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with “gray material” (that does not correspond to dielectric nor vacuum) have an adverse effect
on the devices’ interaction with electromagnetic waves.

In this paper we propose an interface-enriched generalized finite element method (IGFEM)
for the analysis of two-dimensional electromagnetic scattering and eigenvalue problems. IGFEM
enables the use of finite element meshes that are completely decoupled from the problem’s
geometry. The analysis procedure is further coupled to a level set description of topology,
resulting in a versatile enriched approach to topology optimization; this level set-based
interface-enriched topology optimization procedure is devoid of the issues mentioned above
regarding density-based methods, and yields crisp “black-and-white” designs that are devoid
of jagged fuzzy edges. We first demonstrate that the analysis procedure achieves the same
convergence rate as that of standard FEM using geometry-fitted meshes. We then compare the
convergence properties of IGFEM with Nitsche’s method on a problem containing an embedded
straight interface. Finally, we conduct topology optimization for designing both a 2-D metalens
and a 2-D reflector, maximizing their ability to focus light onto a target point.

1. Introduction

Advancements in fabrication at the micro- and nano-scales have enabled the creation of nanophotonic devices that can be used to
guide, confine, or even filter the flow of light in new ways that were not possible before [1]. Nanophotonic devices being investigated
are, e.g., solar cells [2], highly-efficient lasers [3,4], and biosensors [5-7], which can be used to detect diseases [8,9]. However,
the design of nanophotonic devices can be non-intuitive, especially for applications where multiple frequencies of light need to be
controlled differently or for applications with nonlinear phenomena [10]. Consequently, computational tools such as parametric,
shape, and topology optimization are increasingly being investigated.

Parametric optimization has been used for optimizing waveguides or resonant cavities while varying hole sizes and locations
within the photonic crystal structure [11-14]. However, because of the limited number of design parameters, parametric opti-
mization can only explore a limited range of designs, so performance is likely to be suboptimal. A less constrained optimization
method, shape optimization, has also been applied to nanophotonic devices [4,15]. Although shape optimization gives more freedom
in design compared to parametric optimization, it cannot change the topology, which may be required to reach a design with
ultimate performance. By using topology optimization, we can freely change the material distribution allowing for more complex
and non-intuitive designs.

Various topology optimization methods have been proposed in order to represent the material distribution inside of the
computational design domain. In the commonly used density-based approaches, a density value is assigned to each element of the
discretization. This density design variable varies continuously between zero (void) and one (solid material), thereby interpolating
the properties of the design material. Because of intermediate density (gray) values, which do not correspond to either void nor solid
material, a penalization scheme is usually applied to make gray values less attractive to the optimizer, thereby pushing the iterative
algorithm to converge to designs that contain the minimum amount of gray material. Often, a filtering scheme, where element
densities are defined as a weighted average of neighbouring elements, is applied to the design space to lessen numerical instabilities,
i.e., checkerboarding patterns—alternating void and solid elements—and mesh dependency [16]. Although checkerboarding patterns
do not arise in the design of photonic crystals, a filtering scheme can still be used to avoid mesh dependency [17]. However,
using a filtering scheme introduces intermediate densities along boundaries of the design, thereby requiring a threshold projection
to retrieve a black-and-white design. Occasionally, a more robust formulation including multiple thresholds at different levels is
used to further enforce a minimum length scale—also known as a filtering-threshold scheme [16,18,19]. Density-based topology
optimization has been applied to the design of photonic crystal band gaps [20], resonant cavities [21-25], waveguides [26-28],
and photonic crystal modes with Dirac-like cones [29]. However, a disadvantage of this approach is the dependence on the (usually
structured) finite element mesh used to discretize the computational design domain. Material interfaces that are not aligned with
finite element edges can only be represented in a jagged manner. This has been shown to deteriorate the accuracy of simulations
in phononic crystals (PnCs) (i.e. mechanical counterpart of photonic crystals), and consequently density-based methods require
highly refined finite element discretizations to compensate for the loss of accuracy due to jagged boundaries [30]. In nanophotonics,
surface roughness is known to cause scattering losses, reducing the efficiency and performance of nanophotonic devices [31]. When
introducing small spatial variations in nanophotonics simulations—similar to the jagged boundary representation of a density-based
topology optimization approach—a large impact on the efficiency of confinement and guiding of light has also been observed [32-
34]. Consequently, it is important to choose an analysis technique that focuses on the quality of the geometrical description of
material interfaces during the optimization process. One approach to that end is to use a level set function, whereby the zero
contour delineates the material interfaces; this procedure results in smoother interfaces since finite elements can be cut in arbitrary
directions by the zeroth-level contour. Although a level set might always have a clear boundary, it still needs to be projected to
the finite element mesh for analysis. A possibility is to use the Ersatz material approach, which introduces a linear interpolation
of material properties for elements along the boundary [35]. However, this results in intermediate values again that, as mentioned
before, can deteriorate the accuracy of the reflections [36].

Mesh dependency issues can be resolved by means of enriched finite element methods, which add enrichment functions to the
standard finite element approximation (2-FEM) to properly resolve the kinematics of material interfaces using an unfitted mesh. For
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instance, an enriched FEM (E-FEM) has been proposed for solving problems with strong and weak discontinuities—discontinuities
in the field itself or in its gradient, respectively—whereby enriched degrees of freedom (DOFs) are added at element level and are
subsequently condensed out to save computational costs [37]. This elemental enrichment procedure has been recently explored for
solving electrostatic problems [38] and extended for electrohydrodynamic modelling [39]. E-FEMs that create a nodal enriched
field—as opposed to elemental enrichments—are more widely known. An example of such method is the eXtended/Generalized
FEM (X/GFEM) [40,41], which has also been applied in electromagnetic analysis [42-46] and to optimize a magnetic actuator [47].
However, using X/GFEM introduces some challenges, e.g., ill-conditioned system matrices that require the use of Stable Generalized
FEM (SGFEM) [48]. Other challenges include the need for special formulations when prescribing boundary conditions [49,50] and
the careful choice of enrichment functions since some of them could degrade the accuracy of the method [49].

