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A B S T R A C T   

The tensile response of ultra-high performance fibre-reinforced composites (UHPFRC) is decisive in many ap-
plications and depends on the steel fibre content and orientation. These vary troughout the structural element 
and may differ from those in the laboratory specimens used to characterize the material behaviour. This work 
presents the developments on a non-destructive test method based on the measurement of the magnetic 
inductance, substantiating its use for the determination of the fibre content and orientation in thin UHPFRC 
elements and allowing the estimation of the directionally dependent post-cracking tensile strength of the ma-
terial in the structure. Starting from a probabilistic description of the fibre orientation, an existing physical model 
of the magnetic circuit composed of a U-shaped inductor and the composite is generalized and is used to derive 
the relations between the magnetic inductance measurements, the fibre volumetric fraction and the fibre 
orientation factor. A second-order tensor approximation of the relative magnetic permeability of the composite is 
proposed to determine the in-plane fibre orientation factor along any direction based on any three non-collinear 
measurements. Experimental evidence is presented supporting the theoretical developments. The factors that 
may affect the measurements are experimentally quantified. The paper concludes with an application example.   

1. Introduction 

Ultra-high performance fibre-reinforced cementitious composites 
(UHPFRC) is the adopted designation for a family of composite mate-
rials, also designated as reactive powder concretes [1], constituted by a 
compact cementitious matrix embedding a large number of short steel 
fibres [2,3]. The high mechanical resistance and the high unit cost of the 
material make it suitable for materializing thin structural elements, such 
as slender bridge deck slabs or beams with thin webs (Fig. 1). UHPFRC 
can be prestressed or reinforced with ordinary steel bars. In many 
structural concepts, the prestress strands (or the reinforcement bars) are 
placed on longitudinal and/or transversal ribs, delimiting thin (40–60 
mm thick) panels of unreinforced UHPFRC. The strengthening and 
rehabilitation of existing reinforced concrete (RC) structures through 
application of thin (generally 30–60 mm thick) layers of UHPFRC [4–6] 
constitutes another relevant field of application, see also Fig. 1. 

The tensile response of the UHPFRC schematically represented in 
Fig. 2 is critical for the performance of the thin unreinforced UHPFRC 
elements. The composite remains crack-free until the limit of elasticity 

in tension (fUte) is reached. In the case of short-fibre polymeric com-
posites [7–9], the elastic properties – Young modulus and limit of elas-
ticity in tension – depend on the anisometric fibre structure. In the case 
of UHPFRC, it is shown in Ref. [10] that this dependence can also be 
observed for fUte. In the inelastic regime, depending on the fibre type, 
content and orientation [11–15], a strain hardening phase may be 
achieved, characterized by the formation of a stable microcrack pattern. 
When the post-cracking tensile strength (fUtu) is reached, the de-
formations localize in a macrocrack that can still carry significant re-
sidual tensile stresses until the full stress release. This behaviour is 
thoroughly discussed in Refs. [16,17]. The post-cracking tensile strength 
along the i-direction, fUtu,i, can be determined using the equation first 
proposed by Naaman [18,19]: 

fUtu,i = τf α0,i α1,iVf
lf

df
= τf .λi (1)  

where τf is a representative value of the fibre-to-matrix bond, α0,i and α1,i 
are the fibre orientation and efficiency factors, respectively, Vf is the 
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volumetric fibre fraction, lf and df, the length and diameter of the fibres. 
The fibre parameters related to orientation, efficiency, content and ge-
ometry can be lumped on the directionally dependent fibre structure 
parameter, λi. This equation was validated for UHPFRC with varying 
fibre content and orientation profiles [13,17,20]. 

The tensile constitutive law of UHPFRC can be directly obtained from 
the uniaxial (direct) tensile test (UTT) [13,21,22], or from the four-point 
bending test (FPBT) using inverse analysis [23–29]. The double-edge 
wedge-splitting test (DEWST) has also been shown to be a suitable test 
for the direct determination of the post-cracking tensile strength fUtu 
[30–32]. However, the distribution of the fibres in a UHPFRC element 
depends on the rheology of the composite in the fresh state and the 
casting procedure [16,33–39]. Usually, self-compacting mixtures are 
considered, potentially leading to flow-induced fibre orientation 
[40–42] and to the anisotropic tensile behaviour of the material 
[43–46]. The latter is the direct consequence of anisometric fibre dis-
tribution that can be described using stereological principles and geo-
metric probability theory [12,46–48]. It is also known that mixes with 
excessive fluidity may lead to fibre sedimentation across the thickness of 
horizontally cast elements or towards the base of vertically cast panels. 
Moreover, uneven fibre distribution may occur whenever two casting 
fronts meet, creating a weak discontinuity in the element which may 
govern the behaviour [49–52]. All this makes the tensile response of the 
material in the structure to differ from that obtained with laboratory 
specimens. The use of test specimens cut from larger panels provides one 
way to assess these effects [14,38,52–54], but is both costly and 
time-consuming. 

Suitable quality control methods providing reliable indicators of the 
“in-structure” fibre content and orientation are necessary to ensure the 
envisaged structural performance is achieved. Non-destructive test 
(NDT) methods pursuing this objective have been developed based on 
measurements of the electric resistivity [55–58], AC-impedance spec-
troscopy (AC-CS) [59] and magnetic properties of the fibres [51,60–65]. 
In particular, the NDT methods based on the magnetic inductance 

measurements provided by U-shaped probes placed over the surface of 
thin UFPFRC elements have shown great potential for field applications 
[51,60,61,65]. 

