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Cooperative Sense and Avoid
for UAVs Using Secondary
Radar

MOSTAFA MOHAMMADKARIMI , Member, IEEE

RAJ THILAK RAJAN , Senior Member, IEEE
Delft University of Technology, Delft, The Netherlands

A cooperative sense and avoid (SAA) algorithm for safe navigation
of small-sized unmanned aerial vehicles (UAVs) within an airspace is
proposed in this article. The proposed method relies upon cooperation
between the UAV and the surrounding transponder-equipped aviation
obstacles. To do so, the aviation obstacles share their altitude and
identification code with the UAV by using the Mode S operation of the
secondary surveillance radar (SSR) after interrogation. The proposed
SAA algorithm benefits from the estimate of the aviation obstacle’s
elevation angle for ranging. This results in more accurate ranging
compared to the round-trip time-based ranging, which is currently
used in existing SAA systems. We also propose a low-complexity and
accurate radial velocity estimator for the Mode S operation of the
SSR, which is employed in the proposed SAA system. Furthermore,
by considering the pulse-position modulation of the transponder reply
as a waveform of pulse radar with random pulse repetition intervals,
the maximum unambiguous radial velocity is obtained. The proposed
SAA is equipped with an intruder identification method that deter-
mines the risk level of the surrounding transponder-equipped aviation
obstacles. Given the estimated parameters, the intruder identification
method classifies the aviation obstacles into high- medium-, and low-
risk intruders. The output of the classifier enables the UAV to plan
its path or maneuver for safe navigation accordingly. The root mean
square error of the proposed estimators are analytically derived, and
the effectiveness of our SAA solution is confirmed through simulation
experiments.
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NOMENCLATURE

List of Acronyms and Symbols
ACAS Airborne collision avoidance system.
ADC Analog-to-digital converter.
AOA-E Angle-of-arrival estimator.
AV Aerial vehicle.
AWGN Additive white Gaussian noise.
CRC Cyclic redundancy check.
MAV Manned aerial vehicle.
MUSIC Multiple Signal Classification.
NC-SD Noncoherent symbol detector.
PPM Pulse-position modulation.
PSD Power spectral density.
PRI Pulse repetition interval.
RF Radio frequency.
RMSE Root mean square error.
RTT Round-trip time.
RV-E Radial velocity estimator.
SAA Sense and avoid.
SSR Secondary surveillance radar.
S2V Sequence to vector.
TCAS Traffic collision avoidance system.
TO-E Timing offset estimator.
UAV Unmanned aerial vehicle.
V2M Vector to Matrix.
2D Two-dimensional.
φ Azimuth angle of an aviation obstacle.
θ Elevation angle of an aviation obstacle.
L Free space pathloss.
R Range of the aviation obstacle from the UAV.
T Half of the PPM symbol time.
Ts Sampling time.
B Bandwidth of the received filter.
f Carrier frequency offset vector (omnidirec-

tional).
fa Carrier frequency offset vector (antenna array).
h Altitude of the UAV measured by its altimeter.
ha Altitude of the aviation obstacle.
N Number of observation samples.
Na Number of elements in the planar antenna array.
Ma Number of scans sweeping the azimuth angle.
Me Number of scans sweeping the elevation angle.
τ Time delay of the DF4 reply at the UAV.
τmax Maximum time delay for the reception of DF4.
τgr Group delay of the receive low-pass filter.
r DF4 preamble vector of length 16.
r̄ extended preamble vector.
b DF4 payload vector of length 56.
Pt Peak transmit power of the DF4 reply.
fD Doppler frequency shift.
z(t ) Mode S trapezoidal transmit pulse.
h(t − τgr ) low-pass filter at the receiver.
g(t ) Received filtered pulse.
y(t ) Received baseband signal at the UAV antenna.
g Vector of length M including the samples of

g(t ).
vr Relative radial velocity.
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M Number of samples per pulse.
q DF4 preamble and payload vector.
N0 PSD of noise (W/Hz).
Nav Number of detected aviation obstacles.
y Received vector by the omnidirectional an-

tenna.
Ya Received matrix by the antenna array.
w AWGN vector of the omnidirectional antenna.
Wa AWGN matrix of the antenna array.
εθ threshold for switching to the RTT-based rang-

ing.
c Speed of light.
fc Carrier frequency of the DF4 reply.
λ Wavelength of the DF4 reply.
A S correlation matrix in the antenna array.

I. INTRODUCTION

SAA systems enable MAVs and UAVs to integrate
safely into civilian airspace by avoiding collisions with
other obstacles [1], [2], [3], [4]. An SAA system first
monitors the environment surrounding the AV by employing
different types of onboard sensors. Following which, it
decides whether a collision is impendent and generates a
new flight path in order to avoid collision. An advanced
SAA system can take advantage of sensor fusion algo-
rithms in combination with image recognition and artificial
intelligence to increase the reliability and precision of the
system [5]. However, performance improvement is typically
achieved at the expense of higher computational complexity
and power consumption, which makes on-board processing
infeasible for small- and moderate-sized UAVs [6].

Existing SAA solutions for AV can be categorized into
noncooperative and cooperative systems. The former SAA
systems do not require the cooperation of the obstacles and
the AV in the SAA procedure. The sensors used in these
SAA systems can be active and/or passive. Active sensors,
such as primary radar, ultrasound, and light detection and
ranging (LiDAR), emit a signal that is then reflected by
an obstacle and detected again by the sensor [7], [8], [9].
Passive sensors detect a signal emitted by the object itself,
and include visual and infrared cameras. The later SAA
systems are based on the cooperation of the AV and the
aviation obstacles (transponder-equipped AVs) within an
airspace. The cooperation between the AV and aviation
obstacles can be achieved through the SSR Mode A, C,
and S transponders [10]. Existing cooperative SAA systems
mainly employ the SSR in its Mode S operation. These
systems can be categorized as follows:

1) SAA with an onboard interrogator, such as the
TCAS, internationally known as the ACAS [11],
[12], [13];

2) SAA without an onboard interrogator, for exam-
ple, the automatic dependent surveillance–broadcast
(ADS-B) [14], [15], [16], [17].

Note that the mode S transponders are compatible with
Mode A and Mode C SSR.

The ACAS surveillance unit interrogates nearby avi-
ation obstacles, and then, tracks them in the surround-
ing airspace through replies from their air traffic control
transponders. These SAA systems typically obtain the range
of each aviation obstacle by measuring the RTT between the
transmission of the Mode S interrogation and the receipt of
the Mode S downlink reply [18]. The altitude and vertical
velocity of each aviation obstacle are determined by track-
ing the response information of the downlink Mode S [19].
In the SAA systems using ADS-B, the AV and the aviation
obstacles are equipped with Mode S transponder and either
periodically broadcast and receive identification, position,
and other state information without Mode S interrogation.
The exchange of position information by the AV and avia-
tion obstacles necessitates the need of the global positioning
system in the ADS-B-based SAA systems.

Cooperative SAA offers higher accuracy compared to
the noncooperative systems; however, it cannot detect non-
aviation obstacles, such as buildings and power lines in
urban landscapes. On the contrary, a fast and reliable de-
tection and identification of small-sized UAVs by means
of noncooperative SAA systems is challenging. For exam-
ple, primary radars typically cannot automatically classify
whether an object is a bird or an UAV because of the very low
radar signatures of the small-sized UAVs (with a radar cross
section of the order of 0.01m2) [20]. The key disadvantage
of the noncooperative SAA systems using active ultrasonic
sensors or LiDAR is their short-range sensing. Finally, pas-
sive sensors, such as visible-light cameras, cannot capture
images at night or in low light (at dusk or dawn, in fog,
etc.), and detecting small-sized UAVs in infrared images is
challenging [21].

