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Abstract

Technical developments in generation and demand of energy will motivate significant change in
the electric power grid, both on the transmission and the distribution level. A major innovation
would be the successful transformation of the current passive power grid towards an active and
ICT-based smart grid. Among the technical efforts that will help to pursue this goal, the renewed
interest in DC (direct current) distribution and transmission applications is playing an important
role. In particular, the interest in the DC universal distribution networks is renewed since most of
the renewable energy generation technologies (e.g. PV modules, fuel cells) and loads (e.g. LED
lighting, electric vehicles) are DC-native. Their direct connection would allow to skip conversion
steps, thus providing higher efficiency.

The focus of this thesis lies on the steady-state power flow analysis, a numerical study used in
electrical engineering to assess the flows of power in the network. The aim of the thesis is to review
the state of the art in computational methods for AC and DC power flow analysis and to determine
a suitable method to develop a power flow tool for the DC framework.

The literature study revealed that most algorithms aim to solve the non-linear power flow
problem without taking into account characteristics typical of future DC networks, such as highly
meshed topologies and constant power converters. An innovative power flow method has there-
fore been developed in order to include different node behaviours, such as constant voltage, con-
stant current, constant impedance, constant power and I-V droop control. A case study based on
the IEEE European Low-Voltage Test Feeder is analysed to provide an example of the application
of the power flow tool.

The thesis shows that it is possible to linearize the system equations considering the constant
power node either as a current source or as a parallel of current source and impedance. Both
methods allow very fast convergence for complex meshed networks, and can therefore be adopted
for diverse studies such as market analysis and N-1 redundancy analysis, among others.



iv



v

Table of Contents

1 Introduction 1
1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Thesis scope and goals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 Research questions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.4 Research approach and methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.5 Thesis outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 Power Flow Methods 7
2.1 The power flow problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.2 Computational methods in traditional power systems . . . . . . . . . . . . . . . . . . 9

2.2.1 Gauss-Seidel method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.2.2 Newton-Raphson method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.2.3 Decoupled power flow method . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.2.4 Fast decoupled power flow method . . . . . . . . . . . . . . . . . . . . . . . . 15
2.2.5 DC power flow method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.3 Computational methods in distribution networks . . . . . . . . . . . . . . . . . . . . 17
2.3.1 Forward/Backward sweep method . . . . . . . . . . . . . . . . . . . . . . . . 17
2.3.2 Direct methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.4 Computational methods for DC systems . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.4.1 Gauss-Seidel method for DC systems . . . . . . . . . . . . . . . . . . . . . . . 20
2.4.2 Newton-Raphson method for DC systems . . . . . . . . . . . . . . . . . . . . 21
2.4.3 Forward/Backward sweep method for DC systems . . . . . . . . . . . . . . . 22

2.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3 Modeling of DC Distribution Grids 27
3.1 Line modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.1.1 Lumped element line models . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
3.1.2 Line topology analysis simplification technique . . . . . . . . . . . . . . . . . 29

3.2 Nodes modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
3.2.1 Node classification by converter control strategy . . . . . . . . . . . . . . . . . 30
3.2.2 Node classification by type . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4 Low Voltage Direct Current Power Flow 35
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
4.2 Objective of the tool and modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

4.2.1 Line network modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36



TABLE OF CONTENTS vi

4.2.2 Simple nodes modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
4.3 Linearization methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4.3.1 Linearization as current source . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
4.3.2 Linearization as current source and impedance in parallel . . . . . . . . . . . 41

4.4 Full model and applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
4.4.1 Application to a simple network topology . . . . . . . . . . . . . . . . . . . . 45
4.4.2 Validation of simple network topology LVDC power flow . . . . . . . . . . . 47
4.4.3 Application to a complex network topology . . . . . . . . . . . . . . . . . . . 48

4.5 System solvability analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
4.5.1 Network nodes combinations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
4.5.2 Convergence analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

5 Testing Via IEEE European Low-Voltage Test Feeder 55
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
5.2 Description of the test feeder . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

5.2.1 Topology analysis simplification . . . . . . . . . . . . . . . . . . . . . . . . . . 56
5.2.2 Network parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

5.3 LVDC power flow analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
5.3.1 Voltage level analysis and grid response . . . . . . . . . . . . . . . . . . . . . . 59
5.3.2 Power flow result accuracy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
5.3.3 Algorithm performance analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 64

5.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

6 Case Study: Implementation of PV and EVs 69
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
6.2 EV load and PV generation modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

6.2.1 EV load modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
6.2.2 PV generation modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

6.3 Case study scenarios . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
6.3.1 Implementation of PV, EVs and DC resistive heating . . . . . . . . . . . . . . 74
6.3.2 Battery implementation in the distribution grid . . . . . . . . . . . . . . . . . 76

6.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

7 Conclusions and Recommendations 81
7.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
7.2 Further work and recommendations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

A Appendix A: Fluid-Dynamic Model 85

B Appendix B: Congestion Analysis 87

C Appendix C: Conference Paper 89

Bibliography 97



vii

List of Figures

1.1 Global average annual net capacity additions by generation type . . . . . . . . . . . 2
1.2 DC distribution system as interconnection of clusters . . . . . . . . . . . . . . . . . . 3
1.3 Research approach and methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.1 Power flow algorithm input and output scheme . . . . . . . . . . . . . . . . . . . . . 9
2.2 Flowchart of the Gauss-Seidel computation method . . . . . . . . . . . . . . . . . . . 11
2.3 Flowchart of the Newton-Raphson computation method . . . . . . . . . . . . . . . . 14
2.4 Flowchart of the fast decoupled power flow computation method . . . . . . . . . . . 16
2.5 Radial network with one in-feed bus . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.6 Three-phase distribution line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.7 DC distribution network feeder with multiple DGs, power converters and loads . . 20
2.8 Flowchart of the adapted Newton-Raphson DC method for MTDC networks . . . . 22
2.9 Three-nodes/two-lines network with constant voltage node (slack) and constant power

nodes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
2.10 Voltage convergence comparison for DC computational methods found in literature 25

3.1 Bipolar architecture for distribution system . . . . . . . . . . . . . . . . . . . . . . . . 28
3.2 Γ, π and T lumped element model for distribution grid . . . . . . . . . . . . . . . . . 28
3.3 Simple resistive line model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
3.4 Distribution network scheme simplified via topology analysis . . . . . . . . . . . . . 29
3.5 I-V curve and P-V curve for voltage droop control in power converters . . . . . . . . 31
3.6 I-V curve and P-V curve for constant flow control in power converters . . . . . . . . 31
3.7 I-V curve and P-V curve for constant voltage control in power converters . . . . . . 32
3.8 Node behaviour scheme in future power systems . . . . . . . . . . . . . . . . . . . . 32

4.1 Constant voltage node (on the left), constant current node (in the centre) and constant
impedance node (on the right) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

4.2 Droop source as Thevenin equivalent (on the left) and as Norton equivalent (on the
right) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4.3 Node with a combination of two elemental node behaviours . . . . . . . . . . . . . . 38
4.4 Constant power node connected to an arbitrary number of lines . . . . . . . . . . . . 39
4.5 Scheme of power node linearized as current source . . . . . . . . . . . . . . . . . . . 39
4.6 Flowchart of equivalent current source linearization method . . . . . . . . . . . . . . 40
4.7 Simple two-node circuit with constant power source and constant impedance load . 40
4.8 Voltage mismatch for results of two-node circuit with P and Z nodes . . . . . . . . . 41
4.9 I-V characteristic of a constant power converter and linearization as negative incre-

mental impedance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41



LIST OF FIGURES viii

4.10 Scheme of a constant power source node linearized as current source and impedance
in parallel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

4.11 Flowchart of current source-impedance linearization method . . . . . . . . . . . . . . 43
4.12 Voltage mismatch for convergence shown through voltage mismatch for two-node

(I-Z) network . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
4.13 5 nodes and 6 lines meshed network . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
4.14 Simple network topology power flow results . . . . . . . . . . . . . . . . . . . . . . . 47
4.15 Dynamic results for simple network topology for validation . . . . . . . . . . . . . . 48
4.16 Complex network topology with droop and combination nodes . . . . . . . . . . . . 49
4.17 Simulation results for a complex network with droop and combination nodes . . . . 50
4.18 Simple two-nodes network with all nodes behaving in constant power . . . . . . . . 51
4.19 Divergence in voltage mismatch (V) for a network with all constant power nodes . . 52
4.20 Simple two-node circuit with constant power load and constant voltage source . . . 53

5.1 Comparison between IEEE standard version (in the background) and simplified net-
work (in the foreground) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

5.2 Simplified version of the test feeder with MV-LV connection (in green) and loads (in
red) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

5.3 IEEE Distribution network loadshapes (one day time) . . . . . . . . . . . . . . . . . . 59
5.4 Node voltage shapes for IEEE test feeder (one day simulation) . . . . . . . . . . . . . 60
5.5 Voltage at most critical node (75) vs total power load (one day simulation) . . . . . . 60
5.6 Line currents for IEEE test feeder (one day simulation) . . . . . . . . . . . . . . . . . 61
5.7 Cumulative power losses in the distribution lines on one day of simulation . . . . . 61
5.8 Current balance in 55 passive nodes of the IEEE network (one day simulation) . . . 62
5.9 Conservation of power within the distribution system (one day simulation) . . . . . 63
5.10 Difference between constant power and linearized value over one day simulation for

node 10 (top), node 44 (centre) and node 110 (bottom) . . . . . . . . . . . . . . . . . . 63
5.11 Simulation time for the two linearization methods analyzed (20 samples) and aver-

age values (dashed lines) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
5.12 Comparison of iteration number for the two linearization methods analyzed (one

day simulation) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
5.13 Comparison of average power flow computational time and iteration number for the

two linearization methods analyzed between three topology cases (20 samples) . . . 66

6.1 Electric Vehicles load with DC charging stations (20 kW) in 13 nodes for one day
simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

6.2 Scheme of PV model implemented . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
6.3 PV power production for single systems and cumulative production over one day of

simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
6.4 Scheme of a DC household node with PV production, constant power consumption

(e.g. LED) and resistive electric heating with an EV charging station . . . . . . . . . . 73
6.5 Simplified version of the test feeder with random node choice for the implementation

of EV fast charging stations, household PV systems, resistive heating and battery
systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

6.6 Node voltage shapes with resistive heating (one day simulation) for only PV (top),
only EV (centre) and PV and EV (bottom) . . . . . . . . . . . . . . . . . . . . . . . . . 74



LIST OF FIGURES ix

6.7 Comparison of the distribution network power losses for the four scenario cases with
resistive heating . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

6.8 Node voltage shapes with resistive heating and batteries (one day simulation) for
only PV (top), only EV (centre) and PV and EV (bottom) . . . . . . . . . . . . . . . . 77

6.9 Comparison of the distribution network power losses for the four scenario cases with
resistive heating and batteries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

6.10 Batteries power exchange for the PV and EV case over one day of simulation . . . . 78
6.11 Comparison of the distribution network power losses (PV, EVs and resistive heating)

with and without batteries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
6.12 Comparison of the MV-LV power exchange (PV, EVs and resistive heating) with and

without batteries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

A1 Heat exchange between a tilted module surface and the surroundings . . . . . . . . 85
B1 Current levels for one day of simulation: only PV (a), only EV (b) and PV and EV (c) 87
B2 Current levels for one day of simulation with batteries: only PV (a), only EV (b) and

PV and EV (c) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88



LIST OF FIGURES x



xi

List of Tables

2.1 Traditional network node types . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.2 Comparison of the different computational methods found in literature . . . . . . . . 23
2.3 Gauss-Seidel method iteration results for three-nodes/two-lines network . . . . . . 24
2.4 Backward/Forward method iteration results for three-nodes/two-lines network . . 24
2.5 Newton-Raphson method iteration results for three-nodes/two-lines network . . . . 24

4.1 Simple network topology node parameters . . . . . . . . . . . . . . . . . . . . . . . . 46
4.2 Simple network topology line parameters . . . . . . . . . . . . . . . . . . . . . . . . . 46
4.3 Simple network topology power flow results . . . . . . . . . . . . . . . . . . . . . . . 47
4.4 Complex network topology node parameters . . . . . . . . . . . . . . . . . . . . . . . 49
4.5 Complex network topology power flow results . . . . . . . . . . . . . . . . . . . . . . 50
4.6 Summary of solvability analysis for different node combinations . . . . . . . . . . . . 53

5.1 Cable types and resistance values provided in the IEEE Test Feeder . . . . . . . . . . 57
5.2 Average computational time for one day simulation . . . . . . . . . . . . . . . . . . . 64

6.1 SAE Standardized EV charging levels . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
6.2 Panasonic HIT VBHN330SJ47 PV module main specifications . . . . . . . . . . . . . 71
6.3 Energy loss comparison on one day of simulation for the four case scenarios with

resistive heating . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
6.4 Batteries reference voltage and droop tuning for PV and EVs case . . . . . . . . . . . 76
6.5 Energy loss comparison on one day of simulation for the four case scenarios with

batteries implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
6.6 Calculated needed capacity according to battery power exchange (PV and EV case) . 78



LIST OF TABLES xii



1

Chapter 1

Introduction

Table of Contents
1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Thesis scope and goals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 Research questions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.4 Research approach and methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.5 Thesis outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

This chapter provides the background of the thesis and its structure. In section 1.1 the motivation
of the thesis is given. In section 1.2 the scope and goals of the thesis are defined. Then, in section
1.3 the research questions are provided with a detailed explanation of what the thesis topic is about
and what is the perspective chosen to pursue the research goal. Section 1.4 presents the research
methodology used along the thesis work. Finally, section 1.5 provides the reader with the outline
of the thesis and the chapter division.

1.1 Motivation
Research on DC has earned attention among academics and companies in the last decade. Several
reasons can be addressed to explain this renewed interest on the topic.

First of all, an energy transition towards renewable sources appears to be inevitable, due to en-
vironmental concerns on global warming and depletion of traditional energy sources such as coal,
oil and gas [1]. Nonetheless, this transition will require efforts on multiple levels, among which the
most important are markets, policies and technological advancement. The latter aspect has rapidly
become crucial in the field of electrical energy, which is experiencing a massive implementation of
distributed sources such as solar PV, fuel cells and wind [2].
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Figure 1.1: Global average annual net capacity additions by generation type [2]

Figure 1.1 shows the new net energy capacity on the global scale. In the last decade renewables
have started playing an important role, which is expected to consolidate in the next 20 years. Since
the three above mentioned technologies produce a DC output [3], the implementation of a DC grid
at medium and low voltage level becomes technically and economically viable [4].

In second place, in many developed countries a process of electrification has started in the past
years [3]. In the Netherlands, for example, some projects have been developed in order to enhance
the presence of electrical energy - in particular, in DC - in airports, public offices and greenhouses
[5]. Moreover, EVs are likely to increase the use of electrical energy in urban contexts in which
the AC grids are at their maximum capacity. In this case it becomes interesting, economically
and technologically speaking, to adopt DC at distribution level in parallel to the AC grid, with
the two grids connected through AC/DC converter [6]. This process of electrification of energy
supply translates into the need for better performance in long distance electricity transport. In
this direction it is possible to explain the new developments in HVDC voltage source converters,
especially the multi-level modular converter [7].

Besides, at consumption level, several DC based loads are becoming more important in different
applications: LEDs for low power lighting; laptops and smartphones that can be charged through
USB connection; electric vehicles with charged batteries; internet servers and data centers; marine
and naval shipboard power systems [8]. All these appliances can efficiently work in direct current
and it is expected that an even more massive dc-fication of society will take place in the next decades
[4].

The reasons listed above, among others, led researchers all over the world to put their focus on
DC technology once again after the almost one century of research and development on alternating
current [9]. In parallel with industrial and academic interest on HVDC, in particular related to
off-shore wind technology, research focus is also put onto lower voltage applications of DC grids.
Smart grids in DC or AC/DC hybrid concepts are being tested and studied in order to set standards
for transportation, households and industries [10]. Figure 1.2, presented below, shows the concept
of DC microgrids and nanogrids and the connection to a medium voltage (MV) direct current grid.
In this sense, the distribution grid acts as interconnection between microgrids [4].
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Figure 1.2: DC distribution system as interconnection of clusters of nano and microgrids [4]

Since a microgrid has the potential to be extremely interesting as a power and ancillary services
provider in a broader way rather than as an island concept, low-to-medium voltage distribution
DC networks can be imagined and investigated. In past years plenty of literature has been pro-
duced on the topic, but the focus is mainly on the issues related to control and protection of such
grids. Among the main challenges in the design and operation of DC distribution systems there
is the issue of protection. Due to the absence of a zero-crossing in direct current, fast speed fault
protection, including protection coordination and interruption, is a fundamental requirement for
robust DC protection architectures, together with the availability of reliable and efficient low and
medium voltage equipment [8, 11]. Another issue often discussed in literature is standardization,
seen as a way to reduce market inertia of AC in favour of DC [10].

This thesis addresses and investigates the topic of power flow analysis in DC networks as a tool.
Similar to AC power flow analysis, the tool developed can be used for power distribution calcu-
lations. The high non-linearity of the problem gives room for improvement of the algorithms that
are classically used in this field of research. Among the uses and application of the mathematical
tool, a distribution system operator can benefit from network analysis and planning, redundancy
analysis (N-1), stress analysis and market analysis.

1.2 Thesis scope and goals
This thesis aims to research current studies and developments in power flow analysis methods
for future direct current distribution grids. As stated in the previous section, research focus is
nowadays mainly put on medium and low voltage applications such as microgrids and very high
voltage applications, i.e. HVDC connections for offshore wind energy farms. In this framework,
many academics figure that in the next future also transmission and distribution levels of electrical
energy dispatch will be turned into DC [11]. It is thus necessary to provide DSOs with an analytical
tool in order to solve the power flow problem, as currently performed for traditional AC grids [12].

The second aim of this thesis is to create an innovative mathematical tool which is able to solve
in an efficient way the power flow problem for a DC distribution power grid. In order to do so,
different methods available in literature will be considered and compared. Also, great focus will
be put onto grid modeling.

In both cases, some assumptions will be taken into account:
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- Power flow calculation describes only the steady state of the grid and physics involved. This
means that voltage, current and power are described only in their steady behaviour, thus
neglecting all transients. It is shown in literature that for time frames of more than one second
this assumption is completely valid [13].

- Since steady state is considered, the effects of capacitance and inductance along the lines are
not considered. As a result, power lines of the networks are assumed to behave like pure
resistive branches. A more extensive explanation of this point can be found in section 3.1.

1.3 Research questions
The main research question of this thesis can be expressed as follows:

“What is a suitable computational method, in terms of speed, accuracy and network
adaptability, to perform steady-state power flow calculations in DC distribution grids?”

The following sub-questions are then addressed to develop the topic:

• Why is a power flow calculation tool needed for DC distribution grids?

Power flow analysis as an engineering tool for TSOs and DSOs is here presented for classic AC
grids. Besides, the need for a power flow calculation tool, specifically for direct current distribution
systems, is researched and demonstrated. Different applications can be found both in current AC
applications and in future developments on DC distribution grids.

• What are the different methods shown in literature to perform AC and DC power flow calculations?

Literature research on the most used methods, nowadays employed, for AC power flow analysis. In
particular, the non-linear nature of the power equations is investigated. Furthermore, the research
focus is put onto DC power flow methods to solve linear and non-linear power flow equations,
both in radial and meshed networks.

• What is a suitable method in terms of network adaptability?

The methods found are analyzed and compared. The aim is to identify the best method, among the
ones found, in terms of performance and computational speed.

• How can this method be applied to simple network topologies?

One or more methods from previous research are adapted and applied to simple - radial or meshed
- network topologies. The performance is determined and compared between the different meth-
ods.

• How can this method be generalized for any kind of network?

Once the methods are found to be applicable to DC networks with different nodes behaviors, these
can be generalized for any kind of network. A generalized network features any number of node,
any type of node, and any topology.

• How can this method be applied to a standardized IEEE European low-voltage test feeder?

The already implemented methods are finally used to test some standardized neighborhoods net-
works in low voltage, to which different nodes can behave as loads, generators, etc. according to
the IEEE European low-voltage test feeder standards.
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• What are the applications of such tool once implemented?

Further research on which applications such tool can give room to. In specific, steady-state flow
analysis could likely be used for network development, congestion analysis, voltage level analysis,
N-1 analysis and the development of new market frameworks.

