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Abstract

We construct and analyze the Jacobi process — in mathematical biology referred to as Wright—Fisher
diffusion — using a Dirichlet form. The corresponding Dirichlet space takes the form of a Sobolev
space with different weights for the function itself and its derivative and can be rewritten in a canonical
form for strongly local Dirichlet forms in one dimension. Additionally to the statements following from
the general theory on these forms, we obtain orthogonal decompositions of the Dirichlet space, derive
Sobolev embeddings, verify functional inequalities of Hardy type and analyze the long time behavior
of the associated semigroup. We deduce corresponding properties of the Markov process and show that
it is up to minor technical modifications a solution to the Jacobi SDE. We also provide uniqueness
statements for this SDE, such that properties of general solutions follow.
© 2022 Elsevier B.V. All rights reserved.

MSC: 60J46; 46E35; 92D25; 33C05
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1. Introduction

The Jacobi process is a [0, d]-valued solution to the stochastic differential equation

dY, = (a —bY,)dt + o/Y,(d — Y,)dW,. (1.1)

Here, a, b and o, d > 0 are parameters and W is a Brownian motion. The Jacobi process arises
in different applications, most prominently as a model for allele frequencies in mathematical
biology, see [10, Section 10.2], where it is commonly referred to as Wright—Fisher diffusion.
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Moreover, the Jacobi processes can be used as a model for membrane depolarization [8] and
interest rates [7] or in the modeling of electricity prices [6,28].
The parameters

2b 2a 2a
a=————1land B=——1 (1.2)

o? o o%d
capture the behavior of the process close to the boundary points. Indeed, if Y; is close to 0, the
drift is approximately given by adt and the stochastic fluctuation by U(Y,d)%d W; which has
variance o2(Y;d)dt. Therefore, the ratio —d quantifies how much the drift pushes the process
back into the state space [0, d] compared to the stochastic fluctuations. This demonstrates the
importance of the parameter 8 and an analogous argument shows that « quantifies the boundary
behavior near d.

If , 8 > —1, the Jacobi process is one of three types of real-valued diffusions, which
are associated to a family of orthogonal polynomials, see [21]. This allows for an explicit
expression of the transition semigroup, which can be used as in [7] to analyze the process.
The Jacobi process can be constructed by its associated Feller semigroup [10] and belongs to
the larger class of Pearson diffusions [13]. For an extensive study of the associated differential
operator we refer to [9]. Examples of how to analyze the Jacobi process using classical methods
for one-dimensional diffusions can be found in [15]. There are many other works on the Jacobi
process, but we hope that this selection gives an overview of the main tools, which were used
to construct and analyze the Jacobi process up to now. In the current article, we take the new
approach to construct and analyze solutions to (1.1) by Dirichlet form methods. We stress that
we allow for the case @« < —1 or B < —1 which leads to additional mathematical challenges.

As state space of the Dirichlet form we define X as the union of the interval (0, d) with the
right boundary point {d} if —1 < o < 0 and with the left boundary {0} if —1 < 8 < 0. We
write ‘B for the Borel o-field on X and dx for the Lebesgue measure. The generator of (1.1)
is given by

1
Gf(x) = EGZX(d —x) f"(x) + (a — bx) f'(x) (1.3)

for x € [0, d]. The stationary solution to the corresponding Kolmogorov forward equation on
0,d) is
_ xPd — x)*
mx) = —
and is the natural candidate for the density of the invariant measure of the Jacobi process.
Therefore, we equip X with the measure with density m with respect to dx. Then, dm = mdx
is a positive Radon measure on X with full support and we define dem = cmdx using the
additional density c(x) = %ozx(d — x). The calculation

2b 2a ) ] xP(d — x)*

, I 5[ 2a
(cm)(x) = 57 m(d_ X) — 52 o2d )F | T gersn

(1.4)

= (a —bx)mx) (1.5

implies that

(f'em)(x) = [e(0) f"(x) + (@ = bx) f'()]m(x) = m(x)Gf(x) (1.6)

for f € C%((0, d)). Consequently, the operator (G, C°((0, d))) is of the form [14, Eq. (3.3.17)].
By [14, Theorem 3.3.1]

D) = {f € LA(X,dm)| f" € L*(X,dcm)},
E:DE)x DE)— R, (f, g)— / ' (x)g' (x)dem(x)
X
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defines a strongly local Dirichlet form corresponding to the maximal Markovian self-adjoint
extension (L, D(L)) of (G, CZ((0,d))) in LX(X, dm).

One can rewrite (£, D()) in the form of [5, Section 2.2.3] by introducing the measure
ds = ﬁdx and the corresponding distribution function s determined up to an additive constant
by

Y 1
5G0) — 5@) = ds((z y]) = / dx (1.8)
. 2cm(x)
Indeed, a function f absolutely continuous with respect to ds, in the sense that
Y df
f&x)y— fy) = / —
for a density functlon TS L}OC((O d),ds) and all x, y € (0, d), admits the den51ty 75 3o With

respect to dx. By [4, Lemma 8.2], f has df 1 as weak derivative on (0, d) and hence

2
f' e LX(X,dcm) < %/ (ﬁ) de <00 = %eﬁ(x,ds). (1.9)
0

Using [4, Theorem 8.2] on compact subintervals shows that any weakly differentiable function
f on (0, d) has 2cmf’ as density with respect to ds and (1.9) holds again. Hence D(&) consists

of all f € L%(X, dm) absolutely continuous with respect to ds sufﬁcmg e L*(X,ds) and
df dg
& ds, 1.10
(fi8) = / Tv s 4 (1.10)

i.e. up to the factor 1, (€, D(E)) coincides with the Dirichlet form [5, Eq. (2.2.30)]. In this
context dm is called the speed measure and s is called the scale function of (£, D(£)). For a
general decomposition theorem of strongly local Dirichlet forms in one dimension into Dirichlet
forms of this type, we refer to [19].

In the following, we denote the Markovian, symmetric, strongly continuous semigroup
generated by (L, D(L)) by (T});~0 and write

&S 8) = E(f, &)+ M @ r2x.am)

for A > 0 and f, g € D(E). We equip D(E) with the topology induced by any of the inner
products &, and, if considered as a Hilbert space, we equip it with £ unless stated otherwise.
We write F for the closure of C2°((0, d)) in D(E).

In the preliminary Section 2 we introduce and analyze a notion of solutions to (1.1), which
serve later on to translate our findings on Hunt processes to statements on general solutions to
(1.1). In Section 3 we consider the Dirichlet form (£, D(£)). In particular, many basic properties
of (£, D(E)) follow by the general theory from [5, Section 2.2.3]. Moreover, we provide
orthogonal decompositions of D(E), prove embedding theorems and functional inequalities
and analyze the asymptotic behavior of (7;),-¢ depending on the parameters « and . Finally,
in Section 4 we translate the findings on (£, D(E)) and (T}),~¢ into properties of an associated
Hunt process. We show under which assumption on the parameters, the process is recurrent,
ergodic, conservative or a variant of transitive. Furthermore, we show how a Markov process
associated to (€, D(E)) as well as its restriction to (0, d) is related to general solutions to
(1.1). This allows to transfer the gathered results from this article as well as future findings on
(&, D(E)) into statements on (1.1).
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2. Local solutions to the Jacobi SDE

Throughout this article we fix parameters a, b € R and o,d > 0. Unless stated otherwise
in the assumptions, all theorems hold for any choice of these parameters. Moreover, equality
of random variables is meant almost surely unless stated otherwise.

Definition 2.1. A local solution to the stochastic differential equation (1.1) is a quadruple,
consisting of a filtered probability space ({2, %, P, §), a Brownian motion W, a real-valued,
adapted process Y and a stopping time ¢, such that § satisfies the usual conditions and the
following conditions are satisfied.

(i) The mapping Y.(w): [0, ¢(w)] — R is [0, d]-valued and continuous for every w € (2.
(i) For all r > 0 we have that

[7Ne INE
Yine = Yo + f (a = bY,)ds +/ o /Y,(d ~Y,)dW,. @D
0 0

(iii) It holds P({¥; ¢ {0,d}} N {¢ < co}) = 0.

We sometimes call (Y, ¢) a local solution and ({2, 2, P, §, W) its stochastic basis or do not
even specify the latter.

Remark 2.2. We understand the first integral in (2.1) as the continuous and adapted process

/ Lio,c1(s)(a — bY) ds.
0

at time ¢. The second integral is meant as the stochastic integral

t
f 1[0,{](S)UV Yv(d - Ys)dWw
0

which is well-defined, since the integrand is left-continuous, adapted and bounded.

In the next definition (Y, ¢) and (v, ;:) are local solutions on the same stochastic basis.

Definition 2.3. The solutign (17, E) is an extension of (Y, ¢), if Z‘ > ¢ and Yo = YtAg for all
t > 0. If additionally ¢ = ¢, we identify the local solutions.

If ()?, E)~is~an extension of (Y, ¢), we write (Y, ) < (f’, Z). In the case of equality we write
(Y,¢) = (Y, ¢). The relation < is then a partial ordering on the equivalence classes of local
solutions on a fixed stochastic basis.

Definition 2.4. A local solution (Y, ¢) is called minimal (maximal), if it is a minimal (maximal)
element with respect to the ordering < of local solutions.

To use the theory of stochastic differential equations on R we let © € C°(R) such that
u(x) = (a —bx) on a neighborhood of [0, d] and v(x) = 1o 4(x)o+/x(d — x) for x € R. Then
w is Lipschitz continuous and v is 1/2-Holder continuous. Therefore, the stochastic differential
equation

dZ;, = w(Z;)dt + v(Z;)dW; 2.2)
is well-posed. Indeed, existence of weak solutions follows by the Skorohod existence theorem

[17, Theorem 18.7; Theorem 18.9] and pathwise uniqueness holds due to the Yamada—
Watanabe condition [17, Theorem 20.3]. Consequently, the Yamada—Watanabe theorem [17,
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Lemma 18.17] implies that strong existence and uniqueness in law hold for arbitrary initial
distributions on R.

