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Abstract The 6 j-symbols for representations of the g-deformed algebra of polyno-
mials on SU(2) are given by Jackson’s third g-Bessel functions. This interpretation
leads to several summation identities for the g-Bessel functions. Multivariate g-Bessel
functions are defined, which are shown to be limit cases of multivariate Askey—Wilson
polynomials. The multivariate g-Bessel functions occur as 3nj-symbols.

Keywords Jackson’s third g-Bessel function - 6j-symbols - 3nj-symbols -
Multivariate g-Bessel function - Quantum algebra representations

Mathematics Subject Classification 33D45 - 33D50 - 33D80 - 81R50

1 Introduction

It is well known that Wigner’s 6j-symbols for the SU(2) group are multiples of
hypergeometric orthogonal polynomials called the Racah polynomials. Similarly,
6j-symbols for the SU(2) quantum group can be expressed in terms of g-Racah
polynomials, which are g-hypergeometric orthogonal polynomials. With this inter-
pretation, properties of 6 j-symbols such as summation formulas and orthogonality
relations lead to properties of specific families of orthogonal polynomials, see
e.g., [21,22, Chaps. 8, 14].

In this paper, we consider 6 j-symbols for representations of the g-deformed algebra
of polynomials on SU(2). This algebra has as irreducible representations the trivial one,
and a family of infinite-dimensional representations which disappear in the classical
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limit. The 6j-symbols for tensor products of three infinite-dimensional representa-
tions can be expressed in terms of Jackson’s third g-Bessel functions [8]. Note that,
different from the classical 6 j-symbols, these are not polynomials. We consider three
fundamental identities for 6 j-symbols (see e.g., [1]): Racah’s backcoupling identity,
the Biedenharn—FElliott identity and the hexagon identity. These identities are obtained
by decomposing 3- or 4-fold tensor product representations in several ways. To keep
track of the order of decomposing the representations, it is convenient to identify cer-
tain vectors in the representation spaces with binary trees. Then the 6 j-symbols can be
considered as coupling coefficients between two of these trees. The identities we obtain
can be interpreted as summation identities for g-Bessel functions. We remark that the
hexagon identity implies that the g-Bessel functions are matrix elements of an infinite-
dimensional solution of the quantum Yang-Baxter equation (or, the star-triangle
equation in IRF-models), see e.g., [10], which should be of independent interest.

We also consider specific 3nj-symbols, which may naturally be considered as mul-
tivariate ¢-Bessel functions. The one variable g-Bessel functions fit into an extended
Askey-scheme [15] of orthogonal g-hypergeometric functions; the original (¢-)Askey-
scheme [12] consists of (g-)hypergeometric orthogonal polynomials. We will show
that the multivariate g-Bessel functions fitinto an extended Askey-scheme of multivari-
ate orthogonal functions of g-hypergeometric type, by showing that the multivariate
q-Bessel functions can be obtained as limits of the multivariate Askey—Wilson poly-
nomials defined by Gasper and Rahman [4], which are the g-analogs of Tratnik’s
multivariate Wilson polynomials [19]. The multivariate Askey—Wilson polynomials
can be thought of as being on top of a scheme of multivariate orthogonal polynomials;
several limit cases are considered in [4,5,9]. Geronimo and Iliev [ 7] obtained multivari-
ate Askey—Wilson functions generalizing the multivariate Askey—Wilson polynomials,
which should be on top of the extended Askey-scheme. Several families of orthogonal
polynomials in this scheme and its ¢ = 1 analog are connected to tensor product
representations and binary coupling schemes, see e.g., Van der Jeugt [20], Rosengren
[17], Scarabotti [18], and a recent result [6] by Genest et al.

This paper is organized as follows: In Sect. 2, the quantum algebra A, (SU(2))
and its representation theory are recalled. In Sect. 3, it is shown that the 6 j-symbols
are essentially g-Bessel functions, using a generating function for g-Bessel functions.
Using binary trees, we obtain the fundamental identities for 6 j-symbols, leading to
summation formulas for the g-Bessel functions. In Sect. 4, we first define multivariate
q-Bessel functions as nontrivial products of g-Bessel functions, and we prove orthog-
onality relations. Then we show that these multivariate g-Bessel functions occur as
3nj-symbols, and use this interpretation to find a summation formula.

Notations We use N = {0,1,2,...} and we use standard notation for g-
hypergeometric functions as in [3].

