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Cohesive laws describing the interface behaviour of

iron/precipitate interfaces under mixed loading conditions

Astrid Elzasa,˚, Barend Thijssea

aDelft University of Technology, Department of Materials Science and Engineering, Mekelweg

2, 2628 CD Delft, The Netherlands

Abstract

The behaviour of 11 differently oriented iron-precipitate interfaces under mixed
loading conditions is studied with molecular dynamics simulations. We find that
the interface structure and the change in this structure play a key role in the
response to the loading. The structure change is influenced by both the loading
history and the loading direction. Depending on the interface and the loading
direction, the presence of a dislocation at the interface may have an additional
influence on the structure change. We update our previously derived cohesive
laws for pure shear and pure tensile loading to take into account the influence
of the other loading direction on the behaviour during mixed loading conditions.
However, not for every interface a unique relation exists between the separations
at the interface and the tractions. In those cases our cohesive laws give no exact
prediction, but rather a range of possible values. The cohesive laws are intended
to be used in numerical methods at the next larger length scale, such as discrete
dislocation plasticity.

Keywords: Dislocations, Molecular Dynamics, Mixed Mode loading,
Iron/precipitate interface, Cohesive law

1. Introduction

In everyday use, interfaces in metallic microstructures are routinely subjected
to stresses. Deformation and in certain cases mechanical failure are sometimes
the ultimate results. Dislocations play an important role in this, but the stress
response at interfaces between grains is equally important. Advanced high strength
steels show limited ductility due to interface decohesion. To correctly model the

˚Corresponding author
Email address: astridelzas@gmail.com (Astrid Elzas)

Preprint submitted to Elsevier October 11, 2018

© 2019 Manuscript version made available under CC-BY-NC-ND 4.0 license https://creativecommons.org/licenses/by-nc-nd/4.0/



material behaviour, so that the limited ductility can be explained, it is crucial to
understand the interface behaviour under different loading conditions.

In this paper we describe the interface behaviour of iron-precipitate interfaces
under mixed loading, elaborating on our previous studies of normal and shear
loading. Not only is the interface behaviour described in detail, also cohesive
laws are derived describing the behaviour under various forms of mixed loading.
These cohesive laws can be used in numerical methods at the next larger length
scale beyond atomic, such as discrete dislocation plasticity where interfaces are
modelled by cohesive zone models.

Cohesive zone models were introduced by Barenblatt [1] and Dugdale [2] to
avoid the unrealistic stress singularity at the crack tip in classical fracture mechan-
ics. Fracture is addressed as a gradual process, where it is assumed that no stress
is transmitted between the fully separated crack surfaces, while a cohesive zone
ahead of the crack continues to transmit forces between a pair of virtual surfaces.
A traction-crack opening displacement constitutive law governs this behaviour.

Cohesive laws can either be coupled or uncoupled, and potential-based or non-
potential-based. In an uncoupled cohesive law the normal traction is independent
of the tangential crack opening, while the tangential traction is independent of the
normal crack opening. This is appropriate when the debonding process occurs for
one mode or is largely dominated by it. In coupled cohesive laws both the normal
and the tangential tractions depend on the normal and tangential separations.

In a potential-based cohesive law the first derivatives of an interface potential
function give the traction-separation relations. The most commonly implemented
cohesive zone model is the model developed by Xu and Needleman [3] based on
the potential φ:
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where un and ut are the normal and tangential separation across the interface,
δn and δt are interface-characteristic length parameters, and q and r are coupling
parameters that couple the normal and tangential behaviour,

q “
φt

φn

, (2)

where φt is the work of tangential separation and φn is the work of normal sepa-
ration, and

r “
u˚
n

δn
, (3)
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where u˚
n is the normal separation after complete shear separation under zero

normal traction.
The normal and tangential tractions are obtained by differentiating Equation

1 with respect to un, respectively ut, giving unique relations for Tnpun, utq and
Ttpun, utq. This cohesive zone model allows for shear-failure, since the tangential
response is not periodic.

In order for this model to describe physically realistic interface behaviour the
normal and tangential behaviour should be adequately coupled. Van den Bosch
et al. [4] showed that only for r “ q the required tangential traction increases
with increasing normal compression, as it does in friction. Furthermore, physical
realistic coupling is obtained only for q “ 1, since only then the required normal
traction reduces to zero at complete shear separation. However, this implies that
φt “ φn, which experimental studies [5] have shown is often not true. Van den
Bosch et al. [4] modified the Xu-Needleman cohesive zone model by allowing for
φn ‰ φt. This model is no longer potential-based.

Other cohesive zone models were developed by Park et al. [6], McGarry et al.

[7], and Dimitri et al. [8], as we described in a previous work [9].
Conventionally the parameters for a traction-separation law are obtained em-

pirically, from polycrystalline samples. However, in that case they reflect the
average response of many interfaces. This is therefore inappropriate as a rep-
resentation of constitutive behaviour of interfacial debonding at the nano-scale.
To obtain the parameters of the cohesive law for accurately describing interfacial
debonding at the nano-scale, atomistic simulations can be used.

As described in [9], various studies have been performed to determine cohesive
zone law parameters with molecular dynamics (MD) simulations, such as [10, 11,
12, 13, 14, 15, 16, 17, 18]. However, none of these studies describe iron-precipitate
interfaces under mixed loading conditions.

In a previous study we used MD to derive a cohesive law for pure normal loading
for various iron-precipitate interfaces, assuming that the separations parallel to the
interface are zero, which gives the relation between traction and separation during
crack growth based on a universal adhesive energy equation [19]. In this study
we used a model material X for the precipitate. Material properties of X will be
given later on. To derive the universal adhesive energy relation, both the normal
separation and the adhesive energy are scaled, according to

u˚ “
un

α
, (4)

where α is the equilibrium pair interaction length between Fe and X as given by
the Fe – X pair potential, and

E˚
adpu˚q “ Ead{∆E, (5)
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where ∆E is the absolute value of the minimum adhesive energy. The universal
adhesive energy relation is then given by

E˚
ad “ ´

`

1 ` θu˚ ` µpθu˚q3
˘

expp´θu˚q, (6)

with parameter values that we found to be θ “ 5.29 and µ “ ´0.06. From this
universal adhesive energy relation the cohesive law describing the relation between
normal traction and normal separation is derived as
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where c is a scaling factor, which is material (combination) dependent, to take into
account atomic strains and rearrangements. For the Fe – X interfaces c “ 2.39.