Cooperative SAA is significantly effective for detecting
and tracking small-sized UAVs. In this regard, a promising
solution is to employ and inertial navigation unit in com-
bination with cooperative SAA equipped with an onboard
Mode S interrogator and altimeter sensor for altitude mea-
surement.

The radial velocity information of the aviation obstacles
can improve the performance of an SAA system. Existing
cooperative SAA with an onboard Mode S interrogator, such
as the ACAS, can estimate the radial velocity and the vertical
velocity of the aviation obstacles by tracking the decoded
altitude information. This requires the reception of at least
two correctly decoded Mode S downlink replies from each
aviation obstacle. Radial velocity estimation using altitude
information is accurate for constant relative radial velocity,
which is not the case in practice. Furthermore, the standard
for Mode S responses allows small timing variances that,
although small, affect system performance when used to
estimate RTT [11]. Hence, the RTT-based ranging algorithm
in the ACAS is not very accurate.

Taking into account the aforementioned limitations and
drawbacks of the ACAS, we propose an efficient and low-
complexity cooperative SAA system for small-sized UAVs
equipped with an onboard Mode S interrogator, inertial nav-
igation unit, and an altimeter. The proposed SAA method
can estimate the radial velocity of an aviation obstacle with
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a single Mode S downlink reply; hence, it can offer more
accurate radial velocity estimation compared to the ACAS.
Moreover, it uses the decoded altitude information in the
Mode S downlink reply and the estimated elevation angle
of the aviation obstacles for ranging. This can improve the
accuracy of ranging compared to the RTT-based method
used in the ACAS because ranging does not depend on
the variances in timing of Mode S reply. Finally, based on
sensing information, the proposed SAA method classifies
aviation obstacles as low-, medium-, and low-risk intruders.
By employing the estimated parameters, the UAV can then
decide on the best evasive maneuver or flight path correction
to avoid collision.

A. Contributions

Our key contributions are listed as follows.

1) We propose a cooperative SAA method with an
onboard mode S interrogator through which a small-
size UAV can estimate the radial velocity of the
aviation obstacles in the airspace. To do so, we pro-
pose a low-complexity and accurate estimator that
estimates the Doppler frequency shift from the DF4
reply signal transmitted by the aviation obstacle.
We analytically obtain the RMSE of the proposed
estimator and the maximum unambiguous radial ve-
locity that can be estimated.

2) The idea of multicarrier transmission for the separa-
tion of the Doppler frequency shift and the frequency
drift between the oscillators of the aviation obstacle
and the UAV in the Mode S operation SSR is pro-
posed.

3) Range measurement by using the triangular relation
between the elevation angle of the aviation obstacle
and the altitude difference is investigated for mode S
operation SSR, and we analytically obtain the RMSE
of the ranging method.

4) A low-complexity and efficient intruder identifica-
tion method for the mode S operation SSR is pro-
posed.

B. Notation

Throughout this article, the superscript T denotes the
transpose operator, ∗ is the complex conjugation operator,
the symbol ¬ is the logical not, [·] and ⊗ denote the
floor function and the Kronecker product, respectively. The
convolution operator is shown by �. Vectors and matri-
ces are denoted by bold lowercase and uppercase letters,
respectively, and diag(a) returns a diagonal matrix with
entries of the vector a along the main diagonal. Vectors 0N

and 1N denote the all-zero and all-ones vectors of length
N , respectively, and the symbol x̂ is an estimate of x.
The continuous uniform distribution between a and b is
denoted by Uc(a, b). A list of acronyms and the symbols
used throughout this article is provided in Nomenclature.

Fig. 1. Body frame (xb, yb, zb) and the 2-D antenna arrays on the
xb − yb plane for a typical UAV. An omnidirectional antenna is placed

close to each antenna array for side-lobe blocking.

C. Outline

The rest of this article is organized as follows. Section II
introduces the system model. Section III describes the pro-
posed SAA and the signal model for the SAA system. In
Section IV, the radial velocity estimation of the aviation
obstacles is discussed. The AOA estimation is studied in
Section V. The proposed ranging algorithm and the intruder
identification method are investigated in Sections VI and
VII, respectively. Simulation results are provided in Sec-
tion VIII, and finally, Section IX concludes this article.

II. SYSTEM MODEL

We consider that UAVs in the airspace are equipped
with a miniaturized Mode S transponder, two onboard om-
nidirectional antennas, and two planar antenna arrays with
Na � Nx × Ny elements, spaced by dx in the rows and dy in
the columns. Hence, an UAV can electronically perform
a beam scan in azimuth and elevation. In practice, two
antenna arrays are mounted on the top and bottom of the
UAV to be able to scan elevation angles in the range of
(−90, 90)◦ and azimuth angle in the range of (0, 180)◦. An
omnidirectional antenna is also placed close to each antenna
array for side-lobe blocking. The UAV switches between
the top and bottom antennas according to the direction of
its velocity vector. The body frame (xb, yb, zb) and the 2-D
antenna array planes of a typical UAV are illustrated in
Fig. 1. As seen, the antenna arrays are on the xb − yb plane.
The onboard antennas enable the transponder to receive the
Mode S interrogations at 1030 MHz and reply to them at
1090 MHz.

During navigation, UAVs continuously sense the 1030-
MHz radio frequency band using their omnidirectional
antenna. For sensing, a simple energy detector can be
adopted. As soon as the 1030-MHz channel is identified
as unoccupied by a sensing UAV,1 it initiates the Mode S

1We consider a single channel in this article; however, by considering
multiple channels, many UAVs can simultaneously initiate Mode S inter-
rogation.
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Fig. 2. Azimuth angle φ and the elevation angle θ of the target in the
body frame (xb, yb, zb) and the top antenna array frame (xa, ya, za ).

Fig. 3. UAV electronically steers the boresight of the antenna array at
its top or bottom in the direction of its velocity vector. To increase the

situational awareness, the UAV can sequentially scan an extended
angular region.

interrogation by using its antenna array and its omnidirec-
tional antenna [22]. The UAV applies electronic beamform-
ing techniques to the antenna array to scan both azimuth
angle, φ, and elevation angle, θ , to detect and track the
aviation obstacles within the airspace. The azimuth angle,
φ, and the elevation angle, θ , of the aviation obstacle in
the body frame (xb, yb, zb) and the top antenna array frame
(xa, ya, za) are shown in Fig. 2.

The UAV electronically steers the boresight of the an-
tenna array at its top or bottom in the direction of its velocity
vector (φv, θv). Moreover, in order to increase the situational
awareness, it can sequentially scan an extended angular
region in the vicinity of the beam in the direction of its
velocity vector as shown in Fig. 3. Within the electronically
scanned area, the directional antenna boresight (top and
bottom) are located at (φ̃, θ̃ ) ∈ S with

S =
{(
φ̃ = φv + l�φ3, θ̃ = θv + m�θ3

)∣∣l,m ∈ Z

φ̃ ∈ (0, 180), θ̃ ∈ (−90, 90)
}

(1)

where Z is the set of integers, and �φ3 and �θ3 denote the
3-dB beamwidth of the array for the azimuth and elevation
angles, respectively.

