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Abstract
Tactile Internet (TI) is a networking paradigm with
the goal of allowing for transfer of skill by trans-
mitting haptic feedback. Accurate haptic feedback
requires Ultra Low Latency (ULL), which severely
limits the distance over which TI can be used. To
address the ULL requirement, a local model can be
used to generate haptics. For accurate haptic feed-
back generation, proper representation of smoothly
curved objects is needed inside the model. Non
Uniform Rational B-Spline (NURBS) surfaces of-
fer an expressive way of representing such objects,
but must first be tessellated to a mesh. However, lit-
tle is known about NURBS tessellation in the con-
text of tactile internet. Therefore, this paper will
discuss how to best tessellate NURBS surfaces for
use in haptic feedback generation. A global spac-
ing tessellation algorithm was implemented, and
the resulting meshes were analyzed. Furthermore, a
comprehensive user study was conducted to investi-
gate the mesh quality necessary for smooth objects.
Findings imply that careful selection of the toler-
ance is needed, to avoid over-burdening the model.
A mesh tolerance of ϵ = 0.05mm is proposed as a
good balance between spatial fidelity and simplic-
ity of tessellated meshes.

1 Introduction
The Tactile Internet (TI) is an emerging networking
paradigm, with the goal of allowing transfer of skill over
the Internet. Tactile internet achieves this by enabling long-
range manipulation of robotic devices by a human operator
[1]. Crucially, the operator receives haptic feedback from the
robotic device’s interactions with its local environment. This
sense of touch should make the operator feel as if physically
present in the remote environment. The added sensory di-
mension that haptic feedback offers could allow for remotely
performing work that traditionally relies on a sense of touch,
such as surgery or machine maintenance [2].

In order for haptic data to feel convincing, a delay of only
1 ms is permissible between performing an action and feel-
ing its effects [1; 2]. In the worst case, excessive delays of
haptic feedback can lead to cyber-sickness, with symptoms
such as headaches, nausea, and vertigo [3; 4]. The need for
low haptic latency in TI is commonly referred to as Ultra Low
Latency (ULL) requirement and poses an important obstacle
in the field of tactile internet [5]. Unfortunately, due to net-
work speed being bounded by the speed of light, the ULL
requirement makes TI over distances in excess of 150 km dif-
ficult.

One way to circumvent network delays and satisfy the ULL
requirement lies in Model Mediation Teleoperation (MMT)
[6]. The idea of model mediation is to locally simulate the
effects a robotic device’s movements will have on its envi-
ronment through a local model. In the case of tactile inter-
net, a tactile physics simulation can be used as a model to
instantly generate haptic feedback after a movement is made.

Figure 1: An example of the use of model mediation for tactile in-
ternet. First, the operator demonstrates an action inside of a physics
simulation, receiving simulated haptic feedback. Then, a robot arm
imitates this action in a remote environment. Finally, any diver-
gences in the remote environment are used to adjust the local physics
model. Image created by Kees Kroep.

Figure 2: A render of a NURBS surface. The control points dictating
the shape of the surface are displayed over the surface. As can be
seen, a smooth shape can be created with few control points.

The model parameters, such as the mass, location, and shape
of objects surrounding the robotic device, can be estimated
using computer vision. This process is illustrated in Fig 1.

The speed and accuracy of the local model are of utmost
importance for the quality of the haptic feedback. There-
fore, choosing a suitable object representation to use inside
the model is vital. Haptics generated from the chosen ob-
ject representation should mirror the feeling of interacting
with its real-life counterpart. As physical objects often fea-
ture surfaces with smooth curves, it is imperative that these
curves can properly be represented within the object repre-
sentation. Additionally, the representation should allow for
efficient haptic rendering and rigid body dynamics calcula-
tions.

Non-Uniform Rational B-Spline (NURBS) surfaces are
a promising candidate for the representation of smoothly
curved objects. NURBS surfaces are the industry standard
in Computer Assisted Design (CAD) for representing com-
plex, organic surfaces [7]. NURBS surfaces are constructed
through smooth interpolation between grid control points
in three-dimensional space and allow for infinite-resolution



curves. They can therefore represent smooth objects incredi-
bly accurately. An example of such a NURBS surface can be
seen in Fig. 2.

Unfortunately, the mathematical complexity of NURBS
surfaces makes them unsuitable for direct use in tactile
physics simulations. To make the simulation of NURBS
surfaces possible, they must therefore first be converted to
a mesh through a process called tessellation. However, re-
search on tessellation algorithms has mostly been performed
in the context of Computer Assisted Machining (CAM) [8]
and computer graphics [9; 10]. In the context of the tactile in-
ternet, where touch instead of vision is the leading sense and
tight timing constraints are present, little research has been
done.

