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1. Introduction

1.1 General introduction to thesis

In reinforced concrete structures cracking and crack widthis controlled by the
layout and the amount of the reinforcement. Being able to predict the crack width
and spacing is important for a number of reasons for instancewith regard to dura-
bility or structures that need to be impermeable to fluids. Ofstrong influence to
the cracking behaviour of reinforced concrete structures is the bond that exist be-
tween the steel and the concrete. This bond is however a complex phenomenon
and cannot be readily predicted. With experiments a bond-slip relation can be
determined and with testing of long specimens it is also possible to determine the
crack spacing.
This thesis sets out to explore the possibilities of simulating steel-concrete bond-
slip behaviour numerically. For numerical simulations conventional non-linear
analysis using the finite element method can be used to predict and calculate
cracking and crack development in reinforced concrete structures. In these simu-
lations the bond between the steel and the concrete can be taken into account in
various ways. Often however the bond is not taken into account and instead full
bond is assumed.
A recent development at Delft University is the use of sequentially linear analysis
or SLA for short. This method is an alternative to non-linearanalysis and has
already showed good results for simulating cracking behaviour in brittle materials
such as concrete, glass and masonry. This thesis will explore the possibilities of
using SLA with the object of simulating bond-slip behaviour. Of special interest
are the aforementioned experiments on long specimens sincethese tests reveal a
fully developed crack pattern. Therefore the possibilities to simulate these exper-
iments using conventional non-linear analysis as well as SLA will be explored.

First the general bond-slip theory will be described in the next section. In section
1.4 the main objectives for this thesis will be stated.
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1.2. STEEL-CONCRETE BOND-SLIP THEORY

1.2 Steel-concrete bond-slip theory

1.2.1 The bond mechanism
There are many sources in literature that describe the bond mechanism in detail
[1], [7], [9]. Here only a basic description will be given to describe the most im-
portant aspects of the bond mechanism between concrete and reinforcement. The
description given here applies to reinforcing bars with ribs only.
The bond mechanism consists of three main components: (chemical) adhesion,
friction and mechanical interlocking (bearing), see figure1.1. The adhesion (a) is

Figure 1.1: Force transfer mechanism

very small and lost almost immediately upon loading. The mechanical interlock-
ing can also be viewed as friction. The inclined bearing forces (c) can be divided
into two components: the longitudinal part, this is called the bond stress, and the
radial part which is called the splitting stress. The inclined forces which radiate
outwards into the surrounding concrete are balanced by ringtensile stresses see
figure 1.2. If the ring tensile stresses become too large the concrete will crack

Figure 1.2: Ring tensile stresses

resulting in longitudinal splitting cracks.

There are two distinct bond failure mechanisms:

• Splitting failure.

• Pull-out failure.

Splitting failure will occur when splitting cracks can reach an outer surface
before the bar is pulled out, for instance when there is only asmall concrete cover.
In this case the normal stresses between the concrete and therebar are reduced
drastically causing much lower bond stress transfer.
The other failure mechanism, pull-out failure, will occur if the confinement (i.e.
the concrete cover or transverse reinforcement) around thebar is sufficient to with-
stand (balance) the splitting stresses. In this case bond failure is ultimately caused
by shearing off of the concrete between the rebar and the ribs. Figure 1.3 explains

11



1. Introduction

the difference in load transfer between pull-out and splitting failure (taken from
[8]).

Figure 1.3: Bond pull-out failure (left) and bond splitting failure (right)

The difference in bond-slip behaviour in terms of a bond stress-slip relation is
illustrated in figure 1.4 below.

Figure 1.4: Difference in bond-slip behaviour, (a) pull-out failure, (b) splitting failure

1.2.2 Factors influencing the bond strength

Since bond performance is not only dependent on pure material properties but also
on the structure surrounding the rebar there are many aspects influencing the bond
performance.1 Some factors are listed here (see also [7], [16]):

• concrete compressive strength, especially for pull-out failure;

• concrete tensile strength, especially for splitting failure;

• level of confinement (active or passive), i.e. concrete cover or transverse
reinforcement;

• size effects;

• concrete type (HSC, NSC, FRC);

• rebar geometry (diameter, relative rib area);

• type of loading, load repetition (load history).

1this also implies bond performance to be non-unique meaningit can differ at different loca-
tions along the rebar
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1.2. STEEL-CONCRETE BOND-SLIP THEORY

1.2.3 Bond-slip experiments

Experiments on reinforced concrete specimens involving bond-slip can be used
among other things to derive bond stress-slip relations. This section very shortly
describes several types of experimental setups that are most commonly used and
is mainly taken from [7].

Short specimens (pull-out failure, see figure 1.5)
In this test a reinforcing bar with a very short bonded lengthis pulled out of a
concrete body. Because of the short bonded length there exists an almost uniform
distribution of the bond stress. Therefore this type of testcan be done to obtain a
bond-slip curve. The concrete cover is chosen large enough as to prevent splitting
failure.

Figure 1.5: Example of short specimen pull-out test setup

Long specimens (pull-out and splitting failure)
For obtaining information about the bond-stress distribution (among other things)
along a bar or splice2, tests on long specimens have also been adopted. These tests
can also serve as a reference for FEM modeling. Sometimes in this type of testing
strain gages are inserted inside the reinforcing bar. This can be done by splitting
the bar into two, channelling out for strain gage placement and then gluing the
two halves back together. By varying the concrete cover this type of test can be
used to investigate pull-out failure as well as bond splitting failure.

2Dutch: lasverbinding
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1. Introduction

1.2.4 Bond-slip relations

There are several ways for obtaining a bond stress-slip relation. For practical rea-
sons one way is to use simple parametric formulae. This approach is for instance
used in the CEB-FIB MC90 model code [7]. A bond-slip curve calculated with
this model code is shown in figure 1.6 for confined concrete (i.e. pull-out failure)
and unconfined concrete (i.e. splitting failure), both for aconcrete compressive
strength off ′ck=35 N/mm2.
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Figure 1.6: Example of a direct bond-slip relation (CEB-FIB MC90)

The parameters determining the CEB-FIB MC90 bond stress-slip curve are:

• confined/unconfined concrete;

• concrete compressive strengthf ′ck;

• clear rib spacingcs (between0.5Ø and1.0Ø; Ø is the nominal bar diameter,
for confined concrete only).

Some more recent improved versions of the CEB-FIB curve have also been
derived showing for instance a descending branch in the residual stage [9]. Many
other formulae and approaches exist in literature; a list ofthese will not be given
here. Several approaches are also discussed in the CEB-FIB MC90model code
itself [7].

Instead of using a parametric formula a more sophisticated possibility is the cal-
culation of a bond stress-slip curve using a bond model. A bond model is a way to
calculate a bond stress-slip relation taking into account alarge number of param-
eters depending on the type of model used (see also section 1.2.2). A bond model
can incorporate material as well as structural properties to derive a bond-slip re-
lation. An example of such a bond model is the one developed byDen Uijl and
Bigaj [8]. This model will be discussed in detail in chapter 2.
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1.3. COMPUTATIONAL MODELING OF BOND-SLIP

1.3 Computational modeling of bond-slip

In general there are several ways to approach a bond-slip problem numerically
using the finite elements method and non-linear fracture mechanics. This depends
on the scale of the approach:

• micro scale
With a micro scale approach a reinforcing bar (sometimes including the
ribs) and the surrounding concrete is modelled. This approach is mainly
directed to theoretical research and is not practical for large problems. With
a micro scale approach it is possible to get a bond-slip relation as a result of
the calculation see figure 1.7 and [2].

Figure 1.7: Example of micro approach, axi-symmetric finite element discretization (left)
and derived bond-slip curve (right), taken from [2]

• medium scale
With a medium scale approach all bond-slip behaviour is lumped into an
interface layer thus making use of interface elements. These elements usu-
ally connect a truss element (i.e. the rebar) to a concrete continuum element
(e.g. an axi-symmetric, plane stress or solid element). This approach can
be applied to larger scale models like tension-pull experiments or beams.

• large scale
For even larger structures also using interface elements becomes too cum-
bersome. At this scale bond-slip can be incorporated indirectly by using a
tension-stiffening approach.

For the medium scale approach a definition is needed for slip.Figure 1.8 illus-
trates that slip “∆u” between the concrete and the reinforcement is measured at a
certain distance “a” from the rebar. The slip is caused by a combination of elastic
deformation of the concrete and the cracking and crushing ofthe concrete in the
vicinity of the ribs [9].

15



1. Introduction

Figure 1.8: Definition of slip∆u (taken from [2])

1.4 Main objectives thesis

As stated in the general introduction section 1.1 this thesis sets out to explore the
possibilities of simulating steel-concrete bond-slip behaviour numerically. In the
preceding sections the general bond-slip theory was described.

The main objectives for this thesis can now be stated as:

• Research the possibilities of modeling bond-slip using thefinite element
method and sequentially linear analysis (SLA) in comparison to conven-
tional nonlinear analysis.

• Research the possibilities for obtaining a bond-slip relation that can be used
in the simulations.

The following restriction is used for this thesis:

• Research is directed to medium scale bond-slip simulation only (see section
1.3). This implies the bond-slip behaviour to be lumped intoa bond-slip
layer and interface elements will be used.

16



Chapter 2

The bond-slip model by Den Uijl
and Bigaj

17



2. The bond-slip model by Den Uijl and Bigaj

2.1 Introduction

In section 1.2.4 several possibilities for obtaining a bond-slip relation were men-
tioned. One way was the use of simple parametric formulae (e.g. with the CEB-
FIB MC90 model code). The MC90 model code has some drawbacks since only
a few parameters that influence the bond-slip relation are taken into account. An-
other disadvantage is the fact that there is no well defined criterion between split-
ting failure and pull-out failure (you have to decide for yourself which failure
mode is governing and then use the appropriate relation). Aswas already men-
tioned in section 1.2.4 another possibility is the use of a socalled bond model. In
this chapter the bond model that was developed by Den Uijl & Bigaj in 1996 [8]
will, to some extent, be described in detail. Besides a brief general description the
emphasis will be put on the inner workings of parts of the model that were diffi-
cult to understand from [8]. In most literature that make useof this bond model a
description of these parts is also lacking (e.g. [12],[13],[16]).

Although several programs of the bond model exist (e.g. an Excel version and
a German program called “BATS bond” used in [12]) these programs are either
not fully documented or do not generate a bond-slip relationnumerically. For this
reason and to get a better understanding of the workings of the bond model it is
programmed in Matlab (for code see appendix A). This also hasthe advantage
that it can be expanded with a sawtooth generator, which willbe explained in sec-
tion 4.3. After it was programmed the results were verified against results from
[14], see appendix B.

The reason for choosing this bond model is the inclusion of all mayor influencing
parameters on the local bond-slip relation. Also this modelwill be used as a basis
for the new CEB-FIB MC90 model code that will be released later this year. It
should be noted however that because of the nature of the concrete material even
with sophisticated bond models in reality there will alwaysbe a great scatter in
the actual bond strength along a reinforcing bar and under different conditions.
Deviations in bond strength by as much as 25% are therefore a real possibility.
For numerical simulations however the model is well suited to compare results of
using different configurations (e.g. bar diameter, concrete strength etc.) to simu-
late there effect. For several tension-pull experiments this will be done in chapter
7.
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2.2. GENERAL DESCRIPTION

2.2 General description

The starting point for the bond model is the stress state in the concrete surrounding
the rebar. For this the concrete is modeled as a thick-walledcylinder where the
concrete cover in 3 or 4 directions is taken into account to calculate an effective
cover. The effective cover is then taken as the radius of the thick-walled cylinder,
see figure 2.1 right. If a bar is pulled relative to the concrete the rebar ribs will be

Figure 2.1: Definition of slip layer (left), assumption of conical interface andfriction
(middle) and concrete response to radial displacement of interface (right)
taken from [14]

pushed against the concrete (figure 2.1 left). In the model this wedging effect is
taken into account by conceiving the interface between the boundary layer and the
surrounding concrete as conical (instead of discrete ribs), see figure 2.1 middle.
The radial stress, acting perpendicularly to the interface, is the response of the
surrounding concrete to the radial displacement at the interface. By assuming dry
friction the bond stress is directly proportional to the radial stress.

The stress state and the radial displacement (both at the interface) are calculated
by assuming the thick-walled cylinder as having an internalpressure. Three stages
are defined: stage I is the (linear elastic) uncracked stage.Here the radial displace-
ment at the interface does not yet result in cracking of the cylinder. Stage II is the
partly cracked stage meaning that the concrete will crack gradually from the cen-
ter of the cylinder through the effective cover (figure 2.1 right). If the effective
cover (i.e. the radius of the thick-walled cylinder) is large enough shearing off of
the concrete between the rebar and the ribs will occur beforethe cracks are able
to grow through the entire cover (see also section 1.2.1 figure 1.3). In this case the
failure mechanism will be pull-out. If the effective cover is too small, the cracks
can grow all the way through before an ultimate shear strength is reached at the in-
terface. In this case the failure mechanism will be splitting (see also section 1.2.1
figure 1.3). Only with splitting failure there is also a stageIII which represents
the entirely cracked stage in which the crack width in the cylinder will continue
to increase.
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2. The bond-slip model by Den Uijl and Bigaj

2.3 Parameters used
In the introduction (section 1.2.2) a general list of parameters that influence a
bond-slip relation is given. The bond model by Den Uijl & Bigajuses the follow-
ing parameters to calculate a bond-slip relation:

• Concrete compressive strength;

• Concrete tensile strength (calculated from the concrete compressive strength);

• Concrete Young’s modulus (calculated from the concrete compressive strength);

• Concrete Poisson’s ratio;

• Bi-linear concrete softening curve parameters;

• Concrete cover (in 3 or 4 directions);

• Rebar diameter;

• Rebar strain;

• Coefficient of friction;

• Number of splitting cracks.

Besides the above-mentioned input parameters there is also atable of model
parameters that were derived empirically (see [8] table 4.5). Among other things
in this table the critical shear stress is for instance givenas:τb1=5fct.

It should be noted that the bond model description and implementation for this
thesis is based on the original bond model from 1996 [8]. Since then a further
development of the model has taken place. The basics of the model have however
not been changed. The later developments primarily focus on:

• More precise formulation of the bi-linear softening curveparameters (using
more experimental data);

• Introduction of the effective rib area as an additional parameter [13];

• Using different parameters for rebar that is casted vertically or horizontally
[13];

• Effective concrete cover for closely spaced rebar’s and/or multiple layers
[12].

The field of application for the bond model in this thesis is restricted to:

• one bar specimens;

• ribbed bars;

• no transverse reinforcement (the additional confinement is not taken into
account);

• NSC or HSC.

20



2.4. CALCULATION OF STAGES I, II AND III

2.4 Calculation of stages I, II and III

The figure below shows the response of the concrete cylinder in terms of the radial
stress calledσr,rs and the radial strainǫr,rs at the interface (rs is the radius of the
rebar).1 The latter is defined as:ǫr,rs = ur,rs

rs
(the radial displacement at the

interface is normalized with respect to the bar radius).
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Figure 2.2: Confining capacity thick-walled-cylinder (ds=12 mm, c=20 mm, fcc=35
N/mm2)

The maximum radial stress for stage I is equal to the concretetensile strength. In
stage II a parameter called the crack radiusrcr (which runs from the bar radius to
the effective cover) is stepwise increased. For each crack radius (i.e. crack depth)
the response of the thick-walled-cylinder is then calculated, where a summation
is used of the radial stress (at the interface) caused by the cracked as well as
the uncracked part of the cylinder. The maximum radial stress at the interface is
reached after a crack radius equal to about 0.7 times the effective cover.
The calculation of the last stage, stage III, is fairly complicated. From the formulas
stated in [8] it proved difficult to know exactly how the radial stressσIII

r,rs
and strain

ǫIIIr,rs
are computed. For this stage a previously developed Excel sheet of the bond

model is consulted and its derivations are transferred to the Matlab model. For a
complete description of this stage see appendix C.

2.5 Calculation of splitting failure

As was mentioned in section 2.2 the bond stress is directly proportional to the
radial stress:

τb = σrcot(φ) (2.1)

wherecot(φ) is the coefficient of friction (constant see [8] table 4.5).
For splitting failure the radial strain at the interface is directly proportional to the
slip:

ǫr,rsrs = δtan(ϕ) ⇔ δ =
ǫr,rsrs
tan(ϕ)

(2.2)

1in the bond model the variables are designated in the subscript by the distance to the primary
axis, i.e. the center of the cylinder
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2. The bond-slip model by Den Uijl and Bigaj

whereϕ is the cone angle between the cone surface and the bar axis (see figure
2.1 middle). An example of a bond-slip curve for splitting failure is given in
figure 2.3. Because of the linear relationships theτ -δ curve for splitting failure is
similarly shaped as theσr,rs-ǫr,rs curve.
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Figure 2.3: Example of bond-slip relation for splitting failure calculated with Matlab
bond model

2.6 Calculation of pull-out failure

For pull-out failure the calculation of the bond stress fromthe radial stress is
similar to splitting failure (see section 2.5). The calculation of the slip from the
radial strain is more complicated. Instead of a linear relationship now a nonlinear
relationship is derived. The assumption is that with pull-out failure the cone angle
(ϕ) will decrease with increasing slip because of the wear of the interface layer.
Figure 2.4 shows this relationship which also depends on thesteel strainǫs. The

Figure 2.4: Radial strain - slip relation for pull-out failure, taken from [8]

curve is described by the points a, b, c and d (for formulas see[8] and appendix
D). Between a-b and b-c the function is parabolic and between c-d the function is
exponential. Explicit formulations were not given in [8] therefore they are given
here (for a complete derivation of these functions see appendix D).
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2.6. CALCULATION OF PULL-OUT FAILURE

Parabolic function between points a and b:

ǫr(δ) = −(
ǫr1,0
δ21,0

)δ2 + 2(
ǫr1,0
δ1,0

)δ (2.3)

Parabolic function between points b and c:

ǫr(δ) = −
(ǫr1 − ǫr2)

(δ22 + δ21,0 − 2δ1,0δ2)
δ2 + 2

δ1,0(ǫr1 − ǫr2)

(δ22 + δ21,0 − 2δ1,0δ2)
δ . . .

+ ǫr1 − δ21,0
(ǫr1 − ǫr2)

(δ22 + δ21,0 − 2δ1,0δ2)
(2.4)

The derivation of the exponential function between c and d proved to be difficult.
The exact format was not given in [8] therefore an assumed function description
is used:ǫ(δ) = bδe−aδ + c (with a, b, c unknown constants). Ideally the curve
should be calculated with an equal slope at point c. Solving the unknowns with
this condition analytically however was not possible (see appendix D). Although
the unknowns could be calculated numerically the choice is made to use a zero
value for the slope at point d instead. This resulted in the following function
between points c and d:

ǫr(δ) =
(ǫr3max − ǫr2)

(δ3maxe−1 − δ2e
−

δ2
δ3max )

δe
−

δ
δ3max +ǫr2−

δ2e
−

δ2
δ3max (ǫr3max − ǫr2)

(δ3maxe−1 − δ2e
−

δ2
δ3max )

(2.5)

Using these formulations an example of a bond-slip curve forpull-out failure is
given in figure 2.5. The letters designate the areas described by the various func-
tions (see also figure 2.4). The used assumption of a zero value for the slope at
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Figure 2.5: Example of bond-slip relation for pull-out failure calculated with Matlab bond
model

point d worked quite nicely. Unless very high steel strains are taken (>10‰) the
slope at point c is almost continuous going from part B to partC.2

2it should be noted that the calculations for this thesis generally do not involve large steel
strains or slip values, therefore the function descriptionfor part C is less relevant
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2. The bond-slip model by Den Uijl and Bigaj

2.7 Results for splitting failure

In this section some results of the Matlab bond model will be presented when
splitting failure is governing. Figure 2.6 shows the influence of the effective cover
(from zero to about 33 mm) on the bond-slip relation. With theused parameters an
effective cover larger then about 33 mm will result in pull-out failure. Figure 2.7
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Figure 2.6: Bond-slip versus effective cover (ds=12 mm, fcc=35 N/mm2, fct=2.80
N/mm2)

shows the influence of the concrete compressive strength (from 25 to 110 N/mm2)
on the bond-slip relation. Indirectly changing the concrete compressive strength
also changes the concrete tensile strength and the concreteYoung’s modulus (see
section 2.3). With an increasing strength the maximum bond stress increases but
also the behaviour becomes more brittle. Finally figure 2.8 shows the influence of
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Figure 2.7: Bond-slip versus concrete strength (ds=12 mm,c=20 mm)

increasing the rebar diameter (from 12 to 40 mm). With equal concrete cover this
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2.8. RESULTS FOR PULL-OUT FAILURE

has a reverse effect on the bond-slip relation (note that they-axis is reversed in the
plot).
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Figure 2.8: Bond-slip versus rebar diameter (c=20 mm,fcc=35 N/mm2, fct=2.80 N/mm2)

2.8 Results for pull-out failure

In this section some results of the Matlab bond model will be presented when
pull-out failure is governing. Figure 2.9 shows the influence of the steel strain
(from 0.1‰to 100‰) on the bond-slip relation. Implementingthis influence was
one of the mayor goals when the bond model was conceived. Figure 2.10 shows
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Figure 2.9: Bond-slip versus steel strainǫs (ds=12 mm, c=40 mm, fcc=35 N/mm2,
fct=2.80 N/mm2)

the influence of the concrete compressive strength (from 25 to 110 N/mm2) on the
bond-slip relation. Indirectly changing the concrete compressive strength again
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also changes the concrete tensile strength and the concreteYoung’s modulus (see
section 2.3). The small jump at a concrete strength of 62.5 N/mm2 is caused
by a difference in the calculation of the concrete tensile strength between NSC
and HSC. Finally figure 2.11 shows the influence of increasing the rebar diameter
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Figure 2.10: Bond-slip versus concrete strength (ds=12 mm,c=40 mm,ǫs=0)

(from 12 to 40 mm). With a concrete cover equal to 4 times the rebar diameter (to
prevent splitting failure) this has again a reverse effect on the bond-slip relation
(note that the y-axis is reversed in the plot).
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Figure 2.11: Bond-slip versusds (c=4ds mm,ǫs=0, fcc=35 N/mm2, fct=2.80 N/mm2)
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3. Extensions to an SLA software implementation

3.1 Introduction

Since 2001 an extension of the finite element programDIANA for the use of
sequentially linear analysis (SLA) is under development atDelft University. Until
now the models created use plane stress and/or truss elements only. With these
element types already a great variety of problems can be solved (e.g. [10], [11],
[15]).

One of the main objectives of this thesis is to extend the possibilities of mod-
eling in SLA by expanding the library with interface elements and axi-symmetric
elements. These extensions will then be used to analyze bond-slip related prob-
lems in chapters 6, 7 and 8.

SLA is especially used for brittle materials like concrete or masonry. These
materials have a steep softening behaviour which can lead tomany problems when
using conventional nonlinear analysis (e.g. bifurcations, non-convergence). To
circumvent these problems the negative slope of the softening diagram is replaced
by a sawtooth diagram of positive slopes and the incremental-iterative method
used in nonlinear analysis is replaced by a series of linear analyses (see [10]).
Some specific sawtooth modeling will also be dealt with in chapter 4.

3.2 Program overview

The SLA programming is incorporated as an extension of the nonlin module of
DIANA (version 9.2). The programming language forDIANA and the SLA ex-
tension isFortran77. The basic steps performed in a SLA analysis are:

1. Initialization.

2. Perform linear analysis.

3. Identify critical integration point (called CRITIP) and critical load multi-
plier λ.

4. Multiply loads with the critical load multiplier.

5. Apply a strength and stiffness reduction of the critical integration point.1

6. Repeat steps 2 to 5 until the given number of steps is calculated or until no
more damage (i.e. strength and stiffness reduction) is possible.

An exhausted description of the general SLA routines and workings will not be
given here. The whole procedure is described in detail in an in-house developer’s
manual [17]. Regarding the programming for this thesis in theprevious mentioned
overview steps 3 and 5 are the most relevant.

1depending on the nonlinear relation it is also possible to apply an increase in strength together
with a stiffness reduction, see chapter 4
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3.3. AXI-SYMMETRIC ELEMENTS

3.3 Axi-symmetric elements

The programming of the axi-symmetric elements could be partially based on the
existing code for plane stress elements. The difference is the addition of a fourth
stress component for the circumferential direction:σzz. Currently in SLA the only
option regarding concrete cracking is to use an orthogonal fixed crack total strain
model.

The stress-strain relation in SLA (constitutive matrix) isbased upon (reduced)
Young’s modulus in the orthogonal (crack) directions: N, T and Z. In this local
crack axes system the relation between the stresses and the strains for an axi-
symmetric element is given by:









σnn

σtt

σzz

σnt









= D









ǫnn
ǫtt
ǫzz
γnt









(3.1)

With D denoted as:

F









(νtzνzt − 1)En −(νnzνzt + νnt)En −(νntνtz + νnz)En 0
−(νznνtz + νtn)Et (νznνnz − 1)Et −(νtnνnz + νtz)Et 0
−(νtnνzt + νzn)Ez −(νznνnt + νzt)Ez (νtnνnt − 1)Ez 0

0 0 0 G
F









(3.2)

In which:

G =
E

2(1 + ν)
(3.3)

and:

F =
1

(νznνntνtz + νtnνnzνzt + νznνnz + νtnνnt + νtzνzt − 1)
(3.4)

The D-matrix was derived by first considering a strain-stress relation and then
applying separate uniaxial stress states which can then be combined using the
principle of superposition. Inverting the final result yields the wanted stress-strain
relation (for a complete derivation see appendix E). The twosubscripts used are
related to the stress direction which is being evaluated (first subscript) and the
source stress direction (second subscript). The Poisson’sratios are determined
with:

νij = ν0

(

Ej

E0

)

(3.5)

with i,j={N,T,Z}. Using equation 3.5 the six Poisson’s ratios are:

νtn = ν0

(

En

E0

)

νtz = ν0

(

Ez

E0

)

νnt = ν0

(

Et

E0

)

νzn = ν0

(

En

E0

)

νzt = ν0

(

Et

E0

)

νnz = ν0

(

Ez

E0

)

(3.6)
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As can be seen from equation 3.6 the Poisson’s ratios are determined by the source
stress direction, therefore only three unique values exist. Because of this the con-
stitutive matrix will become fully symmetrical.
The shear modulus G depends on the adopted shear retention model. Within SLA
three options are available:

1. Full shear retention (no reduction):

G =
E0

2(1 + ν0)
(3.7)

2. Constant shear retention:

G = β
E0

2(1 + ν0)
(3.8)

With 0 < β < 1.

3. Stepwise reduction of shear modulus:

Emin = min{En, Et, Ez} (3.9)

νred = ν0

(

Emin

E0

)

(3.10)

G =
Emin

2(1 + νred)
(3.11)

Besides the D-matrix which is used to update the most criticalintegration point the
largest part of the programming surrounded the calculationof the admissible load
factor. To calculate an admissible load factor the stress vector at integration point
level is evaluated in three directions (NTZ) and compared tothe current tensile
strength. The current tensile strength may differ per direction (NTZ) and depends
on the damage history up until the moment of evaluation. For axi-symmetric
elements the necessary steps in the routine used to calculate the admissible load
factor (λ) is visualized in a flowchart see figure 3.1. To check the code several
one-element tests with various load conditions have been analyzed, see appendix
F. In all cases the code worked as was intended. The routines that were modified
or created are given in appendix G table G.1.

3.4 Interface elements

Because the axis system is fixed the SLA programming involved for interface
elements is much less complicated compared to axi-symmetric elements. Also
only the shear direction (i.e. bond-slip) is able to have a nonlinearity. Therefore
for the calculation of the admissible load factor only one stress component needs
to be evaluated and for the critical integration point only one stiffness term needs
to be updated.
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3.4. INTERFACE ELEMENTS

Figure 3.1: Flow chart to calculate admissible load factor for axi-symmetric element

Because bond-slip is not dependent on slip direction the samebond stress-slip
diagram is valid for negative as well as for positive slip values. Therefore with
calculating an admissible load factor there is always an equal lower bound and an
upper bound value with different signs.

Because the programming was straightforward no one element tests have been
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performed. The routines that were modified or created are given in appendix G
table G.2.

3.5 Cable (truss) elements

For quadratic truss elements (inDIANA called cable elements) a minor adaptation
had to be made for use with SLA. In the routine called ISCLTR.F anif-statement
is added to write the constitutive matrix to integration point level in case of a SLA
calculation.

3.6 Post processing

For post processing the calculation of the crack strains in the NTZ-axis system is
programmed for the axisymmetric elements. These crack strains are then written
to an additional item list already used in SLA. The crack strains are calculated in a
similar fashion as with plane stress elements. For the N-direction the crack strain
is defined as:

ǫ(cr)nn = ǫ(tot)nn − ǫ(el)nn = ǫ(tot)nn −
σnn

E0

(3.12)

This means the crack strain is calculated as the difference between the total strain
and the elastic strain if the total strain is less then the ultimate crack strain. In
case the total strain is larger then the ultimate crack strain, the elastic strain be-
comes zero and the crack strain equals the total strain (figure 3.2). For the T- and

Figure 3.2: Definition of crack strain in SLA (taken from SLA users manual)

Z-directions the crack strains are calculated analogously. The crack strains are
calculated in routine EPSCRK.F with:ǫ(cr)nn : ITEM04, ǫ(cr)tt : ITEM07 andǫ(cr)zz :
ITEM08. For post-processing also the damage indicators arewritten to the item
list. For interface elements this is ITEM09. For axi-symmetric elements these are:
ITEM10 (damage indicator N-direction), ITEM11 (damage indicator T-direction)
and ITEM12 (damage indicator Z-direction).
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Chapter 4

Sawtooth approximation and
sawtooth generators
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4. Sawtooth approximation and sawtooth generators

4.1 Introduction

Sawtooth diagrams (or sawtooth approximations) are used inSLA to replace non-
linear curves of constitutive material behaviour. To approximate a nonlinear curve
in SLA a sawtooth around the “mother” curve is constructed (see also section 3.1
and [10]). An overview of sawtooth approximations can also be found in [18].
Examples of sawtooth approximations for material behaviour that have been used
with SLA are: softening of concrete in tension, crushing of concrete in compres-
sion and steel plasticity. In this chapter some extensions to the current theories
and applications will be presented that will be used in this thesis.

4.2 Sawtooth modeling of Hordijk tension softening

For concrete different softening curves exits that can be used as a basis for a
sawtooth approximation. For a linear softening curve the calculation of such a
sawtooth approximation is straightforward. However with anonlinear curve it
becomes more complicated. Currently automatic creation of asawtooth within
the SLA environment is only implemented for a linear softening curve. In this
thesis the nonlinear Hordijk softening curve will be used tomodel concrete in
tension. For this an automatic sawtooth generator is programmed using Matlab.
This section describes how this model is constructed. For concrete in tension the
area underneath the softening curve is kept invariant and isequal to the fracture
energyGf divided by the crack band widthh to get mesh size independent results
[10].

4.2.1 Nonlinear formulation

The Hordijk tension softening curve is described in theDIANA manual section
18.1.1.5. As a reference the formulas are also given below. Some equations in the
manual were found to be incorrect; the corrected ones are also given below.

σcr
nn(ǫ

cr
nn)

ft
=



























(

1 +
(

c1
ǫcrnn

ǫcr
nn.ult

)3
)

e

(

−c2
ǫcrnn

ǫcr
nn.ult

)

. . .