Let Ma and Me denote the number of electronic scans
sweeping the azimuth and elevation angles, respectively.
The frame structure for RF sensing, Mode S uplink interro-
gations, and downlink responses for MeMa beam scans by an
UAV are illustrated in Fig. 4. As seen, Mode S interrogation
is composed of two phases: 1) UF11 all-call, and 2) UF4
roll-call. In the first phase, the UAV sequentially scans the
airspace with MeMa beams and transmits the UF11 all-call
Mode S interrogation within each beam. During the UF11
all-call interrogation, the sensing UAV obtains the DF11
squitters of all UAVs in its vicinity [22].

In the second phase, after the termination of the UF11
all-call Mode S interrogation for all MeMa beams, the
UAV sends the UF4 roll-call Mode S interrogation by
selectively addressing the detected aviation obstacles. Each
aviation obstacle replies to its UF4 roll-call interrogation
by broadcasting its altitude information through the DF4
downlink reply from its omnidirectional antenna. In this
interrogation-based scheme, a fast moving aviation obstacle
can transmit the DF11 reply in one beam, and then, leaves
the beam, resulting in it not receiving the UF4 interroga-
tion. This problem can be solved by transmitting the UF4
interrogation in multiple beams regardless of the beamwidth
until the UAV receives the DF4 reply of the aviation
obstacle .

III. PROPOSED COOPERATIVE SAA METHOD

We consider perfect RF sensing by the UAVs; hence,
only a single UAV emits the UF11 all-call, and then, the UF4
roll-call Mode S interrogation signals in each navigation
step. We propose a cooperative SAA method that esti-
mates the radial velocity, range, and azimuth and elevation
angles of the aviation obstacles from their DF4 roll-call
mode S replies. By combining the estimated parameters,
the aviation obstacles are classified into high-, medium-,
and low-risk intruders for the UAV. The block diagram of
the proposed SAA method sensing an aviation obstacle is
illustrated in Fig. 5.

The TO-E block is the timing offset estimator and is used
to estimate the beginning of the received DF4 Mode S reply
of the aviation obstacle, i.e., n̂0. The NC-SD block is the
noncoherent symbol detector and is employed to demodu-
late the DF4 reply packet of the aviation obstacle, i.e., b̂. The
proposed RV-E block is the radial velocity estimator and is
used to estimate the relative radial velocity of the aviation
obstacle, i.e., v̂r. The AoA-E block is the angle-of-arrival
estimator and is used to estimate the elevation and azimuth
angles of the aviation obstacle, i.e., θ̂ and φ̂, respectively.
The decoding block is employed to decode the altitude
information of the aviation obstacle, i.e., ha, from b̂, and
the CRC block is used to validate the integrity of the data in
b̂. If the CRC verifies the validity of b̂, it is passed through
the decoding block to obtain the altitude of the intruder.
The elevation angle and the altitude of the aviation obstacle
are employed to estimate range R̂. If the CRC does not
verify the validity of b̂ or |θ̂ | < εθ , the RTT-based ranging is
employed. The outputs of the parameter estimators, i.e., v̂r,
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Fig. 4. Frame structure for RF sensing, the UF11 all-call, and roll-call UF4 Mode S interrogations for MeMa beam scans by the UAV. After the
reception of the UF4 by the aviation obstacle, it sends the DF4 reply. Bm and Av stand for beam and aviation obstacle, respectively. The total number

of aviation obstacles detected by the UAV during the UF11 all-call is denoted by Nav.

Fig. 5. Block diagram of the proposed SAA system sensing an aviation obstacle using its top/bottom antenna array and its top/bottom
omnidirectional antenna. The number of antenna elements of the array is Na = NxNy, ↓M denotes the M-fold decimation, u(·) is the unit step function

with u(x) = 1, for x ≥ 0, and u(x) = 0, for x < 0, and εθ is a threshold used to switch between the proposed ranging algorithm and the RTT-based
ranging. The abbreviations are: analog-to-digital converter (ADC), sequence to vector (S2V, vector to matrix (V2M), timing offset estimator (TO-E),
noncoherent symbol detector (NC-SD), radial velocity estimator (RV-E), cyclic redundancy check (CRC), and angle-of-arrival estimator (AOA-E).

The black, red, and blue solid lines show the raw data, real values, and logical values, respectively.

R̂, θ̂ , and φ̂ are used as inputs of the intruder identification
unit. In the following, the aforementioned blocks and the
intruder identification unit are studied in details.

A. Mode S DF4 Discrete Time Signal Model

Let us consider that the DF4 packet of an aviation obsta-
cle is received at the UAV’s omnidirectional antenna with
a time delay of τ ∈ (0, τmax] in the receiver time reference,
where τ is unknown, and τmax is known and denotes the
maximum delay between the transmission of the UF4 Mode
S interrogation signal by the UAV and the reception of
the DF4 reply from an aviation obstacle.

As shown in Fig. 5, the downconverted DF4 reply signal
at the UAV’s omnidirectional antenna, i.e., yd(t ), is passed
through the low-pass filter with frequency response Hc( f ) =
|H ( f )| exp( j(∠H ( f ) − 2π f τgr )), f ∈ [−B,B], where B is
the bandwidth of the low-pass filter. The impulse response
of the filter is h(t − τgr ), where τgr − 1

2π
d∠H ( f )

d f is the group

delay of the filter and h(t ) � F−1
{|H ( f )| exp( j∠H ( f )

}
with F−1 as the inverse Fourier transform. Without

loss of generality, we assume that Eh = ∫ +∞
−∞ h2(t )dt =∫ +B

−B |H ( f )|2d f = 1. The complex baseband filtered signal
y(t ) can be written as2 [23]

y(t ) =
√

Ptη0

L

[ 15∑
m=0

rmg
(

t − mT − T

2
− τgr − τ

)

+
64∑

m=9

g
(

t − 2mT + b(m−9)T + T

2
− τgr − τ

)]
e j(2π fDt+ψ0 )

+ w(t ), 0 ≤ t ≤ 128T + τgr + τmax. (2)

The first term in (2) denotes the waveform of the DF4
reply associated with the preamble, and the second term
denotes the waveform associated with the PPM signaling.

2We include the filtering and sampling procedures to emphasize that ideal
PPM waveform cannot be considered in the analysis of the DF4 reply
signal at the receiver.
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For Mode S [22]

r = [r0 r1 . . . r15]T

�
[
1 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0

]T
(3)

which denotes the preamble vector, and

b = [b0 b1 . . . b55]T (4)

contains the surveillance, communication, and control
data along with the parity bits, called payload bits. In (2), Pt ,
η0, 2T = 1μs, fD, and ψ0 denote the peak transmit power,
the radiation efficiency of the omnidirectional antenna, the
signaling time of the PPM, the Doppler frequency shift, and
the carrier phase offset, respectively. Moreover, L denotes
the free space pathloss between the aviation obstacle and the
UAV defined as L � 4πR

λ
, where λ and R denote the carrier

wavelength and the distance between the aviation obstacle
and the UAV, respectively. The pulse g(t ) in (2) is given
by g(t ) � z(t ) � h(t ), where z(t ) is the Mode S trapezoidal
transmit pulse defined as [23]

z(t ) =

⎧⎪⎨
⎪⎩

A(t+ T
2 )

τr
− T

2 ≤ t < − T
2 + τr

A − T
2 + τr ≤ t ≤ T

2 − τr
A(−t+ T

2 )
τr

T
2 − τr, < t ≤ T

2

(5)

where the rise and decay time of the pulse z(t ) is τr, and

A is a constant value that satisfies Pz = 1
T

∫ T
2

− T
2

z2(t )dt = 1.