The objective of this paper is to describe a method of tessel-
lating a Non-Uniform Rational Basis-Spline surface for use in
tactile physics simulations. Of particular importance are the
polygon count and perceived smoothness of meshes gener-
ated by the tessellation of NURBS surfaces. After all, these
directly correspond to the performance of the model and the
accuracy of the mesh. This paper will make the following
contributions:

• NURBS Tessellation Algorithm: A uniform tessella-
tion algorithm for NURBS was replicated and imple-
mented. Meshes created by this algorithm have an error
less than some user-specified tolerance ϵ.

• Analysis of Tessellated Meshes: An analysis of the
complexity of meshes generated through the imple-
mented uniform tessellation algorithm is performed

• Mesh Smoothness User Study: A comprehensive user
study was conducted on the mesh tolerance necessary
for objects to be perceived as smooth. Participants were
surveyed with a haptic controller and tactile physics en-
gine.

This paper is structured as follows. To start off, section 2
briefly discusses related works within the subject of NURBS
surface tessellation. Following this, section 3 explains the
methodology used to conduct research. Section 4 gives an
account of the experimental setup used to obtain results. Sub-
sequently, section 5 provides an analysis of the meshes gener-
ated through the implemented algorithms and the outcome of
the smoothness perception user study. Next, section 6 sum-
marizes the reproducibility of the obtained results and the use
of human participants. Following this, section 7 places ob-
tained results by comparing them to existing literature. After-
wards, recommendations for future avenues of research are
discussed in section 8. Finally, section 9 will conclude the
findings of this paper.

2 Related Works
The following section will give an overview and comparison
of different algorithms for the tessellation of NURBS sur-
faces. The process of tessellating a NURBS surface entails
transforming its continuous surface into a finite number of
triangles. Due to the unwieldy nature of NURBS surfaces,
they must often first be transformed into an intermediate rep-
resentation to be used. As such, the topic of NURBS sur-

face tessellation has been widely studied within the context
of computer graphics and computer-assisted design. How-
ever, little is known about the best practices for tessellating
NURBS surfaces in tactile physics simulations.

For the purposes of this research, tessellation algorithms
that generate a mesh within a user-specified tolerance are of
particular interest. This is because any imperfections in the
mesh will eventually not be perceivable by humans, given a
small enough tolerance. Finding the exact tolerance at which
this happens is crucial for minimizing mesh complexity with-
out affecting smoothness.

The most common strategies for NURBS tessellation can
broadly be divided into two categories [11]:

• Global Spacing Tessellation: Mesh vertices are gener-
ated from a uniform grid in parametric space. The maxi-
mum curvature of the NURBS surface decides geometry
density throughout the entire mesh [12; 13].

• Adaptive Tessellation: Geometry is adaptively assigned
to areas with greater amounts of curvature. Common
strategies for adaptive tessellation consist of repeated
subdivision of the surface [14; 15]. Alternative ap-
proaches using bubble dynamics for vertex generation
also exist [16].

Each of these categories of tessellation algorithms has its
advantages and disadvantages. Adaptive tessellation avoids
assigning excessive geometry to flat areas and therefore cre-
ates more efficient meshes. However, global spacing tessel-
lation algorithms are generally easier to implement [8]. Ad-
ditionally, global spacing algorithms generally avoid creating
long and skinny triangles, which negatively affect the numer-
ical stability of many computational routines performed on
triangles [13].

3 Methodology
This section will discuss the manner in which the research for
this paper was conducted. It will justify the choices made and
highlight the issues encountered throughout the entire pro-
cess.

3.1 Choice of NURBS Surfaces for Smooth Object
Representation

NURBS surfaces are not immediately the most natural choice
for object representations from the context of remote environ-
ment discovery. Computer vision algorithms typically dis-
cover the world by representing it through a point cloud.
However, for the purposes of this research, we are working
under two critical assumptions:

• (1) The problem of discovering the remote environment
has been solved perfectly.

• (2) The shape of discovered remote objects is provided
to the local model through NURBS surfaces.