1.4 Research approach and methodology
The research approach for this thesis involves literature review and paper research as a fundamen-
tal step to investigate the power flow computational methods currently adopted for AC grids and
recommended for DC grids. Power flow computation for AC system is a type of analysis normally
employed by TSOs and DSOs for grid planning and congestion analysis, among other activities.
Therefore, many commercial software adopt one or more of the mathematical methods reported in
the literature review. For instance, the software PowerFactory allows the user to choose between
the Newton-Raphson and the DC power flow [14] - where DC, as it will be explained in a later
stage, is here only indicating the fact that the AC power equation is linearized. A software like
GridLab-D, on the other hand, is focused on distribution grids and offers computational methods
that take into account unbalanced three-phase networks [15].

Once the state of the art in computational methods is researched, a number of missing features
that appear to be very relevant in the power grids of the future are found. Among those, the
different behaviours of the nodes with high penetration of power electronic interfaces, and the more
complex highly meshed networks that might be applied also for distribution networks. Therefore,
a subsequent step includes modeling of an innovative power flow model for DC systems. First, the
solver has been implemented for linear systems (i.e. not including a constant power behaviour).
Then, two linearization methods have been investigated and compared in order to include the
non-linear behaviour of the constant power flow converters. Ultimately, the algorithm has been
generalized in order to accept any network parameter input. The modeling has been performed
using the software MATLAB.

Finally, the model has been tested through an IEEE standard neighbourhood in order to see if
the solver can provide fast solutions for a larger and more complex network. A case study with
different scenarios has been performed in order to provide the reader an example of how the power
flow method for DC systems can be applied in the grid planning and strategic design of the uni-
versal low voltage DC distribution grids.

Figure 1.3: Research approach and methodology
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1.5 Thesis outline
The previous sections have introduced the framework in which direct current networks are ex-
pected to find new interest from industry and academia in the next years. In particular, DC is
already employed for high voltage transmission (point-to-point) and it is expected to be imple-
mented also in meshed clusters of offshore wind turbines (multi-terminal). Moreover, the research
questions are presented and further explained. In this section the thesis outline is provided with a
brief description of the chapters.

• Chapter 2 presents the literature review for the specific topic developed in this thesis: the
power flow problem. First, the power flow problem is described in general. Then, a number
of different methods found in literature for AC systems, AC distribution networks and DC
systems are extensively reported. The various methods have been selected if quoted or used
by several references in order to present only those methods that have an actual impact in the
literature. In the conclusion of the chapter, three methods selected for DC systems are applied
to a simple network and their results and performance are compared.

• Chapter 3 focuses on the physical modeling of the universal DC distribution grid. First, the
line model is given. After that, the behaviour of the nodes, divided into generation, load
and hybrid nodes, is presented. The behaviour is given either by the nature of the node (e.g.
resistive heating) or by the control strategy employed by the power converters that interface
the different components to the grid.

• Chapter 4 describes how the power flow tool for a direct current network is modeled, starting
from the basic equations that govern the power grid. The model is subsequently tested on
a simple meshed network and validated against the steady-state result of a dynamic model
present in literature.

• In chapter 5 the power flow method previously described is applied to one IEEE Low-Voltage
test feeder in order to evaluate the adaptability of the tool and the ability to handle complex
standardized networks.

• Chapter 6 features one possible application of the power flow tool for grid planning and
operation. A case scenario that includes the effects of distributed generation (photovoltaic
modules), high power loads (fast DC electric vehicle charging) and resistive heating is built
up. Additionally, the effects of droop-controlled storage units is evaluated.

• Chapter 7 ultimately provides the conclusions and recommendations for the thesis. More-
over, the research questions are answered with the results of the thesis and indications on
further work are provided.
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Chapter 2

Power Flow Methods

Table of Contents
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This chapter outlines the literature study of the thesis and it provides the state of the art for both
commercial methods and methods developed in academia for power flow computations. Given the
great variety of methods reported in literature, only the most implemented and used in industry
and academia have been selected.

The structure of the chapter is the following. Section 2.1 defines and describes the power flow
problem, its use and field of application. Section 2.2 reports and describes two computational meth-
ods that are commonly used in commercial software for load-flow analysis: the Gauss-Seidel and
the Newton-Raphson methods, focusing also on the variations of the latter. Section 2.3 points out
the differences between transmission and distribution networks and shows some of the methods
developed in order to perform calculations in this specific type of systems. Section 2.4 presents
models treated in literature for power flow analysis in DC systems, with methods that are mainly
adapted from the AC tools already seen in the previous sections. Finally, in section 2.5 a comparison
between the aforementioned mathematical models is carried out and conclusions are drawn.
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2.1 The power flow problem
Many power system problems give rise to systems of nonlinear equations that must be solved.
Probably the most common nonlinear power system problem is the power flow or load flow prob-
lem [16]. The principle of a power flow problem is that given the system loads, generation, and
network configuration, the system bus voltages and line currents can be found by solving the non-
linear power flow equations. This is accomplished by using Kirchhoffs law at each power system
bus or node in the system. In this context, Kirchhoffs law can be interpreted as the sum of the pow-
ers entering a bus must be zero, or that the power at each bus must be conserved. Since complex
power has two components, active power and reactive power, each bus gives two equations one
for active power and one for reactive power [16].

The power flow problem consists in finding the steady-state operating point of an electric power
system. More specifically, given the load demanded at consumption buses and the power supplied
by generators, the goal is to obtain all bus voltages and complex power flowing through all network
components [17].

The power flow tool is the most widely used application both in operating and in planning
environments, either as a stand-alone tool or as a subroutine within more complex processes such
as stability analysis, optimization problems, training simulators, among others.

During the daily grid operation, the power flow tool is the basic mathematical tool for security
analysis, by identifying unacceptable voltage deviations or potential component overloading, as
a consequence of both natural load evolution and sudden structural changes. It also allows the
planning engineer to simulate different future scenarios that may arise for a forecast demand.

An important aspect in the problem is represented by the choice of the initial guess of the itera-
tion process. It is in fact possible to enhance the possibilities of convergence by choosing an initial
guess as close as possible to the solution [16]. It is possible to have a good guess when, for example,
the solution of a particular set of conditions is already known. A new power flow analysis may in-
volve the same network with only slight difference in topology or load and generation levels. The
initial guess would then be the previously found solution. In this case the guess is referred to as hot
start. When a previous solution is not known, it is always possible to undergo a flat start profile, for
which voltage at 1 pu and zero degree angle is chosen. This represents often a good choice because,
in per-unit analysis, we do not expect the value of the voltage to differ radically from the unitary
value.

Power flow analysis is faster and easier than dynamic simulations for complex multi-terminal
DC networks. This tool allows for flow-based market simulations, wind integration cost-benefit
analysis, design of high-level control strategies and N-1 security assessments [18].

The power flow problem should not be confused with the optimal power flow problem (OPF).
While the former aims at giving as a result the current situation in a power network, the latter
determines instead power generation and demand that optimize - more specifically, minimize -
particular objective functions such as cost or power losses along the transmission lines [17, 19].
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Figure 2.1: Power flow algorithm input and output scheme [20]

In figure 2.1 the inputs and outputs of the power flow problem are shown. Network topology is
generally provided as incidence matrix, showing therefore the connections between lines and nodes.
An oriented incidence matrix is defined as an incidence matrix that takes into account the verse of
the currents in the system [21]. Network parameters are input in the computation via admittance
matrix Y, which gives information over the line physical characteristics. The network admittance
matrix is often combined with the incidence matrix. State of the art methods model the grid in
matrix form and, since the matrix is updated at each simulation time step, this implies an instan-
taneous effect of the state variables over the whole system [22]. Finally, the node information tells
more about the behaviour and state of node. As explained in the next sections and chapters, the
node can carry information on power, voltage or current of the system.

The outputs of the power flow problem are (complex) node voltages, found solving sets of non-
linear equations. The non-linearity is given by the active and reactive power equations, that are
specified as binding constraints [17]. Once the voltages are known at all buses, the second step is
computing other magnitudes such as line currents, ohmic losses on the lines, and, for AC systems,
generator reactive power and the power at the slack node.

2.2 Computational methods in traditional power
systems

The load flow computation is in fact the calculation of the voltage magnitude and angle at each bus
of the power system under specified conditions of system operation. Other system quantities such
as the current values, power values and power losses can be derived when the voltages are known.
Speaking in mathematical terms, the load flow problem is nothing more than a system consisting of
as many non-linear equations as there are variables to be determined. In traditional power systems,
it is possible to differentiate between three types of nodes [17, 20], as shown in table 2.1.

Table 2.1: Traditional network node types [20]

Node type Number of nodes Specified Unknown
Slack 1 |Vi|, δi Pi, Qi

Generator (PV) Ng Pi, |Vi| Qi, δi

Load (PQ) N - Ng - 1 Pi, Qi |Vi|, δi

The slack node is one single node, arbitrarily chosen in the system. The voltage of the slack
node is taken as a reference for the per-unit analysis and it is known in both magnitude and phase
angle. The unknown variables for this type of node are both active and reactive power.
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A generator or PV node type is responsible for the injection of active and reactive power into
the system. The number of PV nodes is herein defined as Ng, which is the number of generators
in the system. Known the characteristics of the generator, it is always possible to know the active
power generated and the voltage magnitude at the node end. The unknown quantities are therefore
reactive power and phase angle.

Finally, the load nodes retrieve both active and reactive power from the grid. Since the quantity
of power is well determined for each load, the unknown quantities are both magnitude and phase
angle of the voltage at the node. The number of load nodes is thus equal to the total number
of nodes N, minus the number of generator nodes and the single slack node of the system. In a
network topology of N nodes, Kirchhoff’s current law (in matrix form) imposes that:

I = Y · V (2.2.1)

where I is the vector of the complex currents in the network lines, V is the vector of the complex
node voltages and Y is the admittance matrix of dimension N x N. By conservation of power, at
each node i, the complex power S is the difference between generation (G) and consumption by
loads (L):

Si = SGi − SLi = Vi I∗i (2.2.2)

Here the current computed I∗ is taken as the complex conjugate value - which means, the op-
posite sign of the imaginary part is taken. This conventional choice results in a negative reactive
power when the load has capacitive behaviour [20]. In matrix form:

S = diag(V) · I∗ (2.2.3)

where I∗ is the vector of the conjugate line currents and diag(V) is the diagonal matrix with the
components of the node voltage vector. By explicitly writing active and reactive components of the
power and real (conductance, G) and imaginary (susceptance, B) part of the admittance, the power
equation can be rewritten as:

Pi = |Vi|2Gii +
N

∑
n=1
̸=i

|ViVnYin|cos(θin + δn − δi) (2.2.4)

Qi = −|Vi|2Bii +
N

∑
n=1
̸=i

|ViVnYin|sin(θin + δn − δi) (2.2.5)

The above equations are also called power flow equations. P and Q are the active and reactive
power, respectively, at node i. Since in traditional power systems active and reactive power at
each node are most of the times known (PQ nodes), the power flow problem exploits iteration
to compare P and Q results to the specified (also scheduled [16, 17]) values in order to determine
magnitude and phase angle of V at every node.

It is important to highlight the fact that, in traditional power systems, the power generation
and consumption are well known variables of the system. Generation, in fact, is determined by
economic dispatch of power plants in order to meet the demand according to market clearing rou-
tines [17].

2.2.1 Gauss-Seidel method

The Gauss-Seidel method is based on simple iterations and it is considered to be easy to implement.
On the other hand, the convergence is linear and therefore very slow, compared to other methods
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[17]. In fact, although the computational effort per iteration is low, the number of iterations in order
to fall into the desired tolerance value is high. Hence, the computation time increases considerably
when the network dimension increases. The basic assumption is that a non-linear equation of the
type:

f (x) = 0 (2.2.6)

can be rewritten as:

x = F(x) (2.2.7)

The power flow equation is rewritten so that it is possible to update the value of the node
voltage, starting from the value of the previous iteration (k):

V(k+1)
i =

1
Yii

[
Pi,sp − jQi,sp

V(k)∗
i

−
i−1

∑
j=1

YijV
(k+1)
j −

n

∑
j=i+1

YijV
(k)
j

]
i = 1, 2, ..., n − 1 (2.2.8)

The iteration process can be stopped once the result converges within the desired tolerance ε:

|V(k+1)
i − V(k)

i | ≤ ε (2.2.9)

The Gauss-Seidel method is often offered in software with an accelerator factor α which can
considerably reduce the computation burden. The accelerator has usually a value between 1.4 and
1.6 [17] and it is implemented as follows in order to have faster convergence:

V(k+1)
i

∣∣∣
acc

= V(k)
i + α(V(k+1)

i − V(k)
i ) (2.2.10)

The flowchart in figure 2.2 shows the steps of the solving algorithm for this iterative method.

Figure 2.2: Flowchart of the Gauss-Seidel computation method

In any case, Gauss-Seidel method is used nowadays in few practical applications. However, it
still comes useful as a starter for the the Newton-Raphson method, in those cases in which con-
vergence is not guaranteed from the flat start profile, which corresponds to voltage magnitude at 1
p.u. and zero voltage angle [17].
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2.2.2 Newton-Raphson method

The Newton-Raphson method, and its variations, are probably the most used computational meth-
ods in industry [16, 17, 20]. Since the objective of the power flow problem is to determine phase
and magnitude of the voltage at the network nodes, the unknown vector can be expressed as:

x =

[
δ

|V|

]
=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

δ2
...

δN

|V|Ng+2
...

|V|N

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(2.2.11)

where δ1 and V1 (slack bus), and the voltages Vi from i = 2 to i = Ng + 1 (PV buses) are known.
The power flow equations for active and reactive power at node i are:

Pi = |Vi|2Gii +
N

∑
n=1
̸=i

|ViVnYin|cos(θin + δn − δi) (2.2.12)

Qi = −|Vi|2Bii +
N

∑
n=1
̸=i

|ViVnYin|sin(θin + δn − δi) (2.2.13)

The state variables (vector x) must be determined such that the power mismatches, being the
difference between the specified (sp) and computed power injections, are as close as possible to
zero:

∆P(x) =

⎡

⎢⎢⎣

P2,sp − P2(x)
...

PN,sp − PN(x)

⎤

⎥⎥⎦ = 0 (2.2.14)

∆Q(x) =

⎡

⎢⎢⎣

Q2,sp − Q2(x)
...

QN,sp − QN(x)

⎤

⎥⎥⎦ = 0 (2.2.15)

If the mismatches are in one vector:

h(x) =

[
∆P(x)
∆Q(x)

]
= 0 (2.2.16)

When the above equality cannot be achieved, a correction factor ∆x must be added so that the
power mismatches factor can actually be equal to zero. In order to do that, a Taylor approximation
is applied to the power equations (2.2.4) and (2.2.5) to linearize at the first order. The problem is
multi-dimensional, first derivative component in the Taylor approximation is represented by the
jacobian matrix. The result is the iterative formula:

J∆x = h(x) (2.2.17)

The jacobian matrix, in explicit terms, is formed by the first partial derivatives of P and Q over
δ and |V|. For practical reasons, the matrix is generally divided into four sub-matrices:



CHAPTER 2. POWER FLOW METHODS 13

[J11] =

⎡

⎢⎢⎣

∂P2
∂δ2

· · · ∂P2
∂δN

...
. . .

...
∂PN
∂δ2

· · · ∂PN
∂δN

⎤

⎥⎥⎦ (2.2.18)

[J12] =

⎡

⎢⎢⎢⎣

∂P2
∂|VNg+2|

· · · ∂P2
∂|VN|

...
. . .

...
∂PN

∂|VNg+2|
· · · ∂PN

∂|VN|

⎤

⎥⎥⎥⎦
(2.2.19)

[J21] =

⎡

⎢⎢⎢⎣

∂QNg+2
∂|VNg+2|

· · · ∂QNg+2
∂|VN|

...
. . .

...
∂QN

∂|VNg+2| · · · ∂QN
∂|VN|

⎤

⎥⎥⎥⎦
(2.2.20)

[J22] =

⎡

⎢⎢⎣

∂QNg+2
∂δ2

· · · ∂QNg+2
∂δN

...
. . .

...
∂QN
∂δ2

· · · ∂QN
∂δN

⎤

⎥⎥⎦ (2.2.21)

So that:

[J] =

[
J11 J12

J21 J22

]
(2.2.22)

The flowchart showing the Newton-Raphson computation is given in figure 2.3 below.
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Figure 2.3: Flowchart of the Newton-Raphson computation method [20]

Determining partial derivatives at every iteration step represents a higher computational bur-
den if compared to a simple method such as the Gauss-Seidel. Nevertheless, the convergence of the
NR method is quadratic, hence it generally requires less iterations and less time [16, 17]. In order
to reduce the iteration effort, many variations and simplifications have been proposed in literature.

2.2.3 Decoupled power flow method

The decoupled power flow method is based on the assumption that, for transmission systems, the
reactance of overhead lines is much bigger than the resistance. In addition, it is assumed that the
differences between voltage angles are small [20]. This makes possible to ’decouple’ active power
and voltage angles, on one hand, and reactive power and voltage magnitudes on the other. The
formulation is as follows:

P =
|Vi||Vj|

X
sin(δi − δj) ≈

|Vi||Vj|
X

(δi − δj) (2.2.23)

Q =
|Vi||Vj|

X
cos(δi − δj)−

|Vj|2

X
≈

|Vj|
X

(|Vi|− |Vj|)
|Vi||Vj|

X
(δi − δj) (2.2.24)

This process of decoupling turns the off-diagonal submatrices J12 and J21 into null matrices,
simplifying the calculations linked to the jacobian. In one equations are evaluated the active power
mismatches, while in the other one the mismatches in reactive power are found.
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⎡

⎢⎢⎣

∂P2
∂δ2

· · · ∂P2
∂δN

... J11
...

∂PN
∂δ2

· · · ∂PN
∂δN

⎤

⎥⎥⎦

⎡

⎢⎢⎣

∆δ2
...

∆δN

⎤

⎥⎥⎦ =

⎡

⎢⎢⎣

∆P2
...

∆PN

⎤

⎥⎥⎦ (2.2.25)

⎡

⎢⎢⎣

∂QNg+2
∂δ2

· · · ∂QNg+2
∂δN

... J22
...

∂QN
∂δ2

· · · ∂QN
∂δN

⎤

⎥⎥⎦

⎡

⎢⎢⎣

∆|VNg+2|
...

∆|VN|

⎤

⎥⎥⎦ =

⎡

⎢⎢⎣

∆QNg+2
...

∆QN

⎤

⎥⎥⎦ (2.2.26)

The clear advantage of this method is that two smaller jacobian matrices need to be computed,
since the off-diagonal terms are not taken into account.

2.2.4 Fast decoupled power flow method

One further approximation can be taken into account in order to separate the jacobian into two
different constant matricial equations [20, 23]. This is the case of the fast decoupled power flow. If
it is assumed that the reactive power injected into a node is much smaller than the reactive power
that would flow if all lines linked to the bus i were short-circuited (Qi ≪ |Vi|2Bii):

⎡

⎢⎢⎣

−B22 · · · −B2N
...

. . .
...

−BN2 · · · −BNN

⎤

⎥⎥⎦

⎡

⎢⎢⎣

∆δ2
...

∆δN

⎤

⎥⎥⎦ =

⎡

⎢⎢⎣

∆P2
|V2|

...
∆PN
|VN|

⎤

⎥⎥⎦ (2.2.27)

⎡

⎢⎢⎣

−BNg+2,Ng+2 · · · −BNg+2,N
...

. . .
...

−BN,Ng+2 · · · −BNN

⎤

⎥⎥⎦

⎡

⎢⎢⎣

∆|VNg+2|
...

∆|VN|

⎤

⎥⎥⎦ =

⎡

⎢⎢⎢⎣

∆QNg+2
|VNg+2|

...
∆QN

|VNg+2|

⎤

⎥⎥⎥⎦
(2.2.28)

The advantage of this method is that both matrices are constant and depend exclusively on the
susceptance of the grid. Even if the convergence in this case is slower - because of more iterations
needed - each iteration is much faster than in the basic Newton-Raphson algorithm. The flowchart
showing the FDPF method computation is given in figure 2.4 below.
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Figure 2.4: Flowchart of the fast decoupled power flow computation method [20]

2.2.5 DC power flow method

The DC, or direct current, power flow method is used to have very fast computations, even though
the result accuracy is rather low [20]. Even though this method is used for AC system, it is called
“DC” because of the analogy in the linear representation. This method can be also used as a first
step to determine the starting values of V and δ before performing calculations with more accurate
methods.

In this type of computation the power equation is linearized: this means that the simplifications
made are not only present at the jacobian side (which increases the number of iterations only) but
also the actual model of the power system is altered, affecting in this way the accuracy of the final
solution [20]. The DC power flow is based on three approximations:

• the line resistances are neglected (loss-less), so that Yij = Bij and θin = π
2 ;

• the node voltage magnitudes are 1 pu;

• the differences between voltage angles δ are small.