Theorem 2.5. Let (Y, ¢) be a local solution with respect to a stochastic basis (2,2, P, §, W).
Then the unique solution Z to (2.2) with initial value Y satisfies

Zz/\; = Yz/\; (2-3)
for all t > 0. Moreover,

(i) (Y, ¢) is minimal iff ¢ = inf{t > 0|Z, € {0, d}},
(ii) (Y, ) is maximal iff ¢ = inf{t > 0|Z, ¢ [0, d]}.

Proof. Let (Y, ¢) be a local solution, then the first part of the claim follows by a localized
Yamada—Watanabe condition, see Lemma A.1. We define Z‘ as the infimum in (i), which defines
a stopping time. In particular (Z,7) is a local solution to (1.1). Due to condition (iii) of
Definition 2.1 we have that

P({¢ > ¢ = PUL > )N {Y; € {0,d})).

By (2.3) it follows that P({Z; # Y;} N {¢ < oo}) = 0 and therefore P({¢ > ¢}) is dominated
by

P({C > YN {Z, €{0,d}}) =0.

Hence (Z, ¢) < (Y, ¢). Therefore, if ¢ # Z, the local solution (Y, ¢) is not minimal. Conversely,
if £ = E, it holds (Z, E) = (Y, ¢) and by our previous considerations it follows (Z, E) < (I?, 2)
for every other local solution (I? , ;:).

Next, let E be the infimum from (ii) instead. The identity (2.3) implies that

P({¢ <&} < P({inf{t|Zin; ¢ [0,d]} < 00}) < P({3t = 0: Yirp ¢ [0,d1}) =0.

In the latter equality we used condition (i) of Definition 2.1. We conclude (Y, ¢) < (Z, 2) and
obtain (ii) analogously to (i). O

The previous statement implies pathwise existence and uniqueness of minimal and maximal
local solutions to (1.1) with a prescribed initial value. To formulate a uniqueness statement
concerning their laws, we introduce the space [0, d]a as the set [0,d] U {A}, where A is
topologically adjoined as a separate point. We equip the space X = ([0, d])!%> with the
corresponding product of Borel o-fields.

Corollary 2.6. Let (RO, QD piy FO WO YO 0 for i € {1,2} be two minimal
(maximgl) local solutions to (3.18) with the same initial distribution on [0, d]. Then the laws
PD o (YD) on X coincide, where

?(i)(a)) _ Y(w), t=< f(l)(w) = Q(i).
! A, t > D),

In particular, the laws of their lifetimes PY o ()~ coincide.

Proof. We first consider the case that~ the two solutions are maximal. Let Z® be the solution to
(2.2) with the same initial value and ¢® the stopping time as in Theorem 2.5 (ii) for i € {1, 2}.
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By the uniqueness in law of (2.2), we have that PV o (Z)~! = P® o (Z®)~! as probability

measures on C([0, co), R), where we equip the latter space with its Borel o-field. We note that
7:C([0, 00), R) = R U {oo}, f + inf{r > 0] f(z) ¢ [0, d]}

is measurable. Therefore, the mapping ¢ : C([0, o0), R) — X', where

f@®, t=<r,

o(f)(1) = A ist

is measurable as well. Consequently, if we denote the measure P o (Z@)~! by Q, which is
independent of i, we obtain that

POo(¥N ' =Qo¢p !, (24)
by Theorem 2.5. The statement for minimal solutions follows analogously by replacing t by

f > inf{t > 0| f(t) € {0,d}}. O

3. The Dirichlet space

We recall that the Dirichlet form (£, D(E)) was defined in (1.7) and can be rewritten in the
form [5, Eq. (2.2.30)] by (1.9) and (1.10). Following [5, pp. 65-66], the right boundary d is
called approachable, if the function s defined by (1.8) satisfies

il/lgs(x) < 00. 3.1
Since
1 da+,3+1
s'(x) =

2em(x)  o2xPH(d — x)et!’

(3.1) is satisfied if and only if @ < 0. Analogously, the left boundary 0 is approachable iff
B < 0. By [5, p. 65], every function f € D(E) admits a dm-version that is continuous on
X, where we define X as the union of (0, d) with the approachable boundary points. In the
following, we denote this dm-version of f by f Equipping C (X) with the topology of uniform
convergence on compact subsets, we obtain the following continuous embedding.

Proposition 3.1. The mapping
DE)— CX), fr> f (3.2)

is a continuous embedding.

Proof. The inclusion D() C C(X) follows by the preceding considerations. Moreover,
the space C(X) is a complete metric vector space by [12, pp. 167-168]. Since every
D(&)-convergent sequence admits a dm-almost everywhere convergent subsequence it follows
that (3.2) has closed graph and therefore is continuous by the closed graph theorem, see
[25, Theorem 2.3, p. 78]. U

Following [5, p. 66], d is a regular boundary point, if d is approachable and dm((c, d)) < oo
for every ¢ € (0, d). Since dm has density (1.4) with respect to dx, d is regular iff -1 <o <0
and analogously O is regular iff —1 < 8 < 0. Consequently, the choice of the state space X
coincides with the one in [5, Theorem 2.2.11] and using the previous boundary classification,
we obtain the following result. For definitions of the appearing properties, we refer to
[14, Section 1.1], [14, p. 55] and [14, Eq. (1.5.4)].
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Theorem 3.2.  The Dirichlet form (£, D(E)) is a regular, strongly local and irreducible
Dirichlet form on L%(X, dm). Moreover, (£, D(E)) is recurrent if and only if a, B > —1 and
transient otherwise.

As shown in [5, p. 68] the quasi notions with respect to (£, D()) trivialize as stated in the
following proposition. For definitions of the 1-capacity and quasi notions, see [14, Eq. (2.1.3)]
and [14, pp. 68-69].

Proposition 3.3. Every non-empty subset of X has positive 1-capacity and a function on X
is quasi-continuous with respect to (€, D(E)), iff f is continuous on X.

In particular, the quasi-continuous version of a function f € D(E), which exists by
[14, Theorem 2.1.3], coincides with the previously introduced version f. Finally, using
[19, Theorem 3.2], we obtain the following characterization of the space F introduced in the
introduction, which is useful later on.

Theorem 3.4. The space F is given by
{feD(é’): Fd)=0,if—1<a <0 and fO) =0, if —1 <8 <o}. (3.3)

We conclude this part by observing when the Dirichlet form (£, D(£)) is conservative, for
a definition of this property see [14, p. 56]. The case in which (£, D(£)) is conservative can
be straightforwardly treated using [14, Theorem 1.6.6]. For the remaining cases we use the
characterization of conservativeness of a one dimensional Dirichlet form in terms of a scale
function and speed measure from [11, Theorem 5.1].

Proposition 3.5. The Dirichlet form (£, D(E)) is conservative if and only if a, 8 > —1.

Proof. If o, 8 > —1 we have 1 € D(E), such that (£, D(E)) is conservative by [14, Theorem
1.6.6]. We assume next that @« < —1. In this case, d ¢ X, (3.1) holds and

d X d x
f / dm(y)ds(x) <Cgoa / / d—y)Ydyd—x)"“"Vdx
§ /4 § /4
d d
=Chou ﬁ / (d —x)"“"Vdx (d — y)* dy
7 vy

1
=Cﬂ,g,d/{; de < o0,
2

where we used that « < O in the latter equality. That (£, D(E)) is not conservative follows
now from [11, Lemma 5.1; Theorem 5.1]. The case 8 < —1 can be treated analogously. [

3.1. Orthogonal decompositions of the domain
This subsection is devoted to calculating the orthogonal complements of the spaces

{f e DE)| fd) = 0} and {f e DE)| f(0) = o} (3.4)

in (D(£), &,) for A > 0, which we denote by H{kd} and 7—[?0} respectively. They are of interest
since they are connected to the hitting distributions of the corresponding boundary point,
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see [14, Section 4.3]. To motivate the following considerations, we assume that f € ’H?d}.
Then, in particular,

d d
VYo € C°((0,d)) : /0 f’(x)(p’(x)dcm(x)+)»/0 f@ex)dm(x) = 0.

By (1.6) this is a weak formulation of the differential equation Gf = Af, where we recall
that G was defined as (1.3). For a general study of solutions to the resolvent equation of the
generator of a diffusion, we refer to [20, Chapter II] or [16, Section 5.12]. In our situation,
solutions to this differential equation are proper candidates to span H{‘d}. To simplify the
notation we introduce the A-dependent parameter

Vot —4bo? — 8ro? + 4b2
202

‘}/:

such that by definition

a+B+1\  , 2
Using , F; as notation for hypergeometric functions, we define the real-valued function
6 o) 2 F) %H,L‘f“—y;ﬁJrl;ﬁ), B> -1,
AX) =

o (At piz). e

on (0, d). Since &, is a rescaled version of the solution to a hypergeometric differential equation,
see [18, p. 163], it satisfies indeed G&; = A&, on (0, d). In course of this subsection, we prove
the following result.

Theorem 3.6. Let A > 0 and —1 < a < 0, then we have

H?d} = span{§,}.

Since the proof of Theorem 3.6 relies on an integration by parts argument, we first
investigate the boundary values of &, based on the following general formulae for boundary
values of hypergeometric functions. They are the key tool to perform the explicit calculations
and can be found in [2, Theorem 2.1.3; Theorem 2.2.2]. The appearing function [' is the
well-known gamma function and we write R for the real part of an imaginary number.

Lemma 3.7. Let «,t,v € C with —v ¢ Ny.

(i) If R(v —k — 1) > 0, then
I'wlI'v—«x—1)

lim, Fi(k, t; v; x) = . 3.6
limaFile 6 vix) = 5= S =) (3:6)

(ii) If v—Kk —1t =0, then
2Pk, uix) 0 T'(v)

im = . 3.7
x/1 —log(l —x) I'c)I'(v)

(iii) If R(v —k —1) < 0, then
lim 2Pk, vy x) F(U)F(K—FL—U). (3.8)

o1 (1= x)—r—t T
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They result in the following statements on &,. The detailed calculations leading to it are
contained in Appendix A.2.