Initially, an attempt was made to directly use NURBS sur-
faces inside of a physics engine. However, after some con-
sideration, full integration of NURBS surfaces in a tactile
physics engine was deemed infeasible. Therefore, the choice
was made to focus on accurately turning NURBS surfaces



into a mesh, through a process called tessellation. This has a
number of advantages. To start off, meshes profit from native
support in most physics engines. Additionally, haptic ren-
dering on meshes is well documented [17]. Finally, a mesh
will eventually become indistinguishable from the NURBS
surface it approximates, given enough geometry. Finally, the
haptic rendering of meshes is a well-documented subject mat-
ter.

For the evaluation of the generated meshes, the choice was
made to analyze the mesh complexity and perceived smooth-
ness. These two properties were considered to be especially
important for the purposes of the tactile internet for several
reasons. Firstly, complex meshes negatively affect the fre-
quency at which the local models can operate. To ensure
that complex remote environments can be simulated, meshes
should not be more complex than reasonably needed. Sec-
ondly, meshes should have enough geometry to resemble the
original surface and be perceived as smooth. Therefore, a
trade-off between mesh complexity and smoothness lies cen-
tral to the problem of finding a suitable way to tessellate
NURBS surfaces for use in tactile internet.

3.2 Tessellation Method
A global spacing algorithm was chosen as the tessellation al-
gorithm to be used for the purposes of this paper. This algo-
rithm was chosen due to its simplicity of implementation and
it having reasonable performance [8]. An attempt was also
made to implement an adaptive tessellation algorithm such
as described by Piegl and Tiller [14]. This algorithm would
in theory be able to create lower-complexity meshes for the
same tolerance. However, due to the complexity of the algo-
rithm, it could not be implemented within the time allotted
for the research project.

The global spacing tessellation algorithm is based on the
idea of finding a maximum edge length λ for a user-specified
tolerance ϵ to triangulate the parametric space. We want λ,
such that any line segment AB of length λ in parameter space
will have a corresponding straight line from S(A) to S(B)
that deviates from the NURBS surface by at most tolerance
ϵ, where, S is the surface function of the NURBS surface.
Using λ, the parametric space is uniformly divided up into
square regions. The corners of these regions are then used to
calculate the vertices of the mesh.

Obtaining λ
For determining a maximum edge size λ, the method de-
scribed by Piegl and Richard was used [13]. The maximum
edge length is determined by the formula

λ = 3

√
ϵ

D1 + 2D2 +D3
, (1)

where

D1 = sup
u,v

||Suu(u, v)||, (2)

D2 = sup
u,v

||Suv(u, v)||, (3)

D3 = sup
u,v

||Svv(u, v)||. (4)

In other words, an upper bound on the second-order partial
derivatives of the NURBS surface must be obtained to calcu-
late a maximum edge length λ. Unfortunately, no analytical
solution for finding the exact bounds is currently known [18].

Initially, the method described by Piegl and Richard was
used for calculating the surface derivative bounds. Since the
derivative of a NURBS surface is again a NURBS surface, we
can calculate the control points associated with the derivative
surfaces. As the control net of a NURBS surface forms a
convex hull around the surface, it can be used to bound the
surface itself [13].

However, this method was found to have a number of re-
strictive issues. To start, it was found to not be compatible
with all NURBS surfaces. Surfaces having repeating knots
with a multiplicity of the degree minus one would cause a di-
vision by zero in the calculation of derivative control points.
Knots of this multiplicity are valid for NURBS surfaces and
convenient for creating surfaces such as spheres. Addition-
ally, the bounds on D1, D2, D3 were found to not be tight for
surfaces with a low amount of control points.

To solve the first issue, a technique called knot insertion
was used. In essence, this allows the surface to be split up into
multiple sub-surfaces, which each contain no repeated knots.
We can then determine the bounds on the partial derivatives
of each sub-surface separately, and use the maximum of these
values for the calculation of λ.

To improve the tightness of the calculated bounds on
D1, D2, D3, a technique called knot refinement was used.
Through knot refinement, it is possible to add extra control
points to a NURBS surface, while retaining its shape. While
added control points make it more expensive to estimate the
partial derivative bound, they also make the control net bet-
ter approximate the NURBS surface. In turn, this allows for
tighter bounds on the partial derivatives of the surface.

Mesh Generation
Once the maximum edge length λ in parameter space has
been found, it can be used to generate vertices for our mesh.
To do this, a uniform grid of points in parameter space is used
to create vertices. We calculate the number of grid points in
the u and v directions of the parametric space by

nu = ⌈maxui

λ
⌉+ 1 (5)

nv = ⌈max vi
λ

⌉+ 1. (6)

To generate the final vertex corresponding to a point (u0, v0)
in parameter space, we can use the surface function S(u, v)
to map the point onto the NURBS surface.