In this way the non-linear active power equation 2.2.4 can be linearized into:

Pi =
N

∑
n=1

|ViVnYin|cos(θin + δn − δi) =
N

∑
n=1

|Yin|sin(−δn + δi) = −
N

∑
n=1

|Yin|(−δn + δi) (2.2.29)
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As mentioned above, in analogy with the DC computation of power, which is given by the
formula:

Pi = Iin(Vn − Vi) (2.2.30)

where n and i are two neighbouring nodes. In the AC model, the power is given by the difference
in voltage angle δ and line admittance Y.

2.3 Computational methods in distribution net-
works

Some methods found in literature are for distribution networks in specific and not for big transmis-
sion power networks. Even though the methods described in the previous section can be applied
successfully also in distribution networks [24], specialized algorithms have been developed in or-
der to cope with some major challenges that arise when a power flow analysis is performed in
distribution network-specific environment.

Distribution networks are believed to be key to the infrastructural changes that are occurring
in power systems. Integration of renewable sources, new power quality requirements and electric
vehicles growing presence are expected to be handled by distribution systems [25]. Three main
differences are generally pointed out when comparing distribution and transmission networks [23,
26]:

• distribution networks are three-phase unbalanced oriented;

• the topology is generally radial or weakly-meshed;

• the resistance to reactance ratio R/X in the distribution lines is high.

Unbalances increase the complexity of the network model, since phase quantities have to be
considered, including mutual couplings. The radial or weakly meshed nature of these systems, as
well as the high R/X ratios are also cause of failure for power flow algorithms usually applied for
transmission networks.

2.3.1 Forward/Backward sweep method

The forward/backward sweep method has been successfully implemented several times in liter-
ature for studies on radial or weakly meshed distribution networks [24, 27, 28]. This is utilized
because of its simplicity, robustness and high efficiency [26].

Figure 2.5: Radial network with one in-feed bus [27]

In AC distribution systems it is very common to have a simple situation as depicted in figure
2.5: one bus is connected to the generator - or infinite transmission grid - and works as an in-feed
for the system. This bus is chosen as the slack bus because of its known characteristics and voltage.
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The next step is to assume an initial voltage at all the nodes, in both magnitude and angle. Here
nominal voltage is often used [27] and it corresponds generally to 1 pu. Then, starting from the
root and moving forward, towards the feeder and lateral ends, the currents between i-th and j-th
nodes are calculated:

I(k)ij =

[
Si

V(k−1)
i

]∗
(2.3.1)

On the other direction, starting from the feeder bus towards the root, the node voltages are
computed:

V(k−1)
i = V(k)

j + Zij I
(k)
ij (2.3.2)

The last stage is the termination criterion, and it is performed by evaluating the power mis-
match:

∆S(k)
i = Si − V(k)

i ·
[

I(k)i

]∗
≤ ε (2.3.3)

In order to perform the forward/backward method in a weakly meshed network, it is possible
to act a conversion to a radial network by breaking the loops at a point of low current flow. To
do so, it is necessary to substitute an equivalent injection current in the points where the loops are
broken [27].

2.3.2 Direct methods

Some simple iterative methods, also referred to as direct methods have been developed to solve
distribution network power flow problems. These methods take advantage of the topology of
distribution systems in order to produce direct solutions [29, 30].

One type of direct method uses two matrices: the bus-injection to branch-current (BIBC) matrix
and the branch-current to bus-voltage matrix (BCBV). Then, a simple matrix multiplication is used
to obtain load flow solution [29]. The BIBC matrix is built by considering currents in all buses as
current injections. This gives the relationship:

B = [BIBC] · I (2.3.4)

where the constant BIBC matrix is an upper triangular matrix and contains values of 0 and 1 only.

Figure 2.6: Three-phase distribution line [29]

Since three-phase distribution networks are generally unbalanced, the mutual coupling effects
on lines can be described by:
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Zabcn =

⎡

⎢⎢⎢⎣

Zaa Zab Zac Zan

Zba Zbb Zbc Zbn
Zca Zcb Zcc Zcn

Zna Znb Znc Znn

⎤

⎥⎥⎥⎦
(2.3.5)

Applying Kron’s reduction in the Z matrix, the voltage relation shown in figure 2.6 can be
expressed by:

⎡

⎢⎣
Va

Vb
Vc

⎤

⎥⎦ =

⎡

⎢⎣
VA

VB

VC

⎤

⎥⎦−

⎡

⎢⎣
Zaa−n Zab−n Zac−n

Zba−n Zbb−n Zbc−n
Zca−n Zcb−n Zcc−n

⎤

⎥⎦

⎡

⎢⎣
IAa

IBb
ICc

⎤

⎥⎦ (2.3.6)

Through this equation it is possible to find the relationship between branch currents and bus
voltages as:

Vj = Vi − BiZij (2.3.7)

Since the feeder is radial, the voltage drops can be summed up and related to the root voltage
V1. This makes possible to write the matricial form:

∆V = [BCBV] · B (2.3.8)

where BCBV is the branch-current to bus-voltage matrix and it is always a lower triangular
matrix with line impedances as elements.

By combining the two equations it is possible to find the relationship between bus voltages
changes and currents:

∆V = [BCBV] · [BIBC] · I = [DLF] · I (2.3.9)

where DLF is defined as direct load flow matrix.
The solution is found by solving iteratively the following equations:

I(k)i =

(
Pi + jQi

V(k)
i

)∗

(2.3.10)

∆V(k+1) = [DLF] · I(k) (2.3.11)

V(k+1) = V(k) · ∆V(k+1) (2.3.12)

The main advantage of this and similar methods is that only the DLF matrix is needed and it is
kept constant all along the iteration process since it contains only information over grid character-
istics (BCBV) and current injections (BIBC) [29].

2.4 Computational methods for DC systems
Since many renewable sources, especially solar photovoltaic, generate DC voltage and many emerg-
ing loads such as LED lighting and electric vehicles consume power in DC, the interest for low volt-
age DC systems (LVDC) is growing [11, 24]. Given the renewed attention of industry and academia
over this topic, some power flow methods found in literature are designed specifically for the DC
framework.
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Here, first of all, the lack of reactive power and angles allows some simplifications of the math-
ematical formulation, since the state variable vector as defined in section 2.2 is halved [31]. The
power flow analysis in LVDC grids can be presented as a sub-problem within the AC grids method-
ologies encountered before, such as Newton Raphson or GaussSeidel. Other simple iterative meth-
ods, such as the forward/backward sweeps, are also often used [24].

It has also been shown in literature that, even though non-linear problems often give more than
one solution, there exists a unique solution in LVDC grids. Moreover, this result has been found
to be independent of the numerical method adopted, independent of the network size and load
condition and valid for any topology [31].

Figure 2.7: DC distribution network feeder with multiple DGs, power converters and loads [24]

Compared to the traditional power flow models, for DC networks it is sometimes impractical
to take any of the source buses as slack bus. This is due to the fact that only few controllable
generating units are connected to the LVDC system [32]. In figure 2.7 an example of DC distribution
network, as a single feeder, is shown. The feeder has 4 nodes, all of them connected to PV panels
via DC-DC converters and loads. As it will be explained more extensively in section 3.2, another
important difference with AC grids is that the node behaviours other than constant power (PV and
PQ) or slack (basically a constant voltage) are not taken into account. Instead, control in DC grids,
including constant power, voltage and droop, has a decisive effects on the steady state characteristic
of the system [32, 33].

2.4.1 Gauss-Seidel method for DC systems

The Gauss-Seidel method is based on Ohm’s law relating currents and voltages through the line
conductances and it can therefore be used also in a DC framework [24]. The equation in matrix
form is:

I =

⎡

⎢⎢⎣

G11 . . . G1N
...

. . .
...

GN1 . . . GNN

⎤

⎥⎥⎦ · V (2.4.1)

where the diagonal terms Gii are the sum of the line conductances in contact with the node i, and
the off-diagonal terms Gi j are the negative of the conductance between nodes i and j. As seen for
the AC case, the Gauss-Seidel is based on a simple fixed-point iteration process. In order to solve
the equation in this way, the above equation needs to be re-arranged so that the voltages appear on
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both sides of the equation: on the left side, the current value (k) needs to be found by using the old
values (k-1) of voltage on the right side. This is shown in the following equation:

V(k)
i =

1
Gii

[
− Pi

V(k−1)
i

− ∑
j ̸=i

GijV
(k−1)
j

]
(2.4.2)

The voltage values are updated for all node (except the slack one) at every iteration step, and the
iterations are stopped when the voltage mismatch between the current and old values are below a
given threshold.

2.4.2 Newton-Raphson method for DC systems

Given the interest in off-shore wind farms projects, multi-terminal DC grids connecting wind tur-
bines in clusters has become an important topic [34]. The need for a power flow analysis method
that takes into account the characteristics of these DC systems has led to research in this direction
[18, 35].

Methods adapted from Newton-Raphson are very common in this multi-terminal DC networks,
because of the behaviour of the nodes in the system [18, 24, 34, 36]. One of the methods found in
literature is described in this section.

In DC networks, reactive power and phase angles are physical quantities not present in the
problem formulation. The unknown vector, as depicted in section 2.2 can be therefore described as:

x = VDC =

⎡

⎢⎢⎣

VDC,i
...

VDC,N−1

⎤

⎥⎥⎦ (2.4.3)

The mismatch vector h(x) contains only active power mismatches, and it is therefore given by
the equation:

h(VDC) =

⎡

⎢⎢⎣

h1
...

hN−1

⎤

⎥⎥⎦ (2.4.4)

The load flow equation becomes:

hi = PGi − PLi −
N

∑
j ̸=i

VDC,iVDC,jYij − YiiV2
DC,i (2.4.5)

The jacobian matrix will be:

J(VDC) =
∂h

∂VDC
=

⎡

⎢⎢⎣

∂h1
∂VDC,1

· · · ∂h1
∂VDC,N−1

...
. . .

...
∂hN−1
∂VDC,1

· · · ∂hN−1
∂VDC,N−1

⎤

⎥⎥⎦ (2.4.6)

Since power generation and power demand are constant at the node i, the mismatch function
h(x) is only function of the voltage and the network admittance matrix Y. The partial derivatives
in the jacobian matrix are thus:

−YibVDC,i for k ̸= i (2.4.7)
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−∑
j ̸=i

VDC,jYij − 2YiiVDC,i for k = i (2.4.8)

Once the DC jacobian is updated, the voltage mismatch between two iterations k and k+1 is
found:

∆VDC
(k) = −J(VDC

(k))−1 · h(VDC
(k)) (2.4.9)

and the values can be updated:

VDC
(k+1) = VDC

(k) + ∆VDC
(k) (2.4.10)

The flowchart of the DC power flow algorithm based on Newton-Raphson is shown in figure
2.8 below.

Figure 2.8: Flowchart of the adapted Newton-Raphson DC method for MTDC networks [18]

2.4.3 Forward/Backward sweep method for DC systems

The forward/backward sweep method used for AC radial and weakly meshed distribution sys-
tems, and shown in section 2.3.1, can be easily adapted to DC systems [24].

The in-feed bus is used again as slack bus, whose voltage is known and kept constant as refer-
ence. Starting from the last bus and moving backward towards the root, the currents injections are
calculated by using the equation:

I(k)ij =
Pi

V(k−1)
i

(2.4.11)

where i and j are two adjacent buses connected by a line characterized by resistance Rij. Then,
starting from the root and forward towards the load branches, voltages can be calculated with:
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V(k+1)
j = V(k)

i − Rij I
(k)
ij (2.4.12)

As for the AC version, the iteration stops when a given mismatch criterion is met either for all
node voltages or for all node powers.

2.5 Conclusion
Many computational methods have been found in literature, generally with slightly different ap-
proaches or input variables taken into account. It is of interest to mention sparse matrix techniques
that have been developed in order to accelerate the computation. These techniques rely on the fact
that big network matrices have relatively few non-zero elements. They involve algorithms that can
detect the presence of non-zero elements at every iteration, so that the actual computation involves
a lower number of elements of the matrix [16, 17].

Table 2.2: Comparison of the different computational methods found in literature

Method System suitability Working principle Network adaptabil-
ity

Types of nodes con-
sidered

Gauss-Seidel AC and DC Re-arranges the
polynomial equation
f(x) into x = F(x) and
updates x at each
iteration

Works in radial,
loop and meshed
networks

Works with slack, PV
and PQ buses

Newton-Raphson AC and DC Reduces the mis-
match in the gradi-
ent (linearization as
Taylor series)

Works in radial,
loop and meshed
networks

Works with slack, PV
and PQ buses

Decoupled power flow AC Reduces the el-
ements in the
Jacobian matrix
decoupling P(V) and
Q(θ). Then it is a
Newton-Raphson

Used mainly for
complex meshed
networks

Works with slack, PV
and PQ buses

Fast decoupled power
flow

AC Constant Jacobian
matrix to minimize
the number of func-
tion evaluations and
LU factorizations

Used mainly for
complex meshed
networks

Works with slack, PV
and PQ buses

DC power flow AC Based on simplifi-
cations, it takes P
as linear function of
theta (small angles)

Used mainly for
complex meshed
networks

Works with slack, PV
and PQ buses

Direct methods AC Compute voltages
from bus injection
currents and three-
phase impedance to
account for single-
phase loads

Radial or weakly
meshed networks

Slack and constant
power buses

Forward/Backward
sweep

AC and DC Backward and for-
ward sweeps with
Kirchhoff’s laws.
Then find mismatch
in P or V

Radial or weakly
meshed networks

Slack and constant
power buses
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Table 2.2 shows the main results of the literature study conducted and compares the main meth-
ods found. It is important to define whether a method can be used - or adapted - for AC or DC
systems. Then, the working principle is reported along with network adaptability and the types of
nodes that can be implemented in the algorithm. The node aspect is of particular interest since, as it
will be analyzed in the next chapter, in future (DC) power systems nodes behaviours are expected
to differ from the current power systems. In particular, the importance of control of the sources and
loads linked to the distribution system determines the behaviour of that specific node [31].

In order to show how the different methods that can be adapted from DC in literature are com-
pared, the Gauss-Seidel, the Newton-Raphson and the Forward/Backward sweep methods for DC
are applied to the simple three-nodes and two-lines network depicted in figure 2.9.

Figure 2.9: Three-nodes/two-lines network with constant voltage node (slack) and constant
power nodes

The following data are known for the network: the first node has constant voltage level set at
350 V, thus it behaves as a slack bus. Nodes 2 and 3 are constant power loads set at 800 W and 750
W, respectively. The two lines have resistances R12 = 0.642 Ω and R23 = 1.284 Ω. In the following
tables 2.3, 2.4 and 2.5 the required iterations to achieve a solution - with termination criterion of
0.01 V on the voltage mismatch - are shown for the three DC methods.

Table 2.3: Gauss-Seidel method iteration results for three-nodes/two-lines network

#1 #2 #3 #4 #5 #6 #7
V2 (V) 350.000 349.022 348.102 347.180 347.449 347.115 347.123
V3 (V) 350.000 347.249 344.489 345.306 344.391 344.349 344.333

Table 2.4: Backward/Forward method iteration results for three-nodes/two-lines network

#1 #2 #3 #4
V2 (V) 350.000 347.157 347.134 347.133
V3 (V) 350.000 344.222 344.265 344.149

Table 2.5: Newton-Raphson method iteration results for three-nodes/two-lines network

#1 #2 #3
V2 (V) 350.000 347.157 347.122
V3 (V) 350.000 344.405 344.325

Figure 2.10 depicts a visual representation of the three tables. Even for the small network taken
into account, it is possible to evaluate that the Gauss-Seidel method requires many more iterations
to achieve the same result as the backward/forward and Newton-Raphson method.
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Figure 2.10: Voltage convergence comparison for DC computational methods found in literature
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Chapter 3

Modeling of DC Distribution Grids
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This chapter introduces the elements of grid modeling for a DC distribution system. It is di-
vided into two parts: first, section 3.1 discusses the line models and physical assumptions taken
into account; second, section 3.2 provides an overview of the different node behaviours that are
expected to play a role in future DC distribution systems.

3.1 Line modeling
A model of the distribution lines is needed in order to define and characterize the system behaviour.
In future DC distribution systems, many different architectures have been suggested to replace the
current infrastructure [10, 11, 37, 38]. Three main architectures are of particular interest:

1. Monopolar: this architecture shows only one single DC line. It is clearly the cheapest option,
but ground, or sea, return of the current is needed. Ground return is often prohibited because
of the corrosion-related damage that high current would cause on the underground struc-
tures, such as pipelines, etc. Mono-polar links are generally operated with negative polarity,
because of the reduced corona effect when compared to positive polarity.

2. Bipolar: in this case one line will have positive polarity, a second one negative polarity, while
the third one, placed in-between, will be the neutral wire. As shown in figure 3.1, the bi-polar
solution is much flexible and allows the connection of smaller or bigger loads to the same
infrastructure. Each link can also be independently operated when needed.

3. Homopolar: this option features a neutral cable or grounding that separates two DC cables,
both with same polarity. Negative polarity is often preferred because of lower corona effect.
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This architecture has the advantage of reduced insulation costs. In any case, the disadvantage
of the earth return generally outweighs the advantages.

Figure 3.1: Bipolar architecture for distribution system [4]

In the following sections the lumped element theory for line modeling and the concept of topol-
ogy analysis will be described.

3.1.1 Lumped element line models

Transmission and distribution lines can be described and modeled to take into account the electro-
magnetic phenomena involved [20]. In figure 3.2, below, three of the most used models for single
distribution lines are shown. Models with multiple lines need to take into account additional ef-
fects given by wire coupling. Among these effects it is possible to leakage resistance and mutual
inductance. The effects given by R, L and C are spread all along the line. The lumped element
theory, instead, concentrates the properties of each of these characteristic into one component.

It should be noted that the line conductance G is not included because distribution lines typi-
cally have a very high R/G ratio, so that G is effectively negligible.

Figure 3.2: Γ (top left), π (top right) and T (bottom) lumped element model for distribution grid
[13]

The gamma (Γ) model includes a resistor, an inductance in series and a conductance in parallel.
The pi (π) model, on the other hand, features capacitance to ground at both end nodes of the distri-
bution line. Finally, the T model includes two symmetrical pairs of resistor and inductor in series,
with one single capacitance in parallel in-between the two pairs.
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All the above mentioned lumped element model, shown in figure 3.2, for example, can be solved
with differential equations in order to describe the dynamic effects of currents [13]. Since the power
flow problem is a steady state analysis of the network behaviour, it is possible to consider all the
time variant behaviours as constant. Therefore, in the steady state model the line can be considered
as a simple resistor, as depicted in figure 3.3 below.

Figure 3.3: Simple resistive line model

3.1.2 Line topology analysis simplification technique

Topology analysis technique can be implemented in order to simplify the components that form a
node or bus in the system [27]. As shown in figure 3.4, the node A, idealized on the right hand side
as a connection bus with a load, is composed in reality by many more components. Among these,
breakers, switches and fuses that connect to a bus-bar.

Figure 3.4: Distribution network scheme (on the left) simplified via topology analysis (on the
right) [27]

It is possible to assume that all the network nodes under the subsystem A have the same po-
tential and therefore same currents. In this way the number of nodes reduces significantly, from 54
of the left figure to 13 in the right figure. This simplification does not affect the outcome of steady
state analysis, such as power flow computation. The voltage difference between the nodal points
under same group, in fact, is very low and can be thus neglected. Reducing the number of nodes
reduces the dimension of the incidence matrix used in the power flow computation. In this way it
is then possible to have faster convergence for the same system analyzed.
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3.2 Nodes modeling
In the power systems of the future, and more specifically in the distribution systems, there will be
a diverse behaviour in the different nodes. This differs radically from traditional power systems,
where nodes are almost exclusively treated as in constant power, resulting in a solution limited to
power exchange within the grid and voltage in the nodes. Among the different possible types of
classification, it is useful to define power converter nodes according to the control strategy locally
applied to them. Once the behaviours are described, a more general categorization performed
according to the type of node (source, load or hybrid bi-directional) can be given.

Nodes in a distribution network that are not power converter-based can also behave as constant
impedance terminals or passive (or step) nodes. The former type is given by loads with a linear
behaviour in their I-V characteristic. The latter type, instead, is represented by hub-nodes without
generation or load.

3.2.1 Node classification by converter control strategy

It is possible to classify nodes according to the type of control: constant voltage, constant current,
constant power and constant impedance (or resistance) [31]. A combination of these behaviours is
also possible: for example, if in a node more power converters are linked in parallel. Additionally,
droop control can be considered as a linear combination of a constant power or current and a
constant resistance node [31, 33]. As long as the voltage level is set to an operating point below the
power limit of the converter, the droop node behaves as a constant resistance. After the current or
power limit is met, the node behaves at constant flow, thus current or power, respectively. Constant
voltage terminals can include the main substation converter and converters in the grid which can
set the voltage level, and maintain it throughout internal control loops. Nonetheless, most of the
power converters in the low voltage grid are likely represented as constant power nodes. These
include renewable energy resources, energy storage devices and controlled loads.