Lemma 3.8. The function &, admits the following properties.
(i) It holds that

L, -1,
imem =1 P~
N0 0, p=<-1.
(ii) It holds that
I'B+HI'(—a) _
Tesemncram ICRLE
1. = F(l—ﬂ)F(—o{) < _
XI/I'I}I E}\.(x) F(iafzﬁﬂ +V)F(7O(72ﬂ+lf)/) , o< 0, IB < 1’
o0, a>0

and the above limit is positive if it is finite.
(iii) It holds that

0’ ﬂ > _15

li , =
XI\I‘I(I) Srem() {%02, B <-1

(iv) Under the additional assumption

o’ fa+pB+1 2
A > — ——— 3.9
" < ) ) (3.9)
for a < —1 and B < —1 it holds that
AL(B+D I (@+1) _ _
F(a+g+3+y)11(a+g+3_y)’ o>—1 g>-1,

o2 I(1—B)[(a+1)
By ) (5 )

00, a < —1

lim & cm(x) = [j_g_ﬂ(a+1)] T a>—1,B<-1,

and the above limit is positive if it is finite.
Lemma 3.9. Let A >0and —1 <a <O, then &, € D(E).

Proof. Since G&;, = A&, on (0, d), the identity (1.6) yields that
(rem) (x) = am(x)Ex(x) (3.10)
for all x € (0, d). Hence, integration by parts yields that
d—e d—e
/ g & cem(x)dx + k[ E&mx)dx = [Exgx/cm]j%
for € > 0. By letting € N\, 0 we get

/Eié,{ dem(x) + k/ £& dm(x) = lim [ékgﬁc,n]‘:—f' (3.11)
X e N0

Parts (i) and (iii) of Lemma 3.8 imply that &&;cm(x) converges as x \ 0. If we assume
—1 < a <0, parts (ii) and (iv) yield that &, &, cm(x) converges as well as x ' d. In particular,
(3.11) is finite in this case and &, € D(E). O
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To complete the proof of Theorem 3.6, we also need the following observation. Since the
density functions m and c¢m are both bounded from below on every compactly contained subset
of (0, d), D(E) embeds continuously in the local Sobolev space lOC((O d)), for an introduction
to these spaces we refer to [3]. Hence, we obtain the following integration by parts formula

fgr) — fg) = /l [f'g(x) + fg'(x)]dx (3.12)

for any function g which is continuously differentiable on [/, r] C (0, d) as a consequence of
[4, Corollary 8.10].

Proof of Theorem 3.6. Since the point evaluation

dy- D(g) —- R
is a rank one operator for —1 < o« <0,
{1 e D@ f@ = o (3.13)

has codimension one and it suffices to check that span{&,} and (3.13) are orthogonal to each
other in (D(£), &) by Lemma 3.9. To this end, we distinguish different cases of 8. For 8§ < —1
or B > 0 the space (3.13) coincides with (3.3). Hence it suffices to check that

Yo € CZ((0,d): &, p) = 0.
For ¢ € C°((0, d)), we choose [, r such that supp(¢) C (/, ) and then

£,(6r @) = / el em(x)dx + f pEm(x)dx = 0
1 l

by integration by parts and (3.10). This finishes the proof for these cases of 8. For —1 < 8 < 0,
we use the integration by parts formula (3.10) and (3.12) to conclude that
d—e

[Fegem]™ = | Fglem) +afgmx)dx

€

for f in (3.13) and € > 0. Hence,
[F&em])! ™ — &(f.6)

as € N\ 0. By Lemma 3.8 (iv) together with f(d) = 0 we get lim, ~4 fél\cm(x) = 0
Lemma 3.8 (iii) together with the continuity of f at 0 implies that lim,\ f Ecem(x) =
Hence &,(f, &) = 0, which completes the proof also in this case. [l

To also calculate H{, we define the dual set of parameters
@', at, b, 0" =, bd — a, b, o).
Then, accordingly

1
Gl f(x) = zazx(d — ) f"(x) + (bd — a) — ax) f'(x)

such that Gf = Af is equivalent to GT(f(d—~)) = Af(d—-). Hence, the function 1, = Sj(d—-)
satisfies G, = An;. It is straightforward to verify that o' = 8, BT = o and y = y such that
we can write explicitly

2P (S5 gy, S e 11— 3), «>—1,

(1-2)"2F (7‘”2’”1 +v, 7'”2’3*1 —yil—a; 1 — £), a<—1

n(x) =

385



M. Grothaus and M. Sauerbrey Stochastic Processes and their Applications 157 (2023) 376412

for x € (0,d). In the following corollary we collect all the properties of n,, which follow
immediately from the respective properties of Ef .

Corollary 3.10. The function n; admits the following properties.

(i) We have Gn; = An; on (0, d).
(ii) It holds that

i @) 1, a>-—1,
imn(x) =
wd ™ 0, a<-1.
(iii) It holds that
I'@+DI(=B) 0 .
FER) ey P ezl
li — I'(l-—a)I'(=p) <1
XI{I}) 1.(x) F(—a—2ﬂ+l+y>F(—a—2ﬁ+l_V)’ B <0, a=<-—I,
00, =0

and the above limit is positive if it is finite.
(iv) It holds that

. , 0, a > —1,
f ke = gt o 2

(v) Under the additional assumption
o fa+B8+1 2
A> —[——
2 2
for @ < —1 and B < —1 it holds that

lim n}cm(x
0 n, (x)

—Al(a+D)I(B+1)
, >—1, a > —1,
F(a+g+3 +y)F(“+§+3 7)/) B
_ 2 —o2I(1-a)'(B+1)
=1z g +q L B>—1, a<—1,
(2 -+ 0] g Sy # <
—00, B <-—1

and the above limit is negative if it is finite.

Using the same line of arguments as in the proof of Theorem 3.6 one shows the following.

Theorem 3.11. Let A > 0 and —1 < B < 0, then we have
Hioy = span{n,}.

3.2. Sobolev type embeddings

In this subsection we analyze the embedding properties of D(E) in the spaces LY(X, dm)
for ¢ > 2. By Proposition 3.1 we have the embedding D(E) < L*(X, dm), if a, B < 0. Since
trivially D(E) — L%(X, dm) also the embeddings D(£) — L%(X, dm) for 2 < g < oo follow
by Hoélder’s inequality. To derive a similar result in the case that « > 0 or 8 > 0 we state
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a special case of the characterization of embeddings of weighted Sobolev spaces from [24].
To formulate it, we introduce for s € R, 1 < g < oo the weighted spaces LI(R) as the L?
space on R equipped with the measure with density |x|* with respect to the Lebesgue measure.
Moreover, we set

2 7112
||f|| sls(iZ)(R\{ b ”f”Lf(R) + If ”Lfﬂ(R)’ (3.14)
for functions f, which are weakly differentiable on R \ {0} and define W;ﬁ 12 )(R\ {0}) as the

space of all f such that (3.14) is finite. As a consequence of the completeness of the involved

spaces LZ(R) and L? ++1(R) the space Ws1 S(erlz )(]R\ {0}) is complete as well.

Lemma 3.12. Let s > 0 and 1 < g < oo. If we define

2(1—}-%), s > 0,
00, s =0,

then WP (R\ {0}) embeds continuously in L{(R) if and only if q € [2. gy].

Proof. The stated embedding holds if and only if any of the cases (i)—(vi) of [24, Theorem
1.1] holds. The cases (ii), (v) and (vi) are impossible and the case (iii) corresponds to the trivial
case ¢ = 2. The case (iv) is impossible if s = 0, else it corresponds to ¢ = g,. Finally, we
note that the case (i) is equivalent to g € (2, ¢;). U

Using a cutoff argument we can transfer these findings to the setting of a bounded interval,
which results in the following theorem. During its proof we denote by K _ a constant only
depending on its indices, which may change from line to line.

Theorem 3.13. We define g, = min{qq, qg}, where
2(1+1), 0, 2 (1 l) : 0,
qa = ( + a) «“= a}’ld qﬂ = + B ﬂ =
00, a =<0, 00, B =<0.

Then there is a continuous embedding D(E) — L1(X,dm) for q € [2, q.). If additionally
o, B # O, then the embedding is also true for q = q.

Proof. Let @ < 0. Then the restriction mapping

CX)—C <[(—21,dD e fl[%,d]

is continuous. Therefore, by Proposition 3.1 we can estimate
L[ a)am) = W le(g.a]) = KanaVECE )

for every f € D(E). Due to Holder’s inequality we conclude that
2 q=2
! ? Ko pavEilf, f)-
||f||Lq([% ] ) = ”f” ([% ] )”f” OO([ ]dm) = ,B.d 1(fs )
for any g € [2, g41.
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For o > 0 we choose a smooth cutoff-function ¢ € C2°(Rx0), 0 < ¢ < 1 such that p(x) =1
for0 <x < % and ¢(x) =0 for x > %. For f € D(€) we define the function

fd —x)px), x€(0,d),
0, else.

frp(x) = {

Then for any 1 < g < co we have the estimate
1

IIfIILq([%’d]qdm) =Kopa (/dd | f)1xP(d = x)* dX>

2

1 (3.15)
d

s q
<Ko pa </ | fo ()17 x* dX) < Kopal foll o)
0

Moreover, for any ¢ € C°(R\ {0}) we have ¢y € C°((0, d)), where we use the convention
¢(x) =0 for x < 0, and consequently

d
—/wa(JC)I/f'(X)dx —/(; fd—x)[(@y) () — ¢' ()Y ()] dx

d d
2[0 fd = x)g' ()Y (x)dx — /0 J(d = x) (@) (x) dx
= /R [f(d —x)¢'(x) = f'(d — x)p(x)] ¥ (x)dx.