− ǫcrnn

ǫcr
nn.ult

(1 + c31)e
−c2 0 < ǫcrnn < ǫcrnn.ult

0 ǫcrnn.ult < ǫcrnn < ∞

(4.1)

ǫcrnn.ult = 5.136
GI

f

hft
(4.2)

Equation (18.48) in manual incorrect, correct equation:

ǫcrnn.ult.min = 6.90457
ft
E

(4.3)
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Equation (18.49) in manual incorrect, correct equation:

ft =

(

0.743
GI

fE

h

)
1

2

(4.4)

For a total strain approach the elastic branch also represents fracture energy. The
area underneath theσ-ǫtot curve equals toGf

h
(fracture energy divided by the crack

band width). Sinceǫcrnn.ult in equation 4.2 is based on a decomposed strain model,
for a total strain approach the fracture energyGf is first reduced by the elastic
part:

GI
f,red = GI

f −
1

2

f 2
cth

E
(4.5)

Thenǫcrnn.ult is calculated using equation 4.2 with the reduced fracture energy.
To prevent a snap-back in the constitutive relation a maximum value for the crack
band widthh can be calculated by equating 4.2 and 4.3:

hmax = 0.743
GI

fE

f 2
t

(4.6)

If h exceedshmax the tensile strength will be reduced using equation 4.4. For
a total strain model the assumption is that the ultimate total strain equals to the
ultimate crack strain for a decomposed model. For a linear softening this is cor-
rect and the prove of this is straightforward. With the aforementioned formulas
however the reduction of the fracture energy due to the elastic part, and the conse-
quently reduction of the ultimate crack strain using equation 4.2 causes a reduction
of the crack strain of:

∆ǫcr = ǫcrnn.ult(G
I
f )− ǫcrnn.ult(G

I
f,red)

= 5.136
GI

f

hft
− 5.136

GI
f

hft
+

5.136f 2
t h

2Ehft
=

5.136

2

ft
E

= 2.568ǫel (4.7)

This means the total strain is reduced with a constant of1.568ǫel more then by
the elastic strain only. For a linear softening curve the factor in the numerator in
equation 4.7 equals to 2. Therefore it can be easily verified that in that case∆ǫcr is
indeed equal toǫel. The extra reduction of the total strain for a nonlinear softening
curve implies that the material will become more brittle.

4.2.2 Automatic sawtooth generator
Figure 4.1 shows an example of a sawtooth approximation for the Hordijk soft-
ening curve calculated with Matlab (for code see appendix H). As can be seen
from the figure for the sawtooth approximation a constant, but unequal, vertical
uplifting and downshifting of the original curve is used. For the sawtooth approx-
imation two criteria have to be met:

1. The strain of the last vertical tooth should be equal to theultimate total
strainǫtot,max (ǫtot,max = ǫel + ǫcr,ult).
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Figure 4.1: Calculated sawtooth of nonlinear softening curve using Matlab

2. The area underneath the sawtooth approximation (Gf

h
) should be equal to

the area underneath the mother curve.

For a fixed number of teeth and a fixed uplifting value (calledp+ in N/mm2)
condition one determines the value for downshifting (called p− in N/mm2). The
second condition can then be considered as a condition to determinep+. In Mat-
lab the following steps are taken:

1. Check ifh does not exceedhmax (using equation 4.6);

2. Calculate the reduced fracture energy (equation 4.5) and the ultimate crack
strain (equation 4.2);

3. Calculatep+ with the above mentioned criteria;

4. Plot graph of mother curve and sawtooth approximation;

5. Write sawtooth table (Young’s modules and tensile strength for all teeth) to
a text file for direct use inDIANA .

Step 3 is the most complicated step and involves a lot of zero finding. The
program flow of this part is:

• Choose a start value forp+: p+0 ;

• Calculatep−0 using condition one;

• Calculate the fracture energy of the sawtooth approximation;

• Repeat the first 3 steps until condition two is met.

To calculatep− the sawtooth approximation is calculated beginning on the left
hand side with the extended elastic branch until the uplifted curve is reached. Then
all teeth are determined in succession. For this a zero finding of the intersection
points of the uplifted mother curve and the elastic branchesof the sawteeth is
needed. This zero finding proved to be unreliable at times because for low negative
strain values the Hordijk function shows a steep vertical descending asymptote
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4.2. SAWTOOTH MODELING OF HORDIJK TENSION SOFTENING

(see figure 4.2 left).1 This caused intersections with the elastic branches to be
found with corresponding negative strain values (especially for low values of the
Young’s modulus, i.e. with the last few teeth). To circumvent this problem the
original curve is modified for negative strain values with a constant function value
equal to the sum of the tensile strength and the uplifting value p+ (figure 4.2
right).

Figure 4.2: Original Hordijk softening curve (left) and modified softening curve (right)
with normalized strain axis

For determiningp+ based on criteria one and two, a zero finding is used that
is bounded by a maximum and a minimum value forp+ (solution interval). To
get results for all possible combinations of parameters this solution interval has
to be set wide enough. However this causes a downside as the computing time
can become very high. To create a predetermined solution interval for p+ the
following equations are used:

p+min = α
ft
n

(4.8)

p+max = β
ft
n

(4.9)

With:

α, β constants
ft concrete tensile strength
n number of teeth

With the concrete parameters used in chapters 5 and 6 (see section 5.1) good re-
sults were obtained usingα=1.5 andβ=2. The time to compute is usually about 30
seconds unless a lot of teeth are used (>40). With the above-mentioned constants
to predetermine the solution interval however also a sawtooth approximation with
100 teeth can be calculated within about 50 seconds.
The last tooth calculated should have a stiffness and a tensile strength of zero.
Because of the tolerances this will never be the case, therefore the last tooth is
omitted from the diagram. Instead for the last tooth a very low stiffness and ten-
sile strength is calculated based on the values of the secondlast tooth divided by
10000. It was mentioned before that a limitation is used forft if h becomes too

1the function is only valid between zero and one
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large to prevent a snap-back in the softening curve. Although this limitation is also
incorporated in the current Matlab model, for SLA this is actually not a problem
as a previous study shows [11].

4.3 Sawtooth modeling of Den Uijl and Bigaj bond-
slip model

The bond-slip relations from the bond model (see chapter 2) will be used with
SLA and therefore the calculated bond-slip relations need to be approximated
with a sawtooth diagram. For this the Matlab bond model is extended with an
(optional) sawtooth generator. Because the curve is a numerical result consisting
of a number of points it is first replaced by a continues curve fit function using
the Matlab “spline” command. The spline runs through all data points and has an
equal first and second derivative at all intersections. Thismakes it easier to uplift
and downshift the “mother” curve and to calculate the intersections with the elastic
branches. Because the bond-slip curves are already nonlinear for low values of
slip only a limited elastic part is assumed. This means the sawtooth approximation
will start already on the ascending part of the curve. Figures 4.3 and 4.4 show
examples of sawtooth approximations for splitting and pull-out failure. For bond-
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Figure 4.3: Bond-slip relation calculated with the Matlab bond model together with a
sawtooth approximation for splitting failure

slip an equal uplifting and downshifting of the mother curveis used. Because
concrete cracking is involved one could argue that the area underneath the bond-
slip curve is somehow related to fracture energy (especially in case of splitting
failure). As with concrete in tension this would imply the sawtooth approximation
to have an area equal to the mother curve (see section 4.2). Because evidence is
lacking (also from the calculation results) and also to prevent a highly complicated
calculation of the sawtooth approximation this is not implemented.
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4.4 Sawtooth modeling of steel plasticity

In previous studies yielding of steel in SLA is approximatedwith a sawtooth di-
agram with an equal uplifted and downshifted value, see figure 4.5 left. How-
ever this causes the possibility of steel stresses becominghigher then the yielding
stress. Although this is also the case with concrete cracking in tension with steel
there is no relation to fracture energy. Therefore to prevent higher then yield-
ing stresses the sawtooth approximation is modified to have adownshifting value
only, see figure 4.5 right. To have an equal range the downshifted valuep− should
be approximately twice as large.
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Chapter 5

Nonlinear calculations of the
tension-pull experiment by Gijsbers
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5. Nonlinear calculations of the tension-pull experiment by Gijsbers

5.1 Introduction

In the introduction (chapter 1) the possibilities to simulate the bond-slip behaviour
at different scales and the description of various bond-slip relations have been
presented. In this chapter the aim is focused towards the influence of bond-slip
on the general cracking behaviour in a tension-pull experiment. For this purpose
as a start first a “reference” calculation will be made of a specific tension-pull
test which was already calculated by Rots in 1985 [2]. The aim is to trace back
the results by Rots using the finite element programDIANA . Some extensions to
the original calculation will be presented: a 3D approach using solid element and
some investigation into the influence of using different unloading schemes. The
nonlinear calculations also serve as a basis for comparisonto the SLA calculations
of the same model in the next chapter.

The tension-pull specimen is tested by Gijsbers [3]. It consists of a single
reinforcing bar with a square concrete cover (figure 5.1). For the FEM discretiza-
tion the square concrete cover (c=30 mm) is replaced by an equivalent circu-
lar cover (ceq=34.4 mm). The material parameters used for the concrete part

Figure 5.1: Tension-pull experiment by Gijsbers [3]

are: Youngs modulusE=28000 N/mm2, Poissons ratioν=0.2, tensile strength
fct=2.5 N/mm2, fracture energyGf=0.06 N/mm, crack band widthh=11.11 mm
and shear retention factorβ=0.5. For the reinforcing bar the material parameters
are: Youngs modulusE=192300 N/mm2; Poissons ratioν=0.2 and yield stress
σy=400 N/mm2. For the interface the parameters used are: tangential stiffness
St=250 N/mm3, normal stiffnessSn=20000 N/mm3 and ultimate tangential bond
stressτu=6.25 N/mm2. The load-displacement curve found in the experiment (fig-
ure 5.2) shows three distinct peaks representing three primary cracks.

5.2 Concrete crack model

For concrete cracking there are many possibilities and different crack models
available in theDIANA FEM package. All calculations will be made using a
smeared crack approach. A general distinction can be made between fixed crack
models and rotating crack models. Furthermore there is the possibility to use a
decomposed crack strain model or a total strain model. For anextensive descrip-
tion of concrete crack models see for instance [6]. Because the aim is to recreate
the results by Rots the choice is made to use the same constitutive model. This
means an orthogonal fixed crack total strain model is used with nonlinear Hordijk
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5.3. INTERFACE BOND-SLIP MODEL

Figure 5.2: Load-displacement curve Gijsbers

tension softening (see section 4.2.1) and the tension cut-off is kept constant (see
figure 5.3). This choice is furthermore based on the fact thatthis is currently the
only crack model available when using sequential linear analysis. For all smeared

Figure 5.3: Constant concrete tension cut-off (left) and Hordijk tension softening curve
(right) taken fromDIANA manual

crack models inDIANA the unloading is of secant type. The crack band width
parameterh is obtained by the width that belongs to a single Gauss integration
point.

5.3 Interface bond-slip model

For interface elements several options are available inDIANA dependent on the
element type selected with corresponding parameters (e.g.nonlinear elasticity,
bond-slip and user-supplied). When selecting bond-slip oneof three standard
curves can be selected (figure 5.4). The bond-slip curves areall related to the
tangential direction as the normal direction will always remain linear elastic. Also
there is no possibility of coupling between the two directions. For the current
calculation the multi-linear option is selected (figure 5.4c) with two branches: an
elastic part and a perfectly plastic part see figure 5.5 (for numerical values see
section 5.1).
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5. Nonlinear calculations of the tension-pull experiment by Gijsbers

Figure 5.4: StandardDIANA bond-slip curves taken fromDIANA manual

Figure 5.5: Used bond-slip relation (τu=6.25 N/mm2)

5.4 Modeling of imperfections

In the experiment a crack pattern will develop which ultimately consists of several
primary cracks. To obtain this crack pattern numerically itis absolutely necessary
to incorporate material imperfections in the mesh at specific locations along the
length of the model. If no imperfections were to be used a large area will crack
simultaneously and no primary crack pattern will be able to develop.

To initiate cracking, three predetermined cross sections along the length of the
model are given imperfections using a reduction of the concrete tensile strength
(table 5.1). However if the fracture energy and the crack band width remain
unchanged, only reducing the tensile strength results in anincrease of the ulti-
mate crack strain (figure 5.6). Although the method of creating an imperfection

Figure 5.6: Effect of reducing tensile strength with Hordijk softening

is somewhat arbitrary, increased ultimate crack strain at alocation of an imper-
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5.4. MODELING OF IMPERFECTIONS

fection seams illogical. To correct this “error” the ultimate crack strain will be
reduced by the same coefficient as the tensile strength (figure 5.7). With the crack
band width unchanged this can be achieved by reducing the fracture energy with
a quadratic reduction factor.

Figure 5.7: Effect of combined reduction of tensile strength and ultimate crack strain with
Hordijk softening (reduction factor 0.8)

Table 5.1: Location and magnitude of imperfections

Standard Imperfection Imperfection Imperfection

at≈ 1

2
L at≈ 3

4
L at≈ 1

4
L

fct[N/mm2] 2.50 2.00 2.20 2.45

Gf [N/mm] 0.060000 0.038400 0.046464 0.057624
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5. Nonlinear calculations of the tension-pull experiment by Gijsbers

5.5 Axi-symmetric calculation

In this section the tension-pull experiment by Gijsbers will be calculated using
axi-symmetric elements.

5.5.1 Model setup

The meshing is similar to the one done by Rots [2]. The mesh (figure 5.8) consists
of 36 quadratic axi-symmetric elements for the concrete part and 18 quadratic
truss elements for the reinforcing bar. The interface between the concrete and the
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Figure 5.8: Finite element mesh

reinforcing bar is modeled with 18 quadratic interface elements. The concrete
imperfections described in section 5.4 are given to a full cross section of two
elements. There were some issues with this mesh. First of allthe reinforcing bar
and therefore also one side of the interface is located in theaxis of rotation (i.e.
x=0). This caused ill-conditioning of the interface stiffness matrix. To circumvent
this problem the truss is shifted slightly out of the axis of rotation. Also it is vital
to have a correct stiffness for the interface. The stiffnessis determined by the
circumference of the reinforcing bar. InDIANA an interface can be given any
thickness but it is unknown how the area of the interface is calculated exactly
especially when using axi-symmetry. Therefore theDIANA configuration option
“plane stress” is used for the interface since then the circumference can be inputted
explicitly.

As for boundary conditions in the axis of rotation the truss is supported in
the x-direction, the left end point is supported in the y-direction and the load
(displacement) is located at the right end point. The imposed deformation is 1
mm (figure 5.9). InDIANA one crack band width (see section 5.1) can be set,

X

YZ

Figure 5.9: Boundary conditions and loading

which is equal for all directions. In this model the crack band width is set for the
XY-plane, however for the circumferential direction this would actually depend on
the distance to the axis of rotation and on the supposed number of splitting cracks.
With three supposed splitting cracks the crack band width for the circumferential
direction would vary between 8 and 80 mm as opposed to the 11.11 mm now
used. For more details about used element types, integration schemes and program
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5.5. AXI-SYMMETRIC CALCULATION

settings see appendix I. To prevent oscillations of interface tangential strains it is
necessary to use a lumped integration scheme for the interface elements [4].

5.5.2 Results

First a preliminary linear elastic calculation is made to check the correctness and
general behaviour of the model. Next the nonlinear calculation is performed using
displacement control, full Newton-Raphson and an energy based convergence cri-
terion (for details see appendix I). After changing the imperfections several times
to the ones given in table 5.1 eventually a crack pattern withthree distinct pri-
mary cracks (figures 5.11 to 5.14) and a corresponding load-displacement curve
(figure 5.10) was found which resembles quite closely the onereported by Rots
[2]. Peak values are found at 0.128 mm (9.9 kN), 0.258 mm (11.6kN), 0.403 mm
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Figure 5.10: Load-displacement curve

(13.1 kN) and 0.903 mm (19.9 kN). The disks in figures 5.12 to 5.14 represent
splitting cracks. Although primary cracking occurs at an early stage (represented
by the three peaks in the load-displacement curve), ultimate crack strains (repre-
senting fully open cracks) are reached only after an applieddisplacement of about
uy=0.6 mm. The ultimate strength is governed by plasticity of the reinforcing bar
at midpoint. Just before plasticity starts all three primary cracks have surpassed
the ultimate crack strain (fully open cracks). The force concentration at both

Figure 5.11: Crack pattern (uy=0.1 mm,ǫcrmax=0.41e-3)

Figure 5.12: Crack pattern (uy=0.2 mm,ǫcrmax=0.495e-2)
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5. Nonlinear calculations of the tension-pull experiment by Gijsbers

Figure 5.13: Crack pattern (uy=0.3 mm,ǫcrmax=0.586e-2)

Figure 5.14: Crack pattern (uy=0.6 mm,ǫcrmax=0.904e-2)

ends introduces the first cracking as can be seen in figure 5.11. If no imperfec-
tions were to be used the cracking would continue along the bar from both sides
until they would coincide in the middle. However with the used imperfections it is
possible to trigger localized primary cracks as can be seen in figures 5.12 to 5.14.
With the fixed crack model used it is possible to get three orthogonal cracks in one
integration point. Because of the axial loading and consequently uniform stress
distribution in this model secondary cracking and splitting are very limited and
splitting primarily occurs at the location of the load introduction. The final crack
pattern at a load ofuy=1.2 mm is shown in figure 5.15. It is of interest to see the

Figure 5.15: Final crack pattern (uy=1.2 mm,ǫcrmax=0.319e-1)

influence of using a nonlinear relation for the bond-slip (i.e. a limitation on the
maximum bond stress). Figure 5.16 shows the final crack pattern if the interface
is kept linear. It can be seen that now the concrete cracking has increased signifi-

Figure 5.16: Final crack pattern using a linear interface (uy=1.2 mm,ǫcrmax=0.258e-1)

cantly. This is a logical consequence of the larger bond stresses being transferred
to the concrete resulting in higher stresses in the concreteand thus in more crack-
ing. The influence on the global strength of the model (e.g. ina load-displacement
curve) however is found to be relatively low. This can most likely be explained
by the fact that the global strength and stiffness is governed primarily by the three
weakened cross-sections and not so much by the in between cracking.

The steel stresses along the reinforcing bar are in agreement with what one
would expect and show peak values at a location of a primary crack (figure 5.17)
together with a sign change of the bond stress. Figure 5.18 shows the interface
bond stresses along the reinforcing bar at various load levels. In the beginning
the largest slip and consequently the highest bond stress occurs near the (loaded
or constrained) ends of the model. After a transition zone ofabout 200 mm the
forces from the rebar are completely shared between the rebar and the surround-
ing concrete resulting in equal displacements and zero bondstresses. When a
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primary crack develops the cracked cross section will behave increasingly like a
free surface similar to the end faces. As can be seen from figure 5.18 left the bond
stress distribution will then split up into two pieces that both have a bond stress
distribution similar to the initial one. This behaviour continues until the primary
crack pattern is fully developed.
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uy=0.4 mm) (right)
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5. Nonlinear calculations of the tension-pull experiment by Gijsbers

5.6 3D calculation

In this section the tension-pull experiment will be calculated in 3D. This is done
to further explore the possibilities to model a tension-pull experiment and also
to see if the results are consistent with the ones obtained with the axi-symmetric
calculation.

5.6.1 Model setup

The mesh (figure 5.19) consists of 8x18 quadratic wedge elements and 8x18
quadratic brick elements for the concrete part. The reinforcing bar is modeled
with 18 quadratic truss elements. The center axis is the y-axis. The interface
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Figure 5.19: Finite element mesh, cross section and 3D view

between the concrete and the reinforcing bar is modeled with18 quadratic line-
solid connection interface elements. The imperfections described in section 5.4
are given to a full cross section of sixteen elements. In thismodel the interface
has zero thickness and one side is connected to the centerline that is shared by
all eight wedge elements. Because of this the cross sectionalarea of the concrete
is slightly enlarged towards the centerline by the area thatshould actually be the
steel bar, the difference is however negligible. For a line-solid interface element
the bar diameter is an obligatory parameter and therefore the interface stiffness is
calculated automatically byDIANA .

The boundary conditions consist of supports in three directions for both bar
endpoints. To prevent a rigid body rotation around the center axis a tangential
support is given to a single node on the outer edge of a brick element. The load
(displacement) is located at the right end point. The imposed deformation is 1
mm.

The bond-slip option is not available inDIANA when using a line-solid in-
terface element. Therefore instead the nonlinear option isused for the interface
elements. This introduces a difference in unloading behaviour. The bond-slip
model uses secant unloading whereas with the nonlinear relation there is no dif-
ference in the loading and unloading curve (i.e. they are thesame). The influence
of this will be explored later.

The crack band width is again set to 11.11 mm representing thedistance be-
tween the integration points in y-direction (i.e. the length direction). For more de-
tails about used element types, mesh generation, integration schemes and program
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5.6. 3D CALCULATION

settings see appendix K. To prevent oscillations of interface tangential strains it is
necessary to use a lumped integration scheme for the interface elements [4].

5.6.2 Results

First a preliminary linear elastic calculation is made to check the correctness and
general behaviour of the model. Next the nonlinear calculation is performed using
displacement control, full Newton-Raphson and an energy based convergence cri-
terion (for details see appendix K). The load-displacementcurve found resembles
quite closely the one obtained using axi-symmetric elements (figure 5.20 right).
However a bifurcation was found (figure 5.20 left) that relates to the first primary
crack, i.e. the displacement at which this first primary crack occurs completely
determines the rest of the load-displacement behaviour. Although no bifurcations
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Figure 5.20: Bifurcation in load-displacement curve (left) and comparisonof load-
displacement curve between axi-symmetric model and 3D model (right)

were found in the axi-symmetric model, it is clear that obtaining correct results in
a nonlinear analysis using displacement control is not straightforward. Analysis
#2 was taken as a basis for comparison to the curve obtained inthe axi-symmetric
model (figure 5.20 right). Peak values are found at 0.139 mm (10.1 kN), 0.271
mm (11.6 kN), 0.432 mm (13.5 kN) and 0.922 mm (19.9 kN). Figures 5.21 to 5.24
show the crack patterns at different loading stages. The steel stress profiles and
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Figure 5.21: Crack pattern (uy=0.1 mm,ǫcrmax=0.445e-3)

the interface bond stresses also show great similarity to the axi-symmetric model.
Figure 5.25 shows the splitting cracks that occur on the end faces. Because of the
use of solid elements the crack band width in circumferential direction is better
estimated then in the case of axi-symmetric elements and thecrack pattern is more
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5. Nonlinear calculations of the tension-pull experiment by Gijsbers
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Figure 5.22: Crack pattern (uy=0.2 mm,ǫcrmax=0.463e-2)
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Figure 5.23: Crack pattern (uy=0.3 mm,ǫcrmax=0.603e-2)
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Figure 5.24: Crack pattern (uy=0.6 mm,ǫcrmax=0.983e-2)

realistic. In comparison to the axi-symmetric calculationnow splitting also occurs
closer to the reinforcing bar.
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Figure 5.25: Radial view of crack strains (uy=1.2 mm)
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5.7. MODELING AND IMPLEMENTATION OF ALTERNATIVE
BOND-SLIP UNLOADING SCHEMES

5.7 Modeling and implementation of alternative bond-
slip unloading schemes

In the previous sections two calculations were presented with different unloading
behaviour for the interface elements. In the axi-symmetriccalculation the unload-
ing behaviour was of secant type. In the 3D model there was no difference in
the loading or unloading curve. In this section an investigation into the influence
of the unloading behaviour of the interface elements in a tension-pull experiment
will be conducted. Of first importance is to know how much unloading actually
takes place in the tension-pull model. For this purpose someof the results of the
axi-symmetric calculation of section 5.5 will be examined in more detail.

5.7.1 Unloading in the axi-symmetric calculation

The interface elements located at the outer edges show a similarly shaped load-
relative displacement (load-slip) curve as the outer points themselves see e.g. fig-
ure 5.28 element 36. Figure 5.26 shows the load-slip curves for all interface el-
ements (mean integration points per element). From figure 5.26 it can be seen
that between primary cracking all interface elements show continuously increas-
ing slip values (in absolute sense). So only when primary cracking occurs does
unloading take place. Figure 5.28 shows only those elementswith slip values that

Figure 5.26: Load-slip curve for all interface elements (mean integration points per ele-
ment)

exceed the elastic branch of the bond-slip curve since only then does the unload-
ing behaviour become relevant. The plastic branch starts ata slip value of±0.025
mm. For reference figure 5.27 shows the interface element numbering together
with the final crack pattern. Elements 22, 26 and 33 show only continuous load-
ing and no unloading. Elements 19, 28 and 36 show the largest reversal of slip
values, although it should be noted that the first unloading peak of these elements
is very close to the elastic branch. It is interesting to see that the largest unloading
takes place near the load introduction on the outer edges (elements 19 & 36) or
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5. Nonlinear calculations of the tension-pull experiment by Gijsbers

close to the largest primary crack (element 28). From figure 5.28 it can be con-

19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36

Figure 5.27: Interface element numbering and final crack pattern (uy=1.2 mm)
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Figure 5.28: Load-slip curves of elements with plastic slip (mean integration points per
element)

cluded that the amount of unloading on the plastic branch is very limited in this
model. It is to be expected that changing the unloading behaviour will not have a
significant effect on the results of the calculation.
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5.7. MODELING AND IMPLEMENTATION OF ALTERNATIVE
BOND-SLIP UNLOADING SCHEMES

5.7.2 Programming user interface

From the previous section it is clear that reversal of slip takes place in a tension-
pull experiment but is very limited. InDIANA it is possible to use a self pro-
grammed relation between the relative displacements, and the bond stresses (in
DIANA called tractions). This section describes the programmingof a user sup-
plied subroutine that will be used to explore different unloading options even
though the influence is expected to be small. In matrix notation and usingDI-
ANA notation this relation can be denoted as:

[

tn
tt

]

=

[

d11 d12
d21 d22

] [

∆un

∆ut

]

(5.1)

With:

tn normal traction in N/mm2

tt shear traction in N/mm2

∆un relative normal displacement between concrete and reinforcement
∆ut relative shear displacement (slip) between concrete and reinforcement

When using the standard bond-slip relations provided byDIANA only d11 andd22
have non-zero values. Also by default the normal direction is kept linear elastic
whereas the shear direction can be described with a nonlinear relation (see also
section 5.3). To use a user supplied interface model a file called “USRIFC.F” is
programmed inFortran77code. The file must update the tractions and the tangent
stiffness, i.e. the matrix containingd11, d12 etc. depending on the type of relation
you want to use. Bond-slip relations with three different types of unloading be-
haviour have been programmed (see also figure 5.29):

1. Nonlinear unloading (model name:BOND3N);

2. Secant unloading (model name:BOND3S);

3. Elastic unloading (model name:BOND3E).

Figure 5.29: Visual representation of different unloading models, from left to right:
BOND3N, BOND3SandBOND3E

The three models are programmed in a single file using a “switch” activated
by the model name. The model name is therefore a required input in theDIANA
.dat file. The bond-slip relation used is the same for all three models, i.e. a relation
consisting of two branches: an elastic part and a perfectly plastic part (similar to
figure 5.5). Because of the shifting of the elastic branch for theBOND3E model
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5. Nonlinear calculations of the tension-pull experiment by Gijsbers

a so called state variable is used to indicate the location (in terms of slip) of the
origin of the (shifted) elastic branch.

After the programming of theFortrancode and the necessary modifications to
theDIANA .dat and .com files a calculation with the user supplied subroutine can
be executed. In the calculation theFortrancode is automatically compiled and
a new executable of “nl41” is created and used instead of the standardDIANA
version. For details about user supplied subroutines see [5]. For the USRIFC.F
code see appendix J. To check the correctness of the code firsta small scale one
element test is performed on all three models. For the results of these tests see
appendix J.

5.7.3 Experimental results from cyclic tests

Before continuing to the results of the calculations with thevarious bond unload-
ing models some literature that describes unloading behaviour for bond-slip [1] is
consulted. In this section a short description of the typical unloading behaviour
will be presented to see which bond model would describe the actual behaviour
the best. Figure 5.30 shows a typical experimental result for bond-slip for cyclic
loading. Upon slip reversal a steep unloading is observed (from point A to B),
followed by a low bond stress until the original monotonic curve is reached (point
C). Because of the slip the steel-concrete interface between slip values that have

Figure 5.30: Typical bond-slip curve for cyclic loading

already been reached, in the positive as well as the negativedirection is damaged.
Therefore in the next cycle a larger slip value is needed to obtain the same bond
stress.1 Another example is given in figure 5.31. From the aforementioned it
can be stated that only changing the unloading behaviour is far from sufficient to
describe bond behaviour in real cyclic loading conditions.However when only
focusing on the initial unloading behaviour the steep unloading upon slip reversal
is best described with the elastic unloading model. It can also be stated that us-
ing the nonlinear unloading (where the loading and unloading curve are the same)
is the worst approach as the stiffness upon slip reversal initially equals to zero.
Secant unloading can be considered second best. In any case the damaged slip

1note that the increase in peak values for next cycles in figure5.30 is not typical and depends
on the testing, see figure 5.31
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Figure 5.31: Example of load-slip from a cyclic loading test

region (for next cycles) and the low bond stress region (between points B and C,
figure 5.30) are not taken into account.

5.7.4 Results of alternative unloading schemes

Although one element tests are performed on the three user supplied interface
models an additional check can be easily made for theBOND3Smodel since this
model should give exactly the same results as the standardDIANA “BONDSL 3”
option. This is verified by comparing both results in a load-displacement curve.
Figure 5.32 shows this comparison which fortunately shows an exact match. Next
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Figure 5.32:DIANA “BONDSL 3” versus User suppliedBOND3S

the axi-symmetric model of section 5.5 is calculated using the three different un-
loading schemes. Figure 5.33 shows the results of these calculations in a load-
displacement curve. At close observation it can be seen thatinitially (up until the
second primary crack) the three models give similar resultsindicating that the in-
fluence of unloading is small. This was to be expected since unloading from the
plastic branch does not happen before an applied displacement of around 0.2 mm
(figure 5.26).
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5. Nonlinear calculations of the tension-pull experiment by Gijsbers

Around the second and third primary crack some differences appear mainly
between theBOND3S/BOND3E and theBOND3N model. Figure 5.34 shows
this is more detail. The differences are extremely small andhardly of any real
consequence as was already mentioned to be expected in section 5.7.1. The same
conclusion holds for other results such as the final crack pattern.
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Figure 5.33: Load-displacement curves for axi-symmetric model usingdifferent unload-
ing schemes
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Figure 5.34: Detail of figure 5.33
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5.8 Summary and conclusions chapter 5

In this chapter a tension-pull experiment was calculated using interface elements
to model the bond-slip between the reinforcement and the concrete. A reference
was taken to a previous calculation by Rots [2]. For the concrete an orthogonal
fixed crack model was used. The use of axi-symmetric elementsand 3D ele-
ments was examined. To investigate the influence of the unloading behaviour for
the elastic-plastic bond-slip relation, three different unloading schemes have been
investigated using an user defined interface model. The following conclusions re-
garding the tension-pull simulations can be stated:

Axi-symmetric model

1. The results by Rots [2] could be recreated with a large enough accuracy. The
load-displacements curves are almost identical and also the crack patterns
are very similar. Using displacement control it was possible to “jump” over
the primary cracks.

2. It has been found that the needed imperfections to triggera reasonable pri-
mary crack pattern can be quite large. The tensile strength and the ultimate
crack strain had to be reduced by as much as 20%.

3. Oscillations of the bond stresses were found in the calculations if the in-
tegration scheme of the interface elements was not set to lumped. From
literature also with experiments these oscillations do notoccur.

4. Using a linear interface (or even a rigid connection) the amount of crack-
ing in the surrounding concrete will increase significantly. However with a
tension-pull experiment the load-displacement curve is much less effected.

5. Splitting cracks are not well calculated in an axi-symmetric model. The
crack band parameter should in fact vary for the circumferential direction
depending on the distance to the axis of rotation and on the number of sup-
posed splitting cracks.DIANA does not allow for different crack band
widths for different directions.