The average received power at the receiver is given by Pav ≈
Ptη0

2L2T

∫ T/2
−T/2 g2(t )dt , and the power spectral density (PSD) of

the additive noise w(t ) is N0 W/Hz over the low-pass filter
bandwidth, i.e., f ∈ [−B,B]. In cooperative and RF-based
sense and avoid systems, moderately high signal-to-noise
(SNR) is required to achieve low bit error rate, and thus,
reliable noncoherent DF4 packet decoding [24].

The received signal in (2) is sampled with sampling
rate Rs = 1/Ts, where Ts is the sampling time. The discrete
received baseband signal for the omnidirectional antenna
can be written as

y ≈
√

Ptη0

L
Fs + w (6)

where F � diag(f )

f �
[
e jψ0 e j(2π fDTs+ψ0 ) . . . e j(2π fDTs (N−1)+ψ0 )

]T
(7a)

y �
[
y0 y1 . . . yN−1

]T
(7b)

s �
[
0T

d (q ⊗ g)T 0T
D−d

]T
(7c)

q �
[
rT b0 ¬b0 b1 ¬b1 . . . b55 ¬b55

]T
(7d)

g �
[
g0 g1 . . . gM−1

]T
(7e)

w �
[
w0 w1 . . . wN−1

]T
(7f)

yk � y(kTs), wk � w(kTs), k = 0, 1, . . . ,N − 1, gm �
g(mTs − T

2 ), m = 0, 1, . . . ,M − 1, and N � 128M + D
with

M �
[

T

Ts

]
, D =

[
τmax + τgr

Ts

]
+ 1, d =

[
τ + τgr

Ts

]
+ 1

(8)

where 2M is the number of samples per PPM symbol time,
2T . For the practical square-root raised cosine low-pass
filter H ( f ) with bandwidth B and roll-off factor β, the
sampling rate Rs = 2B/(1 + β ) results in independent and
identically distributed additive noise at the receiver. In this
case, the noise vector w in (6) is zero-mean AWGN with
variance σ 2

w = N0Eh = N0, where Eh = 1 is the energy of
the low-pass filter h(t ). The values ofψ0 and fD are unknown
at the receiver.

B. TO-E and NC-SD Blocks

In this subsection, we briefly study the TO-E and NC-SD
blocks because their outputs are used in the proposed RV-E
and the ranging algorithm as shown in Fig. 5.

1) Timing Offset Estimator (TO-E): For exclusive SAA
applications, because the response of the aviation obstacle
to the UF4 roll-call Mode S interrogation is DF4 reply and
this is known to the UAV, the preamble vector in (3) along
with the five PPM symbols denoting the format number of
the packet can be employed for time synchronization. Thus,
the preamble vector used for time synchronization can be
extended to

r̄ �
[
r̄0 r̄1 . . . r̄25

]T = [
rT 0 1 0 1 1 0 0 1 0 1

]T
(9)

where r is given in (3). By employing the correlation esti-
mator, the beginning of the DF4 packet n0 can be straight-
forwardly estimated as [22]

n̂0 = argmax
n0

∣∣∣ n0+25∑
n=n0

y∗
nr̄n−n0

∣∣∣2
s.t. Mgr ≤ n0 ≤ D (10)

where Mgr � [ τgr

Ts
] + 1.

2) Noncoherent Symbol Detector (NC-SD): After esti-
mating the beginning of the DF4 response packet, the PPM
data symbols can be noncoherently detected as

b̂n =
⎧⎨
⎩

1 if
∑M−1

m=0 n,m ≥ ∑2M−1
m=M n,m

0 if
∑M−1

m=0 n,m <
∑2M−1

m=M n,m

(11)

for n = 0, 1, . . . , 55, where b̂n is the nth decoded data bit,
andn,m �

∣∣yn̂s+2nM+m

∣∣2, n̂s � n̂0 + 16M. By decoding the
detected bits b̂n in (11), the altitude of the aviation obstacle
is obtained. The altitude information can be used for radial
velocity estimation and ranging.

IV. PROPOSED RV-E

It this section, we investigate in detail the RV-E block in
Fig. 5 and demonstrate how the detected DF4 reply can be
employed for radial velocity estimation of the aviation ob-
stacles. The proposed RV-E is one of the main contributions
of this article.

The Doppler frequency shift fD in (2) can be expressed
as a function of the relative radial velocity of the aviation
obstacle and UAV, vr, as

fD = vr fc

c
(12)
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Fig. 6. Velocity vector of the UAV, vu, the velocity vector of the aviation
obstacle, vo, the relative velocity vector vo − vu, the radial velocity vector
vr , the altitude of the UAV, h, and the altitude of the aviation obstacle, ha.

where c = 3 × 108 m/s and fc = 1090 × 106 Hz denote the
speed of light and the carrier frequency of the DF4 reply,
respectively. The relative radial velocity of the UAV and an
aviation obstacle is shown in Fig. 6. For the derivation of
the RV-E, we consider perfect time delay estimation, i.e.,
n̂0 = n0, and perfect data detection, i.e., b̂ = b. However,
in practice, the estimated time delay and the detected PPM
data are replaced in the derived RV-E.

Let n0 denote the index of the first sample of the received
DF4 reply. The index of the sample denoting the start of the
payload symbols is ns � n0 + 16M because the length of
the sampled preamble vector in (3) is 16M. Let us write the
PPM form of the payload vector b in (4) as

b̄ =
[
b̄0 b̄1 . . . b̄111

]T

�
[
b0 ¬b0 b1 ¬b1 . . . b55 ¬b55

]T

(13)

and letI denote the set that includes the index of the nonzero
elements of the vector b̄, defined as

I = {i0, i1, . . . , ii55} � {i ∈ {0, 1, . . . , 111}|b̄i �= 0}. (14)

The cardinality of I is |I| = 56 because of the PPM signal-
ing of b̄. In Theorem 1, we propose a low-complexity and
accurate Doppler frequency shift estimator using the DF4
reply of an aviation obstacle.

THEOREM 1 At moderately high SNR values that is the case
in cooperative and RF-based SAA systems, the Doppler fre-
quency shift fD between the UAV and an aviation obstacle
can be estimated by

f̂D = v̂r fc

c
= 1

2πMTs

uT�TC−1�ϕ

uT�TC−1�u
(15)

where

u �
[
i0 i1 . . . i55

]T
(16a)

ϕ �
[
�xi0 �xi1 . . . �xi55

]T
(16b)

xi � ynd+iM (16c)

nd � n0 + 16M + [M/2] (16d)

and the elements of the vector u, are given in (14) with i0 <

i1 < . . . < i55. In (15), � is the 55 × 56 discrete derivative
matrix as

� �

⎡
⎢⎢⎢⎢⎢⎢⎣

1 −1 0 0 0 · · · 0
0 1 −1 0 0 · · · 0
...

. . .
. . .

. . .
. . . · · · ...

0 0 · · · 1 −1 0 0
0 0 · · · 0 1 −1 0
0 0 · · · 0 0 1 −1

⎤
⎥⎥⎥⎥⎥⎥⎦

(17)

and C is the 55 × 55 square matrix as

C = σ 2
ϑ

⎡
⎢⎢⎣

2 −1 0 0
−1 2 −1 0
· · · · · · · · · · · ·
0 0 · · · 0

· · ·
· · ·
· · ·
−1

0
0
· · ·
2

⎤
⎥⎥⎦ (18)

with

σ 2
ϑ � 1

2

(
Lσw√
Ptη0gnc

)2

(19)

and gnc with nc � [M/2], is the (nc + 1)th elements of
the pulse shaping vector g given in (7e).