2 The quantum algebra A, (SU(2))

Let g € (0, 1). The g-deformed algebra of polynomials on SU(2) is the complex
unital associative algebra A, = A, (SU(2)) generated by «, 8, y, 8, which satisfy the
relations
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3nj-symbols and identities for g-Bessel functions 319

af =qBa, ay =qya, BI=qdB, ydI=qdy,
By =B, ad—qBy =1=23a—q 'By. @2.1)

Ay is a Hopf-x-algebra with x-structure and comultiplication A defined on the gen-
erators by

ot =8, Br=—qy. v =—q'B §=uqa, (2.2)
Al@)=a®@a+BQ®y, AP)=a®p+PRSI,
AY)=yQ®@a+éQy, AB)=5Q05+y QB. (2.3)

An irreducible s-representation of 4, is either 1-dimensional or infinite-dimensional.
The infinite-dimensional irreducible x-representations are labeled by ¢ € [0, 2r),
and we denote a representation by . The representation space of 7y is ¢2(N). The
generators «, f8, y, 6 act on the standard orthonormal basis {e, | n € N} of 22(N) by

Ty(@) e, = /1 —q* ey,

nd)(ﬁ) ép = _efi¢>qn+l €n
T (¥) en = €%q" ey,

7y (8) en = vV 1 - q2"+2€n+1-

Note that, 7y (y8) is a self-adjoint diagonal operator in the standard basis.

3

Remark 2.1 In this paper, we consider tensor products of 7. We could also consider
the representation 7y, ® 7g,, but this would not lead to more general results in this
paper, because representation labels only occur in phase factors; see [8, §II.A]. The
representation space of the tensor product representation is the Hilbert space comple-
tion of the algebraic tensor product of copies of £2(N).

Let o : ¢2(N) ® ¢2(N) — ¢2(N) ® ¢2(N) be the flip operator, the linear operator
defined on pure tensors by o (v; ® v2) = v2» ® vi. We write

T2 = (Mo ® M)A, 721 = OM120.
For three-fold tensor product representations, we write
m123) = (Mo ®@ 1o @ M) (1 @ A)(A),  m(2)3 = (7m0 ® 70 @ 7o) (A @ 1)(A).

Since A is coassociative, we have m1(23) = 7(12)3.
From (2.3), one finds

Ay =g "AB) = - ' (B @ ad +ya @ af + 58 @ y8 + da @ yp).
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320 W. Groenevelt

Using this, eigenvectors of 712(y y*) can be computed (see [8] for details): for p € Z
and x € N define

12
€x.p— Z Cx,m,n enm ® ey,

n,meN
n—m=p

where we assume e_,, = 0 forn > 1, then nlg(yy*)ei?p = qzxe)lc?p. The Clebsch—
Gordan coefficients Cy ,, , can be given explicitly in terms of Wall polynomials, see
[12], which are defined by

"0
pn(qx;a;q)=z<m< » ;q,qx“)

1

(_a)nan(n+1) qﬂl7 qfx qx

= W 200 v 4, 7 ) 24
) n -

for n, x € N. The second expression follows from applying transformation [3, III.8]
with b — 0. Note that, for x € N, the >¢p-series can be considered as a polyno-
mial in ¢ 7" of degree x. This polynomial is (proportional to) an Al-Salam—Carlitz II
polynomial.

Let the function p,(¢*; a; g) be defined by

(gt a:q) = (=D (aa)” _(aq;Q).OO(aq;q)” Pn(q"; a; q), (2.5)
(45 9)n(q; @)x

then from the orthogonality relation for the Wall polynomials and from completeness,
we obtain the orthogonality relations

> @ @ @ pm(q@ Q) = Sum. Y Pa(q": @ ) Pa(qs @i q) = sy,
xeN neN

for 0 < a < g~ '. The second relation corresponds to orthogonality relations for
Al-Salam—Carlitz II polynomials. The coefficients Cy ., m, n € N are defined by

(@5 g2 g%, n=m,

C = <
x,m,n ﬁm(q2x; qz(min); qz)s n<m,

and they satisfy
Cxnm = Cx.mns (2.6)

which follows from the explicit expression as a »¢1-function. Furthermore, we define
Cyxmn=0forme —Nsjorne —Nsjorx € —N>.
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3nj-symbols and identities for g-Bessel functions 321

The set {e;>, | p € Z,x € N} is an orthonormal basis for £2(N) ® ¢*(N). The
actions of the A,-generators on this basis are given by

/ 12
1- q2x ex—l,p’

12
mia(a) e,

12 112
(B e, = —q*" € prls
12 x 12
7712(V)ex,p =q ex,p—l’
12 12
12(8) ey = 1 — g2+2 el p 2.7
where ¢!2 = 0. We can also find eigenvectors ¢2!  of 7y *) for eigenvalue g2*,
1,p g X,p Yv g q

xeN:

21 12
€p= E Comnenm @en =e_,.

n,meN
m—n=p

3 6j-symbols and ¢g-Bessel functions

In [8], explicit expressions for the 6 j-symbols (and for more general coupling coeffi-
cients) have been found. It turns out that they are essentially g-Bessel functions. Here,
we derive these results again using a more direct approach, and use this interpretation
of the g-Bessel functions to obtain summation identities.