After generating a grid of vertices, the faces of the
mesh are constructed. Each rectangle consisting of vertices
P0, P1, P2, P3 in the grid, is used to generate two triangular
faces: ∆P0P1P2 and ∆P0P2P3. Crucially, the hypotenuse
of these triangles has exactly length λ, due to their remaining
sides having a length of 1√

2
λ.

The final output of the tessellation algorithm consists of a
mesh stored in the Wavefront file format. This choice was
made due to the simplicity, versatility, and universal support
of the format [19]. Crucially, the mesh file would allow the



approximated NURBS surface to be simulated in a tactile
physics simulation. In addition, the exported mesh file al-
lowed for detailed analysis and rendering of the mesh, which
would be needed to produce our results.

3.3 Investigating Perceived Smoothness
Perhaps the most important characteristic of meshes gener-
ated through tessellation of NURBS surfaces, is how smooth
they feel to humans. Ideally, we want surfaces to be tessel-
lated at such a tolerance ϵ that surfaces are just barely per-
ceived as smooth. This minimizes mesh complexity, which
is desirable for ensuring a 1000Hz refresh rate for tactile
physics engines [20].

Finding an objective metric for this smoothness proved to
not be possible, as humans set the yardstick for what mesh
quality is considered smooth. Instead of trying to find a way
around this subjectiveness, it was embraced. Meshes gener-
ated through the implemented tessellation algorithm would
need to be put to the test in a survey. In this survey, partic-
ipants would be asked to categorize meshes based on their
perceived smoothness. By varying the tolerance of meshes,
an optimal tolerance for both high smoothness and minimal
mesh complexity could be obtained. The exact details of the
survey and the manner in which the survey was conducted
will be explained in the experimental setup section of this pa-
per.

To find a good range of tolerances to survey, previous
research in the area of smoothness perception was inves-
tigated. Here, it is suggested that bumps of 0.1mm are
the threshold for surfaces being perceived as smooth [21;
22]. As a precaution, the lowest tolerance used in the survey
was set to half of this value, at 0.05mm.

4 Experimental Setup
The following sections describe what experiments were per-
formed to obtain results. It starts off by discussing the types
of NURBS surfaces used for the purpose of tessellation.
Then, the survey used to conduct our user study on smooth-
ness perception is explained in detail.

4.1 Mesh Complexity
To get an idea of the effectiveness of the implemented tessel-
lation algorithm, a number of NURBS surfaces were needed
for testing purposes. While NURBS surfaces could be ob-
tained by creating a model in 3D modeling software, doing
so is generally tricky and time-consuming. The amount of
NURBS surfaces found online was also limited. As such, an
alternative approach to obtaining surfaces was chosen.

The surfaces chosen for testing the tessellation algorithm
were surfaces of revolution. Such surfaces were obtained
by rotating a two-dimensional NURBS curve around an axis
[23]. As such, a wide variety of shapes could be obtained
without the need for complex modeling.

For the purposes of this paper, four surfaces in the shape
of a sphere, torus, bullet, and hourglass were used. These
surfaces were chosen for the variety of their respective curva-
tures. For instance, a sphere has uniform curvature through-
out its surface. Meanwhile, the hourglass surface features

Figure 3: Illustration of the hardware setup used to conduct the sur-
vey. On the right, the Novint Falcon controller used to interact with
meshes is shown. On the left, a laptop screen displaying the survey
application can be seen.

both areas with a great or tiny amount of curvature. As
curvature is hugely important for the amount of geometry
needed for tessellation, the choice of shapes would give a
good overview of the performance of the tessellation algo-
rithm in different scenarios.

4.2 Perceived Smoothness Survey
To investigate how high the tolerance ϵ could be while still
preserving mesh smoothness, a survey application was devel-
oped. This application allowed participants to experience the
haptics generated from meshes, and subsequently grade their
perceived smoothness. For haptic generation, the CHAI3D 1

framework was used. A Novint Falcon2 haptic controller was
used to allow participants to interact with the mesh and feel
the resulting haptic feedback. An illustration of the survey
setup can be seen in Fig. 3.

The survey was conducted as follows. Participants
were shown meshes generated from multiple surfaces at
varying tolerances. Four surfaces were tessellated to ac-
quire these meshes: an hourglass, a sphere, a torus,
and a bullet surface. These surfaces were then tessel-
lated with global spacing tessellation at tolerances of ϵ =
0.5, 0.2, 0.1, 0.05, 0.02, 0.01, 0.005 and 0.002. The meshes
of each shape were presented to the participant in decreas-
ing order of tolerance. Participants were then asked to feel
the mesh and grade its smoothness. Participants were always
shown a high-resolution mesh of these surfaces on a display
so that visuals could not impact the perceived smoothness.
Fig. 4 shows a screenshot from the final survey application.