Control in power converters is based on voltage as a physical reference for grid stability [10,
37, 33]. It is possible to consider voltage as the analogue of frequency in traditional power system.
Nonetheless, voltage is a local property, and therefore it gives limited indication about the overall
status of the grid. In any case, the voltage in DC networks is influenced by both power balance and
by current flows in the lines, and it is therefore the best indicator for DC grid stability.

One of the most used control strategies is voltage droop control [33]. The proportional relation
that regulates the voltage can be established with either current or power. Defining variations as
∆V = V − Vref , ∆I = I − Iref and ∆P = P − Pref, it is possible to draw the droop characteristic in
current (I) base, in both current (I-V) and power (P-V) characteristics:

∆II =
1
kI

∆V (3.2.1)

Knowing that Pref = Vref · Iref, the droop relation can be described in power variations terms:

∆PI =

(
Vref
kI

+
Pref
Vref

)
∆V +

1
kI

∆V2 (3.2.2)

Similarly, the expression for the power (P) based droop in both characteristics is:

∆PP =
1
kP

∆V (3.2.3)
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∆IP =

(
1
kP

− Iref

)
∆V

∆V + Vref
(3.2.4)

The factor k is the droop constant and it is defined according to the chosen base. Figure 3.5
shows the I-V and P-V characteristics of power droop control. On the left, the I-base is linear, while
the P-base has hyperbolic behaviour, until the power limit of the converter is reached. On the
right, the P-V characteristic shows a linear behaviour of the P-base and a parabolic behaviour of
the I-base.

Figure 3.5: I-V curve and P-V curve for voltage droop control in power converters [33]

A second type of control often implemented can be generally defined as constant flow control. It
includes both constant current and constant power behaviours. Mathematically speaking, this type
of control can be expressed as the limiting case of the voltage droop, for which the droop constant
k equals infinity. This suggests that for any value of the voltage, the same amount of power or
current will be delivered or absorbed by the power converter.

Figure 3.6: I-V curve and P-V curve for constant flow control in power converters [33]

Constant flow control I-V and P-V characteristics are depicted in figure 3.6. On the left side, the
I-V curves show that constant current is, obviously, a vertical line. The constant power behaviour
has instead an hyperbolic fashion. The graph on the right has a vertical constant behaviour for
power nodes, and a linear behaviour for constant current.

Even though in steady state analysis it is not relevant how a certain behaviour is maintained
through control, it is important to state that an infinite gain k implemented in the control loop
would likely lead to instability. In reality, a PI (proportional-integral) control is implemented [33].

The last type of node control is constant voltage. Here the voltage is maintained constant re-
gardless the amount of current and power delivered or absorbed by the converter. In both the
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characteristics, as shown in figure 3.7, the power and current behaviours are overlapping. A hor-
izontal constant voltage behaviour is depicted, as long as the converter operates within its power
limit. After that threshold is met, the power converter delivers constant power at nominal value.

Figure 3.7: I-V curve and P-V curve for constant voltage control in power converters [33]

Constant voltage control can be seen as the limiting case in which the droop coefficients kI and
kP go to zero. Once again, this result is obtained dynamically with the implementation of a PI
controller, for stability reasons.

3.2.2 Node classification by type

Once the different possible nodes behaviours have been defined, it is possible to catalogue them
depending on their effective use in DC networks. Figure 3.8 shows one of the possible groups in
which these behaviours for DC distribution grids can be sorted. Here the node types are arranged
depending on their main scope and use. The distinction is based on whether power is injected
into the grid (source), retrieved from the grid (load) or a non-simultaneous combination of the two
(hybrid).

Figure 3.8: Node behaviour scheme in future power systems

The first group is represented by source nodes. These nodes inject power into the grid, and
are characterized by three types of elementary behaviours, depending on the nature of the source:
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constant power, constant voltage or constant impedance. For example, photovoltaic technologies
are expected to play an important role in future DC grids, because of their low installation costs and
modularity [4]. These nodes feature a DC to DC converter in order to set the optimal voltage level
according to maximum power point tracking algorithms [24]. As for PV, electromagnetic based
generators (wind turbines and any type of rotating generator) are characterized by constant power,
since again coupled to power converters.

The second group, the load nodes, can be divided into constant impedance, power and cur-
rent, or a linear combination of these [39]. Constant power and current are characteristic of power
converters, according to their control strategy. Constant impedance node, on the other hand, are
generally simple loads, such as resistive lighting and heating, which behave with a linear I-V char-
acteristic.

The last group, represented by the hybrid nodes, gathers those network nodes that can either
inject or retrieve power from the grid. Examples are batteries and grid connection with AC trans-
mission systems. These nodes are generally modeled as constant power, but constant voltage and
impedance and droop behaviours can be also found in literature. An example of constant volt-
age behaviour is given by batteries directly connected to the network [10]. As for their working
principle, batteries have constant voltage characteristic. In any case, the choice of linking batter-
ies directly to the grid is often not considered, because of stability reasons. Additionally, a direct
connection would compromise the life-time of the battery system. For these reasons, batteries are
expected to be generally interfaced via DC-DC converters to the DC distribution networks.

3.3 Conclusion
In this chapter two main model parameters were described: first, the single-line grid model and,
second, the node behaviour model. The fact that different generators, loads and hybrid behaviours
can be found is expected to play a main role in the power grid of the future. Therefore a power flow
method that is able to take into account the different converter control strategies and the different
node behaviours is needed in order to describe the steady state of the power network.

In the next chapter the power flow method proposed in this thesis is described and applied.
Among the different assumptions, it must be mentioned that the topology architecture chosen is
monopolar (single DC line) and that the losses related to the power converters are neglected.
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Chapter 4

Low Voltage Direct Current Power
Flow
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This chapter introduces the mathematical modeling of the different distribution network elements
previously introduced in chapter 3 and the power flow tool built in order to perform steady state
analysis at network level. In section 4.2 the objective of the tool is explained, together with the
modeling of different nodes behaviours. Important focus is put into section 4.3 where two different
linearization methods are introduced and applied to the power flow model. In section 4.4 the
complete model is shown and the power flow tool is applied for two network topologies in order
to show its working principles. Finally, in section 4.5 a solvability analysis of the system is shown.
In this section the aim is to investigate what are the network configurations that give a solution - in
mathematical terms - and that are thus stable configurations in experimental context.
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4.1 Introduction
Because of the recent interest of academia and industry for direct current (DC) distribution systems,
a number of research papers have been written in order to determine different power flow methods
that could be used in this new context. The shift from AC to DC simplifies - in mathematical terms
- the power flow problem because voltage angle and reactive power are not anymore taken into
account. Nonetheless, a number of other issues need to be faced, especially when it comes to
power converter control. In AC transmission and distribution systems all loads and generators are
considered as delivering or absorbing constant power (namely, PQ and PV nodes), with the only
exception of the slack bus, which is modeled as a reference in voltage magnitude and angle. It is
instead expected that the power systems of the future will include also different node behaviours,
as previously shown in section 3.2.2. This aspect will be taken into account in the model developed
in this chapter.

Moreover, it has been found in literature that effort has been put into solving LVDC (low voltage
DC) power flow problems only for radial or weakly meshed networks. Even though these kind of
topologies are nowadays the most used at distribution level, it is believed that also a highly meshed
or looped network topology should be considered, especially in a scenario in which distributed
generation will have a high impact on distribution systems.

It has been found in literature that another characteristic of LVDC networks is that, unlike AC
systems, under certain light assumptions it is always possible to have convergence and a unique
solution of the power flow problem, regardless of the computational method used [31]. This aspect
is investigated more thoroughly in section 4.5 of this chapter.

4.2 Objective of the tool and modeling
The objective of the power flow solver modeled is to provide a steady state solution as a snapshot
of the system under certain distributed load and generation conditions. This is possible once given
a proper number of inputs such as node information (node type and parameters) and network
information (topology, directed graph and line parameters). The solution found is a vector of state
variables (unknown node voltages) and flow variables (line currents). The solver of the power
flow is matrix based and it is therefore based on linear equations. Since the power flow problem is
typically non-linear, linearization methods are needed. Two types of linearization are showed and
compared in section 4.3.

4.2.1 Line network modeling

The network can be completely described when in the model are taken into account both physical
characteristics and topological characteristics. The former element, as described previously in sec-
tion 3.1.1, is modeled as a simple resistive line that connects two nodes to each other. The latter
element, on the other hand, can be simply imported in form of oriented (or directed) incidence ma-
trix. The incidence matrix F is a matrix with dimensions LxN, where L is the number of lines and
N the number of nodes in the network. The incidence matrix is defined as a sparse matrix with the
following elements:
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F(n, m) =

⎧
⎪⎪⎨

⎪⎪⎩

1, if current in line n leaves node m

−1, if current in line n enters node m

0, if line n is not connected to node m

4.2.2 Simple nodes modeling

Three types of nodes are first considered and modeled as elemental node behaviours. Constant
voltage gives nodes are nodes in which the voltage level is known and therefore the number of
unknown variables is reduced. These nodes can be compared to the slack buses in AC systems,
since they both are meant to bring stability to the system and guarantee the power balance of
the system. In AC systems the node chosen as slack is generally corresponding to the biggest
generator in the system, so that there is a higher chance that the feasibility of dispatch is ensured.
For distribution systems in general, an example of constant voltage is usually the connection to the
medium voltage grid.

Constant current nodes are generally loads such as universal motors or DC motors. The current
injected into the node is constant, but both voltage and line currents are still unknown (unless only
one line is connected to the node: then that line current will be equal to the node current).

Last, constant impedance nodes are modeled. These nodes show a linear behaviour in the I-V
characteristic and thus the higher the current absorbed by the load, the higher the voltage level at
the node. A representation of the three elemental nodes can be found in figure 4.1.

Figure 4.1: Constant voltage node (on the left), constant current node (in the centre) and constant
impedance node (on the right)

Droop controlled power converters, as shown before in section 3.2.1, are mainly used in DC
distribution grids and microgrids in the current-base variant [40]. The characteristic of droop is
given by the following equation:

V − Vref = kI · Is (4.2.1)

This relation shows that a droop node can be modeled as a constant voltage source set at Vref

in series with an impedance of value kI. In order to keep the node parameters separated from the
line parameters, it is advantageous to represent the droop source as a Norton equivalent instead.
In this way, as shown in figure 4.2, the source is simply described as a current source in parallel
with an impedance.
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Figure 4.2: Droop source as Thevenin equivalent (on the left) and as Norton equivalent (on the
right)

The value of the impedance is again equal to the droop coefficient, whereas the current source
is defined as:

Ic =
Vref
Z

(4.2.2)

Lastly, it is possible to consider combinations of some of the nodes previously shown. Consid-
ered that a constant voltage node would be unpractical in combination with others, we can take
into account multiple current sources and impedances in parallel. As it will be shown in the next
section, also constant power nodes can fall under this group. In figure 4.3 an example of two current
and two impedances nodes is shown.

Figure 4.3: Node with a combination of two elemental node behaviours

Since all nodes are placed in parallel, it is possible to compute an equivalent node with one
current source and one impedance load. The currents can be found summing up the values of the
single elements:

Ic,eq =
N

∑
i=1

Ic,i (4.2.3)

while in order to find the equivalent of multiple impedances in parallel the following elemen-
tary equation should be used:

Zeq =

(
N

∑
i=1

Z−1
i

)−1

(4.2.4)

4.3 Linearization methods
Linearization is a crucial aspect in any power flow method, as previously described chapter 2.
Both Gauss-Seidel and Newton-Raphson based computational methods fall under the fixed-point
iteration problem, through which it is possible to rewrite a complex function f (x) in the form x =

F(x) and solve f (x) with successive attempts [41]. All nodes so far presented behave according to
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linear equations. The non-linear nature of power systems rises when the constant power behaviour
is taken into account.

Figure 4.4: Constant power node connected to an arbitrary number of lines

In figure 4.4 it is depicted a generic constant power node, connected to n lines. The equation
describing the behaviour of a generic node i connected to a number n of lines is:

Vi ·
(

n

∑
j=1

Ij

)
+ Pi = 0 (4.3.1)

In order to include constant power nodes into the tool framework as described in the previous
sections, the constant power node behaviour needs to be linearized and solved in an iterative way.
Two methods have been investigated and applied in order to find a solution to the problem, taking
into account the nature of DC systems. In the following sections both methods will be applied and
compared in order to seek the most efficient, both in computational time and number of iterations
needed to get an acceptable result.

4.3.1 Linearization as current source

The first method is found rewriting equation 4.3.1 as follows:

n

∑
j=1

Ij +
Pi
Vi

= 0 (4.3.2)

This is acceptable since Vi cannot be zero. In this way the nodal information is stored in one
single variable, which can be conceptualized as a current source as shown in figure 4.5.

Figure 4.5: Scheme of power node linearized as current source

A guess value V(0)
i is used to start the iteration process, so that:

I(0)ci =
Pi

V(0)
i

(4.3.3)
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The so defined current source can be included in the linear equations for the current node bal-
ance and, once the system is solved, a new value V(1)

i is found. Convergence is checked for all node
voltages, considering the voltage mismatch vector ∆V against an arbitrary tolerance ε, as expressed
in:

|∆V| = |V(k) − V(k−1)| ≤ ε (4.3.4)

In figure 4.6 it is drawn the flowchart of the above described iteration method.

Figure 4.6: Flowchart of equivalent current source linearization method

This type of linearization, even though very fast and computationally not expensive, does not
ensure convergence for some particular cases. It is possible to take the small circuit in figure 4.7
below as an example of how this first method can fail in convergence also for very simple problems.

Figure 4.7: Simple two-node circuit with constant power source and constant impedance load
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Figure 4.8: Voltage mismatch for results of two-node circuit with P and Z nodes

As shown in figure 4.8, a result cannot be found since the solver will continue iterating between
the same two values of voltage for both nodes 1 and 2 (overlapping in the figure). Here the voltage
mismatch is defined for both nodes as previously stated in equation 4.3.4. An alternative way to
linearize the power behaviour of the LVDC network is therefore needed in order to solve as many
cases as possible. The second method is discussed in the next section.

4.3.2 Linearization as current source and impedance in parallel

The second linearization method tested is based on the concept of negative incremental impedance,
as illustrated in figure 4.9 for a constant power behaviour in the I-V framework [21]. This type of
linearization guarantees convergence for a higher number of cases when compared to the previous
linearization method.

Figure 4.9: I-V characteristic of a constant power converter and linearization as negative
incremental impedance

In this case the constant power node is simplified into a node with constant current source and
impedance placed in parallel, as shown in figure 4.10.
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Figure 4.10: Scheme of a constant power source node linearized as current source and impedance
in parallel

Considering figure 4.10 we know that the following equation holds true for the current:

Is = −Ic +
Vs
Z

(4.3.5)

while from figure 4.9 we know that:

1
Z

=
dIs
dVs

=
d

dV

(
− P

Vs

)
=

P
V2

s
(4.3.6)

If a correct solution value of the voltage Vs, which we will call V0, is guessed, it is possible to
find that:

Is = − P
V0

= −Ic +
V0
Z

(4.3.7)

Substituting equation 4.3.6 into 4.3.7, we obtain the following equation for the current injected
by the current source:

Ic =
P
V0

+
V0
Z

=
P
V0

+
P

V2
0
· V0 = 2

P
V0

(4.3.8)

From this equation we can finally find the value of the current injected by the constant power
node, substituting 4.3.6 and 4.3.8 into 4.3.7:

Is = −2
P
V0

+
P

V2
0
· Vs = −Ic +

1
Z
· Vs (4.3.9)

With this equation we are back at the behaviour described in equation 4.3.5, but in this case
we have defined values for both Ic and Z, which depend on P (known node information) and
Vs, that needs to be found by guess and iteration. In order to do so, Ic and Z are then used in
the computation, as later described in section 4.4. Figure 4.11 shows the flowchart of the above
described linearization method. As explicitly mentioned, the matrix A used to solve the linear
system, unlike the current source based linearization before described, needs to be updated at
every iteration step. This, as it will be analyzed also later, has an effect on the computational time
required by the solver.
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Figure 4.11: Flowchart of current source-impedance linearization method

It is therefore possible to check how the convergence behaves for the simple two-node circuit
with constant power source and constant impedance load as depicted in figure 4.7 in the previous
section. As shown in figure 4.12, the convergence is assured in 4 iterations.

Figure 4.12: Voltage mismatch for convergence shown through voltage mismatch for two-node
(I-Z) network

4.4 Full model and applications
Once all lines and nodes are represented as linear equations, it is possible to solve the linear system
in matrix form. The solution is based on Kirchhoff’s laws that allow to find both state variables
(voltages) and flow variables (currents). The number of unknown in the system is N − NV + L,
where N and L are the number of nodes and lines, and NV is the number of constant voltage nodes.

The model is based upon three sets of linear equations which relate voltages and currents with
the known variables of the system. A number L of equations are used to express Ohm’s law on the
distribution line, according to the following equation, valid for every line connecting a node i to a
different node j :

Vi − Vj − Iij · Rij = 0 (4.4.1)

where Vi and Vj are the voltages in nodes i and j and Iij and Rij current and resistance be-
tween those two nodes, respectively. The second set of equations is applied for every node i with a
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constant current behaviour Ici and it is a node balance as represented by the equation:

∑
j

Ij + Ici = 0 (4.4.2)

Lastly, the third set of equations represents the node balance at every node i with a constant
impedance behaviour expressed by Zi. This set of equations is given by:

∑
j

Ij −
Vi
Zi

= 0 (4.4.3)

Constant power nodes, droop nodes and combination nodes all fall under these three equation
sets, since, as explained previously, they all can be seen as linear combinations of current source
and impedance behaviour. The coefficients found in the Kirchhoff’s equations above described can
be stored in a matrix, here called A, defined as:

A =

[
Γ −R
−Z −ΓT

]
(4.4.4)

Matrix A is a square matrix, divided into four sub-matrices as shown in equation 4.4.4. Matrix
Γ is a reduced version of the oriented incidence matrix F of dimensions L by (N − NV), as defined
in section 4.2.1. In matrix Γ the columns corresponding to nodes with constant voltage behaviour
are taken out.

Submatrix R is a diagonal matrix, where the diagonal elements are the line resistances so that:

R =

⎡

⎢⎢⎢⎢⎢⎣

R1 0 . . . 0

0 R2 0
...

... 0
. . . 0

0 . . . 0 RL

⎤

⎥⎥⎥⎥⎥⎦
(4.4.5)

Submatrix Z is a diagonal matrix, where the diagonal elements are the inverse of the node
impedances, zero if the node does not have any impedance load. As for the matrix Γ, also Z is
reduced, as the columns corresponding to the constant node voltages are taken out. It should
be noted that the Z matrix is always squared and with dimensions (N − NV) by (N − NV). The
impedance matrix can be therefore described as follows:

Z =

⎡

⎢⎢⎢⎢⎢⎢⎣

1
Z1

0 . . . 0

0 1
Z2

0
...

... 0
. . . 0

0 . . . 0 1
ZN−NV

⎤

⎥⎥⎥⎥⎥⎥⎦
(4.4.6)

where 1
Zn

equals zero if n corresponds to a node with no impedance behaviour.
The last elements to take into account are the constant voltages set at node level and the constant

current loads in the system. A vector column K of dimensions 1 by (N − NV + L) is defined. The
vector K contains a column of L zeros and a column of constant current elements (N − NV) so that
Ic(n) is taken away if n ∈ NV, as specified in the following equation:
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K =

⎡

⎢⎢⎢⎢⎣

0
...
0
Ic

⎤

⎥⎥⎥⎥⎦
(4.4.7)

The constant voltages are included in a vector Vc of dimensions NV by 1, which is in turn
multiplied by a matrix C, of dimensions L by NV. The matrix C contains the columns taken away
from the incidence matrix F that refer to the nodes with constant voltage and are therefore taken
away from the incidence matrix F when matrix Γ is found. It is therefore possible to say that F is
found combining matrices Γ and C. The two constant vectors have the same dimensions and can
be therefore summed up into a single vector B of known constant values:

B = K + C · Vc (4.4.8)

Finally, the power flow problem can be represented as a linear problem in standard notation as
shown in the following equation:

A · X + B = 0 (4.4.9)

Matrix A is therefore squared and of dimensions (N − NV + L) by (N − NV + L). The solution
vector X is found as shown in equation 4.4.10 below:

X =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

V1
...

VN−NV

I1
...