The Doppler frequency shift estimator in (15) is an
unbiased estimator, i.e., E{ f̂D} = fD, and its RMSE is given
by

√
E{( fD − f̂D)2} =

√
1

(2πMTs)2

1

uT�TC−1�u
. (20)

�
Proof is in Appendix A.
Note that the inverse of the matrix C is given

by [C−1]mn = σ−2
ϑ

[
min(m, n) − mn

56

]
,where 1 ≤ m, n ≤ 55

and min(m, n) denotes the minimum of m and n [25].
As seen, the estimator in (15) does not require a priori
knowledge on σ 2

ϑ , and thus, the path loss L and the transmit
power Pt .

PROPOSITION 1 Maximum Unambiguous Radial Velocity

PPM signaling can be considered a waveform of pulse
radar with random PRIs of length T , 2T , and 3T , and
pulsewidth T . Hence, the maximum unambiguous Doppler
frequency shift that can be estimated is given by

| fD| ≤ 1

T
(21)

which results in the maximum relative radial velocity of

|vr| ≤ λ

T
. (22)

Proof is in Appendix B.

PROPOSITION 2 Separation of the Doppler Frequency Shift
and the Frequency Drift.
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In addition to Doppler frequency shift due to the relative
radial velocity between the UAV and the aviation obstacle,
there is always some difference between the manufacturer’s
nominal operational frequency and the real frequency of the
Mode S transponder. Moreover, the actual frequency keeps
slightly changing with temperature, pressure, age, and some
other factors. Hence, a frequency drift between the UAV and
the aviation obstacle oscillators is expected.

Distinguishing between frequency drift and Doppler
frequency shift is impossible for a single-carrier communi-
cation, as is currently in Mode S SSR. However, frequency
drift and Doppler frequency shift can be separated in multi-
carrier communication with at least two subcarriers. Hence,
for applications requiring high precision radial velocity
estimation, the DF4 replies need to be transmitted in the
form of multicarrier.

Let df denote the frequency drift between the trans-
mitter and receiver oscillators of a multicarrier system
with subcarrier frequencies Qk� f , k ∈ {0, 1, . . . ,Nc − 1}
in the baseband, where � f and Nc, denote the subcarrier
bandwidth and the number of subcarriers, respectively. Be-
cause of the frequency drift, the frequency offset of the kth
subcarrier fk can be written as

fk ≈ vr ( fc + Qk� f )

c
+ df (23)

where k = 0, 1, . . . ,Nc − 1, fc is the carrier frequency, and
c denotes the speed of light.

Let f̂k denote the estimation of fk by using the proposed
estimator in (15). We can write � � [ f̂0 f̂1 . . . f̂Nc−1]T in
vector form as

� = �η + z (24)

where z is the additive noise vector, η � [df vr]T, and

� �

⎡
⎢⎢⎢⎢⎣

1 fc+Q0� f
c

1 fc+Q1� f
c

...
...

1 fc+QNc−1� f
c

⎤
⎥⎥⎥⎥⎦ . (25)

The LS estimate of η is expressed as

η̂ = argmax
η

∥∥� − �η
∥∥2

(26)

which yields η̂ = [d̂f v̂r]T = (�T�)−1�T�. It is obvious
that the Doppler frequency shift of the kth subcarrier is
estimated as v̂r ( fc + Qk� f )/c.

V. AOA ESTIMATION

In this section, we investigate the AOA-E block in Fig. 5.
The estimated elevation angle of the aviation obstacle θ
is used in the proposed ranging algorithm in Section VI.
To estimate the azimuth and elevation angles of aviation
obstacles, the SAA system uses its 2-D planar antenna array.
For AOA estimation, we use the 56 M received samples
corresponding to the elements of b̄ in (13) with the indices
in the set I in (14). In this case, the received discrete base-
band matrix in the antenna array with Na � NxNy antenna

elements can be written as

Ya = [
ya

1 ya
2 . . . y

a
Na

]
≈ α f (θ, φ)

√
Ptη

L
Fa(156 ⊗ g)aT(θ, φ) + Za (27)

where Ya is the 56 M × Na measurement matrix, f (θ, φ)
is the normalized field pattern3 (normalized to unity), α
is a nominal field amplitude by the aviation obstacle,
Pt is the peak transmit power by the aviation obstacle,
η is the radiation efficiency of the array, Fa � diag(fa )
with

fa �
[
fT
i0 fT

i1 . . . fT
i55

]T
(28)

fi �
[
e j(2π fDTs (ns+iM )+ψa ) e j(2π fDTs (ns+iM+1)+ψa )

. . . e j(2π fDTs (ns+(i+1)M−1)+ψa )
]T

(29)

ns = n0 + 16 M, ik ∈ I, the carrier phase offset of
the array is ψa,4 and 156 denotes all-ones vector of
length 56. The array manifold vector of the 2-D pla-
nar antenna array with Nx × Ny elements, spaced by
dx in the rows and dy in the columns is a(θ, φ) �
[a1,1(θ, φ), a2,1(θ, φ), . . . , aNx,Ny (θ, φ)]T [26], where

am,n(θ, φ)

= e j 2π
λ

(dx(m−1) cos(θ )+dy(n−1) sin(θ ) sin(φ)). (30)

The complex-valued AWGN matrix Za with dimen-
sion 56 M × Na in (27) is given by Za �

[
za

1 za
2 . . . za

Na

]
,

whereE
{
za

k (za
�)

H
} = δ[k − �]σ 2

wI56 M,k, � ∈ {1, 2, . . . ,Na},
and σ 2

w = N0Eh = N0.

A. 2D-Multiple Signal Classification (2D-MUSIC) Algo-
rithm

To estimate θ and φ, different algorithms can be em-
ployed. If Pt or R are unknown, the 2D-MUSIC algorithm
is an effective method for estimating AOA. By employing
the 2D-MUSIC algorithm, the elevation and azimuth angles
of the aviation obstacle can be estimated from its DF4 reply
as

{θ̂ , φ̂} = argmax P2D−MUSIC(θ, φ),
s.t. θ ∈ [θ11

l , θ
11
u ]

φ ∈ [φ11
l , φ

11
u ]

(31)

where

P2D−MUSIC(θ, φ) � 1∑Na
n=2

∣∣aH(θ, φ)ên

∣∣2 . (32)

The constraint of the maximization in (31), i.e., φ ∈
[φ11

l , φ
11
u ] and θ ∈ [θ11

l , θ
11
u ], is the angular scanning area,

in which the UAV sends the all-call UF11 Mode S interroga-
tion signal to the aviation obstacles, and ên is the eigenvector
corresponding to the nth largest eigenvalue of the sample

3For antenna array with omnidirection elements, we have f (θ, φ) = 1.
4Because a single RF oscillator is employed at the antenna array, the carrier
phase ψa is the same for all array elements.
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correlation matrix given by Â = 1
56 M (Ya )HYa, where Ya is

the matrix of received samples given in (27). In Appendix C,
the performance analysis of the 2-D-MUSIC algorithm for
the DF4 reply is provided.