3.1 6j-symbols

In the same way as above, we can find eigenvectors of 7123y (y ¥*) and w(12)3 (¥ ¥ *);
forx eN, p,r € Z,

123) _ 23
Cx.por — Z Cx,n,n+p en ® €t px—n—r

neN
Z Cx,n,n+pcn+p,m,k Qe e, n—m+k=x-—r,

n,meN

(12)3 _ 12
Cx.por = Z Cx,kfp,k Ck—p.r—x+k ® ek
keN
= Z Cx,k—p,kck—p,n,m en®en e, n—m+k=x—r,
k,meN

are eigenvectors for eigenvalue g>*, x € N. We use here the conventione_,, = e_ np =
0 for n € —Ns 1. The actions of the Aq -generators «, 8, y, 6 on the eigenvectors can
be obtained in the same way as in [8]
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322 W. Groenevelt

123 12)3
mey@eG) = 1-¢* ), map@e}) = 1-g2 2, .
1(23 1 ,1(23) 12)3 1 ,(12)3
T3 (Be, o) = —¢** €xfp+1,,, T3 (Bl D3 = —g* et L
23 1(23 12)3 12)3
711(23)()’)8)5(;,3 =q* x(p_)l,,, 71(12)3(V)€§,p),r q* ej(c p) 1.r

123 123 12)3 12)3
771(23)(5)6,651,,3 =1 —g** ex(+l,)p,r’ n(12)3(8)e)(c,p),r =y1- g2 )(c+1 P

where e_1 , » = 0. Note that, this corresponds exactly to the actions on the eigenvec-
tors ey p.
The 6;j-symbol (or Racah coefficient) R*

DL s is the (re)coupling coefficient
between the two eigenvectors;

X _ 61(23) 6(12)3
P1.T1;p2. 2~ \" X, pL.r1’ Tx,para [
or equivalently
123) __ Z X 1(23)
€x.pir = RPIJI?[’ZJ’ze%PlsVI' 3.1
p2.r2

We start by looking at some simple properties of R.
Proposition 3.1 The coefficients R have the following properties:
(1) Orthogonality relations: Z R . RY . = 8py,p36r2,r3-

P1,r1:p2,72" " P1,r'15P3,13

p1,r1 €L
X — X
(i) Rpl riip2,r2 Rp1+kk,r1;pz+k,r2 fork € Z.
X _ pXx+
(iii) Rm Fripars = Rm,rlzpz,rz fork € Zs_.

>iv) Fork,m.n €

Cxa"+l71,"C"+I’1’mgk = Z Rpl,r P2, er,k—pz,ka—pz,m,m
P2€l<k
xX—r=n—m+k.
(V) Duality: R, .. =R: .. . .
Note that, identity (iii) implies that R is independent of x; therefore, we will omit
the superscript ‘x.’

Proof The coefficients R are matrix coefficients of a unitary operator, which leads to
the orthogonality relations. The next two identities follow from the *-structure of A,,.
From g* = —qy, we obtain

1(23) a3 \ _ [ 123) (12)3
(exvﬂlil,rl’exypz,rz = \bprr G pFln

which implies (ii). Identity (iii) follows from «* = §. Identity (iv) follows from the
expansion

1(23) Z R 12)3
xp1r1_ P1,r1;p2,12 xpzrg’

p2,12 €L
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3nj-symbols and identities for g-Bessel functions 323

by taking inner products with e, ® e,, ® ex.. The duality property follows from identity
@iv). O
3.2 g-Bessel functions

Define

v ( 5 q) 0
Jo(x: ) _xz‘l—q)qool(p](qm ;q,qx), x>0, veR, (3.2)
7 o0

which is Jackson’s third g-Bessel function (also known as the Hahn-Exton g-Bessel
function), see e.g., [16]. Note that,

A (A; r(Bg*; @)oo k, Lk(e—1) 7k
(B; q) 1<p1<B q ) kE_O @ (=D"q

is an entire function in B, so we may take v to be a negative integer in (3.2); in this
case, we have the identity

Jon(x;q) = (=1)"q2 Jy(xq"; q), neN,

see[16,(2.6)]. We will use the following generating function to identify the 6 j-symbols
with g-Bessel functions.