The Interface-enriched Generalized FEM (IGFEM) [51,52] is also a related enriched procedure that can be used to solve interface
problems—i.e., problems with weak discontinuities. In IGFEM, enrichment functions are also added to enhance the standard finite
element functional space. At variance with X/GFEM, where enrichments are associated with those of the original mesh, in IGFEM
enrichments are associated with new nodes that are placed directly along discontinuities. This has many advantages with regards
to X/GFEM: (i) Because enrichment functions vanish at mesh nodes, boundary conditions can be enforced strongly as in standard
FEM [51], even on immersed boundaries [49]; (ii) Since enrichment functions are local to cut elements by construction, they are
equally zero outside and thus there is no degraded accuracy in blending elements; (iii) IGFEM is stable regarding the condition
number of system matrices, which grows at the same rate as that of standard FEM using fitted meshes [52]; and (iv) Smooth
reactive traction profiles can be recovered in Dirichlet boundaries [49], something that cannot be achieved in X/GFEM even with
the use of stabilization techniques [53]. IGFEM has already been used for the analysis [54,55] and parametric optimization [56] of
electromagnetic problems using edge elements—elements where the degrees of freedom (DOFs) are assigned to their edges, showing
promising results. Edge elements are commonly used in electromagnetic problems to prevent spurious solutions when the divergence
conditions, which usually do not appear explicitly in the system equations, are not satisfied [57-59]. Nodal elements, i.e., elements
where DOFs are assigned to nodes, do not always satisfy these divergence conditions. However, the 2-D formulation of Maxwell’s
equations, where only the out-of-plane electric and magnetic fields are solved, can be handled by the standard finite element method
with nodal elements, since divergence conditions are satisfied automatically [57]. Compared to the order of local approximation
error of nodal elements (which reduces with mesh size h as @ (h?)), commonly used edge elements (Whitney 1 elements) have a local
approximation error of the order @ (h) [59]. Other types of edge elements, i.e., consistently linear edge elements, do yield the same
local approximation error as nodal elements but they are computationally less efficient than nodal elements [59]. Moreover, the
implementation of nodal elements is straightforward and they form the basis of most finite element softwares, thus allowing for the
methods in this paper to be readily implemented in displacement-based finite element codes. However, the use of nodal elements
in an interface-enriched procedure that decouples the finite element mesh from the problem’s geometry is yet to be applied to
electromagnetic problems.

In this paper we propose an enriched finite element method for the analysis and optimization—by means of topology
optimization—of 2-D electromagnetic problems. At variance with the work of Zhang et al. [60], which uses edge elements, in this
work we use nodal elements building on the work of van den Boom et al. [30]. First, a 2-D IGFEM-based electromagnetic analysis
is proposed for harmonic scattering and eigenvalue problems. Band structure analysis is performed next on photonic crystal designs
taken from Joannopoulos et al. [31] using A-FEM and IGFEM. A convergence analysis is performed on a simple Mie scattering
problem for A-FEM and IGFEM, demonstrating that optimal convergence rates can be attained. Also, we compare the convergence
properties of IGFEM with those of Nitsche’s method for embedded interfaces by Zou et al. [61]. Finally, by building on the work
of van den Boom et al. [62], we combine IGFEM with a level set description of topology to conduct computational design. We
demonstrate that this level set-based interface-enriched topology optimization procedure, which has already been investigated for
minimizing compliance [62], maximizing phononic band gaps [30], and for tailoring fracture resistance [63,64], can also be used
for designing nanophotonic devices. We optimize a meta lens and a reflector for maximizing light intensity concentration, problems
borrowed from Christiansen and Sigmund [65].

2. Formulation

Consider in Fig. 1 a domain 2 c R? composed of three subdomains 2;, £2,, and €, such that @ = 2,UQ,UQ; and 2,n2,NQ; = @.
Subdomains £, and £, may correspond, for instance, to dielectric and vacuum regions (or vise versa). £; corresponds to an
absorbing (vacuum) layer, discussed in detail in Section 2.3.1. The boundary to the ith subdomain is I'; = 0Q; = 2;\ 2,. The outward
unit normal vector field to this boundary is denoted n;. The interface between subdomains £; and €; is denoted as I}; = an .Q_/
We use the zeroth value of a level set function ¢ to describe I'j, (see Fig. 1) and the outermost boundary (in the case of Fig. 1) by
I° =T13\TIs (or I'° =1, \ I, if 2; = ). We assume linear and isotropic media, and no sources inside of the domain, i.e., the
electric current density (J) is zero.

Depending on the type of analysis, different boundary conditions are prescribed, including Dirichlet I'® and Neumann 'V
boundary conditions (BCs). These boundary conditions will be further discussed in later sections. For 2-D problems, where we assume
no variations in the medium and fields with respect to the out-of-plane z-direction, the electric and magnetic fields are decomposed
into transverse magnetic (TM) and transverse electric (TE) polarizations. The TM case has a nonzero out-of-plane electric field (E,)
and in-plane magnetic field (H,, H) and the TE case has a nonzero in-plane electric field (E,, E)) and out-of-plane magnetic field
(H,). As a result, the governing electromagnetic differential equations can be formulated with two scalar wave equations [57]:

d (10 (10 w\2 .
[5<;5)+7y<;7y>+q(?)]“+f—0 in Q, .
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Fig. 1. Schematic of a domain £ showing subdomains defined by a level set function ¢. Subdomains 2, and £, correspond to positive and negative values of
¢, respectively, and are separated by the material interface I, (i.e., the zeroth contour of ¢). The subdomain £; with outer boundary I'° surrounds 2, and
£,. The inset shows the finite element discretization around the material interface that is not fitted to the interface. Standard mesh and enriched nodes are
represented with and symbols, respectively.

where for TM polarization, u = E,, p = u, and g = ¢, and for TE polarization, u = H,, p = ¢, and ¢ = y,. w is the frequency (in
radians), ¢ is the speed of light, and f is the external source term that is dependent on the type of analysis, and will be further
discussed in later sections. ¢, and y, are the relative permittivity and the relative permeability, respectively, which are taken relative
to their counterparts in vacuum, denoted by ¢, and 4. In (1) u denotes the primal field, and because we have different subdomains,
we denote u; as the restriction of the primal field to the ith phase (either dielectric or vacuum), i.e., u; = u| Q-

Given the prescribed primal field # on I'P (i.e., the non-homogeneous Dirichlet boundary condition), find v; = u; — & € V, (the
unknown part of the solution) such that

B (v, w;) =L (w;) - B (a,w,) Yw; €V, 2)
where bilinear and linear forms in (1) are given respectively by

1 Jw; dy; 1 ow; Jv; 5 / q;
B (v, w;) = —— - de- ZLw,v; dQ,
(Ul w’) ,-:;2} Q; Pi ox 0x pi dy dy ¢ [:g:z) Q; Zlel

3)
L(w)= z / w; f; dQ.
i={12} 7/
The trial function v; and the test function w; are both taken from the function space
V(@) = {ueﬁz([)),uiz vlg € H' (2,). vlpo =o}, )

where £2(2) is the space of square-integrable functions and ! (£2;) is the first-order Sobolev space—the latter defined only on the
individual phases. The fact that both v; and w; are taken from the same space—a Bubnov-Galerkin approach—will eventually yield
symmetric system matrices [66, Chapter 2].