Previously we also derived a cohesive law to describe the response to a pure
shear load for the same iron-precipitate interfaces [9]. Under a shear load these
interfaces showed interface sliding. The relation between tangential traction and
tangential separation depends on the interface structure and the loading direction.
In [9] we found that a cohesive law describing the relation between tangential
traction and tangential separation should be described in three parts: an elastic
part for small separations, a steady-state sliding part for large separations, and
a transition part in between, where the steady-state sliding behaviour develops.
This cohesive law is given by

Tt “
T crit
t

ucritt

ut, for 0 ď ut ď ucritt ,

Tt “
T crit
t ´ T s

t

pust ´ ucritt q2
put ´ ustq

2 ` T s
t , for ucritt ď ut ď ust ,

Tt “ T s
t , for ut ě ust ,

(8)

where ucritt is the separation at which the structure starts to slide and T crit
t is

the corresponding value of the traction; ust is the separation at which steady-state
sliding behaviour is reached and T s

t is the corresponding sliding traction.
When a dislocation impinges on the interface when the system is subjected to

a shear load, the dislocation might trigger a structure change of the interface from
the impingement position onwards. In this case the cohesive law relating tangential
traction to tangential separation should be modified to take this gradual structure
change into account. The modified cohesive law is given by

Tt “ p1 ´ ξqT orig
t ` ξT new

t , (9)
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where T orig
t is the original cohesive law for the unchanged interface and T new

t is the
cohesive law for the changed part of the interface. The time dependent parameter
ξ expresses the progress of the change of the interface,

ξ “
Anew

Aorig ` Anew

, (10)

where Aorig is the area of the interface that still has the original structure and
Anew is the area that has the changed structure.

In the present study we analyse the influence of mixed loading conditions on
the relation between tractions and separations at the interface, since it is expected
that a combination of normal and tangential loading will influence the relations
for pure normal and pure tangential loading as given in Equations 7 and 8. In
section 2 the choice of material, the set-up of the simulation, and the analysis
methods are described. The influence of a previously applied normal load on the
relation between tangential traction and tangential separation during shear load-
ing, here called ’pre-tension’ loading, is described in section 3.1. The influence of a
previously applied shear load on the relation between normal traction and normal
separation during normal loading, here called ’pre-shear’ loading, is described in
section 3.2. The response of the interfaces to a simultaneously applied normal and
shear load, so called mixed-mode loading, is described in section 3.3. In section 4
the previously derived cohesive laws for pure normal and pure shear loading are
adjusted to include the influence of the other loading direction under pre-shear,
pre-tension and mixed-mode loading. The results are discussed in section 5. Fi-
nally, in section 6 the conclusions are drawn.

2. Method

2.1. Material description

In this study the same iron-precipitate interfaces as in [19] and [9] are studied,
but here under different loading conditions. Iron is described with the EAM-
potential by Ackland et al. [20]. In the EAM format the potential energy of atom
i is given by

Ui “ F pρiq ` 1{2
ÿ

j

φijprq, (11)

where F is the embedding energy of atom Fe or atom X as a function of the
local electron density ρi, and φij is the pair interaction between atom i and the
surrounding atoms j as a function of their distance r. The local electron density
ρi is made up from the contributions ψj to the electron density by the same atoms
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j surrounding atom i at distances r,

ρi “
ÿ

j

ψjprq. (12)

F , φ and ψ are relatively simple functions, parametrised for Fe. They can be
found in the original paper [20]. The artificial precipitate material X is chosen
to be material Xp3q from [21]. Material X has a 10 % larger lattice constant
than Fe and, as a result of the X – X pair interaction being twice as strong as
that of Fe – Fe and the X- and Fe-embedding terms being equal, X has a 49
% larger Young’s modulus than Fe. Material X is thus stiffer than Fe and, due
to the different lattice constant, forms semi- or non-coherent interfaces with Fe.
Dislocation transfer into the precipitate material is therefore hindered, just as it is
in real precipitate materials found in steel, such as carbides and nitrides of different
alloying elements. Similar to [21], the mixed Fe – X pair interaction is a linear
combination of the individual Fe – Fe and X – X pair interactions,

φFeX “ qpφFeFe ` φXXq, (13)

where the factor q in this study equals 1{3. This Fe – X pair interaction in
combination with the orientations of the Fe and X grains on either side of the
interface determines the interface strength. However, defects at the interface,
those initially present but also those developing during loading and grain sliding,
may be of significant additional influence.

2.2. Setup

The Fe – X system is schematically shown in Figure 1. The system size is
dependent on the orientation of the crystals, and on average equals 165ˆ4.4ˆ110
nm3, with the number of atoms per system varying between 6 and 9 million. The
system is periodic in x and y.

The orientations of the 11 different interfaces, being the same as the ones
studied in [19] and [9], are listed in Table 1. Since in α-iron the typical cleavage
plane is the (100) plane, with the crack front direction in either the [001] or the
[011] direction, the most logical starting point for the study of interface decohesion,
as is also the focus of [19], is a system with the (100) plane in the interface, which
upon decohesion becomes the crack plane. To study the interaction of a dislocation
with such an interface, the dislocation line has to be in a periodic direction to avoid
edge effects. The choice is therefore made to study dislocations of the {112}x111y
slip system, so that the dislocation line is in the [011] direction, which, with the
(100) plane at the interface, is the crack front direction. With this as starting
point, the orientations of the iron and precipitate crystal are varied to obtain the
orientations given in Table 1. The simulations are performed with one dislocation
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z
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Figure 1: Setup of the simulations. The simulation
box consists of an Fe – X bicrystal, which is peri-
odic in x´ and y´direction. The atoms in region F
are kept fixed, atoms in region M are mobile atoms,
whose positions are updated by time integration,
and the atoms in region D are moved with a con-
stant strain rate of 9ε “ 108 s´1. In the Fe grain one
{112}x111y edge dislocation is inserted close to the
interface, so that upon minimisation it moves to-
wards the interface. The X grain is the precipitate
material.

present in the iron grain at the interface. The dislocation is initially placed in the
iron grain at 10 Å underneath the interface by removing a half plane of atoms.
Upon energy minimisation the dislocation moves to the interface where it halts.
By starting the simulations with the dislocation at the interface, instead of far
below the interface, the influence of the different angles between glide plane and
loading direction for the different oriented Fe grains is minimised.