VI. PROPOSED RANGING ALGORITHM BASED ON
TRIANGULAR RELATION

In this section, we develop a ranging algorithm using
the triangular relation between the elevation angle θ of the
aviation obstacle and its altitude difference with the UAV,
ha − h. The proposed ranging algorithm is one of the main
contributions of this article. By employing θ̂ via either the
top or the bottom antennas and the altitude information
of the aviation obstacle, i.e., ha, obtained by DF4 reply
decoding, the UAV can estimate the range of the aviation
obstacle as

R̂ = ha − h

sin(θ̂ )
(33)

where h is the altitude of the UAV measured by its altimeter.
The necessary condition for ranging on the basis of triangu-
lar relation in (33) is that the CRC is satisfied and |θ̂ | > εθ ,
where εθ is a predefined threshold. Otherwise, the SAA
system can employ the conventional RTT-based ranging
algorithm as shown in Fig. 5. It should be noted that for
the top (bottom) antenna array, we have θ̂ > 0 (θ̂ < 0). In
Theorem 2, we obtain approximate expressions for the mean
and RMSE of the range estimator in (33).

THEOREM 2 : At moderately high SNR values that is the
case in cooperative and RF-based SAA systems, the mean
and RMSE of the range estimator in (33) for θ ∈ (−90, 90)
and θ �= 0 is given by

E{R̂} = E

{
ha − h

sin(θ̂ )

}
≈ ha − h

sin(θ )
(34)

and√
E{(R̂ − R)2} ≈ |ha − h|

sin2(θ )

×

√√√√ σ 2
w

112M
λmax

(σ 2
w−λmax )2

∣∣aH(θ, φ)e1

∣∣2∑Na
n=2

∣∣αH(θ, φ)en

∣∣2 (35)

where α(θ, φ) �
[
α1,1(θ, φ) α2,1(θ, φ) . . . αNx,Ny (θ, φ)

]T

with αm,n(θ, φ) as

αm,n(θ, φ) � ∂am,n(θ, φ)

∂ sin(θ )

= j2π

λ

(
dy(n − 1) sin(φ) − tan(θ )dx(m − 1)

)
am,n(θ, φ)

(36)

and am,n(θ, φ) is given in (30). In (35), the vector e1 is the
eigenvector corresponding to the largest eigenvalue of � �
ξa∗(θ, φ)aT(θ, φ) + σ 2

wI, i.e., λmax, ek , k = 2, 3, . . . ,NxNy

are the eigenvectors corresponding to the NxNy − 1 eigen-
values λ = σ 2

w, and

ξ � α2 f 2(θ, φ)Ptη
∑M

k=1 g2
k

L2M

≈ α2 f 2(θ, φ)Ptη
∫∞
−∞ g2(t )dt

T L2
. (37)

The approximation in (37) is obtained for large enough M,
where 1

M

∑M
k=1 g2

k ≈ 1
T

∫∞
−∞ g2(t )dt .

�
Proof is in Appendix D.

VII. INTRUDER IDENTIFICATION

Let φv and θv denote the direction of the UAV velocity
vector in the antenna array coordinate. By estimating v̂r,
φ̂, θ̂ , and R̂ through (15), (31), and (33), the UAV obtains
the necessary information for classification of the aviation
obstacles. The typical criteria used to evaluate the risk of
a collision depend on the class of UAVs. In this article,
we propose an intruder identification mechanism in which
the UAV uses v̂r, φ̂, θ̂ , and R̂ to classify aviation obstacles
into three classes: 1) high-risk intruder H0; 2) medium-risk
intruder H1; and 3) and low-risk intruder H2. We assume that
the angular velocities of the aviation obstacle in the antenna
array coordinate, i.e., |dφ/dt | and |dθ/dt | are small.

In SAA systems, a safety radiusλR is considered for safe
navigation, and if the distance between the UAV and the
aviation obstacle is smaller than this safety radius, the risk
of collision is significantly high regardless of radial velocity
vr, the relative azimuth angle |φ − φv|, and relative elevation
angle |θ − θv| [27]. The aviation obstacle within the safety
radius is identified as a high-risk intruder. Furthermore,
in the case that the aviation obstacle is outside the safety
radius, the radial velocity, vr, exceeds a safety threshold γv,
and the UAV and the aviation obstacle are moving toward
each other, i.e., (|φ − φv| < γφ ) and (|θ − θv| < γθ ), the
aviation obstacle is also identified as a high-risk intrusion
because the risk of collision is still high.

In the case that the radial velocity, vr, exceeds the safety
threshold, γv, and the UAV and aviation obstacle are not
moving toward each other, i.e., (|φ − φv| > γφ ) or (|θ −
θv| > γθ ), the aviation obstacle is identified as a medium-
risk intruder because it has the potential to rapidly reach the
safety radius. Finally, in the case that the aviation obstacle
is outside the safety radius, and the radial velocity, vr, does
not exceed the safety threshold γv, the aviation obstacle is
identified as low-risk intruder.

Given the parameters φ, θ,R, and vr, the proposed
intruder identifier is given in Table I, where γR, γφ , γθ , and
γv are the predefined safety thresholds. The value of these
thresholds varies for different classes of UAVs. In Table I,
1 and 0 are used to represent the true and false conditions,
respectively, and X ∈ {0, 1}. During the SAA procedure, the
estimated parameters φ̂, θ̂ , R̂, and v̂r are substituted in the
classification Table I to identify the risk level of the aviation
obstacle. The summary of the proposed SAA method for Nav

detected aviation obstacles is summarized in Algorithm 1.
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TABLE I
Intruder Identification

VIII. SIMULATION

In this section, we evaluate the performance of the
proposed estimators and the SAA system under different
scenarios.

A. Simulation Setup

Unless otherwise mentioned, the peak power of the DF4
reply by the Mode S transponder of each aviation obstacle is
considered to be 8 dBW [28], and it is assumed that the UAV
uses two planar antenna arrays with (Nx = 2) × (Ny = 2)
elements, spaced by dx = dy = λ/2 = 0.1375 m in rows
and columns, to estimate the azimuth and elevation an-
gles of the aviation obstacles. The elements of the array
are backbaffled omnidirectional. The 3-dB beamwidth of
the array for the azimuth and elevation angles is �φ3 =
�θ3 ≈ 60◦, and the total number of scans for UF11 Mode
S interrogation to cover φ ∈ (0, 180) and θ ∈ (−90, 90) is
MeMa = 9. The raise and decay time of the Mode S trape-
zoidal transmit pulse in (5) is τr = 0.01μs, T = 0.5μs [23],
and τgr = 270μs. The bandwidth of the low-pass filter of
root-raised cosine with roll-off factor β = 0.95 and unit
energy Eh = 1 at the omnidirectional antenna and the an-
tenna arrays is B = 6 MHz [29]. The sampling time at the
UAV receiver is Ts = (1 + β )/(2B), which results in six
samples per PPM symbol and M = [T/Ts] = 3. The PSD
of the noise N0 over the filter bandwidth, i.e., f ∈ [−B,B]
is N0 = 2.4 × 10−21 W/Hz. The maximum time delay to
receive the DF4 reply after the transmission of the UF4
Mode S interrogation is τmax = 0.0214 s. The performance
of the proposed estimators is evaluated in terms of RMSE
for 104 Monte Carlo trials. The simulation setup parameters
are summarized in Table II.

B. Simulation Results

Fig. 7 shows the RMSE of the proposed ranging algo-
rithm versus the true range for different values of elevation
angle θ for an aviation obstacle. We consider that the
azimuth angle and the relative radial velocity of the aviation
obstacle and the UAV are distributed as φ ∈ Uc(0, 180)
and vr = 55 m/s, respectively. As expected, as the range
increases, the RMSE of the proposed ranging algorithm
increases. Also, the higher elevation angle |θ |, the lower the
RMSE of ranging because of the term sin(θ̂ ) in the denom-
inator of the estimator in (33). In terms of bias analysis, the

Fig. 7. RMSE of the proposed ranging algorithm for different values of
elevation angle θ , φ ∈ Uc(0, 180), and vr = 55 m/s.