2.1. Interface-enriched generalized finite element analysis
To solve the finite-dimensional version of (3), we discretize the domain with a mesh of n; non-overlapping triangular elements

e; such that 2 ~ Q" = int (U?Ee_,-), where int (-) denotes set interior. Following a Bubnov-Galerkin approach, we adopt the trial
solution and the test function from the interface-enriched generalized finite element space given by [62]

vh = { u”(x)( Vi) = Y N@U; + Y, s,.w,.(x)a,.} c Y 5)
i€l i€y,
—_—— N——
standard FEM enrichment

where 1, and i, are index sets corresponding to standard FEM and enriched nodes, respectively. The first term consists of the
standard finite element component, i.e., Lagrange shape functions N;(x) associated with their corresponding DOFs U; for every
node in 1,. The second term enhances the standard FEM space by means of weakly-discontinuous (a discontinuity in the field
gradient) enrichment functions y;(x), which capture the kinematics of phase interfaces I';;. These functions are associated with their
corresponding enriched DOFs «; (see Fig. 2). The scaling factor s; is used to produce a well-conditioned system as interfaces get
arbitrarily close to standard nodes—thus producing small cuts. Scaling the enrichment functions actually yields condition numbers
that grow at the same rate as those of standard nodal FEM, i.e., © (h?) [52].

The finite element discretization 2", when using IGFEM, is done without any knowledge of material discontinuities inside the
domain. We use a level set function ¢(x) to define material interfaces. Enriched nodes are then placed at the intersection locations
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Fig. 2. Weak enrichment function y; associated with the scaled enriched DOF s;q;. x; is the coordinate of the enriched node and x; and x, are the coordinates
of the nodes that define the cut edge. The dashed line represents the discontinuity and the enriched nodes are represented by white nodes

of the zero contour of the level set function and element edges of the original mesh, thereby properly resolving the kinematics of
the material interfaces. Part of the mesh, showing standard and enriched nodes, is shown in the inset of Fig. 1—notice that positive
and negative level set values correspond to the different phases. The location of the ith enriched node x; is found by

o(x;)

X=X T e — b)) _]¢(xj)(xk —-x;), 6)
which is the linear interpolation of the level set function between nodes x, and x; at the ends of the intersected edge of an element
of the mesh [62].

After adopting u”,v" € Vé’, the finite-dimensional version of (3) is evaluated numerically. The computation of local arrays
in uncut elements follows standard procedures. Cut elements, however, are usually subdivided in integration elements for Gauss
quadrature [62]. This is done so that the numerical quadrature of local element arrays uses the least number of integration points
(functions are smooth inside integration elements). For instance, the element shown in Fig. 2 is subdivided in three elements e, e,,
and e3. The local matrix k, of the eth integration element is computed as

k, = /BTDe(pe)Bgz'e dé, @
N

where integration is conducted on the master elementN\ = { £ = (&,7)| € > 0,7 >0, +n < 1}and B = [VxN L Vo ]" stacks the
spatial derivatives of shape and enrichment functions. Noteworthy, we adopt an iso-parametric formulation, whereby the geometry
and the primal fields are interpolated linearly. ;, in (7) refers to the determinant of the Jacobian matrix associated with the
integration element geometry mapping and the matrix D, is given by

1/p 0 ]
D = ¢ . (8)
=[5 g,
The local matrix m, of the eth integration element is computed as
m= | 2NN, ac. ©)
N C
where N = [N Lt ]T stacks shape and enrichment functions. The global system matrices K and M can then be obtained by
standard procedures, i.e.,
ng ng
K=k, M= /\m, (103
e=1 e=1

where /) denotes the standard finite element assembly operator. The final set of equations depends on the type of analysis and
will be described in further sections. Further details on the formulation can be found in Aragén et al. [52], van den Boom et al.
[62], Aragén and Duarte [66, Chapter 5], and references therein.

2.2. Band structure analysis

Commonly used in nanophotonics are photonic crystals (PtCs), which are materials with periodic structures that cause
interference of light—also known as Bragg scattering—to create frequency bands in which light is attenuated (i.e., band gaps) [31].
In order to reveal band gaps, a band structure analysis is usually conducted where multiple eigenvalue analyses are conducted to

4 Note that, because of the geometry mapping, the derivatives with respect of the global coordinates are computed by applying the chain rule. Note also that
the quadrature over the integration element involves two mappings (parent and integration elements). Since quadrature is conducted on the integration element,
an inverse mapping is needed to compute the master coordinate of the parent uncut element, which is needed to evaluate the Lagrangian shape functions N,.
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find the frequencies of the harmonic modes for all propagation directions of light, defined by the wave vector k. For this analysis
no absorbing layers are used (£2; = @) and there are no external sources (f = 0). It is assumed that the boundaries of the domain are
periodic—the repeating building block of the photonic crystal, also known as the periodic unit cell, is repeated infinitely. Therefore,
Bloch-Floquet boundary conditions are prescribed on the outer boundary I'° as

u(x;) = /X %u(x,,), (11)

where j is the complex number and x,, and x, are the coordinates of a master and a slave node, respectively. These nodes are on
either side of two connected boundaries and are separated by exactly one lattice vector a, which describes the spatial frequency and
direction of the periodic boundary. While (11) refers to standard FEM nodes, the case where an enriched node is located along the
periodic boundary, the enriched DOF «; do not correspond directly to the electric or magnetic field at the location of the enriched
node. Instead, the original DOFs in support of the enriched node must also be taken into account as shown in (5). Substituting (5)
into (11) yields
JjK-a

@, = m EZ‘; Ny )U; + 8y WXty | — ﬁ ; N;(x)U,, (12)
where 1,, and i, are the sets of master and slave, respectively [50]. The Bloch-Floquet BCs is enforced through a transformation matrix
Q, containing the complex components from (11) and (12). The system matrices K and M will be multiplied with Q, reducing the
total amount of DOFs as the slave node DOFs are removed from the system

K =0"(x) KO (),

_ - (13)
M (k) =0" (k) MQ (x).
These matrices can then be used for performing eigenvalue analysis for a set of wave vectors «;, resulting in the system
% 2 & -
(K (x)) -8 (x))) U, =0, 14

where the eigenfrequencies »; and the corresponding eigenvectors U; will both be unknown.