In the simulations atoms in the lower 10 Å are kept fixed, region F in Figure 1.
On atoms in the upper 10 Å, region D, a displacement is imposed so that a constant
strain rate 9ε of 108 s´1 results. For the mobile atoms, region M, time integration
using a time step of 5 fs is performed at 1 K with a Nosé-Hoover thermostat. Prior
to loading, the system is equilibrated at 1 K for 100 ps. The stress σ that results
from the applied strain is calculated by summing the resulting forces on the atoms
in region D and dividing this by the area in the x, y-plane.

The very low temperature of 1 K was chosen to be able to see details of the
atomic behaviour driving the interface dynamics. At higher temperatures these
details would be hidden by thermal vibrations.

The particular interface realisations for each of the 11 crystal orientations are
the same as those in [19], where they were created using the method described by
Tschopp and McDowell [22]. A systematic collection of interface structures was
generated for each crystal orientation by energy minimisation following extremely
small initial displacements in the x and y directions. Of all the possible interface
structures thus generated, the structure of which the interface energy has the
highest number of occurrences in the collection is chosen as the final realisation.

2.3. Local behaviour

Similar to [19], to calculate the local response to the applied load in the interface
region, the region is divided into multiple bins along the x´direction. Each bin is
then divided in two: one half above the interface, one half underneath, as shown
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Table 1: Orientations of the Fe and X grains giving the 11 different interface structures. The
angle between the dislocation glide direction and the interface is given as ζ in Fe and η in X.

Fe X
x y z x y z ζ (˝) η (˝)

(100) Fe S1 [011̄] [011] [100] [111̄] [011] [21̄1] 35.3 0.00
S2 [011̄] [011] [100] [011̄] [011] [100] 35.3 35.3
S3 [011̄] [011] [100] [2̄33̄] [011] [311̄] 35.3 60.5
S4 [011̄] [011] [100] [211̄] [011] [11̄1] 35.3 90.0

(100) X Fe1 [111̄] [011] [21̄1] [011̄] [011] [100] 0.00a 35.3
Fe3 [2̄33̄] [011] [311̄] [011̄] [011] [100] 60.5 35.3
Fe4 [211̄] [011] [11̄1] [011̄] [011] [100] 90.0b 35.3

(110) Fe X1 [001] [11̄0] [110] [111] [11̄0] [112̄] 54.7 0.00
X2 [001] [11̄0] [110] [113] [11̄0] [332̄] 54.7 29.5
X3 [001] [11̄0] [110] [001] [11̄0] [110] 54.7 54.7
X4 [001] [11̄0] [110] [1̄1̄2] [11̄0] [111] 54.7 90.0

a The dislocation is placed in the [11̄1] direction, giving an angle between slip
plane and crack plane of 70.6˝.

b The dislocation is placed in the [1̄1̄1] direction, giving an angle between slip
plane and crack plane of 19.4˝.
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in Figure 2. The width of each bin, δx, was chosen to be 8.8 Å, or five atomic
[100] planes. The height of the bins, δz, was chosen as 20 Å. This ensures that the
total interface region, which is the region in which significant extra strain is seen
with respect to the bulk, is taken into account in the calculations made over each
bin.

interface

X

Fe

δz

δx

Figure 2: Division of interface region into bins with width δx of 8.8 Å and height δz of 20 Å.
The bins have a role only in the data analysis, not in the simulation.

For every bin k the stress is calculated as the average of the stresses on the Nk

atoms j in the bin, according to

σαβk “
1

Nk

Nk
ÿ

j“1

σαβkj . (14)

The normal traction Tn in a bin is equal to the αβ “ zz component of this average
stress in the bin and the tangential traction Tt is equal to the αβ “ xz component.

The normal and tangential separations un and ut between the bins above and
underneath the interface are calculated at the time of interest t as the increase in
normal and tangential distance between the centers of mass (c) of these bins

unptq “ zXc ptq ´ zFe
c ptq ´ pzXc p0q ´ zFe

c p0qq,

utptq “ xXc ptq ´ xFe
c ptq ´ pxXc p0q ´ xFe

c p0qq,
(15)

where zFe
c is the z-position and xFe

c the x-position of the center of mass of the
Fe-bin, below the interface, and zXc is the z-position and xXc is the x-position of
the X-bin, above the interface. For simplicity of notation, Tn, un, Tt and ut do not
carry a subscript designating the bin to which they apply. The values for Tn, Tt,
un and ut were calculated every 100 time steps (500 fs) as an average over 10 time
steps (50 fs).

To determine Tt and ut, the division of atoms into bins is made once, at the
beginning of the simulation. If, under the influence of a shear load, interface sliding
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occurs, the upper and lower half of the bin move apart. The increase in tangential
distance between the bin halves gives ut. However unlike the tangential case, Tn
and un have to be determined between the upper and lower half of a bin for which
the bin halves are still at roughly the same x-position. In order to determine Tn
and un therefore, the division of atoms into bins is made every time step when
these values are calculated.

As was shown in [9], in response to a shear load the individual bins do not
always show equal Ttputq behaviour at the same moment in time. The average and
the standard deviation of the response, however, is equal for all the bins. Therefore
Tt can be averaged over all the bins at every desired moment in time. In addition
to the Ttputq results for individual bins, the data are therefore also averaged over
the entire interface and over time intervals of 10 ps. This averaging is done to
smoothen the curves and get a better view on the similarities and differences
between the different interfaces and loading directions. These average tangential
traction data are indicated as Ttputq.

The response to a normal load is quite different for different bins at the same
moment in time, as was shown in [19]. The relations between Tn and un of the
bins are comparable, however. Therefore, instead of averaging the data of the
individual bins at a particular moment in time as is done for Tt, the data for Tn of
the individual bins are averaged at particular values of un. These average normal
traction data are indicated as Tnpunq

2.4. Loading

Three different kinds of mixed loading conditions are applied: 1.) pre-shear: a
tensile load preceded by a shear load, 2.) pre-tension: a shear load preceded by
a tensile load, and 3.) mixed-mode loading: simultaneously applied tensile and
shear loads. The strain rate equals 108 s´1. For mixed-mode loading this is the
total strain rate, which implies different normal and tangential strain rates under
different loading angles. Under mixed-mode loading the mode-mixity angle is
defined as the angle between the normal to the interface and the loading direction,
so that an angle of 0˝ implies pure normal loading and 90˝ gives pure shear loading.
Different mode-mixity angles ranging between 0˝ and 90˝ are studied.