6. Connecting an interface inDIANA to an axis of rotation when using an axi-
symmetric model results in ill-conditioning of the interface stiffness matrix.
The workaround is to shift it slightly out of the axis of rotation. Also with
DIANA it is unknown how the interface stiffness in relation to the circum-
ferential direction in an axi-symmetric model is taken intoaccount. To be
sure the circumference is correct it is best to use the “planestress” option
for the interface elements in this case.
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3D model

1. The results in terms of the load-displacement curve and the crack patterns
are very comparable to the ones obtained with the axi-symmetric elements.
Furthermore conclusions 2 and 3 of the axi-symmetric model also hold for
the 3D model.

2. A bifurcation in the load-displacement was found indicating that obtaining
consistent results in a nonlinear calculation using displacement control is
not straightforward. No attempts have been made to use arc-length control
which would perhaps yield better results.

3. In the model a line-solid interface element is used to connect the truss el-
ements to the surrounding solid elements. In this configuration it is not
possible to give the interface a thickness and therefore theconcrete needs to
be expanded to the center axis resulting is a slightly enlarged cross section.
For large diameters of the reinforcing bar this can become a problem. The
solution would be an interface element that is able to connect a line to a
cylinder and to use brick elements only instead of wedge elements.

Bond-slip unloading behaviour

1. In the axi-symmetric model unloading (i.e. reversal of slip) only takes place
when a primary crack occurs. Between primary cracks the slip is mono-
tonic.

2. In the axi-symmetric calculation and with the used bond-slip relation the
amount of unloading of the interface elements is very limited. The largest
reversal of slip takes place at the end faces or close to a primary crack.

3. Regarding the unloading schemes investigated a comparison to experimen-
tal results of cyclic loading test shows that, albeit limited, elastic unloading
is the best approximation of the actual unloading behaviour. Nonlinear un-
loading (i.e. the loading and unloading curves are the same)is the worst
approach. Secant unloading can be considered second best.

4. Because the amount of unloading is so limited in the axi-symmetric calcu-
lation changing it’s behaviour has very little effect. The load-displacement
curves are all almost identical and the same holds for the crack patterns. In
a larger model with more cracking the type of unloading behaviour could
become more relevant.
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Chapter 6

SLA calculations of the tension-pull
experiment by Gijsbers
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6.1 Introduction

In this chapter the tension pull-experiment with axi-symmetric elements that was
calculated in section 5.5 will be recalculated now with SLA.Therefore the pro-
grammed axi-symmetric elements (see section 3.3) as well asthe interface ele-
ments (see section 3.4) for SLA will be adopted in the model. Equal to the non-
linear calculation Hordijk tension softening will be used.To create the sawtooth
approximation the Matlab sawtooth generator described in section 4.2.2 will be
used.
In a previous study the tension-pull experiment was alreadycalculated with SLA
by Belletti [10]. In this calculation the concrete was modeled with plane stress
elements, the reinforcing bar with truss elements and a perfect bond between the
concrete and the reinforcing bar was assumed. The calculation results showed that
it was possible to get a cracking behaviour that involved theformation of several
primary cross-sectional cracks along the length of the model. It also showed that
snap-backs are captured realistically with SLA. The main disadvantage of this
model was the assumption of perfect bond.

6.2 Adopted sawtooth models

In the NLE calculation imperfections were used at predetermined locations to get
a reasonable primary crack pattern. To be able to compare results first also with
the SLA calculation the same imperfections are given in the model (see section
5.4). This means for the concrete four separate sawtooth diagrams are needed.
One diagram for the unmodified concrete (figure 6.1 left) and three for the various
imperfections (figure 6.1 right and figure 6.2). For the interface the bi-linear re-
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Figure 6.1: Sawtooth approximation for concrete using 100 teeth, unmodified (left), im-
perfection at midsection (right)

lation (see also figure 5.5 section 5.3) can be easily casted in a sawtooth diagram.
However it is important to know the maximum slip that occurs in the calculation
beforehand because this also approximately determines themaximum slip value
in the sawtooth diagram. For this the results of the NLE calculation are consulted
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Figure 6.2: Sawtooth approximation for concrete using 100 teeth, imperfection at 3
4L

(left), imperfection at imperfection at14L (right)

and a maximum slip value of aboutδ=0.09 mm is found. To create a safe margin
the sawtooth diagram is somewhat extended, see figure 6.3 left. Also for the steel
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Figure 6.3: Sawtooth approximation for bond-slip (left) and steel (right)

the results of the NLE calculation are consulted and a maximum strain of about
ǫs=0.0263 is found. The adopted sawtooth diagram for steel is given in figure
6.3 right. Contrary to earlier SLA calculations (e.g. [10], [11]) only a constant
downshifting for the plastic region is used and no uplifting(see section 4.4). The
accuracy of the sawtooth diagrams can be calculated as the ratio between the av-
erage uplifted and downshifted value and the maximum elastic value. The current
sawtooth diagrams have been tailored to have an approximately equal accuracy as
can be seen in table 6.1.

Table 6.1: Accuracy of used sawtooth diagrams

concrete bond-slip steel

average ofp+ andp− [N/mm2] (0.044+0.046)/2 (0.1+0.1)/2 (0+16)/2

maximum elastic value [N/mm2] 2.5 6.25 400

ratio 1.8% 1.6% 2%
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6.3 Results using imperfections

First a comparison is made between the NLE calculation and the SLA calculation
with the predetermined imperfections, figure 6.4 shows bothresults in a load-
displacement curve. For the SLA calculation about 6800 loadsteps were used.
The graph shows that the SLA result is in excellent agreementwith the NLE anal-
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Figure 6.4: Load-displacement curve NLE versus SLA

ysis. The load-displacement path is near identical except with SLA also snap-
backs are captured after each primary crack, figure 6.5 showsthis in more detail.
The first complete damage of the concrete (i.e. the first integration point on the
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Figure 6.5: Load-displacement curve, detail of figure 6.4 (snap-backs)

last sawtooth) occurs at an applied displacementuy=0.64 mm at midpoint in the
element with the strongest imperfection (this is about 5 times the displacement
at first primary crack initiation). This is in excellent agreement with the NLE
analysis (see section 5.5.2). Table 6.2 shows a comparison between the NLE and
the SLA analysis for load level of plastic slip initiation ofthe interface elements
at relevant locations. Also these results are in excellent agreement. Next figure
6.6 shows the interface bond stresses along the reinforcingbar at various load
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Table 6.2: Comparison of plastic slip initiation (δ=δel=0.025 mm)

NLE analysis SLA analysis

end faces uy=0.094 mm uy=0.097 mm

near first primary crack uy=0.19 mm uy=0.20 mm

near second primary crack uy=0.28 mm uy=0.30 mm

near third primary crack uy=0.41 mm uy=0.40 mm

levels which shows similar results to the NLE calculation (see figure 5.18). Fig-
ures 6.7 to 6.11 show the crack strains at various load levels, these figures can be
compared to figures 5.11 to 5.15. Compared to the NLE analysis the max-
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Figure 6.6: Bond stress profiles (uy=0.1 mm,uy=0.2 mm) (left) and (uy=0.3 mm,uy=0.4
mm) (right)

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 320  LOAD: 320
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .483E-3  Min = 0
Results shown:
Mapped to nodes

.439E-4

.878E-4

.132E-3

.176E-3

.22E-3

.263E-3

.307E-3

.351E-3

.395E-3

.439E-3

Figure 6.7: Crack strainǫnncr at uy=0.1 mm

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 1990  LOAD: .199E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .492E-2  Min = 0
Results shown:
Mapped to nodes

.447E-3

.894E-3

.134E-2

.179E-2

.224E-2

.268E-2

.313E-2

.358E-2

.402E-2

.447E-2

Figure 6.8: Crack strainǫnncr at uy=0.2 mm

imum crack strains show a difference of about +15% foruy=0.1 mm and<1%
for uy=0.2 mm,uy=0.3 mm anduy=0.6 mm, although the load level for SLA can
not be exactly determined because of the somewhat irregularshape of the load-
displacement curves. The difference atuy=0.1 mm could be explained by the fact
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6. SLA calculations of the tension-pull experiment by Gijsbers

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 3680  LOAD: .368E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .587E-2
Min = -.363E-5
Results shown:
Mapped to nodes

.53E-3

.106E-2

.16E-2

.213E-2

.266E-2

.32E-2

.373E-2

.427E-2

.48E-2

.533E-2

Figure 6.9: Crack strainǫnncr at uy=0.3 mm

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 5700  LOAD: .57E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .909E-2
Min = -.142E-4
Results shown:
Mapped to nodes

.814E-3

.164E-2

.247E-2

.33E-2

.412E-2

.495E-2

.578E-2

.661E-2

.744E-2

.826E-2

Figure 6.10: Crack strainǫnncr at uy=0.6 mm

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 6770  LOAD: .677E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .328E-1
Min = -.182E-4
Results shown:
Mapped to nodes

.297E-2

.595E-2

.893E-2

.119E-1

.149E-1

.179E-1

.209E-1

.239E-1

.268E-1

.298E-1

Figure 6.11: Crack strainǫnncr at uy=1.2 mm

that prior to the primary crack development the cracks at either end near the load
introduction are more localized with SLA compared to the NLEanalysis despite
the imperfections (compare figure 6.7 to 5.11). Figure 6.12 shows the splitting
crack strains with a concentration at both ends (caused by the load introduction
and the support). Finally figure 6.13 shows the steel yielding localization which
occurs at midpoint near the largest imperfection.

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 6770  LOAD: .677E4
Gauss EL.ITEMS ITEM08
Max/Min on results set:
Max = .537E-4  Min = 0
Results shown:
Mapped to nodes

.488E-5

.976E-5

.146E-4

.195E-4

.244E-4

.293E-4

.342E-4

.391E-4

.439E-4

.488E-4

Figure 6.12: Crack strainǫzzcr at uy=1.2 mm
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6.4. RESULTS WITHOUT IMPERFECTIONS

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 6770  LOAD: .677E4
Gauss EL.EXX.G EYY
Max/Min on results set:
Max = .205E-1  Min = .1E-2
Symbol factor = 1

All values

0
.195E-2
.39E-2
.585E-2
.78E-2
.975E-2
.117E-1
.137E-1
.156E-1
.176E-1

Figure 6.13: Steel strainǫs at uy=1.2 mm

6.4 Results without imperfections

Now a second calculation will be executed in SLA without the use of imperfec-
tions. The sawtooth models for bond-slip and steel are equalto the ones mentioned
in section 6.2 except now for the concrete only figure 6.1 leftapplies. For the SLA
calculation about 6550 load steps were used, somewhat less then used in the cal-
culation with imperfections. As can be seen from the graph infigure 6.14 in SLA
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NLE with imperfections
SLA without imperfections (Hordijk 100 teeth)

Figure 6.14: Load-displacement curve NLE versus SLA analysis (SLAwithout imperfec-
tions)

there is no need to use imperfections because there will always be a most criti-
cal integration point found even though several points might have a near identical
stress level. As was to be expected without imperfections the model is somewhat
stronger resulting in higher peak values especially for thefirst two peaks and a
very slight uplifting in the post cracking region (the thirdpeak is almost identi-
cal because the third imperfection used in the previous calculation was also very
limited). Because of the large number of teeth used the SLA curve is again quite
smooth. The first complete damage of the concrete (i.e. the first integration point
on the last tooth) occurs atuy=0.74 mm at midpoint (this is about 4.5 times the
displacement at first primary crack initiation). Figures 6.15 to 6.19 show the cal-
culated crack strains at various load levels. The crack locations are shifted only
one or two integration points compared to the previous calculation with the prede-
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6. SLA calculations of the tension-pull experiment by Gijsbers

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 320  LOAD: 320
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .483E-3  Min = 0
Results shown:
Mapped to nodes

.439E-4

.878E-4

.132E-3

.176E-3

.22E-3

.263E-3

.307E-3

.351E-3

.395E-3

.439E-3

Figure 6.15: Crack strainǫnncr at uy=0.1 mm

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 2150  LOAD: .215E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .425E-2
Min = -.101E-5
Results shown:
Mapped to nodes

.385E-3

.771E-3

.116E-2

.154E-2

.193E-2

.232E-2

.27E-2

.309E-2

.347E-2

.386E-2

Figure 6.16: Crack strainǫnncr at uy=0.2 mm

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 3775  LOAD: .378E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .595E-2
Min = -.279E-5
Results shown:
Mapped to nodes

.538E-3

.108E-2

.162E-2

.216E-2

.27E-2

.324E-2

.378E-2

.432E-2

.487E-2

.541E-2

Figure 6.17: Crack strainǫnncr at uy=0.3 mm

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 5500  LOAD: .55E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .867E-2
Min = -.146E-4
Results shown:
Mapped to nodes

.775E-3

.156E-2

.235E-2

.314E-2

.393E-2

.472E-2

.551E-2

.63E-2

.709E-2

.788E-2

Figure 6.18: Crack strainǫnncr at uy=0.6 mm

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 6520  LOAD: .652E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .328E-1
Min = -.267E-4
Results shown:
Mapped to nodes

.296E-2

.595E-2

.894E-2

.119E-1

.149E-1

.179E-1

.209E-1

.239E-1

.269E-1

.299E-1

Figure 6.19: Crack strainǫnncr at uy=1.2 mm

termined imperfections. In all cases the crack distances are consistently between
four and five elements (∼133 - 167 mm).

To gain some insight into the initiation of the first primary crack figure 6.20
shows a plot of the principal stresses along the first row of integration points in the
concrete along the rebar for various load levels (up until the first damage occurs
at the location of the first primary crack, load step 955). These integration points
are of interest because cracks always start to originate from the rebar. The global
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Figure 6.20: Principal stress development in the concrete along the rebar up until the
start of the first primary crack localization

maximum in figure 6.20 is equal to the (uplifted) tensile strength of the first saw-
tooth, this is a natural result from the SLA load scaling process. From figure 6.20
it can be seen that along the length some stress oscillation occurs. At midsection
figure 6.21 shows this is more detail. It is also interesting to see the amount of
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Figure 6.21: Principal stress oscillations in the vicinity of the first primary crack local-
ization

damage that has occurred prior to the formation of the first primary crack, this is
illustrated in figure 6.22. As can be seen the damage progresses from both loaded
ends along the rebar. Also in this load step near the center part 4 integration points
close to the rebar have already been damaged once. The current damage in figure
6.22 occurs in the centerline (for location see figure 6.21).
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6. SLA calculations of the tension-pull experiment by Gijsbers

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 955  LOAD: 955
Gauss EL.ITEMS ITEM10
Max/Min on results set:
Max = 70  Min = 0
Results shown:
Mapped to nodes
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20
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Figure 6.22: Occurred damage prior to first primary crack localization (damage indicator
N-direction, 100 equals complete damage)

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 6520  LOAD: .652E4
Gauss EL.ITEMS ITEM10
Max/Min on results set:
Max = 100  Min = 0
Results shown:
Mapped to nodes
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Figure 6.23: Damage atuy=1.2 mm (damage indicator N-direction, 100 equals complete
damage)

The final damage atuy=1.2 mm (load step 6520) is plotted in figure 6.23.
This reveals that large areas between the primary cracks remain completely un-
damaged. Figure 6.24 shows the splitting crack strains whereas figure 6.25 shows
the steel yielding localization. To gain some insight into slip occurrence fig-

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 6520  LOAD: .652E4
Gauss EL.ITEMS ITEM08
Max/Min on results set:
Max = .528E-4  Min = 0
Results shown:
Mapped to nodes

.48E-5

.96E-5

.144E-4

.192E-4

.24E-4

.288E-4

.336E-4

.384E-4

.432E-4

.48E-4

Figure 6.24: Crack strainǫzzcr at uy=1.2 mm

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 6520  LOAD: .652E4
Element EL.EXX.G EYY
Max/Min on results set:
Max = .273E-1
Min = -.491E-2
Symbol factor = 1

All values -.322E-2
0
.322E-2
.645E-2
.967E-2
.129E-1
.161E-1
.193E-1
.226E-1
.258E-1

Figure 6.25: Steel strainǫs at uy=1.2 mm

ure 6.26 shows the load steps with plastic slipping of elements 19 (blue) and 36
(cyan) located at both end faces (results from models with and without imperfec-
tions) whereas figure 6.27 shows the load steps with plastic slipping of elements
27 (green) and 28 (red) located on either side of the first primary crack. As can be
seen from figure 6.26 because of the higher strength of the model with no imper-
fections, there is more slipping on the end faces prior to thedevelopment of the
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6.5. REDUCING NUMBER OF TEETH

first primary crack. The same holds for the slipping prior to the development of the
second primary crack (figure 6.27). After a primary crack hasoccurred concrete
cracking is governing until the previous reaction force level has been recovered at
which point plastic slip will continue.
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Figure 6.26: Slip occurrence at end faces, with imperfections (left), no imperfections
(right)
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Figure 6.27: Slip occurrence near first primary crack, with imperfections (left), no imper-
fections (right)

6.5 Reducing number of teeth

In the previous sections calculations were presented usinga great number of teeth
to approximate the nonlinear relations. Recall that the accuracy of a sawtooth
diagram could be calculated as the ratio between the averageuplifted and down-
shifted value and the maximum elastic value (section 6.2). In the previous sections
the ratio used was about 1.8%.

In this section the influence of reducing the number of teeth will be investi-
gated. Using fewer teeth has the obvious advantage of less computing time. This
section will investigate the influence this has on the results and in particular on the
load-displacement curve and the crack locations. For this purpose the previous ac-
curacy will be reduced stepwise by a factor of two, i.e. accuracies of 3.6%, 7.4%
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6. SLA calculations of the tension-pull experiment by Gijsbers

and 15.4% will be used. In all calculations imperfections will no longer be used.
The number of teeth used for the various accuracies as well asthe sawtooth dia-
grams are given in appendix L. The last tooth of the concrete sawtooth diagrams
is kept constant withE=4e-04 N/mm2 andft=4.4e-06 N/mm2.1 The results of the
reduced number of teeth are plotted in a load-displacement curve together with
the plot of the original calculation with 100 teeth which is used as a reference, see
figure 6.28.
When using less then 50 teeth for the concrete the graphs beginto show more
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Figure 6.28: Load-displacement curves showing influence of reducing number of teeth,
50 (top left), 25 (top right), 12 (bottom) compared to 100 teeth

then three local peaks indicating the primary cracks. Figures 6.29 to 6.31 show
the corresponding crack locations. The calculations with 25 or 12 teeth deviate

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 2730  LOAD: .273E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .84E-2
Min = -.646E-5
Results shown:
Mapped to nodes

.757E-3

.152E-2

.228E-2

.305E-2

.381E-2

.458E-2

.534E-2

.61E-2

.687E-2

.763E-2

Figure 6.29: Crack strainǫnncr at uy=0.6 mm (Hordijk 50 teeth)

quite a lot with respect to the previous primary crack locations. From the results
the primary crack distances vary between∼100 mm and∼167 mm (one element

1these values are equal to the last tooth of the sawtooth diagram with 100 teeth
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6.5. REDUCING NUMBER OF TEETH

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 1952  LOAD: .195E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .119E-1
Min = -.312E-4
Results shown:
Mapped to nodes

.106E-2

.215E-2

.324E-2

.432E-2

.541E-2

.65E-2

.759E-2

.868E-2

.977E-2

.109E-1

Figure 6.30: Crack strainǫnncr at uy=0.8 mm (Hordijk 25 teeth)

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 1000  LOAD: .1E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .11E-1
Min = -.229E-4
Results shown:
Mapped to nodes

.982E-3

.199E-2

.299E-2

.4E-2

.5E-2

.601E-2

.701E-2

.802E-2

.902E-2

.1E-1

Figure 6.31: Crack strainǫnncr at uy=0.8 mm (Hordijk 12 teeth)

is 33.33 mm wide). The eventual crack pattern is foremost determined by the
location and therefore the initiation of the first primary crack. A crack is initi-
ated from the highest stress point in a particular cross section. The highest stress
points occur near the center of the model and close to the rebar. Similar to figure
6.20, figure 6.32 shows again the principal concrete stresses in the first row of
integration points along the rebar. The load steps plotted in figure 6.32 coincide
with the first damage at the location of the first primary crack. The crosses in-
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Hordijk 50 teeth load step 493
Hordijk 25 teeth load step 409
Hordijk 12 teeth load step 207

Figure 6.32: Principal concrete stresses along the rebar for various sawtooth accuracies

dicate the global maximum (using 10 digits). The results show a great scatter in
location for the various sawtooth accuracies. Also plottedin figure 6.32 is a result
of using an extreme number of sawteeth for the concrete (250)as well as for the
interface (250) resulting in a very smooth curve that can be used as a reference.
From figure 6.32 it becomes clear that with reduced accuracy the stress oscilla-
tions increase and a larger area shows stresses close to the tensile strength. This
causes the first primary crack locations to become more and more scattered. With
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6. SLA calculations of the tension-pull experiment by Gijsbers

higher accuracy the high stress area becomes more and more confined resulting in
a more consistent first primary crack location. For lower accuracies the first pri-
mary crack location is more or less a coincidence. The damagein the model prior
to the initiation of the first primary crack is plotted in figures 6.33 to 6.35. From
these figures is appears that with decreasing accuracies larger areas of the model
become damaged prior to the first crack localization. With the used accuracies

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 493  LOAD: 493
Gauss EL.ITEMS ITEM10
Max/Min on results set:
Max = 35  Min = 0
Results shown:
Mapped to nodes
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Figure 6.33: Occurred damage prior to first primary crack localization (Hordijk 50 teeth,
damage indicator N-direction, 50 equals complete damage)

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 409  LOAD: 409
Gauss EL.ITEMS ITEM10
Max/Min on results set:
Max = 18  Min = 0
Results shown:
Mapped to nodes
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Figure 6.34: Occurred damage prior to first primary crack localization (Hordijk 25 teeth,
damage indicator N-direction, 25 equals complete damage)

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 207  LOAD: 207
Gauss EL.ITEMS ITEM10
Max/Min on results set:
Max = 9  Min = 0
Results shown:
Mapped to nodes
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Figure 6.35: Occurred damage prior to first primary crack loacalization(Hordijk 12
teeth, damage indicator N-direction, 12 equals complete damage)

the computing time is reported in table 6.3. The time dependson the number of
load steps needed as well as on the number of integration points. The relation
of the number of teeth used to the number of loadsteps or the cpu time is almost
linear.
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6.6. CHANGING THE SHEAR RETENTION BEHAVIOUR

Table 6.3: Influence of reducing number of teeth on number of neededsteps and comput-
ing time

100 teeth 50 teeth 25 teeth 12 teeth

number of loadsteps (uy(max)=1.2 mm) 6550 3300 2060 1200

CPU time 326 138 81 42

6.6 Changing the shear retention behaviour

Until now a constant shear reduction factor ofβ=0.5 has been used (see sections
3.3 and 5.1) which is considered to be quite high. The disadvantage of using a
constant factor is the severe shear stiffness reduction immediately upon cracking
and the possibility of shear locking for high crack strains.An alternative method
is to use a stepwise reduction (section 3.3). With this method the shear stiffness
becomes a function of the normal crack strain which has a morephysical basis
[15], see figure 6.36. In comparison to the previous calculations using a stepwise
reduction causes a stiffer initial response and a softer ultimate response. In the
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Figure 6.36: Stepwise shear reduction with Hordijk softening using 100 teeth

previous section the number of teeth was reduced stepwise. In this section the
same sawtooth diagrams will be used (see tables L.1 to L.3) but recalculated with
a stepwise shear reduction. Figure 6.37 shows the results ofthe calculations in
various load-displacement curves. Compared to the previoussection (figure 6.28)
the results are much more consistent. With all sawtooth accuracies three primary
cracks develop (see figures 6.38 to 6.41). Also the primary cracks are more curved
and localized near the free edge. Figure 6.42 shows again theprincipal concrete
stresses in the first row of integration points along the rebar. The crosses again
indicate the global maximum (using 10 digits).2 Compared to the results of a
constant shear retention the oscillations of the principalstresses have somewhat
diminished. Also the values of the principal stresses at both ends have dropped
considerably. For comparison the damage in the model prior to the initiation of the
first primary crack for the various sawtooth accuracies is plotted in figures 6.43

2the two crosses indicating the global maximum for 50 teeth are indeed equal stress points
using 10 digits, with SLA only one will be given a strength andstiffness reduction in this loadstep
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SLA without imperfections (Hordijk 100 teeth) β=0.5
SLA without imperfections (Hordijk 100 teeth) stepwise shear reduction
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Figure 6.37: Influence of reducing number of teeth when using a stepwise shear reduction,
β=0.5 versus stepwise reduction 100 teeth (top left), stepwise reduction 100
versus 50 teeth (top right), stepwise reduction 100 versus 25 teeth (bottom
left) and stepwise reduction 100 versus 12 teeth (bottom right)

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 6560  LOAD: .656E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .94E-2
Min = -.155E-4
Results shown:
Mapped to nodes
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Figure 6.38: Crack strainǫnncr at uy=0.6 mm (Hordijk 100 teeth)

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 3500  LOAD: .35E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .89E-2
Min = -.208E-4
Results shown:
Mapped to nodes
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Figure 6.39: Crack strainǫnncr at uy=0.6 mm (Hordijk 50 teeth)

to 6.46. Especially with 25 teeth the localization has improved considerably
(compare figure 6.45 to 6.34). With 12 teeth the localizationis again quite poor
indicating that the accuracy of this sawtooth diagram is notsufficient to get good
results. With 50 or a 100 teeth the localizations are similarto the ones using a
constant shear retention factor (compare figures 6.43 and 6.44 to 6.22 and 6.33)
but the amount of damage at both ends is much higher.
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6.6. CHANGING THE SHEAR RETENTION BEHAVIOUR

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 1710  LOAD: .171E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .915E-2
Min = -.138E-4
Results shown:
Mapped to nodes
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Figure 6.40: Crack strainǫnncr at uy=0.6 mm (Hordijk 25 teeth)

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 930  LOAD: 930
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .943E-2
Min = -.254E-4
Results shown:
Mapped to nodes
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Figure 6.41: Crack strainǫnncr at uy=0.6 mm (Hordijk 12 teeth)
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Figure 6.42: Principal concrete stresses along the rebar for various sawtooth accuracies

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 1155  LOAD: .116E4
Gauss EL.ITEMS ITEM10
Max/Min on results set:
Max = 85  Min = 0
Results shown:
Mapped to nodes
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Figure 6.43: Occurred damage prior to first primary crack localization (Hordijk 100
teeth, damage indicator N-direction, 100 equals complete damage)

Table 6.4 gives the number of needed steps for the calculations compared to
the previous section. In comparison the calculations with alot of teeth use much
more load steps when using a stepwise shear reduction. Strangely the calculations
with 25 or 12 teeth are hardly effected in terms of needed loadsteps.
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6. SLA calculations of the tension-pull experiment by Gijsbers

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 599  LOAD: 599
Gauss EL.ITEMS ITEM10
Max/Min on results set:
Max = 43  Min = 0
Results shown:
Mapped to nodes
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Figure 6.44: Occurred damage prior to first primary crack localization (Hordijk 50 teeth,
damage indicator N-direction, 50 equals complete damage)

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 369  LOAD: 369
Gauss EL.ITEMS ITEM10
Max/Min on results set:
Max = 21  Min = 0
Results shown:
Mapped to nodes
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Figure 6.45: Occurred damage prior to first primary crack localization (Hordijk 25 teeth,
damage indicator N-direction, 25 equals complete damage)

Model: GIJSBERS_SLABONDTEST
LC1: Load case 1
Step: 239  LOAD: 239
Gauss EL.ITEMS ITEM10
Max/Min on results set:
Max = 10  Min = 0
Results shown:
Mapped to nodes
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Figure 6.46: Occurred damage prior to fist primary crack localization (Hordijk 12 teeth,
damage indicator N-direction, 12 equals complete damage)

Table 6.4: Influence of stepwise shear retention and reducing number of teeth on number
of needed steps compared to constant shear retention

100 teeth 50 teeth 25 teeth 12 teeth

number of loadsteps 8400 4600 2230 1220

(uy(max)=1.2 mm) (+28%) (+39%) (+8%) (+2%)

6.7 Using mesh refinements

From the previous two sections the best results were obtained using at least 25
teeth for the concrete and when using a stepwise shear retention. In this section
the influence of mesh refinements will be examined. The mesh used until now can
be considered to be quite coarse. It is possible that a finer mesh will give better
results especially when using fewer teeth. In this section two mesh refinements
will be examined, in each case the number of elements will be doubled.

Another aspect is mesh alignment. However this is not expected to play an
important role in the crack development because of the uniaxial stress distribution.
Also a random mesh would raise some questions regarding the crack band width
(as it would differ for each element) and without an automated sawtooth generator
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6.7. USING MESH REFINEMENTS

this aspect can currently not be explored in a practical sense. Some investigation
into mesh alignment with SLA can be found in [15].

6.7.1 Used refinements

With the first mesh refinement the number of elements is doubled in x- and y-
direction to 36 and 4 respectively, see figure 6.47. For the investigation again
Hordijk softening will be used with various accuracies (i.e. number of teeth), see
appendix M. For the interface and the steel bar fixed sawtoothdiagrams will be
used (see section 6.2 figure 6.3). This is a mere practical choice and will not have
a significant effect on the results. With all calculations stepwise shear retention
will be used (see section 6.6).

The crack band width is calculated as the spacing between theintegration
points:h=600/(36x3)=5.5556 mm (a 3x3 integration scheme is used). The second

X

YZ

Figure 6.47: First mesh refinement

mesh refinement is analogous to the first now with 72 and 8 elements in x- and
y-direction respectively, see figure 6.48. The crack band width for this mesh is:
h=600/(72x3)=2.7778 mm.

