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Current Detection Using a Josephson Parametric Upconverter
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® (Received 22 December 2019; revised 28 May 2020; accepted 8 July 2020; published 24 August 2020)

We present the design, measurement, and analysis of a current sensor based on a process of Josephson
parametric upconversion in a superconducting microwave cavity. When a coplanar waveguide is ter-
minated with a nanobridge-constriction Josephson junction, we observe modulation sidebands from the
cavity that enable highly sensitive frequency-multiplexed output of small currents for applications such
as readout of transition-edge sensor arrays. We derive an analytical model to reproduce the measurements
over a wide range of bias current, detuning, and input power. When the frequency of the cavity is tuned by
more than 100 MHz with a dc current, our device achieves a minimum current sensitivity of 8.9 pA/ VHz.
Extrapolating the results of our analytical model, we predict an improved device based on our platform,
capable of achieving a sensitivity down to 50 fA/+/Hz, or even lower if one can take advantage of para-
metric amplification in the Josephson cavity. Taking advantage of the Josephson architecture, our approach
can provide higher sensitivity than kinetic inductance designs, and potentially enables detection of currents

ultimately limited by quantum noise.

DOI: 10.1103/PhysRevApplied.14.024069

I. INTRODUCTION

Ultralow-noise radiation detection has applications in
astronomy, particle physics, and quantum information
processing. In particular, transition-edge sensors (TESs)
allow broadband radiation detection with exceptionally
low noise-equivalent power [1] and photon-number reso-
lution [2,3]. To read out the small changes in the current in
TESs in response to radiation absorption, highly sensitive
current amplifiers such as superconducting quantum inter-
ference devices (SQUIDs) can be used, with sensitivities as
low as 4 fA/+/Hz [4]. However, with the increasing num-
ber of TESs to be read out simultaneously in multipixel
detectors, SQUID amplifiers significantly increase the cost
and complexity of the system, especially when frequency-
domain multiplexing is employed to reduce the number of
amplifiers necessary [5].

An example of the recently developed current detectors
for use as a replacement for SQUIDs are kinetic induc-
tance parametric upconverters (KPUPs), also referred to
as microwave kinetic inductance nanowire galvanometers,
which rely on the changing kinetic inductance L; of a
narrow superconducting wire embedded in a microwave
circuit in response to a dc bias current, with state-of-the-
art devices reaching current sensitivities S; between 5
and 10 pA/~/Hz [6-8]. One could potentially achieve a
higher response from such a cavity detector by replacing
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the nanowire kinetic inductance element with a Joseph-
son junction (JJ), enabling detection of currents using a
Josephson parametric upconverter (JPUP). This would also
enable the incorporation of processes such as Josephson
parametric amplification, which allows signals to be ampli-
fied with quantum-limited noise [9], directly in the readout
cavity.

Typically, the integration of JJs in superconducting
microwave circuits is technologically more demanding
due to the additional fabrication steps needed to avoid
aging effects and low coherence at microwave frequen-
cies [10—13]. The intrinsically large Kerr nonlinearity of
JJs [14] can additionally place an upper limit on the device
power allowed for circuit operation, which calls for either
large-critical-current JJs, with additional fabrication chal-
lenges [15], or appropriate circuit design to dilute the
nonlinearity sufficiently to provide stable device operation.

Here, we provide an experimental realization of a
JPUP based on a hybrid combination of a direct-current
(dc)-accessible microwave cavity in a coplanar-waveguide
(CPW) geometry [16,17]. The design uses a constriction JJ
fabricated in the same step and layer as the microwave cav-
ity, which simplifies the fabrication procedure and allows
a high cavity drive power [18-21]. We show device opera-
tion by converting kilohertz current signals to the gigahertz
range, and reproduce the data with an analytical model
for a wide range of bias current, drive detuning, and
drive power. Our device achieves performance compara-
ble to KPUP technology, with the potential to provide
enhanced current sensitivity with a more optimized design.

© 2020 American Physical Society
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Ultimately, by using Josephson parametric amplification in
the same cavity as that used for sensing, the JPUP could
sense low-frequency currents with a sensitivity limited by
quantum noise.