2.5. Methods

The MD-simulations are performed with LAMMPS [23, 24] and the GPU-
accelerated version hereof [25, 26, 27]. The structures are visualised with OVITO
[28]. As a measure for changes in the interface structure the number of non-
bcc atoms at the interface is determined with the common neighbour analysis as
implemented in LAMMPS [29, 30]. We found this to be a sensitive diagnostic for
recording structural changes at an interface.
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3. Results

A schematic representation of the traction-separation relations for shear, pre-
tension, mixed-mode, tension, and pre-shear loading of the different interfaces is
given in Table 2. This table is intended to be a quick reference to the mechanical
responses in the various situations studied. In Sections 3.1, 3.2, and 3.3 these
results are discussed in detail.

3.1. Pre-tension

When the systems are subjected to a tensile load, the normal separation at the
interface, un, increases. When subsequently a shear load is applied to the same
system, it can be expected that the increased normal separation at the interface
makes it ’easier’ to shear the system, resulting in a lower tangential traction. As
illustrated for the Fe4 interface in Figure 3, left, this effect is indeed seen. The
longer the pre-tension time and therefore, since a constant strain rate is applied,
the higher the normal strain, the lower the tangential traction is during shearing.
Systems that were already ’easy’ to shear without pre-tension, having a low tan-
gential traction, stay ’easy’ to shear, as illustrated for the X1 interface in Figure
3, right. The S4 interface, however, is an exception to this rule. As shown in Fig-
ure 3, middle, Tt is not influenced by the applied pre-tension. Only after 500 ps
of pre-tension, the combination of the pre-tension and the subsequent tangential
loading leads to decohesion of the interface, reflected in the decreasing blue curve
for 500 ps of pre-tension for ut ą 10 Å.

An overview of the influence of pre-tension on the shearing behaviour is given
in Figure 4, where the sliding traction T s

t is shown for ten interfaces after different
amounts of pre-tension. A schematic representation of the influence of pre-tension
on the entire traction-separation relation for shear is given in Table 2. Results
for the S2 interface are not shown, since for this interface the structure dramat-
ically changes during both pre-tension and shearing, and no steady-state sliding
behaviour is reached after pre-tension. T s

t can therefore not be determined for this
interface.

3.2. Pre-shear

The response of an interface to a tensile load is proportional to its adhesive
energy, as is reflected in the normal cohesive law derived in [19], Equation 7. The
different interfaces result from different crystal orientations and have, as a result,
different interface structures with different adhesive energies. When a shear load
is applied to the systems, the structure of the entire interface changes in certain
cases [9], depending on the interface and on the loading direction. It could be
expected that a change in interface structure also changes the adhesive energy of
the interface and with that also changes the response of such an interface to a

11



Table 2: Schematic representation of the response of interfaces with a dislocation initially at the interface to different loading modes.
For the X1 and X2 interface an applied shear load leads to a gradual change of the interface structure from the dislocation position
onwards. The response therefore will be different for larger applied shear strains.

Interfaces Shear Pre-tension Mixed-mode Tension Pre-shear Mixed-mode
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Figure 3: Tangential traction as function of tangential separation for three different interfaces
after different amounts of pre-tension, indicated by the different pre-tension times, prior to
loading the system in shear.

0

2

4

T
s t
(G

P
a
) Fe1 Fe3 Fe4

0

2

4

T
s t
(G

P
a
) S1 S3 S4

0 250 500

tension time (ps)

0

2

4

T
s t
(G

P
a
) X1

0 250 500

tension time (ps)

X2

0 250 500

tension time (ps)

X3

0 250 500

tension time (ps)

X4

Figure 4: Sliding traction, T s
t , during shearing as function of the pre-tension time, for ten different

interfaces.
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tensile load with respect to the original interface. For the Fe4 interface it is indeed
seen that the pre-shear load leads to a changed normal traction during subsequent
tensile loading, Figure 5.
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15

20

T
n
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P
a
)
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Figure 5: Normal traction as function of normal separation for the Fe4 interface under tensile
loading after different amounts of pre-shear, indicated by the different pre-shear times.

The results for all interfaces are given in Figure 6, where the average of the
maximum normal traction over all bins Tmax

n is shown for nine of the interfaces
after different amounts of pre-shear. A schematic representation of the influence
of pre-shear on the entire traction-separation relation for tension is given in Table
2. Pre-shear can either make the system ’easier’ to pull apart (Fe3, Fe4, S3), make
it ’harder’ (Fe1, S1), or have no significant influence (S4, X1, X2, X4). It turns
out that whether or not a change in Tmax

n is seen with increasing pre-shear time
depends on whether or not the structure of the interface changes as a result of the
applied shear load. So, indeed a changed interface structure leads to a different
Tnpunq relation, since the adhesive energy of the interface is also changed. For the
S2 and the X3 interface no graphs are shown, because they cannot be compared
to the other results: in these cases pre-shear followed by tensile loading leads to
the nucleation of a dislocation loop (S2) or to the reflection of the dislocation into
iron (X3). This dislocation (loop) then moves towards the lower boundary, where
it is stopped by the fixed atomic planes and causes a stress concentration. From
this stress concentration multiple dislocations are nucleated, leading to failing of
the structure in a different way than for the other interfaces, making it impossible
to compare the crack growth between the different simulations and to determine
meaningful values for Tmax

n at the interface.
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Figure 6: Average maximum normal traction during normal loading after different amounts of
pre-shear are applied, indicated by the pre-shear time, for nine different interfaces.
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3.3. Mixed Mode

The pre-shear and pre-tension loading conditions described in the previous
sections might seem rather artificial. In practice, interfaces will be subjected to
simultaneously combined shear and tensile loading, the so called mixed-mode load-
ing. The pre-shear and pre-tension loading conditions, however, do give insight
in the mechanisms that take place at the different interfaces under the different
loading conditions. Based on this insight one can speculate what would happen
during mixed-mode loading, as we will do in the following paragraphs.

Under mixed-mode loading conditions a combined shear and tensile load are
applied to the system with a total strain rate of 108 s´1. Based on the results for
the pre-tension loading condition, Figure 4, one would expect that under mixed-
mode loading a larger normal component of the load, i.e. a smaller mode-mixity
angle, makes it ’easier’ to shear the system for the Fe1, Fe3, Fe4, S3, and X4
interface. The normal component of the load causes un to increase, resulting in
a smaller T s

t . This behaviour is indeed seen, as illustrated for the Fe4 interface
in Figure 7a. In contrast to the pre-tension simulations, once the system slides
during mixed-mode loading the continued shearing and tensile loading lead to a
continuously increasing un, which in turn leads to a decreasing T s

t . This behaviour
is indeed seen, as illustrated for the Fe4 interface in Figure 7a.

