 2.12 (see (2.52)
below) is essentially sharp; see Proposition 2.14. Corollary 2.12 is related to Cox & van Neerven (2010,
Theorem 1.2) and Cox & van Neerven (2013, Theorem 1.1).

COROLLARY 2.12 (Euler-Maruyama method). Consider the notation in Section 1.1, let T € (0, 00),
d,m € N, let (2,.%,P) be a probability space with a normal filtration (.%,) repo.rp et Wi (0,71 x
£2 — R be an m-dimensional standard (-#,),[o 71-Brownian motion with continuous sample paths, let
w:RY — R?and o : RY — R be globally Lipschitz continuous functions, let X: [0, T] x £ — R4
be an (ﬁ,),E[O’T]/%’(Rd)—adapted stochastic process with continuous sample paths that satisfies Vp €
[1,00): E[HXO ||%,,] < oo and that satisfies for all ¢ € [0, T'] that

t t
(X lp.zwrd) = |:XO +/0 n(X,) dsi|]1>93‘(]Rd) —|—/0 o(X,)dW, (2.50)

andlet YV: [0,T] x 2 — RY, N € N, be mappings that satisfy forall N € N, n € {0,1,...,N — 1},
te [%, W] that YN = Xy and

YN = ’é + (1 =) n (YY) + (& —n) ~J(Y%)(WW — War). (2.51)

Then it holds for all @ € [0, 1/2), ¢ € (0,00), p € [1,00) that

J—a—e N P /p
1svlel§ [NZ (E[”X —r ”%W[o,rl,n-an)]) ] < o0 (2.52)

2.3 Lower error bounds for stochastic processes with Holder continuous sample paths

In this subsection we comment on the optimality of the convergence rate provided by Corollaries 2.11
and 2.12. In particular, in the setting of Corollary 2.12, Miiller-Gronbach (2002, Theorem 3) shows in
the case @ = 0 that there exists a class of SDEs for which the factors N2=¢, N € N, on the left-hand

1
side of estimate (2.52) can at best—up to a constant—be replaced by the factors %, N € N. In
Proposition 2.14 we show for every « € [0, 1/2) in the simple caseof u =0ando = (R>x+— 1 € R)
in Corollary 2.12 that the factors N '2—a—¢ N € N, on the left-hand side of estimate (2.52) can at
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best—up to a constant—be replaced by the factors N/>~%, N e N. Our proof of Proposition 2.14 uses
the following elementary lemma.

LemMA 2.13 Consider the notation in Section 1.1, let T € (0,00), p € [1,00), «a € [0, 1], let (£2, F,P)
be a probability space, let (E, -] E) be a normed vector space and let X: [0,7] x £2 — E be an
(Z, |l p)-strongly measurable stochastic process with continuous sample paths. Then

max{|X| 20~ x| } < (E[I1X)” p (2.53)
ECA0TLIN 2r @) CA0TLIN zp @y ig) S = (0,111l | g) . :

The proof of Lemma 2.13 is clear. Instead we now present the promised proposition on the optimality
of the convergence rate estimate in Corollary 2.12.

ProposITION 2.14 Consider the notation in Section 1.1, let T € (0, 00), let (£2,.%,P) be a probability
space, let W: [0, T] x £2 — R be a one-dimensional standard Brownian motion with continuous sample
paths and let WN:[0,T]x 2 - R,N € N, be mappings that satisfy forallN € N,n € {0,1,...,N—1},
te [2L, DT that

WY = (n+ 1= 1) War + (F —n)  Wasnr. (2.54)

Then it holds for all @ € [0, 1/2], p € [1,00), N € {2,3,4,...} that

N Wzl 2p @y
W =Wolcqoriigrey = 208 (2.55)
1 o
|W— WN|<gu([0 LI "ﬁp(]P’\ \)) (2—0[)(2 ) |
(«=1) = 2 icem™ € |51 (2.56)
N 2) T« HWTH=S€P(]P| )}

N
IW=W"llgeqoriigppyy 1o 2 e[ 24r
— 2N® 20 (1—g)(1-®) V27 2 ’

l (2.57)
N(D’— 2) T=*|Wrll 2p ;1))

E[W=W" |\>]) ( ) 1
' 2.58
W) e o eI Z V2 (258)

Proof. Throughout this prooflet f: [0, 1/2] — (0, co) be the function that satisfies for all x € [0, 1/2] that
fx) = % andlet g, : (0,1]2 — R, a € [0, 1/2], be the functions that satisfy for all x,y € (0, 1],
a € [0, 1/2] that

x(I—x)+y(l—y)
(x +y)* '

8a (X, y) = (2.59)

We first prove (2.55). For this, observe that it holds forall N € N,n € {0, 1,...,N—1}, 1 € [, ®DT]
that

W,—WN=W,—(n+1- % )Wnr—(’—TV—n)-WW
(2.60)
=(n—%)-(WW—W,)+(n+1—iT")~(WI—W%).
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This and the fact that

. TYy. . w,—wN _ Wzl er @y
VN eN:Vie (0,2): Vpell o0: H (T v pr(um) = e 2.61)
imply that it holds for all N € N, p € [1, 00) that
[w—w] = sup [w,—w}|
COTLI N ) re[0,T] RALVHR)]
= sup ‘Wt — W,N = —IlWTHiL"(W") sup ‘Wt - W{v "
(€0.7] 20 @il T (€0,71 L2E) )
_ IWrllgzre) sup ‘ﬂ (W _ WT) +(1-1%)
VT oy N LR R 2T
i (2.62)
1
_ Wzl 2p @, N\2 (T N\ 2 2
= e | sp () (F -0+ (-9 1]
_te[O,N]
_ ||WT|_‘£P(]P’;|-|)|: su 2 2
= —=l p - 1=+ -0t
VN te[O,l]\/( )
_ Wzl 2p @y IWrll 2p @)
= telgm wp 00| = Mg,

This establishes (2.55). In the next step we prove (2.56). For this, observe that (2.60) shows for all
Ne{23.4,. . )ne{l,2,....N—1},1; €[0, 11,1, e [4L, <”+‘>T] p € [1, 00) that

N N
H(W’2 - W’Z) - (Wfl - W“)”znap;m
o) g ) 1) o)

(g ¢ (1) w
T ) T e

_ IWrlere) _ N2 (DT _
=—a |\~ 7T) U~ —h

2 . 2 41
+(I’l+ _ﬂ) (tz_%)_i_(tl;zlv (%—[1)4—(%\,—1) tl:|2

1
= e[ (5 —) (1= 5) + 4 (1) ]

(2.63)
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Moreover, (2.54) ensures for all N e N, 71,1, € [0, %],p € [1,00) with #; < t, that

N N
)~ (5,

_ _oN . _ uN |
= (v wy) = (w2 )

IWrll 2r @, HW W () A H
VT 2 n T V2@

_ Wzl 2p @y
— ¥ (2.64)
(t1—t)N (t1—t)N (t,—t2)N
. H(l + ) (W, —W,) + s (W% - sz) O W e
1
IWrller @ (t—t)N |? Ih—nPN* (T |ty —1|2N? :
R R
1
2 3

W . _ 22
_ I Tlli%ﬂ(lm D .[1 + 2(t) th)N + ( ;22) N + = t2\N (T +1 —fz)]

(ty—1)

1

1
_ Wrler@,.) (1 + (fl—T’Z)N)7 A —1)2.

JT
Combining (2.63) and (2.64) proves for all N € {2,3,4,...},« € [0,1/2], p € [1, 00) that

| (W, =W5) = W = W) sy

W — wV | . = sup
‘ (0,711l 2p y1.1) 11 €[00, 1 <1 lt, — 1|
N N
_ sup ” (Wtz - Wtz) - (th - W,] ) “.i””(IP’;I-D
- _ o
1€l0.£1, e[0T, 1< 1 = 1ol (2.65)
2
R (= )
— Wrller @, max sup sup
ﬁ a0 I] (tz_tl)(za I (o, ] N(tz—zl)Za
’ f <t;N ' tzE(T Azlr
This implies forall N € {2,3,4,...}, @ € [0,1/2], p € [1, 00) that
N
(W W ‘ GO 2 )
1
2
_ IWrllere) | 21020 ) sup (1-x) O-DE=y+xd-x
= JT N $2a=1)" —x)X
xe(0.1] (0,11, y—x
;2(1’2] (2.66)
3
_ Wrllgrey) 7] (%*a) max] sup x(d-x su ye-0+D)+xd—-x
vroo N @l X xeor, (4 11-[1—xh*

y€(0,1]
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Hence, we obtain for all N € {2,3,4,...}, « € [0, /2], p € [1, o0) that

‘W—WN

C*(0,T)1- sop @11

1

2
_ HWTHi%p(]pJ_D |§| (%*0[) |:max[ sup y(lz_ y)’ sup  sup X(l —)C) +)’(1 —)’) }:|

ye©@11 Y% xe[0.1]ye(,1] (x + )%
1
_ IWrlgrey |§| (%7(1) |: sup  sup x(I=x)+y(d— y):| ) 067
VT xe[0,1] ye(0,1] (x4 )™

1

2
Ly
— N@—2) 7« IWrll 2o ) |: sup ga(x,y)i| .
x,ye(0,1]

To complete the proof of (2.56), we study a few properties of the functions g, @ € [0, I/2]. Note that it
holds for all x,y € [0, 1] that

x(1—x) +y(1—y) = (x—l—y)(l —x;y) — (x—2y)2 gz(x;y)(l —x;y). (2.68)

In addition, observe that it holds for all @ € [0, /2], z € (0, 1) that

2 -)=(0-20z*1- - ==2(0-a)|z— 2"‘] (269

Combining this with (2.68) ensures for all & € [0, 1/2], x,y € (0, 1] that

x(1—x)+y(1 —y) x4+ y\ 12« X+
8ax,y) = Y 2“)( y) (1— y)
(x4 y)=~ 2 2
< 5(1=2e) sup [Z(I—Z(X)(l —z)] — (- 2a)[§—a](1—2a)[1 ? 2!] (2.70)
z€(0,1]
2afr—eq(1-20)1 | Q-2 72 2
=2 01[2 ] [m] = I:za(] —o)(1- a)] = [f(@)]".
This proves for all & € [0, 1/2] that
F@l = suwp [Q2"7* (1 —2]= sup go(e0) < sup g, (o)) <F@P. (71
z€(0,1] xe(0,1] x,y€(0,1]
This shows for all @ € [0, 1/2] that
SUp g, (5,)) = sup g, (x,x) = [f(e)]*. (2.72)

x,y€(0,1] x€(0,1]
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Next note that it holds for all @ € (0, 1/2) that
fla) = exp((% _ a) -ln(% - a) f@—1)-In(l-a)—a- 1n(2)) . (2.73)
Moreover, observe that it holds for all « € (0, 1/2) that
o ((% —a) -ln(% —a) Y (@—1)-In( —a)—a~ln(2))
- —1n<% - a) —l+In(l—a)+1—In@) =In(l —a) — ln<% — a) —In(2) (2.74)

= ln(ll_’;t‘x) > 0.

This and (2.73) ensure that f is strictly increasing. Equation (2.72) hence proves for all « € [0, 1/2] that

sup g, (13 = sup g, (60 =[@P e[ DP]=[41]. @15

x,y€(0,1] x€(0,1]

Putting this into (2.67) establishes (2.56). Combining (2.55) with (2.56) proves (2.57). Moreover, (2.56)
and Lemma 2.13 imply (2.58). The proof of Proposition 2.14 is thus completed. g

3. Basic results for mild solutions of SEEs

In this section we collect a number of elementary results for mild solution processes of SEEs, most
of which are well known. Note that throughout this article we denote for every R-Hilbert space
(H,{-,*)g I-llz) by L(H) the set of all bounded linear operators from H to H.