I1. de-BIAS MICROWAVE CIRCUIT

The device consists of a galvanically accessible
microwave cavity, formed by a CPW that is shunted by an
input capacitor Cy and shorted to ground at its far end by a
1], as depicted in Figs. 1(a)-1(c). The JJ is formed by a nar-
row constriction in the superconducting base layer, which
allows us to fabricate it in the same step as the microwave
circuit. For details of the fabrication procedure, see Sec.
SII in the Supplemental Material [22]. Because the shunt
capacitor allows low-frequency signals to pass through but
acts as a semitransparent mirror at microwave frequencies,
our circuit allows simultaneous measurements in the dc
and rf regimes.

In the dc regime, the CPW center conductor acts as a
long lead to the JJ, which we use to perform a current-
voltage measurement to characterize the JJ. Upon appli-
cation of an increasing dc bias current, the JJ switches
from the superconducting to the voltage state and back

again at switching and retrapping currents /; ~ 8.5 puA
and [, = 6.1 nA, respectively, as shown in Fig. 1(d). The
observed hysteresis is most likely due to a combination of
the capacitances of the CPW and the shunt capacitor and
local heating in the junction area; see Refs. [23—26] and
Sec. SIV in the Supplemental Material [22].

In the rf regime, the JJ acts as a nonlinear inductor, with
its inductance L; depending on the amount of bias current
I, flowing through it according to

Dy
2\ [12 =1}

where /.. is the critical current and @ is the magnetic flux
quantum. For zero bias current, the impedances of both
the shunt capacitor and the JJ are small compared with the
characteristic impedance of the CPW, i.e., wL;, 1/wCs K
Zy. The CPW can thus host a fundamental half-wavelength
(1/2) mode with current antinodes at both ends. When the
reflected signal of the device is recorded using single-tone
rf spectroscopy, the reflection signal shows a dip in the
spectrum, as seen in Fig. 1(e). We fit the data using the

Ly(Iy) = (1)
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FIG. 1. Coplanar microwave Josephson circuit with direct-current bias. (a) Optical image of the measured device. This consists
of a coplanar-waveguide transmission line shunted to ground via a parallel-plate capacitor Cy at the input, and a Josephson junction
shorting the CPW center conductor to ground at the far end. (b) Optical close-up of the area around the JJ. (¢) Schematic circuit
layout. (d) Current-voltage characteristics of the JJ, measured by sweeping the bias current up and down (sweep direction indicated
by arrows). (e) Normalized and background-corrected reflection |S);| of the device with zero bias current applied; see Sec. SIII A in
the Supplemental Material [22]. Circles, data; line, fit. (f) Reflection coefficient |S|;| as a function of bias current. Since the Josephson
inductance increases with bias current, the resonance frequency of the circuit shifts towards lower values.
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reflection coefficient of our circuit,

Ke — K — 2IA

SjH=—
H Ko + Kk + 2IA

)

where A = w — wy is the detuning between the drive at
w and the resonance frequency wy, and the external and
internal loss rates are «. and «;, respectively [16]. At
zero bias current, we find a resonance frequency of wy =
2w x 7.438 GHz and linewidths of x, = 2w x 624 kHz
and «; = 2w x 261 kHz. Here, the external loss rate «,
describes how much signal leaks to the feed line, while «;
captures intracavity losses such as those due to dielectrics
or radiation; see Sec. SIII A in the Supplemental Material.

As we dc-bias the circuit, L, increases, effectively shift-
ing the voltage antinode closer to the JJ. This results in a
continuously decreasing resonance frequency, which can
be tuned over approximately 108 MHz; see Fig. 1(f). We
can approximate the bias-current dependence of the cavity
resonance frequency with a model describing a A /2 CPW
resonator terminated by a JJ via

L+ Ly, 1)

o A3)
Ly + 2L, Iy, 1)

wo(lp) = wy)2

where w, ; is the resonance frequency of the CPW directly
shorted to ground, and L, is the total inductance of the
bare resonator (see Sec. SIII C in the Supplemental Mate-
rial [22] and in Ref. [27]). We use this model to fit the
measured resonance frequencies in Fig. 2(a), from which
we extract w,, = 2w x 7.515 GHz, L, = 3.401 nH, and
1. = 9.157 nA. The resonator inductance agrees with the
value expected from our circuit design. The critical current
inferred from the microwave measurement is approxi-
mately 8% larger than the dc switching current. We suspect
that current noise in the dc line leads to premature switch-
ing of the JJ in the /-7 measurements, resulting in /; < /.,
as discussed in Sec. SV in the Supplemental Material
[22] and in Ref. [28]. On the other hand, the rf mea-
surement is sensitive to the Josephson inductance, from
which we can infer the critical current in a less perturbative
way. We note that current-biasing a superconducting wire
also changes its kinetic inductance L; [29,30]. However,
while our device possesses a noticeable kinetic inductance
fraction [31], the changes in L; within the range of bias cur-
rents applied are negligible compared with L;, and we thus
attribute the resonance-frequency shift completely to the
latter; see Sec. SIII B in the Supplemental Material [22].