Participants were then asked to classify the presented
meshes into one of three categories. These categories were
defined as follows:

• Angular: The participant can feel clear edges within the
mesh. Smooth movement across the surface is not pos-
sible, and the haptic cursor can get stuck behind edges
of the geometry.

• Coarse: The participant cannot feel clear edges within
the mesh anymore. The surface can be felt as if having

1chai3d.org
2novint.com

https://www.chai3d.org/
www.novint.com


Figure 4: Screenshot from within the application used to survey the
perceived smoothness of meshes. Participants are shown a high-
resolution render of a shape, while a lower-resolution mesh is used
to generate the haptic feedback to be evaluated by participants.

Tolerance ϵ Physical Distance
0.5 12.5mm
0.2 5mm
0.1 2.5mm
0.05 1.25mm
0.02 0.5mm
0.01 0.25mm
0.005 0.125mm
0.002 0.05mm

Table 1: Conversion of digital tolerance ϵ to real-world tolerance ϵR
for all tolerances used during the survey.

a coarse texture, with many small bumps. These bumps
do not impede movement over the surface.

• Smooth: The participant can smoothly move the haptic
cursor over the surface, without perceiving small bumps
on the surface of the mesh.

The use of a haptic controller gives the used tolerances a
real-world context. The Novint Falcon controller can move
within a sphere with a diameter of 10 cm. This range of
movement is mapped to a sphere with a diameter of 1 unit
inside of the survey application. Subsequently, models were
imported into the application at a scale of 0.25. This allows
us to calculate the real-world tolerance ϵR in millimeters from
the digital tolerance ϵ with the formula

ϵR =
100mm

4
ϵ.

Table 1 shows the conversion of the tolerances ϵ used in the
survey to the real-world tolerance ϵR.

5 Results
The following section will give an analysis of the imple-
mented tessellation algorithm. First, we investigate the com-
plexity of the resulting meshes. Secondly, we discuss the per-
ceived smoothness of these meshes at different mesh toler-
ances, which was investigated through a user study.

(a) Mesh at tolerance ϵ = 0.5 (b) Mesh at tolerance ϵ = 0.01

(c) Mesh at tolerance ϵ =
0.005

(d) Mesh at tolerance ϵ = 0

Figure 5: Meshes obtained from the tessellation of an hourglass
NURBS surface with the global spacing tessellation algorithm at
varying tolerances ϵ, along with the true shape of the NURBS sur-
face that these meshes approximate. As can be seen, the resulting
mesh starts to more closely resemble the true surface as the toler-
ance decreases.

5.1 Mesh Complexity
Fig. 5 shows the mesh resulting from tessellating the hour-
glass surface at different user-specified tolerances ϵ. Visually
speaking, the tessellation algorithm behaves as expected. We
can observe that for a high tolerance ϵ, the resulting mesh
has a low complexity. This makes sense, as the higher the
allowed error in a mesh is, the less geometry is needed to
represent a surface. On the other hand, the mesh starts to re-
semble the NURBS surface increasingly more accurately as
the tolerance decreases. Of course, this comes at the cost of
a higher required polygon count for the mesh. Eventually,
as the tolerance ϵ approaches 0, we would theoretically ap-
proach a perfect mesh of the NURBS surface, with an infinite
polygon count.

The effect of the tolerance ϵ on the accuracy of the gener-
ated mesh can be seen even more clearly in fig. 6, where a
2-dimensional cross-section of the hourglass mesh is exam-
ined. As can be seen, the mesh approximation is allowed to
deviate by a significant margin for a high tolerance ϵ. This is
especially apparent near the top and bottom of the hourglass.
Again, lower tolerance can be seen to increase how well the
mesh approximation matches the real surface.

The complexity cost of lowering the tolerance with regards
to the vertex count can be seen in Fig. 7. Here, mesh com-
plexity is expressed in term of the polygon count. The spher-
ical NURBS surface represents the best case for the tessel-
lation algorithm, with the lowest mesh complexities for any
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Figure 6: Cross section of the meshes obtained from the tessellation
of an hourglass NURBS surface. The shape of the real surface is
shown in black, while the mesh approximations at different toler-
ances ϵ are shown as colored dashed lines drawn on top.

given tolerance. In general, the meshes needed to approxi-
mate the hourglass and bullet surfaces are more complex by
around a factor of 2 than those of the sphere. Finally, we
can see that the torus surface has a complexity somewhere in
the middle. From the figure, a roughly inversely proportional
relation between the tolerance ϵ and the resulting mesh com-
plexity seems to exist, with the mesh complexity doubling
when the tolerance is halved.