Proposition 3.2 For |t]| < 1,

00 m v+1.

_ v (@" @)oo t
Ty (xg™; ) =x2 191 5 q,4qx |
Z ' (G: Dm @, 15 oo q"*!

Proof Write J, as a ¢j-series, interchange the order of summation, and use summa-
tion formula [3, (IL.1)];

1
= gt T @G Dm = @i =@ Dm

1
_ i (= DFg2KE=D (gt
= (q.9"" Dr(tg": Do O

If1~1g"*! € ¢, the right-hand side in the Proposition 3.2 can be written in terms
of a Wall polynomial, which gives the following special case.
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324 W. Groenevelt

Corollary 3.3 Forn € N,

oo m(v+1) .

1 1 X3
E q—z(v—n)mjv_n(xqm; q) . — xi(l)—n) (q : q)OO pn(ql); x: q)
o (@: Dm (q; Poo

Proof In Proposition 3.2 replace v by v —n, set t = ¢"+!, and use the transformation

191 54, = ———2¢1 5 q, ,
B 1 (B: @)oo z 1

(which is a special case of [3, (II[.4)]) and the Definition (2.4) of the Wall polynomials.
O

We are now in a position to show that the 6j-symbols are essentially g-Bessel
functions.

Proposition 3.4 For py, p2,r1, 1) € Z,

Rp1riipars = Or i (=) P2 Uy (qul_zm; 612)-
Proof We write out Proposition 3.1(iv) for m = k = 0, and we replace p; by —pa,

(_1)P2qu(n+)r+l)

z : RPIJ;—PZJ

2. 2
preN % 9°) p>
(—1)Prgp1—ntD) S 5
B pn(@™ g7 g7, x—r=n,
@ 4%,
then the result follows from Corollary 3.3. O

3.3 Identities

Several classical identities for 6 j-symbols for SU(2) remain valid for our 6 j-symbols.
By Proposition 3.4, these can be interpreted as identities for g-Bessel functions.

First of all, the orthogonality relations for the 6 j-symbols from Proposition 3.1 are
equivalent to the well-known g-Hankel orthogonality relations, see [16, (2.11)], for
the g-Bessel functions J,,.

Theorem 3.5 Forn,m € Z,

S L@ DM@ g = Smag "

XEZL
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3nj-symbols and identities for g-Bessel functions 325

To derive other identities, it is convenient to represent eigenvectors of yy* as binary
trees; see e.g., Van der Jeugt’s lecture notes [20] for more details. We denote

12
X,np—nyp T
ny np

where n1, ny, x € Z. Equivalently, we can identify this tree with the Clebsch—Gordan
coefficient Cy ,, »,, similar as in [18]. The identity e}c’zp = 8)26’1_ P’ which is equivalent
to (2.6), is represented as

= (3.3)

ny np ny nj

where p = n| — ny. By coupling two of these, we can represent eigenvectors corre-
sponding to threefold tensor products:

X X
1(23) _ ’ (12)3 -
€x.proris — /X €x,prris — P2
ny np n3 ny np n3

where p| = ni1+p1, p) =n3—pr,andrijx = x —n; +nj—ni fori, j, k € {1,2,3}.

L 3
Now we can e.g., represent the identities e}c%sl?,m = e}cfpzl?,m = e)(fi)},l,,m b

X X X
/X ) M i %
nony N3 non3 Ny n3 ny N

The transition (3.1) from e;%?r to e,(cl,%);, which involves a 6j-symbol, which is

equivalent to identity (ii) in Proposition 3.1 in terms of Clebsch—Gordan coefficients,
is represented as

X X
X, 101,17,
, R ; l/ 2,13 ,
Pi e 1)
_—
ny np n3 ny np n3

@ Springer



326 W. Groenevelt

where the coefficient R is given by

X,ny,n2,n3
R — R
r r
1282 P1.7123:P2,r123

4 ! —ny— 2p 4+2ph—2n1—=2 2
= (=) s (@RI %) (3.4)

Note that the transition from right to left involves exactly the same 6 j-symbol. To
find identities for the 6 j-symbols, we can use the binary trees and identities for these
trees as explained above, without referring to the underlying eigenvectors. We obtain
the following identities, which can be considered as analogs of Racah’s backcoupling
identity, the Biedenharn—Elliot (or pentagon) identity, and the hexagon identity.