2.3. Scattering analysis

This type of analysis is used to investigate the scattering by various dielectric objects of an incoming light source, were all
fields are assumed to be harmonic. Within computational electromagnetics, both Dirichlet and Neumann BCs imply we have a
perfect electric (or magnetic) surface—an ideal material with infinite conductivity. In this work, these boundary conditions are
used to model symmetric or asymmetric conditions that can reduce computational resources. Homogeneous Dirichlet BCs prescribe
asymmetry condition and homogeneous Neumann BCs symmetry, for both TM and TE polarization [67].

2.3.1. Absorbing boundary conditions

All problems in this work are modelled using finite domains, however for scattering problems the domain is assumed to be
unbounded [68]. Therefore, a proper method is needed to prevent numerical reflections that emerge at the outer boundary I"°. In
this work we chose to attenuate outgoing waves by using Locally-Conformal Perfectly Matched Layers (LC-PMLs) [69]. A LC-PML
adds an artificial absorbing (vacuum) layer £; (see Fig. 3), attenuating any outgoing waves irrespective of the incident angle and
polarization. The disadvantage of the LC-PML compared to a prescribed absorbing boundary condition (ABC) on I is that the
former increases the number of DOFs because of the added area around the original simulation domain. The LC-PML, however, has
improved accuracy [68], can be implemented closer to the scatterer than an ABC [69], and works for any shaped region as long as
it is convex; this makes LC-PMLs applicable to complex problems using only a single formulation, unlike ABCs whose formulation
depends on the geometry of the domain [69]. The LC-PML is based on a locally defined complex coordinate transformation, whereby
each coordinate x within the PML region (£;) is mapped to %, i.e.,

= x+ L gORQ), (15)
jK

where x = w4/en is the wave number, A({) is a unit vector defined as A = (x—x,) /¢, with { = |x—x| and x, =

argmin, . r,\ro) || — x;|| being the coordinate of the closest point on the inner PML boundary. Because of the convexity of the
PML boundary, x,, is uniquely defined. In (15) the function g(¢) is a monotonically increasing function of ¢, being zero at the inner
PML boundary to prevent numerical reflections:
w
g = —2 16)
w [y = xo |

where v is a positive parameter and w is a positive integer that determines the decay rate inside of the PML region, x, is the
coordinate of a point located at the intersection between the outer PML boundary (I'°) and a line passing through x, and x.
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Fig. 3. Schematic of the LC-PML (shaded region). x is and arbitrary coordinate inside this region, and points x, and x, lie on the inner and outer boundary of
the PML region, respectively. #(¢) is the normal vector to the boundary I'° from x, to x and ¢ is the distance between x, to x.

2.3.2. Incoming plane waves

Electromagnetic waves entering from outside the domain (e.g., plane waves) are often implemented using a boundary condition.
However, because of the PMLs enclosing our domain, we cannot implement it this way since the wave would have to travel through
the absorbing layer. Instead, we use a scattered field formulation, where the total electric field u is decomposed into the incoming
field i (the incident field produced without the scatterer) and the scattered field u* (the resulting field produced by imposing the
equivalent current on the surface inside the domain) [69-71]. The current should, however, only be imposed on the dielectric
domain (i.e., 2,). Using the scattered field formulation the source term to the right hand side of (1) is

o (10 (10 o\?| .
=5 Ga) 5 (o) ra(2)]e mrxea, 07

where i is the incident field; this field can be arbitrary, but it is usually chosen to be a plane wave because the source is far enough
away from the scatterer. In the case of a plane wave, the incident field can be described as

ﬁ(x) — uoe—jkn(xcos(p+ysinq1)’ (18)

where k, = w4 /€y, Uy is the amplitude of the incoming plane wave and ¢ is the incident angle of the plane wave, with ¢ = 0 being
an incident angle along the positive x-axis.

When using an enriched formulation, the enriched DOFs «; do not correspond directly to the electric nor magnetic field at the
location of the enriched node. Instead, the original DOFs in support of the enriched node must also be taken into account (refer
back to (5)). The enriched incoming field terms &; are calculated as the difference between the interpolated incoming field from the
original mesh nodes and the actual value at the enriched node location, i.e.,

= —1 <12(xi)—ZNj(x,)l7j>, 19)

swi(x;) ien

where x; is the coordinate of the enriched node, y;(x) its associated enrichment function, N (0 and U ; are the shape functions and
corresponding incident field values of the original mesh nodes with index set 1,. To regain the total field, the computed scattered
and incoming fields are added together. The addition of the scattered and incoming fields inside of the PML region will not create
a physical result, so after the addition, the DOFs of the total field inside the PML region are set to zero. Since (17) is the same form
as the governing equations, the system matrices K and M can be used together with a transformation matrix T—a matrix with all
DOFs inside the dielectric region set to one [69]. When using IGFEM, these DOFs also include the DOFs of the original mesh nodes
connected to the enriched nodes. This will result in the system

(K-o’M)U*=-T (K-o*M)U, (20)

where U* contains the scattered field values.