Hence f, is weakly differentiable on R\ {0} with the v/-independent part of the latter integrand
as weak derivative. We can estimate

d d
1ol 2y = /0 f2d = x)¢*(ox dx < / LA =0 dx < Kepall 152054
4
Similarly, we obtain that

d
Ifol%, @ = [0 2[12d = 0¢?@) + f2(d — 0)p* )] 2T dx

4 d
<2 [sup WO [ o — o dx + / frd = dx]

yeR I
< Kepaol 13205 gom + Keopd I G205 gomy < Kapawa(f -

In the last line we used that the function ¢ is bounded. Combining now (3.15), Lemma 3.12
and the previous two estimates, we obtain that

||f||Lq([%’d],dm) < Kopal folligm = Kotﬁﬂ,d,q”f(p”W;,&er)(R\{o}) < Ko pdapqvVEilf, )
for any finite ¢ € [2, g4]. Analogously, we find that

IIfIILq([O,%]’dm) < KopapgVElf, f)

for g € [2, gg], where we additionally require g to be finite for = 0. The claim follows now
by

I Neockam = 0o fo.g]am) + 1 Vo[ 4.a]am) O
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3.3. Hardy type inequalities

In this subsection we provide Hardy-type inequalities for the integrability pairs (p, g) =
(2, 1) and (2, 2). The former gives rise to reference functions for (£, D(E)) and the latter
to an estimate on the spectral gap of (L, D(L)) later on. The proofs rely on verifying
conditions which are derived similarly to the more general situations [22, Theorem 1, p. 50] and
[23, Theorem 1]. As a preliminary step, we need the following observation regarding the
boundary behavior of functions from D(E).

Proposition 3.14. Let f € D(E). Then it holds

lim, 4 fcm(x) =0, >0,

1imx/df(x) € R, -1 <a<0,

lim, -4 f(x) =0, a=<-1,
as well as

lim,\ o fem(x) =0, B=>0,

limo f(x) € R, —1<B<0,

limo f(x) =0, p=<-L

Proof. We prove the first part of the statement, the second part can be shown analogously.
The case —1 < o < 0 follows from the continuity of (3.2). We recall that for « < —1, the
boundary point d is approachable but non-regular, such that

ii;r[llf(x) =0

by [5, Eq. (2.2.39)] and the fact that D(&) is contained in its extended Dirichlet space. Lastly,
we assume that « > 0 and first show that

il/r{li fem(x) = 0 (3.16)
for f € F. By an approximation argument, this follows if we can verify continuity of
d
(CZ(0,d)). &) = C ([5 d]) L@ emelry g (3.17)
By (1.5) we have that
(pem) (x) = em(x)@'(x) + (a — bx)m(x)g(x) (3.18)

for every ¢ € C°((0, d)) and therefore

d d
leme(x)| S/; l¢'|dem + (Ia|+lb|d)[j loldm
2 2

IA

1 1
d 2 d 2
(/:1 ]1dcm) + (lal + |b|d) ([l ]ldm) VEi(p, )
2 2

for any x € [%, d]. The prefactor on the right-hand side is finite since « > —1 and consequently

(3.17) is indeed bounded. Now, by Theorem 3.4, D(£) = F if 8 < —1 or B > 0, such that the
claim follows in this case. If —1 < 8 < 0, F coincides with
{f € DE©)| f(0)=0}
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such that
D(€) = F & span{n;}

orthogonally with respect to &, by Theorem 3.11. But by Corollary 3.10 (ii) », attains a limit
at d such that

lim mem(x) = 0

by o > 0. Consequently, (3.16) holds for all f € D(E), which finishes the proof. [

Lemma 3.15. [fa < —1o0r 8 <—1andr,s € R such that either

—2— —a

(i)B<—-lLa>-1r> ’Bands>max{ 1—q,

2 2 ’
(ii) B >—1, a <—1, r >max{—1—p8, = 2 By and s > 22"‘ or
(i) p< -1, a<—1r>="F e
Then there is a constant Cy g 54,55 < OO such that
/ | fOIx"(d = x) dm(x) < CopoarsVES, ) (3.19)
b'¢

for every f € D(E).

Proof. Let f € D(E). In the case of (i) we have f (0) = 0 by Proposition 3.14 such that an
application of [4, Theorem 8.2] and Fubini’s theorem yields

d d px B+r d— o+
[ @ = dne < [ [Cironay T s
0

xﬂ+r(d x)ot+s )
f / xSl dy.
If we can show that

d 5 2da+ﬂ+1
/0 0P gy (3.20)

is finite, where
d  B+r _ y\ats
xPT(d — x)
g(y) =/y —garpr 4%

an application of Holder’s inequality yields that

/ Lf()lx"(d — x)" dm(x)
X

1 1
d 2dot+ﬁ+l 2 d 0.2 ﬂ+l(d _ )()t+] 2
2 / 207Y y
5(/0 $OP g dy) ( fo PP dy)

and the claim follows. To estimate (3.20) we observe that for y > %

d d—y
) < Capar / (d =) dx = Copay / ¥ Y = Copars(d — y)* !
y 0
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by the assumption s > —22—a
d atpf+l d (g _ \\2at2s42
2d d—-y)
2
d = Cot o,d,r,s T <11 d
/3’ T s e fg @y @
= Ca,ﬁ,a,d,r,s < Q. (3.21)

For y < % we obtain instead the bound

d ¢ (L4 P, B4+r<-—1,
gy) < g (5) + Ca,ﬁ,d,s/ P dx < Copdrs y(1+log)), B+r=-—1,
y

1, B+r>—1.
(3.22)
Therefore, by Young’s inequality and the assumptions § < —1 and r > —7227 b
d 2B+2r+2
d Y Caran! /02 1+yy5“ dy. p+r=-1L
2 ) o 1+1
d Ca o,d,r,s + og()) = -

| #07 semmrg—gy d <Cosa Iy AR €5

fo yﬁ+l dy, ptr>-—1

«,B,0,d,r,s < oQ.

Adding up (3.21) and (3.23) we conclude that (3.20) ~is indeeNd finite. The case (ii) can be
treated analogously. For the last case (iii) we use that f(d) = f(0) = 0 and obtain that

/ Lf(0)Ix"(d — x)" dm(x)

/S+r(d _ x)aJrs d pd ) xﬂ+r(d _ x)otJrs
|f()’)|d e e A+ : Lf*ODldy —getp
2

As before, we estimate the first integral of the right-hand side by

Btrid a+s
/ / a ;MH) X1 0l dy

1 1
d o 2 d 2. B+1 a+1 2
T, 2detA 2 2oy d—y)

- </o " ey @) S VO T e )

where we set this time

4 B+r d— oS
h(y) = /2 %dx.
y

(3.24)

detB+1
We estimate the function & as before by
d
2
h()’) =< Ca,ﬂ,d,s/ xﬂ+r d)C,

y
which is a term appearing in (3.22). In particular, continuing as in (3.23) we conclude finiteness

of
d
5 5 24 tB+1
/(; h(y) Gzyﬁ-H(d _ y)oz+1 dy
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duetof < —landr > # The second term of the right-hand side of (3.24) can be estimated
analogously and therefore the claim follows. [l

Lemma 3.16. The following holds if either « < —1, 8 > —l ora > —1, B < —1.

2
T min{lat 1L IB+12° ) a, B # -1,
[ rwane < gcs - swpion <=0 [ ~lostol’, f= 1,
X
G% SUP,¢(o.1) X(1 — x) [ﬁ — log(x)] , o=-—1.

(3.25)

Remark 3.17. It would be interesting to show an estimate (3.25) with a good constant also
for the case o, B < —1, which requires probably a different approach. While the calculation in
(3.26) is still possible in this case, the hypergeometric function from (3.27) is not well-defined
if —(¢ +2) € N. Even if it is well-defined an application of Euler’s integral representation
(3.29) requires o« + 1 > 0.

Proof. We assume that 8 < —1, « > —1 and calculate using [4, Corollary 8.10]

d x
/X £ dm(x) < /O /0 217 f )] dy m(x) dx

d d
_s /0 / m(x)dx | f) /')l dy
y

d % d d
§2</0 f/(y)zcm(y)dy) (/0 f2<y>< / m(x)dx)
d % d %
52< /O f’(y)zcm(y)dy) ( /0 f2<y>m<y>dy>
d 2 2
X sup |:(/ m(x)dx)
ye(0,d) y

2
cm(y)‘m(y)l] :
Therefore, we have

d
fA(x)dm(x) < 4 sup [(f m(x)dx)
X ye(0.d) y

and it is left to estimate the supremum in front of £(f, f). If we define

1

2 2
Cm(y)_l dy) (3.26)

2

cm(y)‘lm(y)“} Ef f)

(-3 y
M :—dF(—, 1 2;1——), 3.27
» w1 2 Bo+ 1o+ p (3.27)
we see directly that M(d) = 0 since o + 1 > 0. Moreover, term-wise differentiation yields
/ (l B %)D‘ y
M) = ———LF (—patlia+i1-2) (3.28)

The appearing hypergeometric function is of the form

()

oo

YET -0 -
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by Taylor expansion of the function (1 — x)? in x = 0. Inserting this into (3.28) yields
M’(y) = —m(y) such that

d
M(y) :/ m(x)dx.
y

To estimate M(y), we use Euler’s transformation formula and Euler’s integral representation,

see [2, Theorem 2.2.1; Theorem 2.2.5] to obtain that
y

y p+1 y
2 F) (—ﬂ,a+l;a+2;l—2> = <E) 2 b (Ol+,3+2,1;0l+2;1——>

=(x+1) (2)13“ /01(1 — 1) (1 . (1 _ 2) t>—(a+ﬂ+2) "

If « + B + 2 > 0 the hypergeometric function
2P+ B8+2,1;0+2;x)

is monotonously increasing in x and we can estimate it under the additional assumption 8 < —1
by its limit

(3.29)

oa+1

Iim,Fia+B8+2,l;a+2;x) = ———,
opfeth 7

due to (3.6). For 8 = —1 we have

JF, (_5,a+1;a+2;1—j—1) = i(“%)n%

o0 n l o n
§1+(a+1)§(1—§) P 51+(“+1)Z<1_§)

n=1

S| =

=1 - (oz—i—l)log(%).

If o« + B + 2 < 0, which implies in particular 8 < —1, we can instead estimate

/01(1 —o (1= (1- cy—i)r)_(ww) dt < /01(1 — 0 dr = O[LH

All in all we obtained the estimate

(), a+p+2<0,
) : Y o B+1
Fi(—poa+ha+21-2) < { el oy a+B+220, B#£—1,
1—(a+1)log(§), B=—1.
This implies
B+ yyatl
(d) (1 d) 13#_1’

M(y) < { minfatl =D ,
(1= [e —tlg ()] B=-1
which in the case 8 # —1 leads us to

» )\2B+2 )\ 2042
MOP (PR )
em(y)ym(y) ~ o2y (d — y)*** minfa + 1, —(8 + D}?
2()(-3) !