0 5 10 15 20 25

ut (Å)
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Figure 7: Fe4 interface under mixed-mode loading. Figure 7a shows that an increased normal
loading component, so a smaller mode-mixity angle, leads to a decrease in Ttputq compared to
the relation under pure shear (a mode-mixity angle of 90˝). Figure 7b shows that an increased
shear loading component, so a larger mode-mixity angle, leads to a decrease in Tnpunq compared
to the relation under pure normal loading (a mode-mixity angle of 0˝).

Similarly as under pre-shear loading, the shear component of the mixed-mode
load leads to a changing interface structure, although the change can be different
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because of the simultaneously applied tensile component. The changed structure
in turn influences the response to normal loading, as shown in Figure 7b. Under
pre-shear loading after a certain amount of pre-shear loading a steady-state sliding
regime is reached and further shear loading has no additional influence on the nor-
mal loading behaviour (Figure 5). Under mixed-mode loading however, as shown
in Figure 7b, increasing the shear component leads to a gradual decrease in the
normal traction for the Fe4 interface, since under mixed-mode loading the increas-
ing shear is applied simultaneously with an increasing tensile load and therefore
the interface structure gradually continues to change.

An overview of the influence of the shear component of the mixed-mode load on
the normal response is given for ten of the interfaces in Figure 8. A schematic repre-
sentation of the influence of mixed-mode loading on the entire traction-separation
relations for shear and tension is given in Table 2. For the X3 interface no data
are shown, for the same reason as given in the case of pre-shear, Section 3.2.
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Figure 8: Average maximum normal traction during mixed-mode loading for different mode-
mixity angles for ten different interfaces.

Comparing Figures 6 and 8 shows that the influence of the shear load on the
normal behaviour is not for all interfaces the same under mixed-mode and pre-shear
loading conditions. The third and fourth column in Table 2 further illustrate this.
To compare the influence of the different loading paths on the response, in Figure
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9 both Tn and Tt are shown as function of ut for different values of un. The red
dots show the values obtained with mixed-mode loading, while the blue dots result
from pre-shear loading. For the Fe4 interface, as shown in Figure 9, both loading
paths give similar results. In this case, therefore, un and ut have the role of ’state
parameters’, i.e. representing the traction behaviour irrespective of the history
through which the interface has evolved to these particular un and ut values. In
Figure 10 the influence of the different loading paths on the response are shown for
the S4 interface. For this interface the different loading paths clearly give different
responses, perhaps not greatly different but certainly different in a significant way.
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un = 0.90

mixed-mode
pre-shear

0 50 100 150

ut (Å)
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Figure 9: Tnputq (a) and Ttputq (b) for different values of un for the Fe4 interface under mixed-
mode and pre-shear loading.

3.4. Structure change

The different tractions resulting from subsequently or simultaneously applied
tangential and normal loading can be explained by different structure changes
at the interfaces under different loading modes. As a measure for the structure
change the number of non-bcc atoms per interface area is used. For the S4 inter-
face the results for pre-shear and subsequent normal loading and for mixed-mode
loading are compared in Figure 11. Note that the time in Figure 11a starts at
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un = 1.40

(a)

0 50 100 150

ut (Å)
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Figure 10: Tnputq (a) and Ttputq (b) for different values of un for the S4 interface under mixed-
mode and pre-shear loading.
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the beginning of the simulation and thus includes both the pre-shear and the sub-
sequent normal loading. Under pure tension, without pre-shear (0 ps) or with a
mode-mixity angle of 0˝, the number of non-bcc atoms increases with time until
decohesion occurs, around 600 ps, upon which nint drops and becomes a constant,
reflecting that the two newly formed free surfaces revert to a much more bcc-like
structure. In contrast, under a (pre-)shear load nint slightly increases and becomes
a constant during steady-state sliding. When the normal loading starts from this
new structure, the structure changes are similar for different amounts of pre-shear
loading, Figure 11a, since the starting structure for normal loading is similar af-
ter every amount of pre-shear. During mixed-mode loading the combined effect
of normal and tangential loading leads to different structure changes for different
mode-mixity angles, as illustrated in Figure 11b, and therefore, not surprisingly,
to different Tnpunq behaviour, as was shown in Figure 10a. For this S4 interface
a larger mode-mixity angle leads to less structure change at the interface and to
a lower T n

max. For the other interfaces a difference in structure change between
consecutively and simultaneously applied tangential and normal loading is also
found, although sometimes less pronounced than for S4.
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Figure 11: Change in interface structure, indicated by the number of non-bcc atoms at the
interface per area as function of time, for the S4 interface during pre-shear (a) and mixed-mode
(b) loading. Note that the time in (a) starts at the beginning of the simulation and thus includes
both the pre-shear and the subsequent normal loading.

3.5. Other effects

In Sections 3.1 to 3.3 results are shown for the 11 studied interfaces. However,
in some cases other effects are seen than only interface decohesion or interface
sliding. We report this here, just to illustrate the multitude of different effects
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that occur under conditions that differ only in the interface orientation. For the
Fe1 interface, dislocation loops form from the interface into the iron grain under the
three different loading modes but not for pure shear or pure tension. These loops
coalesce and, due to the periodic boundary conditions, form a downwards moving
twin plane. At the S2 interface loops are also seen to nucleate. Furthermore,
under certain loading conditions a single dislocation nucleates from the interface.
The dislocation initially placed at the X3 interface moves back into the iron grain
under all loading conditions except pure shear. This dislocation is then blocked by
the fixed atomic bottom planes, which leads to a stress concentration. From this
stress concentration multiple dislocations nucleate, which in turn lead to failure of
the structure in a different way than by pure interface decohesion.

Since in Sections 3.1 to 3.3 the influence of pre-shear, pre-tension or the mode-
mixity angle on the tensile and shear behaviour is quantified by their effect on T n

max

and T s
t , respectively, these parameters are shown only if meaningful values could be

determined. However, for some interfaces the nucleated dislocations cause decohe-
sion at multiple positions along the interface or at the boundary between fixed and
dynamic atoms, which constitutes a new complication. A detailed investigation of
this behaviour, however, is beyond the scope of this work.