2.3.3. Far-field calculation
A common use for electromagnetic scattering problems is to investigate the Radar Cross Section (RCS), which describes the far
field reflections of an incident plane wave by a scatterer. In 2D, the RCS is defined as [69,70]
ul |2

oyp = Jim 2”RW, (21)
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Fig. 4. A schematic showing the ith segment with its edge along IT and the associated variables.

where u/ is the scattered far-field and R is the observation radius from the scatterer; the latter should satisfy R > 2D/ A, where D is
the largest dimension of the scatterer and 4, is the wavelength in vacuum. The far-field u/ can be calculated as a post-processing step
with Huygens’ surface equivalence principle, integrating the surface electric and magnetic current densities over a circular interface
1T enclosing the scatterer. The integration over II is done by subdividing the interface into smaller segments, then summing up the
contribution of each segment, as shown in Fig. 4. The far-field can be calculated [69] as

ul =1/ ﬁe/”“e‘/’(‘)’z Z (R; - e, cosf +h; - e,sind) uie/"U("" cos 0+; “"”Afi
T

i€y

1 Ko —j3n/4 —jKoR . 9 . 2 j 08 0+, sin 0
+ e e oo =+ e, ) uelrolxicosOtysing) go
jo '\ 8eyupr R iez’/ P %ox ot Yoy ) ! !

where 1/ is the set of segments along I7, #; is the outward facing unit normal vector of the ith segment with length 47}, e, and e,
the Cartesian coordinate basis vectors, 6 is the observation angle, and u;, x; and y; the total field strength and x- and y-coordinates
evaluated at the midpoint of the ith segment, respectively. Note that IT is not a meshed interface and thus the discretization can
still happen without any prior knowledge about the geometry inside the domain.

(22)

2.4. Topology optimization

The topology optimization methodology in this work combines a level set function to describe the topology with the IGFEM-
based analysis procedure described in the previous sections. As discussed earlier, enriched nodes are added along vacuum-dielectric
interfaces to improve the accuracy of the analysis (see Eq. (6)). These interfaces are described by the zeroth value of the level set
function, which is also decoupled from the analysis mesh to have more control on the design space. Therefore, the level set function
uses compactly supported Radial Basis Functions (RBF) [62]. The ith RBF centred at coordinate x; is given by

o, (Ci)=(1_€i)4 (4ci+1). (23)
where ¢; (x,x;) = 1/||x — x;|| /¢, and ¢, is the radius of support. Using RBFs the level set function is interpolated as
d(x) = Y 0,(x)d; = Ox)'d, (24)
i€y

where i, is the index set of all design variables d;. Evaluating this function over all original mesh nodes results in
p=01d (25)

where 0 is a matrix containing all RBF values. RBFs give the design variables on every node a range of influence over other design
variables nearby, giving the possibility to yield smooth designs—this works similarly to a density filter in standard density-based
topology optimization. Note that during the optimization process, no stabilization or mass conservation methods are used for the
level set. For more details, the reader is referred to van den Boom et al. [62].

2.4.1. Objective function and analytical sensitivity analysis

As an example, we implement a figure of merit to focus an incoming plane wave onto one or multiple chosen points. This problem
was investigated by Christiansen and Sigmund [65], who used a density-based topology optimization approach. Mathematically, the
objective function can be formulated as the weighted sum of light intensity ||u||*> at chosen nodes in the mesh. The optimization
problem then becomes

min ¥ = -UtPU
subject to  (K(d) — 0’ M(d)) U* = -T (K(d) - *M(d)) U, (26)
dyin <d <d

min max
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Fig. 5. Illustration of a photonic crystal unit cell (left) for an arbitrary lattice with angle g and a circular inclusion with radius b. Computational domain and
boundary conditions (right) used for the simulation.

with P being a diagonal matrix that selects and weights the points at which to maximize the light intensity, the superscript
denotes the conjugate transpose, and d;, and dp,,, are the lower and upper bounds of the design variables d;, which are used to
prevent the level set function from becoming too steep. At variance with compliance optimization problems, no volume constraint
is used in this work since completely solid or void designs are not optimal. The level set function is updated using the Method of
Moving Asymptotes (MMA) [72], which also requires the sensitivities of the objective with respect to the design variables. These
are calculated analytically as

o _ oy U, 99;

o _ 0¥ oy 27
ad; ~ U, o¢; od; @7

The first term on the right-hand side of (27) is the derivative of the objective function with respect to the electric field values

ibd *
E = _2Uumk’ (28)
where the superscript * denotes complex conjugate. The second term is the derivative of the scattered electric field with respect to

the jth level set value, which is calculated by solving the linear equation

ou; N ou
2pp) —k = (9K 2OM ) s oK _ poM —otM) Tk
(K -o*M) 20, " <a¢, o 0¢j>Uk T [(aqu w 0¢j>Uk+(K o’ M) 2, |’ (29)

after which the derivative of the incoming field can be added to get the total field derivative with respect to the jth level set value.
Because (29) has the same left-hand side as (20), factorization of the system matrix, for example via LU decomposition, can be
reused for efficiency. Finally, the third term is the derivative of the nodal level set values with respect to the design variables,
which is computed as

99

— =0T, 30
3d (30)

where 07 is the matrix defined in (24) and (25). For more details see Appendix, which also contains a verification using a finite
difference scheme.

3. Results

In this section three example problems are shown. First, band structure analysis is performed to find the dispersion relations
of photonic crystal designs. Then, a Mie scattering problem, for which we have an exact solution, is solved on increasingly finer
meshes for both the standard FEM and IGFEM, to obtain the convergence rates of the analysis procedure. Then, we compare our
convergence rates to those of Nitsche’s method on a problem containing an embedded straight interface. Finally, the topology
optimization methodology is showcased in the design of both a 2-D metalens and a reflector. Note that throughout this section no
units are given, so the results can be understood under any consistent unit system.

3.1. Band structure analysis

We consider a photonic crystal with a periodic unit cell containing a circular inclusion [31]. The unit cell is shown in Fig. 5,
where b is the radius of the circular inclusion, g is the angle between the lattice vectors a, and a,, 2, and £, are domains with
relative permittivity ¢,; and ¢,,, respectively, and I"IB and I’ 2B are the regions of the boundary along the outer boundary I'° where
Bloch-Floquet periodic BCs are prescribed. In all examples |la;|| = |la,|| = a, where a is also known as the lattice constant. As
discussed earlier, in order to compute the complete band structure of a photonic crystal, an eigenvalue analysis must be done for
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Fig. 6. Square (top row) and hexagonal (bottom row) periodic unit cells with their corresponding (irreducible) Brillouin zones (left) and obtained TM and TE
band structures using both 4-FEM and IGFEM (right).

all wave vectors k. However, because of the translational and rotational symmetry of the photonic crystal lattice, the wave vectors
that need to be considered can be reduced significantly. This collection of wave vectors is called the irreducible Brillouin zone.