T olminfa+ L, —(B+ D ~ 202minfa+ 1, —(B + D)2
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If B = —1 we obtain instead
. 2
Me? 27 (=) [ —loe (3)]
em(y)m(y) ~ o?
2
= - ¢l )[ : log( )}
— sup x(1 —x)| —— —log(x
o? xe(Opl) +1 £

The case @ < —1, B > —1 can be treated analogously. [J

3.4. Spectral gap and asymptotics of the semigroup

We recall that (7;);~¢ is the Markovian, symmetric operator semigroup associated to
(L, D(L)). In this last subsection we analyze its properties as ¢t — oo. If o, 8 > —1, the
(rescaled) family of Jacobi polynomials is given by

0,(x) = »F, (—n,n+a+ﬂ+1;a+1;1—§), n € No.

This is a complete orthogonal basis of L?(X, dm) and moreover we have

2
GOux) = —2 1 +2“+’3+1)Qn<x)

for x € (0,d), see [2, Theorem 6.4.3; Theorem 6.5.2] and [2, Eq. (6.3.8)]. The following
lemma shows, that (Q),),cn is even an orthogonal system of eigenfunctions of (L, D(L)) in this
case.

Lemma 3.18. The following holds.

(i) fa, B > —1, it holds (G, C*([0, d1)) C (L, D(L)).
(i) If « > —1, it holds (G, C((0, d])) C (L, D(L)).
(iii) If B > —1, it holds (G, C([0, d))) C (L, D(L)).

Proof. We provide a proof of (i), the remaining parts can be shown analogously. We assume
o, > —1 and let f € C*([0,d]). Then we have Gf € C([0,d]) and in particular
f,Gf € L*(X, dm) since dm has finite total mass. Similarly, we conclude f € D(E) and
the claim follows if we can verify that

E(f, 8) = — (Gf, g)LZ(x,dm) (3.30)

for any g € D(E) by [26, Proposition 10.4 (ii)]. Due to (1.5) we have

(f'em) (x) = [c@)f"(x) + (@ — bx) f(x)]m(x)
for all x € (0, d). The integration by parts formula (3.12) yields that

€

d—e d—e
f g f'(x)dem(x) = —/ )G (x)dm(x) + [éf’cm]j_ (3:3D)

for € > 0. Observe that f’(x) converges as x N\, 0 and x  d. Furthermore, we get
limy\ o gem(x) = lim, -4 gcm(x) = 0 by Proposition 3.14. Hence, taking € ~\ 0 in (3.31)
yields (3.30). O
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Using spectral theory, we obtain the explicit representation of the semigroup

00 7(72n(n+2(x+/3+1)t (f Q )
e > Yn)r2x,dm)
Lf =), TonE Q. (332)
n=0 N L2(x,dm)

for f € L*(X,dm) by [26, Proposition 5.12] whenever «, 8 > —1.

Corollary 3.19. The following holds for every t > 0 and f € L*(X, dm).
(i) If o, B > —1 we have

d d
1 xfdm <ot SxLdm . (3.33)
dm(X) LZ(X,dm) dm(X) L2(X,dm)
(ii) If «, B > —1 we have
d
T, f — Jy fdm, ) (3.34)
dm(X) | pe
as t — oo. If additionally f € D(E), the estimate
d
T.f - Lfdmy| e "VEalf, (3.35)
dm(X) | pe

holds as well.
(iii) If o < —1, B> —1lora>—1, B <—1 we have
—t
N7 fll2cx.amy < €PN fllL2¢x.amy»

where C(w, B, o) is the constant from the right-hand side of (3.25).

Proof. For (i) we observe that Oy = 1 and consequently (3.32) yields

fX f dm 2 ad (f’ Qil)iZ(X’dm)

_ Z 870'2}1(H+0t+ﬂ+1)t
- 2
dm(X) LZ(X,dm) =1 “ Qn ||L2(X,dm)

ad (f’ Qn)iz(x,dm)

< e—2bl §

n=1

f

Tf -

2
” Qn “LZ(X,dm)

[y fdm 2
dm(X)

— e—2bz

L2(X,dm)

In the inequality we used additionally that o?(a + 8 +2) = 2b by (1.2). We conclude that
(3.33) holds by taking the square-root. For (ii) we use [26, Egs. (10.7), (10.8)] to calculate

2

fdm
‘ T,f — fX—
dm(X) D(E)
[o¢] 2 2
— Z <1 + o n(n +a2+ ﬂ + 1)) efazn(nvLaJrﬁJrl)t (f’ Qn;Lz(Xadm). (336)
n=1 1Qxl L2(X,dm)

By introducing

X
C = sup(l—}——)e"C <
x>0 2
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we can estimate
2
1
<l+a n(n—i—o;—i—ﬂ-i— )

for all + > 1 and positive n € N. Since also

2
<1 + o’n(n+a+ B+ l)> =0 n(ntatp (f; Qn)LZ(X,dm) -

>e—02n(n+a+/.‘3+l)r < C

2 ”Qn”iz(x’dm)

as t — oo for every positive n € N, the dominated convergence theorem yields (3.34). The
quantitative version (3.35) follows by continuing in (3.36) as in the proof of (i). Part (iii) is
an immediate consequence from Lemma 3.16 together with [27, Theorem 1.1.1]. [

4. The corresponding process

In this section we analyze a dm-symmetric Hunt process, which is associated to the Dirichlet
form (£, D(E)) in the sense that its transition semigroup determines (7;),~¢ as in [14, Lemma
1.4.3]. To this end, we adjoin the cemetery A as Alexandroff point to the state space X and
write XA = X U {A}. Moreover, we let M = ((), A, (Yi)ref0.00]5 (Px)xeXA) be a Hunt process
associated to (£, D(E)), for details on Hunt processes see [14, Appendix A.2]. We denote its
transition function on X by (o;);-0 and its life time by ¢.

Remark 4.1. The Dirichlet form (£, D(£)) is regular by Theorem 3.2 and therefore there
exists an associated Hunt process. A construction of it can be found in [14, Chapter 7].

4.1. Basic properties

We use the convention that f(A) = O for any function f, which is a priori defined on X
and we write Y,_ for the left limit of the process Y at £. We recall that a statement holds
quasi-everywhere in X iff it holds for all x € X and a function is quasi-continuous iff it is
continuous on X by Proposition 3.3. Moreover, as a consequence of [14, Theorem 4.2.1 (ii)],
there are no (properly) exceptional sets with respect to M, for a definition see [14, pp. 152-153].

Theorem 4.2. The following holds.

(i) The transition probability p,(x, -) is absolutely continuous with respect to dm for every
t>0andx € X.
(ii) If o, B > —1, we have P,({¢ < oo}) = 0 for every x € X.
(iii) The path [0, ¢) — X, t — Y, is P.-almost surely continuous for every x € X.
(iv) It holds P, ({Y;_ € X} Nn{¢ < oo}) = 0 for every x € X.
v) Ifa < —1or B <—1, we have

Px({tl;mY,zA}ﬂ{g‘:ooO=Px({§=oo})

for every x € X.
(vi) If a, B > —1, then

/ 15(Yy)ds = oo
0

Py -almost surely for every x € X and B € B(X) with dm(B) > 0.
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(vii) If o < —1or B <—1andr,s € R according to Lemma 3.15, then
o0
/ Y/(d-Y,)dt <oo 4.1
0
P.-almost surely for every x € X.
(viii) If o, B > —1, then
im & [ 0as = - [ g
im — g = m
=1 Jo P dmx) Jx

P.-almost surely for every x € X and B-measurable f € L'(X,dm).
(ix) If a, B > —1, then

1
lim E(f00) = s /X fdm “2)

for every x € X and universally measurable f € L*(X,dm). If moreover f € D(E),
then

1
E.(f(Y) — /dem < Cupodxe "V, ) (4.3)

dm(X)

Remark 4.3. We note that due to the convention f(A) = 0 the integrand in (4.1) vanishes as
soon as Y; = A.

Proof. Part (i) follows from Theorem 3.13 and [14, Theorem 4.2.7]. By Proposition 3.5
and [14, Exercise 4.5.1] we obtain (ii). Since (£, D(£)) is strongly local as remarked in the
introductory section, parts (iii) and (iv) follow from [14, Theorem 4.5.3]. If« < —l or 8 < —1,
(€, D(&)) is transient by Theorem 3.2 and hence [5, Theorem 3.5.2] yields (v).

Part (vi) follows from [14, Lemma 4.8.1] together with irreducible recurrence of (£, D(E))
in this case by Theorem 3.2. For (vii) we choose strictly positive functions (¢, ),y on X with
on(x) /1 for every x € X such that f,(x) = ¢,(x)f(x) is bounded on X and integrable with
respect to dm for every n € N, where f(x) = x"(d —x)*. If we choose Cy g .4, as in (3.19)
the function

o

Ca,ﬂ,o,d,r,s

is a reference function of (£, D(E)) for every n € N, see [14, p. 40] for a definition. By
[14, Theorem 1.5.1] it holds

. 2
<
/Xf” <}1{% ka”) = Capdns

where (R;);-o denotes the resolvent associated to (7;);~¢, for details see [14, Section 1.3], and
the limit is attained almost everywhere. We have also

Ry fu(x) = E, (/oo ern(Yx)dS) — E, </oo fn(Yr)ds>
0 0
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as A N\, O for almost every x € X by [14, Theorem 4.2.3] and monotone convergence.
Employing again the monotone convergence theorem we conclude that

2
Ca,ﬂ,a,d,r,s

> f F0E, ( / h fn(Ys)dS> dm(x) — / FOE, ( f h famds) dm(x).
X 0 X 0

Therefore, transience of (£, D(£)) and [14, Theorem 4.2.6] yield that

E, (fooo f(Ys)ds>

is quasi-continuous in x and in particular finite for every x € X. We conclude that the integrand

/Oo f¥y)ds
0

is finite P,-almost surely. Part (viii) is a consequence of irreducible recurrence of (£, D(E))
in this case together with [14, Theorem 4.7.3 (iii)]. Finally, for (ix) let f € L%(X, dm) be
universally measurable and x € X, then Corollary 3.19 (ii) and Proposition 3.1 yield that

770 - — /fdm
X

dm(X)
as t — 00. Since
E.(f(Y) = Tif(x) (4.4)

by [14, Theorem 4.2.3 (i)], (4.2) follows. If f € D(&), (3.35) and Proposition 3.1 yield that

— 1
T, f(x) — W(X) /;(fdm‘ < CuBo.dx e " VE(S, ),

where the constant denotes the operator norm of the point evaluation §, on D(E). The estimate
(4.3) follows by (4.4). O

By parts (iv) and (v) of the preceding Theorem, the process Y approaches A as ¢ / ¢ in
the transient case « < —1 or § < —1 P,-almost surely for every x € X. Considering X as a
subset of [0, d], this means that Y converges to an element of [0, d] \ X due to the continuity
of paths (iii). The following corollary gives a stronger statement.