Theorem 3.6 The following identities hold:

()
RYMLN2,N3 E RY:11,713,12 pX,1N3,1N 100
P1,p2 P1,p p.p2 ’

PEZL

or in terms of q-Bessel functions

Trn @ 9) =) T (@7 @) I (@7 @)g
pEZ

where rijp = X —n; +nj — ng.

(i)
X,n1,n2,P1 pX,pP2,n3,n4 __ ri,ny,n3,n4g pX.Nn1,P:"N4 pry,ny,ny,n3
er,pz Rm,rz - Z Rm,p er,rz RI?,[’z ’
PEZL
which in terms of q-Bessel functions is equivalent to the product formula
P—-Q. —R. _ 1,2, 1 P—R.
Jorin @72 DT @R ) = D ARSR horn@™ R )
NEL
where P, Q, R, v, 1, uo € Z and
1
P2, 1+p2 =5 (1+12)
AR = (=Dt gz Gutp
—K1. —pa.
X Ty +P-0@" M I~ 0-r (@5 q).
X,P1,13,4 pr,np,ny,n3 pX,P3,12,14
(iii) Z Rpy.r Ry " Rpyr

rez

_ X,N1,12,P2 pr,ny,n4,n3 pXx.-n1,13,p4
- ZR”PI Rﬂz,m R”P3 ’

rez

or in terms of q-Bessel functions,
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3nj-symbols and identities for g-Bessel functions 327

_ 1 A —
Z(_l)P2+P4qr n4+2(p2+p4)-]r—n2+n1—n_g(QpH—m nons. g
reZ

r+p2—pi—n4 r+pi—p3—n4.

X Jx—pi+n3—ns(q s D JIx—p3+na—ns(q 5 q)

= idem((n1, n2, p1, p3) <> (n4,n3, p2, pa)).

Here ‘idem’ means that the same expression is inserted but with the parameters
interchanged as indicated.

Proof The first identity follows from

X,np,np,n3

P1 RPl P2 P2
_—

np np n3

xnl n3& xn3 ni,ny
Rpl.p Rpip>
The second identity is
X

RE:M1:12:P1 RE:P2:13:114

rl P2 Pl r &)

P2
ny Ny N3 ong

\ X X /
ri,np,n3,ng4 rp,ny,np,n3
Rl’l P RP»I’Z

"l X,11, P4 p)
Rri.ry

ny np n3 ng ny np n3 ng

The corresponding identity for g-Bessel functions is obtained by substituting

rn—n =P, pr—pp=0Q, ng—rn=R, v=x—nj,
M1 =n2—p1, MU2=n|—pr+n3—n4g, WU=p—n4.
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328 W. Groenevelt

The third identity is
X X
Rr,nz.nl,ng
X,P1,13,14 K X,p3,172,14
Rpy.r } r P3-P1 r Rm,r3
Y / Pl P3 \ x
ny np n3 nyg ny n3 npy ng
P1 P2 P3 P4
ny np n3 nyg ny n3 np ng
X X
r r,np,ng4,n3 r /
R;c,m,nz% Ry ps R){fqmm,m
ke P2 P4 b3
ny np n3 ng ny n3 np n4 O

Remark 3.7 (i) The g-Hankel transform of a function f € L2(g%; ¢*) is defined by

(H. )= fg) @ q)q",  nel.

X€Z

Identity (i) of Theorem 3.6 shows that the g-Hankel transform maps an orthogo-
nal basis of g-Bessel functions to another orthogonal basis of g-Bessel functions,
which implies a factorization of the g-Hankel transform: H,,; = Hyyj, Hy 3,

(ii) Identity (ii), the product formula for g-Bessel functions, has appeared before
in the literature; representation theoretic proofs are given by Koelink in [13,
Corollary 6.5] and Kalnins et al. in [11, (3.20)]. A direct analytic proof is given
by Koelink and Swarttouw in [14].

(iii) It is well known that the hexagon identity for classical 6j-symbols can be
interpreted as a quantum Yang—Baxter equation. Here, we obtain an infinite-
dimensional solution: for u, v € Z, define a unitary operator R(u, v) : £*(Z) ®
02(Z) — 13(Z) ® €*(Z) by

R(I/t, U)(ex—a ® eb—x) = Z R;:;’U’b eb—y ® ey—ay a, b, X E Z,

vEZ

where {e, | x € Z} is the standard orthonormal basis for £?(Z). Then the hexagon
identity says that the operator R satisfies

Riz2(u, w)R13(v, w)Ra3(u, v) = Roz(u, v)R13(v, w)Ri2(u, w)

as an operator identity on 2(2) ® (2(Z) @ 1*(Z).