IL

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= −
[

Γ −R
−Z −ΓT

]−1

· B (4.4.10)

Clearly, the possibility of finding a solution of the problem is limited to the case in which matrix
A is non-singular, therefore invertible. In section 4.5 the different cases in which the solution cannot
be found for the power flow problem will be addressed in more detail.

A direct comparison between the two linearization methods described in section 4.3 can be
now carried out. In fact, the linearization as simple constant current source will require the vector
K to be updated at every iteration, since the value of the linearized current varies. On the other
hand, the linearization method as constant current and impedance in parallel will require that
both matrix A and vector K are updated at every iteration step. Moreover, in this latter case, the
inverse of matrix A needs to be computed as well at every iteration step. This fact makes the first
iteration method less computationally intensive, for each iteration, compared to the second one.
Nonetheless, linearizing as current source and impedance is expected to give an acceptable result
in a lower number of iteration compared to the linearization as only current source.

4.4.1 Application to a simple network topology

In order to answer the research questions, it is relevant to apply the methods previously described
to networks with different nodes behaviours to check if the solution found is correct. Different
checks can be performed to control whether the solution found is correct or not:
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- Check the current balance in the nodes, so that the net current in the network is equal to the
sum of the currents injected to and retrieved from the distribution system;

- Check the power balance of the system, so that the power injected in the grid minus the power
absorbed by the loads is equal to the sum of the ohmic power losses in the lines.

The power flow tool is tested first for the network shown in figure 4.13 below. The network is a
meshed topology with 5 nodes and 6 lines. The network parameters are given in table 4.1 and table
4.2.

Figure 4.13: 5 nodes and 6 lines meshed network

Table 4.1: Simple network topology node parameters

Node # Node type Node parameter
1 Z constant 68 Ω
2 V constant 350 V
3 I constant 4 A
4 P constant 1500 W
5 P constant -800 W

Table 4.2: Simple network topology line parameters

Line # 1 2 3 4 5 6
Resistance (Ω) 0.642 0.642 0.642 0.214 0.428 0.908

In order to solve the power flow problem, matrices A and B needs to be composed according
to what previously explained in the chapter. Depending on the linearization method used, matrix
A does or does not need to be actualized at every iteration step. The oriented incidence matrix, as
defined in section 4.2.1, for this topology is given by:

F =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 1 0 0 0
0 −1 1 0 0
0 0 −1 1 0
0 0 0 1 −1
1 0 0 0 −1
−1 0 1 0 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

(4.4.11)
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Knowing that node 3 has constant voltage, it is now possible to find the solution of the problem
with both linearization methods proposed. In figure 4.14 the main results of the power flow analy-
sis on the simple network are shown: from top left, node voltages, line currents, voltage mismatch
at every iteration step and ohmic losses in the lines.

Figure 4.14: Simple network topology power flow results

The method used to run this simulation is the linearization of power nodes into current source
and impedance in parallel. In this case only two iterations are needed to find a very close approx-
imation of the result, since the tolerance is set to 0.01 V. For a comparison of the methods, using
linearization as constant current source, 3 iterations are instead needed to find the same result. The
power flow results are also summarized in table 4.3 below.

Table 4.3: Simple network topology power flow results

Line # 1 2 3 4 5 6
Line current (A) 3.8286 -3.2788 1.1100 3.1928 -0.8934 0.3888

Power losses (W) 9.4108 6.9018 0.7911 2.1815 0.3417 0.1373
Node # 1 2 3 4 5

Node voltage (V) 347.5420 350 347.8950 348.6077 347.9244

4.4.2 Validation of simple network topology LVDC power flow

In order to validate the results of the model previously described in this chapter, the power system
can be tested against other models already accepted in literature. The dynamic model shown in [21]
has been chosen because of the similarity in how the nodes are modeled. With the same parameters
as in section 4.4.1, the results of the dynamic model can be found in figure 4.15.
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Figure 4.15: Dynamic results for simple network topology for validation

The final results for both node voltages and line currents represent the steady state of the net-
work. As it is possible to see at 0.3 seconds the steady state is reached and the values of voltages and
currents are identical to the results obtained with the power flow tool developed in this chapter. It
is therefore possible to consider the results correct for a simple network. It should be noted that
only the simple network was tested because of the computational burden required by the dynamic
analysis. In any case, the validity of the results can be extended also for more complex topologies,
such as the ones shown in the next section 4.4.3 and later in the thesis in chapter 5.

4.4.3 Application to a complex network topology

The next research question to address is on how to apply the chosen computational method for
LVDC power flow to a complex network topology. In this case we consider a loop neighbourhood
distribution network. The connection to the medium voltage (MV) grid is placed in node one,
which works as a constant voltage. In the rest of the network, loads are represented in red and
can be found as constant power, constant current and constant impedance. On the other hand,
distributed generation is taken into account so that generators in nodes 3 and 17 work in constant
power, while generator in node 7 is set as a droop source with voltage reference set at 350 V and
droop constant at 0.1. This will help stabilize the voltage. On the other hand, because of the high
power requested, the capacity of the source needs to be previously assessed in order to determine
the feasibility of the power dispatch.
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Figure 4.16: Complex network topology with droop and combination nodes

The complete list of parameters used to run the simulation, containing the node types and
parameters, is shown in table 4.4.

Table 4.4: Complex network topology node parameters

Node # Node type Node parameter
1 V constant 350 V
2 Passive [-]
3 P constant 3 kW
4 P constant -2.5 kW
5 Passive [-]
6 Z constant 68 Ω
7 Droop Vre f =350 V, k=0.1
8 Constant P, I and Z -1.4 kW, -4 A, 60 Ω
9 Passive [-]

10 Passive [-]
11 Constant P and I -5 kW, -6 A
12 Constant P, I and Z -3.5 kW, -5 A, 68 Ω
13 Constant P and Z -2 kW, 40 Ω
14 Passive [-]
15 Z constant 120 Ω
16 Passive [-]
17 Constant P 7 kW
18 Passive [-]

In figure 4.17 the results of the power flow analysis can be found.
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Figure 4.17: Simulation results for a complex network with droop and combination nodes

From the results in figure 4.17 it is possible to see the voltage levels in the network, that are
clearly influenced by the distributed generation present in the network. The presence of a generator
with droop control in node 7 helps to stabilize the voltage level around the nominal value. In fact,
the voltage levels remain in the range ± 10% of the nominal value. The highest current is found in
proximity of the droop source because of the quantity of power directly injected in the next nodes
(9.82 kW, as shown in table 4.5). Taking into account the losses, these are only the 4.55% of the total
power generated or injected by the medium voltage grid into the system.

Table 4.5: Complex network topology power flow results

Node # Voltage (V) Power (kW)
1 350 1.38
2 342.68 0
3 344.36 3
4 340.80 -2.5
5 339.55 0
6 341.72 -1.72
7 347.17 9.82
8 339.41 -4.08
9 329.20 0

10 325.42 0
11 324.06 -2.29
12 322.21 -4.04
13 328.68 -4.70
14 331.44 0
15 330.91 -0.91
16 344.63 0
17 348.50 7
18 344.92 0

Line # Current (A) Power loss (W)
1 3.95 20.07
2 3.49 7.84
3 8.71 14.62
4 7.34 13.82
5 4.87 15.23
6 -11.26 24.40
7 28.29 154.19
8 12.01 27.80
9 16.13 166.94

10 19.61 74.08
11 7.08 9.66
12 12.53 40.33
13 -3.49 7.80
14 14.30 39.40
15 2.76 1.46
16 20.54 271
17 20.09 77.71
18 0.46 0.14
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4.5 System solvability analysis
In order to assess the general validity of the computational method previously showed and tested
for simple networks in the previous sections, a series of cases can be considered and simulated to
see how the power flow solver behaves and if the solution is correct. As expressed before, a higher
number of node types are considered in the low voltage DC distribution system of the future. Thus,
network nodes combinations will be evaluated in the next section.

Furthermore, convergence criteria are tested for the two linearization methods previously shown
in order to evaluate for which conditions those computational methods are expected to give the
physically correct solution.

4.5.1 Network nodes combinations

Clearly, different node combinations can lead to a solution or not, depending on how the node
parameters contribute in filling up matrices A and B as described previously in the chapter. We take
now into account four types of nodes: constant voltage (V), constant current (I), constant impedance
(Z) and constant power (P). Even though P nodes are linearized into current or a combination of
current and impedance, it is still relevant to keep this behaviour separated from the other three.
Droop and combination nodes are instead combination of the first three and can be included in the
cases shown.

Networks with all V nodes give a solution, since only the currents need to be computed. On
the other hand, when only I nodes are present, a system with infinite number of solution is found
since the determinant of matrix A is equal to zero, therefore the matrix is not invertible. All Z
nodes represent a network with only (resistive) loads, which thus cannot obviously have a feasible
solution. From a mathematical point of view, the system has only the trivial solution (all voltages
and currents are zero).

Other multi-node combinations are found to give always a solution, except in the case in which
only constant power and constant current nodes are present. In this case, as for the case with only
constant power or with only constant currents, a solution cannot be found since the matrix A is
not invertible. It is possible in fact to see that for both linearization methods previously shown, a
circuit with only constant power sources will not lead to convergence in the power flow analysis.
This result is expected, since it is not possible to account for ohmic losses without knowing a priori
all current levels in the lines. However, an example is here drawn to simulate the case in which
only constant power nodes are present into the system. To do that, we take into account the simple
two-nodes network as represented in figure 4.18.

Figure 4.18: Simple two-nodes network with all nodes behaving in constant power

It is clear that if the constant power sources and loads are modeled as equivalent current nodes,
the system would be over-determined and therefore a solution of the linear equations cannot be
found, just like the case with only constant current sources or loads. A more interesting situation
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occurs when the power nodes are linearized as a parallel of current source and impedance. This
type of linearization, as shown in section 4.3, leads to the following equation:

⎡

⎢⎣
1 −1 −R1

− 1
Z1

0 −1
0 − 1

Z2
1

⎤

⎥⎦ ·

⎡

⎢⎣
V1

V2

I1

⎤

⎥⎦+

⎡

⎢⎣
0

Ic1

Ic2

⎤

⎥⎦ =

⎡

⎢⎣
0
0
0

⎤

⎥⎦ (4.5.1)

The matrix-form equation 4.5.1 can be in theory solved, since matrix A is non-singular and
therefore invertible. Nonetheless, due to the type of linearization, the generic solution will give the
following iteration for voltages and currents:

V(k)
n = 2 · V(k−1)

i ∀i, k (4.5.2)

I(k)i = 0 ∀i, k (4.5.3)

This result is found to be general and it applies for every topology combination. A simulation
result for a network composed of 5 nodes and 6 lines with all power converters in constant power
is shown in figure 4.19. In the figure it is possible to see how voltage mismatches diverge with a
quadratic fashion up to the 30th iteration, when the simulation is interrupted.

Figure 4.19: Divergence in voltage mismatch (V) for a network with all constant power nodes

The option in which only droop nodes are applied, even with different droop constant kI will
give a solution where all the voltages are equal to the voltage reference chosen. Table 4.6 below
shows a summary of the solvable node combinations in a network.
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Table 4.6: Summary of solvability analysis for different node combinations

Node combination Solvability
All V Solution exists
All I Not solvable (det(A) = 0)
All Z Only trivial solution (A · X = 0)
All P Not solvable

V and Z Solution exists
V and I Solution exists
I and Z Solution exists
P and Z Solution exists
P and I Not solvable
P and V Solution exists

U, P and Z Solution exists
U, I and Z Solution exists
U, P and I Solution exists
P, I and Z Solution exists

U, P, I and Z Solution exists

4.5.2 Convergence analysis

As stated previously, it was found in literature that convergence for LVDC power flow should be
guaranteed for any initial guess and for every network regardless of the numerical method used to
solve the problem with fixed-point iterations [31]. Additionally, a unique solution is found, even
though the non-linear nature of the power flow problem leads naturally to more mathematical so-
lutions. In this section a convergence analysis will be carried out for the two linearization methods
proposed.

Among the assumptions for the theorem of uniqueness of the solution, based on the notion of
Banach spaces, there is that the LVDC network needs at least one constant voltage node and at
least one constant power node. Thus, the simple network shown in figure 4.20, which features one
constant power and one constant voltage node, will be used to test the two methods.

Figure 4.20: Simple two-node circuit with constant power load and constant voltage source

Firstly, the linearization of the power node into constant current is tested. Sampling 1000 initial
points, it has been found that in every case the method was leading to convergence towards the
correct solution. In general, the closer the initial point to the actual solution, the less iterations are
needed.

Secondly, the linearization as constant current and impedance in parallel is tested for conver-
gence. In this case the solution found is not unique for every initial guess, even though convergence
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is always obtained. The incorrect solution is generally found when an initial guess is very far from
the condition of "flat start" (i.e. 1 p.u.) for the node voltages. For the case shown in figure 4.20,
this incorrect solution corresponds to the case in which the voltage source V1 is positive and small
enough to still be a mathematically correct although physically an unstable solution.

In any case, one of the results obtained is obviously incorrect and it does not comply with
another of the assumptions for uniqueness of solutions, since it is demanded that voltage levels are
between reasonable minimum and maximum values [31].

4.6 Conclusion
In this chapter an innovative power flow method for the universal direct current distribution grid
was presented and applied first to a simple network, then to a more complex distribution network
including also combination nodes and droop nodes. Furthermore, the solutions of the power flow
were compared to the steady state results obtained from a dynamic model found in literature.

In the last section of this chapter, an analysis of the requirements to obtain a solvable system
was performed. It was found that systems with only current nodes, only impedance nodes or
only power nodes is either not solvable or gives only the trivial solution A·X=0. The only other
combination which do not provide a solution to the system is the one with only constant power
nodes and constant current nodes. Finally, it was found that - as soon as the nodes combination
gives a solvable network - the linearization with constant current gives always a unique solution,
regardless the start point of the voltage iteration. In the case of the constant current and impedance
linearization, this is true only if the start point is not excessively close to zero. It was found, in fact,
that if the initial guess is very low, it is possible that the system will converge to the wrong result.
It is thus recommended to choose a "flat start" of 1 p.u., or a "hot start" derived from a previous
steady state of the system.

In the next chapter, the power flow tool will be applied to the IEEE Low-Voltage Test Feeder in
order to have further testing and insight into the possible applications of the tool.
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Chapter 5

Testing Via IEEE European
Low-Voltage Test Feeder
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This chapter focuses on the study of the IEEE European Low-Voltage Test Feeder and the imple-
mentation of the power flow analysis using the tool developed and presented in the previous chap-
ter. In section 5.2 the test feeder is described together with the steps required to implement it
into the power flow tool environment. In section 5.3 the low voltage DC power flow analysis is
performed and results are interpreted to assess both the network status and the algorithm perfor-
mance over a whole day of simulation. Finally, in section 5.4 conclusions are drawn.

5.1 Introduction
The implementation of the power flow computational method presented in chapter 4 on the IEEE
European Low-Voltage test feeder gives the opportunity to test the analytic tool for a realistic net-
work topology, with realistic cable data and load shapes over one full day. Furthermore, one of the
research questions is how the analytic tool developed would behave when applied to a standard-
ized neighbourhood. A more complete study will be performed in the next chapter, where different
case scenarios for distributed generation and consumption will be presented.
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5.2 Description of the test feeder
The IEEE Test Feeders Working Group provides a number of different topology and the related
data, such as cable parameters and load patterns, in order to benchmark new mathematical meth-
ods for different types of analyses such as power flow, dynamic analysis, etc [42]. It is common in
Europe to find low-voltage systems with a loop or meshed topology, in addition to the classic radial
feeder type. This is different with respect to the case of North America, on which the majority of
test feeders provided by the IEEE are currently based.

The European Low-Voltage Test Feeder is a 416 line-to-line voltage radial system, based on a
topology found in the United Kingdom. The aim of feeder, in an AC system context, is to provide
a system with high load imbalance between the three phases [43], as commonly found in Europe at
distribution level.

5.2.1 Topology analysis simplification

The test network is provided by the IEEE Test Feeders Working Group as a set of .csv files containing
information about bus coordinates, line codes, loads, load shapes, source and transformer at the
MV-LV interface [42]. In particular, about the topology, the network is provided with 906 nodes
(buses) and 905 lines (branches). The number of loads is 55. It is clear that the topology can be
simplified in order to have faster computation, without affecting the results.

The simplification approach is the following: if one node is connected to only other two nodes
(one preceding and one successive), then that node can be deleted and the resistance of the two
lines, now connected into one, can be summed up. On the other hand, if one node is connected
to three or more other nodes, then that node is maintained and it will behave as a passive node
(not generating nor absorbing active power). Figure 5.1 shows a comparison of the IEEE standard
version, in the background, and its simplification in the foreground.

Additionally, it is also shown in literature that such simplification does not affect sensibly the
results outcome [44].
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Figure 5.1: Comparison between IEEE standard version (in the background) and simplified
network (in the foreground) [42]

After the simplification is performed, the feeder presents 55 loads, one MV/LV connection, 112
total nodes and 111 total lines.

5.2.2 Network parameters

The data is provided by IEEE for topology, cables and loadshapes. In particular, cable data presents
resistance R, reactance X and capacitance C, both in the positive and in the zero sequence. Ten
types of cables, with different parameters, are given. As shown in chapter 3 section 3.1.1, only the
resistance is taken into account in the direct current power flow analysis. Table 5.1 below shows
the different types of cables and their resistance value per kilometer of length.

Table 5.1: Cable types and resistance values provided in the IEEE Test Feeder

Cable Type 1 Type 2 Type 3 Type 4 Type 5 Type 6 Type 7 Type 8 Type 9 Type 10
R (Ω/km) 3.97 1.257 1.15 0.868 0.469 0.274 0.089 0.116 0.446 0.332

In figure 5.2 below the simplified version of the test feeder is shown, with numbered nodes and
two different colours for different types of nodes. Node 1, in green, represents the MV-LV connec-
tion with the transmission system. This type of connection is generally implemented with a power
converter (AC to DC or DC to DC) with a constant voltage setting [31], but a droop strategy can be
implemented, as an alternative. Different options for the voltage level to be chosen are available
in literature and have been implemented in experimental setups [45]. For instance, 400 V has been
used for DC data-centers projects. Another example of voltage level is 325 V, which equals the
peak of a 230 V AC system once rectified, and it is therefore a ready solution with available devices
in the market. Finally, 230 V is often chosen because it is the rated phase voltage for household
applications, and it can thus be directly implemented for resistive heating devices. Other lower
voltage levels, such as 48 V, are found in telecommunication systems projects. Nonetheless, for
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the purpose of this test with a Low-Voltage test feeder, a level of 350 V has been implemented as
suggested in recent literature studies [4]. This voltage level is close enough to 325 V but also high
enough to be implemented for distribution systems. Furthermore, 350 V line-to-ground DC volt-
age can be adopted in bipolar architectures to achieve higher voltage levels in a modular way. For
example, industrial loads might require higher power and be therefore supplied with 700 V or 1400
V. This possibility of multiplying the voltage level is important because the standard definition of
low voltage is set at 1500 V, and it cannot be exceeded in a distribution network environment [4].

Figure 5.2: Simplified version of the test feeder with MV-LV connection (in green) and loads (in
red)

The nodes shown in red in figure 5.2 are constant power household loads, as provided together
with the IEEE test feeder. The data is provided as a time-series of one minute accuracy. In figure
5.3 below a 3-D graph showing load number and time of the day is provided. This type of data
visualization is useful to determine at a glance how the loads are distributed along the network
both geographically and during the day. It is found that the daily average load per household is
366 W, with a peak of 14.66 kW, registered in node 7 at 22:47.
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Figure 5.3: IEEE Distribution network loadshapes (one day time)

5.3 LVDC power flow analysis
In this section the power flow analysis is performed on the IEEE European Test Feeder during one
day of simulation. The load data is provided every minute, therefore the number of power flow
computations in one day is 1440. In section 5.3.1 the results of the power flow are shown, so that
different aspects of the grid working conditions can be tested. Namely, voltage levels for power
quality testing, current levels for congestion analysis and power losses in the lines are computed.

In section 5.3.3 the algorithm performance is analysed and a comparison between the two lin-
earization methods implemented in the power flow tool is carried out.

5.3.1 Voltage level analysis and grid response

One of the major concerns in resistive DC distribution grids is whether the voltage levels will
remain within safe limits all along the feeder. In absence of distributed generation and battery sys-
tems, it is expected that, in any load condition, the voltage will show a decreasing fashion moving
from the root towards the end of the feeder. Figure 5.4 below shows the node voltage shapes for
one day simulation.
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Figure 5.4: Node voltage shapes for IEEE test feeder (one day simulation)

The 3-D representation shows the node number on the x-axis, the time of the day in the y-
axis and the voltage level on the z-axis. It is clear that the higher the load levels, the lower will
be the voltage in the nodes. A voltage fluctuation of ± 5% is generally accepted by international
standards for power quality, and it is expected the same will be applied for DC systems. The steady-
state analysis shows that indeed the minimum value of 332.5 V is not reached. The node which is
affected the most by the voltage dips is node 75, one of the furthest from the MV-LV connection.