Fig. 6 shows the band structure analysis of a square unit cell (top row) with b = 0.2a, f = 90°, ¢,;, = 89 and ¢,, = 1, and a
hexagonal unit cell (bottom row) with b = 0.484, p = 60°, ¢,; = 1 and ¢,, = 13. For each, the unit cell with the corresponding
(irreducible) Brillouin zone is shown (left), together with the computed band structure for both TM and TE modes (right); the
analysis was done for both 4-FEM and IGFEM with a mesh size of 7 = 3a/100. It can be seen that there is no noticeable difference
between the band structure results obtained using #-FEM and IGFEM. The results of the obtained band structures also correspond
with those found by Joannopoulos et al. [31].

3.2. Convergence study

In this section we conduct convergence analysis to obtain the rates of convergence of IGFEM on 2-D electromagnetic problems.
To that end we solve a Mie scattering problem, which describes the scattering of an electromagnetic plane wave with a cylinder,
and for which an analytical solution is available.

Consider a dielectric cylinder €2, (shown in Fig. 7) with radius r and relative permittivity ¢,; = 2 for an incident plane wave
with wavelength 1 = r and angle of incidence ¢ = 7 /2 (towards the positive y direction). The dielectric is surrounded by a vacuum
layer 2, (¢,, = 1) with thickness ¢, = 0.4r and a PML region £; with thickness tp; = 0.7r is placed around the edges of the domain

10
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Fig. 7. Schematic of the Mie scattering problem used for the convergence analysis (left) and computational domain used for the simulation accounting for
symmetry (right).

to absorb outgoing waves reflected by the scatterer. All domains have a relative permeability of u, = 1. 'V is the boundary with
prescribed homogeneous Neumann BC for symmetry, and I7 is the Huygens surface used for the computation of the RCS.

Using wave transformation, a plane wave with unity magnitude and angle of incidence ¢ can be expressed in terms of cylindrical
waves

e~ iKo(xcos ptysing) _ z j—njn(Kop)ej"(S—tﬂ)’ (3D
n=—oco0
where 7, is the nth order Bessel function of the first kind and p and 9 are the radial coordinate and the azimuth, respectively. Using
this assumption, the analytical scattered field u? of a plane wave by a dielectric cylinder can be calculated with [70,73]

B )l @, T (kp)e/" O for p>r )
ut = 32
T o by (kp)ed"O=P) — 71 7 (1o p)e/"O=P) for p<r

where the terms «, and 4, are given by
o VI (or) Fy(kr) = /a5, (o) F, (k7) 33)
@, =—j
VI (or) Tykr) = \Ja76 P (or) F1 (k)
g = . 2Vp _ : (34)
TR\ [p S (kor) Fy(kr) = AJa S (or) 7 (i)

where, for a TM polarized plane wave u* = E, p = u, and ¢ = ¢,, while for a TE polarized plane wave v’ = H}, p=¢, and q = u,.
J is the derivative of the nth-order Bessel function of the first kind, and 7/,52) and 7/,(,2)’ are the nth-order Hankel function of the
second kind and its derivative, respectively. Note that these equations are an approximation and the accuracy of the scattered field
increases with the number of terms in (32) [70]. In this work we choose n € [—100 ... 100].

We consider the Mie scattering problem for a TM and TE polarized plane wave. Both problems are solved using 4-FEM together
with a mesh that is conforming to the vacuum-dielectric interface (I'},). The same problem is solved with an unfitted mesh using
IGFEM to resolve the field in the elements cut by the dielectric inclusion. Fig. 8 shows the scattered field for TM (top row) and TE
(bottom row) polarizations, obtained via h-FEM (left) and IGFEM (right) with a mesh size A = 4/10. Using the exact solution (32)
we study the relative element-wise error with respect to the analytical solution. which is computed as

||u—uh||£z(e) _/e(u—u”)H(u—uh) de
llell g2y = = . (35)
llell 22 Lo Nlull? de

Fig. 9 shows the element-wise error in the scattered field for TM (top row) and TE (bottom row) polarizations, respectively. The
error in the PML region is not taken into account since the numerical solution in that region does not agree with the analytical
solution.

We now conduct a convergence analysis for h/A = {1/10,1/25,1/50,1/100} using both h~-FEM and IGFEM, where the £2-norm
of the error is obtained by aggregating the element-wise error, i.e.,

=l o) | Deeqn [ —uHu—uh) de

- (36)
lull 20 Yecon [, lull? de

||5||£2(g) =

11
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Fig. 8. The norm of the scattered field for TM (top row) and TE (bottom row) polarizations, obtained via h-FEM (left) and IGFEM (right).

This global error measure is plotted against the total number of degrees of freedom for both the TM and TE polarization cases in
Fig. 10. In all cases, the convergence rate is —1, which is the optimal rate for the £?-norm as a function of the number of DOFs.
This means that the optimal convergence of 4-FEM is recovered using IGFEM for electromagnetic problems. Note that, in addition
to the optimal convergence rate, the accuracy of IGFEM is very similar to that of A-FEM.

Finally, the RCS is calculated for /4 = {1/10,1/25,1/50,1/100} using the Mie scattering results obtained with 4#-FEM and IGFEM.
For all examples R = 100 m and the interface IT is subdivided into 100 segments and has a radius of 1.02r. The analytical solution (32)
is used to verify the RCS results. Fig. 11 shows the RCS for TM (top row) and TE (bottom row) polarizations, obtained with both
h-FEM (left) and IGFEM (right). It can be seen that as the mesh size decreases, the computed RCS gets closer to the analytically
calculated RCS.

3.3. Comparison with Nitsche’s method

In this section we compare our approach with that of Zou et al. [61], who used Nitsche’s method to enforce interfaces weakly in
Helmbholtz problems. For the comparison we will replicate their convergence study, but here we use IGFEM instead to resolve the
interface.

Consider a rectangular domain (shown in Fig. 12) with 3W = 2L, which is divided evenly into two subdomains £, and £,. The
subdomains have relative permeabilities y,, = 1 and y,, = 0.2, respectively, and relative permittivities ¢, = ¢,, = ¢>. A homogeneous
Dirichlet BC (i.e., i = 0) is prescribed on the left edge I’ID, and a non-homogeneous Dirichlet BC # = 1 is prescribed on the right
edge FZD . I'NV is the boundary with prescribed homogeneous Neumann BC for symmetry. In order to make our problem the same as
in Zou et al. [61], only the TM polarization is considered. Since the problem is essentially one-dimensional, the exact solution can
be derived and used for a convergence analysis.