We note that upon increasing the dc bias current 7, we
observe an increase in the internal loss rate «; of our device.
We find that the dependence «;(/,) can be approximated
by a constant term and an exponential growth, which we
ascribe to a combination of low-frequency electrical inter-
ference in the dc bias current and phase diffusion across the
JJ; see Sec. SV in the Supplemental Material [22].
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FIG. 2. Current detection by frequency upconversion. (a) Cav-
ity resonance frequency for increasing dc bias current, showing
a total frequency shift of 108 MHz. Circles, measured data; line,
fit to resonance frequency using Eq. (3). Inset: sketch of mea-
surement scheme in the frequency domain. When the cavity is
driven on resonance at w = wy and simultaneously modulated
with a low-frequency current 8/ = Iy cos 2¢, the cavity gener-
ates sidebands of the drive tone at wy = 2 (dashed gray arrows).
(b) Power spectrum of the reflected field at /, = 2.5 A, contain-
ing the input pump signal at wy and the first-order sidebands due
to mixing at wy £ 2. The noise floor sets a lower limit on the
smallest detectable sideband amplitude. The sideband amplitude
allows us to directly calibrate the noise floor and thus the sensi-
tivity from the signal-to-noise ratio (SNR), here approximately
30 dB.

III. CURRENT DETECTION BY FREQUENCY
UPCONVERSION

Figure 2(a) illustrates the principle of current detection
using the dc-biased Josephson cavity. To detect small mod-
ulation currents, we drive the cavity on resonance at w (/)
and simultaneously modulate the bias point /, with a low-
frequency signal 8/ = I g cos 2t, so that the total current
is given by [ = I 4+ I r cos 2t. The responsivity of the
resonance frequency to the bias current,

Ba)o

G =—,
alp

“)

exceeds 27 x 100 MHz uA~" for I, > 8 nA. As a con-
sequence, once the resonance frequency is modulated by
I r, phase modulation leads to the generation of sidebands
in the microwave drive-tone reflection with v = w; + n<2,
where n € Z. The reflected cavity field thus exhibits the
drive tone together with the sidebands, as depicted in
Fig. 2(b).

The general equation of motion for the amplitude field
a of a harmonic high-Q oscillator with a small nonlin-
earity 8, written in the frame rotating with the drive, is
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given by
. . 2y _ K
a=|-i(a+Blal) - |atvisn O

where S, is the amplitude of the drive field in units of
+/photons/Hz at w [32]. We consider the case in which the
cavity resonance frequency is a function of an additional
current given by I = I, + 81 = I, + I r cos 2¢, such that

n 8’"&) n
wo = wo(lp) + ) o SI" =w + Y Gudl". (6)

m=1 m=1

0

The resulting field amplitude of the first-order sidebands
appearing at wy + 12 is

20272
keoty Gilf g

|S411* = S AN Loz
k2 +4(A£Q)

0

In our experiment, we choose 2 = 27w x 1 kHz and I1 ¢ =
10 nA. In this case, 2 < «, and the red (S_) and blue
(S;) sidebands have approximately equal amplitudes; see
Sec. SVII in the Supplemental Material [22]. Note that
even higher-order contributions from the current still con-
tribute to the 1 sideband, but those contributions can
be neglected for relatively weak modulation.

To explore the parameter space of our device, we per-
form a series of current-mixing measurements for different
values of the bias current 7, the drive detuning A, and the
drive amplitude Si,, for all of which we observe excellent
agreement between experiment and theory. As can be seen
in Fig. 3(a), for the case of varying bias current, and as
expected from Egs. (3) and (7), the first-order sideband

vanishes for zero bias current. As we increase the dc bias
current, the increasing Josephson inductance leads to an
increased responsivity dw /01, which in turn results in a
growing sideband amplitude. Assuming all other parame-
ters remain constant, the sideband amplitude should keep
growing until the bias current reaches the critical current of
the JJ, at which point the junction switches to the normal
state, effectively destroying the device response. However,
at I, ~ 0.75 I, the sideband amplitude already exhibits a
maximum value and begins to decrease subsequently. The
origin of this phenomenon lies in the growth of «; with
increasing [, as described earlier, which limits the maxi-
mum achievable sideband amplitude; see Sec. SIV B and
Sec. SV in the Supplemental Material [22].