Corollary 4.4. Let o < —1 or B < —1, then we have

P, ({limY, € X\X}) =1
t/¢

for every x € X.
Proof. Since X = [0, d] for «, B < O, this case is treated by the preceding considerations. For
the remaining cases « > 0, 8 < —1 and o < —1, 8 > 0 [5, Eq. (3.5.14)] yields the claim. [

For a nearly Borel set B C X, see [14, p. 392] for the definition, we define the A-order
hitting distribution
Hy(x,E) = Ei(e " 1g(Xy,)) 4.5)
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for positive A > 0 and universally measurable subsets E of X. The appearing random time 7p
is defined as

g = inf{t > 0|X, € B}

and is a stopping time with respect to the minimum completed admissible filtration of M, see
[14, Theorem A.2.3]. Using the relation between orthogonal projections on the spaces H{*d} and
Hf\()} from Section 3.1 and the A-order hitting distribution of the corresponding sets {d} and {0}
given by [14, Theorem 4.3.1], we calculate the hitting probabilities of the boundary points.
Theorem 4.5. The following holds.

(i) If =1 < a < 0, we have for every x € X that
Px ({‘L’{d} < OO})

L B> 1,

= 17 ﬁ S _1’ x =d,
L—a=p)  (x\~P ) .

riprs (7)  2Fi(e+ L =p1-p7), B=-1 x<d

(ii) If —1 < B < 0, we have for every x € X that

Px ({‘L’{()} < OO})

1, o> —1,
=11, a<-1, x=0,

I'(za—p) X\« . . x

m(l—z) 2F1(,B+1,—a,l—a,1—3), af—l,x 0

Proof. We assume that —1 < « < 0 and additionally that 8 > —1. Then the Dirichlet form
(€, D(&)) is irreducible recurrent by Theorem 3.2, such that the claim follows by [14, Theorem
4.7.1 (iii)]. Next, we assume 8 < —1 and let f € D(E) with f(d) = 1. In the following,
we first identify PHAd f, the orthogonal projection of f onto ’H’{\d} in (D(£), &,). Due to
[14, Theorem 4.3.1] the function

Hiy f(x) = Ex(e7") f(Xy,)) (4.6)
exists for every x € X and defines a continuous version of PH@; f. Knowing (4.6) allows us

then by f (X 7 d}) =1 to calculate the limit
Hiy f(x) = Pul{tia) < 00)) 4.7)
as A \( 0. Take A > 0, then the space ’H’[\d} coincides with span{,} by Theorem 3.6. Since
f— PH?\d}f is an element of (3.13) we have f(d) - PH{Ad)f(d) = 0. Lemma 3.8 (ii) yields
I'd—pr-a

0
I ((ze=pt! (=Bl _ e
— — TV — VY

ii}fééx(x) =

such that
r <7o¢*2ﬁ+1 + y) r <7a72ﬂ+1 _ y)
ra—pgr-—a)

Py%f = &x-
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It follows that H}, f(x) equals

r 7a7/3+1+ r —a—p+1 _
( - 1"(17}//2)1"((701)2 y) (%) e (a_lst +7, a_g+l —vil=8; i) , x<d,

1, x=d.

If we let A N\ O to calculate (4.7) the corresponding parameter

(et B+1) 2
Neok

a+p+1
2

tends towards ’ ‘ Analyticity of the gamma function and , F) in its first two parameters,
see [2, p. 65], yields that
La—p) (§)7ﬂ 2Fi(a+1,-B1-6:%), x<d,

Pu({ty < o)) = | TT-PTCa
(i D {1’ v —d

for every x € X. This finishes the proof of (i), part (ii) can be shown analogously. [
4.2. Maximal local solutions to the Jacobi SDE

In this subsection we draw a connection between M and maximal local solutions to the
Jacobi stochastic differential equation (1.1). As we show, this is quite immediate whenever
o, B > —1, but requires some technical work in any other case. We denote the minimum
completed admissible filtration of M by f§, its last element by §» and the completion of §
with respect to P, by §", for details see [14, p. 386]. Then for every f € D(L) the process

f¥) — f(Yo) — fo Lf(Y,)ds (4.9)

is a martingale under P, for every x € X, see [1, Remark 3.2]. We point out that the convention
Lf(A) = 0 is used again. For the remainder of this subsection we fix an x € X and choose
A € §o as a set of full measure under P, such that

(i) Y.(w):[0, ¢ (w)) — X is continuous,
(ii) Y;—(w) = A if {(w) < 0o and
(iii) ¢(w) > 0

for every w € A. Such a set exists due to Theorem 4.2 (iii), (iv) and the fact that M is a normal
Markov process. We recall the functions u, v introduced in Section 2 and define u(¢) and v(¢)
as the solutions to the differential equation u'(z) = w(u(t)) with initial value u(0) = d and
v(0) = 0, respectively.

Remark 4.6. Under the assumption ¢« < —1 we have u(d) = a — bd > 0 and therefore
u(t) > d for all ¢+ > 0. Indeed, if u(d) = 0, u(z) is constant and equal to d. If u(d) > O,
1'(0) > 0 and hence u(z) > d for t € (0, ¢) for some € > 0. Hence, if u(t) = d again for
some t > 0, there is a smallest strictly positive time z, with u(z,) = d. But then u/(¢,) < 0
contradicts

u'(ty) = put)) = u(d) > 0.
Similarly, v(z) < 0 for # > 0 whenever g < —1.
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We introduce the modified process

Y(w), we At < (),
Z(@) = ut — (w)), weAt>(w), l%msfc Yi(w)=d 4.10)
vt — (), we A t>(w),limg Yy(w)=0
0, 2\ A
and the modified life time
00, weda=-1,{ <o0,lim  Vi(w) =d
~ A, B =—1 li Y, =
F(w) = 00, weAdpB , ¢ < oo, limy s Y (w) =0, @.11)

0, we N\ A,

(w), else.
Notice that we interpret here the limit lim, », ¥; as an element of R instead of the topological
space X a, such that we can distinguish between the boundary points at which Y dies. We make
some technical observations.

Lemma 4.7. The following holds.

(i) The process Z has continuous paths, is §-adapted and satisfies Z, A& €10,d] for all
t>0.
(ii) ¢ is a stopping time with respect o (I
(iii) It holds Py-almost surely ¢ = inf{t > 0|Z, ¢ [0, d]}.

Proof. The continuity assertion and the claim that Z,,; € [0, d] of part (i) follow by the

definition of A, Z and Z together with the observation, that u = d (v = 0) is constant whenever
o = —1 (B8 = —1). The claim regarding adaptedness in (i) reduces to verifying that

wt—0)eBINO<¢ =nN{lim¥ =dy € §* (4.12)
and
wa—Oewa0<¢snmm%n=0}esﬁ
s
for every B € *B(R). We observe that
{ut —t NC) € BY € F, (4.13)
since t A ¢ 1S %’,R‘ -measurable. Moreover, we have

d ,
{0<¢ =N (U ﬂ{ AevioL) > 5}) e 3, (4.14)

keNn>k

as a consequence of ¥, vl 1, being 8’ * -measurable and the right-continuity of §*, for the

latter see [14, Lemma A.2. 2] Smce the left hand side of (4.12) is the intersection of (4.13)
and (4.14), (4.12) follows. Similarly, (ii) reduces to showing that

w<csnmbgn=d}esﬁ (4.15)
and
0<¢<t}In {nmn =0} e g
s/¢
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Both statements can be verified by rewriting the events analogously to (4.14). To also verify
(iii) we notice that as a consequence of part (i) we have

P.({¢ = oo} N {inf{t > 0|Z, ¢ [0, d]} = o0}) = P.({ = oo)).

Hence, it is sufficient to verify that E = inf{r > 0|Z, ¢ [0, d]} P-almost surely on the set
{¢ < oo}. Therefore, we only have to consider the cases & < —1 or 8 < —1 by Theorem 4.2
(iii) and the definition of ¢. We assume that « > —1 and B < —1 and let w € {Z’ < oo} N A
It follows that lim, », Y;(w) = 0. Indeed for & > —1 this follows by the choice of A and for

o = —1 by definition of ¢ and the assumption o € {¢ < o0o}. Since v(r) < 0 for t > 0 we
conclude that

inf{t > 0|Z,() ¢ [0, d]} = {(w) = (). (4.16)
It follows that

Pi({¢ < oo} N{inf{r = 01Z; ¢ [0,d]} = ¢}) = Pu({C < 00)) @.17)

as desired. The case « < —1, 8 > —1 can be treated analogously. Lastly, we assume that
o, <—1.In t~his case we additionally have that u(¢) > 0 for + > 0 by Remark 4.6. Hence,
for each w € {¢ < oo} N A we conclude again (4.16), which yields (4.17). This finishes the
proof. [

In the final theorem of this subsection we prove that the tuple (Z, ) is a maximal local
solution to (2.2) with initial value x. The main ingredients are Theorem 2.5 and the martingale
problem characterization of the auxiliary equation (2.2). To apply the latter we let W’ be a
Brownian motion on a probability space ({2, 2', P’) with respect to a right-continuous filtration
. We define the enricheclT probability space by 27 = 2x 2', Pt = P, x P’ and the completed

P

o-field AT = gfg x A" . We equip it with the filtration %', which we define as the PT-
completion of S,P % §; in AT, In particular, %' satisfies the usual conditions by [17, Lemma
6.8]. We note that any random variable defined on {2 or {2’ extends canonically to the enriched
space. Moreover, we denote the generator of (2.2) by G, i.e. we set

V) :
Gf(x) = —=f"(x) + p(0) f'(x) 4.18)

for f € C*(R). Note that this is consistent with (1.3), which was introduced for functions on
[0, d1].