4 3nj-symbols and multivariate g-Bessel functions

We consider certain 3nj-symbols and show that these can be considered as mul-
tivariate g-Bessel functions, which are limits of the multivariate Askey—Wilson
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3nj-symbols and identities for g-Bessel functions 329

polynomials introduced by Gasper and Rahman in [4]. In this section, we use the
following notation. For v = (v, va, ..., v4—1, vg), we define |v| = 27:1 v; and
v = (vg, V4—1, - .., U2, v1). For some function f : 74 — C, we set

Df@ =) > fG . xa),

XdEZ x1€Z

provided the sum converges.

4.1 Multivariate ¢-Bessel functions

Letd € N>j. Forv = (v, ..., vg41) € 7412 we define g-Bessel functions in the
variables x = (x1,...,x3),A = (A1,...,Aq4) € 74 by

d
Ju(x, A) = 1_[ Jujmxjir—ij oy (qFT5HRTRSL ), (4.1)
j=1

where Ag = vg and x44+1 = vg+1. Occasionally, we will use the notation J, (x, A; g)
to stress the dependence on g.
Theorem 4.1 The multivariate q-Bessel functions have the following properties:

(i) Orthogonality relations:

D T DI A)gT = S egi M 0 e 74

X

(i) Self-duality: J,(x, A) = J; (A, X).

Proof The self-duality property follows directly from (4.1). The orthogonality rela-
tions follow by induction using the g-Hankel orthogonality relations from Theorem
3.5, which can be written as

)\ .

Z ijijurlf)\j,] (qxj'—xj+l+)»j—)n_,'_| : CI)ij-ijHfAj,l (qxjij+1+)~}7 j*l; q)qxj'
X_jEZ
= 8y, g1, “2)
Define fork =1,...,d + 1,
d 1
Jlgk) ()C, )\4) = 1_[ ij—XjJrl—)njfl (qj(xjixj+l+)“j7)‘jil); 61)7
j=k
the empty product being equal to 1. Note that J,,(l) = J, and
Tomxpir—r (IRt gy O D (0 0) = P 2). @3
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We will show that

DBREED DR ACINACR LA 4.4)

xkEZ XIGZ

= S S @R TE D ) IE D ). @)

For k = 1, (4.4) follows directly from (4.2). Now assume that (4.4) holds for a certain
k, then by (4.2) and (4.3),

YooY A A A)g

xk+1€Z x1€Z

— 5)”’”' ""Skk,)»; Z Jlfk-&-l)(x’ )»)Jlfk"'l)(x, )L/)qul—kkH»o
Xg+1€Z
=S S, I 0 WD (o, W)g Rt

which proves the orthogonality relations. O

Next we show that the multivariate g-Bessel functions can be considered as limit
cases of multivariate Askey—Wilson polynomials. The 1-variable Askey—Wilson poly-
nomials are defined by

pl’l(x; a, b9 c, d | LI) =

(ab,ac,ad; q), q_”,abcdq”_l,ax,a/x )
4¢3 4,9 ),
a’ ab,ac,ad

which are polynomials in x +x ~! of degree 1, and they are symmetric in the parameters
a, b, c,d. Using notation as in [9], the multivariate Askey—Wilson polynomials are
defined as follows. Letn = (ng, ...,ng) € N9 and x = (x1, ..., x7) € (C*)4, then
the d-variable Askey—Wilson polynomials are defined by

d
o o o
- . Njop %) N Yt J+l -1
Pd(n,x,a|q)=l_[pn. xjsajgiTl, =gt Xj4l, —x; 1 1q |,
J 2 . . Tt
. o a o
j=1 0 J /
(4.6)
where N; = Zi:] ne, No =0, 0 = (ag, ..., 2g42) € C3 x401 = agyr. These
are polynomials in the variables x; + xl_l, ceoyXd + xd_l of degree |n| = Njy.