X

YZ

Figure 6.48: Second mesh refinement

6.7.2 Results

Contrary to the expectation the first mesh refinement does not give better results
compared to the previous mesh when fewer teeth are used for the concrete saw-
tooth diagram. The problem of increased damage with decreasing accuracy for
the concrete sawtooth approximation prior to the development of the first primary
crack, which was already witnessed in the previous two sections, is again prevail-
ing. However it is now already playing an important role evenwhen a 100 teeth
are used. Figure 6.49 shows the damaged areas (indicated in red) prior to the first
primary crack which clearly shows that with all accuracies used there is now more
damage in the center part of the model in comparison to the previous mesh. The
excessive damage especially with 50, 25 and 12 teeth also hasthe disadvantage of
needing a relatively large number of load steps. To check if increasing the num-
ber of teeth even further then 100 would yield better resultsanother calculation is
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6. SLA calculations of the tension-pull experiment by Gijsbers
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Model: GIJSBERS_SLA_MESH2
LC1: Load case 1
Step: 3110  LOAD: .311E4
Gauss EL.ITEMS ITEM10
Max/Min on results set:
Max = 89  Min = 0
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Model: GIJSBERS_SLA_MESH2
LC1: Load case 1
Step: 2170  LOAD: .217E4
Gauss EL.ITEMS ITEM10
Max/Min on results set:
Max = 45  Min = 0
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Model: GIJSBERS_SLA_MESH2
LC1: Load case 1
Step: 1679  LOAD: .168E4
Gauss EL.ITEMS ITEM10
Max/Min on results set:
Max = 22  Min = 0
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Model: GIJSBERS_SLA_MESH2
LC1: Load case 1
Step: 1181  LOAD: .118E4
Gauss EL.ITEMS ITEM10
Max/Min on results set:
Max = 11  Min = 0

Figure 6.49: Damaged integration points (indicated in red) prior to first primary crack,
from top to bottom: Hordijk 100, 50, 25 and 12 teeth

performed now using 200 teeth. Figure 6.50 shows the result in terms of damaged
areas prior to the first primary crack localization. Clearly the result has improved
considerably. The obvious downside of using so many teeth inconjunction with
the use of a fine mesh is the needed number of load steps (34700). Figure 6.50
again demonstrates the previous encountered behaviour of the cracking sequence
in a tension-pull experiment, meaning that cracking progresses from both ends
along the rebar followed by a swift and clear primary crack localization where
ultimately large areas of the model remain completely undamaged (see also fig-
ure 6.23). The problem of localization becomes worse in terms of damaged areas
with the second mesh refinement, see figure 6.51.3 The results of both mesh
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Model: GIJSBERS_SLA_MESH2
LC1: Load case 1
Step: 5800  LOAD: .58E4
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Max/Min on results set:
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Figure 6.50: Damaged integration points (indicated in red) prior to first primary crack
with Hordijk 200 teeth

refinements are also plotted in load-displacement curves together with the results
of the previous mesh for various sawtooth accuracies, see figure 6.52. At this time
it should be noted that despite the aforementioned localization problem eventu-
ally with SLA localization does always take place, albeit ata higher load level.
This is especially visible with the second mesh refinement when using only 12

3with the second mesh refinement no calculation with a 100 teeth is performed due to needed
computing time
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6.7. USING MESH REFINEMENTS
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Figure 6.51: Damaged integration points (indicated in red) prior to first primary crack,
from top to bottom: Hordijk 50, 25 and 12 teeth

teeth (see figure 6.52 bottom right). Instead of a quick snap-back the graph shows
increasing load on the first and second peak and is very spiked. The principal
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Figure 6.52: Influence of number of teeth and mesh refinements, 100 teeth (top left), 50
teeth (top right), 25 teeth (bottom left) and 12 teeth (bottom right)

stress oscillation that was encountered previously (section 6.6) is shown in figure
6.53 for the second mesh refinement with 50 and 12 teeth. The load steps plotted
again coincide with the first damage at the location of the first primary crack. The
periods of the stress oscillations compared to the previousmesh have decreased
considerably. The graph with 12 teeth shows an increase in amplitude compared
to the graph with 50 teeth. Changing theDIANA solver to a so called direct so-
lution method (i.e. prohibiting the use of numeral methods)did not resolve this
problem.

The cause of the observed behaviour of large damaged areas when using fewer
teeth and with mesh refinements is believed to be the ratio between the stiffness
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Figure 6.53: Principal concrete stresses along the rebar with second mesh refinement,
Hordijk 50 teeth (top) versus Hordijk 12 teeth (bottom)

of the interface and the concrete. In all cases the damaged areas progress from
the ends towards the middle (like a crack “front”). With a low accuracy saw-
tooth diagram the local stiffness reduction upon cracking is higher compared to a
high accuracy sawtooth diagram. This changes the local stiffness ratio introduc-
ing a stress concentration (i.e. making the interface stiffness relatively high). This
stress concentration will subsequently initiate the next crack creating the observed
“chain effect”. An indication of this was also observed with the calculations in
the next chapter were different stiffness values for the interface were used. With
a high stiffness interface stress concentrations are foundnear the loaded ends re-
sulting in the formation of the first primary cracks at these locations instead of in
the middle.

Finally the number of loadsteps needed for all meshes used isreported in table
6.5. The relation of the number of concrete elements to the number of loadsteps
needed is almost linear.

Table 6.5: Influence of mesh refinement and number of teeth on number of needed load-
steps

number of loadsteps 100 teeth 50 teeth 25 teeth 12 teeth

(uy(max)=1.2 mm

original mesh (36 concrete elements) 8400 4600 2230 1220

first mesh refinement (144 concrete elements) 24400 10300 6000 4100

second mesh refinement (576 concrete elements) X 32200 23300 13000
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6.8 Summary and conclusions chapter 6

In this chapter the tension-pull experiment that was calculated in the previous
chapter using axi-symmetric elements and using a non-linear analysis is recal-
culated with SLA (sequentially linear analysis). For this the previously derived
extensions for SLA, i.e. the axi-symmetric and interface elements, are used. For
the calculations the non-linear Hordijk softening curve ofconcrete in tension is
approximated with a sawtooth calculated with the previously derived sawtooth
generator. At first a calculation is performed using the sameimperfections that
were used in the non-linear analysis to be able to compare results. Next a calcu-
lation is performed without these imperfections to investigate the possibilities in
SLA. A number of other aspects is also investigated including the use of various
accuracies for the sawtooth approximations, changing the shear retention behavior
and the use of mesh refinements. The following conclusions regarding the SLA
calculations can be stated:

SLA calculation using imperfections

1. Using high accuracy sawtooth approximations all resultsare in excellent
agreement with the non-linear analysis. There are hardly any differences
found except in the load-displacement curve with SLA also snap-backs are
captured after each primary crack. This indicates SLA is a good alternative
to non-linear analysis when using axi-symmetric and interface elements.

2. Despite the imperfections used the SLA analysis still shows somewhat bet-
ter crack localization, especially at the loaded ends, compared to the non-
linear analysis.

3. The bond stress profiles found in the SLA analysis are in good agreement
with the non-linear analysis indicating that the adopted sawtooth approx-
imation for bond-slip and the SLA code for interface elements work cor-
rectly.

4. The ultimate load is governed almost completely by the yielding of the re-
bar. The results show an ultimate load in the load-displacement curve equal
to the one found with the non-linear analysis. This indicates it is better to
use downshifting only and no uplifting of the “mother” curvefor the saw-
tooth approximation of steel plasticity.

SLA calculation without imperfections

1. Despite the uniform stress distribution in case of a tension-pull experiment
and no imperfections in the model the SLA analysis again shows excellent
localization resulting in the formation of three primary cracks. This result
would not be possible with a non-linear analysis as crackingwould appear
everywhere simultaneously in case of a uniform stress distribution. This
justifies the conclusion that SLA is superior to non-linear analysis in case
of a tension-pull experiment.
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2. The primary cracks always originate from the integrationpoints close to the
rebar. A principal stress plot along the rebar at the moment of primary crack
initiation shows that some stress oscillation occurs.

3. Large areas between the primary cracks remain completelyuncracked sim-
ilar to the result of the non-linear analysis where imperfections are used.
This again indicates the excellent localization capability of SLA.

4. It has been found that slip of the interfaces occurs just prior to the formation,
and close to, each primary crack and the end faces. The snap-backs in
the load-displacement curve are completely governed by concrete cracking
only. After a fully developed primary crack pattern and at a higher load
level slip of the interfaces will continue.

Reducing number of teeth

1. The aforementioned principal stress oscillation along the rebar amplifies
with decreasing accuracy for the sawtooth approximations.Also the cracked
area in the model prior to the development of the first primarycrack in-
creases. Although primary crack localization does always take place, with
decreasing accuracy the locations of the primary cracks become more and
more scattered.

2. Reducing the accuracy for the steel sawtooth diagram hardly affects the
ultimate load capacity. Using a lower accuracy only resultsin a more spiked
load-displacement curve.

3. With the used elasto-plastic bond-slip relation the accuracy for the sawtooth
approximation does not have a large effect on the overall results, especially
the load-displacement curve. Detailed results however, specifically the bond
stress profiles, are affected and become less smooth with decreasing accu-
racy.

4. It has been found that the relation between the number of teeth used for the
sawtooth approximation of the concrete and the CPU time is almost linear.
Since many more loadsteps involve concrete cracking compared to bond-
slip or steel yielding the sawtooth accuracy for the latter two are of less
importance with respect to computing time.

Changing the shear retention behavior

1. Using a stepwise shear retention instead of a constant shear retention fac-
tor, apart from having a more physical basis, improves the results. With
reduced number of teeth the damaged areas prior to the development of the
first primary crack have somewhat diminished. The results for the vari-
ous accuracies of the sawtooth approximations are now more comparable to
each other (i.e. more consistent).
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2. The aforementioned principal stress oscillations alongthe rebar have also
diminished with the use of stepwise shear retention compared to a constant
shear retention factor. This also results in more consistent primary crack
locations for the various sawtooth accuracies.

3. The number of loadsteps needed when using a stepwise shearretention in-
stead of a constant shear retention factor has increased considerably when
using high accuracy sawtooth approximations (+30-40%). For lower accu-
racies the increase in needed load steps is much less.

Using mesh refinements

1. To get comparable results with a finer mesh the number of sawteeth used
for the concrete sawtooth approximation has to be increasedinstead of de-
creased. Both the principal stress oscillations as well as the damaged areas
prior to the development of the first primary crack reported earlier have in-
creased when a finer mesh is used.

2. The cause of the increased cracking in case of a mesh refinement appears
to be related to the stiffness ratio between the interface and the concrete.
With a low accuracy sawtooth diagram the local stiffness reduction upon
cracking is higher compared to a high accuracy diagram. Thischange in the
local stiffness ratio appears to introduce a stress concentration which will
subsequently initiate the next crack ultimately creating the large cracked
areas.

3. From the results it becomes clear that using more teeth forthe concrete
sawtooth approximation is much more effective and will givebetter results
then using a finer mesh in case of a tension-pull experiment.
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SLA calculations of the tension-pull
experiments by Mayer
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7. SLA calculations of the tension-pull experiments by Mayer

7.1 Introduction

In this chapter several tension-pull experiments that wereconducted by U. Mayer
[12] will be calculated with SLA. The experiments all consist of long specimens
(2.3 to 2.9 m) and have various (square) cross sections, various concrete qualities
(B25 and B45) and also different reinforcement ratios as well as rebar diameters
(from 6 to 25 mm). Figure 7.1 shows the test setup and the the placement of
the strain gauges used with the experiments. With all these variations these ex-
periments are perfectly suited for using the bond model described in chapter 2
to calculate the bond-slip curves and the necessary sawtooth approximations (see
section 4.3). The report by Mayer does not contain load-displacement curves or

Figure 7.1: Mayer test setup and placements of strain gauges

complete crack patterns. Therefore direct comparisons of the results of the cal-
culations in this chapter to the experiments is not possible. From the long strain
gauges of 2 meters placed in the center (“WA 2000” see figure 7.1) average strain-
stress curves have been reported. Therefore these will alsobe reported with the
SLA calculations. However no variations of parameters willbe explored to fit the
experimental data. Instead the emphasis will be put on the general (cracking) be-
haviour under the influence of the various configurations andmaking qualitative
comparisons where possible.
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7.2 Discretization options

The square reinforced concrete cross-section with rebars located in the corners
and/or near the sides used in the experiments can be discretizised to a finite ele-
ment mesh in various ways:

1. Transform into an equivalent circular cross section and then use axi sym-
metry with rebars lumped to the axis of rotation:

2. Transform into an equivalent circular cross section and then use axi sym-
metry with rebars lumped to a position with equal concrete cover:

3. Use plane stress for the square concrete cross section with rebars lumped to
actual positions:

Since this thesis is directed to axi-symmetric elements in SLA the second op-
tion is chosen to be most appropriate. This will also simulate the cracking be-
haviour in the vicinity of the concrete cover. The mesh will therefore again con-
sist of axi-symmetric elements for the concrete, truss elements for the rebar and
interface elements for bond-slip. To have a correct stiffness for the interface again
theDIANA configuration option “plane stress” is used (see also section 5.5.1) but
now the sum of the circumferences of all rebars is taken as theinterface area.

7.3 Overview of calculated experiments

In table 7.1 an overview is given of the different tension-pull experiments that will
be calculated in this chapter (see also [12] table 4.1). As stated previously the lo-
cation of the lumped rebar (radius from the axis of symmetry)is determined with
the condition of an equal concrete cover, e.g. for S4D12AB25:rrebar=169.26-
30-12/2=133.3 mm. The mesh is chosen to be quite coarse (see also section 6.7).
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code reinforcement reinforcement steel concrete dimensions equivalent

and concrete ratio [%] class type bxdxL [mm] concrete

cover [mm] radius [mm]

S4D12AB25 4Ø 12 (c=30) 0.50 A B25 300x300x2500 169.26

S8D12AB25 8Ø 12 (c=30) 1.00 A B25 300x300x2500 169.26

S8D12AB45 8Ø 12 (c=30) 1.00 A B45 300x300x2500 169.26

S4D16AB25 4Ø 16 (c=35) 0.50 A B25 400x400x2700 225.68

S6D16AB25 6Ø 16 (c=35) 0.75 A B25 400x400x2700 225.68

S2D25AB25 2Ø 25 (c=35) 0.60 S B25 400x400x2900 225.68

S4D25AB25 4Ø 25 (c=35) 1.20 S B25 400x400x2900 225.68

Table 7.1: Overview and codes of calculated experiments

Since the actual concrete dimensions are a lot bigger compared to previous cal-
culations a somewhat larger number of elements is used. The mesh is also deter-
mined by the condition to have nodes at the edges of the two meter strain gauges.
Figures 7.2 to 7.4 show the mesh used for the various dimensions together with
the crack band widthh. For the axi-symmetric elements again a 3x3 integration
scheme is used. In thickness direction one element is used torepresent the con-
crete cover whereas 4 elements are used to model the distancefrom the axis of
rotation to the reinforcement.

Model: S4D12AB25
axis of rotation

reinforcement and interface elements

Figure 7.2: Mesh for dimensions 300x300x2500 mm (40 elements in longitudinal direc-
tion), crack band width:h=2500/(40x3)=20.83 mm

Model: S4D16AB25
axis of rotation

reinforcement an interface elements

Figure 7.3: Mesh for dimensions 400x400x2700 mm (54 elements in longitudinal direc-
tion), crack band width:h=2700/(54x3)=16.67 mm

Model: S2D25AB25 axis of rotation

reinforcement and interface elements

Figure 7.4: Mesh for dimensions 400x400x2900 mm (58 elements in longitudinal direc-
tion), crack band width:h=2900/(58x3)=16.67 mm
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7.4 Material properties

The concrete material properties that will be used in the calculations are given in
table 7.2. The fracture energy was not reported in [12], therefore it is calculated

Table 7.2: Concrete material properties

concrete average cube compressiveaverage tensile average modulus of fracture

type strengthfccm [N/mm2] strengthfctm elasticity [N/mm2] energy

[N/mm2] [N/mm]

B25 28.4 2.1 30000 0.053

B45 64.7 3.3 37400 0.099

with the CEB-FIB MC90 model code.Gf0 is determined with a maximum aggre-
gate size of 16 mm which was reported by Mayer being used in theexperiments.

B25: Gf = Gf0

(

fcm
10

)0.7

= 0.030

(

0.80 · 28.4

10

)0.7

= 0.053 N/mm (7.1)

B45: Gf = Gf0

(

fcm
10

)0.7

= 0.030

(

0.85 · 64.7

10

)0.7

= 0.099 N/mm (7.2)

The material properties for steel are given in the table 7.3.The Poisson’s ratio
used for the concrete as well as the steel is 0.2.

Table 7.3: Steel material properties

diameter [mm] steel class As [mm2] fy [N/mm2] Es [N/mm2]

12 A 115.9 532 196000

16 A 199.8 519 203000

25 A 478.5 585 204000
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7.5 Bond-slip sawtooth diagrams

The sawtooth diagrams used for the concrete and steel will not be given here,
instead see appendix N. As mentioned in the beginning of thischapter the bond-
slip relations for the various simulations will be calculated with the Matlab bond
model. In most cases, but not all, pull-out is the governing failure mode. Since the
bond-slip relation for pull-out failure is strongly dependent on the steel strain (see
section 2.8), this influence will be taken into account. In fact the best way would
be to update the bond-slip relation continuously during thecalculation as the steel
strains changes. Since this is not possible instead a fixed steel strain (i.e. an
average steel strain) is taken into account with a value equal to half the maximum
elastic strain:ǫs ≈0.001. Figure 7.5 shows the various calculated bond-slip curves
as well as the value for the initial elastic stiffness.1 The effective concrete cover
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Figure 7.5: Bond-slip sawtooth used for simulations: S4D12AB25 and S8D12AB25
(St,el=116.7 N/mm3) (top right), S8D12AB45 (St,el=377.3 N/mm3) (top left),
S4D16AB25 and S6D16AB25 (St,el=87.4 N/mm3) (bottom left), S2D25AB25
and S4D25B25 (St,el=57.1 N/mm3) (bottom right)

is calculated from the cover to the outside and a maximum cover to the inside of
4xds. As can be seen from these figures the various bond-slip relations are very
different in terms of strength and stiffness.

1in the bond model the concrete tensile strength is calculated from the compressive strength
(see section 2.3), therefore the values for the tensile strength in figure 7.5 deviate from the ones
given in section 7.4
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7.6 Results tension-pull experiments

In this section the influence of several parameters on the cracking behaviour in a
tension-pull experiment will be investigated using the results of the various calcu-
lations. The calculations are refered to by code, see table 7.1 section 7.3. Some
detailed results can also be found in appendices O to U.

7.6.1 Influence of reinforcement ratio

In this section the influence of the reinforcement ratio on the cracking behaviour
of the tension-pull experiments will be examined. For this two simulations will be
compared: S4D12A and S8D12A. All material parameters are equal except with
S8D12A the reinforcement ratio is 1.00% whereas with S4D12Ait is 0.50%. The
mesh used in both calculations is given in figure 7.2 section 7.3. Both use the
same bond-slip relation (see figure 7.5). From a modelling perspective only the
circumference for the interface elements and the truss cross section, representing
the lumped rebars, differs. Figure 7.6 shows the results of the calculations in a
load-displacement curve. For S4D12A and S8D12A about 15500and 37000 load
steps are needed respectively. Both graphs show extremely sharp drops every time

0 1 2 3 4 5 6
0

50.000

100.000

150.000

200.000

250.000

u
y
 [mm]

F
y [N

]

Load−displacement curve SLA analysis using axi−symmetry

 

 

Mayer S4D12−A Hordijk 50 teeth (B25 Gf=0.053 300x300x2500 mm)
steel bar only

0 1 2 3 4 5 6 7
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5
x 10

5

u
y
 [mm]

F
y [N

]

Load−displacement curve SLA analysis using axi−symmetry

 

 

Mayer S8D12−A Hordijk 50 teeth (B25 Gf=0.053 300x300x2500 mm)
steel bar only

Figure 7.6: Load-displacement curve simulation S4D12A (left) versus S8D12A (right)

a primary crack occurs. It should be noted however that the concrete dimensions
are very different from the calculations in the previous chapters. The final crack
patterns are shown in figure 7.7. The complete crack development is given in
appendices O and P. No principal stress oscillations occur,indicating that the
used sawtooth approximation for concrete is sufficiently accurate, and in both
cases the cracking starts at midpoint (see figure 7.8). The influence of increased
reinforcement is in good agreement with what one would expect. In simulation
S8D12A secondary cracks occur between all primary cracks due to the increased
reinforcement and the primary crack distance is cut in halve. The damage after
the formation of the primary crack pattern is shown in figure 7.9. This shows that
with increased reinforcement the cracks are more dispersedand the crack width
decreases (note that the scaling is equal in both figures).
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Model: S4D12AB25
LC1: Load case 1
Step: 14000  LOAD: .14E5
Gauss EL.ITEMS ITEM04
Max = .149E-1  Min = 0
Results shown:
Mapped to nodes
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Model: S8D12AB25
LC1: Load case 1
Step: 25000  LOAD: .25E5
Gauss EL.ITEMS ITEM04
Max = .794E-2
Min = -.693E-5
Results shown:
Mapped to nodes
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Figure 7.7: Final crack pattern simulation S4D12AB25 (top) and S8D12AB25 (bottom)
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Figure 7.8: Principal concrete stresses along inner side of rebar at first primary crack
initiation in simulation S4D12A (top) and S8D12A (bottom)

Model: S4D12AB25
LC1: Load case 1
Step: 14000  LOAD: .14E5
Gauss EL.ITEMS ITEM10
Max = 50  Min = 0
Results shown:
Mapped to nodes
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Model: S8D12AB25
LC1: Load case 1
Step: 25000  LOAD: .25E5
Gauss EL.ITEMS ITEM10
Max/Min on results set:
Max = 50  Min = 0
Results shown:
Mapped to nodes
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Figure 7.9: Damage simulation S4D12AB25 atuy=3.65 mm and S8D12AB25 atuy=3.40
mm (damage indicator N-direction, 50 equals complete damage)

94



7.6. RESULTS TENSION-PULL EXPERIMENTS

7.6.2 Influence of concrete type

In this section the influence of concrete type on the crackingbehaviour of the
tension-pull experiments will be examined. For this two simulations will be com-
pared: S8D12A with B25 and B45. All other material parameters are equal. The
mesh used in both calculations is given in figure 7.2 section 7.3. The bond-slip
relation of course now differs (see figure 7.5). From a modelling perspective apart
from the bond-slip relation for the interface elements alsothe concrete material
properties differ. Figure 7.10 shows the results of the calculations in a load-
displacement curve. For S8D12AB25 and S8D12AB45 about 37000 and 47000
load steps are needed respectively. Since the ultimate loadlevel is governed al-
most entirely by steel yielding it is equal in both simulations. The final crack
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Figure 7.10: Load-displacement curve simulation S8D12AB25 (left) versus S8D12AB45
(right)

patterns are shown in figure 7.11. The complete crack development is given in
appendices P and Q. It can be seen that the average crack distance differs, with
B25 the average crack distance is about 156 mm whereas with B45 it is about 132
mm.

Model: S8D12AB25
LC1: Load case 1
Step: 25000  LOAD: .25E5
Gauss EL.ITEMS ITEM04
Max = .794E-2
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Results shown:
Mapped to nodes
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Model: S8D12AB45
LC1: Load case 1
Step: 35000  LOAD: .35E5
Gauss EL.ITEMS ITEM04
Max = .795E-2
Min = -.104E-4
Results shown:
Mapped to nodes
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Figure 7.11: Final crack pattern simulation S8D12AB25 (top) and S8D12AB45 (bottom)

95



7. SLA calculations of the tension-pull experiments by Mayer

0 500 1000 1500 2000
1.6

1.7

1.8

1.9

2

2.1

2.2

2.3

y [mm]

σ 1 [N
/m

m
2 ]

Principal stress in concrete along the rebar

 

 

largest principal stress step 27

global maximum (2.1625 N/mm2)

1000 1100 1200 1300 1400 1500
2.1625

2.1625

2.1625

2.1625

2.1625

2.1625

2.1625

2.1625

2.1625

2.1625

y [mm]

σ 1 [N
/m

m
2 ]

Principal stress in concrete along the rebar

 

 

largest principal stress step 27

global maximum (2.1625 N/mm2)

0 500 1000 1500 2000
3.1

3.15

3.2

3.25

3.3

3.35

3.4

3.45

y [mm]

σ 1 [N
/m

m
2 ]

Principal stress in concrete along the rebar

 

 

largest principal stress step 141

global maximum (3.3964 N/mm2)

Figure 7.12: Principal concrete stresses along inner side of rebar at first primary crack
initiation in simulation S8D12AB25 (top) and S8D12AB45 (bottom)

The concrete principal stresses along the rebar at first primary crack initiation
(figure 7.12) show how the cracking starts for both simulations. From this, and
from the complete crack development for S8D12AB45 in appendix Q, it can be
seen that with B45 cracking starts near a loaded end instead ofin the middle. This
behaviour is due to the increased relative bond-slip stiffness (see equations 7.3 and
7.4) which causes a much quicker load transfer from the rebarinto the surrounding
concrete and therefore creating a local high stress point (the amount of concrete
surrounding the rebar, i.e. the concrete cover, is insufficient to disperse this local
high stress).

S8D12AB25: ratio=
OSt,el

Ec

=
150.796x116.7

30000
= 0.587 (7.3)

S8D12AB45: ratio=
OSt,el

Ec

=
150.796x377.3

37400
= 1.521 (7.4)

With:

O total circumference of all rebars
St,el initial elastic stiffness of interface (see also figure 7.5)
Ec concrete elastic stiffness

Finally figure 7.13 shows the damage for both simulations after the formation of
the primary crack pattern. This shows that with B45 the cracksare more dispersed
and the crack width slightly decreases (note that the scaling is equal in both fig-
ures). Also with B45 cracks appear near the axis of rotation.
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Model: S8D12AB25
LC1: Load case 1
Step: 25000  LOAD: .25E5
Gauss EL.ITEMS ITEM10
Max/Min on results set:
Max = 50  Min = 0
Results shown:
Mapped to nodes
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Model: S8D12AB45
LC1: Load case 1
Step: 29000  LOAD: .29E5
Gauss EL.ITEMS ITEM10
Max/Min on results set:
Max = 49  Min = 0
Results shown:
Mapped to nodes
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Figure 7.13: Damage simulation S8D12AB25 atuy=3.40 mm and S8D12AB45 at
uy=2.60 mm (damage indicator N-direction, 50 equals complete damage)

7.6.3 Influence of rebar diameter

In this section the influence of rebar diameter on the cracking behaviour of the
tension-pull experiments will be examined. For this three simulations will be
compared: S4D12A, S4D16A and S4D25A all with concrete quality B25. Model
S4D25A has a slightly larger reinforcement ratio of 1.20% compared to the other
two (1.00%). The mesh used in the calculations is given in figures 7.2 to 7.4
section 7.3. The bond-slip relation of course differs in each simulation (see fig-
ure 7.5). Figure 7.14 shows the results of the calculations in a load-displacement
curve. For S4D12AB25, S4D16AB25 and S4D25AB25 about 15500, 17000 and
39000 load steps are needed respectively. With increasing rebar diameter the lin-
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Figure 7.14: Load-displacement curve simulation S4D12A (top left) versus S4D16A (top
right) and S4D25A (bottom)
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ear elastic stiffness increases but this is also due to the increased concrete cross-
section with S4D16AB25 and S4D25AB25. The cracking of S4D12AB25 and
S4D16AB25 are very similar although the ultimate load level is much higher for
S4D16AB25. In simulation S4D25AB25 secondary cracks occur between all pri-
mary cracks. The final crack patterns are shown in figure 7.15.The complete crack
development is given in appendices O, R and U. The concrete principal stresses

Model: S4D12AB25
LC1: Load case 1
Step: 14000  LOAD: .14E5
Gauss EL.ITEMS ITEM04
Max = .149E-1  Min = 0
Results shown:
Mapped to nodes
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Model: S4D16AB25
LC1: Load case 1
Step: 16500  LOAD: .165E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .237E-1
Min = -.273E-5
Results shown:
Mapped to nodes
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Model: S4D25AB25
LC1: Load case 1
Step: 35000  LOAD: .35E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .235E-1
Min = -.541E-4
Results shown:
Mapped to nodes
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Figure 7.15: Final crack pattern simulations S4D12AB25 (top), S4D16AB25 (middle) and
S4D25AB25 (bottom)

along the rebar at first primary crack initiation for S4D16AB25 and S4D25AB25
are very similar to the stress profile of S4D12AB25 (see figure 7.8) so they are
not give here. Finally figure 7.16 shows the damage for the three simulations
after the formation of the primary crack pattern. As could beseen from the load-
displacement curve and appendix U in simulation S4D25AB25 itappears that the
interface stiffness is borderline sufficient to get secondary cracks. The stiffness ra-
tio between the interface and the concrete for the three simulations are calculated
as:

S4D12AB25: ratio=
OSt,el

Ec

=
150.796x116.7

30000
= 0.587 (7.5)

S4D16AB25: ratio=
OSt,el

Ec

=
201.062x87.4

30000
= 0.586 (7.6)

S4D25AB25: ratio=
OSt,el

Ec

=
314.160x57.1

30000
= 0.598 (7.7)

With:

O total circumference of all rebars
St,el initial elastic stiffness of interface (see also figure 7.5)
Ec concrete elastic stiffness
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Model: S4D12AB25
LC1: Load case 1
Step: 14000  LOAD: .14E5
Gauss EL.ITEMS ITEM10
Max = 50  Min = 0
Results shown:
Mapped to nodes
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Model: S4D16AB25
LC1: Load case 1
Step: 16500  LOAD: .165E5
Gauss EL.ITEMS ITEM10
Max/Min on results set:
Max = 70  Min = 0
Results shown:
Mapped to nodes
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Model: S4D25AB25
LC1: Load case 1
Step: 35000  LOAD: .35E5
Gauss EL.ITEMS ITEM10
Max/Min on results set:
Max = 70  Min = 0
Results shown:
Mapped to nodes
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Figure 7.16: Damage simulation S4D12AB25 atuy=3.65 mm, S4D16AB25 atuy=4.60
mm and S4D25AB25 atuy=6.15 mm (damage indicator N-direction, 50/70
equals complete damage)

The decreasing stiffnessSt,el for bond-slip with increasing rebar diameter is a nice
demonstration of the bond model (see also figure 2.11 section2.8). It can be seen
that the stiffness ratio for S4D12AB25 and S4D16AB25 are identical whereas the
ratio for S4D25AB25 is slightly larger due to the increase in circumference. This
is the explanation for the development of a secondary crack pattern in case of
S4D25AB25.
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7.6.4 Stress-average strain plots

The following figures show comparisons between the SLA calculations and in-
dividual experimental results in a stress-average strain curve. To compute the
average strain the difference is taken between the displacements at the two end
positions of the two meter strain gauges divided by the distance between them.
The nodes taken are located on the outside of the equivalent circular cross-section.
The stress is calculated from the reaction force at the lumped rebar divided by the
area of the lumped rebar.

0 0.5 1 1.5 2 2.5 3

x 10
−3

0

100

200

300

400

500

600

ε
sm

σ s [N
/m

m
2 ]

Stress−average strain curve SLA analysis using axi−symmetry

 

 

Mayer S2D25−A Hordijk 70 teeth (B25 Gf=0.053 400x400x2900 mm)
experiment S2D25−A

Figure 7.17: Stress-average strain curve from simulation S2D25AB25, SLA versus exper-
imental result
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Figure 7.18: Stress-average strain curve from simulation S4D25AB25, SLA versus exper-
imental result
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Mayer S6D16−A Hordijk 70 teeth (B25 Gf=0.053 400x400x2700 mm)
experiment

Figure 7.19: Stress-average strain curve from simulation S6D16AB25, SLA versus exper-
imental result

The experiments are executed using displacement control and do not show
snap-backs. The cause of the differences between the experiments and the SLA
calculations can be a number of things:

• bending stresses occuring in the experiment due to handeling or non-straightness;

• pre-cracking due to shrinkage;

• non-uniform concrete strenght;

• deviations in dimensions.

Regarding the SLA calculations especially the fracture energy and the crack
band width are parameters that could be changed to get closerto the experimental
results.

7.6.5 Overview of results, number of cracks and crack spacing

Table 7.4: Results of calculated experiments

code number of primary cracks average crack spacing [mm]

S4D12AB25 7 312.50

S8D12AB25 15 156.25

S8D12AB45 18 131.58

S4D16AB25 7 337.50

S6D16AB25 14 180.00

S2D25AB25 7 362.50

S4D25AB25 14 193.33
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7.7 Summary and conclusions chapter 7

In this chapter several tension-pull experiments by Mayer [12] are calculated with
SLA using the Matlab bond model derived in chapter 2 to calculate the bond-
slip relations. These bond-slip relations are then approximated with a sawtooth
diagram using the sawtooth generator described in section 4.3. A variety of con-
figurations is calculated, i.e. different reinforcement ratios, rebar diameter as well
as concrete strength. The influence of these parameters in particular on the crack-
ing behaviour is then analyzed. Because the report by Mayer does not contain
load-displacement curves or complete crack patterns only limited comparisons to
the experiments can be made. The following conclusions regarding the SLA cal-
culations can be stated:

Use of the bond model

1. For the different configurations the bond model has demonstrated a great va-
riety in bond-slip curves. The linear elastic stiffness’s vary fromSt,el=57.1
N/mm3 to St,el=377.3 N/mm3. Also with the parameters used the results
show both failure mechanisms, i.e. pull-out failure and splitting failure.
Since the cracking in the tension-pull simulations is very dependent on the
(interface) stiffness the great variety in crack patterns is a direct result of the
various computed bond-slip curves. This therefore demonstrates the impor-
tance of the use of the bond model.