Figure 5.5: Voltage at most critical node (75) vs total power load (one day simulation)

As it is possible to see from figure 5.5 above, the minimum voltage value for node 75 is expected
to be 334 V, so above the recommended threshold. In the same figure it is also depicted the cumu-
lative load consumption during the whole day of simulation. It is clear that the voltage shape is
directly influenced by the power level in the whole grid.

Another important power flow result is represented by the line currents along all the lines of the
distribution network. For grid planning and congestion analysis purposes it is in fact interesting to
evaluate the current levels and what are the most stressed line in the grid. The current shapes for
the one-day simulation are shown in figure 5.6.
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Figure 5.6: Line currents for IEEE test feeder (one day simulation)

As expected, the highest current levels are found when the load demand is higher and towards
the root of the low voltage feeder, since all the power is retrieved from the medium voltage grid.
The highest current level found in the simulation is 169.97 A through the line connecting nodes 1
and 2, i.e. the one connecting to the medium voltage converter. The time at which this current is
registered is 9:26 AM, which, as it is possible to see from the graph in figure 5.5, corresponds to the
time of highest cumulative power demand. One last direct output of the power flow calculation
are the power losses along the distribution lines. The cumulative losses for one day of simulation
are depicted in figure 5.7 below.

Figure 5.7: Cumulative power losses in the distribution lines on one day of simulation

Clearly, the higher the power demand in the system, the higher the line losses will be. This
is also shown by comparing the losses shape with the behaviour represented in figure 5.5. The
total losses in one day are 6.75 kWh, which amount for 1.40% of the total power load in one day
for the test system (483.91 kWh). This low value can be explained by taking into account the low
resistance values, reported in table 5.1 and the short distances covered by the cables at distribution
level. Moreover, other types of losses, such as power converters losses and grounding losses are
not taken into account in this analysis.

The description of distribution line losses is a relevant outcome of the power flow analysis since
it can be used to assess the grid impact of distributed loads and generators such as electric vehicles
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(EVs), photovoltaic panels and small wind turbines. The just described ohmic loss profile will be
used in the next chapter as reference case in the scenario study with implementation of some of the
above mentioned technologies.

5.3.2 Power flow result accuracy

In order to assess whether the result obtained for the power flow, namely voltage at the nodes
and currents in the lines, is correct, some evaluations based on physical laws can be made. A first
evaluation can be implemented by applying Kirchhoff’s current law in every passive node present
in the IEEE distribution network. As previously stated, of the total 112 nodes 55 are constant power
loads and one is a constant voltage MV to LV connection point. It comes that 56 nodes are passive
and these can therefore be tested to make sure that for every passive node, the sum of the N currents
i flowing to or from it respect the equation:

N

∑
i=1

Ii = 0 (5.3.1)

Since the results obtained are approximated by the linearization, it is expected that the result
will not be exactly zero. Moreover, computational precision must be taken into account since MAT-
LAB has a floating-point relative accuracy of 2.2204e-16 (found by using the command eps for a
’double’ type). Figure 5.8 shows the accuracy of equation 5.3.1 obtained through the power flow
method.

Figure 5.8: Current balance in 55 passive nodes of the IEEE network (one day simulation)

From the figure it is immediately clear that an high accuracy of the node balance, of around
10-13 A, is obtained in all passive nodes and along all day of simulation. Considering that passive
nodes are 50% of the total nodes in the network, the fact that the node balance is guaranteed with
very high precision means that the linearizations methods used to solve the non-linear power flow
problem give very accurate solutions.

A second way to assess the quality of the result is to check that the conservation of power in the
system is guaranteed, according to the following equation:

∑ Ploss + ∑ Ploads − Pinput = 0 (5.3.2)

The Ploss is here related exclusively to the ohmic losses along the distribution lines, since losses
given by the power converters or any other types of losses are neglected in the power flow analysis.
The term Pinput is the amount of power delivered by the medium voltage network through node 1.
The results of equation 5.3.2 are shown in figure 5.9 for the whole day of simulation.
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Figure 5.9: Conservation of power within the distribution system (one day simulation)

Once again, the results are very close to zero, around the order of magnitude 10-11 W, compared
to the power magnitude in the system which is of the order 103 W. The results in figure 5.8 and in
figure 5.9 appear to be related, since a higher accuracy in node balance represent a higher accuracy
in conservation of power and vice-versa. Both patterns follow the increase in cumulative load
power as shown in figure 5.5. This can be explained considering that a higher amount of loads in
the system means a higher amount of power nodes that need to be linearized.

In fact, it is also possible to evaluate the accuracy of the linearization for the constant power
nodes. This is made considering that the threshold chosen for the voltage mismatch vector, as
defined in section 4.3.1, has been set to 0.01 V. In figure 5.10 the different between constant power
(as input value) and the value obtained through linearization over one day of simulation are shown.
Three load nodes have been chosen in order to show three examples with different distances from
the MV to LV connection of the network.

Figure 5.10: Difference between constant power and linearized value over one day simulation for
node 10 (top), node 44 (centre) and node 110 (bottom)

As expected from the previous patterns, a lower linearization accuracy is found when the load
start increasing (around 08:00) and when the load is higher around 18:00. It should be noted that
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a higher distance from the constant voltage reference - in node 1 - translates into a lower accuracy
of the linearization. In the figure the highest relative error is of around 2·10-5 W, an incredibly
low percentage of the power exchanged in the system. This can be explained considering that the
voltage in node 110, for example, is affected by the error present in all preceding feeders and nodes.
A node closer to the voltage reference, e.g. node 10, is less affected by calculation errors.

5.3.3 Algorithm performance analysis

In this section the performance of the power flow tool will be briefly analyzed in order to give an
insight of how the two linearization methods behave and how these can be compared, in order to
address one of the research questions of this thesis. The computer used is a MacBook Pro with
processor 2.6 GHz Intel Core i5. The software used to run the power flow tool is MATLAB 2017b.

First, it is interesting to analyze the simulation time, for one day of simulation, considering both
linearization methods. As previously mentioned, one day of simulation with a 1-minute time span
corresponds to 1440 time points. In order to measure time, the commands tic and toc embedded in
Matlab have been used, as it is suggested to be the best available solution nowadays [46]. Nonethe-
less, the measure is still CPU-dependent and therefore an evaluation of the resolution of the used
hardware is needed. In this case, the average resolution has been found to be 0.000014 seconds.

Figure 5.11: Simulation time for the two linearization methods analyzed (20 samples) and average
values (dashed lines)

Figure 5.11 shows the simulation time using 20 samples, corresponding to 20 full-day simula-
tions. In chapter 4 the two linearization methods implemented in the LVDC were modeled and
explained. It is clear from how the two methods work that linearizing with a current source in
parallel with an impedance will require more time, as opposed to the case with constant power
simplified as a simple current source. The average elapsed time for the two computational methods
are 3.8068 seconds and 5.7037 seconds for the current source and the current source and impedance
linearizations, respectively. The results are also illustrated in table 5.2 below.

Table 5.2: Average computational time for one day simulation

Type of linearization Average computational time
Current source 3.8068 s
Current source and impedance 5.7037 s
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As previously stated, this is mainly due to the fact that the former method requires the inversion
of the coefficients matrix A at every iteration step, since its submatrix Z receives an updated value.
It is thus interesting to see what is the weight of the inverse calculation over the total power flow
computation time for the linerization with current source and impedance. To do so it is necessary
to make use of nested elapsed time measurements implemented in Matlab.

The simulation was run for an entire day in order to evaluate the percentage of time required
for the inversion operation only. It was found that an average of 59% of the computational time
is indeed required for the inverse calculation. This fact partially explains why, as seen in table 5.2,
adding an impedance to the current source increases the computational time by around 50%.

Another interesting analysis can be performed over the number of iterations needed for the two
different methods to reach convergence. To do so the IEEE European Low-Voltage test system was
run for the whole day, thus 1440 times. The results are shown in figure 5.12 for the two types of
linearization so far described. The linearization with current source, even though faster, as seen
previously in this chapter, requires on average more iterations compared to the current source and
impedance type. The histogram shows that the highest occurrence is 4 for the former type, and 3
for the latter.

Figure 5.12: Comparison of iteration number for the two linearization methods analyzed (one day
simulation)

Finally, the analysis will focus on a comparison in computational time and number of iterations
between three types of networks, with increasing number of lines and nodes.
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Figure 5.13: Comparison of average power flow computational time and iteration number for the
two linearization methods analyzed between three topology cases (20 samples)

Figure 5.13 features both the computational time and the number of iterations for the three
topology cases and for the two linearization methods. Case 1 refers to the 5-nodes and 6-lines case
as presented in figure 4.13, while case 2 refers to the 18-nodes and 18-lines case given in figure
4.16, both in chapter 4. Case 3 refers instead to the IEEE European Low-Voltage test system, which
features 111 nodes and 112 lines.

The results depicted in figure show that the number of iterations required for convergence do
not necessarily impact the time needed to perform the computation. The time needed for a sin-
gle power flow computation to be solved is in each case between 0.195 and 0.215 seconds. The
difference is in fact not really evident between case 1 and 2, with actually case 2 slightly faster in
computation. Considering that the number of nodes is not so different between the two cases, it
is possible to affirm that the computational times are almost identical, taken into account a mea-
surement error tolerance. For both linearization types, the third case requires a higher time, even
though the difference is not so emphasized.

It is worth mentioning that these time measurements are done on one single time moment. For
the third case, which as explained before has 1440 time points for a full-day simulation, one cannot
multiply 0.215 seconds times 1440, which would give 309.6 seconds. This result is clearly different
from the results shown in section 5.3.2, which is between 3.8 and 5.7 seconds. This discrepancy can
be explained by the fact that, when the time-series analysis is performed, the input data and the
variables do not need to be re-initialized at every time step, thus reducing the elapsed computa-
tional time.

The second aspect shown in figure 5.13 is the number of iterations. For the most simple case 1,
the two iteration methods require the same amount of iterations, while a higher number is needed
for case 2. Additionally, the convergence for the most complex case 3 is achieved with less iterations
with both iterations. This counter-intuitive result can be explained considering that case 3 is a radial
feeder, while case 2 is - even though weakly - meshed. This fact influences the problem solution
because in the meshed case the state variables are present in more equations, thus increasing the
difficulty in finding the solution by iteration.
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5.4 Conclusion
In this chapter the low voltage DC computational method presented in the previous chapter has
been applied to a standardized neighbourhood provided by the IEEE. Even though the test feeder
is intended for AC systems, it has been possible to run a DC steady state analysis since the data on
the resistance of the cables and the power of the loads were given. Since the test feeder is mainly
a radial topology, it has been possible to have a very fast solution of a one-day simulation with
a one-minute time step. It seems therefore that there is good potential for the DC power flow
tool to be implemented also for other types of analysis, such as market-oriented analyses useful
for distribution system operators (DSOs). In particular, new types of Power Transfer Distribution
Factors (PTDF), nowadays used to indicate the changes in real power in transmission lines given by
power transfers between two regions, can be modeled in order to include grid-code related billing
models for prosumers [47]. This aspect would take into account new factors such as the amount of
current injected and the quantity of line losses introduced in the grid.

Moreover, the power flow tool can be useful in order to help grid planning under different in
different scenarios. The next chapter will focus on this aspects, with the implementation of DC-
native technologies such as PV, battery and EVs in the IEEE standardized distribution grid.
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Chapter 6

Case Study: Implementation of PV
and EVs

Table of Contents
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
6.2 EV load and PV generation modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

6.2.1 EV load modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
6.2.2 PV generation modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

6.3 Case study scenarios . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
6.3.1 Implementation of PV, EVs and DC resistive heating . . . . . . . . . . . . . . 74
6.3.2 Battery implementation in the distribution grid . . . . . . . . . . . . . . . . . 76

6.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

In this chapter a case study is performed in order to evaluate the impact of different DC-native
technologies in the IEEE test feeder previously analysed during chapter 5. In section 6.2 it is re-
ported how EV load and PV generation are modeled. In section 6.3 the case study scenarios are
shown and simulation results are presented and analysed. Finally, conclusions are drawn for the
different scenarios of the case study.

6.1 Introduction
The IEEE European Low-Voltage test feeder is used in order to conduct a case study that imple-
ments photovoltaic (PV) and electric vehicles (EVs) in the distribution network. The aim of the
case study is to assess the utility of the LVDC power flow tool developed for forecasting, operation
and maintenance of future low voltage direct current grids.

6.2 EV load and PV generation modeling
For the case study, two DC-native technologies such as PV and EVs have been chosen to be imple-
mented in the grid in order to asses their impact on voltage profile, line currents and distribution
power losses. PV is already a well established technology which is able to provide a good amount
of power also for residential systems [48]. Electric vehicles, on the other hand, are expected to play
a more important role in the near future due to big investments that car manufacturers are making
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in this years in order to deliver a product with higher battery autonomy in order to relieve any
range anxiety on the drivers [49]. Moreover, the implementation of fast chargers based on DC tech-
nology is already happening and it is believed to have a significant impact on grid stability in the
near future.

Since both technologies - but also batteries and other loads such as resistive heating - are DC-
native, it is possible to imagine that a DC distribution grid would be beneficial in order to imple-
ment these element, reducing the number of conversion steps given by DC to AC converters.

6.2.1 EV load modeling

Electric vehicles introduce high uncertainty in the power grid because of the high number of cars
that can be plugged to the charging station at the same time. Different standards have been in-
troduced in order to accelerate the deployment of electric vehicle technology. The Society of Au-
tomotive Engineers (SAE) standards are U.S. based standards based on six levels: three for AC
charging (with on-board charger) and three for DC charging (with off-board charger). Table 6.1
shows different charging levels for both PHEV (plug-in hybrid) and BEV (battery) technologies.

Another important standard is CHAdeMO, which is designed for modern electric vehicles and
set norms for very fast DC charging (around 50 kW) that are able to recharge up to 80% of the SoC
of the vehicle in around 30 minutes [49].

Table 6.1: SAE Standardized EV charging levels [49]

Charging level Charging rating Charging time

AC level 1 120 V, 1.4 kW, 1.9 kW
PHEV: 7 h (SOC-0% to full)
BEV: 17 h (SOC-20% to full)

AC level 2 240 V, up to 19.2 kW

For 3.3 kW charger:
PHEV: 7 h (SOC-0% to full)
BEV: 17h (SOC-20% to full)
For 7 kW charger:
PHEV: 1.5 h (SOC-0% to full)
BEV: 3.5 h (SOC-20% to full)
For 20 kW charger:
PHEV: 22 min (SOC-0% to full)
BEV: 1.2 h (SOC-20% to full)

AC level 3 >20 kW, single and three phase To be determined

DC level 1 200-450 VDC, up to 36 kW
For 20 kW charger:
PHEV: 22 min (SOC-0 to 80%)
BEV: 1.2 h (SOC-20% to full)

DC level 2 200-450 VDC, up to 90 kW
For 45 kW charger:
PHEV: 10 min (SOC-0 to 80%)
BEV: 20 min (SOC-20 to 80%)

DC level 3 200-600 VDC, up to 240 kW
For 45 kW charger:
BEV (only): <10 min (SOC-0 to 80%)

Among the assumptions made for this case study, SAE DC level 1 as reported in the table has
been taken as reference. Thirteen nodes which do not correspond to households have been chosen
to host the fast DC charging stations that can be used by the car owners in the neighbourhood. Each
charging station can host one car per time and delivers 20 kW of power to the outlet, so that BEVs
can be fully charged in 72 minutes. The car time presence has been randomly selected between
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14:00 and 23:00 in order to simulate car charging when the car owners are back from work. Some
nodes host more than one car per day, so that the total amount of vehicles charged in the day of
simulation is 20. This type of load shaping approach has been also found in literature [50]. Figure
6.1 shows the fast DC charging load during the day and the cumulative load due to the electric
vehicles. The load peaks are found between 19:00 and 22:00 and are equal to 100 kW.

Figure 6.1: Electric Vehicles load with DC charging stations (20 kW) in 13 nodes for one day
simulation

6.2.2 PV generation modeling

In order to simulate the effect of power generation from renewable energy sources, household
PV systems have been collocated in 23 nodes in the network. For sake of simplicity, one type of
module was chosen and simulated for all the household systems. The amount of panels per house
was randomly chosen between 4 and 8 modules per system. The chosen panel is the Panasonic HIT
(330 W) and its main specifications are shown in table 6.2.

Table 6.2: Panasonic HIT VBHN330SJ47 PV module main specifications [51]

Pmax Vmp Imp Voc Isc Efficiency
330 W 58.0 V 5.70 A 69.7 V 6.07 A 19.7 %

The power generated by the PV panels has been calculated taking into account both internal
(panel specifications) and external (weather data) parameters. Ambient temperature, ground tem-
perature and wind speed have been considered in the so-called fluid-dynamic model. This model
aims at calculating the module temperature which affects both the efficiency and the open circuit
voltage (VOC). The other major parameter, the short circuit current (ISC), is mainly influenced by
the sun irradiance [52]. In figure 6.2 the scheme of the PV model implemented can be found. The
climate data used have been retrieved from the Royal Netherlands Meteorological Institute [53]
and are referred to the region of South Holland, in the Netherlands, for the 20th of April 2018. The
weather data has been retrieved in 10-minute basis and then slightly randomized to be fitted in the
per-minute analysis.
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Figure 6.2: Scheme of PV model implemented

The overall installed capacity is 44.55 kW peak and the DC production can be found in figure
6.3. Since the PV systems are interfaced to the distribution network via a DC to DC converter,
this source has been modeled as a constant power source. The DC to DC converter has the aim
of adapting the PV voltage output to the 350 V level and, at the same time, is responsible for
setting the voltage input level of the PV according to the MPPT (maximum power point tracking)
algorithms [52]. It is also assumed that the system is connected to the grid via a net metering billing
framework, which allows self-consumption of the household load when the energy is produced.
In this way, the energy exchanged with the grid is modeled as the difference between load and PV
production.

Figure 6.3: PV power production for single systems and cumulative production over one day of
simulation

6.3 Case study scenarios
For the case study, the IEEE European Low-Voltage test feeder as shown in chapter 5 has been
used. The case study aims at implementing the LVDC power flow tool in order to demonstrate that
it is possible to evaluate the impact on the grid of some DC-native technologies that are believed
to play a fundamental role in the future power systems. Namely, photovoltaic technology, electric
vehicles and DC fast charging, electric resistive heating and battery systems. Figure 6.4 shows a
scheme of an example of DC household. Electric vehicles, PV modules and DC loads (such as LED
lighting) are interfaced via DC to DC converters, while resistive heating is modeled as a constant
impedance. The value of the resistance chosen for all the heating systems is 48 Ω, which deliver a
power of around 2.5 kW when in use.
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Figure 6.4: Scheme of a DC household node with PV production, constant power consumption
(e.g. LED) and resistive electric heating with an EV charging station

Since the process of electrification of heating is expected to be considerable in the next years,
16 households have been randomly selected to have resistive heating as an addition to the elec-
tric power load already present. The battery system consists of four grid-storage sized batteries
positioned at the root of different feeders. The storage systems are interfaced with the grid via
DC to DC converters featuring droop control. Finally, the electric vehicle fast charging stations are
distributed along the grid in nodes that are not households and that can therefore be used by car
owners of the whole neighbourhood. In figure 6.5 it is depicted the IEEE test feeder with all the
components featuring in the different scenarios studied in this chapters.

Figure 6.5: Simplified version of the test feeder with random node choice for the implementation
of EV fast charging stations, household PV systems, resistive heating and battery systems

The case scenarios are structured as follows: the first case features PV and EVs with the addi-
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tion of DC resistive electric heating; while the second and last case features four storage systems
distributed in the network, in addition to the previous case. In each of these two cases the effects
of the PV and EV components are evaluated by adding one component at a time: first base case,
then PV only, EV only and finally both PV and EV. Network voltage shapes are then presented for
each case and a comparison is made also for line power losses between the four cases. Congestion
analysis for each case and scenario can be found in appendix B.