Theorem 4.8. There exists a Brownian motioq Wt on (21, A%, PY such that Z is a solution
to (2.2) with initial value x. In particular, (Z, ) is a maximal local solution to (1.1).

Proof. If we prove the first part of the statement, the second one follows by Lemma 4.7 (iii)
together with Theorem 2.5 (ii). For the first part it is again sufficient to show that Z solves the
G-martingale problem, i.e. that

f(Zz)—f(Zo)—/0 Gf(Z)ds (4.19)

is for every f € C®(R) a martingale with respect to §, due to [10, Theorem 3.3, p.293].
To verify this we distinguish different cases. We assume first that «, 8 > —1. In this case
¢ = oo Py-almost surely by Theorem 4.2 (iii) and therefore Y and Z are indistinguishable.
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Since (4.9) is an FFr-martingale it follows that indeed Z solves the G-martingale problem
by Lemma 3.18 (i). Secondly, we assume that « > —1 and 8 < —1 such that (L, D(L)) D
(G, C((0,d])) by Lemma 3.18 (ii). Let f € C>°(R), then we decompose (4.19) into

t

oAt
F(Zens) — F(Zo) - /O Gf(Z)ds + f(Z)) = f(Zens) - / Gf(Z)ds.  (4.20)
I3

Nt

By definition of Z we can replace the last three terms of (4.20) by

1—¢
Ly [f(v(t — &) — fw(0) —/0 M(U(S))f’(v(S))dS] .

because v = 0 on (—o0, 0]. Since v'(s) = wu(v(s)) an application of the fundamental theorem
of calculus shows that the above term vanishes. To also treat the remaining part of (4.20) we
introduce

;n:inf{tzo

A
Y, <—¢,

n
which is a stopping time for every n by [14, Theorem A.2.3]. It follows then that lim, o ¢, =
¢ Py-almost surely by Corollary 4.4. Using additionally Lemma 4.7 (i) we conclude that

n At Ln At
M” = f(Yen) — f(Yo) — /0 Gf(Y)ds = f(Zeyn) — [(Zo) — fo Gf(Z,)ds
4.21)

converges P,-almost surely to the first three terms of (4.20) as n — oco. We can replace f with
a function g € C2°((0, d]), which coincides with f on [—%, d], without changing the value
of (4.21). It follows by Lemma 3.18 (ii) that M™ is a sto ped version of (4.9) and therefore
an F%r-martingale for every n € N. Since moreover M is uniformly bounded for fixed ¢
it follows that its limit is an §"*-martingale as well. We conclude that Z indeed solves the
G-martingale problem. The cases « < —1 and 8 > —1 as well as «, 8 < —1 can be treated
analogously, the latter by using the approximating sequence of stopping times

§n=inf{t20
n n

1 1
YV, <-VvY>d—-—
instead. [

Remark 4.9. By definition, the process Z and its life time £ can be constructed from ¥ and ¢.
Considering also uniqueness in law of maximal local solutions as shown in Corollary 2.6 one

obtains properties of a general maximal local solution to (1.1) by transferring the properties of
M.

4.3. Minimal local solutions to the Jacobi SDE
_ In this last subsection we consider the restriction of the Hunt process M to the open interval
X = (0, d). The restricted process is obtained by defining the stopping time
g = inf{r > 0]Y, € X \ X}
and stopping the process at this time, i.e. by setting
?t((,()) — Yl(a))s < .[X\)A((w)v
A, t > ‘L’X\X((x)).
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Then M = ({2, X, (Po)yex 5o )
note that, as shown in the proof of the cited theorem, M is quasi-left continuous and a strong
Markov process with respect to the minimum completed admissible filtration § of M. Its life
time is given by ¢ = { A Ty, ¢ and its transition function by

(ﬁ),zo) is a Hunt process again, see [14, Theorem A.2.10]. We

pi(x. B) = P((X, € BN {1 <ty 4)) (4.22)
for B € %(X ). We restrict the Dirichlet form (£, D(€)) as well by replacing its domain by
{(f e DE)|f=0on X\ X}.

We denote the restricted form by (f , D(f )) and obtain as a consequence of Theorem 3.4 that
(é’ D(é )) = (£, F). In particular, it is the form correspondmg to the Friedrichs extension of
the operator (G, C°°((0 d))). By [14, Theorem 4.4.3 (i)] (S D(E)) is a regular Dirichlet form
on L2(X dm). Since X 1s an open subset of X [14, Theorem 4.4.2] yields that (5 D(E)) is
associated to M. Since ¥ =Y unless —1 < a < 0 or —1 < 8 < 0, we obtain the following
proposition trivially.

Proposition 4.10. We assume that neither —1 < a < 0 nor —1 < 8 < 0. Then the properties
stated in Theorem 4.2 hold also for M.

In any other case, we conclude the following.

Theorem 4.11. Let —1 <a <0 or —1 < B < 0, then the following holds.

(i) The transition probability 0:(x, +) is absolutely continuous with respect to dm for every
t >0 and x €X.

(ii) The path [0, g“) — X t— Y, is Py-almost surely continuous for every x € X.

(iii) It holds P, ({IAQ € X} N {{ < oo]) = 0 for every x € X.

(iv) We have for every x € X that

P.({C < oo}

1, o f>—1,
> ﬁ%%%@)zﬂ@+lﬁﬂ—&ﬂ, a>-1,p<-1,
Frals (1=5) R (B+ 1L, —asl—a; 1= 3), B>—la<-L

Proof. Part (i) follows from (4.22) together with Theorem 4.2 (i). Part (ii) is a direct
consequence of Theorem 4.2 (iii) and the definitions of ¥ and ¢. We decompose the probability
from (iii) into the parts

([ e x| nfe=c <) « 2 (<] 0l <))

The first term vanishes by Theorem 4.2 (iv). The second one vanishes as a consequence
of part (iii) of the same Theorem. Part (iv) follows from Theorem 4.5 and the fact that
¢ < Tidy N\ T{0}- O

Finally, we prove a statement similar to Theorem 4.8 relating the restricted process M to
minimal solutions to the Jacobi stochastic differential equations. Therefore let x € X and
A € § and Z be the corresponding set and process from the preceding subsection.
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Lemma 4.12. It holds the following.

(i) We have P.-almost surely for every t > 0 that

)A]tﬂ < E,
Zipg=4d. 1= lim, Y, =d, (4.23)
0, tzg,lim,/EY,_O

(ii) We have that 2 = inf{r > 0|Z; € {0, d}} P.-almost surely.

Proof. Due to u(0), v(0) € {0, d}, part (ii) follows by the definition of 2 and Z. Since we have
]]. }Z[ - ]].{ Yt == I].

1<t 1<8) p<ty¥r
P,-almost surely and Z has continuous paths, the right-hand side of (4.23) is nothing but the
process Z stopped as it hits the set {0, d}. Therefore, (i) is a consequence of (ii). [

Finally, we consider the enriched probability space (£21, 2, Pt) with the filtration .
Corollary 4.13. (Z, 2) is a minimal local solution to (1.1) with initial value x.

Proof. By Theorem 4.8 the process Z is a solution to (2.2) with initial value x on
(2, 2At, PT) with respect to a Brownian motion WT. The claim follows by Lemma 4.12 (ii)
and Theorem 2.5 (i). O

Remark 4.14. By (4.23) and the uniqueness in law statement from Corollary 2.6 the properties
of a general minimal local solution to (1.1) can be derived from the properties of M.
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Appendix

A.l. A localized Yamada—Watanabe condition

We provide a localized version of the Yamada—Watanabe condition. The proof translates
verbatim from the classical setting, see [17, Theorem 20.3], and is contained for convenience
of the reader.

Lemma A.1l. Let u,v:R — R be mappings such that u is Lipschitz and v is %-Hdlder
continuous. Moreover, let ({2, 24, P) be a probability space equipped with a filtration satisfying
the usual conditions and W a Brownian motion. If there are two adapted processes YV and
Y@ and a stopping time ¢ such that
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5 oy (D) (2)
(i) Yo' =Yy,
(ii) Y(i){ has continuous paths and
(iii) Yy, = [o" n(¥Dyds + " v(YD)YdW, for all t > 0, i € {1,2},
then YV = Y(zé forallt > 0.

IS A

Proof. We define the process

INE NG
D, =Y. - Y = /O n(YYy — w(y@)ds +/0 (YD) —v(¥®)dw;.

It suffices to show that D = 0. By a localization argument we can assume that D is uniformly
bounded. Let (L});>0,xer be a cadlag version of the local time of D, for existence of such a
version see [17, Theorem 19.4]. Then [17, Theorem 19.5] yields for any ¢ > O that

| swriar = [ rwoaw,
—00 0
INE
= / FOP =YD — vy ds < C*1,
0

where we choose f(x) = ‘i—l for x £ 0 and f(0) =1 and C to be the %—Hélder seminorm of

v. By taking the expectation we obtain that
[o.¢] oo
0o > E [/ f)LY dx] = / FOE[L;] dx.
—00 —00
Due to the right-continuity of L} in x we can employ Fatou’s lemma to conclude that
E(LY) < liminf E(LY) = 0.
2N\0
Using the defining property of the local time we obtain
INE INE
|Di| = / sign(D)(u(Y;") — u(¥))ds + / sign(D)(v(¥;Y) — v(¥ ) d W,
0 0

where the convention sign(0) = —1 is used. We note that the integrand of the stochastic integral
is uniformly bounded by the boundedness of D and the Holder continuity of v. Therefore, the
stochastic integral is a martingale and taking the expectation yields that

E(D,)) < c/ E(ID,])ds,
0

where we let here C be the Lipschitz coefficient of p. Since this holds for any # > 0 it is left
to apply Gronwall’s Lemma. [J

A.2. Boundary values of hypergeometric functions

In this part of the appendix we perform the tedious steps leading to Lemma 3.8.