Operating the device at constant bias current and drive
power Py, but sweeping the drive tone with respect to the
cavity resonance similarly reduces the sideband amplitude,
which is reflected in both the theoretical model and our
measurements; see Fig. 3(b). We attribute the deviations of
the model from the data to an effectively increased cavity
linewidth resulting from a noise-induced fluctuating cavity
frequency.

Finally, when we set the detuning back to zero and
sweep the drive power, we initially observe a linear
increase in the sideband amplitude; see Fig. 3(c). This is
in good agreement with the dependence of the intracav-
ity field on the pump power for a linear cavity. How-
ever, due to the nonlinearity of the JJ and the resulting
Kerr anharmonicity of the circuit, our device enters the
Duffing regime for large input power, resulting in an
observable reduction of the sideband amplitude: the anhar-
monicity results in a downshifted resonance frequency
given by @ = @y — ||*B. In the measurement depicted
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FIG. 3. Exploring the parameter space for the first-order sideband amplitude. (a) Sideband height for changing bias-current setpoint

at fixed input power and zero detuning. (b) Sideband height for changing drive detuning at fixed input power and bias current. (c) Side-
band height for changing input power at fixed bias current and detuning. Circles, measured data; solid lines, amplitude calculated via
input-output theory; dashed gray lines, calculated sideband amplitude at [, = 4 uA, A = 0, and Pj, = —129 dBm. The arrows indicate

the setpoints for the other figure parts.
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in Fig. 3(c), the only varying parameter is the pump power,
which means that in the Duffing regime the drive acquires
an increase in detuning with increased power, resulting in
a decreased sideband amplitude, as we saw earlier.

IV. CURRENT SENSITIVITY

Having established the validity of our theoretical frame-
work, we calculate the current sensitivity S; of our device.
This quantity captures the minimum current that the device
is able to discriminate from the noise floor. We obtain
this quantity by extracting the SNR of the first sideband
amplitude: since we know the amplitude of our ingoing
LF current signal, we can convert the sideband amplitude
and noise floor to currents as described in Sec. SIX in the
Supplemental Material [22]. We obtain

Iir
/B, x 106—-M/10°

where B, is the equivalent noise bandwidth of the spec-
trum analyzer [33], and S and N are the amplitudes of the
sideband and the noise floor, respectively, in dBm.

S

)

A. Measured device

We analyze S; for a large range of the bias current and
drive power. The device sensitivities extracted via Eq. (8)
are plotted in Figs. 4(a) and 4(b) for the measured and mod-
eled data, respectively, showing good qualitative agree-
ment. Line sections through the two-dimensional measured

-100 -

and simulated data at the best measured value of S; show
good quantitative agreement between the theoretical model
and the measurements; see Figs. 4(c) and 4(d).

For a fixed bias current, the current sensitivity drops
exponentially as a function of input power, reaching a
minimum value of S; = 8.9 pA/+/Hz at I, = 7.3 A and
Py, = —113 dBm. Similarly, as a function of bias current
at fixed input power, the current sensitivity drops rapidly
by more than 2 orders of magnitude. Our theoretical calcu-
lations deviate from the measured data for very large input
power and bias current, for which the model predicts sen-
sitivity values larger than observed. This deviation might
be due to minor differences in the experimental and theo-
retical detunings: if the pump tone wy is slightly below the
value of wy in the limit of n,, — 0, the pump will initially
be slightly red-detuned (A < 0) and move to blue-detuned
(A > 0) as the resonance shifts downward due to the Kerr
nonlinearity, instead of starting on resonance and becom-
ing only blue-detuned as we increase Pj,. Depending on
the pump power at which A = 0, the theoretical curve will
underestimate the sideband amplitude for A > 0, result-
ing in values of S; that are too large, as in Fig. 4(c) for
Py, > —120 dBm.