Fig. 8. Theoretical RMSE versus empirical RMSE of the proposed
ranging algorithm for θ = 20◦.

simulation results show that the proposed ranging algorithm
is unbiased for 0 < R ≤ 10 km.

In Fig. 8, we compare the empirical RMSE of the
proposed ranging algorithm obtained by simulation ex-
periments and the theoretical RMSE derived in (35) for
different values of R and θ = 20◦. As seen, there is a small
gap between the empirical RMSE and the theoretical one.
The gap between the empirical and the analytical RMSE
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Algorithm 1: SAA for Nav Aviation Obstacles.
TABLE II

Simulation Setup Parameters

Fig. 9. Range error probability comparison of the proposed ranging
algorithm with the RTT-based ranging algorithm.

decreases as the number of PPM symbols increases by
receiving multiple DF4 replies or by using extended-length
DF4 downlink replies.

Fig. 9 compares the range error probability of the RTT-
based and the proposed ranging algorithms. The range error
probability is defined as P{|r̂ − r| ≤ αr}, and it is assumed
that the azimuth and elevation angles of the aviation obstacle
are φ ∈ Uc(0, 180) and |θ | ∈ Uc(1, 90), respectively, and
the relative radial velocity of the UAV is vr = 55 m/s. For
the RTT-based ranging algorithm, we consider that there is
rε ∼ Uc(0, ε) random delay in the response of the Mode S
transponder. As seen, the proposed ranging algorithm out-
performs the RTT-based ranging algorithm even for small
values of ε.

Fig. 10 illustrates the RMSE of the proposed Doppler
frequency shift estimator for −600 ≤ fD ≤ 600 Hz and dif-
ferent values of the range R. We consider that the elevation
and azimuth angles of the aviation obstacle are distributed
as φ ∈ Uc(0, 180) and |θ | ∈ Uc(1, 90). We also show the
theoretical RMSE derived in (20). As seen, the proposed
estimator offers low RMSE at high SNR values. Moreover,
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Fig. 10. RMSE of the proposed Doppler frequency shift estimator for
different values of R. The dashed line shows the theoretical RMSE.

Fig. 11. Performance comparison of the proposed Doppler frequency
shift estimator with the periodogram and the MUSIC estimators.

the RMSE obtained by simulation experiments matches the
theoretical RMSE.

In Fig. 11, we compare the RMSE of the proposed
Doppler frequency shift estimator with the periodogram
estimator in [30] and the MUSIC estimator in [31]. The
azimuth and elevation angles of the aviation obstacle are
assumed to be φ ∈ Uc(0, 180) and |θ | ∈ Uc(1, 90), respec-
tively, and the range between the UAV and the aviation
obstacle is R = 0.6 Km. As seen, the proposed Doppler fre-
quency shift estimator outperforms the MUSIC and the peri-
odogram estimators with lower computational complexity.
The complexity order of the proposed Doppler frequency
shift estimator, the Lomb–Scargle periodogram, and the
MUSIC are O(N2

e ), O(NeF ) [32], and O(N3
a + N2

a Ne + F )
[33], respectively, where Na is the number of array elements,
F is the number of frequency grids, and Ne is the number
of observation samples used for estimation.

In Fig. 12, we evaluate the performance of the in-
truder identification method developed using the proposed
range and RV-Es. Without loss of generality, we consider

Fig. 12. Performance of the proposed intruder identification method for
104 Monte Carlo trials.

that the movement direction of the UAV is φv = 0◦ and
θv = 0◦ in the coordinates of the array. For eight aviation
obstacles in the airspace, we assume that φ ∈ Uc(0, 180),
|θ | ∈ Uc(1, 90), and R ∈ Uc(0.1, 1) km. The relative radial
velocity of the aviation obstacle and the UAV is assumed
to be vr ∈ Uc(−139,+139) m/s. The safety thresholds in
Table II are considered to be λR = 0.5 km, λφ = 10◦, λθ =
10◦, and λv = 20 m/s. The safety parameter associated with
the radial velocity λv = 20 m/s gives 25 s time to the UAV
to avoid any possible collision with the aviation obstacle.
As seen in Fig. 12, the proposed intruder identification
mechanism can accurately classify the aviation obstacles.
High-risk intruders can be identified with a probability of
0.997, which is significant.

IX. CONCLUSION

A cooperative RF-based SAA algorithm for the safe
navigation of small-sized UAVs was proposed in this ar-
ticle. The proposed SAA algorithm takes the advantage of
the Mode S SSR like the ACAS; however, it is capable
of radial velocity estimation using a single DF4 reply. In
addition, it uses a new ranging algorithm based on the
triangular relation between the estimated elevation angle
and the altitude difference between the aviation obstacle
and the UAV. The proposed triangulation-based ranging
algorithm is more accurate compared to the RTT-based
ranging algorithm, and their combination is a promising so-
lution for high accuracy ranging. The proposed SAA system
benefits from an intruder identification mechanism that can
accurately identify the risk level of the aviation obstacles
in the airspace. Future work will explore the applicability
of the proposed SAA for industrial aircraft, the evaluation
of the proposed SAA with real data, the development of
channel access for the simultaneous detection of multiple
UAVs, and the combination of 5 G technologies and SSR.

APPENDIX A

Let n0 denote the index of the first sample of the DF4
reply received in the UAV omnidirectional antenna receiver.
The index of the sample denoting the start of the payload
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symbols is ns � n0 + 16M. We can write the K � 112M ob-
servation samples corresponding to the payload PPM vector
b̄ = [b̄0 b̄1 . . . b̄111]T = [b0 ¬b0 b1 ¬b1 . . . b55 ¬b55]T, i.e.,
yn0+16M, yn0+16M+1, . . . , yn0+16M+K−1 as

a = [
a0 a1 . . . aK−1

]T ≈
√

Ptη0

L
Fs(b̄ ⊗ g) + vs (38)

where ak � yn0+16M+k , Fs � diag(fs),

fs �
[
e j(2π fDTsns+ψ0 ) e j(2π fDTs (ns+1)+ψ0 )

. . . e j(2π fDTs (K+ns−1)+ψ0 )
]T

(39)

vs � [wns wns+1 . . . wns+K−1]T, and g = [g0 g1 . . . gM−1]T.
To estimate the Doppler frequency shift, we can use the
M-fold decimation of a as

x = [
x0 x1 . . . x111

]T = [
anc anc+M . . . anc+111M

]T

≈
√

Ptη0

L
gnc Fdb̄ + vd (40)

where nc � [M/2], Fd � diag(fd ),

fd �
[
e j(2π fDTsnd+ψ0 ) e j(2π fDTs (nd+M )+ψ0 )

. . . e j(2π fDTs (nd+111M )+ψ0 )
]T

(41)

and vd �
[
wnd wnd+M . . . wnd+111M

]T
, with nd � ns + nc =

n0 + 16M + [M/2]. gnc , nc � [M/2], is the (nc + 1)th ele-
ments of the pulse shaping vector g given in (7e). The vector
x is obtained by sampling in the middle of the received
pulses.