12
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.

Fig. 9. £2-norm of the element-wise error for TM (top row) and TE (bottom row) polarizations obtained using 4-FEM (left) and IGFEM (right). The PML region
is coloured grey since the computed solution in that region does not agree with the analytical solution.

lle ”QZ(e)

0.0011

0

”5”52@)
0.0017

0

—eo— h-FEM —e— h-FEM
bl - IGFEM " - IGFEM
g 107! ¢ g 107! ¢
= =
3] (]
() (9]
k= k=
S S
o o
: :
21072} 2102}
4 Q
10 10* 10° 10 10t 10°
total number of degrees of freedom total number of degrees of freedom

Fig. 10. £2-norm of the global error as a function of the total number of degrees of freedom for TM (left) and TE (right) polarization cases.
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Fig. 11. Analytical and numerical RCS for TM (top row) and TE (bottom row) polarizations using 4-FEM (left column) and IGFEM (right column).

FN

Fig. 12. Schematic of the problem with a single interface used to compare the convergence of IGFEM to the convergence of the method presented in Zou et al.

[61].

A convergence analysis follows using only IGFEM for two frequencies w = {10/L,20/L} and for h/L = {1/50,1/100, 1/200, 1/400}.
The solution for w = 20/L is shown in Fig. 13 with h/L = 1/50. The global measure of error in the £2-norm, which is computed
using (36), is plotted against the mesh size in Fig. 14. Comparing to the convergence obtained by Zou et al. [61], it is shown that

both methods obtain the same (optimal) convergence, with IGFEM yielding a slightly lower error.
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Fig. 13. The scattered field for w = 20/L, obtained via IGFEM.
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Fig. 14. £2-norm of the global error as a function of the mesh size h for w® = 100 (left) and w® = 400 (right).

3.4. Optimizing for energy concentration

The results of the previous section show that IGFEM can recover optimal convergence rates for the Mie scattering problem.
We now combine IGFEM-based analysis with a level set description of topology, resulting in an interface-enriched level set-based
procedure that can be used for topology optimization. Consider the optimization problem studied by Christiansen and Sigmund
[65] (see Fig. 15), where we aim at maximizing the performances of both a 2D meta-lens and a reflector for an incident plane
wave. The figure shows a schematic of both optimization problems, with W = 2L. The height of the dielectric substrate £, is
L, = 0.1L, the height of the design area £, is L, = 0.075L, and the thickness of the PML layer surrounding the domain €5 is
tpmr, = 0.175L. The design area consists of both £, and £2,, and the optimizer will determine the topology. x, is the chosen focal
point of the lens/reflector, £, is the surrounding vacuum (e,, = 1), and I'V is the boundary region with prescribed homogeneous
Neumann boundary condition for symmetry. All domains have a relative permeability of 4, = 1. Two initial designs are used for both
optimization problems, one consisting of dielectric material with circular vacuum domains and the other as the inverse, shown in
Fig. 16; these will be referred to henceforth as the dielectric and vacuum initial designs, respectively. For all optimization problems
all material interfaces will be resolved using IGFEM and a uniform mesh size of 4 = 1/(10¢,) is used except for the design area £,
where we use h = 1/20.

For the design of a metalens the electric field intensity is maximized at the focal point x, = (0,0.6L) for an incident plane wave
with wavelength 4 = 0.175L and an angle of incidence ¢ = r/2 (towards the positive y direction). The design material in this
case has a relative permittivity ¢,; = 2. The optimization ran for 200 iterations. Fig. 17 shows the optimized metalens design and
resulting electric field intensity. Very similar designs—and thus performance—were attained by starting the topology optimization
with both initial designs. This can also be seen on the left in Fig. 19. However, the fact that the optimized designs are not exactly
the same for the two initial design indicates the non-convexity of this topology optimization problem. For comparison purposes, the
same optimization problem was solved using a density-based approach taken from Christiansen and Sigmund [65], using various
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Fig. 15. Schematic of the optimization problem (left) and the computational domain used for the optimization accounting for symmetry (right).

Fig. 16. Dielectric (top) and vacuum (bottom) initial designs used for the topology optimization of both the metalens and the reflector.

4
P

Fig. 17. The optimized metalens design (bottom) starting from the dielectric initial design together with the resulting electric field intensity (top).

filter radii. The density-based results are shown in Fig. 19 as grey lines. After the optimization process, the density-based designs
are projected to black-and-white designs using a smoothed approximation of the Heaviside function, shown as grey markers in
Fig. 19 [65]. It can be seen that the thresholding changes the performance of the designs, yielding mostly an improvement. The
maximum light intensity obtained is ~7.2, whereas the maximum field strength using our method is ~8.2.
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Fig. 18. The optimized reflector design (bottom) starting from the vacuum initial design together with the resulting electric field intensity (top).
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Fig. 19. The convergence of the metalens objective function (on the left) and the reflector objective function (on the right) for both initial designs. The
density-based optimization results taken from Christiansen and Sigmund [65] for three different filter radii are shown in grey. The three grey markers show the
performance of the density-based design after projecting to a black-and-white design.

For the design of a reflector the electric field intensity is maximized at the focal point x, = (0,0.5L) for an incident plane wave
with wavelength A = 0.175L and an angle of incidence ¢ = —z/2 (i.e., towards the negative y direction). The design material in
this case has a relative permittivity ¢,; = 1.36 — 6.08;. The optimization ran for 300 iterations. Fig. 18 shows the optimized reflector
design and the resulting electric field intensity. The dielectric initial design resulted in a slightly better performance, but since the
optimized design contained non-feasible geometry (in the form of disconnected material) the vacuum initial design is shown. Just
like the metalens optimization, these results indicate we deal with a non-convex optimization problem. Again, the same optimization
problem was solved using a density-based optimization using various filter radii. The maximum light intensity obtained is ~13.7,
whereas the maximum field strength using our method is ~14.1.