As detailed in Sec. SVIII B in the Supplemental Mate-
rial [22], the model follows the measured data more closely
for high pump power, assuming an initially red-detuned
drive. This deviation is especially large for high bias cur-
rents because the anharmonicity grows with [;,. Thus, the
cavity resonance shifts more strongly with pump power,
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FIG. 4. Finding the best device sensitivity. Current sensitivity in pA/~/Hz versus bias current and input power, as measured (a) and
as calculated (b). The dashed gray lines correspond to the line sections in (c),(d), and the circles mark the point of minimum measured
sensitivity. The color scale is logarithmic from 10 to 1000, and the black lines mark contour lines of sensitivity values as labeled.
(c) Sensitivity at 7.3 A versus pump power [vertical lines in (a),(b)]. We attribute the discrepancies at high P;j, to differences in
A between the measurement and theory. (d) Sensitivity at P;, = —113 dBm versus bias current [horizontal lines in (a),(b)]. Circles,
measured data; lines, model; filled circles, minimum measured sensitivity.

024069-5



FELIX E. SCHMIDT et al.

PHYS. REV. APPLIED 14, 024069 (2020)

and the drive is more likely to have a smaller detuning than
expected for high Pj,.

B. Limitations of present device and setup

Optimum sensitivity would be achieved for zero pump
detuning, maximum pump power, and biasing the device
close to I.; see Figs. 4(a) and 4(b). In our experiment, we
are unable to operate the device in a stable regime for bias
currents greater than 0.9/., after which the JJ occasionally
switches to the normal state, destroying the rf resonance.
We attribute this to a significant ac current induced by the
microwave drive, on the order of 1 uA; see Sec. SVI in the
Supplemental Material [22]. Together with the dc bias, the
total current at the JJ reaches close to /.., thus constraining
the available parameter space.

Additionally, we observe an exponential increase in the
internal loss rate at large bias current. This effect is pre-
sumably due to random phase diffusion across the junction
and electrical interference in our setup; see Sec. SV in the
Supplemental Material [22]. Most notably, at elevated bias
currents spurious sidebands at integer multiples of 50 Hz
appear in the measured spectra, which are due to insuffi-
cient isolation between the dc and rf electronics. Using the
same approach as for the intended signal, we can quan-
tify the current noise due to mains power as 170 pA ~
I r/60. Improving the setup should allow us to move to
even higher bias currents, gaining in S;. In addition, the
resonance-frequency shift due to anharmonicity places an
upper bound on the maximum input power.

In an optimized measurement, shifting the pump fre-
quency with the pump power in order to remain closer to
resonance should allow us to gain more than 10 dB, reach-
ing a minimum of 2.7 pA/+/Hz; see Sec. SVIIIA in the
Supplemental Material [22].

C. Modeled optimized device

In order to improve S;, we propose a slightly changed
circuit layout that follows naturally from the measured
device and is immediately implementable: instead of a
transmission line shorted to ground by a single JJ, we
propose to incorporate the Josephson inductance into the
transmission line itself, by means of a diluted JJ meta-
material [34]. The optimized design would then be a
transmission line directly shorted to ground, with the CPW
center conductor made up of a series of identical unit cells,
each composed of a combination of linear and Josephson
inductances (Lg, L,) and a capacitance to ground (Cp), as
depicted in Fig. 5(a). Following the approach to circuit
quantization presented in Ref. [35] and methods from Refs.
[36-38], we derive the resonance frequency of this CPW as

T
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FIG. 5. Estimated sensitivity for optimized device design. (a)

Instead of a linear CPW shorted to ground by a nonlinear Joseph-
son junction, the optimized device is a diluted JJ metamaterial
with a CPW center conductor based on a Josephson-junction
array, directly shorted to ground. (b) Frequency responsivity G,
for the optimized (solid line) and current (dotted line) device.
Because of the dominating Josephson inductance, the optimized
device can be tuned further with bias current. (c) Predicted S;
for the optimized device. The dotted line indicates the mini-
mum experimentally achieved sensitivity of 8.9 pA/+/Hz with
the present design. For the JJ-array CPW, we predict a sensitiv-
ity as low as 170 fA/+/Hz (solid line). The sensitivity curves
upwards at high pump power due to the nonlinearity in the cir-
cuit. If the pump frequency is chosen to be continuously close to
resonance for high drive power, the predicted sensitivity drops to
50 fA/~/Hz (dashed line). Parametric amplification could reduce
the sensitivity 1 order of magnitude further by reducing the con-
tribution of the noise of the cryogenic HEMT amplifier to the
readout noise of the cavity.