The findings exemplify the need for careful selection of the
tolerance when generating meshes for use in tactile physics
engines. As Fig. 7 shows, a small decrease in tolerance
can drastically increase the number of polygons present in
the resulting mesh. This is undesirable, as complex meshes
slow down the tactile physics simulation, which must run at
1000Hz. As such, great care must be taken for finding a pre-
cise tolerance ϵ, at which the imperfections of the resulting
mesh are just barely imperceivable.

Additionally, the mesh complexities in Fig. 7 show a draw-
back of the chosen tessellation method. As global spacing
only considers the upper bounds on the partial derivatives
of the NURBS surface, the worst-case curvature determines
the edge length λ for the entire mesh. As a result, excessive
amounts of geometry are used in the flatter parts of a surface.
This is reflected in the mesh complexities of the hourglass
and bullet surfaces, which have a very non-uniform curva-
ture. Both surfaces have significantly more complex meshes
than those of the sphere and torus surfaces, which have a more
uniform curvature.

Fig. 8 demonstrates that the error of meshes generated
by the tessellation algorithm does not exceed the tolerance
ϵ. Here mesh error is defined as the Hausdorff distance be-
tween the NURBS surface and its corresponding mesh. The
Hausdorf distance is estimated trough n = 10, 000 points
taken uniformly on the NURBS surface. For most surfaces,
the maximum error is almost an order of magnitude lower
than the tolerance. The findings confirm that the tessellated
meshes abide by the supplied tolerance.
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Figure 7: Plot of the mesh complexity as a function of the supplied
tolerance ϵ for the global spacing tessellation algorithm. Here, mesh
complexity is expressed as the number of polygons in the mesh.
To generate the meshes, NURBS surfaces in the shape of a sphere,
torus, bullet, and hourglass were used. More irregular surfaces, such
as the bullet and hourglass, can be seen to lead to more complex
meshes.
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Figure 8: The maximum error found within meshes of different
NURBS surfaces at varying tolerances. Here the maximum error
was determined as the Hausdorff distance between the mesh and the
original NURBS surface. As can be seen, the mesh error does not
exceed the tolerance ϵ at any point.

To see how much geometry is used to represent the dif-
ferent parts of the investigated NURBS surfaces, the vertices
of the mesh were grouped based on their height within the
mesh. The resulting number of vertices present at different
heights was collected as a histogram for each of the inves-
tigated shapes. As a visual guide to the location of geome-
try within the surface, a cross-section of the original NURBS
surfaces was overlayed on the histogram. The resulting fig-
ure is displayed in Fig. 9. The figure shows geometry being
most concentrated near the top and bottom of the generated
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(b) Geometry distribution of torus
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(c) Geometry distribution of hourglass
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(d) Geometry distribution of bullet

Figure 9: Histogram of the concentration of geometry on meshes generated at a tolerance of ϵ = 0.01 for different NURBS surfaces. Here,
the amount of geometry is expressed by the number of vertices. The outline of the surface cross-section is overlayed in the figures, to indicate
the spatial location of the vertices on the surface. Geometry can be seen to be most concentrated near the top and bottom of the mesh.

meshes. This also holds for NURBS torus and hourglass,
whose bottom areas are assigned a lot of geometry despite
being nearly flat. However, the midsection of the bullet is
represented with very little geometry. For all other shapes,
the amount of geometry used for the middle section is fairly
uniform throughout.

The distribution of vertices highlights another drawback of
the chosen algorithm. Namely, that geometry is not neces-
sarily distributed evenly over the surface. As can be seen in
Fig. 9, the amount of vertices assigned to the poles of the
sphere surfaces is large compared to the number of vertices
assigned to its midsection. However, the midsection of a
sphere makes up the majority of the surface area of a sphere,
while the poles only represent a fraction of the total area.
Therefore, a mismatch between surface area and geometry
concentration exists for the global tessellation algorithm.