2. Research objectives and significance 

This work presents further developments on the NDT method pro-
posed by Nunes et al. [20,65], recently adopted by other researchers 
[54,66,67,10] and recommended in the new swiss code for UHPFRC 
structures [68] currently under consultation. These developments are 
decisive for substantiating its use in the determination of the fibre 
content and orientation indicators in thin UHPFRC elements and allow 
the estimation of the directionally dependent “in structure” 
post-cracking tensile strength along any direction of interest based on 
any three non-collinear measurements. 

3. Description of the fibre orientation 

In the three-dimensional space (3D), a fibre can freely rotate ac-
cording to the angles θ (polar) and φ (azimuthal), and all possible ori-
entations describe the surface of a sphere (Fig. 3(a)). On the other hand, 
in the two-dimensional case (2D), the fibres are considered to lie on 
parallel planes, all possible orientations of a fibre describe a circum-
ference (Fig. 3(b)) and are defined by the angle, θ. However, depending 
on the element thickness and the fibre position relative to its depth, the 
fibre rotation can be limited. For this reason, the fibre distribution on 
real thin elements is not exactly represented by a 2D nor by a 3D dis-
tribution [69,70]. In fact, it can be taken as a 3D distribution with 
truncated limits expressing the so-called “wall effects”. 

According to French norm NF P18-710 [71], UHPFRC thin elements 
are considered those with a thickness not greater than three times the 
length of fibres, hU/lf ≤ 3 (where lf is the length of the longest fibres 
contributing to ensuring non-brittleness). In this work, it is considered 
that thin elements are those where the fibre orientation distribution 
varies essentially in xy-plane, perpendicular to the element thickness 
(Fig. 4). In particular, it is assumed that the direction of preferential 
fibre orientation is parallel to the xy plane. 

3.1. Probability density function 

The fibre orientation state in 3D or 2D can be described using the 
probability density function, ψ(θ,φ). Some assumptions have to be taken 
into account: the fibres are rigid cylinders, uniform in length and 
diameter, and are uniformly distributed in space (3D) or in the plane 
(2D) [72]. The orientation of a fibre can be described using a spherical 
coordinate system in 3D (Fig. 3(a)) or in a polar coordinate system in 2D 
(Fig. 3(b)). 

Since a fibre oriented at any angles (θ,φ) is indistinguishable from 
another oriented at (π-θ, φ+π), the probability density function of the 
fibre orientation, ψ(θ,φ) is π-periodic. To account for this property, 

Fig. 1. Structural applications of UHPFRC involving thin (30–60 mm) UHPFRC 
elements or layers. 

Fig. 2. UHPFRC constitutive law with hardening under uniaxial tension.  

Fig. 3. Representation of fibre orientation in (a) 3D and (b) 2D.  
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Guenet [73] used the following bell-shaped function: 

Ψ(θ,φ)= cosh
(
kg cos θ

)
(2)  

where kg ≥ 0 is a parameter that characterizes the sharpness of the 
function: kg = 0 defines a uniform distribution, and when kg→∞, Ψ tends 
to Dirac Delta function, i.e., the orientation becomes unidirectional 
(1D). Eq. (2) is expressed in such a way that the default preferential 
orientation of the fibres (maximum value of Ψ) is along the x-axis. By 
rotating the xy-plane around the z-axis, the preferential in-plane orien-
tation becomes defined by the angle β0 (see Fig. 3). After some mathe-
matical manipulation it can be shown that the final probability density 
functions of the fibre orientation in the 3D and 2D cases are given in Eq. 
(3) (a) and (b), respectively: 

3D : ψ(θ,φ)=
kg

2π sin hkg
cosh

[
kg(cos θ cos β0 + sin θ cos φ sin β0)

]
(a) (3)  

2D : ψ(θ) =
cosh

[
kg(cos θ cos β0 + sin θ sin β0)

]

∫ π
θ=0 cosh

[
kg(cos θ cos β0 + sin θ sin β0)

]
dθ

(b)

The derivation of Eq. (3) is presented in Appendix Aof the suple-
mentary material. By applying Eq. (3) (b), considering kg = 0, 2, 10 and 
the preferential in-plane orientation of the fibres β0 = 30◦., the graphic 
representations of the 2D-probability density functions are presented in 
Fig. 5. The corresponding representation for the 3D case in the spherical 
coordinate system is provided in Appendix A. 

3.2. Scalar descriptors 

Simpler descriptions of the fibre orientation are obtained using scalar 
variables. For the readers not familiar with these concepts, reference is 
made to Appendix B. In particular, the fibre orientation factor, α0,i, 
defined as the probability of a single fibre to intersect a random planar 

surface normal to a given i-axis is of particular interest. This scalar is 
used as an input variable in engineering models for determining the 
anisotropic post-cracking tensile strength, fUtu,i, as per Eq. (1), or the 
fibre efficiency factor, α1,i, as per Eq. B. (7). 

The procedures for quantifying α0,i in thin elements in which the 
boundaries constrain the orientation of the fibres (wall effects) are 
described the Appendix C. 

4. Non-destructive test method 

4.1. Fundamentals 

The magnetic permeability of a material, μ, can be defined as the 
constant of proportionality between the magnetizing field strength to 
which the material is subjected and the resultant magnetic flux density 
inside the material. In isotropic mediums, μ is a scalar, becoming a 
second order tensor in anisotropic mediums. It can be more conveniently 
expressed in terms of relative magnetic permeability μr, which is the 
factor by which the material permeability exceeds that of free space, μ0, 
that is: μr=μ/μ0. UHPFRC is a composite constituted by two phases: the 
matrix, with a relative magnetic permeability μrm = 1.0, similar to that 
of the air and independent of the mix composition and age; and the fi-
bres, which show ferromagnetic behaviour, i. e, μrf ≫1. This makes the 
measurement of any physical quantity depending on the magnetic 
permeability of the composite a good candidate for providing informa-
tion on both the amount and orientation of the fibres. 