6.3.1 Implementation of PV, EVs and DC resistive heating

The first case examined features the base load-shapes of the IEEE test case seen in chapter 5, with
the gradual addition of PV and EV technologies. Since the power flow method developed in chap-
ter 4 can take into account the different node behaviours that are expected to play an important role
in the power grid of the future, constant impedance nodes are added to the loads. In particular,
16 nodes were randomly selected in order to simulate a penetration of 30% of electric heating at
household level. A resistance value of 48 Ω have been chosen in order to deliver 2.5 kW at the grid
voltage of around 350 V. Two short heating times were selected: one in the morning between 6:30
and 7:30, and one in the evening between 18:30 and 19:30.

Figure 6.6: Node voltage shapes with resistive heating (one day simulation) for only PV (top),
only EV (centre) and PV and EV (bottom)
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The power flow was run for one day of simulation in order to evaluate the impact on the system
voltage for an only PV, an only EV and an PV and EV case. Figure 6.6 shows the voltage shapes for
the three cases.

It is possible to note that the addition of the resistive heating load creates two voltage dips,
that affect all the nodes of the grid, during the two hours of load activity. The voltage increases
rather linearly with the distance from the MV-LV connection, making the furthest nodes the most
affected by the newly added resistive loads. It is possible to see the impact of the photovoltaic
system on the grid, which determines an over-voltage up to 355 V between 11:00 and 15:00, but it
is not really able to create any relief on the voltage dips. Since the resistive load is on top of the EV
load, the result is that in both the graphs in the centre and on the bottom the voltage goes down
to around 310 V for an unacceptable amount of time. In order to guarantee better power quality
and not to compromise the equipment in the distribution grid, it is necessary, in this case scenario,
to provide the grid with other solutions such as smart charging or a storage system in order to
provide flexibility in the energy demand. In the next scenario of the case study a grid-sized storage
system will be introduced and the effects on the grid will be analysed.

Lastly, it is interesting to analyse what are the effects on the power losses when PV and EV
technologies are implemented. Figure 6.7 shows the comparison between the four cases of this
scenario. First of all, the presence of EV charging stations determines much higher losses because
of high power delivered. Second, the PV implementation has - even though limited - capacity to
reduce the losses compared to both the base case and the EV only case. This is possible because the
local generation of electricity reduces the household load and thus the need to retrieve power from
the MV-LV connection.

Figure 6.7: Comparison of the distribution network power losses for the four scenario cases with
resistive heating

A comparison in energy loss over one day of simulation between the four cases can be found
below in table 6.3. It is possible to note that, thanks to the PV local generation, the power loss is
reduced to 30% and 12% with respect to the base and EV only cases, respectively.
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Table 6.3: Energy loss comparison on one day of simulation for the four case scenarios with
resistive heating

Case Energy loss (one day)
Base 11.73 kWh

PV only 8.28 kWh
EV only 50.83 kWh

PV and EV 44.74 kWh

6.3.2 Battery implementation in the distribution grid

Battery systems, for example in MTDC (multi-terminal DC) or microgrid contexts, are usually reg-
ulated in primary control in a decentralized fashion. Decentralized control is a non-communication
control system implemented locally at the power converter level. Batteries normally feature a I-V
droop characteristic as reported in this example. More sophisticated control schemes have been
utilized in order to take into account the battery capacity and the SoC (State of Charge) [54]. For
this case scenario an easier control model has been implemented in order to have a near-zero net
energy exchange on the day. For every scenario the reference voltage Vre f set for the droop con-
trol is slightly lowered from the grid value of 350 V in order to force batteries to charge without
taking directly into account their SoC. The values of voltage reference and droop coefficient have
been found by tuning and simulating, in order to obtain a value close to zero for the total energy ex-
changed in the day, while maintaining a good amount of power exchange with the grid. In table 6.4
below the values are reported for the case with both PV and EVs implemented in the distribution
grid.

Table 6.4: Batteries reference voltage and droop tuning for PV and EVs case

Battery node Voltage reference Droop
Node 14 346.5 V 0.2
Node 47 344 V 0.6
Node 52 343 V 0.6
Node 77 342.5 V 0.2

In figure 6.8 the voltage shapes are shown for one day of simulation and for different scenarios.
It is possible to note that, since the batteries have lower reference levels compared to 350 V, most of
the nodes have slightly lower voltage also in the first hours of the day, when the load is very low.
Nonetheless, the impact of the resistive heating load is lower on the voltage level: the voltage dip
barely reaches the value of 337 V, while it was getting up to 331 V in the case without batteries. The
batteries also help reducing the over-voltages due to PV in the central part of the day.

When the effects of EV charging are also taken into account, the voltage is maintained over the
325 V level, thus ensuring a voltage level closer to the 350 V reference and thus better power quality.
The battery influence is even more evident when PV is employed, where the central part of the day
shows a voltage shape very close to 350 V for the whole network.
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Figure 6.8: Node voltage shapes with resistive heating and batteries (one day simulation) for only
PV (top), only EV (centre) and PV and EV (bottom)

When the losses are taken into account, it is possible to see that, similar to the previous scenario,
the presence of PV is again of relief when an EV load and batteries are present. In fact the losses
are decreased by 27% compared to the case with only EV and batteries. Against the base case with
only household and heating loads, PV panels reduce the losses by 46%. Comparing with the results
of table 6.3, batteries make possible to reduce the energy losses by 45% when both PV and electric
vehicles are present in the system. The result can be found in figure 6.9 and in table 6.5.

Figure 6.9: Comparison of the distribution network power losses for the four scenario cases with
resistive heating and batteries
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Table 6.5: Energy loss comparison on one day of simulation for the four case scenarios with
batteries implementation

Case Energy loss (one day)
Base 8.98 kWh

PV only 4.82 kWh
EV only 33.4 kWh

PV and EV 24.46 kWh

For the most comprehensive case, the one with both PV and EVs, it is interesting to see a simple
and intuitive way of sizing the batteries in the system, depending on their position and control
strategy. As mentioned previously in this section, the control is based on the I-V droop primary
control. Since the battery is controlled in order to charge and discharge of roughly the same amount
over one day of simulation, the simple formula in the following equation has been used:

capacity =
1
2

∫

T
|Pbatt(t)|dt (6.3.1)

where T is the minutes in the day, Pbatt(t) is the power exchanged by the battery during the day.
The power exchanged can be found for the four batteries in figure 6.10.

Figure 6.10: Batteries power exchange for the PV and EV case over one day of simulation

Finally, using equation 6.3.1 the values reported in table 6.6 were found. It should be noted
that the battery sizing should include also the fact that the depth of discharge (DoD) of the battery
cannot be 100% (usually a SoC of less than 15% is not recommended) and the fact that some losses
occur for the battery storage, depending on the amount of power exchanged. Any further battery
sizing concept is beyond the scope of this thesis.

Table 6.6: Calculated needed capacity according to battery power exchange (PV and EV case)

Battery node Capacity
Node 14 39.5 kWh
Node 47 23.3 kWh
Node 52 28.94 kWh
Node 77 76.93 kWh
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6.4 Conclusion
To sum up the content of this chapter, it is possible to take a look at what are the overall effects of
the battery system compared to the scenario without battery. In figure 6.11 the distribution power
losses between the two cases are shown for the day of simulation.

Figure 6.11: Comparison of the distribution network power losses (PV, EVs and resistive heating)
with and without batteries

It is interesting to additionally consider the efficiency of the battery system in this comparison.
It has been calculated that the cumulative energy exchange for one day, in the scenario involving
both PV and EVs, amounts to 337.38 kWh. Commercial grid-size storage systems, such as the ones
provided by the Dutch company Alfen, have a charging and discharging efficiency of 98.6% [55].
In this case the losses coming from the battery are 4.72 kWh. If added to the line losses, the total
losses in the case with battery will become 29.19 kWh. This value is still lower than the case without
battery, which was 40.74 kWh.

Another relevant effect of the storage system is the difference in the amount of power that needs
to be retrieved from the medium voltage grid. As shown in figure 6.12 for the case with both PV
and EVs, there is a peak shaving effect over the amount of power that needs to be taken from
the grid towards the neighbourhood network. Moreover, the presence of the battery results in the
absence of power sent back towards the MV grid, because when the power is in surplus in the
system because of the PV production, this will be stored in the batteries. Overall, the amount of
energy retrieved is 902.44 kWh without the batteries and 886.73 kWh with the batteries. This is not
much of a difference in energy terms, but the lower power peaks will result in lower line congestion
toward the root of the distribution feeder.

Figure 6.12: Comparison of the MV-LV power exchange (PV, EVs and resistive heating) with and
without batteries
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The goal of this chapter was to show how the LVDC power flow tool developed in this thesis
can be used for grid planning purposes and to evaluate the impact of different new components in
the low voltage distribution grids of the future. It was possible to see that, for example, PV imple-
mentation reduces losses because less energy transport is needed, resulting in less line congestion.
Although, massive implementation of PV and EVs would negatively affect the power dispatch,
since higher bi-directional flows are generated [4]. Then, through power flow analysis it has been
determined that uncontrolled EV charging might be a problem in the network because of the high
power demanded (especially for fast DC charging) and the increasing number of the electric ve-
hicle fleet. Among the possible solutions, ToU (Time of Use) tariffs and smart charging could be
implemented [49]. In addition, new market models can be thought in order to manage congestion
through nodal pricing and optimal power flow dispatch [4].

Finally, it was also seen that via steady-state analysis it is possible to evaluate how batteries
can help managing voltage dips and reduce line losses and that power flow analysis could even-
tually help in component choice and sizing in order to properly take into account the needs and
constraints of the network.
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Chapter 7

Conclusions and Recommendations
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The last chapter of this thesis exhibits the main conclusions of the research done. In order to address
them in a clearer way, the research questions will be again proposed and answered in detail. Finally,
recommendations on further work related to power flow in DC grids are provided.

7.1 Conclusions
The conclusions of this thesis are drawn by answering the research questions, previously formu-
lated in chapter 1.

Why is a power flow calculation tool needed for DC distribution grids?

As reported in the introduction chapter, the interest in DC for transmission and distribution net-
work has raised in the last years. The power flow is an essential tool to assess the steady state of
the grid, and thus its voltage levels, current levels and ohmic losses.

What are the different methods shown in literature to perform AC and DC power flow calcula-
tions?

Since the power flow is a highly non-linear problem, different mathematical methods have been
developed in the years in order to find the solution in an iterative way. It has been found that
the methods can be divided into three groups: first, AC methods used in transmission systems;
second, AC methods developed for distribution systems; and third, DC methods. The main com-
putational methods for AC transmission systems are the Gauss-Seidel and the Newton-Raphson
based methods. Methods specifically developed for distribution networks are mainly based on the
backward/forward sweep methods and focus on the radial topology. Last, methods for DC sys-
tems are generally adapted from the AC framework by simplifying the number of unknown state
variables from two (voltage magnitude and angle) to one only: the voltage. These methods are all
generally built in order to comply with systems based on traditional power dispatch.
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What is a suitable method in terms of network adaptability?

It was found that a method based on Kirchhoff’s equations and Ohm’s law can be applied and de-
veloped in order to solve the DC power flow problem taking into account diverse node behaviours.
Three elemental linear behaviours have been identified: constant voltage, constant current and con-
stant impedance. It has been also shown that the non-linear behaviour of the constant power nodes
can be linearized as a combination of the elemental behaviours. Two types of linearization of the
constant power nodes have been presented in the thesis: the first one linearizes the constant power
node as a constant current source by guessing the value of the node voltage; the second type is
obtained by linearizing the I-V behaviour of the node with the concept of negative incremental
impedance.

How can this method be applied to simple network topologies?

In order to apply the method to a simple system topology, it is required to find the oriented in-
cidence matrix of the network and classify the different nodes depending on their behaviour and
state. This approach makes it possible to find a solution also for highly meshed or looped topolo-
gies. It has been found that for a simple network, the proposed method guarantees a fast conver-
gence towards the correct solution. It has been also found that linearizing as a constant current
source guarantees convergence to the correct solution for every starting point, whereas the lin-
earization as constant current and impedance may lead to the incorrect solution - even though only
for near-zero initial guess.

How can this method be generalized for any kind of network?

During the modelling part of the thesis, the first approach was to find the equations for small sys-
tems and then implement a linearization method to obtain a linear system solvable with MATLAB.
The next step was to define a general form that allowed to find the solution of any type of network
meeting the solvability requirements. In order to test the general validity of the method, a number
of different networks has been tested and the results analysed by hand to make sure that the solu-
tion was correct. Any network can be solved if the topology and the data on the different nodes is
known.

How can this method be applied to a standardized IEEE European low-voltage test feeder?

The IEEE European low-voltage test feeder must be adapted to fit the DC framework. In this sense,
the topology is simplified in order to reduce the number of nodes and lines without affecting the
physical results. The line model is reduced to a simply resistive one-line graph. The data on power
consumption of the households is adapted in order to be input into the power flow solver and the
MV-LV connection is set at 350 V. The test feeder is provided with a one-minute time-series for
the power consumption, thus different steady-state calculations are needed to simulate one day of
grid. With the method developed, only around 5 seconds were found sufficient to run one day of
simulation. This shows that the computational method developed in the thesis is fast and efficient,
and that it can be used for a number of diverse analyses.

What are the applications of such tool once implemented?

Through the case study presented in chapter 6, it was possible to assess the utility of the power flow
tool for DC systems. It was seen how the presence of distributed generation, the electrification
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of household heating and the penetration of electric vehicles will affect the grid causing power
quality related issues, such as voltage dips and network congestion. Along with these analyses,
N-1 analysis and the development of new market frameworks can be also thought of.

7.2 Further work and recommendations
In the following section, recommendations on further research on the topic of power flow analysis
for DC systems are concisely presented.

• First, in further work it will be necessary to validate the power flow algorithm also with an
experimental setup;

• In further work the overall analysis might be also including the losses in the power convert-
ers;

• The line model and, subsequently, the line equations can be updated taking into account
the conductance G placed in parallel in order to extend the power flow method with higher
precision to high voltage applications;

• As seen in the case study, in the future DSOs might use this type of analysis in order to better
assess whose distributed generators and loads are contributing more to network losses and
congestion. In this way, targeted billing techniques could be developed in order to give the
burden of the system losses to those prosumers that are responsible for them;

• Since DC distribution grids and microgrids allow different types of network architectures
(like homopolar and bipolar), this aspect should be taken into account in future develop-
ments;

• The results of this thesis and, especially, the power flow tool, can be further used in studies
related to the DC microgrid environment for steady-state analysis.
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Appendix A: Fluid-Dynamic Model

The fluid-dynamic model takes into account different meteorological parameters in order to find
the steady-state module temperature TM of the PV panels. The temperature is derived by consid-
ering conductive, convective and radiation heat exchange between the surface of the panel and the
surrounding area. An overall display of the heat exchange is given in figure A1 below.

Figure A1: Heat exchange between a tilted module surface and the surroundings [52]

Operating a heat transfer balance over the panel, a first order differential equation is obtained.
When a steady-state condition is achieved, the temperature of the module can be expressed by:

TM =
αG + hcTa + hr,skyTr,sky + hr,grTr,gr

hc + hr,sky + hr,gr

where hc, hr,sky and hr,gr are all function of TM and thus the equation needs to be solved by
iteration. Once the temperature of the module has been found, the effects of this on the PV module
performance can be evaluated. In order to do so, first the effects of irradiance GM on the external
parameters of the PV module must be calculated according to:

Voc(25°C, GM) = Voc(STC) +
nkBT

q
· ln
(

GM
GSTC

)

Isc(25°C, GM) = Isc(STC) · GM
GSTC

Pmpp(25°C, GM) = FF · Voc(25°C, GM) · Isc(25°C, GM)

ηmpp(25°C, GM) =
Pmpp(25°C, GM)

GM · AM

Finally, combining the effects of temperature and irradiance, the module efficiency can be found:

η(TM, GM) = η(25°C, GM)[1 + κ · (TM − 25°C)]
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where κ has a typical value of -0.0035/°C for crystalline silicon [52].
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Appendix B: Congestion Analysis

In this second appendix the congestion analysis from the case scenario is shown, in order to more
thoroughly describe how the tool can be used for grid planning and microgrids design purposes.
Figure B1 shows current levels over one day of simulation for the case with only PV, case with only
EV and case with both PV and EV implementation.

Figure B1: Current levels for one day of simulation: only PV (a), only EV (b) and PV and EV (c)

In figure B1 the simulation results are shown for the current levels in the case scenario exposed
in chapter 6. For this first case without battery, it is relevant to note that some bidirectional currents
are present when PV panels are integrated in the systems (sub-figure a). These currents go up to
50 A, while the highest current levels in general can be found closer to the MV-LV connection. As
opposed to the line current graph shown in figure 5.6 - with the base IEEE case - in the central
part of the day the PV panels help relieving line congestion in the upper part of the system. As
expected, in this case the highest currents are present when the resistive heating in the households
is turned on. In sub-figure (b) the EVs are implemented, showing that a much higher current level
- up to 500 A - is required during the charging time. Finally, sub-figure (c) depicts the combined
effects of PV and EVs, showing that, given to the different time in which these two technologies are
affecting the grid, no particular relief is provided by the PV on the total load and thus total current
congestion in the network.
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Figure B2: Current levels for one day of simulation with batteries: only PV (a), only EV (b) and PV
and EV (c)

The second simulated scenario includes four grid-size batteries as implemented in chapter 6.
In figure B2 it is possible to see that the general pattern is the same as in the previous figure.
Nevertheless, the current levels are sensibly lower when the batteries are applied. In fact, maximum
current levels in the case with only PV drops from 200 A to 150 A; in the case with only EV it drops
from 500 A to 370 A; and in the case with both EV and PV the current levels go from 500 A to around
350 A. This shows how battery integration can have positive effects on the distribution network.

Ultimately, this analysis shows how power flow can be implemented in order to assess the
current levels and therefore help in grid planning and distribution grids and microgrids operation.
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Appendix C: Conference Paper
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Abstract -- The steady-state power flow analysis is used in 
electrical engineering to assess the flows of power in the 
network. Most algorithms aim to solve the non-linear power 
flow problem without taking into account characteristics typical 
of future dc networks, such as highly meshed topologies and the 
presence of power electronics interfaces. An innovative power 
flow method has therefore been developed in order to include 
different node behaviors, such as constant voltage, constant 
current, constant impedance, constant power and I-V droop 
control. This paper shows that it is possible to linearize the 
system equations considering the constant power node either as 
a current source or as a parallel of current source and 
impedance. Both methods allow very fast convergence for 
complex meshed networks and can therefore be adopted for 
diverse studies such as market analysis and N-1 redundancy 
analysis, among others. The IEEE European Low-Voltage Test 
Feeder is analyzed to provide an example of the application of 
the power flow method. 

Index Terms -- dc, distribution, microgrid, power flow, 
steady-state. 

I.  INTRODUCTION 
ESEARCH on direct current (dc) systems has earned 
attention among academics and companies in the last 

decade. Several reasons can be addressed to explain this 
renewed interest on the topic. It appears inevitable that an 
energy transition towards renewable sources will take place, 
due to environmental concerns on global warming and 
depletion of traditional energy sources such as coal, oil and 
gas [1]. Nonetheless, this transition will require efforts on 
multiple levels, among which the most important are markets, 
policies and technological advancement [2]. 
 

In the last decade renewables have started playing an 
important role, which is expected to consolidate in the next 
20 years [3]. In this framework, PV (photovoltaic), batteries, 
EVs (electric vehicles) and wind turbines play a vital role. 
Since three of the four above mentioned technologies produce 
a dc output [2], the implementation of a dc grid at medium 
and low voltage level becomes technically and economically 
viable [4]. Moreover, at consumption level, several loads are 
becoming more and more dc-based: LEDs for low power 
lighting, laptops and smartphones that can be charged 
through USB connection, electric vehicles with re-chargeable 
batteries, internet servers and data centers, marine and naval 
shipboard power systems. All these appliances can more 
efficiently be applied in direct current grids and it is expected 
that an even more massive dc-fication of society will take 
place in the next decades [4], [5]. 
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The power flow problem consists of finding the steady-

state operating point of an electric power system. More 
specifically, given the load in the buses and the power 
supplied by generators, the goal is to obtain all bus voltages 
and power flowing through all network components [6]. The 
power flow analysis is the most widely used for operating and 
planning, either as a stand-alone tool or as a sub-problem in 
complex processes such as stability analysis, optimization 
problems, flow-based market simulations, N-1 security 
assessment among others [7]. 

 
The contribution of this paper is the development of a 

power flow method for dc distribution systems that takes into 
account the behavior of the power grid of the future. In 
particular, the tool presented here provides the steady-state of 
the power system with constant voltage, current, impedance 
and power sources and loads, as well as droop control 
behavior. Moreover, the power flow calculation is possible 
for highly meshed networks and it is characterized by high 
computational speed and accuracy. 