In conclusion, the response of the interfaces to mixed-mode loading is different
from the response to pre-shear or pre-tension loading. The loading direction and
history determine the local stress state at the interface and with that determine
the structure change that takes place at the interface. That, ultimately, influences
the traction-separation behaviour.

4. Cohesive law

In [19] a cohesive law for the relation between normal traction and normal
separation during crack growth under pure normal loading was derived. Although
it was found that crack nucleation is influenced by impinging dislocations, since
they locally modify the structure of the interface, crack growth is independent
of the number of dislocations under pure normal loading. In [9] a cohesive law
for the relation between tangential traction and tangential separation under pure
tangential loading was derived. This cohesive law does depend on dislocations,
since dislocations can change the entire interface structure and with that influence
the response of the interface. In the current section the two cohesive laws are
adjusted to take into account the cross effects: the influence of normal loading on
the shear behaviour and that of shear loading on the normal behaviour, based on
the results from the pre-shear, pre-tension, and mixed-mode simulations.
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4.1. Pre-shear

The relation between normal traction and normal separation under pre-shear
loading conditions can be derived from the previously derived [19] cohesive law for
crack growth under pure normal loading, Equation 7, by including the influence
of the shear load. If a shear load is applied to the system, the interface struc-
ture changes until a steady-state sliding regime is achieved. The largest structure
change occurs until the peak of Tt is reached, as given by Equation 8. The new
interface structure that forms under the applied shear load will have a different
interface energy ∆E, and therefore a different relation for Tnpunq under a sub-
sequent normal load, than the original structure. The influence of the structure
change can be included in the cohesive law by a mixing rule that describes the
transition between beginning and end,

Tn “ p1 ´ ζqT orig
n ` ζT new

n , (16)

where T orig
n is Tnpunq for the original interface structure, T new

n is Tnpunq for the
changed structure in the steady-state sliding regime, and ζ is a measure for the
structure change, which ranges from ζ “ 0 for the original interface to ζ “ 1 for
the sliding regime. Since the largest amount of structure change takes place until
the peak in Tt is reached, ζ can be represented as follows:

if T s
t ě T crit

t : ζ “
ut

ust
, for 0 ď ut ď ust ,

ζ “ 1, for ut ą ust ,

if T crit
t ě T s

t : ζ “
ut

ucritt

, for 0 ď ut ď ucritt ,

ζ “ 1, for ut ą ucritt .

(17)

In Figure 12 the results from the pre-shear simulations are shown for the Fe4
interface together with the predictions by the cohesive law given by Equations 7,
16 and 17. In order to determine the parameters for the cohesive law, Equation 7
is fitted to the data of the simulations with 0 and 1000 ps pre-shear to determine
∆E for the original and the changed interface, which in turn determines T orig

n and
T new
n . The value of ζ is determined for every amount of pre-shear with Equation

17, using the average value of ut along the interface after the indicated pre-shear
time before normal loading, and using the values of ucritt , ust , T

crit
t and T s

t from [9].
For various interfaces the maximum values of Tn after different pre-shear times

as calculated with Equation 16 are shown in Figure 13 as the blue crosses, together
with the values determined from the actual pre-shear simulations, which are given
by the red dots. Predictions by the cohesive law are only shown for those interfaces
for which the presence of an initial dislocation modifies the interface behaviour
only very slightly, not for those interfaces where the dislocation triggers a gradual
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Figure 12: Normal traction as function of normal separation for the Fe4 interface under tensile
loading after different amounts of applied pre-shear indicated by the different pre-shear times
(solid lines), and as predicted by the cohesive law, Equations 7, 16 and 17 (dashed lines).

structure change along the interface, leading to significantly different behaviour
of the changed part of the interface, as described in [9]. T orig

n , T new
n and ζ are

determined as described above for the Fe4 interface. As can be seen in Figure 13,
Equation 16 quite well reproduces Tmax

n from the simulations.
For the S2, X1, X2, and X3 interfaces shearing of the interface leads to a

gradual structure change along the interface from the dislocation onwards, instead
of to a gradual structure change of the entire interface over time as is seen for the
other interfaces. In the same way as in the previously derived cohesive law [9],
the gradual structure change should be included in the normal cohesive law by the
factor

ξ “
Anew

Aorig ` Anew

, (18)

where Aorig is the area of the interface with the original structure and Anew is the
area of the interface with the changed structure. The overal cohesive law for the
entire interface is then given by

Tn “ p1 ´ ξqT orig
n ` ξT new

n , (19)

where again T orig
n is Tnpunq for the original interface structure, and T new

n is Tnpunq
for the part of the interface with the changed structure.

4.2. Pre-tension

Under pre-tension loading conditions the tensile load leads to an increase in
un, which in turn may lead to a decrease in Tt. The influence of un on Ttputq can
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Figure 13: Average maximum normal traction during normal loading after different amounts of
pre-shear are applied, indicated by the pre-shear time, for nine different interfaces (red dots).
The blue crosses indicate Tmax

n as predicted by Equation 16.
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be taken into account in a similar manner as ut in the relation for Tnpunq,

Tt “ p1 ´ ηqT orig
t ` ηT new

t , (20)

where T orig
t is the original relation for Ttputq so without a normal load being ap-

plied, and T new
t is the new relation for Ttputq that exists if un reaches its critical

value ucritn at which decohesion takes place. However, upon decohesion there is
no contact between the surfaces at the interface and therefore T new

t “ 0. The
influence of un on the tangential behaviour is reflected in η, which ranges from
η “ 0 without normal load to η “ 1 upon decohesion. We define η as the fraction
of ucritn that un has reached,

η “
un

ucritn

, for 0 ď un ď ucritn . (21)

In Figure 14 the results from pre-tension simulations are shown for the Fe4
interface together with the predictions by the cohesive law given by Equations 8,
20 and 21. For every amount of applied pre-tension η is calculated with Equation
21 by using the average value of un along the interface after the indicated pre-
tension time before shear loading. The cohesive law for pure normal loading,
Equation 7, gives ucritn “ 1.35Å.
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Figure 14: Tangential traction as function of tangential separation for the Fe4 interface under
tensile loading after different amounts of pre-tension are applied, indicated by the different pre-
tension times (solid lines), and as predicted by the cohesive law, Equations 8, 20 and 21 (dashed
lines).