In a previous work by Nunes et al. [65], an inductor was developed 
consisting of a U-shaped ferrite core with a copper wire coil wound 
round both legs (see Fig. 6). A magnetic field is generated when an 
electric current passes through the copper winding. The inductance, L, is 
the ratio of the magnetic flux to current and can be measured using an 
LCR meter, as depicted in Fig. 6 (b). If the U-shaped inductor is placed 
over a UHPFRC layer, the inductance of the resulting magnetic circuit 
depends on the relative magnetic permeability of the composite ac-
cording to the equation derived in Ref. [65]: 

Li =
N2μ0

lc/Ac
μrc

+
l/A
μr,i

(4)  

where the subscript (.)i refers to any in-plane direction along which the 
inductance is being measured, N is the number of turns in the coil; lc/Ac 
is ratio between the length of the magnetic path through the U-shaped 
core and its cross-sectional area; μrc is the relative magnetic permeability 
of the core material (ferrite); and μr,i is the relative magnetic perme-
ability of the composite along the i-direction. The ratio l/A relates to 
geometrical properties of the magnetic field path through the composite 
layer. Knowing that μrc and μr,i differ by three orders of magnitude, and 

Fig. 4. Fibre distribution in the xy-plane.  

Fig. 5. 2D-Probability density functions: (a) ψ as a function of the polar coordinate θ; (b) representation on the polar coordinate system.  
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assuming that the ratio l/A remains approximately unchanged when the 
inductance Lair is measured placing the probe in the air, away from any 
magnetic object, the relative magnetic permeability of the composite 
can be estimated experimentally according to: 

μr,i ≈
Li

Lair
(5)  

4.2. Simplified physical model of the composite 

A simple model of the composite supporting the NDT method was 
developed in Ref. [65]. As previously mentioned, the composite is 
considered as a two phase material, matrix and fibres, with relative 
magnetic permeability equal to μrm = 1.0 and μrf > 1, respectively. 
Negligible interaction is assumed between the fibres. The fibres are 
assumed to lie on parallel planes and to be aligned in the same direction, 
that is, the orientation is 2D and is described by a Dirac delta function. 
This model is herein generalized. Instead of a Dirac delta, the 2D 
probability density function given by Eq. (3) (b) is adopted instead, 
allowing for more realistic in-plane distribution of fibres in thin UHPFRC 
elements. 

The orientation angle of the probe (alignment of the legs) is defined 
by the angle β and the orientation angle of the fibres is defined by θ, both 
measured with respect to the x-axis, according to Fig. 7. Let dVfn = ψ(θn) 
Vf dθ be the infinitesimal volumetric fraction of fibres oriented between 
θn and (θn + dθ). Likewise in Ref. [65], the fibre volume is divided in two 
parts. However, in this generalized model this division is made for each 
infinitesimal group of fibres, such that dVfn = dVf,n,// + dVf,n,┴  

• dVf,n,// = dVf ,n .cos2(β-θn) corresponds to the part dVf ,n parallel to the 
measuring direction;  

• dVf,n,┴ = dVf ,n .sin2(β-θn) corresponds to the part dVf ,n perpendicular 
to the measuring direction; 

The relative magnetic permeability of a thin UHPFRC element for 
any alignment β of the probe can be calculated according to the in-plane 
generalized simplified physical model as follows (see Ref. [65] for 
further details): 

μr,β =

{
(1-γ)Vf ,⊥

γ + μr,f .(1-γ)
+

[
1-(1-γ)Vf ,⊥

]
.
(
μr,f .γ + 1-γ

)

[
1-(1-γ)Vf ,‖

]
.
(
μr,f .γ + 1-γ

)
+ μr,f .(1-γ)Vf ,‖

}-1

(6)  

where γ is a model parameter expressing the fact that the fibres are 
discontinuous steel filaments. In this generalized model, the volume 
projections are given by Vf ,‖ = Vf 

∫
ψ(θ) cos2(β-θ) dθ and Vf ,⊥ = Vf 

∫
ψ(θ) 

sin2(β-θ) dθ. 
Polar representations of the relative magnetic permeability are 

shown in Fig. 8, considering the probability density functions defined by 
kg = 2 and 5 and β0 = 30◦. The alignment of the maximum relative 
magnetic permeability and preferential fibre orientation directions is 
evident. It is also noticed that the model predicts the average of the 
relative magnetic permeability (μr,mean) along any two orthogonal di-
rections β and β+π/2 to be constant and independent of kg, that is, in-
dependent of the fibre orientation profile. 

4.3. Approximation via a 2nd order tensor 

The relative magnetic permeability given of the theoretical model 
can be approximated by a 2nd order tensor. Thus, the relative magnetic 
permeability for any alignment defined by the angle β, μr,β, can be 
retrieved from the relative magnetic permeability along any three non- 
collinear directions. In particular, knowing μr,i, μr,j and μr,i+π/4 (see 
Fig. 9), μr,β can be determined using Eq. (7): 

μr,β = μr,i.cos2 β+ μr,j.sin2 β +
[
μr,i+π/4-μr,mean

]
sin 2 β (7)  

where μr,mean is the mean relative magnetic permeability between the 
two orthogonal directions, i and j. 

The directions of maximum and minimum magnetic permeability 
can also be determined using the usual tensor operations. These provide 
the visualization of the directions of the preferential fibre orientation in 
larger specimens where inductance measurements are performed in a 
grid of points. This will be exemplified in section 6.2. 

4.3.1. Validation 
A NDT campaign was conducted in 24 DEWST specimens with 150 ×

Fig. 6. NDT method (a) schematic representation of the magnetic circuit constituted by probe and UHPFRC layer [65]; and (b) measurements on a UHPFRC 
thin element. 