2. For the sawtooth approximations in the simulations a large number of teeth
is used. Since many more load steps involve concrete cracking this has only
a minor effect on the computing time. Because the computed bond-slip
curves only have a limited elastic part it is important to start the sawtooth
approximation already on the ascending part.

Influence of reinforcement ratio

1. The results are in good agreement with the expectation. With increased
reinforcement the number of cracks increases. The results also show that
with increased reinforcement the primary cracks show lowercrack strains
indicating a lower crack width. Also, apart from the primarycracks, the
area close to and around the rebar is much more cracked.

Influence of concrete type

1. The cracking behaviour in simulation S8D12A with concrete quality B45 is
very different from the one with B25. Because of the much higherrelative
interface stiffness with B45 (3x) there is a much shorter load-transfer zone
and the first primary crack starts close to the loaded end. Theprincipal stress
plot along the rebar also shows a peak stress at this location. Successive
primary cracks then evolve about every 132 mm from this end. Also this
is the only simulation that shows cracking near to the axis ofrotation. The
cause of this latter behaviour is unclear.
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Influence of rebar diameter

1. From the results the influence of rebar diameter with equalreinforcement
ratio appears to be limited. The calculation results from simulation S4D25A
are however interesting since in this case the development of a secondary
crack pattern is only possible after a much higher applied load. This sug-
gests the interface stiffness is borderline sufficient in this case to initiate
secondary cracking prior to the steel yielding.

Comparison to experimental results

1. The comparison to the experimental results is somewhat inconclusive. The
sharp snapbacks found in the simulations do not appear in theexperiments.
This is most likely due to the use of displacement control in the experiments.
All experimental results show a weaker response in the stress-average strain
plots. In the experimental testing this could be the result of bending stresses,
pre-cracking due to shrinkage, non-uniform concrete strength or deviations
in dimensions.
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Chapter 8

SLA calculation of a beam in
bending experiment by Walraven
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8. SLA calculation of a beam in bending experiment by Walraven

8.1 Introduction

In this chapter a short demonstration will be given of including bond-slip in the
calculation of a bending beam with SLA. For this a reinforcedconcrete beam that
was tested by Walraven will be simulated, see also [18], [19]. Two calculations
will be presented, one using full bond (i.e. no interface elements) and one with a
bond-slip relation calculated with the Matlab bond model. Only a short compari-
son of the two models will be made. In the experiment the beam fails in bending,
see figure 8.1. The beam has a thickness of 200 mm, a height of 150 mm and a

Figure 8.1: Bending failure in experiment

main span of 1750 mm. The reinforcing consists of 2Ø10 and 1Ø8, see also fig-
ure 8.2. The material parameters used for the concrete part are: Young’s modulus

Figure 8.2: Dimensions and reinforcement bending beam tested by Walraven

E=25000 N/mm2, Poisson’s ratioν=0.2, tensile strengthfct=2.5 N/mm2, fracture
energyGf=0.06 N/mm, crack band widthh=25 mm and shear retention factor
β=0.2. For the reinforcing bars the material parameters are:Young’s modulus
E=210000, Poisson’s ratioν=0.2, and yield stressσy=400 N/mm2. The mesh is
given in figure 8.3. The red line indicates the position of thereinforcement. For
the concrete part plane stress elements are now used. The sawtooth diagrams used

Model: BEAMWALR

Figure 8.3: Finite element mesh, boundary conditions and loading

for the steel and the concrete are given in figure 8.4. For bond-slip the sawtooth
approximation is calculated using a weighted diameter of 9.33 mm, see figure 8.5.
For the concrete a compressive strength of 34.2 N/mm2 is used (see [19]).1 For
the calculation of the effective cover three distances are used: 2x 25 mm and 1x

1in the bond model the concrete Young’s modulus and tensile strength are both calculated from
the compressive strength see section 2.3
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8.1. INTRODUCTION

40 mm. This is based on the corner bars that have a concrete cover of 25 mm in
two directions. The distance of 40 mm refers to the distance to the inner side of
the beam. This is chosen equal to four times the largest rebarof Ø10.2
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2this is the maximum value that is taken into account with the bond model, higher values have
almost no effect on the response of the thick-walled cylinder
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8.2 Results using full bond

The damage evolution is given in figure 8.6.

Model: BEAMWALRNOBOND
LC1: Load case 1
Step: 250  LOAD: 250
Gauss EL.ITEMS ITEM10
Max = 2  Min = 0
Results shown:
Mapped to nodes
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Model: BEAMWALRNOBOND
LC1: Load case 1
Step: 1000  LOAD: .1E4
Gauss EL.ITEMS ITEM10
Max = 22  Min = 0
Results shown:
Mapped to nodes
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Model: BEAMWALRNOBOND
LC1: Load case 1
Step: 3000  LOAD: .3E4
Gauss EL.ITEMS ITEM10
Max = 25  Min = 0
Results shown:
Mapped to nodes
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Model: BEAMWALRNOBOND
LC1: Load case 1
Step: 8000  LOAD: .8E4
Gauss EL.ITEMS ITEM10
Max = 28  Min = 0
Results shown:
Mapped to nodes
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Model: BEAMWALRNOBOND
LC1: Load case 1
Step: 12000  LOAD: .12E5
Gauss EL.ITEMS ITEM10
Max = 29  Min = 0
Results shown:
Mapped to nodes
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Model: BEAMWALRNOBOND
LC1: Load case 1
Step: 16000  LOAD: .16E5
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Max = 30  Min = 0
Results shown:
Mapped to nodes
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Model: BEAMWALRNOBOND
LC1: Load case 1
Step: 25000  LOAD: .25E5
Gauss EL.ITEMS ITEM10
Max = 30  Min = 0
Results shown:
Mapped to nodes
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Model: BEAMWALRNOBOND
LC1: Load case 1
Step: 30000  LOAD: .3E5
Gauss EL.ITEMS ITEM10
Max = 30  Min = 0
Results shown:
Mapped to nodes
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Figure 8.6: Damage evolution using full bond (damage indicator N-direction, 30 equals
complete damage)
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8.3 Results with bond-slip

The damage evolution is given in figure 8.7.
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Model: BEAMWALR
LC1: Load case 1
Step: 3000  LOAD: .3E4
Gauss EL.ITEMS ITEM10
Max = 29  Min = 0
Results shown:
Mapped to nodes
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Model: BEAMWALR
LC1: Load case 1
Step: 8000  LOAD: .8E4
Gauss EL.ITEMS ITEM10
Max = 30  Min = 0
Results shown:
Mapped to nodes

0
.75
.875
1
2
3
4
5
10
20
30

Model: BEAMWALR
LC1: Load case 1
Step: 12000  LOAD: .12E5
Gauss EL.ITEMS ITEM10
Max = 30  Min = 0
Results shown:
Mapped to nodes
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Model: BEAMWALR
LC1: Load case 1
Step: 16000  LOAD: .16E5
Gauss EL.ITEMS ITEM10
Max = 30  Min = 0
Results shown:
Mapped to nodes
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Model: BEAMWALR
LC1: Load case 1
Step: 25000  LOAD: .25E5
Gauss EL.ITEMS ITEM10
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Results shown:
Mapped to nodes
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Model: BEAMWALR
LC1: Load case 1
Step: 30000  LOAD: .3E5
Gauss EL.ITEMS ITEM10
Max = 30  Min = 0
Results shown:
Mapped to nodes
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Figure 8.7: Damage evolution using bond-slip (damage indicator N-direction, 30 equals
complete damage)
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8. SLA calculation of a beam in bending experiment by Walraven

8.4 Load-displacement curve

The results of both calculations are plotted in a load-displacement curve together
with the experimental result and a previous SLA result by Belletti, see figure 8.8.
The deviation from the curve by Belletti cannot be explained at the moment of
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Beam Walraven Hordijk 30 teeth full bond 2x2 (h=25 mm, Gf=0.060 N/mm)
Experiment
Previous SLA calculation by Belletti using full bond [18]

Figure 8.8: Load displacement curve, full bond versus bond-slip

writing, both use full bond. A noted difference is the use of linear elements by
Belletti instead of quadratic. The use of bond-slip is especially visible in the early
cracking stage, see figure 8.9.
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Figure 8.9: Detail of figure 8.8
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9. Conclusions and recommendations

9.1 Conclusions

From the non-linear calculations of the tension-pull experiment by Gijsbers the
following conclusions can be drawn:

1. To obtain a primary crack pattern consisting of several cross-sectional cracks
in a tension-pull experiment it is absolutely necessary to use material im-
perfections. A calculation with no imperfections will result in a very diffuse
crack pattern without localized (primary) cracks.

2. The degree of the material imperfections needed to get a physically plausi-
ble crack pattern is unclear. In this specific calculation imperfections were
used up until a strength and ultimate crack strain reductionof 20%. Us-
ing imperfections however in general will cause an underestimation of the
actual strength of the model.

3. Using displacement control it is possible to “jump” over primary cracks in
the load-displacement curve.

4. The use of a non-linear interface with a limitation of the ultimate bond stress
will limit the amount of cracking in the surrounding concrete. The influence
on the general stiffness of the model, i.e. in a load-displacement curve,
is however much less. Most likely the general strength and stiffness of a
tension-pull model is more governed by the primary cross-sectional cracks
and much less by the in-between cracking.

5. Good results were obtained with quadratic elements and a relatively coarse
mesh. The plots of the concrete principal stresses, steel stresses and inter-
face bond stresses are all quite smooth. Possibly a criterion to obtain smooth
stress profiles can be determined in terms of the minimum number of ele-
ments needed between primary cracks. This all depends on thestrength and
stiffness values of the concrete as well as the interface andthe amount of
reinforcement.

6. The added value of using a full 3D model for a tension-pull experiment is
limited. The only advantage is the somewhat better calculation of splitting
cracks. However to simulate this correctly also circumferential imperfec-
tions are needed to enforce localized primary splitting cracks.

7. The amount of unloading of the interfaces (i.e. reversal of slip) that takes
place in the tension-pull model is very limited. Therefore changing the
unloading behaviour (between elastic, secant or non-linear) has almost no
effect. The largest unloading takes place near the end facesor near a pri-
mary crack. From literature it was found that the bond stress-slip relation
under cyclic loading conditions is highly complicated and therefore cannot
be expressed in a general unloading type. Despite this, although limited,
elastic unloading appears to be the best approximation.
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9.1. CONCLUSIONS

From the SLA calculations of the tension-pull experiment byGijsbers the fol-
lowing conclusions can be drawn:

1. The results of the model with imperfections are in excellent agreement with
the non-linear analysis. Also with SLA snap-backs in the load-displacement
curve are captured after each primary crack. This indicatesSLA is a good
alternative to non-linear analysis when using axi-symmetric and interface
elements. This was one of the primary objectives of this thesis (see sec-
tion 1.4). The comparison to the non-linear analysis justifies the conclusion
that the new code for axi-symmetric and interface elements as well as the
sawtooth generator for Hordijk softening are working correctly.

2. Despite the imperfections used the SLA analysis still shows somewhat bet-
ter crack localization, compared to the non-linear analysis.

3. The adopted sawtooth approximation for bond-slip using an equal uplifting
and downshifting of the “mother” curve shows good results interms of the
calculated bond stress profiles.

4. The calculation in SLA without imperfections shows the formation of a pri-
mary crack pattern consisting of several primary cracks. This demonstrates
SLA to be superior to non-linear analysis since obtaining this result without
imperfections in a non-linear analysis is not possible.

5. In general with the tension-pull calculations cracks originate from stress
points close to the rebar. Prior to the formation of the first primary crack
the principal stresses along the rebar show some stress oscillations. These
oscillations become more apparent when a sawtooth diagram for concrete
is used with less teeth (i.e. using a lower accuracy). This also results in
differences in primary crack locations. The same oscillations are witnessed
when using a finer mesh. However with a finer mesh and equal accuracy for
the sawtooth approximation the stress oscillations increase. It is believed
that this phenomenon is related to the stiffness ratio between the concrete
and the interface (see section 6.7.2). Using an extreme number of teeth
for the concrete as well as the interface has shown that theseoscillations
disappear.

6. Using stepwise shear retention instead of a constant shear retention factor
improves the results. The stress oscillations diminish andthe primary crack
locations are more consistent when the number of teeth for the concrete
sawtooth diagram is reduced.
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From the SLA calculations of the tension-pull experiments by Mayer the fol-
lowing conclusions can be drawn:

1. The various calculations with the bond model have demonstrated a great va-
riety in bond-slip curves in terms of initial stiffness and failure mode. Since
this has a great effect on the primary crack pattern, in case of a tension-pull
experiment simulation, this emphasizes the importance andvalue of the use
of a bond model.

2. The results of the simulations have demonstrated the influence of the various
parameters (reinforcement ratio, concrete type and rebar diameter) on the
cracking behaviour. In general using a higher bond-slip stiffness results in
an increase in primary cracks. When the stiffness ratio between the interface
and the surrounding concrete has reached a certain level, primary cracking
will initiate close to the loaded end (instead of in the center) because of the
occurrence of a local peak stress.

3. The comparison to the experiments, in terms of a stress-average strain plot,
all show a weaker response. It is likely that this is the result of additional
stresses occurring in the experiment (due to bending, non-straightness, han-
dling etc.) and a non-uniform concrete strength. The latterwill cause crack-
ing to initiate in the weakest link. It is my opinion that it will prove difficult
to simulate a tension-pull experiment exactly since the material properties
along the whole length of a specimen, which are usually unknown, influence
the response in terms of load-displacement and developmentof primary
cracks. A possibility could be to use a random strength for all elements.

9.2 Guidelines for simulating tension-pull experiments

The following guidelines can be given for simulating a tension-pull experiment
with non-linear analysis:

1. Good results are obtained using a relatively coarse mesh.

2. The use of material imperfections (or random strength) isvital to get a pri-
mary crack pattern.

3. Using a limitation of the bond stress, in the bond-slip curve, has a great
influence on the cracking but not on the load-displacement response.

4. The use of a 3D model does not have any significant advantageover the use
of axi-symmetry.

5. In case of continues loading until failure, the bond-slipunloading type is
not relevant.
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9.2. GUIDELINES FOR SIMULATING TENSION-PULL EXPERIMENTS

The following guidelines can be given for simulating a tension-pull experi-
ment with SLA:

1. With SLA material imperfections are not needed.

2. Best results are obtained using a relatively coarse mesh.

3. A fine mesh can ultimately result in large areas cracking between the pri-
mary cracks.

4. Best results are obtained using a stepwise shear retentioninstead of a con-
stant shear retention.

5. It is recommended to use as many teeth as possible for the concrete sawtooth
approximation.

6. Since many more loadsteps involve concrete cracking, it is recommended
to use an accurate sawtooth approximation for bond-slip as well as steel
since this has only a minor effect on computing time and can only improve
results.

7. It is recommended to check the principal stresses along the reinforcing bar
for oscillations prior to the initiation of the first primarycrack. If strong
oscillations occur it is recommended to use more teeth for the concrete saw-
tooth approximation and/or a coarser mesh.

8. In case of actual experiment simulations the use of a bond model is vital to
get a reliable bond-slip relation.

9. For the cracking behaviour the following stiffness ratiois of importance:

OSt,el

Ec

(9.1)

With:

O total circumference of all rebars
St,el initial elastic stiffness of interface
Ec concrete elastic stiffness
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9.3 Recommendations

1. Creating an automated sawtooth generator for Hordijk tension softening
within the current SLA environment.

2. The use of random concrete strength for tension-pull simulations.

3. Possibly investigation into the new formulae for bond-slip that will be pre-
sented in the new CEB-FIB MC model code that will be released later this
year. The formulae will be based on the bond model by Den Uijl &Bigaj
and it might be possible to create a material model for use with DIANA
and/or SLA.

4. Further investigation into the cause of the concrete principal stress oscilla-
tions occurring with SLA.

5. The influence of including bond-slip in SLA in larger structures, such as
beams. A review could be performed to compare previous SLA results.

6. Comparing the average crack spacing obtained with SLA to experiments or
known formulae.
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Summary

In non-linear concrete fracture mechanics computational problems can arise such
as non-convergence or bifurcations. These types of problems become of more im-
portance when dealing with a structure that has a very uniform stress distribution.
Most often the non-linear analysis fails in such cases because cracking will start
simultaneously in large parts of the structure when the applied stress equals the
tensile strength. This results in a very diffuse crack pattern instead of a pattern
with localized (primary) cracks. In real life concrete structures because of the
non-uniform tensile strength cracking will occur in the weakest link.

An alternative method to conventional non-linear analysisis sequentially linear
analysis or SLA for short. The aforementioned problems thatcan arise with non-
linear analysis are non-existent with SLA. In SLA the negative slope of the stress-
strain curve for concrete in tension (the softening curve) is replaced by a sawtooth
diagram of positive slopes and the incremental-iterative method used in non-linear
analysis is replaced by a series of linear analyses. In everyloadstep in the analy-
sis a local damage is given to the integration point that has astress closest to its
local strength. This procedure ensures damage to become localized since in every
loadstep only one integration point is given a local damage.

In this thesis the possibilities to simulate bond-slip behaviour between steel and
concrete with SLA and with the use of interface elements are explored. For this
the existing SLA software implementation of the finite element program
DIANA at Delft University is extended with new (Fortran77) code to incorporate
axi-symmetric and interface elements. Because in all calculations the non-linear
Hordijk softening curve is used for concrete in tension alsoa so called sawtooth
generator is written in Matlab. This will create the needed sawtooth diagram used
in SLA.

To examine the local bond-slip mechanism for this thesis a literature study is car-
ried out. From this study it becomes clear that bond-slip is not only dependent
on material properties but also on structural properties. Furthermore two distinct
failure mechanisms exist, namely pull-out failure and splitting failure, each having
there own unique bond-slip relation. The possibilities to create such a bond-slip
relation are explored. One such possibility is the use of theCEB-FIB MC90 model
code where simple formulae are used dependent on pure material properties. An-
other possibility is the use of a more sophisticated bond model. A bond model can
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incorporate material as well as structural properties to derive a bond-slip relation.
One such bond model is the one that was developed by Den Uijl and Bigaj [8].
This model has many advantages one of them being that it will identify pull-out or
splitting failure automatically. For this thesis the modelis completely written in
Matlab code using the formulas of the dissertation by Bigaj [8] and a previously
developed Excel sheet. Also the parts and formulations of the model that were
somewhat hard to understand from [8] are reported. For the use with SLA the
Matlab bond model is also extended with a sawtooth generatorto approximate the
bond-slip curve.

Before SLA calculations are performed first the possibilities of modeling a tension-
pull experiment using standard non-linear analysis are explored. This also serves
as a reference calculation to compare to the SLA results. Imperfections are used to
enforce the development of a primary crack pattern. For the FEM discretization
axi-symmetry is used. The same tension-pull experiment is then also modelled
and analyzed using 3D elements. For the bond-slip relation at first a simple bi-
linear elasto-plastic relation is taken. For the axisymmetric calculation the unload-
ing of the interfaces (i.e. the bond-slip) is explored and the use of three different
types of unloading behaviour is then analyzed using a user defined material model
with DIANA that is written inFortran77code. This shows that only limited un-
loading takes place and changing it’s behaviour has no significant effect on the
results.

The non-linear calculation with axi-symmetric elements and with material imper-
fections is recalculated with SLA to compare both results. The results show that
the SLA calculation is in excellent agreement with the non-linear analysis. The
comparison to the non-linear analysis justifies the conclusion that the new code
for axi-symmetric and interface elements as well as the sawtooth generator for
Hordijk softening are working correctly.

Next the model is analyzed in SLA but now without the use of imperfections. The
results show that it is indeed possible to retrieve a primarycrack pattern without
the use of imperfections. The damage observed in the model also demonstrates
excellent localization similar to the non-linear analysiswhere imperfections are
used. Several specific aspects of the SLA analysis are explored further. For an
SLA analysis an important aspect is the computing time. Thisaspect is examined
by reducing the number of teeth of the sawtooth diagrams usedfor the various
non-linearitys in material behaviour. Also the influence ofusing different shear
retention relations is examined. Finally with this model the use and influence of
mesh refinements is explored. The results show that principal stress oscillations
occur in the concrete close to the rebar that effect the cracking behaviour espe-
cially when using a fine mesh or a low number of teeth for the concrete sawtooth
diagram.

For the use of the Matlab bond model and the sawtooth generator a variety of
tension-pull experiments that were conducted by Mayer [12]are simulated. In
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all models axi-symmetry is used. The experiments all consist of long reinforced
columns with various reinforcement ratios, concrete qualities, rebar diameters etc.
The calculated bond-slip curves using the bond model show a great variety in
bond-slip relations. The results of the calculations show the influence the differ-
ent parameters have on especially the fully developed crackpattern.

Finally a calculation is made of a simply supported reinforced concrete beam with
and without the inclusion of bond-slip. The results show that with the inclusion
of bond-slip cracks are much more localized.
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function bigajbondslipinput

clear all;clc;close all;

% -------------------------------------------------------------------------

% Calculation of bond-slip relation

% 

% Based on concrete confinement model by Agnieszka Bigaj

% taken from: "Structural Dependence of Rotation Capacity

% of Plactic Hinges in RC Beams and Slabs" (Bigaj, 1999)

%

% Units: mm, N, degrees

%

% Input material properties

fcc = input('Concrete cube compressive strength in N/mm2 ? [25]: ');

if isempty(fcc)

    fcc = 25;

end

nuc = input('Concrete Poisson''s ratio ? [0.2]: ');

if isempty(nuc)

    nuc = 0.2;

end

ds = input('Steel bar diameter in mm ? [12]: ');

if isempty(ds)

    ds = 12;

end

eps_s = input('Steel strain (for pull-out failure only) ? [0]: ');

if isempty(eps_s)

    eps_s = 0;

end

nrc = input('How many concrete cover directions (minimum=1, maximum=4) ? [1]: ');

if isempty(nrc)

    nrc = 1;

end

if nrc==1

    c = input('Concrete cover in mm ? [35]: ');

    if isempty(c)

        c = 35;

    end

elseif nrc==2

    c=zeros(2,1);

    ctemp = input('Concrete cover #1 in mm ? [35] : ');

    if isempty(ctemp)

        ctemp=35;

    end

    c(1)=ctemp;clear ctemp

    ctemp = input('Concrete cover #2 in mm ? [35] : ');

    if isempty(ctemp)

        ctemp=35;

    end

    c(2)=ctemp;clear ctemp

elseif nrc==3

    c=zeros(3,1);

    ctemp = input('Concrete cover #1 in mm ? [35] : ');

    if isempty(ctemp)

        ctemp=35;

    end
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    c(1)=ctemp;clear ctemp

    ctemp = input('Concrete cover #2 in mm ? [35] : ');

    if isempty(ctemp)

        ctemp=35;

    end

    c(2)=ctemp;clear ctemp

    ctemp = input('Concrete cover #3 in mm ? [35] : ');

    if isempty(ctemp)

        ctemp=35;

    end

    c(3)=ctemp;clear ctemp

elseif nrc==4

    c=zeros(4,1);

    ctemp = input('Concrete cover #1 in mm ? [35] : ');

    if isempty(ctemp)

        ctemp=35;

    end

    c(1)=ctemp;clear ctemp

    ctemp = input('Concrete cover #2 in mm ? [35] : ');

    if isempty(ctemp)

        ctemp=35;

    end

    c(2)=ctemp;clear ctemp

    ctemp = input('Concrete cover #3 in mm ? [35] : ');

    if isempty(ctemp)

        ctemp=35;

    end

    c(3)=ctemp;clear ctemp

    ctemp = input('Concrete cover #4 in mm ? [35] : ');

    if isempty(ctemp)

        ctemp=35;

    end

    c(4)=ctemp;clear ctemp

else

    disp('Number of concrete cover directions incorrect!')

    return

end

alpha_s=60;             % angle between critical splitting plane

%                         and normal to closest concrete surface (45-60 degrees)

%

% Input parameters concrete softening curve

alpha=0.14;              % fct ratio inflexion point

w0=0.20;                 % ultimate crack width

%

% Other input

n=3;                     % number of fictitious radial cracks

nstep=250;                % number of steps for stage II and stage III

                          % and also for spline when using sawtooth

                          % approximation

mu_frict=1;              % coefficient of friction

%

% Sawtooth input

saw = input('Create sawtooth approximation ? y/n [n] : ','s');

if isempty(saw)
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    saw = ('n');

end

if saw=='y'

    s = input('Number of sawteeth ? [30] : ');

    if isempty(s)

        s=30;

    end

    s=s+1;

    pplus = input('Uplifting value p+ in N/mm2 ? [0.1] : ');

    if isempty(pplus)

        pplus=0.1;

    end

    legendloc = input('Legend location in graph, NorthEast(NE), NorthWest(NW), 

SouthWest(SW) or SouthEast(SE) ? [SE] : ','s');

    if isempty(legendloc)

        legendloc=('SE');

    end

    if legendloc=='NE'

        legendloc=1;

    elseif legendloc=='NW'

        legendloc=2;

    elseif legendloc=='SW'

        legendloc=3;

    else

        legendloc=4;

    end

    matnr=input('Material number in DIANA dat-file ? [1] :');

    if isempty(matnr)

        matnr=1;

    end

end

f=0.05;                 % fraction of maximum shear stress to start sawtooth diagram

% -------------------------------------------------------------------------

%

% bar radius

rs=ds/2;

% Concrete modulus of elasticity

if fcc<=0

    disp('Concrete compressive strength must be positive!')

    return

end

Ec=10^4*(fcc)^0.3;  % from Excel

% Concrete cylinder strength

if fcc>62.5

    fc=0.85*fcc;    % from Excel

else

    fc=0.8*fcc;     % from Excel

end

% Concrete tensile strength

fct=2.1*log(1+fc/10);

%fct=2.1;

% Effective cover

c=ceff(c,rs,alpha_s);

% Critical bond stress
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tau_b1=5*fct;

c1=c+rs;

phi=0.1*fc;

eps_cr=1.2*fct/Ec;  % factor 1.2 from Excel

% factors a1, a2, b1 and b2 bi-linear softening diagram (from Excel)

if fc<30

    beta=0.25;

else

    beta=0.25-0.0015*(fc-30);

end

a1=-(1-beta)/alpha;a2=-beta/(1-alpha);b1=1;b2=beta/(1-alpha);

% --------------------- calculate stage I and stage II --------------------

rcr=linspace(rs,c1,nstep+1);

[sigrrsII epsrrsII]=fstageII(rcr,rs,fct,c1,eps_cr,n,w0,a1,b1,nuc);

% plot stage I

figure(1)

plot([0 epsrrsII(1)],[0 sigrrsII(1)])

hold on

% plot stage II

plot(epsrrsII,sigrrsII)

xlabel('\epsilon_{r,rs}')

ylabel('\sigma_{r,rs} N/mm^{2}')

xlim([0 0.01])

% --------------------- calculate stage III -------------------------------

[sigrrsIII epsrrsIII C3]=fstageIII(a1,a2,eps_cr,n,w0,c1,b1,b2,rs,fct,nstep);

hold on

plot(epsrrsIII,sigrrsIII)

grid on

set(gca,'YTick',0:2:4+round(max(sigrrsII)))

title('Thick-walled-cylinder model, radial stress versus radial strain')

% --------------------- total sigma and epsilon ---------------------------

% total sigma [r,rs] vector

sigrrs=[linspace(0,sigrrsII(1),nstep)';sigrrsII(2:nstep+1)';sigrrsIII];

% total epsilon [r,rs] vector

epsrrs=[linspace(0,epsrrsII(1),nstep)';epsrrsII(2:nstep+1)';epsrrsIII];

if max(sigrrs)<tau_b1/mu_frict

    % splitting failure

    % slip when splitting failure

    slip_split=(epsrrs*rs/(tand(phi)))';   % Eq (4.30)

    figure(2)

    tau=(sigrrs*mu_frict)';                % Eq (4.29)

    plot(slip_split,tau,'r','LineWidth',1)

    string1=(['d_s = ' num2str(ds) ' mm;' ' c_{eff}= ' num2str(c) ' mm']);

    hold on

    plot([0 0],[0 0],'r','LineWidth',1)   % dummy plot for string2

    string2=([' f_{ct}= ' num2str(fct) ' N/mm^2;' ' f_{cc}= ' num2str(fcc) ' 

N/mm^2']);

    grid on

    xlim([0 1.25])

    xlabel('\delta [mm]')

    ylabel('\tau N/mm^{2}')

    title('Bond stress versus slip (splitting failure)')

    if saw=='n', legend(string1,string2,1), end

    if saw=='y';
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        % create sawtooth approximation

        xx2=linspace(slip_split(nstep),max(slip_split),nstep);

        %SEN: spline does not work with repeated x values

        for i=1:length(slip_split)-2

            if slip_split(i+1)<=slip_split(i)

                slip_split(i+1)=slip_split(i+1)+0.001*(slip_split(i+2)-slip_split

(i+1));

            end

        end

        yy2=spline(slip_split,tau,xx2);

        hold on

        plot([0 xx2(1)],[0 yy2(1)],':g')

        hold on

        plot([0 0],[0 0],'b')   %dummy plot for string 4

        hold on

        plot(xx2,yy2,':g')

        string3=('Curve fit (spline)');

        pup=yy2+pplus*ones(1,length(xx2));

        hold on

        plot(xx2,pup,':g')

        pdown=yy2-pplus*ones(1,length(xx2));

        hold on

        plot(xx2,pdown,':g')

        hold on

        St=zeros(1,s);

        St(1)=yy2(1)/xx2(1);

        for i=2:s

            xsol(i-1)=fzero(@(x)(St(i-1)*x-ftaupullup(slip_split,tau,pplus,f,x)),xx2

(1));

            ysol(i-1)=spline(slip_split,tau+pplus,xsol(i-1));

            if ysol(i-1)<0

                s=i-2;

                disp('number of teeth has been reduced to fit curve')

            end

            St(i)=(ysol(i-1)-2*pplus)/(xsol(i-1));

            plot([xsol(i-1) xsol(i-1)],[ysol(i-1) ysol(i-1)-2*pplus],'b');

            hold on

        end

        for i=2:s-1

            plot([xsol(i-1) xsol(i)],[ysol(i-1)-2*pplus ysol(i)],'b')

        end

        hold on

        plot([0 xsol(1)],[0 ysol(1)])

        string4=(['# teeth = ' num2str(s-1) '; p+ = ' num2str(pplus) ' N/mm^2' ' 

\delta_{max}= ' num2str(xsol(s-1)) ' mm']);

        legend(string1,string2,string3,string4,legendloc)

        xlim([0 1.1*xsol(s-1)]);

        format short e

        disp(['      St(i)  ' '      tau(i)'])

        disp([St(1:s-1)' ysol(1:s-1)'])

        fid = fopen('sawtooth_splitting.txt','wt');

        fprintf(fid,'%s\n','''materials''');

        fprintf(fid,'%g    HARDIA    %8.6E  %8.6E\n',matnr,St(1),ysol(1));

        for j = 2:s-1

            fprintf(fid,'               %8.6E  %8.6E\n',St(j),ysol(j));
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        end

        fclose(fid);

        disp('hardia table written to file:   sawtooth_splitting.txt')

    end

else

    % pull-out failure

    disp(['Maximum bond stress found: ' num2str(max(sigrrs)) ' N/mm^2'...

        ' (critical bond stress = ' num2str(tau_b1) ' N/mm^2)'])

    % epsilon_r1_0, find epsilon_r1_0 by linear interpolation

    % SEN: kan ook beter met rcr bepalen in fstageII met fzero waarbij

    % sigrrsII=tau_b1/mu_frict, hieruit volgt eps_r1_0

    ind=find(sigrrs>tau_b1/mu_frict,1);

    eps_r1_0=epsrrs(ind-1)+...