All in all, the global spacing algorithm seems to function
reasonably well but does have its fair share of issues. The
algorithm functions as it’s supposed to and generated meshes
strictly stay within a distance ϵ of the actual surface. How-
ever, surfaces with irregular curvature in particular are as-
signed too much geometry in low curvature areas. Addition-
ally, excessive geometry is used near the poles of the investi-
gated surfaces of revolution. Due to the necessity of keeping

the complexity of meshes used in tactile physics simulations
to an absolute minimum, this is undesirable.

5.2 Perceived Smoothness
The perceived smoothness survey outlined in section 4.2 of
this paper was conducted on n = 21 participants. However, it
should be noted that primarily young men experienced with
computers were surveyed. The group of participants is there-
fore not representative of the general population.

The results from this survey have been compiled in Fig. 10.
As can be seen, meshes with a tolerance below ϵ = 1.25mm
were rarely perceived as being smooth or coarse. Most sur-
faces only start to be perceived as smooth by a majority of
participants at tolerances as low as ϵ = 0.05mm. The bullet
surface seems to be the exception to this, already being per-
ceived as smooth at a tolerance of ϵ = 0.125mm by most
participants. This is likely due to the relatively low amount
of curvature within the bullet’s surface.

Despite meshes needing a very low tolerance to be per-
ceived as smooth, a significantly higher tolerance is already
sufficient for the perception of a coarse surface. As can be
seen in Fig. 10, a tolerance of just ϵ = 0.5mm is enough for
the surface to be perceived as coarse for a majority of par-
ticipants. Furthermore, a tolerance of ϵ = 0.25mm is suffi-



12.5 5 2.5 1.25 0.5 0.25 0.125 0.05
Real-world Tolerance R (mm)

0%

20%

40%

60%

80%

100%

Pe
rc

en
ta

ge
 o

f P
ar

tic
ip

an
ts

Perception of Smoothness

Angular
Coarse
Smooth
Hourglass
Sphere
Torus
Bullet

Figure 10: A diagram showing the results of the perceived smoothness survey, conducted on n = 21 participants. The different line colors
indicate how smooth meshes were perceived as, while the line style indicates the shape of the mesh. Lowering the tolerance can be seen to
improve the perceived smoothness of meshes. At a tolerance of ϵ = 0.05mm, a clear majority of participants perceived the mesh as smooth
for all shapes.

cient for participants to exclusively rate surfaces as coarse or
smooth. Once again, the bullet surface can be to be perceived
as coarse at lower tolerances than other surfaces.

Interestingly, some participants of the survey perceived
meshes to not be smooth even at the lowest tolerance. This is
especially apparent for the sphere, torus, and hourglass sur-
faces. These findings suggest that the tolerance required for
smooth object representation lies even lower than the investi-
gated values. There is also a possibility the hardware is reach-
ing its limits of spatial resolution at this point. In any case, a
more comprehensive survey would be needed to find a toler-
ance that is satisfactory for all participants.

All in all, the results of the survey suggest that for proper
representation of smooth surfaces a tolerance of 0.05mm or
lower is required. However, due to the significant increase in
mesh complexity caused by lowering the tolerance, it should
not be set lower than necessary. The optimal tolerance is
likely highly dependent on the context of the tactile internet
application. In general, a tolerance of ϵ = 0.05mm should
be enough for most purposes of tactile internet, as a clear
majority of participants start perceiving surfaces as smooth
here. However, precision tactile internet applications, such as
remote surgery, would likely benefit from a lower tolerance.
For applications where only shape, but not the smooth texture
of an object has to be represented, a tolerance of ϵ = 0.25mm
should be used to reduce the burden of the tactile physics en-
gine.

6 Responsible Research
6.1 Use of Participants
For the smoothness perception survey, a number of steps were
taken to ensure the ethical use of participants. Firstly, great
care was taken to ensure informed consent. Participants were
first clearly explained what the purpose of the survey was.
Participants were also made aware of the fashion in which
their perception of smoothness would be used. Secondly, the
privacy and anonymity of participants were ensured. Abso-
lutely no personal data was used in the survey, and it would
be impossible to trace obtained data back to a specific partic-
ipant.

Additionally, an effort was made to respect the spare time
of participants. Most participants consisted of fellow bache-
lor students working hard on their respective research, with
little time to spare. Taking up a large amount of their time
could impede their research or studies. Therefore, the survey
was designed to be as streamlined as possible so it could be
completed within 5 to 10 minutes. In practice, most partici-
pants managed to complete the survey within this time.

6.2 Reproducibility
Great care was taken during the research discussed in this
paper to ensure its results are reproducible. All code used for
this paper, including tessellation algorithms, graphing scripts,
and surface generators, have been made publicly available
through a repository. This repository includes detailed in-
structions on how to run the code. Anyone with moderate
programming knowledge should be able to follow along with
the provided instructions with ease.