Fig. 7. Definition of in-plane orientation angles of fibres.  
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150 × 30 mm3, containing fibre volumetric fractions of 1, 2, 3 and 4 % of 
fibres with lf/df = 13/0.2 (mm/mm) and three fibre orientation profiles: 
oriented (β0 = 0◦ and 90◦) and not-oriented. As depicted in Fig. 10(a), 
each mould has the dimensions 304 × 150 × 30 mm3 and is cut along the 
centreline to produce two similar DEWST specimens. A single batch is 
used to fill each mould so as to guarantee the nominal fibre content. 
Following the procedure and the setup detailed in Refs. [20,65], the 
orientation of the fibres is achieved by casting specimens within a 
magnetic field capable of orienting the fibres while the material is in the 
fresh state. The specimens without preferential fibre orientation were 
cast by placing the material in the centre and allowing it to flow until the 
mould is filled. 

The inductance measurements Li were taken over the moulded face 
every 15◦ (see Fig. 10(b)) and the relative magnetic permeability 

determined according to Eq. (5). The dots in Fig. 11 represent the 
average of the measurements taken on the two similar specimens in each 
mould and the lines provide the tensor approximation according to Eq. 
(6). The agreement is noticeable. In the specimens with no preferential 
orientation of the fibres, the polar representation of the relative mag-
netic permeability shows a figure with nearly constant radius. In the 
specimens with preferential fibre orientation along β0 = 0◦ or 90◦ the 
radius variation is clearly variable, being maximum at β = β0 and min-
imum in the perpendicular direction. 

4.4. Determination of the fibre content 

As shown in section 4.2, the model predicts that the mean relative 
magnetic permeability along two orthogonal directions and given by Eq. 
(8) is nearly insensitive to the fibre orientation distribution and may 
serve as an indicator of the fibre content. 

μr,mean =
1
2
(
μr,i + μr,j

)
(8) 

Additionally, is has been proposed in Ref. [65] that (μr,mean − 1) in-
creases linearly with the fibre volumetric fraction: 

V f =
μr,mean − 1

kv
(9)  

where kv is the proportionally constant and depends on the geometric 
and magnetic permeability of the fibres. This can be accounted for in the 
model through the parameters γ and μrf. Fig. 12 shows the model pre-
dictions considering a fibre distribution with kg = 5 and β0 = 0◦, and the 

Fig. 8. Polar representation of relative magnetic permeability for β0 = 30◦ and (a) kg = 2 and (b) kg = 5.  

Fig. 9. 2nd order tensor approximation of the relative magnetic permeability.  

Fig. 10. DEWST specimens: (a) Dimensions (mm) of the mould for two identical specimens; (b) scheme of the probe measurement and notation.  
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parameters γ = 0.37 and μrf = 2000, confirming Eq. (9). As will be 
discussed in section 5, other factors have a direct influence on kv which 
cannot be described by this simple model, such as the element thickness, 
the finishing of the surface, the fibre sedimentation across the thickness 
and the distance of the probe to the border of the element. 

4.4.1. Validation 
The experimental validation of Eq. (9) is made with data from three 

experimental campaigns, totalizing 58 specimens and varying the fibre 
volumetric fraction, the fibre orientation profiles, the fibre geometry 
and the element thickness. The experimental data is summarized in 
Table 1. The measurements were made on the moulded face of DEWST 
specimens with the same in-plane dimensions 150 × 150mm2. The 
specimens of the series DEWST1 and DEWST3 are those of reference 
[65], and the DEWST2 are those mentioned in section 4.3.1. In Table 1 is 
also shown the kv providing the best fit to the data of each experimental 
series. As expected, kv increases with the length of the fibres. This shows 
that if the fibre volumetric fraction is to be determined in a given 
structural element, previous calibration of the slope kv of the regression 
line must be performed in the laboratory in specimens with known fibre 
content and the same type of fibres. The results are independent of the 
cementitious matrix. 

The results are shown in Fig. 13. It can be seen that Eq. (9) is within 
the 90 % confidence lines of the linear regression model, further 

confirming its validity. A finer analysis indicates that the scatter in the 
series DEWST1 and DEWST3 increases noticeably above Vf = 3 %. The 
most likely explanation relies on the fact that the inductance measure-
ments are quite sensitive to the uneven distribution of the fibres across 

Fig. 11. Polar representation of the relative magnetic permeability of DESWT2 plates (a) fibres preferentially oriented at β0 = 0◦ and (b) fibres without preferential 
orientation. 

Fig. 12. Model predictions: (a) Relative magnetic permeability variation with Vf and β;(b) relation between Vf and ur,mean.  

Table 1 
Specimens used to validate Eq. (9).  

Ref. hU lf df Vf Fibre orientation kv 

[mm] [mm] [mm] [%] x [− ] Not-orient.  

DEWST1 25 9-12a) 0.175 0.5 2 2 2 4.12 
1.5 2 2 2 
3.0 2 2 2b) 

DEWST2 30 13 0.2 1.0 2 2 2 4.68 
2.0 2 2 2 
3.0 2 2 2 
4.0 2 2 2 

DEWST3 25 10 0.175 1.0 2 – 2 3.90 
2.0 2 – 2 
3.0 2 – 2 
4.0 2 – 2  

a 50 % of each. 
b μr,mean measurements on these specimens were identified in Ref. [65] as 

outliers and are not considered here for the determination of kv indicated in the 
table. 
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the thickness of the specimens, most often due to fibre sedimentation. 
This will be discussed in detail in section 5.3. It is recalled that the 
measurements were performed over the moulded (bottom) face and it 
cannot be ruled out that in some specimens this may have contributed to 
at least part of the observed scatter. 