3.1 Temporal regularity of solutions of SEEs

ProrosiTION 3.1 Consider the notation in Section 1.1; let (H, (-,-)g, |I-llg) and (U, (-,-)y, |I-ll;) be
separable R-Hilbert spaces; let H € H be a nonempty orthonormal basis of H; let A.: HH — R be a
function with sup, A, < 0;let A: D(A) € H — H be the linear operator that satisfies D(A) =
{veH: Y |Mhvig|? < co}and Vv € DA): Av = 3y Ay (v ghs Tet (H,, () g o g,
r € R, be a family of interpolation spaces associated to —A (cf., e.g., Sell & You, 2002, Section 3.7); let
T €(0,00),p€[2,00),y eR,nel0,1),Bely—n2y]l,FeCH, H,_,) BeCH,HSU, Hg))
satisfy |Fle (Hy.lls, ) + Bl Hy - lsw.ag) < 00; let (§2,.%,P) be a probability space with a normal
filtration (F)),c(0.77; let (W,),c(0.7) be an 1dy -cylindrical (2, 7, P, (F,),c[0.r))-Wiener process and let
X:[0,T] x 2 — H, be an (F,),o.1/#(H,,)-predictable stochastic process that satisfies for all # €
[0, T'] that sups¢(o 7 ||Xs||f£p(1p>;\|‘||Hy) < o0 and

t
A —5)A
[XT]]P,%(HV) = |:et XO +/ ]l{j(; ”e(t—u)AF(Xu)HHy du<oo} e(t Y) F(Xs) dS:|
0 P,%(H,) G.1)

t
+ /0 IIAB(X,) dW,.
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Then it holds for all » € [y, min{l + y —n,1/24+ B}), ¢ € [O,min{l +y —n — r,1/2+ B — r}) that
infsE(O,T] IP)(XC (S Hr) = l and

A A
sup (”(X“ — X0 Ly, en,y — (X, — €2X) 1{xfzeHr}“ﬂ<P;|~|H,>)

11,6€[0,T1, |f1 - t2| €
1#t
2 T(l+y—n—r—s) 39
<| sup IFX)I.zpp.. } 3.2)
|:se[O,T] RLIE ) [T+ y —n—r—8)
1
p(p— 1) T(zHA—r=28)
I A LCRIP <o
s€[0.7] TETL (1428 —2r —2¢)2
Proof. Note that the fact that it holds for all u € [0, 1] that
sup (=AYl gy <1 and  sup 1Uf(—A) U@ —Tdp) | < 1 (3.3)

te(0,7] 1€(0,T]

(cf, e.g., Renardy & Rogers, 2004, Lemma 12.36) implies that it holds for all » € [y,1 + y — n),
ee[0,14+y—n—r),t; €[0,T),1, € (t;,T] that

41
(11—5)A
H /0 L e dusoey ¢ FXs) d8

19}
T e29AF(X ) ds
/o Uo™ lle?2™F Gt Iy du <0} " @iy,

15 n
< /t e E )] gy, 85+ /0 e S
1

- rh 4]
< | sup ||F(Xs)||g’p(p;||A||H ) / (t, — )Y 71 "ds -I-/ (t — s)y—n—r—a(tz — tl)sds]
L s€[0,T] r=n" {LJn 0

= | sup [IFX)l zrp,.
| S, Iz, )

(=)0 0y n)%a)“”‘”"*)] (3.4)

| A+y—n-1r (I+y—-n—-r—e

IA

) T(1+y—n—r—s)(t2 _ tl)s
sup [|FX)ll v ey ]
[ sel0,7] LI || Aty —n—r—e)
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Moreover, (3.3) ensures forall r € [y, 124+ B),e € [0,1/2+ B —71),t; €[0,T),t, € (¢;,T] that

51 ) 2
H / e(tl_S)AB(XS) AW, _/ e(tz_S)AB(Xs) dWyg
0 0

LP (s |-\l )
15}
pp—1 (12—$)A 2
=75 /tl He e B(XS)||$P(P;|\~\|HS(U,H,))dS

+2e=D g ” (trs)A(Id _ (zzfmA)B(X)HZ d
- A e Hg —¢€ SINLP @5l lusw,my)) s

5 (3.5)

p(p=1

= 2020 s IBOON e sy |
15 3]
- [ (ty — 5)PP=2)ds + / (t; — 5)BB=2r=28) 4, rl)ZSds]
131 0

2 (1428-2r—2¢) (1, _ ;.\2¢

pp=1 B(X ) 2T (12 tl)

Combining (3.4) and (3.5) completes the proof of Proposition 3.1. g

CoroLLARY 3.2 Consider the notation in Section 1.1; let (H, {-,-)y, |l-llz) and (U, {-,-)y, |I-ll;;) be
separable R-Hilbert spaces; let HH € H be a nonempty orthonormal basis of H; let .: L — R be a
function with sup, A, < 0;let A: D(A) € H — H be the linear operator that satisfies D(A) =
{veH: Xu|rhviy|? <oco}and Vv e D@A): Av = 3 &y (hv) ghs let (H,. () o D)
r € R, be a family of interpolation spaces associated to —A; let T € (0,00), p € [2,00), y € R,
n €0, p €ly—12y,8 € ly,0), F e CH,H,_), B & C(H,HSU,Hy) satisfy
|F|<(;1(HV,”,HHV7W) + |B|%"(Hy,\|-I\HS(U,Hﬁ>) < o0; let (£2,.#,P) be a probability space with a normal
filtration (F)),ci0.1)3 let (W)),co.r be an Idy-cylindrical (2, 7, P, (F)c[0.r1)-Wiener process and
let X: [0,T] x £ — H, be an (/,)te[O’T]/,@(HV)—predictable stochastic process that satisfies for all

t € [0, T] that sup (o 7 ||XS||$p(P;”,”Hy) < 00, X (£2) C Hy, ]E[||X0||€15] < 0o and

t

X =[xy + / 1 . (=9AF(x,) ds
(Xl 22(1,) [" 0F Jo HU 1t F ol dusoc) € FCOE]

(3.6)
t
+ / eI=IAB(X,) AW
0

Then it holds for all r € [y, min{l +y — n,1/2+ B}), ¢ € [O,min{l +y —n —r,1/2+ B — r}) that
inf‘,e(O,T] ]P(XY S Hr) - l and

sup
11,0 €[0,T

H#t

(|minm,r2}| matrt e 0N 1k, em,) Xy — Lix, er,) Xn ||gpap>;|.|,,,>)
1. Ity — 2] ®

2 T(l+y—n—min{5,r+a})
(I+y—n—r—e

3.7

< |IX . F(X .
<l O||$p(P’||'”Hmm{a,r+s)) + [S:[%?T] IF( s)ll,sfp(zp,||.||Hy_n)]

p (p — 1) T(%+ﬂ7min{8,r+s})
+ [ sup NIBX) |22 @;)1- s ))] 1 < o0
5€[0,T] p (1428 —2r—2¢)2
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Proof. The fact that Vu € [0, 1]: (sup,e 7y Il (—A) €l < 1 and sup,c 7t “I(—A) (e —

WAl = 1) ensures forall r € [y, min{l +y —n,1/24+8}),e € [O,min{l +y —n—r,1/24+ 8 —71})
that

(”| min{r,, tz}lmax{r+s—5,0} (et1AX0 _ etZAXO)ng(P;l'lH,))

sup
1.02€[0.T], 1 —1]¢
n#n
+&—6,0 —min{§,r+ HA HA
11 X400 Ay A — Yy WXl e
< sup
1.0€[0.71, 1 — 1|
<t
—4,0 —min{4, A
< sup  (|ry MU0 (—pyremminG e A Xl oy, )) (3.8)
t1,1€(0,71], min{8,r+¢}
<ty
—4,0 —4,0 A
= (|t1|maX{r+£ NIyt =0T A X0l @y ))
11€(0,T] min{8,r+¢}
= WXollzr @, )

min{8,r+¢

Combining this with the triangle inequality and Proposition 3.1 proves for all r € [y, min{l + y —
n. 12+ B, e € [0,min{l +y —n —r,1/2+  —r}) thatinf_ 7 P(X; € H,) = 1 and

(Imm{tl | TN e Xy = iy, ena X | v @, >)
sup
11,02€[0,T], | 1~ f2|
t#h
: max{r+&—3,0} ( ,11A _ bhA
< sup (”' minit, o) (€7X—e XO)”’W‘P;”"HJ) 4 max{r+e—5.0)
T el |1 — 1| ¢
t#n
A A
X, = €"X0) Lix, ey — Ky = €2°X0) Lix el o)
sup " 3.9)
11.62€[0,T1, |t — 1y
t#t
2 T(l+y—n—min{8,r+s})
= Xl ¢ +[ sup [[F(Xy)ll ]
U AT L) | T Fy — g —r—¢)
1 .
p (P ) T(§+ﬂ—mln{8,r+s})
+[ sup ||B(X)||JP<P;||-||HS<UH n} <%
sel0.T Hp (1428 —2r — 2¢)2
The proof of Corollary 3.2 is thus completed. U

3.2 A priori bounds for solutions of SEEs

LEMMA 3.3 Consider the notation in Section 1.1 and let B: (0,00)> — (0, 00) and E,: [0,00) —
[0,00), n € (—00, 1), be the functions that satisfy for all n € (—o0, 1), x,y € (0,00), z € [0, 00) that
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B(x,y) = Jy (D1 =00 Ddrand B, (2) = 1+ 302, 2" [T}y B(1 — 1. k(1 — n) + 1). Then it holds
for all € (—00,1), x € [0, 00) that | /E, (x?) = &;_,)(x).

Proof. Note that the fact that Yx,y € (0,00): B(x,y) = L= Igfiiy%) implies that it holds for all n €
(—00,1), x € [0,00) that

n—1
E (x)—1+Z(x " [[BA =0kl —m +1)
n=1 k=0
ra—-nrkd—mn+1) — X[ (1—p]"
=1 x" =1 B S 3.10
+; H rGrna-n+n & Taa-pen O
— X"[I(1—n]" 2
=2 T =m0 = ool
The proof of Lemma 3.3 is thus completed. g

ProPoOSITION 3.4 (A priori bounds). Consider the notation in Section 1.1; let (H,(:,-)y, |l-lly) and
(U, -, )y, Illy) be separable R-Hilbert spaces; let H € H be a nonempty orthonormal basis of
H;let A: H — R be a function with sup, g2, < O; let A: D(A) € H — H be the linear
operator that satisfies D(A) = {v € H: >,y |A(hv)y|? < oo} and Vv € D@A) : Av =
> hem Anlh,v) ghs let (H,, (-, Y, s I'llg,), r € R, be a family of interpolation spaces associated to —A;
let 7 € (0,00), p € [2,00),y € R,n € [0,1),F € CH,H,_,), B e CH,HSWU.H,_,,))
satisfy |F|<«o”1(Hy,H'HHV_,,) + |B|<51(Hy,|\~HHs<UH ) < 00; let (£2,.#,P) be a probability space with a
normal filtration (%), 175 let (W,),c(o.17 be an 1dy~cylindrical (£2, 7, P, (F,),c[0 17)-Wiener process
and let X: [0,T] x £2 — H,, be an (F)),o 1/#(H, )-predictable stochastic process that satisfies for
all 7 € [0, T] that sup,o 7 ||Xs||xgp(P;”_”Hy) < oo and

t
A — A
Xip. ) :[et %o +/o L fo vt F ) i du<oo) IR ds}

B Hy) 311

t
—5)A
+ /0 ITOAB(X ) dW,.