        ((tau_b1-sigrrs(ind-1))/(sigrrs(ind)-sigrrs(ind-1)))*...

        (epsrrs(ind)-epsrrs(ind-1));

    % slip delta_1,0

    delta_1_0=2*eps_r1_0*rs/(tand(phi));    % Eq (4.40)

    % slip delta_3max

    delta_3max=0.33*ds;                     % Table 4.5

    % max. residual bond stress tau_b3max

    tau_b3max=2.5*fct;                      % Table 4.5

    % max. radial strain eps_3max

    sigrrs_b3max=tau_b3max/mu_frict;        % Eq (4.29)

    % epsilon_r3_max, find epsilon_r3_max by linear interpolation

    ind2=find(sigrrs>sigrrs_b3max,1);

    eps_r3max=epsrrs(ind2-1)+...

        ((sigrrs_b3max-sigrrs(ind2-1))/(sigrrs(ind2)-sigrrs(ind2-1)))*...

         (epsrrs(ind2)-epsrrs(ind2-1));

     % calculate slip delta_2

     delta_2_0=delta_3max/2;                % Eq (4.36)

     % calculate epsilon_r2

     eps_r2_0=(eps_r3max+eps_r1_0)/2;       % Eq (4.37)

     delta_pull=linspace(0,delta_3max,250);

     eps_pull=feps_pull_0(eps_r1_0,eps_r2_0,eps_r3max,delta_1_0,delta_2_0,delta_3max,

delta_pull);

     figure(2)

     plot(delta_pull,eps_pull,'r')

     grid on

     xlabel('\delta [mm]')

     ylabel('\epsilon_r')

     title('\epsilon_r versus slip (pull-out failure)')

     string1=('\epsilon_s = 0');

     if eps_s==0

         legend(string1,4)

         clear rcr

         tau_pull(1)=0;

         for i=2:length(delta_pull)

             if eps_pull(i)<epsrrsII(1)

                 sigrrs_pull(i)=(eps_pull(i)/epsrrsII(1))*sigrrsII(1);

                 tau_pull(i)=sigrrs_pull(i)/mu_frict;

             else

                 rcr_temp=fminbnd(@(rcr_temp)(fstageIIpull(rcr_temp,rs,fct,c1,eps_cr,

n,w0,a1,b1,nuc,eps_pull(i))),rs,c1);

                 [sigrrs_pull(i) epsrrs_pull]=fstageII(rcr_temp,rs,fct,c1,eps_cr,n,

w0,a1,b1,nuc);
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                 tau_pull(i)=sigrrs_pull(i)/mu_frict;

             end

         end

         figure(3)

         plot(delta_pull,tau_pull,'r','LineWidth',1)

         hold on

         plot([0 0],[0 0],'r','LineWidth',1)  % dummy plot for string 3

         set(gca,'YTick',0:2:round(max(tau_pull))+1)

         string2=(['d_s = ' num2str(ds) ' mm;' ' c_{eff}= ' num2str(c) ' mm']);

         string3=(['f_{ct}= ' num2str(fct) ' N/mm^2;' ' f_{cc}= ' num2str(fcc) ' 

N/mm^2']);

         grid on

         ylim([0 1.2*max(tau_pull)])

         xlabel('\delta [mm]')

         ylabel('\tau [N/mm^{2}]')

         title('Bond stress versus slip (pull-out failure) \epsilon_s = 0')

         if saw=='n', legend(string2,string3,4), end

         if saw=='y';

             % create sawtooth approximation

             ind3=find(tau_pull==max(tau_pull),1);

             xx2=linspace(f*delta_pull(ind3),max(delta_pull),nstep);

             %SEN: spline does not work with repeated x values

             for i=1:length(delta_pull)-2

                 if delta_pull(i+1)<=delta_pull(i)

                     delta_pull(i+1)=delta_pull(i+1)+0.001*(delta_pull(i+2)-

delta_pull(i+1));

                 end

             end

             yy2=spline(delta_pull,tau_pull,xx2);

             hold on

             plot([0 xx2(1)],[0 yy2(1)],':g')

             string4=('Curve fit (spline)');

             hold on

             plot([0 0],[0 0],'b')  % dummy plot for string5

             hold on

             plot(xx2,yy2,':g')

             pup=yy2+pplus*ones(1,length(xx2));

             hold on

             plot(xx2,pup,':g')

             pdown=yy2-pplus*ones(1,length(xx2));

             hold on

             plot(xx2,pdown,':g')

             hold on

             St=zeros(1,s);

             St(1)=yy2(1)/xx2(1);

             for i=2:s

                 xsol(i-1)=fzero(@(x)(St(i-1)*x-ftaupullup(delta_pull,tau_pull,pplus,

f,x)),xx2(1));

                 ysol(i-1)=spline(delta_pull,tau_pull+pplus,xsol(i-1));

                 St(i)=(ysol(i-1)-2*pplus)/(xsol(i-1));

                 plot([xsol(i-1) xsol(i-1)],[ysol(i-1) ysol(i-1)-2*pplus],'b');

                 hold on

             end

             for i=2:s-1

                 plot([xsol(i-1) xsol(i)],[ysol(i-1)-2*pplus ysol(i)],'b')
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                 hold on

             end

             plot([0 xsol(1)],[0 ysol(1)],'b')

             xlim([0 1.2*xsol(s-1)]);

             string5=(['# teeth = ' num2str(s-1) '; p+ = ' num2str(pplus) ' N/mm^2;'

' \delta_{ult}= ' num2str(xsol(s-1)) ' mm']);

             legend(string2,string3,string4,string5,legendloc)

             format short e

             disp(['      St(i)  ' '      tau(i)'])

             disp([St(1:s-1)' ysol(1:s-1)'])

             fid = fopen('sawtooth_pullout.txt','wt');

             fprintf(fid,'%s\n','''materials''');

             fprintf(fid,'%g    HARDIA    %8.6E  %8.6E\n',matnr,St(1),ysol(1));

             for j = 2:s-1

                 fprintf(fid,'               %8.6E  %8.6E\n',St(j),ysol(j));

             end

             fclose(fid);

             disp('hardia table written to file:   sawtooth_pullout.txt')

         end

     end

     % --------------------------------------------------------------------

     if eps_s>0

         % slip delta_1_s Eq (4.34)

         delta_1_s=delta_1_0;

         % epsilon_r3

         eps_r3=eps_r3max*exp(-8.5*eps_s);

         % epsilon_r1_s Eq (4.35)

         eps_r1_s=(eps_r1_0-eps_r3)*exp(-30*eps_s)+eps_r3;

         % delta_3min

         delta_3min=2.1*delta_1_0;

         % delta_3_s Eq (4.38)

         delta_3_s=(delta_3max-delta_3min)*exp(-100*eps_s)+delta_3min;

         % epsilon_r3_s Eq (4.39)

         eps_r3_s=eps_r3max*exp(-8.5*eps_s);

         % delta_2_s (Eq 4.36)

         delta_2_s=delta_3_s/2;

         % epsilon_r2_s (Eq 4.37)

         eps_r2_s=(eps_r1_s+eps_r3_s)/2;

         delta_pull_s=linspace(0,delta_3_s,250);

         eps_pull_s=feps_pull_s(eps_r1_s,eps_r2_s,eps_r3_s,delta_1_s,delta_2_s,

delta_3_s,delta_pull_s);

         hold on

         plot(delta_pull_s,eps_pull_s,'b')

         string2=(['\epsilon_s = ' num2str(eps_s)]);

         legend(string1,string2,4)

         %-----

         clear rcr

         tau_pull(1)=0;

         for i=2:length(delta_pull_s)

             if eps_pull_s(i)<epsrrsII(1)

                 sigrrs_pull(i)=(eps_pull_s(i)/epsrrsII(1))*sigrrsII(1);

                 tau_pull(i)=sigrrs_pull(i)/mu_frict;

             else

                 rcr_temp=fminbnd(@(rcr_temp)(fstageIIpull(rcr_temp,rs,fct,c1,eps_cr,

n,w0,a1,b1,nuc,eps_pull_s(i))),rs,c1);
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                 [sigrrs_pull(i) epsrrs_pull]=fstageII(rcr_temp,rs,fct,c1,eps_cr,n,

w0,a1,b1,nuc);

                 tau_pull(i)=sigrrs_pull(i)/mu_frict;

             end

         end

         figure(3)

         plot(delta_pull_s,tau_pull,'r')

         string3=(['d_s = ' num2str(ds) ' mm;' ' c_{eff}= ' num2str(c) ' mm']);

         hold on

         plot([0 0],[0 0],'r')  % dummy plot for string2

         string4=(['f_{ct}= ' num2str(fct) ' N/mm^2;' ' f_{cc}= ' num2str(fcc) ' 

N/mm^2']);

         grid on

         ylim([0 1.2*max(tau_pull)])

         xlabel('slip [mm]')

         ylabel('\tau [N/mm^{2}]')

         title(['Bond stress versus slip (pull-out failure) \epsilon_s = ' num2str

(eps_s)])

         if saw=='n', legend(string3,string4,4), end

         if saw=='y';

             ind3=find(tau_pull==max(tau_pull),1);

             xx2=linspace(f*delta_pull_s(ind3),max(delta_pull_s),nstep);

             %SEN: spline does not work with repeated x values

             for i=1:length(delta_pull_s)-2

                 if delta_pull_s(i+1)<=delta_pull_s(i)

                     delta_pull_s(i+1)=delta_pull_s(i+1)+0.001*(delta_pull_s(i+2)-

delta_pull_s(i+1));

                     disp(['warning: equal values found in delta_pull_s (index='

num2str(i+1) '), corrected for spline'])

                 end

             end

             yy2=spline(delta_pull_s,tau_pull,xx2);

             hold on

             plot([0 xx2(1)],[0 yy2(1)],':g')

             string5=('Curve fit (spline)');

             hold on

             plot([0 0],[0 0],'b')  % dummy plot for string6

             hold on

             plot(xx2,yy2,':g')

             legend(string1,string2,string3,string4,4)

             pup=yy2+pplus*ones(1,length(xx2));

             hold on

             plot(xx2,pup,':g')

             pdown=yy2-pplus*ones(1,length(xx2));

             hold on

             plot(xx2,pdown,':g')

             hold on

             St=zeros(1,s);

             St(1)=yy2(1)/xx2(1);

             for i=2:s

                 xsol(i-1)=fzero(@(x)(St(i-1)*x-ftaupullup(delta_pull_s,tau_pull,

pplus,f,x)),xx2(1));

                 ysol(i-1)=spline(delta_pull_s,tau_pull+pplus,xsol(i-1));

                 St(i)=(ysol(i-1)-2*pplus)/(xsol(i-1));

                 plot([xsol(i-1) xsol(i-1)],[ysol(i-1) ysol(i-1)-2*pplus]);
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                 hold on

             end

             for i=2:s-1

                 plot([xsol(i-1) xsol(i)],[ysol(i-1)-2*pplus ysol(i)])

             end

             hold on

             plot([0 xsol(1)],[0 ysol(1)])

             xlim([0 1.2*xsol(s-1)]);

             string6=(['# of teeth = ' num2str(s-1) '; p+ = ' num2str(pplus) ' 

N/mm^2;' ' \delta_{ult}= ' num2str(xsol(s-1)) ' mm']);

             legend(string3,string4,string5,string6,legendloc)

             format short e

             disp(['      St(i)  ' '      tau(i)'])

             disp([St(1:s-1)' ysol(1:s-1)'])

             fid = fopen('sawtooth_pullout_steelstrain.txt','wt');

             fprintf(fid,'%s\n','''materials''');

             fprintf(fid,'%g    HARDIA    %8.6E  %8.6E\n',matnr,St(1),ysol(1));

             for j = 2:s-1

                 fprintf(fid,'               %8.6E  %8.6E\n',St(j),ysol(j));

             end

             fclose(fid);

             disp('hardia table written to file:   sawtooth_pullout_steelstrain.txt')

         end

     end

end

%--------------------------------------------------------------------------

function ceff=ceff(c,rs,alpha_s)

%

% Calculation of effecive cover

%

if nargin < 3, alpha_s = 45; end

m=length(c);

for i=1:m

    if c(i)<0

        disp('negative c value used!')

        return

    end

    if c(i)>8*rs

        c(i)=8*rs;

        disp(['concrete cover #' num2str(i) ' reduced to ' num2str(8*rs) ' mm'])

    end

end

if rs<=0

    disp('bar radius must be greater then zero!')

    return

end

c_min=min(c);

ceff_max=((c_min+rs)/(cosd(alpha_s)))-rs;

xi=zeros(m,1);

ceff_temp=zeros(m,1);

for i=1:m

    if c(i)<=ceff_max

        xi(i)=1;

    else
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        xi(i)=0;

    end

    ceff_temp(i)=c(i)*xi(i)+ceff_max*(1-xi(i));

end

ceff=sum(ceff_temp)/m;

end

%--------------------------------------------------------------------------

function [sigrrsII epsrrsII]=fstageII(rcr,rs,fct,c1,eps_cr,n,w0,a1,b1,nuc)

%

% calculate sig_rrs and eps_rrs stage II

% note: incoming parameter rcr is a vector

%

C1=(c1^2-rcr.^2)./(c1^2+rcr.^2);

%

% calculate sigma(r,rs) LE

sigrrsLE=(rcr/rs)*fct.*C1;    % Eq (4.5)

%

C2=(2*pi*eps_cr)/(n*w0);

%

% calculate sigma(r,rs) NL

sigrrsNL=(((a1*C2*rs)/2)*((rcr/rs)-1).^2+b1*((rcr/rs)-1))*fct;    % Eq (4.14)

%

% calculate sigma(r,rs) stage II

sigrrsII=sigrrsLE+sigrrsNL;    % Eq (4.15)

%

% calculate epsilon(r,rs) LE

epsrrsLE=(rcr/rs)*eps_cr.*(1+nuc*C1);    % Eq (4.7)

%

% calculate epsilon(r,rs) NL

epsrrsNL1=eps_cr*C1.*rcr.*log(rcr/rs)/rs;    % Eq (4.19)

epsrrsNL2=(((eps_cr*a1*C2)/4)*(2*rcr.^2.*log(rcr/rs)-4*rcr.*(rcr-rs)...

    +(rcr.^2-rs^2))+eps_cr*b1*(rcr.*log(rcr/rs)-(rcr-rs)))/rs;    % Eq (4.20)

epsrrsNL=epsrrsNL1+epsrrsNL2;    % Eq (4.21)

%

% calculate epsilon(r,rs) stage II

epsrrsII=epsrrsLE+epsrrsNL;    % Eq (4.22)

end

%--------------------------------------------------------------------------

function [sigrrsIII epsrrsIII C3]=fstageIII(a1,a2,eps_cr,n,w0,c1,b1,b2,rs,fct,nstep)

%

C2=2*pi*eps_cr/(n*w0);

C3=zeros(nstep,1);

C3(1)=c1*C2;

C3crit=C2*(c1+rs)/2-(b2-b1)/(a2-a1);

step=(C3crit-C2*c1)/fix((C3crit-C2*c1)/(1-C2*c1)*nstep);

for i=1:nstep

    C3(i+1)=C3(i)+step;

end

%

sigrrsIII1=((a1*C3+b1)*((c1/rs)-1)-(a1*C2*rs/2)*((c1/rs)^2-1))*fct;

sigrrsIII2=((a2*C3+b2)*((c1/rs)-1)-(a2*C2*rs/2)*((c1/rs)^2-1))*fct;

sigrrsIII=zeros(nstep+1,1);

a=zeros(nstep+1,1);

b=zeros(nstep+1,1);

for i=1:nstep+1
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    sigrrsIII(i)=max(sigrrsIII1(i),sigrrsIII2(i));

    if sigrrsIII1(i)>=sigrrsIII2(i)

        a(i)=a1;

        b(i)=b1;

    else

        a(i)=a2;

        b(i)=b2;

    end

end

% calculate epsilon(r,rs) RBM

epsrrsRBM=C3*(n*w0/(2*pi*rs));

% calculate epsilon(r,rs) delta_c

epsrrsdc=zeros(nstep+1,1);

for i=1:nstep+1

    epsrrsdc(i)=eps_cr*(a(i)*C3(i)+b(i))*((c1/rs)*log(c1/rs)-(c1/rs)+1)...

        -(a(i)*C2*eps_cr*rs/4)*(2*(c1/rs)^2*log(c1/rs)-(c1/rs)^2+1);

end

epsrrsIII=epsrrsRBM+epsrrsdc;

end

%--------------------------------------------------------------------------

function taupull=ftaupullup(delta_pull,tau_pull,pplus,f,x)

index=find(tau_pull==max(tau_pull),1);

xmin=f*delta_pull(index);

if x>xmin

    taupull=spline(delta_pull,tau_pull+pplus,x);

else

    taupull=spline(delta_pull,tau_pull+pplus,xmin);

end

end

%--------------------------------------------------------------------------

function eps_pull=feps_pull_0(eps_r1_0,eps_r2_0,eps_r3max,delta_1_0,delta_2_0,

delta_3max,delta_pull)

% Pull-out failure with zero steel strain

%

% Quadratic function between points a and b

% Quadratic function between points b and c

% Exponential function between points c and d

% delta_pull_ab is allowed to be a vector

eps_pull=zeros(length(delta_pull),1);

for i=1:length(delta_pull)

    if delta_pull(i)<=delta_1_0

        eps_pull(i)=-(eps_r1_0/(delta_1_0^2))*delta_pull(i).^2....

            +2*(eps_r1_0/delta_1_0)*delta_pull(i);

    elseif delta_pull(i)>delta_1_0 && delta_pull(i)<=delta_2_0

        eps_pull(i)=-((eps_r1_0-eps_r2_0)/(delta_2_0^2+delta_1_0^2-

2*delta_1_0*delta_2_0))...

            *delta_pull(i).^2+...

            (2*delta_1_0*(eps_r1_0-eps_r2_0)/(delta_2_0^2+delta_1_0^2-

2*delta_1_0*delta_2_0))...

            *delta_pull(i)+eps_r1_0...
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            -delta_1_0^2*(eps_r1_0-eps_r2_0)/(delta_2_0^2+delta_1_0^2-

2*delta_1_0*delta_2_0);

    elseif delta_pull(i)>delta_2_0 && delta_pull(i)<=delta_3max

        eps_pull(i)=((eps_r3max-eps_r2_0)/(delta_3max*exp(-1)-delta_2_0*exp(-

delta_2_0/delta_3max)))...

            *delta_pull(i).*exp(-delta_pull(i)/delta_3max)+eps_r2_0-delta_2_0*exp(-

delta_2_0/delta_3max)...

            *(eps_r3max-eps_r2_0)/(delta_3max*exp(-1)-delta_2_0*exp(-

delta_2_0/delta_3max));

    end

end

end

%--------------------------------------------------------------------------

function epsrrsII=fstageIIpull(rcr,rs,fct,c1,eps_cr,n,w0,a1,b1,nuc,eps_pull_s)

%

% calculate sig_rrs and eps_rrs stage II

% note: incoming parameter rcr is a vector

%

C1=(c1^2-rcr.^2)./(c1^2+rcr.^2);

%

% calculate sigma(r,rs) LE

sigrrsLE=(rcr/rs)*fct.*C1;    % Eq (4.5)

%

C2=(2*pi*eps_cr)/(n*w0);

%

% calculate sigma(r,rs) NL

sigrrsNL=(((a1*C2*rs)/2)*((rcr/rs)-1).^2+b1*((rcr/rs)-1))*fct;    % Eq (4.13)

%

% calculate sigma(r,rs) stage II

sigrrsII=sigrrsLE+sigrrsNL;    % Eq (4.15)

%

% calculate epsilon(r,rs) LE

epsrrsLE=(rcr/rs)*eps_cr.*(1+nuc*C1);    % Eq (4.7)

%

% calculate epsilon(r,rs) NL

epsrrsNL1=eps_cr*C1.*rcr.*log(rcr/rs)/rs;    % Eq (4.19)

epsrrsNL2=(((eps_cr*a1*C2)/4)*(2*rcr.^2.*log(rcr/rs)-4*rcr.*(rcr-rs)...

    +(rcr.^2-rs^2))+eps_cr*b1*(rcr.*log(rcr/rs)-(rcr-rs)))/rs;    % Eq (4.20)

epsrrsNL=epsrrsNL1+epsrrsNL2;    % Eq (4.21)

%

% calculate epsilon(r,rs) stage II

epsrrsII=epsrrsLE+epsrrsNL;    % Eq (4.22)

epsrrsII=abs(epsrrsII-eps_pull_s);

end

%--------------------------------------------------------------------------

function eps_pull_s=feps_pull_s(eps_r1_s,eps_r2_s,eps_r3_s,delta_1_s,delta_2_s,

delta_3_s,delta_pull)

% Pull-out failure with fixed steel strain level

%

% Quadratic function between points a and b

% Quadratic function between points b and c

% Exponential function between points c and d

% delta_pull_ab is allowed to be a vector
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eps_pull_s=zeros(length(delta_pull),1);

for i=1:length(delta_pull)

    if delta_pull(i)<=delta_1_s

        eps_pull_s(i)=-(eps_r1_s/(delta_1_s^2))*delta_pull(i).^2+2*

(eps_r1_s/delta_1_s)...

         *delta_pull(i);

    elseif delta_pull(i)>delta_1_s && delta_pull(i)<=delta_2_s

        eps_pull_s(i)=-((eps_r1_s-eps_r2_s)/(delta_2_s^2+delta_1_s^2-

2*delta_1_s*delta_2_s))...

         *delta_pull(i).^2+...

         (2*delta_1_s*(eps_r1_s-eps_r2_s)/(delta_2_s^2+delta_1_s^2-

2*delta_1_s*delta_2_s))...

         *delta_pull(i)+eps_r1_s...

         -delta_1_s^2*(eps_r1_s-eps_r2_s)/(delta_2_s^2+delta_1_s^2-

2*delta_1_s*delta_2_s);

    elseif delta_pull(i)>delta_2_s && delta_pull(i)<=delta_3_s

        eps_pull_s(i)=((eps_r3_s-eps_r2_s)/(delta_3_s*exp(-1)-delta_2_s*exp(-

delta_2_s/delta_3_s)))...

         *delta_pull(i).*exp(-delta_pull(i)/delta_3_s)+eps_r2_s-delta_2_s*exp(-

delta_2_s/delta_3_s)...

         *(eps_r3_s-eps_r2_s)/(delta_3_s*exp(-1)-delta_2_s*exp(-

delta_2_s/delta_3_s));

    end

end

end

%--------------------------------------------------------------------------

end
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B. Matlab bond model: verification

In this appendix a description will be given of the verifications performed on
the Matlab bond model. The calculated bond-slip curves use the same parameters
as the ones reported in [14]. Three concrete qualities are used: B30, B60 and
B100. Also three rebar diameters are used: 12, 16 and 20 mm.

Figure B.1 shows a comparison of the Matlab bond model with a previous Ex-
cel version in terms of the radial stress-radial strain response of the thick-walled
cylinder for the various rebar diameters for B30.
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Figure B.1: Radial stress-strain response thick-walled cylinder, Matlab bond model (left)
versus Excel version (right) for B30, from top to bottom: Ø12, Ø16 and Ø20
mm (fcc=30 N/mm2, fct=2.57 N/mm2,Ec=27742 N/mm2, ceff=4xds, ν=0.2)
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Figure B.2 shows a comparison of the Matlab bond model with a previous
Excel version in terms of the radial stress-radial strain response of the thick-walled
cylinder for the various rebar diameters for B60.
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Figure B.2: Radial stress-strain response thick-walled cylinder, Matlab bond model (left)
versus Excel version (right) for B60, from top to bottom: Ø12, Ø16 and Ø20
mm (fcc=62 N/mm2, fct=3.75 N/mm2,Ec=34492 N/mm2, ceff=4xds, ν=0.2)
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Figure B.3 shows a comparison of the Matlab bond model with a previous
Excel version in terms of the radial stress-radial strain response of the thick-walled
cylinder for the various rebar diameters for B100.
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Figure B.3: Radial stress-strain response thick-walled cylinder, Matlab bond model (left)
versus Excel version (right) for B100, from top to bottom: Ø12, Ø16 and
Ø20 mm (fcc=100 N/mm2, fct=4.73 N/mm2, Ec=39811 N/mm2, ceff=4xds,
ν=0.2)
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In figure B.4 bond-slip relations are given for B30. These have been compared
to [14]. The initial elastic stiffness is given in the caption for each rebar diameter.
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Figure B.4: Bond-slip calculated with Matlab bond model for B30 andǫs=0, from
top to bottom: Ø12 (St,el=129 N/mm3), Ø16 (St,el=97 N/mm3) and Ø20
mm (St,el=77 N/mm3)(fcc=30 N/mm2, fct=2.57 N/mm2, Ec=27742 N/mm2,
ceff=4xds, ν=0.2)
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In figure B.5 bond-slip relations are given for B60. These have been compared
to [14]. The initial elastic stiffness is given in the caption for each rebar diameter.
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Figure B.5: Bond-slip calculated with Matlab bond model for B60 andǫs=0, from top
to bottom: Ø12 (St,el=341 N/mm3), Ø16 (St,el=256 N/mm3) and Ø20 mm
(St,el=205 N/mm3)(fcc=62 N/mm2, fct=3.75 N/mm2, Ec=34492 N/mm2,
ceff=4xds, ν=0.2)
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In figure B.6 bond-slip relations are given for B100. These havebeen com-
pared to [14]. The initial elastic stiffness is given in the caption for each rebar
diameter.
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Figure B.6: Bond-slip calculated with Matlab bond model for B100 andǫs=0, from top
to bottom: Ø12 (St,el=700 N/mm3), Ø16 (St,el=519 N/mm3) and Ø20 mm
(St,el=416 N/mm3)(fcc=100 N/mm2, fct=4.73 N/mm2, Ec=39811 N/mm2,
ceff=4xds, ν=0.2)
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C. Bond model: calculation of stage III

The calculation ofσIII
r,rs

andǫIIIr,rs
in the entirely cracked stage (stage III) of

the bond model is not well documented in [8]. Here a complete derivation of this
stage will be given. The formulas used are partially taken from an Excel version
of the bond model. The formulations will be given in a stepwise fashion similar to
the programming done in Matlab. The parameters needed to calculate stage III are
given in table C.1. The first step is to calculate the constantC2 (see [8] equation

a1, a2, b1, b2, w0 parameters bi-linear softening curve (constants)
fct concrete tensile strength
ǫcr crack strain (ǫcr = 1.2fct

E
)

n number of fictitious radial cracks (constant)
rs bar radius
c1 sum of effective cover and bar radius:c1 = ceff + rs
nstep discretization parameter (constant) controlling parameterC3

Table C.1: Parameters stress stage III

(4.11)):

C2 =
2πǫcr
nw0

(C.1)

Stage III is guided by the parameterC3 which is a parameter for the total crack
width. ThereforeC3 is stepwise increased, the first (initial) value ofC3 is calcu-
lated as:

C1
3 = c1C2 = (ceff + rs)

2πǫcr
nw0

(C.2)

Next a critical value forC3 is defined:

Ccrit
3 =

C2(c1 + rs)

2
−

(b2 − b1)

(a2 − a1)
(C.3)

Now the values forC2:nstep+1
3 are consecutively calculated from the previous value

as:

C i+1
3 = C i

3 +
(Ccrit

3 − C2c1)

fix((Ccrit
3 − C2c1)/(1− C2c1)nstep)

(C.4)

Fix is a Matlab command that rounds values towards zero creating integers (simi-
lar to the Excel command: TRUNC). NowσIII

r,rs
is calculated with equation (4.25)

from [8] for both parts of the bi-linear softening curve (i.e. using parameter set
a1, b1 as well as parameter seta2, b21:

σ
III,a1b1
r,rs

=

(

(a1C3 + b1)

(

c1
rs

− 1

)

−
(

a1C2
rs
2

)

(

(

c1
rs

)2

− 1

))

fct

σ
III,a2b2
r,rs

=

(

(a2C3 + b2)

(

c1
rs

− 1

)

−
(

a2C2
rs
2

)

(

(

c1
rs

)2

− 1

))

fct (C.5)

1note that bold font is used to designate vectors
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Finally the radial stress at the interfaceσIII
r,rs

is taken as the maximum value from
both parameter sets:

σ
III
r,rs

= max{σIII,a1b1
r,rs

,σIII,a2b2
r,rs

} (C.6)

Also the corresponding softening parameters eithera1 or a2 andb1 or b2 are stored
in vectors:a andb. These will be used to calculate the strainǫ

∆c
r,rs

. The rigid body
movement part of the radial strain is calculated using equation (4.27) from [8]:

ǫ
RBM
r,rs

= C3
nw0

2πrs
(C.7)

Next the change in wall thickness (∆c) part of the radial strain is calculated using
equation (4.28) from [8]:

ǫ
∆c
r,rs

= ǫcr (aC3 + b)

(

c1
rs

ln

(

c1
rs

)

−
c1
rs

+ 1

)

. . .