4.5. Determination of the fibre orientation factor 

The fibre orientation indicator, ρij, given by: 

ρij =
μr,i-μr,j

2
(
μr,mean-1

) (10)  

was introduced in Ref. [65] as being practically independent of the fibre 
content. Positive values of ρij indicate orientation of the fibres along the 
i-direction, and along j-direction, otherwise. Values close to zero indi-
cate no preferential orientation. Later, Nunes et al. [20] identified 
experimentally a linear relation between ρij and the fibre orientation 
factor, α0,i, allowing its determination from the NDT measurements. This 
is here further explored using the model introduced in section 4.2. In 
Fig. 14 the theoretical results concerning relation between α0,i and ρij are 
presented using the 2D-probability density function. Different orienta-
tion profiles were obtained varying the parameter kg and inserted in Eq. 
(6) using the model parameters γ = 0.37 and μrf = 2000 to calculate the 
corresponding relative magnetic permeability μr,β. The angle β was 
varied between 0◦ and 90◦ to obtain the full range of possible ρij values 
for each fibre orientation profile. The corresponding values of α0,i were 
determined according to Eq. (5) (b). It can be seen that the relation 

between α0,i and ρij becomes closer to linear as kg approaches values 
representative of fibre orientation profiles that can be found in practice, 
for which kg = 10 can be considered as an upper bound. It is noticed that 
the slope of linear fit to the modelled nonlinear relation remains prac-
tically unchanged with varying kg value. 

For a 2D uniform distribution of fibre orientation (kg = 0) we get ρij 
= 0 and α0 = 0.64. For elements with finite thickness, it is shown in 
section B.2 and C of the supplementary material that α0 is a function of 
hU/lf. Therefore, the general form linear relation is: 

α0,i = kα ρij + α0
(
hU

/
lf
)

(11)  

with kα being the slope of the linear regression and α0 (hU/lf) determined 
according to Table C1 of the supplementary material. 

In Fig. 14(b) it is shown that the influence of fibre volumetric fraction 
can be neglected for practical purposes. 

4.5.1. Validation 
The validation of the linear relation expressed by Eq. (10), as well as 

the determination of the slope kα, is made using the methodology 
adopted in Nunes et al. [20]. After the mechanical testing of the DEWST 
specimens over which the NDT measurements reported in section 4.3.1 
were made, a cubic sample of 30 × 30 × 30mm3 was cut in the central 
part of selected specimens, at a distance greater than lf/2 from the crack 
section to ensure that no fibres were pulled out from the sample. These 
samples were then used for the determination of α0,i according to Eq. B. 
(1) given in the supplementary material, following the image analysis 
procedures described in detail in Ref. [20]. The corresponding values are 
tabulated in the supplementary material and shown in Fig. 15, jointly 
with the linear regression line and its 90 % confidence band. 

The data covers a wide range of ρij and α0,i values and confirms the 
adequacy of the linear model. As shown in Fig. 15 (a), no discernible 
effect of fibre volumetric fraction can be detected. All this is in agree-
ment with the trends predicted by the theoretical model. In Fig. 15 (b) 
the data is labelled according to the orientation profile. The non- 
oriented specimens present smaller ρij values and populate the central 
part of the regression. The two data points corresponding to oriented 
specimens located in this central region correspond samples cut at 45◦

from direction of preferential fibre orientation. 
The slope of the regression line indicates that kα = 1.84 with a nar-

row 90 % confidence band. The intersection at the origin is α0 = 0.55, 
quite close to the values that can be calculated using the methodology 
described in section B.2 of the supplementary material considering 
uniform fibre orientation distribution in elements with finite thickness. 
In fact, noting that for the ratios hU/lf = 2.1 for DEWST1 and 2.3 for 
DEWST2, α0 = 0.546 and 0.542 can be obtained from Table C1 of the 

Fig. 13. Normalized fibre content indicator versus the volumetric 
fibre fraction. 

Fig. 14. Theoretical results for the relation between fibre orientation factor and fibre orientation indicator with variation of (a) kg and (b) Vf.  
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supplementary material. 
The linearization of the relation between ρij and α0,i and the fact that, 

by definition, ρij = - ρji implies that: 

α0,i =
2 α0

1 + α0,j
/

α0,i
(12) 

This equation is independent of the slope kα and is plotted in Fig. 16 
jointly with the experimental data already included in Figure B2 of the 
supplementary material. It is seen that the equation fits the data at least 
as well as the more complex Eq. B. (2) and provides further indication of 
the adequacy of the linearized model relating ρij and α0,i. 

5. Factors influencing the inductance measurements 

The simplified model of the magnetic circuit is unable to account the 
influence of some factors on the inductance measurements, such as the 
thickness of the element, the area surrounding the measuring point, the 
segregation of the fibres and the roughness of the surface. An extensive 
experimental campaign dedicated to investigate these effects is 
described in referece [74]. In the following sections, the main conclu-
sions are summarized. 

5.1. Element thickness 

The magnetic field developing through the UHPFRC element de-
pends on its thickness, and so the inductance measurements. In thicker 
elements more ferromagnetic material is intersected and higher values 
of the inductance are expected. This has a direct impact on the 

calibration of the regression line relating Vf and μr,mean. To study this 
effect, four 150 mm diameter and 100 mm tall cylinders were cast, with 
steel fibre volume fractions of 1 %, 2 %, 3 % and 4 %. The inductance 
measurements on these cylinders were always performed at the centre of 
the top surface. The thickness effect was evaluated by successively 
slicing the cylinder from the base, thus decreasing its height from hU =

100 mm down to hU = 20 mm. For further details on the experimental 
procedure, refer to Ref. [74]. 

