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Abstract

This study focuses on water electrolysis and aims to provide suggestions for the company XINTC
Global, for the design of the electrolyser and the accompanying flow network. The most important
parameters for this project are the dimensions of the cell, the geometry of the piping network, the
electrode gap, the volumetric flow rate and circulation velocity. These parameters influence the
performance of the cell. As a result, the production of hydrogen is optimized by fine-tuning these
parameters. In addition, the performance in different electrolyser geometries is maximized assuming
free circulation of the electrolyte. The geometries differ in the number of cells and the stacking
arrangement and they are the single cell, single module and horizontally stacked geometries. The
performance indicators are the flow velocity through the electrode gap and the volumetric velocity
through the electrode gap, which is a product of the velocity, electrode gap and electrode depth.
Furthermore, suggestions on the other dimensions are given, with the aim to maximize the flow
rate or velocity. To study the behaviour of the electrolysis system, I developed a Python code that
simulates the flow through the electrolysis cell and channel network. This numerical model is
compared to an analytical model and experimental data from the literature. Finally, the simulations
predicted that the optimum electrode gap width is dependent on the total number of cells. The
results with the turbulent flow model, showed that the optimum electrode gaps were 1.85 mm 0.250
mm and 0.250 mm for a single module configuration with 1, 60, and 240 electrolysis cells, respectively.
Moreover, the horizontal stacking arrangement of the modules, resulted in larger optimum electrode
gaps, for the same number of cells.
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Nomenclature

𝜂 Efficiency [-]

𝜇 Viscosity [𝑃𝑎 · 𝑠]
𝜌 Density [𝑘𝑔/𝑚3

]

𝜀 Gas fraction [-]

𝐸 Energy [𝐽]

𝐿 Length [𝑚]

𝑟b Bubble radius [𝑚]

𝑢 Velocity of the continuous phase in the 𝑥-direction [𝑚/𝑠]
𝑈g Gas flax generation [𝑚/𝑠]
𝑊 Superficial velocity, 𝑧-axis component [𝑚/𝑠]
𝑤 Interstitial velocity, 𝑧-axis component [𝑚/𝑠]
Δℎ Elevation difference [𝑚]

𝛿 Boundary layer thickness [𝑚]

¤𝑚 Mass flow rate [𝑘𝑔/𝑠]
𝜏 Stress tensor [𝑃𝑎]

𝐴 Surface area [𝑚2
]

𝐹 Faraday’s constant [𝑠 · 𝐴/𝑚𝑜𝑙]
𝑔 Acceleration of gravity [𝑚/𝑠2

]

ℎ Electrode height [𝑚]

𝑗 Current density [𝐴/𝑚2
]

𝐾𝑛 Hydraulic friction factor [-], n = 1, 2, 3

𝑙 Electrode gap width [𝑚]

𝑀 Molecular weight [𝑘𝑔/𝑘𝑚𝑜𝑙]
𝑁cells Number of electrolysis cells per module [-]

𝑁el Number of electrons invlolved in the reaction [-]

𝑝 Pressure [𝑃𝑎]

𝑄 Volumetric flow rate [𝑚3/𝑠]
𝑇 Temperature [𝐾]

𝑉 Average flow velocity [𝑚/𝑠]
𝑤el Electrode width [𝑚]

𝑥 Component on 𝑥-axis [𝑚]

𝑦 Component on 𝑦-axis [𝑚]

𝑧 Component on 𝑧-axis [𝑚]
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1
Introduction

1.1. The role of hydrogen for the energy transition
Climate change and the fossil fuel crisis is challenging the energy sector in the last decade. The transition

to a cleaner, more independent source of energy is becoming more and more important. Governments

and environmental organizations are making an effort towards cleaner energy sources. The aim is to

reduce the emissions of greenhouse gases, like carbon dioxide. Such harmful emissions, occur from

energy production with fossil fuels.

A concrete indication of this global effort is the Renewable Energy targets given within the European

Union. More specifically, the European Commission has set a target for relying on renewable energy at

least by 32%, by 2030 according to the report [1]. The intermittency of renewable energy sources, makes

this transition a big challenge.

A solution is to store green energy at times of low demand and high production. Green hydrogen

from water electrolysis is a means to long-term energy storage. Combined, with other sectors which

require hydrogen, the demand for hydrogen is expected to increase drastically. Figure 1.1, shows how

the implementation of hydrogen is expected to reduce carbon dioxide emissions over the next decades,

according to ref. [2].