7 Discussion
In this section, we will place the obtained results in a broader
context. To do this, results will be compared to similar works
in the field. This will give us an intuition of how accurate our
findings are.

Directly comparing obtained results to other papers on
NURBS tessellation was difficult, as the NURBS surfaces
used in such papers are often not explicitly given. However,
certain aspects of the behavior of the algorithm could be ver-
ified. Firstly, the effect of lowering the tolerance on mesh
complexity. In the paper our tessellation algorithm is based
on, Piegl and Richard find the relation between the toler-
ance and the number of polygons to be inversely proportional,
which matches our findings. Furthermore, our research found
that the maximum error for the generated meshes was approx-
imately one-tenth of the tolerance in most cases. This is also
in accordance with the error found in the original paper [13].

Within the field of haptic rendering, the minimum height of
imperfections in a mesh that can still be perceived by humans
is commonly considered to be around 100 µm. However, it
should be considered that the user studies conducted to find
these values typically only ask participants to rate a mesh as
either smooth or non-smooth [21; 22]. Meanwhile, our own
smoothness perception survey asked participants to classify a
mesh into one of three categories. A similar study conducted
in the field of biology suggests grooves with a width of up to
40 µm are still perceivable by humans [24].

All considered, the found tolerance value for perceived
smoothness agrees well with current knowledge. The dis-
covered tolerance of ϵ = 50 µm is well within the range of
100 µm to 40 µm suggested by literature.

8 Future Work
This section will highlight a number of avenues that future
research might take to expand on the findings of this paper.
Given a longer time frame to continue research, these would
represent the next steps taken to improve the findings of this
paper.

• Alternative algorithms for the tessellation of NURBS
surfaces have not exhaustively been tested within this
paper. Other approaches, such as adaptive subdivision
[14] and bubble mesh generation [16], might prove a
better fit for the given situation. As such, a more com-
prehensive comparison of algorithms could yield an im-
proved process for NURBS surface tessellation for use
in tactile physics simulations.

• Force shading might also prove a promising avenue for
smooth object representation in tactile physics simula-
tions. The notion of force shading is analogous to the
way shading is commonly used to improve the appear-
ance of three-dimensional objects in the field of com-
puter graphics. Force shading has been shown to im-
prove perceived surface smoothness without requiring
extra geometry [25]. Combining force shading with
the techniques described in this paper may allow for
lower mesh complexities with no degradation in per-
ceived smoothness.

• Use of more realistic surfaces for tessellation would al-
low for a more complete understanding of NURBS tes-
sellation in practice. Only relatively simple surfaces
were investigated in this paper. However, the real-world
objects we want to represent in the local physics model
might be much more complex. Analyzing the tessella-
tion of such objects would allow us to understand the
performance of tessellation algorithms in a realistic con-
text.

9 Conclusion
Tactile internet is an emerging internet paradigm, allowing
for precise control of robotic devices at a distance. To make
the haptics used in tactile internet feel convincing over long
distances, proper representation of smoothly curved objects
is necessary. NURBS were found to be a powerful model
for representing such objects but were deemed incompatible
with current tactile physics engines. As such, this paper in-
vestigated the effectiveness of converting NURBS surfaces to
a mesh through a global spacing tessellation algorithm. An
analysis of mesh complexity was performed, and a user study
was conducted to find mesh tolerances sufficient for perceived
smoothness.

A global spacing tessellation algorithm was implemented
and tested on a number of NURBS surfaces. The algorithm
generally behaved as expected, needing greatly more geome-
try to approximate a surface as the mesh tolerance decreases.
While the meshes generated with this algorithm stayed within
the user-specified tolerance, geometry was excessively con-
centrated near the top and bottom of the tested surfaces. The
algorithm also seems to struggle more with surfaces where
curvature suddenly changes.

Our user study on perceived smoothness found that meshes
tessellated at a tolerance of ϵ = 0.05mm were sufficient to be
perceived as smooth by a majority of participants. Lowering
the tolerance further to increase perceived smoothness is not
recommended unless a Tactile Internet application requires
extreme precision. Otherwise, the dramatic increase in mesh
complexity as tolerance decreases will unnecessarily burden
the tactile physics simulation.

On the whole, tessellation of NURBS surfaces through the
global tessellation algorithm at a tolerance of ϵ = 0.05mm
seems to be adequate for most purposes of tactile internet.
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