The variation of the slope kv of the regression line relating Vf and μr, 

mean with the element thickness hU is shown in Fig. 17. The results can be 
normalized by the slope of the line for any chosen reference thickness, 
hU,ref, used in the calibration process. It becomes apparent that the 
measurements are no longer affected for thicknesses beyond hU = 70 
mm. Whenever the thickness of the element under analysis does not 
match the thickness of the specimens used in the laboratory to fit the 
regression line, kv should be corrected using the following equation: 

kv

kv,ref
=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1-e-0.0642hU

1-e-0.0642hU,ref

√

(13)  

where kv and kv,ref are the slopes of the regression lines obtained in 
specimens with the thickness hU and hU,ref, respectively, expressed in 
milimeters. 

5.2. Area surrounding the probe 

The experiments described in Ref. [74] show that the μr,mean, and so 
the Vf estimates are affected by the variation of the area surrounding the 

Fig. 15. Relation between fibre orientation factor and fibre orientation indicator. Specimens labelled according to the: (a) fibre volumetric fraction, Vf; (b) 
orientation profile. 

Fig. 16. Fibre anisometry: Eq. (12) vs experimental data.  
Fig. 17. Dependence of kV with thickness of the element considering hU,ref =

50 mm. 
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measuring point. This effect disappears when the probe is centered at no 
less than 100 mm from the nearest edge and can be considered negligible 
(with an error around 2 %) when the distance to the nearest edge is 75 
mm. 

5.3. Segregation of the fibres 

As the inductance measurements are performed on one face of the 
UHPFRC element, it is expected that if the fibres are not evenly 
distributed across the thickness and more concentrated towards one the 
of the surfaces, the μr,mean, and so the Vf estimates, may be affected. To 
analyse this effect, 12 plates with dimensions 200 × 200 × 30 mm3 and 
fibre content of 1 %, 2 %, 3 % and 4 % were cast. The mix is identical to 
that used in the previous sections. The groups of plates are considered: 
HOk – Horizontal cast with fibres oriented with external magnetic field; 
HRk – Horizontal cast without forced orientation of the fibres; and VRk- 
– Vertically cast without forced orientation of the fibres. The index k 
refers to the fibre content (1, 2, 3 and 4 %). It is worth pointing that the 
x-axis in HOk plates refers to preferential orientation of the fibres, 
whereas in VRk refers to the vertical casting direction. 

The NDT measurements were performed at the centre of the moulded 
surfaces (bottom surface in the case of the HOk and HRk specimens). 
Afterwards, 30 × 30 × 30 mm3 cubes were extracted for determining the 
number of fibres (Nf) intersecting a cross-section normal to x- or y-axis 
through image analysis. The variation of the number of fibres through 
the thickness of the elements is shown in Fig. 18. The results. Show that 
the HRk specimens exhibit fibre segregation towards the bottom surface. 
As shown in Fig. 19, this affects directly the slope of the regression line 
relating Vf and μr,mean, with a larger kv value being necessary to fit the 
results from the HRk series. It is interesting to confirm that the data 
points corresponding to specimens HOk and VRk are fitted by the same 
line, irrespective of the way they were cast. 

(c) 

5.4. Surface finishing 

Poor contact between the probe and the UHPFRC surface introduces 
leakage of the magnetic flux and affects the inductance measurements. 
The best measuring conditions are always obtained over moulded sur-
faces, which have smooth finishing. The opposite occurs over rough 
casting surfaces. A remedial measure is to smooth the surface before 
performing the inductance measurements, as depicted in Fig. 20 (a). 

The plates of the series HOk mentioned in the previous section were 
selected for evaluation of this effect. As shown in Fig. 19, these plates did 
not show fibre segregation, with μr,mean values measured over the 
moulded surface identical to those of the vertically cast plates. The 

specimens are now labelled according to the type of surface where the 
measurements where performed: C – casting, natural finishing, S – 
casting, smoothed finishing and M − moulded. It becomes apparent that 
the smoothing improves the contact between the probe and the UHPFRC 
surface, but it was not enough to achieve the same μr,mean values as in the 
moulded surface. Therefore, the calibration of the regression to be used 
in the measurements in a real structure must be made on a similar type 
of surface. 

6. Estimation of the tensile strength 

The proposed NDT method is immediately applicable for quality 
control of thin UHPFRC elements in the sense that provides a simple way 
to measure the local fibre content, Vf, as well as the fibre orientation 
factor, α0,i, along any direction of interest. In the following, it is shown 
how the NDT measurements can also be used to determine the post 
cracking tensile strength fUtu,i. 

6.1. Validation on small specimens 

In previous works the validity of Eq. (1) was assessed performing 
direct tensile tests (UTT) [13,17] and double-edge wedge splitting tests 
(DEWST1) [20] to determine fUtu, accompanied by image analysis to 
determine α0,i (Eq. B. (1)) and α1,i (Eq. B. (7)), and so the fibre structure 
parameter, λІА. As shown in Fig. 21 (a), this allowed estimating the 
representative fibre-to-matrix bond strength, τf = 11.1 MPa, for the 
UHPFRC mix used in this work. 

According to the procedures described elsewhere [30–32], 

Fig. 18. Distribution of the fibres through the thickness: (a) HOk series; (b) HRk series; (c) VRk series.  