Figure 1.1: Global CO2 emissions reductions from hydrogen by sector in the Sustainable Development Scenario relative to the

Stated Policies Scenario, 2030-70 from ref. [2].
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1.2. Hydrogen properties and production techniques
Hydrogen is the first element on the periodic table, and it can be found in abundance on our planet. It is

mostly found in the form of water, i.e. hydrogen-oxygen bonds, and organic compounds which can be

hydrogen-carbon bonds. It is the lightest element, and it exists in a gaseous phase at normal conditions.

To liquefy hydrogen, it requires intense cooling close to absolute zero, pressurizing or both.

Traditionally, hydrogen is produced with fossil-fuel-based processes. The most common are steam

reforming with methane and gasification. These methods, emit substantial amounts of carbon dioxide,

hence their product is called grey hydrogen. Another method is water electrolysis. It requires electrical

power and water and has only hydrogen and oxygen as products. Hydrogen produced from electrolysis,

with green electrical power, is called green hydrogen. Green electrical power has zero emissions of

greenhouse gases and it comes from renewable energy sources, like wind and solar.

Electrolysis is the electrochemical process of splitting water molecules into hydrogen and oxygen. It

is a simple and effective method for the following reasons:

1. Electrical voltage is the driving force of the process, combined with a catalytic material to the

reaction.

2. The two gases evolve on different sides of the electrolyser, hydrogen on the cathode and oxygen

on the anode. This makes the separation of the gases straightforward. A separator is introduced

between the electrodes, to keep the two gases from mixing.

3. No moving parts are required for the electrochemical process.

4. The electrolysis cell can have a simple and repeatable design for scaling up.

As it is mentioned, renewable energy sources are not available on demand, as fossil fuels, and thus

green energy needs to be stored. A common way of storing electrical energy is batteries. Although

battery technology has made some big advancements over the last few years, it is a short-term solution

for energy storage. Batteries are very efficient during charging and discharging, but they tend to lose

energy during long periods of time. Batteries also have a short life, they need time to charge and

discharge and have a high mass-to-energy ratio. Hydrogen, on the other side, is a better long-term

storage.

Hydrogen is an energy-dense compound. A kilogram of hydrogen contains between 33 kWh, which

is its Lower Heating Value, and 39.4 kWh, which is its Higher Heating Value, [3]. Figure 1.2 illustrates

the differences between Hydrogen and common fuel types. Hydrogen has a high energy-to-weight ratio

compared to other types of fuel. In contrast, hydrogen has a lower energy-to-volume ratio since it is

found in a gaseous form at normal conditions.

Figure 1.2: The volumetric energy density as a function of the gravimetric energy density of common fuels from ref. [4].
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1.3. Water electrolysis
Different types of water electrolysis cells exist. The cells are identified either as alkaline or acidic.

An alkaline environment in the cell corresponds to a pH value higher than seven, whereas an acidic

one corresponds to a pH value lower than seven. As it was explained earlier, water is the reactant of

the electrochemical process. To achieve either environment, alkaline or acidic, water-based solutions

are used. For example, in an alkaline cell, a KOH-water solution is used. This mixture is called the

electrolyte.

During electrolysis, cell voltage is applied between the anode and the cathode to produce hydrogen

and oxygen. For an alkaline cell, hydroxide molecules HO
−
, take the role of charge carriers and transport

by diffusion and convection from the cathode to the anode. The partial reactions, and a typical cell

configuration, are illustrated with figure 1.3. a, from ref. [5].

Similarly, in the acidic cell, there is an abundance of hydrogen ions H
+

which function as the energy

carriers and transport from the anode to the cathode side. In figure 1.3. b, the partial reactions, and a

typical cell configuration for acidic electrolysis is illustrated.

(a) Typical alkaline electrolysis cell from ref. [5] (b) Typical acidic electrolysis cell from ref. [5]

Figure 1.3: Comparison between alkaline and acidic (PEM) electrolysis.

1.4. Current density
Current density 𝑗 is related to the rate of hydrogen production. It has units of Amperes per square

meter, as it represents the electrical current through the cell. The hydrogen production is given below

by Faraday’s law with equation (1.1).