Then

< x/_Hmax{l 1o,

sup Hmax (11X, 1,
te[0,T]

T1-1/3 IFOW) I - IBO s i, )
- n)[ N ( SUP s, ) TV PP = D S —mmney ) | < oo
vEH,, veH,

Proof. The Burkholder—Davis—Gundy-type inequality in Da Prato & Zabczyk (1992, Lemma 7.7), the
fact that Vu € [0, 1] : SUP;e(0,7] ) (—A)“e™ | Ly =1 and Holder’s inequality imply that it holds for

(3.12)

2P (B 2P (@)
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all r € [0, T] that

| max {11, 1, Y| om e

t
= [ max {1, 1Xol, 3 20 o) + /0 |e=AF (Xx)||$pap>;||<||ﬂy>ds

pp—1 ! (1—s)A 2 2
+ \ ) [/() ”e B(X)) ||$P(1P;H-HHS(U,HV))dS

) 2
< || max {1 1Xo 11, } 2 .y +[ )/(’—S) N 0 e, >d} (3.13)

[P0 —1) (p ”
+ [/ (t—s)7" I1B(X, )“gp([p I HHS(UHV n/2))dsi|

t 12
_ 2
< max{l,||X0||Hy}||$1,(P;|.|) + [/0 t—97"| max{l,||Xs||Hy}||$p(P;lll)dsi|
T1-1) I1FWa,_y Ip(p—1) I1BW s .t _y0)
' [\/ T (Vse‘j{pr max(Llvlm, 1 ) TV 2 f‘e‘g’y Tmax (L, ) |0

This and the fact that Va,b € R: (a + b)? < 2 (a® + b*) prove for all ¢ € [0, T] that

| max {1, ||X,||Hy}||fgpap;l.|) <2 | max {1, ||X0||Hy}||;p(P;‘_|)

t
_ 2
+/0 t—s)7" || max{l, ||Xs||HV}||$p(]P>;‘_|)dS (3.14)
2
2 - I1FWa,_, — IBO)Ius(w.H,y, )
' [\/ = ( SUP Sty ) T VPP = DL SU ey ) |
veH, veH,

For example, Andersson et al. (2015, Lemma 2.6) and Lemma 3.3 hence complete the proof of
Proposition 3.4. (]

3.3 A strong perturbation estimate for SEEs

ProposITION 3.5 (Perturbation estimate). Consider the notation in Section 1.1; let (H, (-,-)y . I-llz)
and (U, {-,")y,ll-lly) be separable R-Hilbert spaces; let I € H be a nonempty orthonormal basis
of H; let A: H — R be a function with sup,cy A, < 0;let A: D(A) € H — H be the linear
operator that satisfies D(A) = {v e H: ZheH |Ah(h, v)H| 2 < oo} and Vv € DA): Av =
> hem An(h, V) ghs let (H,, (-, YV, » Ilg,), r € R, be a family of interpolation spaces associated to —A;
let T € [0,00),p € [2,00),y € R, n € [0,1), F € CH,.H,_), B e CH,HSWU,H,_,))
satisfy |F|</1(Hy ) + |B|<{)1(Hy I s,y < o0; let (£2,.7,P) be a probability space with a

normal filtration (%, )te[O 771> et (W) ,cj0.7y be an Idy-cylindrical (2, #7,P, (%) ref0.7))- Wiener process
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and let X', X2: [0,T] x 2 — Hy be (ﬂ;)le[O’T]/%(Hy)-predictable stochastic processes that satisfy
k
maxke{l’z} Supxe[o’n ”XS “E-(ZP(P:”HHV) < 00. Then

an -]
A N P S
. Tlfnx/i\F|<gl(Hy,H-HHy7W) \/Tl
= S(1—p) Ji=n + /T " "p(p — )|B|%I(H}/’“‘”HS(U,H},,WZ))
1 t =)Aoyl
t_
ﬁ sup |:Xt —/ ]l{f(;He(t’r)AF(X})”H dr<00}e S F(XY)dSi| ] (315)
1€[0,T] 0o - Y P.B(H,)

t t
- / eTIBOX) AW, [[th - / Lt et E ) dr<co)® FOG) dS]
0 0 Y P,.%(H,)

< OQ.

t
— / eIB(XT) dWS]

0

L@l )

Proof. Throughout this proof we assume w.l.o.g. that T # 0 and throughout this proof let
«/:H,,, € H, — H, be the linear operator that satisfies for all v € H, | that &/v =
D hem An((=2) 7 h, v)HV(—)\h)_Vh. Observe that (H,+y,(-,~)Hr+y , ||'||Hr+y)’ r € R, is a family of
interpolation spaces associated to —<7. This, Lemma 3.3 and Andersson et al. (2015, Proposition 2.7)

show for all ¢ € (0, 0c0) that

sup
te(0,T]

X —X;

HW(P;nley)

Tlin\/ilF‘%l(H
y ) . —
< @@(1_,7)[ = t:(l(l)PT]f (=) ”L(Hy)

VTP = DBl ¢ty s, + ) SUP t””l|(—ﬂ>””e’”llum>}

te(0,T]

V2 sup

te(0,T]

t t
- /O T BOG) W, — [[Xzz - /0 L et Py areco) > FOG) dS]

t
1 (=) vl
|:X’ /0 ]l{f(; He(f*r)WF(X})HHV dr<oo}e F(Xs ) dsi| P2, (3.16)

P,%(H,)

t
- / eWWB(Xf)dWS]
0

‘U(P;”'”Hy)

The fact that Vu € [0,1]: SUP,e(0.77] t“||(—;zf/)“et%||L(Hy) < 1 hence proves (3.15). The proof of
Proposition 3.5 is thus completed. d
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3.4  Existence of continuous solutions of SEEs

The next result, Proposition 3.6, proves the existence of continuous solution processes of SPDEs (see,
e.g., van Neerven et al., 2008, Theorem 7.1 for a similar result in a more general framework).

ProrosiTION 3.6 Consider the notation in Section 1.1; let (H, (-, )y, II-llz) and (U, {-, ")y, lI-Il;;) be
separable R-Hilbert spaces; let H € H be a nonempty orthonormal basis of H; let T € (0,00), p €
[2,00); let (£2,.7,P) be a probability space with a normal filtration (gt)te[O,T]; let (W)),c(0.1) be an
Id-cylindrical (2, 7, P, (#,) [0 17)-Wiener process; let . : H — R be a function with sup;,cy 4, < 0;
let A: D(A) € H — H be the linear operator that satisfies D(A) = {v € H: >, [A (1, v)y|? < 00}
and Vv € D(A): Av = ZheH Aplh,vygh; let (H,, (., '>Hr s ”'”Hr)’ r € R, be a family of interpolation
spaces associated to —A and let y € R, n € [0,1), F € C(HV,Hy_n), B e C(Hy,HS(U,Hy_n/Z)),
§ € M(Fy, B(H,))) satisty |F|<51(HV’H,”HV7H) + |Ble (Hy Vs 0.1, ) < 00. Then there exists an
(L%)IG[OJ]/%(HV)—adapted stochastic process X: [0,T] x 2 — Hy with continuous sample paths that
satisfies for all 7 € [0, T] that [X,1p gy ) = [¢€ + [g e VAF(X,) ds] o+ Jo eOAB(X,) AW,
and

P, B(H

<2 Hmax {LIENy,}

Lr®lh

su Hmax 1L IX ‘
v {1 WXl § L@l

te[0,T
o [y FO, -\ o 1B lsw.,
| =n \SUP mail,g ) VT TP = DA su ey ) |
veH, veH,

Proof. Throughout this proof let £2, € %, n € N, be the sets that satisfy for all n € N, that £2, =
{||§'||Hy < n}and let §,: 2 — H,, n € N, be the mappings that satisfy for all n € N that §, =
& 1, . Note that it holds for all g € [0,00), n € N that E[HE,,HZV] < n? < oo. For example, Jentzen
& Kloeden (2012, Theorem 5.1), Proposition 3.1 and the Kolmogorov—Chentsov continuity theorem
(see Theorem 2.7) hence ensure that there exist (3“,),6[0]]/@(@/)-adapted stochastic processes with
continuous sample paths X": [0,7] x £2 — Hy, n € N, that satisfy for all n € N, r € [0, T] that

SUPse[0,7] ]E[HX;’HZV] < o0 and

(3.17)

t t
(X Te 1, = [ems,,+ /O AR (X ds] + /0 IOAB(X™) dW,. (3.18)

P,%B(H,)

Observe that it holds forall k e N, n,m € {k,k+1,...},t € [0, T] that

t
(X} =X Lo p s,y = [ / A1 X7 — F(ﬂgkx;”)]ﬂgkds}
0 P.%(H,) (3.19)

t
+ / e"VAB(1, X)) — B(Lp X! |Lg, dW,.
0
Jentzen & Kurniawan (2015, Proposition 2.1) hence shows for all k € N, n,m € {k,k+ 1,...} that

n __ ym —
tes[l(l)PT] ” (Xt Xt ) ]lﬂk ||$17(]p;“.”1_1y) =0. (3.20)
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This implies that

]P’(Vke N:Vo,me{k,k+1,...}: ILQk|: sup ||X," —X{"”H ] :0) =1.
1€[0,T] 4

NextletY: [0,T] x £2 — Hy be the mapping that satisfies for all (¢, w) € [0, T] x £2 that

V(@) =D X/ 1g,q, (@)

n=1

Note that it holds for all » € N that

Lo, sup 1Y, = X/'ly, = sup |I¥,1g =X/ 1o Iy,
t€[0,7] te[0,T]

te[0,T]

sup = Ssup

H, 1€07]

n n
k k
’[ X ]lrzk\fzkl] - X1, D X =XD1gug,
k=1 k=1

Hy

n

Lo, sup ”Xk_Xn”H}]lQ Q1"
g[ ktE[O,T] ! t Ay 1\ $2k—1

This and (3.21) show that

P(VneN: 1, sup [IY,— X'l =o)=1.
" 1el0,71 4

Hence, we obtain for all n € N, ¢ € [0, T'] that

[Y; lﬂn]P,%’(H,,) = [in ]l.Q,,]IP’,?Z(Hy)

B t
( e[AE_'_/O e(l—S)A l_QnF(X?) dsi|

] , .
( e, + / IR (XD ds] + / ITIAB(XY) dWs) 1,
0 P,B(H,) J0 "

t
+ / e 15 B(XY) dWS) 1o
P.B(H,) 0

i . .
( e + / UTIAR(Y) ds] + / eIAB(Y,) dWS) L, .
L 0 P.Z(H,) 0

This implies for all € [0, T] that

t t
Yilp 2w, = [e’A§+ / e(t_S)AF(YS)ds} + / TIAB(Y,) dW,.
0 P.BH,) JO

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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Next note that (3.24) and Proposition 3.4 ensure for all n € N that

= sup Hmax{l,llXt" ]lgnHHy} ‘ZP(IP"\-I)

su max 1, Y, 1 ‘
p H { 1Y, -Qn”HV} LPPLD gef0,1]

te[0,T]

< su Hmax 1, || X" ‘
;e[oPr] {0 1, } Lr @) (3.27)

) T'-1./2 IFWla,_, - B IBO s,y _y)
éa(ln)[—F_n (vse‘f max L, 1 ) TV TP = DL s —mng ) |
Y

veH,

< ﬁ”max{l,”EnHHV}

‘ﬂ(P;w

This and Fatou’s lemma imply for all # € [0, T] that

oy = || iminfmax {1, 1Y, 1g Iy, }

max i1, ||Y
H SArS L@

<2 Hmax{l, 1€, }

T
< liminf Hmax {L1Y, 1g, 1, ) ’iﬂp(ﬂm;lll) ‘ﬂ,(ﬂp;‘.l) (3.28)

T!-1./2 I1FO)la,, — 1— I1BW s i, )
‘é?l—n)[_ﬁn ( SUP i1 ) VTP = D SU = nney ) |
veH, H,

ve

The proof of Proposition 3.6 is thus completed. O

3.5 Uniqueness of left-continuous solutions of SEEs with semiglobally Lipschitz continuous coeffi-
cients

The proof of the next result, Proposition 3.7, is similar to the proof of Da Prato & Zabczyk (1992,
Theorem 7.4) (also see, e.g., van Neerven et al., 2008, Lemma 8.2 for an analogous result in a more
general framework).