−
aC2ǫcrrs

4

(

2

(

c1
rs

)2

ln

(

c1
rs

)

−

(

c1
rs

)2

+ 1

)

(C.8)

Finally the radial strain at the interface is calculated using equation (4.26) from
[8]:

ǫ
III
r,rs

= ǫ
RBM
r,rs

+ ǫ
∆c
r,rs

(C.9)
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D. Bond model: pull-out failure, derivation of radial strain- slip relations

Figure D.1: Radial strain - slip relation for pull-out bond failure, taken form [8]

Used formulations for pointsa, b, c and d when ǫs=0 (boundary curve)

Pointa has coordinates (0,0). Pointb has coordinates (δ1,0,ǫr1,0). ǫr1,0 is the strain
corresponding to the radial stress for which holds (see alsosection 2.4):

σr,rs =
τb1

cot(φ)
(D.1)

Whereτb1 is the critical bond stress, see [8] table 4.5.δ1,0 is given by equation
(4.40) in [8]:

δ1,0 =
2ǫr1,0rs
tan(ϕ)

(D.2)

Pointc has coordinates (δ2,0,ǫr2,0). First the coordinates of pointd (δ3,max,ǫr3,max)
are needed,δ3,max is given in [8] table 4.5:

δ3,max = 0.33ds (D.3)

ǫr3,max is the strain corresponding to the radial stress for which holds (see also
section 2.4):

σr,rs =
τb3,max

cot(φ)
(D.4)

Whereτb3,max is the maximum residual bond stress, see [8] table 4.5. Finally the
coordinates of pointc are determined by equations (4.36) and (4.37) from [8]:

δ2,0 =
δ3,max

2
(D.5)

ǫr2,0 =
(ǫr3,max + ǫr1,0)

2
(D.6)
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Used formulations for pointsa, b, c and d when ǫs >0

δ0,s is chosen to be zero, therefore pointa has coordinates (0,0). Pointb has
coordinates (δ1,s,ǫr1,s). δ1,s is given by equation (4.34) in [8]:

δ1,s = δ0,s + δ1,0 =
2ǫr1,0rs
tan(ϕ)

(D.7)

To calculateǫr1,s first ǫr3 is needed:

ǫr3 = ǫr3,maxe
−K(ǫr3)ǫs (D.8)

WhereK(ǫr3) is a reduction constant, see [8] table 4.5. Nowǫr1,s is calculated
with equation (4.35) from [8]:

ǫr1,s = (ǫr1,0 − ǫr3)e
−K(ǫr1)ǫs + ǫr3 (D.9)

WhereK(ǫr1) is a reduction constant, see [8] table 4.5. Now first the coordinates
of point d are needed. Pointd has coordinates (δ3,s,ǫr3,s). To calculateδ3,s, first
δ3,min is needed:

δ3,min = 2.1δ1,0 (D.10)

Now δ3,s is calculated with equation (4.38) from [8]:

δ3,s = (δ3,max − δ3,min)e
−K(δ3)ǫs + δ3,min (D.11)

WhereK(δ3) is a reduction constant, see [8] table 4.5.ǫr3,s is calculated with
equation (4.39) from [8]:

ǫr3,s = ǫr3,maxe
−K(ǫr3)ǫs (D.12)

WhereK(ǫr3) is a reduction constant, see [8] table 4.5. Finally the coordinates of
point c (δ2,s,ǫr2,s) are calculated using equations (4.36) and (4.37) from [8]:

δ2,s =
δ3,s
2

(D.13)

ǫr2,s =
(ǫr1,s + ǫr3,s)

2
(D.14)
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D. Bond model: pull-out failure, derivation of radial strain- slip relations

Derivation op parabolic function between points a and b:

ǫr(δ) = aδ2 + bδ + c (D.15)

Boundary conditions:
P1 = (0; 0) (D.16)

P2 = (δ1,0; ǫr1,0) (D.17)

dǫr
dδ

|δ=δ1,0 = 0 (D.18)

From equation D.16 it follows:
c = 0 (D.19)

From equation D.18 it follows:

dǫr
dδ

|δ=δ1,0 = 2aδ1,0 + b = 0 ⇔ b = −2aδ1,0 (D.20)

From equations D.17 and?? it follows:

ǫr1,0 = aδ21,0 − 2aδ21,0 = −aδ21,0 ⇔ a = −
ǫr1,0
δ21,0

(D.21)

From equations D.20 and D.21 it follows:

b =
2ǫr1,0
δ1,0

(D.22)

Wanted parabolic function between points a and b:

ǫr(δ) = −(
ǫr1,0
δ21,0

)δ2 + 2(
ǫr1,0
δ1,0

)δ (D.23)
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Derivation op parabolic function between points b and c:

ǫr(δ) = aδ2 + bδ + c (D.24)

Boundary conditions:
P1 = (δ1,0; ǫr1) (D.25)

P2 = (δ2,0; ǫr2,0) (D.26)

dǫr
dδ

|δ=δ1,0 = 0 (D.27)

From equation D.27 it follows:

dǫr
dδ

|δ=δ1,0 = 2aδ1,0 + b = 0 ⇔ b = −2aδ1,0 (D.28)

From equations D.25 and D.28 it follows:

ǫr1 = −aδ21,0 + c (D.29)

From equations D.26 and D.28 it follows:

ǫr2 = a(δ22 − 2δ1,0δ2) + c (D.30)

Subtracting equation D.30 from D.29 gives:

ǫr1 − ǫr2 = −aδ21,0 − a(δ22 − 2δ1,0δ2) ⇔ a = −
(ǫr1 − ǫr2)

(δ22 + δ21,0 − 2δ1,0δ2)
(D.31)

From equations D.28 and D.31 it follows:

b =
2δ1,0(ǫr1 − ǫr2)

(δ22 + δ21,0 − 2δ1,0δ2)
(D.32)

From equations D.29 and D.31 it follows:

c = ǫr1 − δ21,0
(ǫr1 − ǫr2)

(δ22 + δ21,0 − 2δ1,0δ2)
(D.33)

Wanted parabolic function between points b and c:

ǫr(δ) = −
(ǫr1 − ǫr2)

(δ22 + δ21,0 − 2δ1,0δ2)
δ2 +

2δ1,0(ǫr1 − ǫr2)

(δ22 + δ21,0 − 2δ1,0δ2)
δ . . .

+ ǫr1 − δ21,0
(ǫr1 − ǫr2)

(δ22 + δ21,0 − 2δ1,0δ2)
(D.34)
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D. Bond model: pull-out failure, derivation of radial strain- slip relations

Derivation of exponential function between points c and d:1

ǫr(δ) = bδe−aδ + c (D.35)

Boundary conditions:
P1 = (δ2,0; ǫr2) (D.36)

P2 = (δ3max; ǫr3max) (D.37)

dǫr
dδ

|δ=δ3max
= 0 (D.38)

From equation D.38 it follows:

dǫr
dδ

|δ=δ3max
= be−aδ3max − abδ3maxe

−aδ3max = 0

⇔ b− abδ3max = 0 ⇔ a =
1

δ3max

(D.39)

From equations D.36 and D.39 it follows:

ǫr2 = bδ2,0e
−

δ2,0
δ3max + c (D.40)

From equations D.37 and D.39 it follows:

ǫr3max = bδ3maxe
−

δ3max
δ3max + c = bδ3maxe

−1 + c (D.41)

Subtracting equation D.40 from D.41 gives:

ǫr3max − ǫr2 = −bδ2,0e
−

δ2,0
δ3max + bδ3maxe

−1

⇔ b =
(ǫr3max − ǫr2)

(δ3maxe−1 − δ2,0e
−

δ2,0
δ3max )

(D.42)

From equations D.40 and D.42 it follows:

c = ǫr2 −
δ2,0e

−
δ2,0

δ3max (ǫr3max − ǫr2)

(δ3maxe−1 − δ2,0e
−

δ2,0
δ3max )

(D.43)

Wanted exponential function between points c and d:

ǫr(δ) =
(ǫr3max − ǫr2)

(δ3maxe−1 − δ2e
−

δ2
δ3max )

δe
−

δ
δ3max + ǫr2 −

δ2,0e
−

δ2,0
δ3max (ǫr3max − ǫr2)

(δ3maxe−1 − δ2,0e
−

δ2,0
δ3max )

(D.44)

1the use ofǫr(δ) = be−aδ + c leads to equation−abe−aδ3max = 0 when using boundary
condition D.38 yielding no nonzero solution fora
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Alternative derivation of exponential function between points c and d us-
ing equal slope at point c:

Note that this derivation did not yield an analytical solution for the unknowns a,b
and c. Therefore it was not used in the Matlab bond model.

Using an equal slope at point c implies boundary condition D.38 now changes to:

dǫr
dδ

|δ=δ2,0 = Q (D.45)

With Q some constant of the slope atδ2,0 from the parabolic function between
points b and c. In this case the function can be given as:

ǫr(δ) = be−aδ + c (D.46)

since the new boundary condition now does not necessarily give a zero solution
for a. Using all boundary conditions leads to equations:

ǫr2 = be−aδ2,0 + c ⇔ be−aδ2,0 = ǫr2 + c (D.47)

ǫr3max = be−aδ3max + c (D.48)

−abe−aδ2,0 = Q (D.49)

Substituting equation D.47 into D.49 gives:

−a(ǫr2 + c) = Q ⇔ c =
Q

a
+ ǫr2 (D.50)

Subtracting D.47 from D.48 gives:

b(e−aδ3max − e−aδ2,0) = ǫr3max − ǫr2 ⇔ b =
(ǫr3max − ǫr2)

(e−aδ3max − e−aδ2,0)
(D.51)

Substituting equation D.50 and D.51 into D.47 gives:

(ǫr3max − ǫr2)

(e−aδ3max − e−aδ2,0)
e−aδ2,0+

Q

a
+ǫr2 = ǫr2 ⇔

(ǫr3max − ǫr2)

(e−aδ3max − e−aδ2,0)
e−aδ2,0+

Q

a
= 0

(D.52)

This is were the derivation got stuck, I was only able to solveequation D.52
numerically for the unknown constanta using Maple.
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158



Appendix E

Derivation of constitutive matrix for
axi-symmetric elements in SLA

159



E. Derivation of constitutive matrix for axi-symmetric elements in SLA

General 3D strain-stress relation:
















ǫxx
ǫyy
ǫzz
2ǫxy
2ǫyz
2ǫzx

















=
1

E

















1 −ν −ν 0 0 0
−ν 1 −ν 0 0 0
−ν −ν 1 0 0 0
0 0 0 2(1 + ν) 0 0
0 0 0 0 2(1 + ν) 0
0 0 0 0 0 2(1 + ν)

















=

















σxx

σyy

σzz

σxy

σyz

σzx

















(E.1)
For plane strain and axi-symmetryσyz andσzx are set equal to zero, therefore
equation E.1 reduces to:









ǫxx
ǫyy
ǫzz
2ǫxy









=
1

E









1 −ν −ν 0
−ν 1 −ν 0
−ν −ν 1 0
0 0 0 2(1 + ν)









=









σxx

σyy

σzz

σxy









(E.2)

In the next derivations two indices are used. The first is related to the stress direc-
tion which is being evaluated, the second is the source stress direction. Since it is
fully uncoupled the shear term is ignored.

Only uniaxial stressσxx:

ǫxx = σxx

Ex
ǫyy = −νyx

σxx

Ex
ǫzz = −νzx

σxx

Ex
(E.3)

Only uniaxial stressσyy:

ǫxx = −νxy
σyy

Ey
ǫyy =

σyy

Ey
ǫzz = −νzy

σyy

Ey
(E.4)

Only uniaxial stressσzz:

ǫxx = −νxz
σzz

Ez
ǫyy = −νyz

σzz

Ez
ǫzz =

σzz

Ez
(E.5)

Using the principle of superposition combiningσxx, σyy andσzz gives:
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ǫyy
ǫzz
γxy
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1
Ex

−νxy
Ey

−νxz
Ez

0
−νyx
Ex

1
Ey

−νyz
Ez

0
−νzx
Ex

−νzy
Ey

1
Ez

0

0 0 0 2(1+ν)
E



















σxx

σyy

σzz

σxy









(E.6)

Note that2ǫij = γij. Inverting this matrix (using Maple) gives the stress-strain
relation:









σxx

σyy

σzz

σxy









= D









ǫxx
ǫyy
ǫzz
γxy









(E.7)
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With D denoted as:

F









(νyzνzy − 1)Ex −(νxzνzy + νxy)Ex −(νxyνyz + νxz)Ex 0
−(νzxνyz + νyx)Ey (νzxνxz − 1)Ey −(νyxνxz + νyz)Ey 0
−(νyxνzy + νzx)Ez −(νzxνxy + νzy)Ez (νyxνxy − 1)Ez 0

0 0 0 G
F









(E.8)
In which:

G =
E

2(1 + ν)
(E.9)

and:

F =
1

(νzxνxyνyz + νyxνxzνzy + νzxνxz + νyxνxy + νyzνzy − 1)
(E.10)

For a damaged element the axis in the xy-plane is rotated to a local nt-plane.
The z-axis remains unchanged (i.e. fixed). Changing notations to a local dam-
aged axis-system (i.e. ntz-axis) gives the wanted constitutive matrix for an axi-
symmetric element in SLA:









σnn

σtt

σzz

σnt









= D









ǫnn
ǫtt
ǫzz
γnt









(E.11)

With D denoted as:

F









(νtzνzt − 1)En −(νnzνzt + νnt)En −(νntνtz + νnz)En 0
−(νznνtz + νtn)Et (νznνnz − 1)Et −(νtnνnz + νtz)Et 0
−(νtnνzt + νzn)Ez −(νznνnt + νzt)Ez (νtnνnt − 1)Ez 0

0 0 0 G
F









(E.12)
In which:

G =
E

2(1 + ν)
(E.13)

and:

F =
1

(νznνntνtz + νtnνnzνzt + νznνnz + νtnνnt + νtzνzt − 1)
(E.14)

For shear reduction options see section 3.3.
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F. Verification of SLA code for axi-symmetric elements

The test model (figure 1) consists of one square linear Q8AXI element (sides
of 40 mm) with four point Gauss integration (note that the onepoint integration
scheme does not work in the SLA environment). The element will be tested with
different loading schemes (withν=0 or ν=0.2). For axi-symmetric elements the
axis of rotation is always the y-axis. Only proportional loading will be tested.

X

Y

Z
1

2

3

4

1

QU4 

Model: AXITEST

Figure F.1: Mesh for test axi-symmetric element

Loading schemes:

1. All four nodes are given a uniform translation of unity in x-direction. This
will cause mainly circumferential stressesσzz.

2. Nodes 2 and 4 are given a uniform translation of unity in y-direction. Nodes
1 and 3 are constrained in y-direction and nodes 1 and 2 are constrained in
x-direction. This will cause mainly stresses in the xy-plane.

3. Nodes 2 and 4 are given a translation of unity in y-direction, nodes 3 and 4
are given a translation of 0.5 in x-direction.

Because the element is linear all stresses in the xy-plane areconstant, whereas the
stressesσzz depend on the distance from the axis of rotation (ǫzz = ux

r
). Integra-

tion points 1 and 3 are located nearest to the axis of rotation. The distance ratio
r for the two rows of integration points is approximatelyr2,4 / r1,3 = 3.734, this
ratio can be used to check the stress ratios. The cracking will be initiated with a
very small hardia table consisting of just 2 teeth:

2.800000E+04 2.5
2.400000E+04 2.3

For each loading scheme and Poisson’s ratio the following things have been
checked:

• is the corrent critical load multiplier identified from thestresses

• is the principal stress calculated correctly

• is the constitutive matrix updated correctly

• does the program stop correctly (e.g. when no more damage ispossible)
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G. Overview of routines for SLA software extensions

Table G.1: Overview of SLA routines for axi-symmetric elements ((mod): modified original
DIANA file; (modex): modified existing SLA file;(new): newly created SLA file)

routine
DLPEAX(mod) SLA element initialization, store parameters at IP level.
MATAXI (mod) Prevent initially orthotropic materials to be used with SLA.
LAMBIB (modex) Redirect axi-symmetric SLA elements to routine LAMAXI.
LAMAXI (new) Calculate admissible load factor (λ).
DAMAXI (new) Update damage indicator for critical integration point.

MATAX2 (new)
Get all relevant material model parameters and calculate new
stress-strain relation matrix for critical integration point using
routine SEAXI2.

SEAXI2(new) Calculate stress-strain relation matrix in local crack axissystem
(NTZ) and rotate back to general axis system.

Table G.2: Overview of SLA routines for interface elements ((modex): modified existing SLA
file; (new): newly created SLA file)

routine
LAMBIB (modex) Redirect interface SLA elements to routine LAMLIE.
LAMLIE (new) Calculate admissible load factor (λ).
DAMLIE (new) Update damage indicator for critical integration point.
MATIF2(modex) Calculate bond stress-slip relation matrix.

Table G.3: Overview of SLA routines for cable (truss) elements ((mod): modified original
DIANA file)

routine
ISCLTR(mod) Write constitutive matrix to integration point level in caseof SLA.
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H. Matlab sawtooth generator for Hordijk tension softening: code

Note: the Matlab sawtooth generator is not full proof, i.e. it will not give
a good solution for all possible combinations of parametersautomatically. This
depends on the user defined parameter (q) that controls the solution interval for
p+. See also section 4.2.2 equations 4.8 and 4.9.

Main program:

19-5-10 15:54 D:\sensink\Matlab\sawtooth5.m 1 of 4

clc;clear all;close all;

tic

%---------- input parameters -----------------------------------

%

% This model calculates a sawtooth diagram based on

% a total strain model for the Hordijk nonlinear concrete

% tension softening curve.

%

% For details see Diana manual 18.1.1.5

%

% version: 0.5 (total strain model)

%

% function files: hordijk.m      : normalized Hordijk function f(x)

%                 hordijk2.m     : non-normalized Hordijk function

%                                  f(eps_cr)

%                 hordijk_min.m  : normalized Hordijk lower boundary

%                 hordijk_plus.m : normalized Hordijk upper boundary

%                 yel.m          : linear equation

%                 fxmax.m        : calculate x-coordinate of last sawtooth

%                 mini2.m        : calculate fracture energy F(pplus)

%

% Units: N,mm

%

% -- Material data input --

E0=25000;       % initial elastic stiffness

Gf=0.06;        % fracture energy softening curve

h=12.5;        % crack band width

ft=2.5;         % initial elastic tensile strenght

%

% -- Sawtooth input --

n=10;           % number of teeth in sawtooth diagram

matnr=1;       % material number in DIANA

%

% -- Hordijk softening parameters --

c1=3;

c2=6.93;

%

% -- Model parameters --

m=50;           % number of points for plotting

tol=1e-6;      % tolerance for zero finding

q=1;          % factor determinating bound values of p+

% end input

%

%---------------------------------------------------------------

% begin calculation

n=n+1;

options=optimset('TolX',tol);

disp('-- calculation can be interrupted by pressing "CTR-C" --')

disp('----------------------------------------------------------')

% -- check if h is too large --

hmax=0.743*Gf*E0/(ft^2);

if h>hmax

    ft=sqrt(0.743*Gf*E0/h); % equation (18.49)
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19-5-10 15:54 D:\sensink\Matlab\sawtooth5.m 2 of 4

    disp('warning: h too large, ft has been reduced!')

    disp(['reduced initial tensile strength: ft_red = ' num2str(ft) ' N/mm^2'])

end

% -- calculate elastic and crack strain --

eps_el=ft/E0;

Gfred=Gf-0.5*eps_el*ft*h;    % compensate fracture energy for total strain

eps_cr_ult=5.136*(Gfred/(h*ft));

% -- calculate pplus --

[pplus fval exitflag output]=fminbnd(@(pplus)(mini2(E0,ft,eps_el,eps_cr_ult,h,n,

pplus,Gf,tol)),0.75*ft*q/n,ft*q/n,options);

disp(['pplus =' num2str(pplus) ' N/mm^2'])

disp(['error =' num2str(fval)])

% -- calculate pmin --

pmin0=pplus;

[pmin fval] = fminsearch(@(pmin)((fxmax(n,E0,eps_el,eps_cr_ult,ft,pplus,pmin,tol)-1)

^2),pmin0,options);

disp(['pmin = ' num2str(pmin) ' N/mm^2'])

disp(['computed error in calculating pmin: ' num2str(fval)])

if fval>tol

    disp('warning: error in calculating pmin: >tol, decreasing pmin0, start 

iterating..')

    iter=0;

    while fval>tol

        if iter<10

            pmin0=0.9*pmin0;

        else

            pmin0=0.8*pmin0;

        end

        if iter>35

            disp(['iteration failed..' '(last error: ' num2str(fval) ')'])

            return

        end

        [pmin fval] = fminsearch(@(pmin)((fxmax(n,E0,eps_el,eps_cr_ult,ft,pplus,pmin,

tol)-1)^2),pmin0,options);

        iter=iter+1;

    end

    disp(['number of iterations: ' num2str(iter)])

    disp(['pmin = ' num2str(pmin) ' N/mm^2' ' (error: ' num2str(fval) ')'])

end

% -- preallocate for speed --

xsol=zeros(1,n-1);

ysol=zeros(1,n-1);

eps_cr=zeros(1,(n-1));

E=zeros(1,n);

E(1)=E0;

% -- calculate and plot sawtooth diagram --

x0=0.5;

for i=2:n

    xsol(i-1)=fzero(@(x)(yel(x*eps_cr_ult,E(i-1),eps_el)-hordijk_plus(x,ft,pplus)),

x0,options);
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H. Matlab sawtooth generator for Hordijk tension softening: code

19-5-10 15:54 D:\sensink\Matlab\sawtooth5.m 3 of 4

    eps_cr(i-1)=xsol(i-1)*eps_cr_ult;

    ysol(i-1)=hordijk_plus(xsol(i-1),ft,pplus);

    % note: E(i) calculated on non-normalized x-axis

    E(i)=(ysol(i-1)-pplus-pmin)/(xsol(i-1)*eps_cr_ult+eps_el);

    % plot vertical lines sawtooth diagram

    plot([xsol(i-1)*eps_cr_ult+eps_el xsol(i-1)*eps_cr_ult+eps_el],[ysol(i-1) ysol(i-

1)-pplus-pmin]);

    if ysol(i-1)-pplus<-1e-3

        %clc

        disp('calculation failed, try changing number of teeth')

        %close all

        return

    end

    hold on

end

% -- plot elastic stiffness lines sawtooth diagram --

for i=2:n-1

    plot([xsol(i-1)*eps_cr_ult+eps_el xsol(i)*eps_cr_ult+eps_el],[ysol(i-1)-pplus-

pmin ysol(i)])    

end

hold on

% -- plot Hordijk graphs and text --

plot([0 xsol(1)*eps_cr_ult+eps_el],[0 ysol(1)])

hold on

x=linspace(0,1,m);

plot(x*eps_cr_ult+eps_el,hordijk(x,ft),'r')

hold on

clear x

x=linspace(xsol(1),1,m);

plot(x*eps_cr_ult+eps_el,hordijk_plus(x,ft,pplus),':g')

hold on

plot(x*eps_cr_ult+eps_el,hordijk_min(x,ft,pmin),':g')

hold on

plot([0 eps_el],[0 ft],'r')

xlim([0 eps_cr_ult+eps_el])

ylim([0 ysol(1)+pplus])

title('Sawtooth for Hordijk tension softening')

xlabel('\epsilon_{tot}')

ylabel('f_{t}  N/mm^{2}')

string1=(['# of teeth = ' num2str(n-1)]);

string2=(['p+ = ' num2str(pplus) ' N/mm^2']);

string3=(['p- = ' num2str(pmin) ' N/mm^2']);

% -- print sawtooth diagram on screen and write to textfile ---

format short e

E(n)=E(n-1)/10000;            % assume extreme low stiffness for last teeth

ysol(n)=ysol(n-1)/10000;      % assume extreme low tensile strenght for last teetnh

disp(['      E(i)  ' '      ft(i)'])

disp([E(1:n)' ysol(1:n)'])

fid = fopen('sawtooth.txt','wt');

fprintf(fid,'%s\n','''materials''');

fprintf(fid,'%g    HARDIA    %8.6E  %8.6E\n',matnr,E(1),ysol(1));

for j = 2:n

    fprintf(fid,'               %8.6E  %8.6E\n',E(j),ysol(j));
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end

fclose(fid);

% -- calculate fracture energy Hordijk curve --

A_el=0.5*eps_el*ft;

q1=(quad(@(eps_cr)hordijk2(eps_cr,eps_cr_ult,ft,c2),0,eps_cr_ult,1e-8)+A_el)*h;

disp(['calculated fracture energy mother curve: ' num2str(q1)])

q2=quad(@(x)hordijk(x,1),0,1,1e-8);

disp(['alpha = ' num2str(q2) '  see Diana manual 18.1.1.5'])

% -- calculate fracture energy sawtooth diagram --

A_sawdia_el=1/2*(eps_el+xsol(1)*eps_cr_ult)*ysol(1);

A_tooth=zeros(1,n-2);

for i=2:n-1

    A_tooth(i-1)=(xsol(i)-xsol(i-1))*eps_cr_ult*(ysol(i)+ysol(i-1)-pplus-pmin)/2;

end

A_sawdia=(sum(A_tooth)+A_sawdia_el);

disp(['fracture energy sawtooth diagram = ' num2str(A_sawdia*h)])

disp('hardia table written to file:   sawtooth.txt')

string4=(['Gf sawtooth = ' num2str(A_sawdia*h)]);

string5=(['\epsilon_{el} = ' num2str(eps_el)]);

string6=(['\epsilon_{cr,ult} = ' num2str(eps_cr_ult)]);

string7=(['\epsilon_{tot,max} = ' num2str(eps_cr_ult+eps_el)]);

h1 = legend(string1,string2,string3,string4,string5,string6,string7,1);

print -djpeg sawtooth.jpg

disp('sawtooth graph written to file: sawtooth.jpg')

time=toc;

disp(['time to compute = ' num2str(toc) ' sec'])

nu0=0.2;

nu_red=nu0*E/E0;

G=E./(2*(1+nu_red));

figure(2)

plot(E(1:n-1),G(1:n-1))

title(['Stepwise shear softening with Hordijk ' num2str(n-1) ' teeth ' '(\nu = '

num2str(nu0) ')'])

xlabel('E_n N/mm^{2}')

ylabel('G N/mm^{2}')

set(gca,'xdir','reverse');

grid on

Function files:

19-5-10 16:02 D:\sensink\Matlab\hordijk.m 1 of 1

function y=hordijk(x,ft,c2)

c1=3;

if nargin<3

    c2=6.93;

end

y1=(1+(c1*x).^3).*exp(-c2*x);

y2=-x*(1+c1^3)*exp(-c2);

y=(y1+y2)*ft;
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H. Matlab sawtooth generator for Hordijk tension softening: code

19-5-10 15:59 D:\sensink\Matlab\fxmax.m 1 of 1

function xmax=fxmax(n,E0,eps_el,eps_cr_ult,ft,pplus,pmin,tol)

% calculate x-coordinate of last sawtooth

options=optimset('TolX',tol);

E=E0;

for i=2:n

    % xsol determined on normalized strain-axis

    % yo from yel determined on non-normalized strain-axis

    xsol=fzero(@(x)(yel(x*eps_cr_ult,E,eps_el)-hordijk_plus(x,ft,pplus)),0.5,

options);

    % ysol determined on normalized strain-axis

    ysol=hordijk_plus(xsol,ft,pplus);

    % E(i) calculated on non-normalized strain-axis

    E=(ysol-pplus-pmin)/(xsol*eps_cr_ult+eps_el);

end

xmax=xsol;

end

19-5-10 16:03 D:\sensink\Matlab\hordijk2.m 1 of 1

function y=hordijk2(eps_cr,eps_cr_ult,ft,c2)

% Hordijk function: f(eps_cr)

c1=3;

if nargin<4

    c2=6.93;

end

y1=(1+(c1*eps_cr/eps_cr_ult).^3).*exp(-c2*eps_cr/eps_cr_ult);

y2=-(eps_cr/eps_cr_ult)*(1+c1^3)*exp(-c2);

y=(y1+y2)*ft;

19-5-10 16:02 D:\sensink\Matlab\hordijk_min.m 1 of 1

function y=hordijk_min(x,ft,p,c2)

c1=3;

if nargin<4

    c2=6.93;

end

y1=(1+(c1*x).^3).*exp(-c2*x);

y2=-x*(1+c1^3)*exp(-c2);

y=(y1+y2)*ft-p;
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function y=hordijk_plus(x,ft,p,c2)

% Hordijk function with normalized strain: f(x)

c1=3;

if nargin<4

    c2=6.93;

end

for i=1:length(x)

    if x(i)<0

        y(i)=ft+p;

    else

        y1=(1+(c1*x(i)).^3).*exp(-c2*x(i));

        y2=-x(i)*(1+c1^3)*exp(-c2);

        y(i)=(y1+y2)*ft+p;

    end

end

end
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H. Matlab sawtooth generator for Hordijk tension softening: code

19-5-10 15:58 D:\sensink\Matlab\mini2.m 1 of 2

function deltaGf=mini2(E0,ft,eps_el,eps_cr_ult,h,n,pplus,Gf,tol)

% calculates difference between fracture energy softening curve

% and sawtooth diagram depending on pplus

pmin0=pplus;

options=optimset('TolX',tol);

[pmin fval] = fminsearch(@(pmin)((fxmax(n,E0,eps_el,eps_cr_ult,ft,pplus,pmin,tol)-1)

^2),pmin0,options);

if fval>tol

    iter=0;

    while fval>tol

        if iter<10

            pmin0=0.9*pmin0;

        else

            pmin0=0.8*pmin0;

        end

        if iter>35

            disp(['iteration in mini2.f failed..' '(last error: ' num2str(fval) ')'])

            return

        end

        [pmin fval] = fminsearch(@(pmin)((fxmax(n,E0,eps_el,eps_cr_ult,ft,pplus,pmin,

tol)-1)^2),pmin0,options);

        iter=iter+1;

    end

end

% -- preallocate for speed --

xsol=zeros(1,n-1);

ysol=zeros(1,n-1);

E=zeros(1,n);

E(1)=E0;

% -- calculate sawtooth diagram --

x0=0.5;

for i=2:n

    xsol(i-1)=fzero(@(x)(yel(x*eps_cr_ult,E(i-1),eps_el)-hordijk_plus(x,ft,pplus)),

x0,options);

    ysol(i-1)=hordijk_plus(xsol(i-1),ft,pplus);

    % note: E(i) calculated on non-normalized x-axis

    E(i)=(ysol(i-1)-pplus-pmin)/(xsol(i-1)*eps_cr_ult+eps_el);

    if i==n

        if ysol(n-1)-pplus<-1e-3

            disp('warning: calculation pmin failed in mini2.f, ysol(n-1)-pplus<-1e-

3')

            disp(['with large number of teeth the used tolerance could be too low'])

            return

        end

    end

end

% -- calculate fracture energy sawtooth diagram --

A_sawdia_el=1/2*(eps_el+xsol(1)*eps_cr_ult)*ysol(1);

A_tooth=zeros(1,n-2);

for i=2:n-1

    A_tooth(i-1)=(xsol(i)-xsol(i-1))*eps_cr_ult*(ysol(i)+ysol(i-1)-pplus-pmin)/2;

end

19-5-10 15:58 D:\sensink\Matlab\mini2.m 2 of 2

disp(['pplus = ' num2str(pplus)])

disp(['(error: ' num2str(h*(sum(A_tooth)+A_sawdia_el)-Gf) ')'])

deltaGf=abs(h*(sum(A_tooth)+A_sawdia_el)-Gf);

end
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I. Nonlinear axi-symmetric calculation: DIANA program settings

Used element types and integration scheme:

CL6TR Truss element (default integration)
CL12I Interface element (5-point lumped integration)
CQ16A Axi-symmetric element (3x3 Gauss integration)

OtherDIANA program settings used:

Interface elements in plane stress configuration (MEMBRA)

Non-linear settings:

Energy based convergence criterion (default tolerance of 0.0001)
Maximum number of iterations: 40
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J. DIANA User interface models BOND3N, BOND3S and BOND3E code and
verification
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Two small scale tests using different loading have been performed to check
the correctness of the user supplied interface models. The model consists of three
elements connected to create a small scale tension-pull model: a CL6TR truss el-
ement, an CL12I interface element and an CQ16A axi-symmetric element. Using
displacement control the load is given to the truss element.The bi-linear elasto-
plastic bond-slip relation is used, see figure 5.5.
In the first test positive load steps are taken until a displacement of 0.075 mm.
Then the same loadsteps are given in the opposite direction,see figure J.1 for the
results. In the second test load steps are taken that continuously change sign and

Figure J.1: Results first loading, from left to right:BOND3N, BOND3SandBOND3E

also jump from a positive plastic region to a negative plastic region, see figure J.2
for the results.