Fig. 19. Effect of the segregation on the relation between Vf and μr,mean. 
Segregation towards the bottom surface over which the measurements were 
taken was observed in specimens HRk. 
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additional double-edge wedge splitting tests on the specimens desig-
nated in Table 1 as DEWST2 were carried out. Instead of using image 
analysis, the NDT measurements were used to determine the fibre 
structure parameter λNDT: Fig. 21(b) shows the results obtained for the 
test series DEWST1 and DEWST2, together with the 90 % confidence 
band for the regression. The corresponding tabular data is provided in 
Appendix Eof the supplementary material. Compared to Fig. 21(a) the 
scatter has increased, with some data points lying outside the 90 % 
prediction band, but it is noteworthy the fact that the line fUtu = 11.1λ is 
within the 90 % confidence band of the regression, which further con-
firms the applicability of the NDT method. The data points corre-
sponding to specimens with Vf = 4 % were excluded from the regression. 
These points are systematically bellow the regression line, which may 
indicate that the validity of the linear model fUtu = τf λ for such high fibre 
contents becomes questionable. This is expected since signs of fibre 
agglomeration were observed for these specimens. 

6.2. Tensile strength prediction of a thin UHPFRC plate 

6.2.1. Non-destructive measurements 
A thin plate of 900 × 1100 × 30 mm3 was cast horizontally using 

mixture with 3 % vol. Of fibres. The mix is that characterized in Refs. 
[13,17,20], the same as in the UTT and DEWST1 specimens in Fig. 21 
and in the experiments described in section 5. The fresh mixture was 
poured in the point (CP: x = 400, y = 500 mm) and then vibrated on a 

vibrating table to help the material fill the mould, see Fig. 22. 
The NDT measurements were performed over an area of 700 × 900 

mm2 (respecting a 100 mm clearance from each border to avoid the 
boundary effects). The measuring grid of 50 × 50 mm2 contained 15 ×
19 = 285 points. Three non-collinear measurements were made on each 
point, and always on the moulded (bottom) surface. 

The directions of preferential fibre orientation were determined 
through the usual tensor operations and are represented by ellipses in 
Fig. 23(a). The major and minor radius are proportional to the 

Fig. 20. Surface effect on μr,mean: (a) mechanical smoothing of the casting surface; (b) regression lines for the different surface types.  

Fig. 21. Relations between fUtu and λ from (a) image analysis [13] and (b) NDT method.  

Fig. 22. Casting the plate.  
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corresponding fibre orientation factors. These were determined using 
Eq. (11) with kα = 1.84 and α0 = 0.54 as resulting from Table C1 
considering the ratio hU/lf = 2.5. The fibres tend to be preferentially 
oriented from the CP towards the bottom-left and top-right corners. 
Among all points and directions, the maximum orientation factor α0,i 
reached 0.88 and the minimum 0.19. The average values along x and y- 
directions equal 0.48 and 0.6, respectively. 

The fibre content was determined using kv = 4.1 in Eq. (9). The 
colour map with the variation of Vf throughout the plate is shown in 
Fig. 23(b). The overall dispersion is 0.12 % with the range from 2.76 to 
3.47 %. The global average is 3 %, confirming the adequacy of the 
adopted kv value. 

The post-cracking tensile strengths in x-direction, fUtu,x and y-direc-
tion, fUtu,y, were estimated applying the regression line of Fig. 21(a), 
with λi determined based on the known geometry of the fibres (lf/df =

60), Vf and α0,i determined from NDT and α1,i from Eq. B. (7). The 
contour maps are presented in Fig. 24 and a large variability can be seen 
with values in the range 3–15 MPa. It is remarked that the 2nd order 
tensor approximation allows the determination fUtu,i not only in the x 
and y-directions, but along any direction of interest. 

6.2.2. Four-point bending test 
After the NDT measurements, the plate was cut to obtain 10 speci-

mens with approximately 100 × 600 × 30 mm3 to be tested under four- 
point bending according to the French norm NF P18-470 [28] recom-
mendations for thin elements. The location, orientation and numbering 
of the specimens is marked in Fig. 24. The region of constant bending 
moment is delimited by the dashed lines. The tests were conducted 
under vertical displacement control with a rate of 0.25 mm/min. Two 
LVDTs were placed at mid-span to measure displacements, according to 
the setup depicted in Fig. 25 (a). 

The locations of the critical cracks were the deformation localized 
are marked in Fig. 24. In most cases it is evident that the cracks formed 
within, or close to, the segment with maximum moment, but following 
the regions identified by the NDT method as having lower values of fUtu,i. 
The clear exception is specimen #8. However, it should be noted that 
due to the viscosity of the material, the casting surface was somewhat 
irregular, and crack localization may have be affected by the surface 
irregularities. The average thickness of each of the specimens is indi-
cated in Table 2. It is notable that in the case of specimens 4 and 5 the 
shape of the cracks clearly suggests that they formed following the path 
of least resistance. 

The bending moment versus the average midspan displacement 
curves are plotted in Fig. 25. As expected from the NDT results, the 
variability is significant. A simplified inverse analysis following the 
procedures indicated in the French norm [28] was developed to derive 
the simplified elastic-plastic UHPFRC constitutive law up to the onset of 
strain localization The outcomes of the analysis are fUtu and the strain at 
onset of crack localization, εUtu. The elasticity modulus EU = 42 GPa was 
determined using the average slope at the origin of the M-δ curves of 
Fig. 25, taking into account the real average thickness, hU, of each 
specimen. 

The results from the simplified back analysis and the post-cracking 
tensile strength estimate from the NDT method are presented in 
Table 2. The latter refers to the average values determined from the NDT 
measurements over the crack cross-section, and along the respective 
direction, i.e., fUtu,x 

NDT for specimens 1, 2 and 3, and fUtu,y 
NDT, other-

wise. The agreement is noticeable, with the exception of specimens 8 
and 9. The average ratio fUtu,i 

NDT/fUtu 
FPBT = 1.08, with a standard de-

viation of 0.11. This results indicate that the proposed procedure for 
estimation of the residual tensile strength of the UHPFRC in thin ele-
ments provides a feasible alternative to mechanical testing. 