in the limit of large N, as detailed in Sec. SXI in the
Supplemental Material [22]. To maximize the responsiv-
ity G| of the device via maximizing the participation ratio
ns = Ly/(Lo + Ly) per unit cell, we propose a CPW with
center-conductor and gap sizes one tenth of those of the
current design and a reasonably short unit-cell length of
1 pum. This would result in Ly = 842 fH, L; = 35.9 pH,
and Cy = 169 aF per unit cell; see Ref. [39] and Sec.
SXIT in the Supplemental Material [22]. For an initial reso-
nance frequency of wy = 2w x 7.5 GHz, the device would
require approximately 845 unit cells, resulting in a total
device length of 845 pum, much more compact than our
present layout. Such an optimized device offers a signifi-
cantly larger G, ~ 4 GHz uA~! with a relative frequency
shift §wg/wy ~ 50%. Assuming the same internal losses
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as for our measured device and additionally assuming an
increased external coupling, which could be achieved, e.g.,
by reducing the shunt capacitor to half of its current area,
this device would be able to achieve a sensitivity as low as
0.17 pA/~/Hz, a factor of 54 improvement on our design
presented above, as shown in Fig. 5(b).

We note that in an ideal experiment, the drive fre-
quency should be tuned with increasing drive power in
order to account for the Kerr shift of the resonance to
lower frequencies, thus minimizing A and maximizing .
Implementing this measurement scheme would allow us to
achieve a sensitivity down to 50 fA/+/Hz. Since this esti-
mate does not take parametric amplification into account,
we expect it to be an upper bound on the experimen-
tally achievable S;: utilizing quantum-limited parametric
amplification built into the device would allow us to gain
approximately 20 dB [9,27,34], providing noise levels
down to 5 fA/\/E.

V. CONCLUSION

We present a Josephson parametric upconverter and
demonstrate current sensitivities down to 8.9 pA/+/Hz,
which makes our device compatible with TES readout,
and derive an analytical model that accurately reproduces
the measured data and is immediately applicable to other
device architectures. We estimate that future devices using
increased Josephson participation ratios, and using the
intrinsic Kerr nonlinearity for four-wave parametric ampli-
fication built into the detection cavity, should allow an
improved S; ~ 5 fA /+/Hz, orders of magnitude better than
state-of-the-art KPUPs and limited by the fundamental
quantum noise of the cavity.

DATA AVAILABILITY

All raw and processed data, as well as supporting code
for measurement libraries, data processing, and figure
generation, are available on Zenodo [40].
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APPENDIX A: INPUT-OUTPUT FORMALISM

Starting from Eq. (5), with the steady-state solution oy,
the reflection coefficient is given by

o 2K,
Ke— = —

Sh=-1-— ,
H Si +K+2iA

(A1)

where the second equality holds in the limit 8 — 0 and
can be recognized as the usual expression for reflection in
circuit theory.

We now consider the case in which the cavity resonance
frequency is a function of an additional current given by
I =1, + 1. With the resonance frequency given by Eq.
(6), the new equation of motion reads

@ = |:—i (A _ ZG,,,BI’”) — %} o
m=1

— ilala + /KeSin. (A2)

With the ansatz for the intracavity field o () = oy + S (¢)
and assuming |e|* ~ o, we get

86 = |:—i (A -3 G 51’") _ g} Sar
m=1

+icg Y Gl (A3)
m=1
Let the modulation of the current be of the form
8I = Iipcos Qt = [_e ¥ [ et (A4)

where I_ = I, = I p/2. Our ansatz for S« is consequently

n
So = § a_m67MIQ[ + a+me+ml$2t‘ (AS)
m=1

Inserting Egs. (A4) and (A5) into Eq. (A3), we can group
the terms by their frequency components and equalize each
component individually in order to solve for the sideband
coefficients a.,,. Each sideband output field can then be
calculated via

Sim = \/K_ea:tm' (A6)
We arrive at a compact result for the first-order sidebands
appearing at wy £ 1€2:

JKeaoGiLF
ik +2A 1 Q)

Sip = (A7)

We calculate all coefficients ai,, up to m =3 using
Mathematica v11.3.0.0 in the notebook input-output
formalism.nb, which we subsequently convert to
PYTHON3 code using the notebook Export to Python.
nb located on Zenodo [40].

APPENDIX B: CALCULATING THE
STEADY-STATE SOLUTION

We can calculate o by solving Eq. (5) for a large pump
signal and treating the probe as a perturbation. Thus, let us
assume that the solution has the form «(¥) = o exp[iw,?]