4.3. Mixed-mode

Under mixed-mode loading the structure change of the interface can be different
from that under pre-shear or pre-tension loading conditions, as was illustrated in
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Figure 11. Equation 16 for pre-shear loading assumes that once the steady-state
sliding regime is reached a new interface structure is formed, which no longer
changes. If under mixed-mode loading the structure change is different from that
under pre-shear loading for a particular interface, T new

n in Equation 16 is no longer
a constant value for this interface, since for every mode-mixity angle a different
structure and therefore a different T new

n results. The next paragraphs describe
for every interface how T new

n is determined. In Table A.3 the parameters for the
cohesive laws for all the interfaces are given.

For interfaces Fe3, Fe4 and S3 T new
n can be considered to be a constant. The

structure changes during pre-shear and mixed-mode loading are quite comparable
and, as illustrated in Figure 9 for the Fe4 interface, unique relations for Tnpun, utq
and Ttpun, utq are found.

For interfaces S4 and X4 the structure change is different for pre-shear and
mixed-mode loading and, as illustrated in Figure 10 for the S4 interface, no unique
relations for Tnpun, utq and Ttpun, utq can be found. T new

n is not constant for these
interfaces, but ranges between T orig

n and T new
n as found with a mode-mixity angle

of 85˝, which is the largest mode-mixity angle studied at which decohesion occurs.
Also for interface S1 the structure change is different for pre-shear and mixed-

mode loading and no unique relation for Tnpun, utq and Ttpun, utq can be found.
For this interface T new

n ranges between T new
n in the steady-state sliding regime and

T new
n as found with a mode-mixity angle of 85˝. In the steady-state sliding regime

and under pre-shear loading conditions Tnpunq increases, while under mixed-mode
loading Tnpunq decreases.

For interfaces X1 and X2 the dislocation at the interface causes a gradual
structure change along the interface under an applied shear load. The rate at
which this structure change proceeds is dependent on the sliding velocity of the
upper crystal with respect to the lower crystal, as shown in [9], and therefore on the
applied shear strain rate, which for mixed-mode loading is dependent on the mode-
mixity angle. Furthermore, under mixed-mode loading the ’unchanged’ part of the
interface shows a different response for larger mode-mixity angles. For these two
interfaces, as can be seen in Figure 6, an applied pre-shear up to 1000 ps has only
a small influence on Tmax

n , since it is averaged over the entire interface and only
a small part of the interface shows a structure change. For a large mode-mixity
angle, however, the structure change is spread much more along the interface, since
in this case the applied shear strain is larger. This leads to a decrease in Tmax

n .
For these interfaces T new

n as found with a mode-mixity angle of 85˝ can be used.
The cohesive laws for normal and shear loading, Equations 7 and 8, and the

modifications to include the influence of shear, respectively tension, in pre-shear
and pre-tension simulations, Equations 16-21, with the parameters given in Table
A.3 describe the behaviour of the interfaces studied in this work. To describe the
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interface behaviour of other interfaces the parameters of the cohesive laws have to
be determined. For this only a limited number of MD simulations are needed per
interface and per loading direction:

• A static simulation to determine ∆E as described in [19].

• A shear simulation without initial dislocations to determine ucritt , ust , T
crit
t ,

and T s
t as described in [9].

• A tensile simulation on the interface structure formed in the steady-state
sliding regime to determine T new

n .

• A mixed-mode simulation with a mode-mixity angle of 85˝ to determine T new
n

if the mixed-mode behaviour is different from the pre-shear behaviour and a
range has to be found in which T new

n varies.

• A shear simulation with an initial dislocation to verify if this dislocation
causes a gradual structure change of the interface from the dislocation po-
sition onwards. If so, 9Anew can be determined from this simulation, and a
normal simulation for this changed interface has to be performed to deter-
mine T new

n .

5. Discussion

In [19] it was found that the cohesive law for normal loading can be determined
based on an adhesive energy relation, Equation 7. The only factor differentiating
the different interfaces was ∆E, the depth of the energy well, Equation 5. The scal-
ing factor c was determined as an average of the scaling factors for the individual
interfaces, which in turn were averages of the different simulations with different
numbers of dislocations impinging on the interface. For some individual interfaces
the simulation results showed small deviations from this universal normal cohesive
law.

In our pre-shear simulations the value of ∆E for the changed interface in the
steady-state sliding regime is not known beforehand. Instead, this value must
be determined by fitting the maximum value of Tn to the normal cohesive law.
Similarly, for improved accuracy for a particular interface, the maximum value of
Tn from a pure normal simulation can be fitted to the cohesive law to determine
∆E. Of course, in this case not the real ∆E is found but an adjusted ∆E that
includes the over- or undershoot of c for this interface.

Figures 9 and 10 clearly show that there is not a unique relation between the
separations at the interface and the tractions for every interface. To properly
describe the interface behaviour, no potential-based cohesive zone model can be
applied if there is no unique relation. Previous studies [4, 7] based on analytical
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derivations have already shown that a potential-based cohesive zone model is not
capable to accurately describe interface behaviour. In this study, based on atomic-
scale dynamics, we also find this. The interface structure and the change of this
structure play key roles in the response to a load. To correctly capture the interface
behaviour in a cohesive zone model, the structure change should therefore be
included. Since the structure change depends on the order of applying shear and
tensile loading, and a steady-state sliding regime can be reached, this structure
change cannot be incorporated in a potential-based cohesive law.

The most commonly implemented cohesive zone model [3] has a non-periodic
tangential response and therefore allows for shear failure. The cohesive law for pure
shear behaviour derived in [9] is also non-periodic. However, with this cohesive
law shear failure under pure shear loading will never occur, since a steady-state
sliding regime is reached. Since our simulations, in [19, 9] and in the present study,
involve the study of a periodic bi-crystal, the simulation set-up makes shear failure
impossible.

In this study the focus is only on interface behaviour during loading and not
during unloading. Since the relation between tractions and separations at the
interfaces is dependent on the structure change, which in turn is determined by the
loading path, it is impossible to predict the unloading behaviour of the interfaces
with the currently derived cohesive model. Further study is necessary to capture
the unloading behaviour.

In this study only a dislocation of the {112}x111y slip system interacts with
the interface. Since the dislocation interacts with the interface under an angle, it
can be expected that a different structure change will result for a dislocation of
the same slip system but under a different angle, and that therefore the interface
behaviour will be different. Similarly, a dislocation of another slip system will
very likely cause a different structure change at the interface and therefore have a
different influence on the shearing behaviour.