4. Summary and conclusions
We introduced a 2-D interface-enriched generalized finite element method (IGFEM) for the computational analysis and design—
by means of topology optimization—of nanophotonic devices. This method allows for the simulation of different geometries

without the need for generating geometry-fitted meshes. Compared to similar methods, i.e., X/GFEM or SGFEM, IGFEM uses
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enrichment functions that vanish at the original mesh nodes. This allows for a straightforward enforcement of essential boundary
conditions and retains an accurate approximation in blending elements [62]. IGFEM’s capabilities for band structure analysis were
first demonstrated in the context of phononic crystals by van den Boom et al. [50]. Here we show that the band structure of
photonic crystals can also be calculated accurately with IGFEM by comparing our results with standard FEM on the problem studied
by Joannopoulos et al. [31]. A convergence analysis on a Mie scattering problem—for both TM and TE polarization cases—then
showed that IGFEM recovered the optimal convergence rate expected for smooth problems. Moreover, a far-field analysis showed
that the numerical RCS for both 4-FEM and IGFEM (on fitted and unfitted meshes, respectively) approach the analytical solution
as the mesh size is refined. Finally, a 2-D interface-enriched level set-based topology optimization procedure was presented, which
can be used to design nanophotonic devices as an alternative procedure to density-based topology optimization methods commonly
found in the literature. Two optimization problems were investigated, whereby the light intensity at a chosen point of both a 2-D
meta lens and a 2-D reflector was maximized. Very small oscillations can be seen when the optimization is close to the optimum,
which are possibly caused by the discretization of the level set function reducing the accuracy of the sensitivities, as discussed
in van den Boom et al. [62]. Still, the results for both problems showed similarities with designs found in the literature. In fact, for
both optimization problems, the results obtained using the proposed procedure are around 10% better than those obtained using
the density-based optimization found in Christiansen and Sigmund [65]. However, the first-order ABC used in the density-based
topology optimization is often not as accurate as the PML used in this paper [65,71]. Therefore, the different boundary conditions
could partly be responsible for the differences in optimization results.

We compared our approach to Nitsche’s method proposed by Zou et al. [61], and we showed that IGFEM retrieves the same
convergence rate with a similar accuracy. However, we note that Nitsche’s method mandates for a stabilization parameter that
is obtained at element level to satisfy the inf-sup condition, and requires that the driving frequencies do not coincide with the
eigenvalues of the stabilized coercive bilinear operator a(-,-) [61]. Therefore, the enriched methodology herein does not only yield
optimal convergence, but also has a simpler formulation and therefore a more straightforward implementation. Comparing our
convergence rates to the enriched formulation that uses edge elements by Zhang et al. [60], we note that both methods achieve
very similar error convergence as their standard finite element counterparts. A notable difference between using nodal and edge
elements is that nodal elements converge twice as fast as edge (Whitney 1) elements in the £2-norm [59], and this of course extends
naturally to their enriched counterparts. We also note that in the work of Zhang et al. [60] the error of the use of an first-order ABC
becomes dominant at finer meshes, compared to the PML in this work which has higher accuracy. Once again we highlight that
our approach is easier to implement than that of Zhang et al. [60] since it can use standard finite elements that do not satisfy the
divergence-free property. It is worth noting, however, that the approach of Zhang et al. [60] extends naturally to 3-D. Extending our
methodology to 3-D would require a means to prevent spurious solutions, for instance, by adding a penalty term to the formulation
to enforce divergence conditions [57].

Finally, this work presents the first level set-based topology optimization procedure for electromagnetic problems using IGFEM-
based analysis. The main advantage of IGFEM lies in its flexibility with regards to the choice of finite element discretizations,
since these are completely decoupled from the topology of dielectric and vacuum phases. This decoupling is particularly interesting
for topology optimization problems, where boundaries change throughout the optimization. From the optimization results we can
conclude that further research is needed to investigate the relation between density-based optimization and the level set-based
optimization using IGFEM-based analysis.
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Appendix. Sensitivity analysis

The sensitivity to the optimization problem defined in Eq. (26) can be calculated with

¥ _ oy 0U, 99,

LA bl pad (37)
ad; ~ U, 0, od,
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Fig. 20. The absolute relative error §; between sensitivities at 5 nodes calculated analytically or with a forward finite difference scheme for different step sizes
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The first term is the derivative of the figure of merit with respect to the electric field values

oY ¢
m = —ZU;Pmk, (38)
where «* is the complex conjugate. The second term is the derivative of the electric field, with respect to every level set value, which
can be calculated by first solving the linear equation
oU? U
(K—a)ZM) k <0K 2ﬂ)U£—T[<aK 20M>Uk (K_sz)_k ) (39)
ap;, ~ \og a9, o g, o¢;
to find the derivative of the scattered field, after which the derivative of the incoming field can be added to get the total field
derivative with respect to every level set value. Here, U denotes the incoming field. The derivative of the system matrix with
respect to a design variable can be calculated with

0K _ 20M _ <%_wz%>ﬁ (40)
d¢ a¢1 lei; el axl axl ad)j

where 1; is the set of enriched nodes which are influenced by the level set value ¢,, 1, is the set of integration elements in the support
of the enriched node x; and
0
dﬂ :_%2 (xj_xk), (41)
D (plx)) - d(xy))
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which is the design velocities of enriched node x,, where x; and x; are the supporting nodes on the intersected edge from the

original mesh. The term 00, /d¢; only has nonzero values in 1;, which can be calculated by

0. 0ii(x;) 0 N;(x;) ox; -

Xy “("r)ﬁ_z 10 0% | (42)
ob; &\ ox od; & ox od

where the term N, (x;)/0x, is the change in shape function values at x; when the enriched node moves and dii(x;)/dx, is the change
in the incoming field value at x; when the enriched node moves, which can be calculated by

dii(x)
ax

— _jkouoe—jko(x cos p+ysin @) |:C$)S (ﬂ] . (43)
sin @
Note that the enriched node scaling 1/(s;y;(x;)) that is present in Eq. (19) is set to 1 during optimization, hence why it is left out.
Finally, the third term is the derivative of the nodal level set values with respect to the design variables, which is defined as

op

od ~

Then we also check our analytical sensitivities by computing the relative error with respect to finite difference sensitivities. The
relative error is defined as
|(#] - %) fod|

(S,- &5 W N (45)

o (44)

where ¥/ is the sensitivity for node i calculated with the finite difference. This relative error was calculated for 5 non-zero design
variables, the position of which are showed in Fig. 20, for different step sizes Ad;. The resulting error shows the expected result
where step sizes that are too large or small will result in a large error. For these 5 nodes, the optimal finite difference step size
seems to be around 4d; = le — 8 m.
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