 
This paper is organized as follows: In Section II the lumped 

element line models used for distribution and transmission 
grids are shown and the three most common computational 
methods to solve the dc power flow problem are assessed. 
Section III introduces the power flow method developed in 
this paper. Section IV presents two methods for linearizing 
the power flow equation. Section V contains the application 
of the method to the IEEE European Low-Voltage Test 
Feeder. Finally, conclusions are drawn in Section VI. 

II.  REVIEW OF POWER FLOW METHODS 

A.  Line Model 
Transmission and distribution lines can be described and 

modeled to take into account the electromagnetic phenomena 
involved [8]. In Fig. 1 below, three of the most used models 
for single distribution lines are shown. Models with multiple 
lines need to take into account additional effects given by 
wire coupling. Among these effects, it is possible to mention 
leakage resistance and mutual inductance.  

 
Fig. 1.  Gamma, pi and T lumped element model for distribution grids [8]. 
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The effects given by R, L, C and G are spread all along the 

line. The lumped element theory, instead, concentrates the 
properties of each of these characteristic into one component.  

 
All the lumped element models shown in Fig. 1 can be 

solved with differential equations in order to describe the 
dynamic effects [8]. Since the power flow problem is a steady 
state analysis of the network behavior, it is possible to 
consider all the time variant behaviors as constant. 
Furthermore, since the scope of this paper is to provide a 
power flow method for distribution systems, the conductance 
G can be neglected. This is possible given that distribution 
lines exhibit a very high R/G ratio. Therefore, in the steady-
state model the line can be considered as a simple resistor. 

B.  Computational Methods 
Three computational methods have mainly been used in 

literature for dc power flow analysis, namely: the Gauss-
Seidel method, the Newton-Raphson method and the 
Backward/Forward sweep method [6], [7], [9]. 

 
The Gauss-Seidel method is based on a simple fixed-point 

iteration process [6], [9]. In general, a non-linear equation f(x) 
is re-arranged in order to have the form x = F(x). The 
variable x, representing the voltages, appears on both sides of 
the equation: on the left side, the updated value (k) needs to 
be found by using the old value (k-1) of voltage on the right 
side. The voltage values are updated for all nodes (except the 
slack node) at every iteration step, and the iterations are 
stopped when the voltage mismatch between the current and 
old values are below a given threshold. 

 
The Newton-Raphson method allows to find the solution 

of the power flow by reducing the power mismatch between 
the specified and calculated power at the network nodes. To 
do so, the power mismatch equation is approximated with a 
Taylor series and, thus, the Jacobian matrix is used to obtain 
a relation between power and voltage mismatches. The 
voltages are updated and the Jacobian needs to be calculated 
and inverted at every iteration step, although some 
simplifications of the method are commonly used to avoid the 
computational burden related to the matrix inversion [6], [7]. 

 
The Backward/Forward sweep method has been 

successfully implemented in literature for studies on radial or 
weakly meshed distribution networks [9]. The in-feed bus, or 
root, is used as slack bus with known and constant voltage. 
Starting from the last bus and moving backward towards the 
root, the current injections are calculated dividing the given 
power by the voltage. The voltage at the load buses is not 
known, and thus an initial guess is made. Then, starting from 
the root and forward towards the load branches, the voltage 
values can be calculated applying Ohm’s law, until the result 
is opportunely approximated. 

 
Fig. 2 shows a simple distribution system with three nodes 

and two lines. Node 1 is at constant voltage set at 350 V. 
Nodes 2 and 3 are connected to constant power loads, 
consuming respectively 800 W and 750 W. The resistance of 
the lines are 0.642 Ω	and 1.284 Ω, respectively. 

 

 
Fig. 2.  Radial distribution feeder example with three nodes and two lines.  

 
Fig. 3 shows the comparison of the voltage trajectory and 

the number of iterations needed to find the solution of the 
problem in Fig. 2. 

 
Fig. 3.  State variable (voltage) trajectory for the two node voltages with three 
different power flow methods.  

 
These three methods can only be adopted in network with 

both constant voltage (slack) and constant power nodes. 
Nonetheless, it is expected that the power grid of the future 
will feature also other node behaviors [8], [10], [11]. Thus, a 
power flow method for dc systems, that can be adopted in 
such network, is developed in the next sections.  

III.  DC POWER FLOW 

A.  Three Node Behaviors 
Three elementary linear node behaviors can be modeled for 

dc networks: constant voltage, constant current and constant 
impedance behavior, depicted in Fig. 4. Note that the term 
impedance is used to differentiate from the line resistance, 
but in dc systems these two are equivalent. It will be shown 
that all the possible node behaviors can be modeled as 
combinations of these three elementary behaviors [8], [11].  
 

 
Fig. 4.  Three elemental nodes behaviors: constant voltage, constant current 
and constant impedance. 
 

For each constant voltage node in the network, the number 
of unknown state variables reduces by one. On the other hand, 
two sets of equations are used to model the constant current 
and impedance behaviors. One set of equations represents the 
current balance at every node i with a constant impedance 
behavior expressed by Zi (in Ω): 

 

# Ij 	− 	
Vi

Zi
= 0

&
, (1) 

 
 where Ij are the currents in the j lines connected to the node 
i and Vi is the voltage in that node. 
 
  The second set of equations is applied for every node i with 
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a constant current behavior ICi and it is a node balance as 
represented by  

#Ij + ICi = 0
&

. (2) 

 
A linear combination of (1) and (2), for instance, allows to 

model the I-V droop control as in (3). It is in fact possible to 
model the I-V droop as a Norton-equivalent circuit with a 
current source IC,ref - found dividing the reference voltage by 
the droop coefficient kI - and an impedance with value kI 
placed in parallel:  

IC,droop =
V− Vref

kI
= V

kI
− IC,ref		, (3) 

 
where Vref is the voltage reference set in the droop 

controller, while IC,droop is the current effectively drawn or 
delivered by the power converter. 
 

B.  Proposed Method 
The network can be completely described when in the 

model are taken into account both physical and topological 
characteristics. The latter element can be simply imported in 
form of oriented (or directed) incidence matrix. The incidence 
matrix F is a matrix with dimensions L by N, where L is the 
number of lines and N the number of nodes in the network. 
The incidence matrix is defined as a sparse matrix with the 
elements as: 
 

F(i,j) = 0
-1, if current flows from node i to j
1, if current flows from node j to i
0, otherwise	.

(4) 

  
Taking into account the incidence matrix and the resistive 

line model, it is possible to find that the line balance (Ohm’s 
law) in every line can be expressed in matrix form by 

 
F ∙ UN −R ∙ IL 	= ∅  , (5) 

 
where UN is the vector of all the node voltages, IL is the 

vector of all the line currents and R the diagonal matrix of 
the line resistances. Similarly, taking into account (1) and 
(2), the node balance at every node can be written in matrix 
form as 

 
IC − FT ∙ IL − Z ∙UN = ∅  , (6) 

  
where IC is the vector of all the constant current nodes and 

Z is the vector of node impedances. 
 
Considering (5) and (6) as a linear system of equations, 

the power flow problem can be represented in standard 
notation as  

 
A ∙X + B = ∅		, (7) 

 
where the matrix of coefficients A is defined as 

 
A	 = 	 3 Γ −R

−Z −ΓT4		 . (8) 
 

A is a square matrix with dimensions (N – NV + L) by (N 
– NV + L), divided into four sub-matrices as shown in (8). 

Matrix Γ is a reduced version of the oriented incidence matrix 
F with dimensions L by (N – NV). In matrix Γ the columns 
corresponding to nodes with constant voltage behavior are 
taken out. Sub-matrix R, as shown in (5), is a diagonal matrix 
where the diagonal elements are the line resistances, so that: 
 

R	 = 	 5
R1 0 ⋯ 0
0 ⋱ ⋱ ⋮
⋮ ⋱ ⋱ 0
0 ⋯ 0 RL

9		. (9) 

 
Submatrix Z is a diagonal matrix, where the diagonal 

elements are the inverse of the node impedances, zero if the 
node does not have any impedance load. As for the matrix Γ, 
also Z is reduced, as the columns corresponding to the 
constant node voltages are taken out. Z is square and has 
dimensions (N – NV) by (N – NV): 
 

Z	 = 	

⎣
⎢
⎢
⎢
⎢
⎢
⎡ 1
Z1

0 ⋯ 0

0 ⋱ ⋱ ⋮
⋮ ⋱ ⋱ 0

0 ⋯ 0
1

ZN-NV⎦
⎥
⎥
⎥
⎥
⎥
⎤

		. (10) 

 
The last elements to take into account are the constant 

voltages set at node level and the constant current loads in the 
system. A vector column K of dimensions 1 by (N – NV + L) 
is defined. The vector K contains L zeros and (N – NV) 
constant current elements. This reflects the fact that the 
elements corresponding to constant voltage nodes are taken 
away. The constant voltages are included in a vector VC of 
dimensions NV by 1, which is in turn multiplied by a matrix 
Ψ, of dimensions L by NV. The matrix Ψ contains the 
columns of the incidence matrix F that refer to the nodes with 
constant voltage. It is therefore possible to say that F is found 
combining matrices Γ and Ψ. The two constant vectors have 
the same dimensions and can be therefore summed up into a 
single vector named B of known constant values defined 
 

B =  K +  Ψ ∙VC	. (11) 
 

From (7), the solution vector X is found as shown in (12): 
 

X = @UN
IL
A = −A-1·B		. (12) 

 
Clearly, the possibility of finding a solution of the problem 

is limited to the case in which matrix A is non-singular, 
therefore invertible. 

IV.  TWO LINEARIZATION METHODS 
Since the power flow is a non-linear problem, it is 

necessary to linearize the equations of the constant power 
nodes, which relate the voltage of the i-th node to the current 
of all the lines connected to it as expressed in 

 

Vi ∙ B# Ij
&

C + Pi = 0	. (13) 

 
Two methods of linearizing (13) are given in this paper. 
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A.  Linearization as Current Source 
The first method is found by rewriting (13) dividing both 

parts of the equation by Vi, as shown in (14). In this way the 
nodal information is stored in one single variable, which can 
be conceptualized as a current source as shown in Fig. 5, 
providing 
 

# Ij +
Pi

Vi
= 0

&
. (14) 

 
An initial guess Vi(0) is used to start the iteration process 

and find a current source as in  
 

ICi
(0) =	 Pi

Vi
(0) 	 . (15) 

 
The current source defined in (15) can be included in the 

linear equations for the current node balance and, once the 
system is solved, a new value Vi(1) is found. Convergence is 
checked for all node voltages against an arbitrary tolerance. 

 

B.  Linearization as Current and Impedance in Parallel 
The second linearization method tested is based on the 

concept of negative incremental impedance for a constant 
power behavior in the I-V framework [12]. This type of 
linearization guarantees convergence for a higher number of 
network combinations when compared to the previous 
linearization method (e.g. a network with only constant 
power and constant impedance nodes). In this case the 
constant power node is linearized as a node with constant 
current source and impedance placed in parallel, as shown in 
Fig. 5. From this, we know that (16) holds true for the current: 
 

IS = −IC + 
VS

Z
	 . (16) 

 
Where VS is the voltage at the power converter node, IC is 

the value of the current source and IS the total current actually 
delivered by the converter.  

 
From the concept of negative incremental impedance it is 

possible to find that 
 

1
Z
	 = 	 dIS

dVS
	 = 	 d

dV
D− P

VS
E 	 = 	 P

VS
2 	 . (17) 

 
If a correct solution value of the voltage VS, which will be 

called V0, is guessed, it is possible to find that 
 

IS	 = 	 − P
V0
	 = 	 − IC	 + 	

V0

Z
	 . (18) 

 
Substituting (17) into (18), we obtain the following 

equation for the current injected by the current source 
 

IC	 = 	2 P
V0
	 . (19) 

 
With this equation we are back at the behavior described 

in equation (16), but in this case we have defined values for 
both IC and Z, which depend on P (known node information) 
and VS, that needs to be found with an iterative process. In 

order to do so, IC and Z are then both used in the computation 
imported into the matrix A as defined in (8). 

 
Fig. 5.  Constant power linearization as current source (on the left) and as 
current source with impedance in parallel (on the right).  
 

C.  Comparison of the Linearization Methods 
A direct comparison between the two linearization 

methods previously described can be now carried out. In fact, 
the linearization as simple constant current source requires 
the vector K to be updated at every iteration, since the value 
of the linearized current varies. On the other hand, the 
linearization method as constant current and impedance 
requires that both matrix A and vector K are updated at every 
iteration step. In the latter case, the inverse of matrix A needs 
to be computed as well at every iteration step. This operation 
makes the first iteration method less computationally 
intensive, for each iteration, compared to the second one. 
However, linearizing as current source and impedance has 
proven to give acceptable results in a lower number of 
iterations, compared to the linearization as only current 
source. 
 
 Fig. 6 shows the results from the example previously 
shown in Fig. 2. It is possible to see the number of iterations 
needed to solve the small three-nodes two-lines network is 
between 2 and 3. This makes the developed method 
comparable to the Newton-Raphson in terms of number of 
iterations, as seen in Fig. 3. 

 
Fig. 6.  State variable (voltage) trajectory for the two node voltages with the 
two linearization methods proposed.  
 
 However, some special cases can be drawn since it is not 
possible to find a solution for every combination of nodes in 
the system. If all nodes are constant power nodes, the 
computation will not converge to a solution, regardless of the 
type of linearization used. Moreover, a system with only 
constant current nodes is also not solvable, because the matrix 
A would be singular and therefore not invertible. This holds 
true for any computational method, since the power flow, in 
general, requires at least one constant voltage (or slack) node 
to balance the losses along the lines [6], [9], [11]. 

V.  APPLICATION TO THE IEEE EUROPEAN LOW-VOLTAGE 
TEST FEEDER 

The implementation of the power flow method presented 
in this paper on the IEEE European Low-Voltage test feeder 
gives the opportunity to test it for a more realistic network 
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topology, with more realistic cable data and load shapes over 
one full day, with a one-minute accuracy.  

A.  Description of the test feeder 
The European Low-Voltage Test Feeder is a 416 line-to-

line voltage radial system, based on a topology found in the 
United Kingdom [13]. The test network is provided by the 
IEEE Test Feeders Working Group and contains information 
about bus coordinates, line codes, loads, load shapes, source 
and transformer at the MV-LV interface. In particular, about 
the topology, the network is provided with 906 nodes (buses) 
and 905 lines (branches). The number of loads is 55. It is clear 
that the topology can be simplified in order to have faster 
computation, without affecting the results [14]. 

 
The simplification approach is the following: if one node 

is connected to only other two nodes (one preceding and one 
successive), then that node can be deleted and the resistance 
of the two lines can be summed up. On the other hand, if one 
node is connected to three or more other nodes, then that node 
is maintained and it will behave as a passive node (not 
generating nor absorbing active power). In Fig. 7 the 
simplified version of the test feeder, with 111 nodes and 112 
lines, is shown with different types of nodes. 

 

 
Fig. 7.  IEEE European Low-Voltage Test Feeder simplified topology, with 
node numbers and node behaviors: constant voltage (in green), constant 
power loads (in red), constant impedance heating (circle) and droop-control 
batteries (triangle). 
 

Node 1, in green, represents the MV-LV connection with 
the transmission system. This type of connection is generally 
implemented with a power converter (ac-to-dc or dc-to-dc) 
with a constant voltage setting [11], but a droop control can 
be implemented as an alternative.  

 
In addition to the load-shape provided by IEEE, a constant 

impedance load of 48 Ω was added in parallel in order to 
simulate the behavior of electric resistive heating. The load 
was added between 6:30 and 7:30 in the morning and between 
18:30 and 19:30 in the evening, as typical heating times.  

 
Four grid-sized battery systems with droop control are also 

present in the network, as shown in Fig. 7. The reference 
voltage and droop coefficient are reported in Table I. 

 
TABLE I 

Batteries reference voltage point and droop coefficient 
Voltage reference Droop coefficient 

350 V 0.2 

Many different choices for the constant voltage at the 
substation are available in literature and have been 
implemented in experimental setups [15]. For the purpose of 
this test, a level of 350 V has been used as suggested in recent 
literature studies [4]. A voltage level of 350 V line-to-ground 
dc voltage can be adopted in bipolar architectures to achieve 
higher voltage levels in a modular way. For example, 
industrial loads might require higher power and be therefore 
supplied with 700 V or 1400 V. This allows to keep the 
distribution network voltage level under the standard 
definition of low voltage, which is set at 1500 V [4]. 

B.  Application of the proposed power flow method 
One of the major concerns in dc distribution grids is 

whether the voltage levels will remain within limits all along 
the feeder. In absence of distributed generation it is expected 
that, in any load condition, the voltage will show a decreasing 
fashion moving from the substation towards the end of the 
feeder. Fig. 8 below shows the node voltage shapes for one 
day simulation. 

 

 
Fig. 8.  Node voltage shapes for the IEEE test feeder (one day of simulation). 
 

It is clear that the higher the load levels, the lower will be 
the voltage in the nodes. A voltage fluctuation of ±5% is 
generally accepted by international standards for power 
quality, and it is expected the same will be applied for dc 
systems. The steady-state analysis shows that indeed the 
minimum value of 332.5 V is not reached. The node which is 
affected the most by the voltage dips is node 106, one of the 
electrically furthest nodes from the MV-LV connection. 

 
Another important power flow result is represented by the 

line currents along all the lines of the distribution network. 
For grid planning and congestion analysis purposes, it is in 
fact interesting to evaluate the current levels and what are the 
most stressed line in the grid. The current shapes for the one-
day simulation are shown in Fig. 9.  

 
Fig. 9. Line currents for the IEEE test feeder (one of day simulation). 

 
As expected, the highest current levels are found when the 

load demand is higher and towards the root of the low voltage 
feeder, since most of the power is retrieved from the medium 
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voltage grid. The highest current level found in the simulation 
is  122.89 A through the line connecting nodes 1 and 2, i.e. 
the one connecting to the medium voltage converter. 
Negative current is present due to the battery systems in the 
network, which introduce bi-directional flows. 
 

One last direct output of the power flow calculation are the 
power losses along the distribution lines. The cumulative 
losses for one day of simulation are depicted in Fig. 10. 
Clearly, the higher the power demand in the system, the 
higher the line losses will be. The description of distribution 
line losses is a relevant outcome of the power flow analysis 
since it can be used to assess the grid impact of distributed 
loads and generators such as electric vehicles (EVs), 
photovoltaic panels and small wind turbines. 

 
Fig. 10.  Cumulative power losses in the distribution lines on one day of 
simulation for the IEEE test feeder. 
 
 Table II shows the average computation time - over 20 
samples - needed to run the power flow algorithm in 
MATLAB for the 1440 time steps provided for the IEEE 
European Low-Voltage Test Feeder. The two types of 
linearization show rather different results. This can be 
explained by the fact that linearizing as current source and 
impedance requires an update of matrix A and, as a result, the 
inversion of this matrix at every iteration step. It has been 
determined that the sole inversion amounts for around 48% 
of the computation time. The computer used is a MacBook 
Pro with 2.6 GHz Intel Core i5. 

 
TABLE II 

Average computational time for one day of simulation 
Type of linearization Average computation time 

Current source 3.8068 s 
Current source and impedance 5.7037 s 

 

VI.  CONCLUSIONS 
It was found that a method based on Kirchhoff's equations 

and Ohm's law can be developed in order to solve the dc 
power flow problem taking into account diverse node 
behaviors. Three elementary linear behaviors have been 
identified: constant voltage, constant current and constant 
impedance. It has also been shown that the non-linear 
behavior of the constant power nodes can be linearized as a 
combination of the elemental behaviors. Two types of 
linearization of the constant power nodes have been presented 
in this paper: the first one linearizes the constant power node 
as a constant current source by guessing the value of the node 
voltage; the second type is obtained by linearizing the I-V 
behavior of the node with the concept of negative incremental 
impedance. The method is applied by finding the oriented 
incidence matrix of the network and classify the different 
nodes depending on their behavior and state. This approach 
allows to find a solution also for meshed or looped topologies.  
 The IEEE European Low-Voltage Test Feeder was used to 
evaluate the power flow tool. In order to adapt the test feeder 
to the dc framework, the topology is simplified in order to 

reduce the number of nodes and lines, without affecting the 
results. The line model is reduced to a simply resistive one-
line graph. The data on power consumption of the households 
is adapted in order to be input into the power flow solver and 
the MV-LV connection is set at 350 V. The test feeder is 
provided with a one-minute time-series for the power 
consumption, thus different steady-state calculations are 
needed to simulate one day of grid. To prove the adaptability 
to different node behaviors, resistive heating with constant 
impedance and batteries with droop control have been also 
implemented in the network. With the method developed, 
only around 5 seconds were found sufficient to run one day 
of simulation. This shows that the computational method 
developed is fast and efficient, and that it can be used for 
diverse analyses. 
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