ProrosiTION 3.7 (Local solutions). Consider the notation in Section 1.1; let (H,{-,-)y,ll-lly) and
(U, {-,)y > lI-lly) be separable R-Hilbert spaces; let H € H be a nonempty orthonormal basis of H;
let A: H — R be a function with sup, A, < 0;let A: D(A) € H — H be the linear operator
that satisfies D(A) = {v € H: > oy |2 (hv)y|? < oo} and Vv € D(A): Av = 3,y Ay (hov) ghs
let (H,, (g Illg,). r € R, be a family of interpolation spaces associated to —A; let T € (0, 00),
yeR,nel0]),Fe C(Hy,Hyfn), B e C(HV,HS(U, Hyfn/z)) satisfy for all bounded sets E € H,
that |F|E|W'(E,H-HHV_,,) + |B|E|(5'(E,H'IIst,Hy,,,/z)) < oo; let (£2,.%,P) be a probability space with a
normal filtration (%)) (0 7)5 et (W,),¢(o,) be an 1dy~cylindrical (£2, 7, P, (7))o 1))-Wiener process;
let 7,: 2 — [0,T], k € {1,2}, be (yt)te[o,r]-stopping times and let X*: [0,T] x 2 — Hy, k e {1,2},
be (F,)ep0,11/ % (H,,)-adapted stochastic processes with left-continuous and bounded sample paths that
satisfy for all k € {1,2}, ¢ € [0, T] that

t
k A vk —5)A k
[Xt ]l{tfrk}]IP,EB(Hy) = (|:et XO +/0 ]l{s<‘fk} e(t ) F(Xs)ds]P P
e y

, (3.29)
* /0 Lisaqy €™ BXY) de) Lz
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1 2
X, Xmin{t,rl,rz})

min{t,71,2}

1 =1.

}

Corollary 3.8 is an immediate consequence of Proposition 3.7.

Then P(V1 € [0.7]: 1jy1_ya (x!=x2)

CoroLLARY 3.8 (Continuous solutions). Consider the notation in Section 1.1; let (H, {-, )y, |- llz) and
(U, (-, )y Illy) be separable R-Hilbert spaces; let H € H be a nonempty orthonormal basis of H;
let A: H — R be a function with sup, g2, < O0;let A: D(A) € H — H be the linear operator that
satisfies D(A) = {v € H: > cm |Ay(hv)y|? < 00} and Vv € DA): Av = 3, g Ay (b, v) s let
(H,, (), > Il g,), r € R, be a family of interpolation spaces associated to —A; let T € (0,00), y € R,
n e [0,1),F e C(HV’HV—n)’ B e C(Hy,HS(U,Hy_,]/z)) satisfy for all bounded sets £ C Hy that
|F|E|<€‘(E,\I~I\Hy,n) + |B|E|%)l(E’H'”HS(UA,HV_U/z)) < oo; let (£2,.%,P) be a probability space with a normal
filtration (F),c(0.77; let (W,),cj0.7) be an 1dy -cylindrical (2, 7, P, (F))c[0.r1)-Wiener process and let
Xk [0,T] x 2 —> Hy, k € {1,2}, be (ﬁ,)te[o,T]/e%’(HV)—adapted stochastic processes with continuous
sample paths that satisfy for all k € {1,2}, t € [0, T] that

t t
(X Te ) = |:e’AX(1)+ / P 10'6 dsi| + / eI=9AB(xky aw,. (3.30)
0 0

P,%(H,)

ThenP(Vt € [0,T]: X! =X?) = 1.

4. Convergence in Holder norms for Galerkin approximations
4.1 Setting

Consider the notation in Section 1.1, let (H, {-,-)g, II-llg) and (U, (-, )y, lI-lly) be separable R-Hilbert
spaces, let H C H be a nonempty orthonormal basis of H, let T, ¢ € (0, 00), let (£2, .%,P) be a probabil-
ity space with a normal filtration (.%,),c(o 17> let (W)) [0 77 be an Id-cylindrical (2, 7, P, (F)),cj0.1))-
Wiener process, let A: Hl — R be a function with sup, .y A, < 0, let A: D(A) € H — H be the linear
operator that satisfies

D(A) = [v €H: X e |Mthv)y|? < oo] .1

and that satisfies for all v € D(A) that

Av =" ay(hv)yh, 4.2)
heH

let (H,, (-, '>Hr LI ”Hr)’ r € R, be a family of interpolation spaces associated to —A,lety € R, «a € [0, 1),
B € [0,12), x € [B,1)2), F € C(Hy,Hy_a), B e C(Hy,HS(U,Hy_ﬂ)) satisfy for all bounded sets
E C Hy that

FlEls 1 @1, + 1BIEWG & s, ) < O 4.3)

let Hy € H, N € Ny, be sets that satisfy H, = H and supyn N* sup({1/|xh|: h e H\Hy} U {O}) < 09,
let Py € L(H, J/_1}), N € Ny, and &y € L(U), N € Ny, be linear operators that satisfy for

min{0,
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all N e Ny, v € H that

Py = > (hv)yh (4.4)

hGHN

and let XV: [0,T] x 2 — H,, N € Ny, be (F)c01/%(H,)-adapted stochastic processes with
continuous sample paths that satisfy for all N € Ny, ¢ € [0, T] that

t t
N tA 0 t—s)A N t—s)A N
(X Te 1, = [e Pk +/0 eTIPNF )dslp BH,) +/0 TAPYBXY) Py AW, (4.5)
Y

4.2 Strong convergence in Holder norms for Galerkin approximations of SEEs with globally Lipschitz
continuous nonlinearities

The next lemma, Lemma 4.1, follows directly from, e.g., Proposition 3.6 and, e.g., Corollary 3.8.

LEmMA 4.1 Assume the setting in Section 4.1, let p € [2,00), n € [max{x,28},1), N € N, and assume
that

0P
E[1X0 1z, 1+ 1Flg1 a1, 011, ) + 1Bl it s, ) < O (4.6)
Then
su Hmax 1, 1xN ‘ «/_ Hmax 1,1x° ‘ 4.7
eor A P 1%l 4y )
[0.7]
Ti-1/2 IFEW) I, - IBO) PN lusw i, _y)
“6a- n)[ = ( sup max{1,||vV|HZ}) VTP = D\ SUp — i o ~
veH, veH,,

LEMMA 4.2 Assume the setting in Section 4.1, let p € [2,00), n € [max{c,28},1), N € Ny and assume
that

m4
E[1X017, 1 + 1Flg1 a1, 011, ) + 1Blig tty b, ) < O “.8)
Then
! V2 s | = PoX?
su 2 su (Py — Py)X
ze[o,pr] ZLP @il ) [ te[opr] O TN @iy
I Bw)(Zy — Py
3% =T 1( I 0 NIHS(U,H, )
+ 1+ sup XY )(sup 4.9
121 o 2@ J\ G T+ Vi, (4.9)

T'=12|F
. | I%I(HV,H.MHV,n) gy - »—1)B]
(1-n) JT=n v p G (Hy. |- lnswn

Proof. First of all, observe that Lemma 4.1 ensures that

2))||<@0||L(U)] < o0.

y =1/

sup max {”X ”ZP(IP’ I- HH ) ”X ”fpap 1B ”H )} < Q. (410)
t€[0,T]
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We can hence apply Proposition 3.5 to obtain that

sup X? - Xﬁv

t€[0,7T]

TI_”«/E|PNF(‘)|<g1(H
Al E, ) -
< é&(l—n)[ = 4 /T p(p — 1) |PNB(-)90‘ %I(Hy,l'msw,ﬁy_n/z))]

L2 @il

t t

/2 sup [X? - / 9P F(XY) ds:| - / 9P, B(XY) 2, dW,

t€[0,T] 0 P,%(Hy) 0

; ; (4.11)

+ [ / AP F(XY) ds —Xﬁ"} + / AP B(XN) P AW,

0 P, %(H,) 0 L2 @l N )

TlinﬁlFl(fl(H%H‘”Hy,n) 1=y
= &) = HVTTP@ = DBl s,y 120l
t

V2 sup |[(Py — POXY ] i, + / AP B(XNY (P — Py AW,

1€[0,T} R 0 L7 @51l

The Burkholder—Davis—Gundy-type inequality in Da Prato & Zabczyk (1992, Lemma 7.7) and the fact
that Vu € [0, 1]: sup,c g 7 t“||(—A)“e’A||L(H) < 1 hence imply that

N
X?_Xt

sup
1€[0,T]

T]_']«/ElFl%ol(H
Y, ) .
< é”(l_m[ = VT e -1 |B|%I(Hy,||~||st,Hy_m>>||yo||L(U)}

-ﬁ[ sup [Py — Py)X?

LP@:N )

t€[0,T] LP @1l Na,)
=1 ! (t—95)A N 2 :
B2 RS 10,6 — d 4.12
+ 2 I:t:[l(l)pT]/O ”e (X )(*@0 ZN) ||$p(P;”'”HS(U,Hy)) 5i| i| ( )

TV Flgn
v, ) .
= g(l—n)[ = VTP @ = DBl s, o 120wy

: «/E[ sup H (Py — P\)X?
1€[0.T]

ZLP®il-,)

_{_\/@[ sup /Ot(z—s)zxds:| sup HB(X?/)L@O_'@N]H

1€[0,T] 5€[0,T] gp(P;”‘”HS(U,Hy_X)) i|

This and (4.10) complete the proof of Lemma 4.2. g
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COROLLARY 4.3 Assume the setting in Section 4.1, let ¢ € [0, min{l — a, /2 — B}), p € [2,00) and
assume that Xg(s?) - Hy 4o and

0P
E[1X017, ., |+ 161ty 1, + Bl s,y < O @.13)
sup sup N IBID(Zy — @N)”HS(U,HVX) -0 (4.14)
NeNveH, 1+ ||V||HV ' .
Then
F(xN . BNz . 00 4.15
Sup Sup FXON 2o @iy, ) + IBED PNl 20 @i luswm, ) < (4.15)
and
sup sup (N |1X) = XN | oy, ) < 00 (4.16)
NeNj t€[0,T] 4

Proof. Combining the assumptions that Xg(.Q) € H,.y and E[||X8||I;,y+§] < oo with, e.g.,
Proposition 3.6 and, e.g., Corollary 3.8 ensures that V¢ € [0,T]: ]P(X? € HH]?) = 1 and
SUP/e(0.7] E[H]l{XgeHVW}X?Hf{VW] < oo. This and the assumption that supy.y N'sup({!/i4l: h €
H\Hy} U {0}) < oo imply that

sup sup |:N“7 H (Py — P\)X?
NeNre[0,T]

i””(P;IHHy)]

< sup sup [N“? H(—A)_ﬂ(POIHV = Pyly,)
NeNte[0,T]

0
‘L(Hy) 12 xger, X “fp(ﬂm;n-uﬁw,)}

< [sup N [ )7 ady, Pyl
NeN 4 4

U
sup |1 X0 4.17
‘L(Hy):| L[O?TJ “ {XPeHy 15} z||gp<n>;|‘nﬁw,>} (4.17)

- ? . v 0
= I:;l;gNt [SUP({l/l)»hl. h e H\H,} U {0})] i| |:t€S[l(l)’pT] ”]I{X?eHy_Ha}Xt ||$p(P;|‘|HV+0):|

< Q.