Proposition 4.2 Let A = (A1, ..., q) € 74, v = (vy,..., Vi+1) € 74+ and define

_ 1 1, 1, 1,
a(m) = (61 Mgz, gt T g g2 d’",q”d+‘+m)€<(3"+3,
1 1 1
x(m) — (quvoform’q7v17v07xz+m’ “.,qjvdqfvofx(ﬂrm) c (Cd,

Adtm= O +m, ..., rg+m)eN,

d
1
Cp(x; ) = (7V./—1—V./+V0+x./+1—m)(kj+m)( vj=vj-1=2m, ) ,
i ) qu q ), im
j:
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then

lim Pa(h +m; x(m); a(m) | q)
m—00 Cr(x; A o)
d
= (q: )%, | [T gt rthm=Animxin=Ain | g, A),
j=1

where A = (A1, ..., Ag) with Aj = v — ZI{:] Ak and Ao = vy.
Proof First we substitute

ag+—>q ™, nj> Aj+m, j=1,...,d

xj > xiq", aj > ajgmiTh, j=1,...,d+1,

in (4.6) (recall, xy+1 = ag+2). The 4¢3-part of the jth factor Pn; is

j—1 ) i
—Aj—m 2 20 M)A = lm Y om YHlXjHl
N IR Qrmt MO+ D ay XX g

43 a/2'+1 2 2m+2j_1 M Z'/_l Ak
—im . . = . . —
2 4 T X jy1q k=178, 01X j419 =41
J

aq’q )

where the empty sum equals 0. Letting m — oo, this function tends to

0 oaixX;

) . JAMHL 1—);

](01( ‘ ' Zi:;kk,q,—a' x.q i ).
Ojp1Xj+19-*= J+1Xj

Finally, we substitute

vj-1 —vo—x;
9 b

1 1
. 7 . ZVj-1
aj>q? Xjr>q2%

and set vy — Zi:l A =Ajfor j=0,...,d, then we have

0
. i1 =X A=A
1€01<q1,j_xj+1_/\j1 i q, gt GHAZA- )

which we recognize as the ¢j-part of the jth factor of the multivariate g-Bessel
function J,(x, A), see (4.1). O

4.2 3nj-symbols
Letk € N>y, and letr, s € ZK, n € ZF2, We define the 3nj-symbols Ry to be the

coupling coefficients between two specific binary trees corresponding to (k + 2)-fold
tensor product representations. We will use the following notation:
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r X Sk
\ /
\ /
\ _ T / _ S
\ = / =
\ /
\ /
\ re T/ % T/
e . . e
ni nj Ng+1 Nk+2 nj njp Ng+1 Nk+2

Note that, a node with a bold symbol represents several nodes, and that the label r
(respectively s) on the right (left) of a node means that all branches ‘hang’ on the right

(left) edge. The 3nj-symbols Rffsn are defined by

X X
r _ x,n S
- z :Rrs
S
n n

and we will denote the corresponding transition again by an arrow. Note that, fork = 1
we have Rf”sn — R;C,’s”l n2.n3.

Proposition 4.3 The coefficients Rys have the following properties:

x,n

(i) Orthogonality relations: Z Ry ’S"Rr ¢ =0
s By :

x,n

(ii) Duality: Ri3 = RP.

Proof The coefficients R are the matrix coefficients of a unitary operator, which
implies the orthogonality relations. The duality property is a consequence of the iden-

tity

which follows from repeated application of (3.3). O

Theorem 4.4 Fori = 1,2letk; € No1,n; € Z5N T andr;,s; € ZF. Letk = ki + ko,
n= (g, m),r=(ry,r),s=(s,sy), then

REM — Rx,(n1,rk1+1) x, (s ,1m2)
r,s = TILLS) 2,82
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Asa consequence,
k
x,n __ XS j—1-Mj+1,Fj+1
Rr,s - 1_[ Rrj,sj- 9
j=1

where so = n1 and ri4+1 = Ngy2.

Proof The first identity follows from

X, (0,7 1) X, (Sky m2)
r|.8] 2,52 s2
_—
S1 2 S1
~ ~ ~ ~
nj ny n; n
The second identity follows from repeated application of the first identity. O

From (3.4) it follows that Ry s is essentially a multivariate g-Bessel function as defined
by (4.1).

Corollary 4.5 Letv(x,n) = (n1,x +na, ..., X + ngy1, Rg+2), then
Ry = (=g) " H Ty (1,8 ).

Note that, this corollary and Proposition 4.3 together give a representation theoretic
proof of Theorem 4.1.