Figure J.2: Results second loading, from left to right:BOND3N, BOND3SandBOND3E
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K. Nonlinear 3D calculation: DIANA program settings

Used element types and integration scheme:

CL9TR Truss element (default integration)
CL18I Line-solid interface element (5-point lumped integration)
CTP45 3D wedge element (4x3 integration)
CHX60 3D brick element (default integration)

OtherDIANA program settings used:

Interface element with ZAXIS 0 0 1 and DIAMET 8

Non-linear settings:
Energy based convergence criterion (default tolerance of 0.0001)
Maximum number of iterations: 100
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L. Sawtooth diagrams used in section 6.5

Table L.1: Accuracy of sawtooth diagrams (with concrete 50 teeth)

concrete (50 teeth) bond-slip (23 teeth) steel 40 teeth)

average ofp+ enp− [N/mm2] (0.087+0.094)/2 (0.22+0.22)/2 (0+28)/2

maximum elastic value [N/mm2] 2.5 6.25 400

ratio 3.6% 3.5% 3.5%

Table L.2: Accuracy of sawtooth diagrams (with concrete 25 teeth)

concrete (25 teeth) bond-slip (12 teeth) steel (19 teeth)

average ofp+ enp− [N/mm2] (0.17+0.20)/2 (0.46+0.46)/2 (0+59)/2

maximum elastic value [N/mm2] 2.5 6.25 400

ratio 7.4% 7.4% 7.4%

Table L.3: Accuracy of sawtooth diagrams (with concrete 12 teeth)

concrete (12 teeth) bond-slip (6 teeth) steel (9 teeth)

average ofp+ enp− [N/mm2] (0.34+0.43)/2 (0.96+0.96)/2 (0+123)/2

maximum elastic value [N/mm2] 2.5 6.25 400

ratio 15.4% 15.4% 15.4%

188



0 0.002 0.004 0.006 0.008 0.01
0

0.5

1

1.5

2

2.5

Sawtooth for Hordijk tension softening

ε
tot

f t  N
/m

m
2

 

 
# of teeth = 50

p+ = 0.087194 N/mm2

p− = 0.094728 N/mm2

Gf sawtooth = 0.06
ε
el

 = 8.9286e−005

ε
cr,ult

 = 0.010866

ε
tot,max

 = 0.010955

Figure L.1: Sawtooth approximation for concrete using 50 teeth
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Figure L.2: Sawtooth approximation for bond-slip using 23 teeth (left) and steel using 40
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M. Sawtooth diagrams used in section 6.7
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Figure M.1: Sawtooth approximation for concrete used for first mesh refinement, 100
teeth (top left), 50 teeth (top right), 25 teeth (bottom left) and 12 teeth (bottom
right)
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Figure M.2: Sawtooth approximation for concrete used for second mesh refinement, 50
teeth (top left), 25 teeth (top right) and 12 teeth (bottom)
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N. Sawtooth diagrams used in chapter 7
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Figure N.1: Sawtooth approximation for concrete, Hordijk 50 teeth B25 usedfor simula-
tions S4D12AB25 and S8D12AB25 (top left), Hordijk 50 teeth B45 used for
simulation S8D12AB45 (top right) and Hordijk 70 teeth used for simulations
S4D16AB25, S6D16AB25, S2D25AB25 and S4D25AB25 (bottom)
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Figure N.2: Sawtooth approximation for steel, Ø12 (top left), Ø16 (top right) and Ø25
(bottom)
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O. Mayer S4D12-A (B25)

Model: S4D12AB25
LC1: Load case 1
Step: 2000  LOAD: .2E4
Gauss EL.ITEMS ITEM04
Max = .122E-1
Min = 0
Results shown:
Mapped to nodes

.111E-2

.222E-2

.333E-2

.444E-2

.555E-2

.666E-2

.777E-2

.888E-2

.999E-2

.111E-1

Model: S4D12AB25
LC1: Load case 1
Step: 4000  LOAD: .4E4
Gauss EL.ITEMS ITEM04
Max = .128E-1
Min = 0
Results shown:
Mapped to nodes

.116E-2

.232E-2

.348E-2

.464E-2

.581E-2

.697E-2

.813E-2

.929E-2

.105E-1

.116E-1

Model: S4D12AB25
LC1: Load case 1
Step: 6000  LOAD: .6E4
Gauss EL.ITEMS ITEM04
Max = .132E-1
Min = 0
Results shown:
Mapped to nodes

.12E-2

.241E-2

.361E-2

.481E-2

.601E-2

.722E-2

.842E-2

.962E-2

.108E-1

.12E-1

Model: S4D12AB25
LC1: Load case 1
Step: 8000  LOAD: .8E4
Gauss EL.ITEMS ITEM04
Max = .125E-1
Min = 0
Results shown:
Mapped to nodes

.113E-2

.226E-2

.34E-2

.453E-2

.566E-2

.679E-2

.793E-2

.906E-2

.102E-1

.113E-1

Model: S4D12AB25
LC1: Load case 1
Step: 10000  LOAD: .1E5
Gauss EL.ITEMS ITEM04
Max = .125E-1  Min = 0
Results shown:
Mapped to nodes
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Model: S4D12AB25
LC1: Load case 1
Step: 12000  LOAD: .12E5
Gauss EL.ITEMS ITEM04
Max = .139E-1  Min = 0
Results shown:
Mapped to nodes
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.759E-2
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.101E-1

.114E-1

.126E-1

Model: S4D12AB25
LC1: Load case 1
Step: 14000  LOAD: .14E5
Gauss EL.ITEMS ITEM04
Max = .149E-1  Min = 0
Results shown:
Mapped to nodes
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Figure O.1: Crack strainǫnncr , from top to bottom (approximate displacement):uy=0.85
mm,uy=1.25 mm,uy=1.65 mm,uy=2.20 mm,uy=2.55 mm,uy=2.95 mm
anduy=3.65 mm

200



Appendix P

Mayer S8D12-A (B25)

201



P. Mayer S8D12-A (B25)

Model: S8D12AB25
LC1: Load case 1
Step: 2000  LOAD: .2E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .607E-2  Min = 0
Results shown:
Mapped to nodes

.552E-3

.11E-2

.166E-2

.221E-2

.276E-2

.331E-2

.386E-2

.442E-2

.497E-2

.552E-2

Model: S8D12AB25
LC1: Load case 1
Step: 4000  LOAD: .4E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .539E-2  Min = 0
Results shown:
Mapped to nodes

.49E-3

.981E-3

.147E-2

.196E-2

.245E-2

.294E-2

.343E-2

.392E-2

.441E-2

.49E-2

Model: S8D12AB25
LC1: Load case 1
Step: 5000  LOAD: .5E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .637E-2  Min = 0
Results shown:
Mapped to nodes

.579E-3

.116E-2

.174E-2

.232E-2

.29E-2

.348E-2

.406E-2

.463E-2

.521E-2

.579E-2

Model: S8D12AB25
LC1: Load case 1
Step: 7000  LOAD: .7E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .631E-2  Min = 0
Results shown:
Mapped to nodes

.574E-3

.115E-2

.172E-2

.23E-2

.287E-2

.344E-2

.402E-2

.459E-2

.517E-2

.574E-2

Model: S8D12AB25
LC1: Load case 1
Step: 9000  LOAD: .9E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .544E-2  Min = 0
Results shown:
Mapped to nodes

.495E-3

.989E-3

.148E-2

.198E-2

.247E-2

.297E-2

.346E-2

.396E-2

.445E-2

.495E-2

Model: S8D12AB25
LC1: Load case 1
Step: 10000  LOAD: .1E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .629E-2  Min = 0
Results shown:
Mapped to nodes

.572E-3

.114E-2

.172E-2

.229E-2

.286E-2

.343E-2

.401E-2

.458E-2

.515E-2

.572E-2

Model: S8D12AB25
LC1: Load case 1
Step: 12000  LOAD: .12E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .739E-2  Min = 0
Results shown:
Mapped to nodes

.672E-3

.134E-2

.202E-2

.269E-2

.336E-2

.403E-2

.47E-2

.537E-2

.605E-2

.672E-2

Model: S8D12AB25
LC1: Load case 1
Step: 14000  LOAD: .14E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .802E-2
Min = -.141E-5
Results shown:
Mapped to nodes

.727E-3

.146E-2

.219E-2

.291E-2

.364E-2

.437E-2

.51E-2

.583E-2

.656E-2

.729E-2

Model: S8D12AB25
LC1: Load case 1
Step: 16000  LOAD: .16E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .817E-2
Min = -.152E-5
Results shown:
Mapped to nodes

.741E-3

.148E-2

.223E-2

.297E-2

.371E-2

.446E-2

.52E-2

.594E-2

.668E-2

.743E-2

Figure P.1: Crack strainǫnncr , from top to bottom (approximate displacement):uy=0.50
mm,uy=0.70 mm,uy=0.85 mm,uy=1.05 mm,uy=1.25 mm,uy=1.35 mm,
uy=1.80 mm,uy=2.10 mm anduy=2.30 mm
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Model: S8D12AB25
LC1: Load case 1
Step: 17500  LOAD: .175E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .805E-2
Min = -.293E-5
Results shown:
Mapped to nodes

.729E-3

.146E-2

.219E-2

.292E-2

.366E-2

.439E-2

.512E-2

.585E-2

.658E-2

.731E-2

Model: S8D12AB25
LC1: Load case 1
Step: 19000  LOAD: .19E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .695E-2
Min = -.502E-5
Results shown:
Mapped to nodes

.627E-3

.126E-2

.189E-2

.252E-2

.316E-2

.379E-2

.442E-2

.505E-2

.568E-2

.632E-2

Model: S8D12AB25
LC1: Load case 1
Step: 20000  LOAD: .2E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .762E-2
Min = -.164E-5
Results shown:
Mapped to nodes

.692E-3

.138E-2

.208E-2

.277E-2

.346E-2

.416E-2

.485E-2

.554E-2

.624E-2

.693E-2

Model: S8D12AB25
LC1: Load case 1
Step: 21500  LOAD: .215E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .77E-2
Min = -.165E-5
Results shown:
Mapped to nodes

.699E-3

.14E-2

.21E-2

.28E-2

.35E-2

.42E-2

.49E-2

.56E-2

.63E-2

.7E-2

Model: S8D12AB25
LC1: Load case 1
Step: 23000  LOAD: .23E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .714E-2
Min = -.262E-5
Results shown:
Mapped to nodes

.647E-3

.13E-2

.195E-2

.26E-2

.325E-2

.39E-2

.455E-2

.52E-2

.585E-2

.65E-2

Model: S8D12AB25
LC1: Load case 1
Step: 25000  LOAD: .25E5
Gauss EL.ITEMS ITEM04
Max = .794E-2
Min = -.693E-5
Results shown:
Mapped to nodes

.716E-3

.144E-2

.216E-2

.288E-2

.361E-2

.433E-2

.505E-2

.577E-2

.65E-2

.722E-2

Figure P.2: Crack strainǫnncr , from top to bottom (approximate displacement):uy=2.40
mm,uy=2.50 mm,uy=2.60 mm,uy=2.70 mm,uy=2.85 mm anduy=3.40 mm
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Q. Mayer S8D12-A (B45)

Model: S8D12AB45
LC1: Load case 1
Step: 2000  LOAD: .2E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .504E-2
Min = -.616E-6
Results shown:
Mapped to nodes

.458E-3

.917E-3

.138E-2

.183E-2

.229E-2

.275E-2

.321E-2

.367E-2

.413E-2

.459E-2

Model: S8D12AB45
LC1: Load case 1
Step: 4000  LOAD: .4E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .614E-2  Min = 0
Results shown:
Mapped to nodes

.558E-3

.112E-2

.167E-2

.223E-2

.279E-2

.335E-2

.39E-2

.446E-2

.502E-2

.558E-2

Model: S8D12AB45
LC1: Load case 1
Step: 6000  LOAD: .6E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .595E-2
Min = -.404E-5
Results shown:
Mapped to nodes

.538E-3

.108E-2

.162E-2

.216E-2

.27E-2

.325E-2

.379E-2

.433E-2

.487E-2

.541E-2

Model: S8D12AB45
LC1: Load case 1
Step: 7500  LOAD: .75E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .595E-2
Min = -.155E-5
Results shown:
Mapped to nodes

.539E-3

.108E-2

.162E-2

.216E-2

.27E-2

.324E-2

.378E-2

.432E-2

.487E-2

.541E-2

Model: S8D12AB45
LC1: Load case 1
Step: 9000  LOAD: .9E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .597E-2
Min = -.373E-5
Results shown:
Mapped to nodes

.539E-3

.108E-2

.163E-2

.217E-2

.271E-2

.326E-2

.38E-2

.434E-2

.488E-2

.543E-2

Model: S8D12AB45
LC1: Load case 1
Step: 10500  LOAD: .105E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .594E-2
Min = -.354E-5
Results shown:
Mapped to nodes

.537E-3

.108E-2

.162E-2

.216E-2

.27E-2

.324E-2

.378E-2

.432E-2

.486E-2

.54E-2

Model: S8D12AB45
LC1: Load case 1
Step: 12000  LOAD: .12E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .593E-2
Min = -.353E-5
Results shown:
Mapped to nodes

.536E-3

.108E-2

.161E-2

.215E-2

.269E-2

.323E-2

.377E-2

.431E-2

.485E-2

.539E-2

Model: S8D12AB45
LC1: Load case 1
Step: 13500  LOAD: .135E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .578E-2
Min = -.344E-5
Results shown:
Mapped to nodes

.522E-3

.105E-2

.157E-2

.21E-2

.263E-2

.315E-2

.368E-2

.42E-2

.473E-2

.525E-2

Model: S8D12AB45
LC1: Load case 1
Step: 15000  LOAD: .15E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .526E-2
Min = -.313E-5
Results shown:
Mapped to nodes

.475E-3

.954E-3

.143E-2

.191E-2

.239E-2

.287E-2

.335E-2

.382E-2

.43E-2

.478E-2

Figure Q.1: Crack strainǫnncr , from top to bottom (approximate displacement):uy=0.50
mm,uy=0.70 mm,uy=0.85 mm,uy=0.95 mm,uy=1.10 mm,uy=1.20 mm,
uy=1.30 mm,uy=1.40 mm anduy=1.40 mm
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Model: S8D12AB45
LC1: Load case 1
Step: 17000  LOAD: .17E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .596E-2
Min = -.352E-5
Results shown:
Mapped to nodes

.539E-3

.108E-2

.162E-2

.217E-2

.271E-2

.325E-2

.379E-2

.433E-2

.488E-2

.542E-2

Model: S8D12AB45
LC1: Load case 1
Step: 18500  LOAD: .185E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .599E-2
Min = -.354E-5
Results shown:
Mapped to nodes

.542E-3

.109E-2

.163E-2

.218E-2

.272E-2

.327E-2

.381E-2

.436E-2

.49E-2

.545E-2

Model: S8D12AB45
LC1: Load case 1
Step: 20000  LOAD: .2E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .603E-2
Min = -.356E-5
Results shown:
Mapped to nodes

.545E-3

.109E-2

.164E-2

.219E-2

.274E-2

.329E-2

.384E-2

.439E-2

.493E-2

.548E-2

Model: S8D12AB45
LC1: Load case 1
Step: 21500  LOAD: .215E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .597E-2
Min = -.353E-5
Results shown:
Mapped to nodes

.54E-3

.108E-2

.163E-2

.217E-2

.271E-2

.326E-2

.38E-2

.434E-2

.489E-2

.543E-2

Model: S8D12AB45
LC1: Load case 1
Step: 23000  LOAD: .23E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .576E-2
Min = -.34E-5
Results shown:
Mapped to nodes

.521E-3

.104E-2

.157E-2

.209E-2

.262E-2

.314E-2

.366E-2

.419E-2

.471E-2

.524E-2

Model: S8D12AB45
LC1: Load case 1
Step: 24500  LOAD: .245E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .551E-2
Min = -.326E-5
Results shown:
Mapped to nodes

.498E-3

.1E-2

.15E-2

.2E-2

.25E-2

.301E-2

.351E-2

.401E-2

.451E-2

.501E-2

Model: S8D12AB45
LC1: Load case 1
Step: 26000  LOAD: .26E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .511E-2
Min = -.302E-5
Results shown:
Mapped to nodes

.462E-3

.927E-3

.139E-2

.186E-2

.232E-2

.279E-2

.325E-2

.372E-2

.418E-2

.464E-2

Model: S8D12AB45
LC1: Load case 1
Step: 27500  LOAD: .275E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .472E-2
Min = -.279E-5
Results shown:
Mapped to nodes

.426E-3

.855E-3

.128E-2

.171E-2

.214E-2

.257E-2

.3E-2

.343E-2

.386E-2

.429E-2

Model: S8D12AB45
LC1: Load case 1
Step: 29000  LOAD: .29E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .538E-2
Min = -.337E-5
Results shown:
Mapped to nodes

.486E-3

.976E-3

.147E-2

.196E-2

.244E-2

.293E-2

.342E-2

.391E-2

.44E-2

.489E-2

Figure Q.2: Crack strainǫnncr , from top to bottom (approximate displacement):uy=1.70
mm,uy=1.85 mm,uy=2.00 mm,uy=2.10 mm,uy=2.15 mm,uy=2.15 mm,
uy=2.10 mm,uy=2.05 mm anduy=2.60 mm
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R. Mayer S4D16-A (B25)

Model: S4D16AB25
LC1: Load case 1
Step: 4000  LOAD: .4E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .131E-1  Min = 0
Results shown:
Mapped to nodes

.119E-2

.239E-2

.358E-2

.478E-2

.597E-2

.717E-2

.836E-2

.955E-2

.107E-1

.119E-1

Model: S4D16AB25
LC1: Load case 1
Step: 6000  LOAD: .6E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .168E-1  Min = 0
Results shown:
Mapped to nodes

.153E-2

.306E-2

.459E-2

.612E-2

.765E-2

.918E-2

.107E-1

.122E-1

.138E-1

.153E-1

Model: S4D16AB25
LC1: Load case 1
Step: 8000  LOAD: .8E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .213E-1  Min = 0
Results shown:
Mapped to nodes

.193E-2

.386E-2

.58E-2

.773E-2

.966E-2

.116E-1

.135E-1

.155E-1

.174E-1

.193E-1

Model: S4D16AB25
LC1: Load case 1
Step: 10000  LOAD: .1E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .228E-1  Min = 0
Results shown:
Mapped to nodes

.207E-2

.414E-2

.621E-2

.829E-2

.104E-1

.124E-1

.145E-1

.166E-1

.186E-1

.207E-1

Model: S4D16AB25
LC1: Load case 1
Step: 12000  LOAD: .12E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .226E-1  Min = 0
Results shown:
Mapped to nodes

.206E-2

.411E-2

.617E-2

.823E-2

.103E-1

.123E-1

.144E-1

.165E-1

.185E-1

.206E-1

Model: S4D16AB25
LC1: Load case 1
Step: 14000  LOAD: .14E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .127E-1  Min = 0
Results shown:
Mapped to nodes

.115E-2

.23E-2

.345E-2

.461E-2

.576E-2

.691E-2

.806E-2

.921E-2

.104E-1

.115E-1

Model: S4D16AB25
LC1: Load case 1
Step: 16500  LOAD: .165E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .237E-1
Min = -.273E-5
Results shown:
Mapped to nodes

.215E-2

.43E-2

.646E-2

.861E-2

.108E-1

.129E-1

.151E-1

.172E-1

.194E-1

.215E-1

Figure R.1: Crack strainǫnncr , from top to bottom (approximate displacement):uy=0.75
mm,uy=1.30 mm,uy=2.15 mm,uy=2.75 mm,uy=3.30 mm,uy=2.10 mm
anduy=4.60 mm
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S. Mayer S6D16-A (B25)

This appendix shows some detailed results of simulation S6D16AB25 not
given in chapter 7. Load-displacement curve (41000 load steps):
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Mayer S6D16−A Hordijk 70 teeth (B25 Gf=0.053 400x400x2700 mm)
steel bar only

Figure S.1: Load-displacement curve simulation S6D16-A (B25)
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Figure S.2: Principal stress along inner side of rebar at crack initiation
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Model: S6D16AB25
LC1: Load case 1
Step: 3000  LOAD: .3E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .124E-1  Min = 0
Results shown:
Mapped to nodes

.112E-2

.225E-2

.337E-2

.449E-2

.562E-2

.674E-2

.787E-2

.899E-2

.101E-1

.112E-1

Model: S6D16AB25
LC1: Load case 1
Step: 5000  LOAD: .5E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .129E-1  Min = 0
Results shown:
Mapped to nodes

.118E-2

.235E-2

.353E-2

.471E-2

.589E-2

.706E-2

.824E-2

.942E-2

.106E-1

.118E-1

Model: S6D16AB25
LC1: Load case 1
Step: 7000  LOAD: .7E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .145E-1  Min = 0
Results shown:
Mapped to nodes

.132E-2

.264E-2

.396E-2

.528E-2

.66E-2

.792E-2

.924E-2

.106E-1

.119E-1

.132E-1

Model: S6D16AB25
LC1: Load case 1
Step: 10000  LOAD: .1E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .123E-1
Min = -.266E-5
Results shown:
Mapped to nodes

.111E-2

.223E-2

.334E-2

.446E-2

.557E-2

.669E-2

.78E-2

.892E-2

.1E-1

.111E-1

Model: S6D16AB25
LC1: Load case 1
Step: 12000  LOAD: .12E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .133E-1
Min = -.287E-5
Results shown:
Mapped to nodes

.121E-2

.241E-2

.362E-2

.483E-2

.604E-2

.725E-2

.845E-2

.966E-2

.109E-1

.121E-1

Model: S6D16AB25
LC1: Load case 1
Step: 14000  LOAD: .14E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .132E-1
Min = -.296E-5
Results shown:
Mapped to nodes

.12E-2

.24E-2

.36E-2

.48E-2

.601E-2

.721E-2

.841E-2

.961E-2

.108E-1

.12E-1

Model: S6D16AB25
LC1: Load case 1
Step: 16000  LOAD: .16E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .165E-1
Min = -.354E-5
Results shown:
Mapped to nodes

.15E-2

.3E-2

.451E-2

.601E-2

.751E-2

.902E-2

.105E-1

.12E-1

.135E-1

.15E-1

Model: S6D16AB25
LC1: Load case 1
Step: 19000  LOAD: .19E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .153E-1
Min = -.117E-4
Results shown:
Mapped to nodes

.138E-2

.278E-2

.417E-2

.557E-2

.697E-2

.836E-2

.976E-2

.112E-1

.125E-1

.139E-1

Figure S.3: Crack strainǫnncr , from top to bottom (approximate displacement):uy=0.75
mm,uy=1.05 mm,uy=1.50 mm,uy=1.55 mm,uy=1.90 mm,uy=2.15 mm,
uy=3.15 mm anduy=3.20 mm
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Model: S6D16AB25
LC1: Load case 1
Step: 21000  LOAD: .21E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .159E-1
Min = -.127E-4
Results shown:
Mapped to nodes

.144E-2

.289E-2

.433E-2

.578E-2

.723E-2

.868E-2

.101E-1

.116E-1

.13E-1

.145E-1

Model: S6D16AB25
LC1: Load case 1
Step: 27000  LOAD: .27E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .161E-1
Min = -.181E-4
Results shown:
Mapped to nodes

.145E-2

.292E-2

.439E-2

.585E-2

.732E-2

.879E-2

.103E-1

.117E-1

.132E-1

.147E-1

Model: S6D16AB25
LC1: Load case 1
Step: 29000  LOAD: .29E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .193E-1
Min = -.126E-4
Results shown:
Mapped to nodes

.174E-2

.349E-2

.524E-2

.699E-2

.875E-2

.105E-1

.122E-1

.14E-1

.158E-1

.175E-1

Model: S6D16AB25
LC1: Load case 1
Step: 33000  LOAD: .33E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .185E-1
Min = -.164E-4
Results shown:
Mapped to nodes

.167E-2

.336E-2

.504E-2

.673E-2

.841E-2

.101E-1

.118E-1

.135E-1

.152E-1

.168E-1

Model: S6D16AB25
LC1: Load case 1
Step: 37000  LOAD: .37E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .177E-1
Min = -.516E-4
Results shown:
Mapped to nodes

.156E-2

.318E-2

.479E-2

.64E-2

.802E-2

.963E-2

.112E-1

.129E-1

.145E-1

.161E-1

Model: S6D16AB25
LC1: Load case 1
Step: 40000  LOAD: .4E5
Gauss EL.ITEMS ITEM04
Max = .224E-1
Min = -.695E-4
Results shown:
Mapped to nodes

.197E-2

.401E-2

.605E-2

.809E-2

.101E-1

.122E-1

.142E-1

.162E-1

.183E-1

.203E-1

Figure S.4: Crack strainǫnncr , from top to bottom (approximate displacement):uy=3.45
mm,uy=3.50 mm,uy=4.00 mm,uy=4.20 mm,uy=4.60 mm anduy=5.95 mm

Model: S6D16AB25
LC1: Load case 1
Step: 40000  LOAD: .4E5
Gauss EL.ITEMS ITEM10
Max/Min on results set:
Max = 70  Min = 0
Results shown:
Mapped to nodes

0
.75
.875
1
2
3
4
5
10
20
40
50
70

Figure S.5: Damage atuy=5.95 mm (damage indicator N-direction, 70 equals complete
damage)
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T. Mayer S2D25-A (B25)

This appendix shows some detailed results of simulation S2D25AB25 not
given in chapter 7. Load-displacement curve (18000 load steps):
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Mayer S2D25−A Hordijk 70 teeth (B25 Gf=0.053 400x400x2900 mm)
steel bar only

Figure T.1: Load-displacement curve simulation S2D25-A (B25)
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Figure T.2: Principal stress along inner side of rebar at crack initiation

Model: S2D25AB25
LC1: Load case 1
Step: 17000  LOAD: .17E5
Gauss EL.ITEMS ITEM10
Max/Min on results set:
Max = 70  Min = 0
Results shown:
Mapped to nodes

0
.75
.875
1
2
3
4
5
10
20
40
70

Figure T.3: Damage atuy=6.40 mm (damage indicator N-direction, 70 equals complete
damage)

216



Model: S2D25AB25
LC1: Load case 1
Step: 3000  LOAD: .3E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .246E-1  Min = 0
Results shown:
Mapped to nodes

.223E-2

.447E-2

.67E-2

.894E-2

.112E-1

.134E-1

.156E-1

.179E-1

.201E-1

.223E-1

Model: S2D25AB25
LC1: Load case 1
Step: 5000  LOAD: .5E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .258E-1  Min = 0
Results shown:
Mapped to nodes

.235E-2

.47E-2

.704E-2

.939E-2

.117E-1

.141E-1

.164E-1

.188E-1

.211E-1

.235E-1

Model: S2D25AB25
LC1: Load case 1
Step: 7000  LOAD: .7E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .193E-1  Min = 0
Results shown:
Mapped to nodes

.176E-2

.351E-2

.527E-2

.702E-2

.878E-2

.105E-1

.123E-1

.14E-1

.158E-1

.176E-1

Model: S2D25AB25
LC1: Load case 1
Step: 11000  LOAD: .11E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .276E-1
Min = -.163E-5
Results shown:
Mapped to nodes

.251E-2

.502E-2

.754E-2

.1E-1

.126E-1

.151E-1

.176E-1

.201E-1

.226E-1

.251E-1

Model: S2D25AB25
LC1: Load case 1
Step: 13000  LOAD: .13E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .285E-1
Min = -.182E-5
Results shown:
Mapped to nodes

.259E-2

.518E-2

.776E-2

.104E-1

.129E-1

.155E-1

.181E-1

.207E-1

.233E-1

.259E-1

Model: S2D25AB25
LC1: Load case 1
Step: 15000  LOAD: .15E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .293E-1
Min = -.292E-5
Results shown:
Mapped to nodes

.266E-2

.533E-2

.799E-2

.107E-1

.133E-1

.16E-1

.187E-1

.213E-1

.24E-1

.266E-1

Model: S2D25AB25
LC1: Load case 1
Step: 17000  LOAD: .17E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .34E-1
Min = -.303E-5
Results shown:
Mapped to nodes

.309E-2

.617E-2

.926E-2

.124E-1

.154E-1

.185E-1

.216E-1

.247E-1

.278E-1

.309E-1

Figure T.4: Crack strainǫnncr , from top to bottom (approximate displacement):uy=1.40
mm,uy=2.00 mm,uy=1.95 mm,uy=3.20 mm,uy=3.95 mm,uy=4.90 mm
anduy=6.40 mm
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Mayer S4D25-A (B25)
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U. Mayer S4D25-A (B25)

Model: S4D25AB25
LC1: Load case 1
Step: 3000  LOAD: .3E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .104E-1  Min = 0
Results shown:
Mapped to nodes

.949E-3

.19E-2

.285E-2

.38E-2

.475E-2

.57E-2

.664E-2

.759E-2

.854E-2

.949E-2

Model: S4D25AB25
LC1: Load case 1
Step: 5000  LOAD: .5E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .107E-1  Min = 0
Results shown:
Mapped to nodes

.97E-3

.194E-2

.291E-2

.388E-2

.485E-2

.582E-2

.679E-2

.776E-2

.873E-2

.97E-2

Model: S4D25AB25
LC1: Load case 1
Step: 7000  LOAD: .7E4
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .131E-1
Min = -.512E-6
Results shown:
Mapped to nodes

.119E-2

.239E-2

.359E-2

.478E-2

.598E-2

.717E-2

.837E-2

.956E-2

.108E-1

.12E-1

Model: S4D25AB25
LC1: Load case 1
Step: 10000  LOAD: .1E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .967E-2
Min = -.186E-5
Results shown:
Mapped to nodes

.878E-3

.176E-2

.264E-2

.352E-2

.44E-2

.528E-2

.616E-2

.703E-2

.791E-2

.879E-2

Model: S4D25AB25
LC1: Load case 1
Step: 12000  LOAD: .12E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .972E-2
Min = -.189E-5
Results shown:
Mapped to nodes

.882E-3

.176E-2

.265E-2

.353E-2

.442E-2

.53E-2

.618E-2

.707E-2

.795E-2

.883E-2

Model: S4D25AB25
LC1: Load case 1
Step: 14000  LOAD: .14E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .947E-2
Min = -.195E-5
Results shown:
Mapped to nodes

.859E-3

.172E-2

.258E-2

.344E-2

.43E-2

.517E-2

.603E-2

.689E-2

.775E-2

.861E-2

Model: S4D25AB25
LC1: Load case 1
Step: 16000  LOAD: .16E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .18E-1
Min = -.408E-5
Results shown:
Mapped to nodes

.163E-2

.327E-2

.491E-2

.655E-2

.819E-2

.983E-2

.115E-1

.131E-1

.147E-1

.164E-1

Model: S4D25AB25
LC1: Load case 1
Step: 19000  LOAD: .19E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .165E-1
Min = -.181E-4
Results shown:
Mapped to nodes

.148E-2

.298E-2

.447E-2

.597E-2

.747E-2

.897E-2

.105E-1

.12E-1

.135E-1

.15E-1

Figure U.1: Crack strainǫnncr , from top to bottom (approximate displacement):uy=0.65
mm,uy=0.90 mm,uy=1.40 mm,uy=1.20 mm,uy=1.35 mm,uy=1.55 mm,
uy=3.40 mm anduy=3.35 mm
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Model: S4D25AB25
LC1: Load case 1
Step: 21000  LOAD: .21E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .184E-1
Min = -.97E-5
Results shown:
Mapped to nodes

.167E-2

.335E-2

.502E-2

.67E-2

.838E-2

.101E-1

.117E-1

.134E-1

.151E-1

.168E-1

Model: S4D25AB25
LC1: Load case 1
Step: 24000  LOAD: .24E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .15E-1
Min = -.185E-4
Results shown:
Mapped to nodes

.134E-2

.271E-2

.407E-2

.543E-2

.68E-2

.816E-2

.952E-2

.109E-1

.122E-1

.136E-1

Model: S4D25AB25
LC1: Load case 1
Step: 27000  LOAD: .27E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .192E-1
Min = -.895E-5
Results shown:
Mapped to nodes

.173E-2

.348E-2

.522E-2

.696E-2

.871E-2

.104E-1

.122E-1

.139E-1

.157E-1

.174E-1

Model: S4D25AB25
LC1: Load case 1
Step: 30000  LOAD: .3E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .168E-1
Min = -.17E-4
Results shown:
Mapped to nodes

.151E-2

.305E-2

.458E-2

.611E-2

.764E-2

.917E-2

.107E-1

.122E-1

.138E-1

.153E-1

Model: S4D25AB25
LC1: Load case 1
Step: 32000  LOAD: .32E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .177E-1
Min = -.137E-4
Results shown:
Mapped to nodes

.159E-2

.32E-2

.481E-2

.641E-2

.802E-2

.963E-2

.112E-1

.128E-1

.145E-1

.161E-1

Model: S4D25AB25
LC1: Load case 1
Step: 35000  LOAD: .35E5
Gauss EL.ITEMS ITEM04
Max/Min on results set:
Max = .235E-1
Min = -.541E-4
Results shown:
Mapped to nodes

.209E-2

.423E-2

.637E-2

.851E-2

.106E-1

.128E-1

.149E-1

.171E-1

.192E-1

.213E-1

Figure U.2: Crack strainǫnncr , from top to bottom (approximate displacement):uy=4.25
mm,uy=4.40 mm,uy=4.40 mm,uy=4.95 mm,uy=4.70 mm anduy=6.15
mm
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