In addition, observe that the triangle inequality, (4.13) and (4.14) ensure that

Sub su 1BV P Hs Hy, —y) <o sup su 1BV PN IHs .y —y)
P sup max (LI, ) = P Sup T+ Vi,
NeNy veH, NeNy veH,

< 2(|: sup |B(v)9’0||HS(U,H),_X)j| i |:sup sup IIB(V)(WOWN)lHS(U,Hy_X)iD (4.18)
- veH, L+(vlla, NeN veH, 1+(vlla,

N BONPo~PN) s,y )

I1BO) Iusw.Hy )
<21l s R o g p S )
Y 14
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Again, (4.13) and Lemma 4.1 hence establish that

sup sup ||X (R I, < 00. (4.19)
NeNj r€[0,T]

This and (4.18) prove that

sup sup [[BX)) Pyl o»

(PQH'”HS(U,HJ,_X))

NeN t€[0,T]
4.20
(1 + sup sup XV )( sup sup —”B(V)WMHS(U’HVX)) <00 2
NeNp e[0.7] ZLP®il-lm,) NeNo ve, [EN TS
In the next step we combine (4.19), (4.17) and (4.14) with Lemma 4.2 to obtain that
sup sup (N 1X7 = X o e, ) < @.21)

NeNy t€[0,T]

Furthermore, observe that (4.19) ensures that SUPNeN, SUP;e[0,7] |F (va )| LPEY ) < OO This,
, il
(4.20) and (4.21) complete the proof of Corollary 4.3. O

The next result, Corollary 4.4, proves strong convergence rates in Holder norms for spatial spectral
Galerkin approximations of SEEs with globally Lipschitz continuous nonlinearities. Note in the setting
of Corollary 4.4 that, e.g., Becker et al. (2018, Theorem 1.1 and Lemma 2.6) show in the case ¢ = 2,
8 = 0 that the convergence rate established in (4.23) is essentially sharp (cf., e.g., Conus ef al., 2019,
Lemma 7.2).

COROLLARY 4.4 Assume the setting in Section 4.1, let ¥ € (0, min{1 — «, 1/2 — B}), p € (1/9,00) and

0 12
assume that X((2) € H,, 5, ]E[||X3||HM] < 00, |F|<51(HV,H.HHH) < 00, |B|<gl(HV,H,HHS(U’HM)) < 00
and
||B(V)<@N||Hs UH._ ‘|'N“9 ||B(V)(<@o - gN)”HS UH.,_
sup sup (U-Hy—p) Gy | < o0 (4.22)
NeNveH,, 1+ ||V||Hy

Then it holds for all § € [0,% — 1/p), ¢ € (0, 00) that

Yp
NP (B —8—1/p—s) 0 yNup
sup []E[HX o ]+ 7 (B[ = XU o0, ]) } <oo.  (423)

Proof. Throughout this proof let € R be the real number given by n = max{«, 28} and let 0¥ € 2,
N € N, be a sequence of sets such that

oN N~
sup [ Dmax (07 + ¥ ] < 00. (4.24)
NeN N~ dmin(e )
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In particular, this ensures that lim supy,_, ., d, 6N) = 0. In addition, Corollary 4.3 proves that

max (

sup [Idmax O™ sup 1X? = XN Nl 0 -1, i
NeN

teoN

dimax (O™)| 7
< |: sup T'} ( sup sup N’ ||X? — vallgp(P;H_”H )) (4.25)
NeN NeN tepN 4

®
B30 _ wN
<| sup —:| (sup sup N 1X; — X'l oo pey. ) < 00.
|:N N dimin (ON) NeN 1e[0.7] t t (G R75)

Next note that, e.g., Corollary 3.2 shows for all N € N, ¢ € (0, min{l — n,1/2 — 8}) that

( |min{t1, t2}| max{y+e—(y+1),0} ||X£\1J — Xg]”gp(]p;”‘”Hy) )

sup (4.26)
11,12€[0,T], |ty — 1]
t#n
v 2 T(1+yfr]7min{y+z?,y+e})
< X +[ sup [P }
0N @iy ™ o |V | 2o @i, ) (I-n—e
1 .
/ — 1) 7(zty—B—min{y+0,y +e})
+[ sup ”PNB(X ) NH ] P =1 : < o0,
s€[0,T] L2 s w.n,_g) (1 —28—2¢)2

This and the fact that min{1 —n, 1/2— 8} = min{l —max{«,28},1/2— B} = min{l —a,1/2—8} > & > 0
imply that

N N
1Xey = X lzr @iy )
sup  sup

NeNg t1,62€[0.T], 6 — 1| ?
1 #
27119 427
< sup IX) .oy, +[sup sup [|FQXM)] }— 4.27)
oob X020 @y, 0 T | SO0 P APy [(1— 5 —v)

} pp—D TG
y-p) '

[sup sup ||B(X VPN 0y leis s 128 Zﬂ)l
— — 3

NeNj s€[0,T]

1202 udy G uo Josn ouuo] Jo AusIeAlun Ad 081 LE8S/E6Y/L/LF/eI0IME/RUlRWIWOD dNO"DlWSpEoR)/:SARY WO} POPEOJUMOQ



530 S.COX ET AL.

Corollary 4.3 and estimate (4.22) hence prove that

N
g Xl @011 20 @1, )
” N 5 7(l=n-9)
< op (-1 + | sup su FX op(p1.. D ———
= IXollzr @iy, , ) [Nelgo JSup IFXO N 20y |HV,7>} == (4.28)

< Q.

] Vo =D TP
y-p)

L s 1A i, o |

NeNy s€[0,T]

This, (4.25) and the fact that ¥ € (1/p, 1] allow us to apply Corollary 2.11 to obtain for all § € [0, ¥ —1/p),
g € (0, 00) that

sup [E[ X175 07110000 )
b ¢ E(0.TL )

y (4.29)
Ny|—O—8=1/p—e) 0 _yN W

| 6] ' (]E[”X —X ”fzf%[o,n,u-nm]) ] -

Combining this with the fact that supyy d‘“}‘vx—f]v)] < oo completes the proof of Corollary 4.4. O

4.3 Almost-sure convergence in Holder norms for Galerkin approximations of SEEs with semiglobally
Lipschitz continuous nonlinearities

The proof of the following corollary employs a standard localisation argument; see, e.g., Gyongy (1998)
and Printems (2001).

COROLLARY 4.5 Assume the setting in Section 4.1, let ¥ € (0, min{l — «,1/2 — B}), assume that
P(X) e H, ) = 1 and assume for all nonempty bounded sets E C H,, that

sup sup

||B(V)=@N||H5(U,Hy_ﬁ) + N IBON(Zy — ‘@N)”HS(U,HV_X)
NeNveE

< 00. (4.30)
L+ vl
Then it holds for all § € [0, 9), ¢ € (0, c0) that

IP’( sup [N“C07 X0 — XV g 0,100 < oo) =1 431)
NeN 4

Proof. Throughout this proof we assume w.l.0.g. that Xg(.Q) C Hy+,9, let § € [0,1), let ¢r’M: H, —
H,,reR, M e (0,00), be the mappings that satisfy for all r € R, M € (0,00), v € H, that

(4.32)

¢r,M<v>=v-min[1 M1 ]

SEA

let §,: 2 — H,, M € N, be the mappings that satisfy for all M € N that §,, = ¢y+0,M(X8)’ let
Fy: Hy — H M € N, and By, : Hy — HS(U, Hy_ﬂ), M € N, be the mappings that satisfy for all

y—a
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M e NthatFyy =Fo¢, and Byy = Bo¢,, y andlet Sy, € H,,, M € N, be the sets that satisfy for all
M e Nthat Sy, ={ve Hy : ”V”HV < M + 1}. Observe that it holds for all v,w € Hy, M € N that

|01 = 0,00,

v (1 il ) min{l+ [Vl M A+ 1} = w (1 [Vl ming]+ [wl, M + 1)
(T W) (0 Twlly)

Hy

< v —wlly,

w [+ il min{l+ [Vl .M + 1) = (1 + [vll) min{l + [wily .M + 1)] (4.33)
1+ v 1+ |w
L+ Vi) L+ i) "
< v =wlly,
1+ Il ) min{] + vl M+ 1) = (14 vl ) min{1 + iy, M+ 1)
+ .
A+ g,
This ensures for all v,weHy,M € N that
16,0000 = 6,110
HV
[l — IVl | min{L + vl M + 1)
<lv—-wlyg +
4 (1+||V||Hy)
1+ v (min1+ Wl .M+ 1} — min{1 + [|w ,M+1(
L Il i+ iy, -+ 1) = i1+ oy, M+ 1) s
(1+||V||Hy)

< v =wllg, +|Iwllg, = Vg,
+ ‘min{l + IVl M+ 1} — min{1 + il M + 1}‘

=3lv=wly,
Hence, we obtain for all M € N that |¢>),M|<51(Hy ) = 3. This, the fact that VM €
i ’ Y

N AFlsylor sy, T Blsyl @ Sultuswa, _p T 1y Ml @ i1y, < oo and the fact that
VM e N: ¢V,M(Hy) C S, ensure that it holds for all M € N, p € [1, oo) that

4
Evlgt e, 1, o) T 1BMle @ty s,y +E[llgy 7, ] < oo (4.35)

For example, Proposition 3.6 hence proves that there exist (), 1/%(H, )-adapted stochastic
processes 2~ NM. 10,T] x 2 — HV, N € Ny, M € N, with continuous sample paths such that it
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holds forall N € Ny, M € N, t € [0, T] that

t
[%N’M]P B(H,) Z[etAPNSM +/ eTIAPYFy (2N dsi|
2 Hy 0 P.B(H,)
(4.36)

t
- /O AP By (ZNMY 2y, AW,

(cf., e.g., van Neerven et al., 2008, Theorem 7.1). We now introduce a bit more notation. Let UL 2 —
[0,T],M € N, N € N, be the mappings that satisfy for all M € N, N € N, that

Ty = min{T 1501 <M},inf({t e 10.77: 12"y, = M} U {T})}, 4.37)

y+0 —

let T € % be the set given by
T =
N Upjeny N {ty,, =T} N[N | 2NM <00
NeNyg “MeN ' 'me{MM+1,.} U IN,m = MeN,NeNg G 0TI, )
0 . g NM _ yN
n [ﬂMeN,NeNO ({”XOHHVW > M] UV € 10,71 2oy = Xmin{z,TN,M}})]

9 —38—1/n oM N.M
n [mM,neN [132% (NI 20— MM g oy 110) < OOH (4.38)

let #: 7 — N be the mapping that satisfies for all w € 7" that
M (w) = min{M eNNn (||X8(w)||Hy+ﬁ,oo): Vme{M,M+1,..}: 7, (0) = T} (4.39)
and let 4 : T — N be the mapping that satisfies for all
wer cfwe: [YMeN: limsupy_, o |12 0) = 2V (0)lligs 10,111, ) = 0]}
that

N (w) = min{N e N: SUP, (N N+1,...} ”%(),2//[(4()) (w) — e/ﬁbrn’Z//{(w)(a))||c([0,T],||.||HV) < 1} . (4.40)

Observe that (4.38) ensures forallw € T, N € Ny, M € N, 1 € [0, 7y s ()] with M > ||X8(a))||Hy+ﬁ
that