Fig. 23. NDT results: (a) fibre anisometry and (b) contour maps with the vibre volumetric fraction [%].  

Fig. 24. NDT tensile strength [MPa] contour maps and FPBT cracks of LP1 (a) fUtu,x and (b) fUtu,y.  
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7. Conclusions 

This work presents further developments on the NDT magnetic 
method proposed in Refs. [20,65] for quality control of thin UHPFRC 
elements containing short steel fibres, whenever they can be assumed to 
be predominantly oriented along the in-plane directions. The method 
allows determining the fibre content and the fibre orientation factor, 
which can be used to estimate the directionally dependent post-cracking 
tensile strength of the material as placed in the structure. 

The model for the determining relative magnetic permeability of the 
composite was generalized to accommodate any probability density 
function describing the fibre orientation. Introducing in the equations 
the probability density function described in section 3, we could prove 
that.  

• the relation between the volumetric fibre fraction (Vf) and the 
average relative magnetic permability along any two orthogonal 
drections (μr,mean) is nearly linear, irrespective of the fibre orienta-
tion distribution. This confirms the previous and the new experi-
mental data;  

• for the range fibre orientation distributions that can be expected in 
practice, the relation between α0 and ρxy is well approximated by a 
linear equation and is practically independent of the fibre content. 
Again, this is confirmed by the previous and by new experimental 
data and provides fundamental theoretical support to the method, 
which was not yet available;  

• the relative magnetic permeability can be represented by a second 
order tensor. This allows determining the scalar fibre orientation 
indicators, and consequently the post-cracking tensile strength (fUtu), 
along any direction of interest based on any there non-collinear 
magnetic inductance measurements;  

• in particular, the development above allows plotting the directions of 
maximum and minimum fibre orientation in each measuring point. 

The influence on the relative magnetic permeability estimates of 
factors that cannot be described by the model of the magnetic circuit, 
such as the element thickness, surface finishing, the fibre sedimentation 
across the thickness and the distance of the probe to the boundaries were 
summarized. It was shown that the magnetic probe used in this study is 
capable of evaluating the fibre content and fibre orientation in the 
UHPFRC up to a depth of 70 mm measured from the contact surface and 

Fig. 25. Four-point bending test: (a) scheme of the test setup: (b) results for specimens 1 to 10.  

Table 2 
Comparison between results from simplified back analysis of FPBT and NDT method.  

Specimen hU α0,i
NDT M δ χ εUtu fUtu 

FPBT fUtu,i 
NDT fUtu,i 

NDT/fUtu 
FPBT 

[mm] [N.m] [mm] [m− 1] [‰] [MPa] [MPa] 

1 30.2 0.51 338 6.36 0.205 4.30 9.49 9.33 0.98 
2 30.3 0.54 313 3.55 0.114 2.03 9.09 8.91 0.98 
3 31.4 0.50 272 2.84 0.091 1.66 7.72 8.38 1.09 
4 32.2 0.67 542 7.40 0.238 5.15 13.35 12.58 0.94 
5 32.7 0.63 456 4.04 0.130 2.49 11.18 11.32 1.01 
6 34.1 0.59 403 3.56 0.115 2.34 9.64 10.32 1.07 
7 33.8 0.54 323 2.24 0.072 1.29 7.92 9.00 1.14 
8 33.7 0.54 271 1.52 0.049 0.74 7.05 8.94 1.27 
9 34.3 0.60 291 1.14 0.037 0.38 7.98 10.13 1.27 
10 33.9 0.67 542 5.87 0.189 4.18 12.19 12.73 1.04 
Min. 30.2 0.50 271 1.14 0.037 0.38 7.05 8.38 0.94 
Max. 34.3 0.67 542 7.40 0.238 5.15 13.35 12.73 1.27 
Average 1.08 
Standard deviation 0.11 

hU - Average thickness measured for each specimen. 
α0,i

NDT – fibre orientation factor determined using NDT at the cross section where the critical crack formed. 
M − midspan flexural moment corresponding to the peak load obtained in the experiment. 
δ – midspan deflection at peak load measured in the experiment. 
χ – cross-section curvature at peak load determined through inverse analysis according to NF P18-470. 
εUtu – Strain at the onset of localization determined through inverse analysis according to NF P18-470. 
fUtu 

FPBT – Post cracking tensile strength determined through inverse analysis according to NF P18-470. 
fUtu 

NDT – Post cracking tensile strength calculated using Eq. (1), the NDT measurements to determine Vf, α0,i and α1,i., and tf = 11.1 MPa as shown in section 6.1. 
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that the measurements should be taken at least 75 mm away from the 
nearest border. An equation was proposed to correct the slope of the line 
relating Vf and μr,mean to account for the effect thickness of the element. 
The measurement should be taken preferably on moulded surfaces. In 
case this is not possible, the surface unevenness should be smoothed. 
The magnetic measurements are highly sensitive to fibre settlement 
across the thickness, due to excessive agitation during casting or 
excessive fluidity of the material in the fresh state. 

A methodology is proposed for using the NDT method for estimating 
the post-cracking tensile strength of the UHFRC in thin elements in 
which the fibres are predominantly orientated along the in-plane di-
rections. The procedure was validated in a 900 × 1100 × 30 mm3 plate. 
In case a previous laboratory characterization of the material is available 
providing the representative value of the fibre-to-matrix bond strength 
(τf), the NDT method allows estimating the UHPFRC tensile strength 
with similar accuracy to that obtained by testing samples extracted from 
the structure. It is concluded that the NDT method used here can be a 
turning point in the quality control procedures adopted in real 
applications. 
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