Before a crack grows in our simulations, it first has to nucleate. In [19] it was
shown that under normal loading the crack nucleation behaviour is influenced by
impinging dislocations, while the crack growth behaviour is not. In that work
the crack nucleation was excluded from the determination of the crack growth
behaviour. As explained in section 2.3, to determine Tt and ut the interface is
divided into bins at the beginning of the simulations, while to determine Tn and
un this division is made every time step when these values are calculated. When,
under an applied shear load, the upper crystal starts sliding with respect to the
lower crystal, the upper and lower parts of the bins move apart. If then a crack
forms, under a subsequently or simultaneously applied tensile load, it is not evident
which bins to exclude from the analysis of the growth behaviour in order to separate
the nucleation behaviour. We therefore chose in this work not to exclude the
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nucleation behaviour in the determination of the crack growth behaviour. Since
there are at least 175 bins along every interface, the error made by not excluding
the nucleation behaviour in the crack growth behaviour is quite small. The crack
nucleation behaviour itself will be discussed in a separate work [31].

In [19] and [9] the interface behaviour was studied with and without dislo-
cations under tensile and shear loading. It was found that under tensile loading
dislocations only influence the nucleation behaviour, while under shear loading, for
some interfaces, dislocations in combination with the shear load cause a gradual
change of the interface structure from the dislocation position onwards. In the
current work all simulations are performed with an initial dislocation present at
the interface, in order to trigger crack nucleation at a specific point instead of at a
number of random positions. In those cases where the dislocation causes a gradual
structure change of the interface, this is taken into account in the cohesive law by
Equations 18 and 19.

6. Conclusions

In this work we studied the behaviour of 11 different interfaces under a shear
load followed by tensile loading (’pre-shear’), a tensile load followed by shear load-
ing (’pre-tension’), and under simultaneously applied shear and tensile loading,
(’mixed-mode loading’). We find that the interface structure and the change in
this structure during loading play key roles in the response to the loading. This
structure change is influenced by the loading history and by the loading direction.
This leads to the overall conclusion that the details of the responses of various in-
terfaces to various loading sequences are too complex to be captured in a relatively
simple scheme, see also Table 2.

Only a few general conclusions emerge:

• if a shear load changes the structure of an interface, the response to a sub-
sequent tensile load will be different from that of the original unchanged
interface,

• if under an applied shear load a barrier has to be overcome to commence
sliding, first applying a tensile load will make it easier to shear the system,

• if a previously applied shear load makes it harder to obtain decohesion in
the system during tensile loading, applying a shear and tensile load simulta-
neously will reduce this effect, since the tensile load makes shearing easier.

We have adjusted our previously derived cohesive laws for pure normal and
pure shear loading [19, 9] to take into account the influence of an earlier or simul-
taneously applied different loading direction. For some of the interfaces a unique

29



relation between traction and separation exists. For other interfaces, however, no
unique relation exists and our cohesive law gives no exact prediction but rather
a range of possible values. This in itself is not without merit for modelling, since
random values within this range can be assigned to different interfaces of the same
type in a polycrystalline model. For computational practice we find that for every
iron-precipitate interface a maximum of five MD simulations are needed to obtain
the parameters of the cohesive zone model and to be able to fully predict the
traction-separation behaviour in larger-scale models than MD.
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Table A.3: Parameters for the cohesive laws given in Equations 7, 8, 16, 19, and 20. Values for ∆E are in eV, values for ucrit
t and us

t

are in Å, values for T crit
t , T s

t , T
orig
n , and T new

n are in GPa. If only T new
n for steady-state sliding is given, this is the actual value for

T new
n . If only T new

n for a mode-mixity angle of 85˝ is given, this indicates a range, the actual value varying between this value and T orig
n ,

depending on the loading mode, as described in section 4.3. Where two values for T new
n are given, the actual value varies between the

two. For the Fe1, S2, and X3 interface no values are given for various reasons as explained in the main text.

Interface ∆E ucritt ust T crit
t T s

t T orig
n T new

n T new
n

steady-state sliding mode-mixity angle 85˝

Fe1 0.0519 8.08 143.35 2.92 1.95 14.96 - -
Fe3 0.0574 2.36 132.67 3.56 2.99 15.80 12.21 -
Fe4 0.0570 0.83 0.83 3.03 3.03 14.86 12.92 -
S1 0.0519 0.69 82.26 0.86 0.34 16.13 18.65 16.29
S2 0.0686 0.15 2.72 1.24 0.92 18.23 - -
S3 0.0530 3.72 5.16 2.71 2.47 15.21 12.31 -
S4 0.0606 1.92 6.64 3.08 2.96 18.11 - 14.35
X1 0.0601 0.14 0.14 0.02 0.02 18.64 - 16.63
X2 0.0559 0.38 0.38 0.19 0.19 16.87 - 14.95
X3 0.0755 0.00 0.00 0.01 0.01 23.73 - -
X4 0.0555 2.19 8.17 0.96 1.67 15.99 - 15.46

31



References

[1] G. I. Barenblatt, “The Mathematical Theory of Equilibrium Cracks in Brittle
Fracture,” Advances in Applied Mechanics, vol. 7, pp. 55–129, 1962.

[2] D. Dugdale, “Yielding of steel sheets containing slits,” Journal of the Me-

chanics and Physics of Solids, vol. 8, no. 2, pp. 100–104, 1960.

[3] X. P. Xu and A. Needleman, “Void nucleation by inclusion debonding in a
crystal matrix,” Modelling and Simulation in Materials Science and Engi-

neering, vol. 1, no. 2, pp. 111–132, 1993.

[4] M. J. van den Bosch, P. J. G. Schreurs, and M. G. D. Geers, “An improved
description of the exponential Xu and Needleman cohesive zone law for mixed-
mode decohesion,” Engineering Fracture Mechanics, vol. 73, no. 9, pp. 1220–
1234, 2006.

[5] J. Dollhofer, W. Beckert, B. Lauke, and K. Schneider, “Fracture mechanical
characterisation of mixed-mode toughness of thermoplast/glass interfaces,”
Computational Materials Science, vol. 19, no. 1-4, pp. 223–228, 2000.

[6] K. Park, G. H. Paulino, and J. R. Roesler, “A unified potential-based cohesive
model of mixed-mode fracture,” Journal of the Mechanics and Physics of

Solids, vol. 57, no. 6, pp. 891–908, 2009.
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