ZNM () = XN (). (4.41)

This, the fact thatVw € T, N e Ny: IM e N: Vm € (M,M +1,...}: IN’m(a)) = T and the fact that
Yo € T,N (S] No,m e N: ||%N’m(w)||%6([0,T
that

L) < O prove that it holds forallw € T, N € N
’ Y

N
IX™ (@) llgs qo,11,1-1,1,) < O©- 4.42)
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Next note that (4.39) ensures forall w € T, M € {4 (w), # (w) + 1, ...} that

@ =T and MM > Xy, ,, (4.43)
This and (4.41) show forallw € T, M € {# (w), # (w) + 1,...}, t € [0, T] that
2 @) = X(@) = 2,7 (). (4.44)
This, (4.43) and (4.37) prove for all w € 7 that

sup 12,77 @)y, = sup 12,57 @)y, < M (). (4.45)
t€[0,T] TG[ T]

The triangle inequality and (4.40) hence ensure forallw € 7", N € {4 (w), A (w) + 1, ...} that
sup 1277 @),
1€[0.T]

0,2 0,2. 2.
< sup |2, ’”“”(co)nH + Sup 27 PO @) — 2O )y, (4.46)
t€[0,T] ,T1

< sup [ 227y, +1 < M) +1 <24 ().
1€[0,T]

This and the fact that Vo € 7T': ||X @)y ey < M(w) < 2.4 (w) prove for all ® € T,
N € { AN (w), N (w) + 1,...} that tNZ//(w)(a)) = T. Again the fact that Vo € 7: ||X0(a))||H <
M (w) < 2.#(w) and (4.41) hence show forallw € T, N € {A (w), N (w) +1,...},t € [0, T] that
%N’z//[(‘”) (w) = XN(w). This and (4.44) prove for allw € T, ¢ € (0, 00) that

sup N7 11x%(w) — XN (@) logs 0.1, I, )

NeN
< sup  NTIXY@) = XV @)l oy, )

Ne{l1.2,.../ (w)}

+ sup NP9 1 X% @) — XV (@) s o711

Nel A (@), N (@)+1,...) (OT1 0l (4.47)
< [ (@)]7 [ 1X°(@)llgs + su IXN (@)l
= ¢ A0 TL MM, ) Ne(12 p/( ) 4 0 TL MMy, )
32400y [0)
+ Sup NL(19757€) H%O,Z//l(a))(a)) _ %N,Z///(w) (a))”(ga([O’T]’””Hy)

Ne{ N ()N (@)+1,...}
Combining this with (4.42) and (4.38) ensures forallw € 7', ¢ € (0, 00) that

sup N2 1 X%() — XV @)lgs qory 1,

NeN
N
< [V @1 ZyZs” IXY @)llgs o1, (4.48)
+ Sup Nt(l? §— 8) ||%0,2///(w)(a)) _ %'N,Z//[(a)) (w)||%5([Q’T],||.‘|Hy) < 00.

Ne{ AN (@), N (0)+1,...}
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It thus remains to prove that ]P’(T) = 1 to complete the proof of Corollary 4.5. For this, observe that
assumption (4.30) shows for all M € N that

|:||BM(V)*@N”HS(U,H,,_5) + N 1By (W(Z — <@1\1)||HS(U,H),X):|
sup sup

NeNveH, 1+ ||V||[-1V
" (4.49)
- ”B(V)'@N”HS(U,HV,,g) +N ||B(V)(320 - gzN)HHs(U,HWﬂ
= Sup su < Q.
Vet ves T+ vl

Corollary 4.4 hence proves for all p € (1/9,00), r € [0, — 1/p), ¢ € (0,00), M € N that

p
N,M P L (P —r—e¢) oM _ N,M P
8 [E[”‘% ”%f([o,n,n-nyy)] +N (E[”‘% 2 ||%”r<[o,ﬂ,n~uyy)]) ] <00 (4.30)

A standard Borel-Cantelli-type argument (see, e.g., Kloeden & Neuenkirch, 2007, Lemma 2.1) hence
ensures for all € € (0,0), M € N that

Y—6— o.M N.M _
1P>(supNEN (VO 2OM — ZNM s ) < oo) 1. @.51)
Hence, we obtain that
P(V M1 € N: supyers [N O 12708 — 27 oy 01,0 1] < 00) = 1. (4.52)
b Y

In addition, (4.50) proves for all N € Ny, M € N that P(2"VM e ([0, T, ||-| Hy)) = 1. This, in turn,
ensures that

]P’(VM eN,N e Ny: 2V ¢ ¢% (0,17, ||.||HV)) ~ 1. 4.53)

Next observe that it holds for all r € [0,T], M € N, N € N, that
NM A o.M
(257 = Py 26" b g,

)H{ZSTN,M}

t t
= (|:/ e(t_S)APNFM(%sN’M) d5:| ) +/ e(t_‘Y)APNBM(%sN’M)'@N dWS)Jl{lSTN,M}
0 P, B(H,)

0
! A N.M
= (|:/ ]1{S<‘L'N‘M} e(l_S) PNFM(% ’ )d5i|
0 P, %(Hy)

t
+ /O Loy €' PyBy (2N 2 dWS)IL{,STN’M} (4.54)

t
- ([/ Loy €~ PYF (2D ds}
0 P, %(Hy)

'
—5A N.M
+/0 ]l{S<TN,M} e PNB(Z; )'@Ndws)]l{tém’m.
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For example, Proposition 3.7 hence shows for all N € Ny, M € N that

X

P(V1 € 0.1 vy, 2ot 1 Nttont) = 1 (4.55)

min{t,iy ) (2 =xNy

(cf., e.g., van Neerven et al., 2008, Lemma 8.2). This implies for all N € Ny, M € N that

P({IX0l,,, > MYU{¥1€[0,T]: 230 xN )=1. (4.56)

min{t,Tyy} < min{t,Ty )

Hence, we obtain that

0 . N.M
P( Oyreniwersy [(1X ., > MUY .70 200 =X }]) =1 @)

In the next step we combine this with (4.37) to obtain for all M € N, N € N, that

o int({r e 0,71 XN, = Myum))) =10 @s®)

y+9 —

P(‘L’N’M = min{T ]l{nguH

This shows for all N € Ny, M,,M, € N with M| < M, that Pty < ty,,) = 1. This, (4.58) and
the fact that Vo € 2,N € Nj: sup,co1y ||X£V(a))||HV < oo imply that it holds for all N € N, that
P(Upren Nmearst...(twm = T}) = 1. This, in turn, proves that

P( Nyeny YUnen Nmeprit,. ) (v =T1) = 1. (4.59)

Combining (4.59), (4.53), (4.57) and (4.52) proves that ]P’(T) = 1. The proof of Corollary 4.5 is thus
completed. O

5. Cubature methods in Banach spaces

We first discuss in Section 5.1 a number of preliminary definitions related to the Monte Carlo method
in Banach spaces. In Section 5.2 we present an elementary error estimate for the Monte Carlo method
in Corollary 5.12. In Section 5.3 we then illustrate how expectations of Banach-space-valued functions
of stochastic processes can be approximated.

5.1 Preliminaries

As mentioned in the introduction, the rate of convergence of Monte Carlo approximations in a Banach
space depends on the so-called type of the Banach space; cf., e.g., Ledoux & Talagrand (1991, Section
9.2). In order to define the type of a Banach space, we first reconsider a few concepts from the literature.

DEFINITION 5.1 Let (£2,.%,P) be a probability space, let J be a set and let rjt 2 - {-1,1},j € J,

be a family of independent random variables with ¥j € J: P(r; = 1) = P(r; = —1). Then we say that
(rj)jes is a P-Rademacher family.
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DEFINITION 5.2 Let p € (0,00) and let (E, ||-||g) be an R-Banach space. Then we denote by ﬂp(E) €
[0, oo] the extended real number given by

3 probability space (£2,.%,P):
3 P-Rademacher family (r;);cy

%(E)=Sllp ce [0,00)I dkeN: Elxl,xz,...,xk Gl/pE\{O} U{O} (51)
(B[ =k i)
€= k p\'7P
(=i llz)

and we call Z,(E) the type-p constant of E.

DEFINITION 5.3 Let p € (0,00) and let (E, ||-||z) be an R-Banach space that satisfies Z,(E) < 00.
Then we say that (E, ||-||5) has type p (we say that E has type p).

Note that it holds for all p € (0, oo), all R-Banach spaces (E, ||-|| ) with type p, all probability spaces
(£2,.7,P), all P-Rademacher families (rj)jeN andallk € N, x|, x,,...,x;, € E that

k k Up
rx; < %<E>(Z ||xj||',§) : (5.2)
2LV AR =1

J=1

In addition, observe that it holds for all R-Banach spaces (E, ||| ), all probability spaces (§2,.%,P), all
P-Rademacher families (rj)jeN and all p € [2,00), k € N, x € E\{0} that

k
Il | i) 2
_ =Vl ey _ K2 g _ opey,

7
S
- H e K7 ST _ _
B k7 Jlxl g K7 Jlx]

p
(2]

(5.3)

In particular, it holds for all p € (2, 00) and all R-Banach spaces (E, ||-||z) with E # {0} that Z,(E) =
oo. Furthermore, observe that Jensen’s inequality together with the fact that it holds for all normed
R-vector spaces (E, ||-||g) and all p € (0,00), g € [p,00), k € N, x{,...,x;, € E that

(= ||x,-||‘,§)'/" = (Zh ||x,-||’;)'/" (5.4)

ensures that it holds for all R-Banach spaces (E, ||-||z) and all p,q € (0, 00) with p < ¢ that ,Z,(E) <
%(E). Hence, it holds for every R-Banach space (E, ||-||g) that the function (0,00) > p ,Z)(E) €
[0, oo] is nondecreasing. This and the triangle inequality ensure for all p € (0, 1] and all R-Banach
spaces (E, ||-|z) with E # {0} that ﬂp(E) = 1. In particular, note that it holds for all R-Banach spaces
(E, |I-llg) that SUP,e(0,1] ﬂp(E) < 1 < oo. Additionally, observe that it holds for all p € (0,2] and all
R-Hilbert spaces (H, (-, )y, lI-llz) with H # {0} that Z,(H) = 1. Furthermore, we note that it holds
for every probability space (§2,.%,P), every p,q € [1,00) and every R-Banach space (E, ||-||z) with
type g that L7 (IP; |||l ) has type min{p, g}; cf., e.g., Hytonen et al. (2017, Proposition 7.1.4), Ledoux
& Talagrand (1991, Section 9.2) or Albiac & Kalton (2006, Theorem 6.2.14). In particular, it holds for
every p € [1,00) and every probability space (£2,.%, P) that L” (P; |-|) has type min{p, 2}.
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DerNITION 54 Let p,g € (0,00). Then we denote by %’q e [0, o0] the extended real number
given by

3 R-Banach space (E, ||-||g):
3 probability space (£2,.7,P):
3 P-Rademacher family (rj)jeN: dkeN: (5.5)
1/p :
E[ 1 355 rilly
x, € E\{0}: c= ( [ Zi Al E])l/q
(B[ = m1E))

Ji;,,q =supqc € [0,00):

Ix,%,...,

and we call Ji;, 4 the (p, g9)—Kahane—Khintchine constant.

The celebrated Kahane—Khintchine inequality asserts that it holds for all p, g € (0, 00) that Ji;, g <
o0; see, e.g., Albiac & Kalton (2006, Theorem 6.2.5). Observe that Jensen’s inequality ensures for all
p.q € (0,00) with p < g that ¢, , = 1. The nontrivial assertion of the Kahane-Khintchine inequality
is the fact that it holds for all p, q e (0, 00) with p > g that Ji;’q < oo. In our analysis below we also
use the following two abbreviations.