Proof of Lemma 3.8 (i). This is a direct consequence of the definition of §,.
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Proof of Lemma 3.8 (ii). First, we consider the case 8 > —1. To make use of Lemma 3.7

we distinguish between different signs of —«. If @ < 0 the identity (3.6) applies and yields
I'g+ DI'(-a)

(= ) (= - y)

To conclude that this limit is positive we first note that its numerator is positive by the

assumptions on «, 8 and the fact that I'(z) > O for z > 0. Furthermore, as a consequence
of (3.5) we have that

2 2
<—a+ﬂ+l) N (a+,8+1) R

P}I}i E(x) = (A.D)

2 2

. . . . . —a+B+1
It follows that either y is purely imaginary or satisfies 0 < y < ——=—. In the latter case

positivity of the denominator follows as for the numerator. In the former case positivity follows
instead by I'(Z) = I'(z) and that I" is non-zero outside of the negative real axis. Next, we
assume that « = 0. Then (3.7) applies and yields

lim £.(x) _ reg+1
i —log(1=3) (& +y)r (54 -v)

By analogous arguments as before we conclude that the right-hand side is positive. Since
—log (1 — %) converges to infinity as x 7 d, it follows that lim, -, & .(x) = oco. Lastly, we
assume o > 0. The identity (3.8) gives us then

Ls® r+Dr@
=T (S ) o (25 —y)

The same reasoning as before applies to argue that the right-hand side is positive. Since
(1 - f—l)ﬂ approaches infinity as x ' d, we obtain lim, ~, &, (x) = oo.

Now we consider the case B < —1, where it is sufficient to consider the hypergeometric
part of &;. To make use of Lemma 3.7 we distinguish between the signs of —« again. If « < 0,
(3.6) gives us

I'a—-pr-w
r (7a*2ﬂ+1 + )/) r (fafzﬁﬂ _ y)'
If « =0, (3.7) applies and yields
&.(x) I'a-p

im — = .
i =log(l=3)  r(iL+y)r (S -y)
Finally, if @ > 0, we get by (3.8) that
§.(x) ra-pgle)

lim — = .
x/d (1 _ %) I (a72ﬂ+1 + y) r (a72ﬂ+1 _ V)

Analogous considerations as in the case 8 > —1 yield positivity of these three limits. In
particular, for @ > 0 we can conclude that lim, -4 &, (x) =oco. O

il/f,ltll &(x) =
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Before proceeding with the remaining statements we note that the product rule, termwise
differentiation of the hypergeometric function as well as the identities (3.5) and

—B+1\? 1 2 22
<ﬂ> _y2=<ﬂ_ﬂ) _y2=;_ﬁ(a+1)

2 2
yield the explicit expression
a2 F (a+§+3 +y, Sy B+ 2 3) : B> —1,
21
/ _ 7—/,‘3((14—1) -B g3 43
S0 == ()2 (a Ay R 2 i;‘)

x\—(B+D) o— a— x
~5&)7 zFl( Hlty, g*l—y;l—ﬂ;g), B<-—1
for x € (0, d).

Proof of Lemma 3.8 (iii). For 8 > —1 the claim follows, because cm(x) converges to 0 as
x N\ 0. If B < —1, the derivative of &, consists out of two summands. For the first one we
observe that

o2xPTd — x)*t sx\-8 a—B+3 a—pB+3
2de+B+1 (5) 2F < 2 Tt 2
as x \ 0. Hence,

—J/;Z—ﬂ;;—;)—>0

li /
lim & cm(x)

. Bo?(d — x)*T! a—pB+1 a—pB+1 x
BN a2\ T T vy
—ﬂaz
= O
2

Proof of Lemma 3.8 (iv). We consider 8 > —1. In this case we have

. /
lim & cm(x)

AxPH(d — x)et! a+pB+3 a+pB+3 X

Iy dtB2 B+ 1) 2 1( 2 T 2 vib ’d)

) x\o+l a+pB+3 a+pB+3 X
= im (1= ,F B+,
ﬁ+1x1}13:< d) 2‘( 2 A y"B+’d)

To make use of Lemma 3.7 we distinguish between the signs of —(« + 1). We assume first
o > —1,1.e. —(¢ + 1) < 0. Then (3.8) applies and yields

MB+2D)(a+1)
(ﬂ+1)r(%+y)r(%—y)'

The claimed identity follows since I'(8 +2) = (8 + 1)I'(8 + 1). The numerator of the limit is
positive, again by our assumptions on «, . Note that

2 2
1
<a+,§+3> VI <a+§+ ) 0

li , =
X% &, cm(x)

due to (3.5). Hence either y is purely imaginary or 0 < y < and positivity of the
denominator follows as in the proof of Lemma 3.8 (ii). Next we assume that « = —1,

a+p+3
2
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ie. —(e + 1) = 0. Then (3.7) gives us that

; P (2 +r B2 -y p 2 y) [(B+2)
1m =

x/d —log (1—%) F(%+y)l“<¥—)/>.

Positivity of the right-hand side follows as before and consequently we have lim, 4 &, cm(x) =
oo. Lastly, we assume that o < —1, i.e. —(o + 1) > 0. Applying (3.6) results in

a+p+3 a+pB+3
2 A
_ rg+2)I'(—(e+1))
—a+p+1 —a+B+1
P ) ()
and analogous arguments as before yield that the right-hand side is positive. Since (l -2z

d
approaches infinity as x ' d we conclude lim, -4 &;cm(x) = oo also in this case.
Now we consider 8 < —1. Then we have

lim 2F1

X
. 2.
x/d y’ﬁ ’ )

d

)OlJrl

li ‘
Xl/r% &, cm(x)

2\ o(d — x)**! a—B+3 a—B+3 X
=lim | — — 1 , —y:2—B: =
x‘}%[aZ plet )} 2(1— pyde+t’ 1( . VT vi2=h d)
o?B(d — x)*t! a—B+1 a—B+1 x
_ F _ .1_ - .
2der1 2 1( 2 T vil = d)
(A2)
We start by investigating the limit of
o’B x\ o+l a—B+1 a—B+1 by
2P -2 F il =B A.
~(1-3) - 1< - ﬂ,d) (A3)

as x /' d. To make use of Lemma 3.7 we distinguish between the signs of —«. If o > 0, (3.8)
yields that the limit

. X\ a—p+1 a—pB+1 ) X
11/1}(11 (1—3) 2 Fy (—2 tyo -y 1 =B 3>

exists. Because of the additional factor (1 — %) the term (A.3) converges to 0 as x ' d. If
a =0, (3.7) yields that the limit

i 2 Fy (“"f“ +y, Sy %)
im
x/d —log (1 — %)

exists and since lim, -4 (1 — %)log (1 — %) = 0 we get that (A.3) converges to 0 for x /' d.
If ¢ <0, (3.6) implies that

: —B+1 —B+1
il;rglizﬂ(a f +J/,a g —y;l—ﬁ;;i)
I'ad—pB)rI(—a) (A.4)

ZF(’“’T‘C‘“H)F(’“%‘S”—V)'
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For —1 < o < 0 we conclude as before that (A.3) converges to 0 as x ' d because of the
additional prefactor. For « = —1 the term (A.3) instead converges to a real number which we
do not specify and instead denote by y during this proof. For « < —1 the prefactor (1 - %)‘Hl
converges to infinity as x ' d. Since the right-hand side of (A.4) is positive by analogous
arguments as before we see that (A.3) tends to infinity as x ' d as well. We combine all
cases in the following formula.

2
i =5 (13 (A )
0, oa>—1,
=1y, «a=-1, (A5)
0o, a<—1.
We proceed by investigating the limiting behavior of
2 atl
[i—z—ﬂ(aJrl)} ;(l(d_ﬁ;;aﬂ 2 Fy (a §+3 +7.2 §+3 —v:i2-=8 g)

(A.6)

as x /' d using Lemma 3.7 and therefore distinguish between the signs of —(« + 1).
For o > —1,i.e. —(a + 1) < 0, we get by (3.8) that

i (2 s 1) o2(d — x)**!
im| — — —_—
| o2 o 2(1 — B)det!
a—B+3 a—pB+3 X
F —yi2-pg L
X 2 1( 2 +v, 5 Y '3’d>

2 02T 2 — Bl (a + 1)
==~ Bla+ 1)] .
[“2 20 -1 (2 4 y) 1 (<52 - y)

Substituting I'(2 — B) = (1 — B)I'(1 — B) together with (A.5) yields the claimed identity in
this case. Note that the fraction on the right-hand side is positive by analogous reasoning as
before. Also the prefactor is positive in this particular case of « and .

Next, we consider the case « = —1. Then (3.7) yields

2-8 2-8 . .
) 2Fl(2 +v, 5 —Vyz—ﬂ,ﬁ) I'Q-—p)
lim =

x/d —log (1 —2) F(z_Tﬁ+V>F(2_Tﬂ~I—y).

By analogous arguments as before we conclude that this limit is positive. Since also the
prefactor of the expression (A.6) is positive due to « = —1 it follows that (A.6) tends to
infinity as x /' d. Together with (A.5) this implies that (A.2) equals infinity in this case.

It remains to consider @ < —1, i.e. —(o + 1) > 0. Then (3.6) yields

<a—,3-|—3+ a—p+3 5 x)

lim 2F1
x /d

_ I'C—p)I'(—(a+1)
—a—p+1 —a—B+1 )
F(T"'V)F(T"'V)
Analogously as before we get that the right-hand side of the above equality is positive. By
lim, ~4(d — x)*t! = oo it is sufficient to show 5—’; — B(a+ 1) > 0 to conclude that (A.6) tends
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to infinity as x ' d. We assumed in this particular case that (3.9) holds which implies that

2 _ 2
2 et > <%ﬂ“) Bt = (W) > 0.

The claimed identity follows by employing (A.5). O
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