Our next goal is to prove a summation identity for the multivariate g-Bessel
functions. Let us first mention that by interpreting a binary tree as a product of Clebsch—
Gordan coefficients, the 3nj-symbols Rﬁ;‘ satisfy, by definition, the formula

k+1
B —
Cirn=Y Ri®Cisir  Corn=[]Criinr; 4.7)
s j=l1

where ro = x, ri41 = Ri42, So = n1, Sk+2 = x. The functions Cy r n can be consid-
ered as multivariate Wall polynomials, which are g-analogs of Laguerre polynomials.
In this light, (4.7) is a multivariate g-analog of an identity proved by Erdélyi [2] which
states that the Hankel transform maps a product of two Laguerre polynomials to a
product of two Laguerre polynomials.

For the 3nj-symbols Ry, there exists a multivariate analog of the Biedenharn—
Elliott identity. In terms of g-Bessel functions, this gives an expansion formula for
k-variable g-Bessel functions in terms of (k — 1)-variable g-Bessel functions. The
identity requires also another 3nj-symbol. For r,s € Z, n € Z¥*2, x € 7Z, let Seis
be the coupling coefficient defined by
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X X
o= osr s .7
~— S ~—
n n

Note that, } ;¢ = > --->_ . This 3nj-symbol can of course also be considered as
a multivariate g-Bessel function (see the following result), but it lacks the self-duality
property. Let us first express S in terms of the 6 j-symbols.

Lemma 4.6 S,)fsn is given by
k
x,n __ Sj+lsn]srj—lsnj+2
SI‘,S - 1_[ Rrj,sj )
J=1

with sk+1 = x and ry = n.

Proof We use the transition

Sk—j+1 Sk—j+1 Tk—-1
Sk—j+ 1511 Th— j— 1Tk — j42 v
Tk—j Thj Sk j Sk—j where o = 'J
J
nr; o Mgy nyorp nZjg T
and where r;. =(r1,....,1k—j—2)andnj = (n2, ..., nk_j11). We set sg41 = x and
ro = ny, then applying this transition successively on subtrees for j =0, ...,k — 1
gives
k—1
Xn Sk— 4101 k—j—1,Mk—j+2
Ses = 1_[ Ry :
-0
Changing the index gives the stated expression for the coupling coefficient S. O

The following identity is the multivariate analog of the Biedenharn—Elliott identity
from Theorem 3.6, i.e., the k = 2 case gives back Theorem 3.6(ii).

Theorem 4.7 Fork € Nxj letr, s € ZF andn € ZF2, then

x,n __ X,n rl,n/
RIS =D SirmsRit
tezk-1

where V' is obtained from v by leaving out the first component. In terms of multivariate
q-Bessel functions,

L@, s) = Z A:}SJv(rhn’)(r,’t)
N/
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with
1
roo_ 3\ t)+|s|—n|—(k—=2)n| —sg+rp
A S_(_qz)ll Is|—[n]
k
Sit+ti—ni—njyo. _
X l—[ ‘[Sj+1—l11+tj_1+nj+z(q s 2 q), Iy =r1.

Jj=1

Proof This follows from the transition

X X
X
r ,n’ X
. r1 R r P Spis s
= , = —_—
r t
~—~— S~ ~—~—
n N ——— N e——— n n
n’ n’
where p = (t, r1), and the definition of the coupling coefficients R. O

Remark 4.8 It seems that there are no analogs for the 3nj-symbols R of identities (i)
and (iii) of Theorem 3.6, but there does exist an analog of Theorem 3.6(i) involving
only the 3nj-symbols S which may be of interest. This is obtained as follows.
Let n € ZK2. For j € {1,2,...,k + 1}, we define n; = (ngy3—j,
,Mk42, 11, . .., Ngyo— ;). Furthermore, given a vector v, we denote (as in Theo-
rem 4.7) by v’ the vector v without the first component, and we set n’j = (n;).
Consider the transition

b ly = A

ng+42 v Ng+2 v
1 1

Iterating this transition k+ 1 times shows that the coupling coefficient in the transition

X X
. id .
T r,s S — S
S~ S~ m ~
A —_— /
n Nyt | n

is given by
x,n __ § : § : X0 X M+ _ _
Tl‘,s Sso s’ Sk Sk+l) > So =T, Sk+1 =S.
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On the other hand, by the definition of the coupling coefficient S, we have

X X X X
X,n
¢ r Ss.r S S
= [ =
~— ~— ~— ni ~
n n /
n n

so that

x,n __ X, XMt _ —
Ssxr = 2 : o 2 : (SSO,sll e Sosn)s  SO=T, Sk =S.
Sk 51

For k = 1, this gives back Theorem 3.6(i).
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