DEFINITION 5.5 Let p,g € (0,00) and let (E, |-||z) be an R-Banach space. Then we denote by
@p’q(E) € [0, oo] the extended real number given by o, (E) =27 (E)

DEFINITION 5.6 Let (£2,.%,IP) be a probability space, let p € (0, 00), let (E, I-llz) be an R-Banach
space and let X € .& L@®; |1 £)- Then we denote by op,E(X) € [0, oo] the extended real number given

y 0,200 = (E[IX — EIXT/1%])".

5.2 Monte Carlo methods in Banach spaces

In this subsection we collect a few elementary results on sums of random variables with values in
Banach spaces. Note that for every probability space (£2,.%,P), every normed R-vector space (E, ||-||z)
and every .% /%(E)-measurable mapping &: 2 — E we denote by &(IP) the pushforward measure on
HAB(E) of P under &. The next result, Lemma 5.7, can be found, e.g., in Ledoux & Talagrand (1991,
Section 2.2).

LEMMA 5.7 (Symmetrisation lemma). Consider the notation in Section 1.1, let (E, |- || ) be an R-Banach
space, let (2, F,P) be a probability space, let§,§ € LO®; ||| £) be independent mappings that satisfy
E[llé‘; ||E] <ooand E[£] = 0andlet¢: [0,00) — [0, c0) be a convex and nondecreasing function. Then

ElelEl)] < E[elE —Elp)]. (5.6)

Proof. Jensen’s inequality ensures that

E[o(l£llp)] = E[e(lE — EE1lp)] = Qfﬂ(H/ﬂS(w)—é(cb)P(dcb)

) P(dw)

E

S/ w(/ ||$(w)—§(5))IIEIP’(d5J)) P(dw) (5.7)
2 2

< / / (@) — E@)llp) P(dd) P(dw)
2 J2
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//Q @t i) £(5(@),5(@) (1§ (@) — (@) p) P(dd) P(dw)

= [EAHWEX%E(JWW(II)C—yIIE) E®)dy) (@) (dx)

/ExE 1&(9) xE(2) £, y) @(lx = yllp) (6.6) (@) (dx.dy) = E[e(lls — §llp)]-

This completes the proof of Lemma 5.7. 0

COROLLARY 5.8 (Symme:trisation corollary). Let (E, ||-||z) be an R-Banach space, let (£2,.%#,P) be a
probability space, let £,& € Z1(P;||-| g) be independent and identically distributed mappings that
satisfy E[§] = O and let ¢ : [0, 00) — [0, 00) be a convex and nondecreasing function. Then

Elp(I61p)] < B[l — 1] < E[eI£])]. (5.8)

Proof. Lemma 5.7 shows that

EleI€lx)] < E[e(IE —€llp)] < E[els + 1E1)] =E[e(3 21l + 52 1€l )]
<E[;9QIl&llp) + 39CIEIR] = S E[eIIElI)] + 3 E[e IEll)] (5.9)
=JE[el&lp] + A E[elEl)] = E[e £ )]

The proof of Corollary 5.8 is thus completed. 0

As a straightforward application we obtain the following randomisation result; cf., e.g., Ledoux &
Talagrand (1991, Lemma 6.3).

LEMMA 5.9 (Randomisation). Let (E, ||-||z) be an R-Banach space, let (§2,.#, P) be a probability space,
let k € N, let Sj € .,2”1(1[”; I-lg),j € {1,...,k}, satisfy for all j € {I,...,k} that E[Ej] = 0 and let
rj 2 — {—1,1},j € {1,...,k}, be a P-Rademacher family such that §,&,,...,&,7,7,...,1; are
independent. Then it holds for all p € [1, co) that

k
ZEJH =2

=1 @)

rg H (5.10)
L@

Proof. Throughout this proof let (2, F,P) = (2 x 2,% Q@ Z,P® P), let r;: 2 - {—1,1},j €
{1,...,k}, be the mappings that satisfy for all ® = (w,w) € £, € {1,...,k} that rj(w) = rj(a)) and
let ’;'j: 2 — E, je{l,...,k}, and éj: 2 — E,j e {l,...,k}, be the mappings that satisfy for all
= (w,0) € L,je{l,..., k}that Ej(w) S (w) and‘g‘ (w) (a)) The fact that

0,1} x {1,... .k} 3 Gi,)) > H‘Ei_g/ +i=0,
r; i=1

.11
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is a family of independent mappings and the fact that Vj € {1,...,k}: (& i E j)(P) = (é i & j)(P) prove
for all p € [1, 00) that

/,2 érj(a’)[ﬁj(a’) —&(0)] I;P(dw)
3 ~ p
:/’2 J—§ ENE DiE—ENIR) £ (5(@)[§@) = §j(@)]) 1j(@)[8(@) — §j(@)] e
£ P
- ~/({—l,l}><E)k ; ]luilzo[(_l)i(g/_gj)](ms(ijj) Zj%j i

((r1,6; — &1, 1, & — E(P)(dzp, dxy, - -+, dzg, dg)

p

£ (%) 7% (5.12)
E

e Jiein Je UL ol(—1)i(&;~E1(2)

(& — EDP)) (xp) () P) (dzp) --- (&1 — & P)) (dxp) (e (P)) (dz)
k

Z 1 ; . _ E(xj')x/‘

=1 Uisol (=D (§;—-€)1(2)

p

E

(€ — EP)(dxp) --- (&) — E(P))(dxp)

Z/Ek
“Ja

Furthermore, the fact that zk §: 2 — E and zk E : £ — E are independent, the facts that

Jo ||zj IE (@) P(dw) < oo and [, > i 1’;‘ () P(dw) = 0, Lemma 5.7 and (5.12) imply that it
holds for all p € [1,00) that

k

21 ()

i UL [(—1i(§;—£)1(2)

p - -
(61— &1 & — EQ@P))(dxy, ..., dxg)
E

k

> [&(@) — &(@)]

=

p
P(dw).
E

k k k ~
201 B D3 B D YURS A
it wern VT leenn 155 L@ )
k 5 k k B
= H D - §) = | 2o H > rﬁj' (5.13)
i 2@y 1o ey VST Lo
S
L@

The proof of Lemma 5.9 is thus completed. ]
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The next result, Proposition 5.10, is the key to estimating the statistical error term in the Banach-
space-valued Monte Carlo method in the next subsection. Proposition 5.10 is similar to, e.g., Ledoux &
Talagrand (1991, Proposition 9.11).

PropPosITION 5.10 (Sums of independent, centred, Banach-space-valued random variables). Let k € N,
q € [1,2], let (E, ||-||z) be an R-Banach space with type g, let (£2,.%,P) be a probability space and
let gj e L\, I-lg), j € {1,...,k}, be independent mappings that satisfy for all j € {1,...,k} that
]E[Sj] = 0. Then it holds for all p € [g, o0) that

k
D

J=1

k

< Opq4(E) (

p 1/q
1||$j||jp(p;|.|E)) . (514)
j=

H»?P(JP’:HE)
Proof. Throughout this proof let ([},j, ]F’) be a probability space, let rj 2 — {(—1,1},je{1,...,k},
be a P-Rademacher family and let ‘.;'j: 2x 02 - E,je{l,...,k}, and r;: 2 x 2 — {—1,1},
j e {1,...,k}, be the mappings that satisfy for all @ = (w,®) € 2x£2,j € {1,...,k) that Ej(w) =§i(w)
and rj(w) =1 (w). Lemma 5.9 and the triangle inequality show for all p € [g, 00) that

k k k
e DY B P
j=1 NZP®:|l-llg) j=1 "ZP@®eP;|-Ig) j=1 ZP (PRP;|-I|)
k p /p
=2 (/ H ri()§j(w) P(dw))
2 ; Y 2P (Pl )
k p p
< 2%4( / > rOg@| P(dw)) (5.15)
2155 ZLUB;Ig)
k Yq k Yq
< 2%,[,2,(15)‘ (Zns,-n%) =254 74(E) | D&
j=1 L@l j=1 L))
k 14
52%4%(@(Z”Sf”?mp;nwm) '
=1
This finishes the proof of Proposition 5.10. d

The result in Corollary 5.11 below is a direct consequence of Proposition 5.10.

COROLLARY 5.11 (Sums of independent Banach-space-valued random variables). Let M € N, g €
[1,2], let (E, ||-lz) be an R-Banach space with type g, let (§2,.%,P) be a probability space and let
Ej e £, I-lg).j € {1,...,M]}, be independent. Then it holds for all p € [g, oo) that

M M 1/q
ap,E(zsj) = @p,q(E)(ZIO,,,E(Sj)I") . (5.16)
j=1 j=1

COROLLARY 5.12 (Monte Carlo methods in Banach spaces). Let M € N, g € [1,2],let (E, ||-|| ;) be an R-
Banach space with type g, let (£2,.%,P) be a probability space and let fj e LY |- lg).jefl,...,M},
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be independent and identically distributed. Then it holds for all p € [g, o) that
M

1
HE[El] - MZ&;H
j=1

_pE(ZE15) _ OpgB) o)

_ < (5.17)
1—1
L) M M=V

Results on lower and upper error bounds related to Corollary 5.12 can be found, e.g., in Daun &
Heinrich (2013, Theorem 1) and in Heinrich & Hinrichs (2014, Corollary 2). Note that Corollary 5.12
does not imply convergence if the underlying Banach space (E, ||-|| ) has only type 1, in the sense that
it holds for all g € (1, co) that ﬂq(E) = 00.

5.3 Multilevel Monte Carlo methods in Banach spaces

In many situations the work required to obtain a certain accuracy of an approximation using the Monte
Carlo method can be reduced by using a multilevel Monte Carlo method. Heinrich (1998, 2001) was first
to observe this and established multilevel Monte Carlo methods concerning convergence in a Banach
(function) space. However, these methods do not apply to SDEs. Then Giles (2008) derived the complex-
ity reduction of multilevel Monte Carlo methods for SDEs. The minor contribution of Proposition 5.13
to the literature on multilevel Monte Carlo methods is to combine the approaches of Heinrich (1998)
and of Giles (2008) into a single result on multilevel Monte Carlo methods in Banach spaces. The useful
observation of Proposition 5.13 generalises the discussion in Heinrich (2001, Section 4).