024069-7
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and that the input signal S;,(#) = S, (1) = Sp0 expli(w,t +
¢)] is the pump signal. Since we are interested only in the
steady-state solution, let S,¢, o9 € R. Inserting this into Eq.
(5), we get

(iA + g) oo + iBa = JkeSy0e™. (B1)

Multiplying this equation by its complex conjugate returns
26 4 2 K 2
Bag +2ABoy + (A + Z) ay —keSyy = 0. (B2)

While this third-order polynomial in o has multiple com-
plex solutions, the ones relevant to our case are real only.
In the high-power regime, our resonator exhibits bifurca-
tion and Duffing behavior, meaning that there are three
real-valued solutions for ozg, the largest, median, and small-
est ones corresponding to the high-, middle-, and low-
amplitude branches, respectively. For a given input field
Sy0 and detuning A, the (up to three) solutions of this
equation can be found either numerically or analytically.
However, for the parameters used in our experiment, the
solutions for o are identical because our drive remains
outside the bifurcation regime. We can then use the cor-
rected intracavity field to obtain the sideband amplitudes
by replacing the value of oy for the linear oscillator in
Eq. (A7).

Furthermore, taking the resonance frequency as the
point where doy/dw = 0, we can compute the frequency
shift that the cavity experiences as a result of the driv-
ing power by differentiating Eq. (B2) with respect to w,
obtaining

wy = wy — |ap]?B. (B3)

APPENDIX C: HIGHER-ORDER TERMS

At second order in 8/, the prefactors are already too
complicated to write down in a short form, which is why
we refer to the full analytical solutions in the Mathematica
notebook input-output formalism.nb located on
Zenodo [40]. We note that higher-order corrections aris-
ing for terms in 8/ have only negligible effects on the
lower-order forms. For the analysis in the main text, we
therefore make use of the closed form only for the first-
order terms; for the second-order peaks in Figs. 6(b)—6(d),
only the second-order terms are used.

We observe higher-order sidebands over a wide range
of operating points, with an example spectrum exhibiting
both first- and second-order peaks plotted in Fig. 6(a). Sim-
ilarly to Fig. 3(a), the second-order sideband increases with
the dc bias current up to I, & 0.75/., where the amplitude
is limited by the increasing internal loss rate; see Fig. 6(b).
As depicted in Fig. 6(c), a finite drive detuning strongly
suppresses the sideband amplitude similarly to the case for

Power spectrum (dBm)

1 1
-3 -2 -1 0 +1 +2 +3

Frequency (A/Q)

65 T T T 1 T T T
(b) 9 (c) (d)
_ —70 (C),(d{ﬁ_ L (b),(d) L (b),(c)
£ o
o 0
s f;’ @
S 75 8 1 F 4 F .
0
g —80 L 4? — L % — _ (5‘() —
E 0 é" o Q
@ 8 ’1 o &
© )
5 L 9 4 L g, 8 1 L g
) Qg
ﬁg %l % ‘%] l%?ﬂ» 3
_golL I I R I I I
o 4 8 -1 0 +1 —150 —125 —100

Bias current (uA) Detuning (MHz) P, (dBm)

FIG. 6. Exploring the parameter space for the second-order
sideband amplitude. (a) Power spectrum at the output at 7y =
4 uA, A =0, and P;, = —129 dBm, containing the input pump
signal at w and the first- and second-order sidebands due to mix-
ing at wy £ Q2 and wy £+ 2L2. The dotted gray line corresponds
to the dotted gray lines in parts (b)~d), and the dashed gray
line corresponds to the dashed gray lines in Fig. 3. (b) Sideband
height for changing bias-current setpoint at fixed input power and
zero detuning for the varying bias current. (¢) Sideband height for
changing drive detuning at fixed input power and bias current.
(d) Sideband height for changing input power at fixed bias cur-
rent and detuning. Circles, measured data; solid lines, amplitude
calculated via input-output theory; dotted gray lines, calculated
sideband amplitude at [y = 4 uA, A =0, and P;, = —129 dBm.
The arrows indicate the setpoints for the other figure parts.

the first-order peaks. The power dependence [see Fig. 6(c)]
also closely resembles the shape of the first-order side-
band, with maximum amplitude for high drive power and a
subsequent decrease due to increasing drive detuning as a
consequence of the downshift in resonance frequency due
to the Kerr nonlinearity.
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