At moderately high SNR values that is the case in SAA
systems, the signal model in (40) can be approximated
by [34]

xi = ynd+iM = yn0+M(16+i)+nc = yn0+M(16+i)+[ M
2 ]

≈
√

Ptη0

L
gnc e

j(2π fDTs (nd+iM )+ψ0+ϑi ), i ∈ I (42)

where the set I with cardinality |I| = 56 is given in (14),
ϑi ∈ R, i ∈ I, is zero-mean white Gaussian noise with
variance σ 2

ϑ = 1
2 (L2σ 2

w)/(Ptη0gnc ). The phase of xi can be
written as

�xi = �ynd+iM

≈ 2π fDTs(nd + iM ) + ψ0 + ϑi, i ∈ I. (43)

The Doppler frequency shift between the UAV and the
aviation obstacle fD can be estimated by the phase of the
received signal in (43). Let us write the phase difference of
the received signal in (43) in vector form as

�ϕ = 2πM fDTs�u + �ϑ (44)

where ϕ �
[
�xi0 �xi1 . . . �xi55

]T
,u �

[
i0 i1 . . . i55

]T
,ϑ �[

ϑi0 ϑi1 . . . ϑi55

]T
,ik ∈ I and i0 < i1 < . . . < i55, and � is

the 55 × 56 discrete derivative matrix given in (17). We can
easily show that for PPM signaling, we have ik+1 − ik ∈
{1, 2, 3} for ik ∈ I.

Because ϑ ∼ N (0, σ 2
ϑI), the noise vector �ϑ = [ϑi0 −

ϑi1 ϑi1 − ϑi2 . . . ϑi54 − ϑi55 ]T in (44) is zero-mean and
colored with covariance matrix C, where the entry on
the mth row and nth column of the covariance C, i.e.,
Cmn = E{(ϑi(m−1) − ϑim )(ϑi(n−1) − ϑin )} is given by

Cmn = σ 2
ϑ

⎧⎨
⎩

2 m = n
−1 m ∈ {n − 1, n + 1}
0 otherwise.

(45)

Using [35, eqs. (7-43) and (7-44)], the optimal maximum
likelihood estimation of the Doppler frequency shift, fD,
and its RMSE for the linear observation model in (44) are
obtained as in (15) and (20), respectively. Since E{�ϑ} =
055, we haveE{�ϕ} = 2πM fDTs�u, and thus, we can write

E{ f̂D} = 1

2πMTs

uT�TC−1
E{�ϕ}

uT�TC−1�u
= fD (46)

which shows that the proposed Doppler frequency shift
estimator is an unbiased estimator.

APPENDIX B

Let the sequence {PRI1, PRI2, . . . , PRIQ}, Q ∈ N, de-
note the PRI group of a pulse radar, where PRIi � ai

bi
, and

ai and bi are coprime integers. The maximum unambiguous
Doppler frequency shift of this waveform is given by [36]

| fD| ≤ LCM(b1, b2, . . . , bQ)

GCD(a1, a2, . . . , aQ)
(47)

where LCM and GCD denote the least common multiple
and the greatest common devisor, respectively. For the
DF4 PPM waveform with T = 0.5μs, we have PRIi � ai

bi
∈

{T, 2T, 3T } = {
1

2×106 ,
1

106 ,
3

2×106 }. Hence, we can write

| fD| = ≤ LCM(b1, b2, . . . , bQ)

GCD(a1, a2, . . . , aQ)

= LCM(2 × 106, 106, 2 × 106)

GCD(1, 1, 3)
= 2 × 106 = 1

T
.

(48)

Finally, by substituting (48) into | fD| = |vr |
λ

, we obtain (22).

APPENDIX C

Here, we exploit the results in [37] to analytically obtain
the asymptotic MSE of the 2D-MUSIC for the planar an-
tenna array used in the proposed SAA system. By defining

ωθ � sin(θ ), cos(θ ) =
√

1 − ω2
θ , and exploiting the result

of [37, eq. (3.14)], we asymptotically obtain the 2D-MUSIC
estimation error of ω̂θ = sin(θ̂ ) as

E
{

(ω̂θ − ωθ )2
} =

σ 2
w

112M
λmax

(σ 2
w−λmax )2

∣∣aH(θ, φ)e1

∣∣2∑Na
n=2

∣∣αH(θ, φ)en

∣∣2 (49)

where α(θ, φ) �
[
α1,1(θ, φ) α2,1(θ, φ) . . . αNx,Ny (θ, φ)

]T

with αm,n(θ, φ) in (36), and am,n(θ, φ) is given in (30).
In (49), the vector e1 is the eigenvector corresponding to
the largest eigenvalue of � ξa∗(θ, φ)aT(θ, φ) + σ 2

wI, i.e.,
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λmax, ek , k = 2, 3, . . . ,NxNy are the eigenvectors corre-
sponding to the NxNy − 1 eigenvaluesλ = σ 2

w, and ξ is given
in (37).

Similarly, by defining ωφ � sin(φ), and exploiting the
result of [37, eq. (3.12)], we obtain the asymptotic 2D-
MUSIC estimation error for ω̂φ = sin(φ̂) as

E
{

(ω̂φ − ωφ )2
} =

σ 2
w

112M
λmax

(σw−λmax )2

∣∣aH(θ, φ)e1

∣∣2∑Na
n=2

∣∣βH(θ, φ)en

∣∣2 (50)

where β(θ, φ) �
[
β1,1(θ, φ) β2,1(θ, φ) . . . βNx,Ny (θ, φ)

]T

with βm,n(θ, φ) as

βm,n(θ, φ) � ∂am,n(θ, φ)

∂ sin(φ)

= j2π

λ
dy(n − 1) sin(θ )am,n(θ, φ). (51)

Similar to [37], we can show that ω̂θ − ωθ and ω̂φ − ωφ
are asymptotically jointly Gaussian distribution with zero
mean.

APPENDIX D

Stoica and Nehorai [37] proved that ω̂θ is asymptotically
an unbiased estimate of ωθ = sin(θ ). Thus, we can write
ω̂θ = sin(θ̂ ) = sin(θ ) + Z , where Z ∼ N (0, μ) and μ �
E
{

(ω̂θ − ωθ )2
}

is given in (49). By defining X � Z/ωθ (for
moderately high SNR values and sufficiently large |εθ |, we
have P{|X | < 1} ≈ 1) and using the series representations

1
1+X = ∑

n≥0(−1)nX n, |X | < 1, for |θ | > εθ , we can write

R̂ = ha − h

sin(θ̂ )
= ha − h

sin(θ ) + Z

= (ha − h)
∑
n≥0

(−1)n Zn

(sin(θ ))n+1

= (ha − h)

sin(θ )

(
1 − Z

sin(θ )
+ O

( Z2

(sin(θ ))2

))
,

Z

sin(θ )
→ 0

(52)

where h and ha denote the altitude of the UAV and the
aviation obstacle, respectively. The series in (52) converges
by the ratio test if |Z| < | sin(θ )| and |θ | ≥ εθ .

For moderately high SNR values and |θ | ≥ εθ ,
Z/ sin(θ ) → 0; hence, by taking expectations on both sides
of (52), we obtain

E{R̂} = E

{
ha − h

sin(θ̂ )

}
≈ ha − h

sin(θ )
. (53)

The variance of {R̂} is also given by

var{R̂} = var

{
ha − h

sin(θ̂ )

}
≈ (ha − h)2var{Z}

sin4(θ )
. (54)

Because E{R̂} ≈ R, the MSE of the estimated range of the
aviation obstacle is given by

E{(R̂ − R)2} ≈ (ha − h)2var{Z}
sin4(θ )

. (55)

Finally, by replacing var{Z} with E
{

(ω̂θ − ωθ )2
}

in (49),
we obtain (35).
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