PROPOSITION 5.13 (Abstract multilevel Monte Carlo methods in Banach spaces). Let ¢ € [1,2]; let
(£2,.%,P) be a probability space; let (V|, ||~||V1) be an R-Banach space with type g; let (V,, ||~||V2) be
an R-Banach space with V| C V, continuously; letv € V,, L € N, M,...,M; € N and for every
tef{l,....L}let D, € 2P, I-Ily,), k& € {1,...,M,}, be independent and identically distributed.
Then it holds for all p € [g, o0) that

1
V=2 3 2P
= P )
2 (5.18)
L L op,v; (De,1)
=|v- ZE[D’ZJ] + [1dy, “L(VI,VQ) Op.g(V1) Z —q
(Mg)' /4
=1 v, (=1
Proof. The triangle inequality and Corollary 5.12 imply for all p € [g, oo) that
L 1 M,
V-2 My > Dek
t=1"" k=l LP @] lly,)
(5.19)
L L Lo M
< |v= 2LE[Dea]l +| 2 E[Dea] = 2 5 > D
=1 v, =t =l k=t e @y,
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L
< |v= 2 EDel| + 1 [, E[De] = 37 ZDM
V2 = LP |- lly,)
L
vi (De1)
<|v=2"EDeal|  +11dv, |1, vy) OpaVD) Z 5‘41)71%
Va
This completes the proof of Proposition 5.13. O

COROLLARY 5.14 (Multilevel Monte Carlo methods in Banach spaces). Consider the notation in Section
1.1; let ¢ € [1,2], L € N, My, My, ....M;  ,Nyg,Ny,...,N, € N; let (£2,.%,P) be a probability
space; let (V, [I-lly,), i € {1,2}, be separable R-Banach spaces such that (Vy, ||-|ly,) has type g and
such that V| € V, continuously; let (V3,[-lly,) be an R-Banach space; let f € .#(#B(V3), B(V,)),
g € MBWV).BWV))., X € MIF,BVy) satisty E[|If(X)|ly,] < oo; for every n € N let
Yk e a(F,B(V3), k € N, I e Ny, satisfy E[|lg(¥"*1)[|y,] < oco; assume that YN0 k € N,
are independent and identically distributed and assume for every £ € NN [0, L] that (Y’ Ne—1. Lk YNZ’”‘),
k € N, [ € Ny, are independent and identically distributed. Then it holds for all p € [g, co0) that

M
E[f(X)] ——Zg(YN°°k> ZMZ[[M@“) g(rNe- ”“)]
= =t k=l L2 @®llvy)
< [Erroon —IE[g(Y’VL*O")]HV2 (5.20)

L NoOy_ oy Ne—1):0.1
o op.vy (g0 0h) Up.vl(g(Y e —e(Y ))
+ ”Idvl ”L(Vl,Vz) Op’q(vl)( (Mo)'~"/a T Z (M)'-Va
=1

< |Erroo1 - E[ga0h]|

\%]

L 4 ||g(YN(~0,1)_g(X) ng(]P;H'HVI ))

218N r iy, )
+ 1y, [ v, v Op,q(Vl)( Moy =T +§ (min{Me, M4 1) =4

Proof. Observe that the assumption that for every £ € NN [0, L] it holds that (¥ Ne-1.Lk |y N‘f’[’k), keN,
I € Ny, are independent ensures that forall £ e NN [0,L], T e N, [}, [, ..., € Ny, kj, ky, ... ki €
N,A|L,A,, ..., Ayq € B(V;) ® B(V3) it holds that

]P;((Y}V(g,l),[l,k] , YN(,“,](]) c Al’ o, (YN(Z—I)’[‘J?J“R’ YN[,[m,k‘JI) c Am)

N (5.21)
— H]PJ((YN((—I)»[:'JQ” YNzJi,ki) c Ai)'

i=1
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Furthermore, Proposition 5.13 and the identity

L

E[g(r":0h | = E[ M) | 4+ " E[g(r"0) — grNe-noh)] (5.22)

=1

imply the first inequality in (5.20). Next note that the triangle inequality demonstrates for all £ €
2P, ”'”Vl)’ p € [gq,00) that v, &) <2 ”i””(]P’;H'Hvl)‘ This and again the triangle inequality show
for all p € [g, 00) that

oy (eM00h) ZL: oy (8(rVe0N) —g(rV D OT))

R (M)'="4
=1

2 g(¥Mo01 L ZHg(YNbo’l)—g(YN(Z*l)‘O’l)H

N r@iy,) n z
(Mo)'~"a (M)~
=1

LP @y,

218Xl v @iy, +2 |60 =60 gpey
(M)~

(5.23)

IA

L 2“«5’(YN‘3’0’1)_g(X)”xmn’;u-uvl>+ZHg(YN(H)'OJ)_g(X)H
2
=1

LPEy))

(My)'="a

L Ny ,0,1
28Xl 2r @1y, ) ") -0 oy, )
< m T2

(Mo)'="4

(min{Me, Mo )1 ="
=0

This implies the second inequality in (5.20). The proof of Corollary 5.14 is thus completed. (]

COROLLARY 5.15 (Convergence of multilevel Monte Carlo approximations). Consider the notation in
Section 1.1;1et T € (0,00), 8 € (0,1],¢ € (0, B), ¢, r € [0,00); let (£2,.F,P) be a probability space; let
(E, |I-lg) be a separable R-Banach space with type 2; let X : [0, T] x §2 — E be a stochastic process with
continuous sample paths that satisfies for all p € [1,00), y € [0, ) that X € €Y ([O, T], ||~||$p(P;”.”E) );

forevery N € N, £ € Ny, k € Nlet YN-4k: [0, T] x 2 — E be a stochastic process that satisfies for all

ne{0,1,...,N—1},re [, EDT] b € [1,00), p € [0, B) that
=+ 1- ) Y%Z’k + (5 —n) - Yoy (5.24)
N

sup  sup (Mp HXmWT — yMOl

H )< (5.25)
MeN me{0,1,...,.M} w NZLP@-llE)

assume for every N, N, € N that (YN bk YNZ’”‘), k € N, £ € N, are independent and identically
distributed and let f: C([0,T],E) — C([0,T],E) be a #(C((0,T],E))/%(C([0,T], E))-measurable
function that satisfies for all v,w € €* ([0, T1, |I-lg) that f(v),f(w) € €*(0,T1, |-l z) and

U0 = £ lgeqoram < ¢ (1 IWeqoriap + Wlie o) IV = Wigeqom - (5:26)
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Then it holds that
E[”f(x)||(ga([(),r],||.\|E)] < 00, 5.27)

it holds for all p € [1,00), p € [0, B — @) that

p
sup[ ( [Ilf(X) —FaNOL P a([O,T],"_”E)]) ]<oo (5.28)

NeN
and it holds for all p € [1,00), ¥y € [0,), p € [0, 8 — «) that

ok ok Lob=t otk 2(6=1) g
_ VAC S f(Y )~ f(Y )
IE[HlE[f(X)] P T

t=1k=1

sup 2L-min{p,l/2}L*]l[1/2)(P)
LeN

1/p
< oo.

(5.29)

Proof. Throughout this proof let y € [0,a), § € (y, 3”+°‘) let C'([0,T1, E) be the R-vector space
of continuously Fréchet differentiable functions from [0, 7] to E; let ||-llc1 0. 71.6) cY(0,T,E) —
[0, 00) be the function that satisfies for all v € C'([0,T],E) that Ivllergo,me = Wlleqorig +

IVl cori ) let WY@ ([0, T], E) be the Sobolev space with regularity parameter (@+7)/2 €
(0, 1) and integrability parameter 4/(«—y) € (4, 00) of continuous functions from [0, T'] to E; let

EY (0.1l “E)j|

I-llypesnpimer oz W70, T1E) — [0,00)

be the function that satisfies for all v € W ™/2%@= ([0, T, E) that

a—

A T v = v |7 Ex
||V||W(a+y)/24/(a MI0,TE) — |:/ ||V(t)||E y dr +/ / N Py dtds:| ) (530)

|t — s«

let V|, V, C €7 ([0,T], |-l g) be the sets given by V; = W“™/2¥« ([0, T], E) and

V, = [v € €V (0,71, |||l z): limsup sup V) =vDlly _ 0] (5.31)

n—00 s1el0,T],0<|s—t|<l/u 1S —HY

(cf., e.g., Lunardi, 1995, Section 0.2); let ||-]ly,: V; — [0,00) be the function given by [|-|ly, =
I Nyt a@— (0.T1.E) let [|]ly,: V; — [0,00) be the function that satisfies for all v € V, that
IVlly, = Wlgr qor1)-1,5 16t (Vs lI-lly,) be the R-Banach space given by

Vsllllvy) = (CAO.TLEN Mleqoriiiglegorm) (5.32)

and let f: V3 — V, and g: V3 — V; be the functions that satisfy for all v € V; that f(v) = g(v) =
Jl(ga(lo’T]’H,”E)(V)f (v). Observe that the Kolmogorov—Chentsov continuity theorem (see Theorem 2.7)

together with the assumptions that X € Npettoo) Myel0,8) &" ([0, T], ||-||g,,(]p;”,”5)) and that X has
continuous sample paths implies for all p € [1, c0) that IE[||X ||[<;p,1 (0.7] ”‘HE)] < 00. This, assumption
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(5.26), Holder’s inequality and Corollary 2.11 show for all p € [1, 00), p € [0, B — «) that

sup (N? E[ [§X) — g0l 4 0
NeN( [ ¢ (0.1 ||£>])

< sup [N" (B[1re0 —f(YN’(“)ll’iaqo,n,nwlw])ﬂ

NeN

N,0,1
< sup [Np (E[(C (141X W oy, T Y Nigeqorypig)

N.0.1 P\ Y
X =Y ||<zo”°f([o,r],n~u5)) ]) } (5.33)
27 1/@2p) [ N.O.1 207 ] 1/cp)
<c [1 + (E[||X||%a([o,r],||-||5)]) +sup (E Y= e o011 )

/@p)
2p
- sup N”(IE[HX— yvo 2 . ]) i| < 00.
NEN[ (0,711 k)

Assumption (5.26) also ensures for all p € [1, 00) that

p
E[ W Olgeqoring | = (E[MFOOWgomy ] (5.34)

Yp Yp
p (r+1p
= WO llgeqory e +€ |:(E[||X”%”"(IO,TI,II~IIE)]) + (E[”X”%a([o,ﬂJr||E)]) } < 00

Next note that (Vi,||-|ly,) is a separable R-Banach space with type 2. In addition, the fact
that (C1([0,T],E), I-llctqo.r1e)) is @ separable R-Banach space, the fact that cY(0,T,E) <
€7 ([0,T1, |-l ;) continuously and the fact that

CAOTLI )

C'([0,TL,E) Vs (5.35)

(cf., e.g., Lunardi, 1995, Proposition 0.2.1) prove that (V,, ||~||V2) is a separable R-Banach space.
Moreover, the Sobolev embedding theorem proves that V| C (0,77, |- g) continuously. This and
the fact that €° ([0, T1, |- g) € V, continuously establish that V; C V, continuously. Combining (5.34)
with (5.33) and the fact that €“([0,T],]l-Ilz) € V; continuously hence implies for all p € [1,00),
p €10, — ) that E[|fX)lly,] + supyen E[IgX¥*Dlly, ] < 00, 181 2oy, ) < 00 and

NeX (v B[ 15e0 = g1y, ]) + sup (V1500 = g0 D gy, )) <00 (5:36)
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Furthermore, observe that it holds forall Le N, p € [0, 8 — @) \ {%} that

= O—p H—L—0) _ -k = Aepyt _ =L 12239l min(p, by 1=2713-kIL _ p-Lminle.§)
E(Z)pz 2 =2 2222 Pt =2 2f:2 P23 p p (5.37)
=1 =1 2721 1-2"772] 1-2°72|

and

L
> 27200 075 (5.38)
=1

Combining Corollary 5.14 with (5.36), (5.37) and (5.38) implies (5.29). This finishes the proof of
Corollary 5.15. O

Corollary 5.15 can be applied to many SDEs. Under general conditions on the coefficient functions
of the SDEs (see, e.g., Hutzenthaler & Jentzen, 2014, Theorem 1.3 and Section 3.1), suitable
stopped-tamed Euler approximations (cf. Hutzenthaler ef al., 2018b, (6) or Hutzenthaler et al., 2012,
(10)) converge in the strong sense with convergence rate 1/2. We note that the classical Euler—
Maruyama approximations do not satisfy condition (5.25) for most SDEs with superlinearly growing
coefficients; see Hutzenthaler er al. (2011, Theorem 2.1) and Hutzenthaler et al. (2013, Theorem 2.1).
Moreover, under general conditions on the coefficients it holds that the solution process is strongly
1/2-Holder continuous in time. In conclusion, provided that a suitable numerical scheme is employed,
Corollary 5.15 can be applied to many SDEs with § = 1/2.
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