¤𝑚 =
𝑀

𝑁el𝐹
𝑗𝐴 (1.1)

where 𝑀 is the molecular weight of hydrogen, 𝑁el is the number of electrons involved in the reaction of

electrolysis, 𝐹 is the Faraday constant, 𝑗 is the current density and 𝐴 is the geometric surface area of the

electrodes.

1.5. Electrode gap
An important design parameter for the electrolyser is the distance between the electrodes, which is called

inter-electrode gap. Furthermore, the distance between the electrode and the separator is considered for

this study and it will be referred to as electrode gap. It is preferable since it is used for the calculation of

the pressure drop.

Figure 1.4 from ref. [6], indicates the inter-electrode distance on a traditional electrolysis cell. For the

study of the flow, it is important to use the gap between solid surfaces. Therefore, the distance between



1.6. Electrode height and gas cross-over 4

Figure 1.4: Illustration of the inter-electrode gap and electrode gap of a traditional alkaline cell from ref. [6]. The blue plates on

the left and right side are the electrodes.

the cathode and the separator is considered, which is equal to the distance between the anode and the

separator. Then this distance equals half of the inter-electrode distance, minus half of the separator

thickness.

Generally, the over-potential due to the thickness of electrolytic solution between the electrodes

increases with the electrode gap width. To decrease this resistance, the electrode gap can be decreased.

When the gap becomes zero, the electrodes are pressed onto the separator, a cell configuration known

as a zero-gap configuration. A zero-gap cell and cells with smaller gaps, require a perforated electrode,

so gas bubbles can escape to the other side of the electrodes. In the zero-gap alkaline cell example,

in figure 1.5 from ref. [7], the electrodes are made of a woven material and they are pressed onto the

diaphragm. For this type of cell, the over-potential due to the inter-electrode distance is at a minimum,

but another over-potential appears. The gas bubbles have limited space to move and as a result, they

tend to stick to the electrode surface and accumulate. Consequently, there is less effective electrode area

for gas evolution and the efficiency of the cell drops.

The zero-gap configuration is investigated by ref. [8]. In this article, the effect of gas bubbles is

studied experimentally. The researchers concluded that the bubbles block a significant amount of the

electrode surface. As a result, the surface of the electrode towards the separator was entirely blocked.

They proposed a small gap between the separator and the electrodes. Despite the increase in the

electrolyte over-potential, this nearly zero-gap configuration is found to be beneficial by allowing some

room for the bubbles to escape.

1.6. Electrode height and gas cross-over
It is the dimension of the electrode in the direction of the flow. The electrode height has an impact

on the gas fraction since the electrode surface is increasing as the height is increasing, with constant

cross-section area, safety issues arise.

As the gas fraction increases, the gas that escapes through the separator to the other side of the

cell increases. This phenomenon is called gas cross-over, and it becomes an important limitation. It is

defined as the amount of hydrogen on the oxygen side or anode side. A maximum gas cross-over of

about 4% is strictly imposed for safety reasons because above this percentage there is a risk of explosion.

This performance aspect for the electrolyser is out of scope, and it will not be investigated during this

study.
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Figure 1.5: Comparison of a traditional and a zero-gap cell from ref. [7]. On the left is the traditional cell, with solid plate

electrodes. On the right is the zero-gap cell with woven mesh electrodes.

1.7. Gas volume fraction
When gas is evolving on the electrodes, hydrogen on the cathode and oxygen on the anodes, gas bubbles

are formed. The bubbles occupy the volume in the electrolyte flow. This change in volume is important

for estimating the flow velocity, as it increases by increasing the total volume of the mixture. Thus, gas

is measured in volume. More specifically, it is measured as the gas volume relative to liquid volume.

This relation is called volume fraction.

The volume fraction is estimated by dividing the local gas volume by the liquid volume. The gas

volume value is given by Faraday’s law of electrolysis, as it is found in the book [9].

1.8. Recirculation velocity
It is the average velocity of the gas-liquid mixture through the electrode gap. The flow is necessary

for removing the gas bubbles from the electrode gap and maintaining a low gas volume fraction. The

higher the flow velocity, the less gas is accumulated in the cell.

This flow induces heat transfer and mass transfer because the liquid carries the thermal energy

produced during electrolysis, which is usually discarded from the system with heat exchangers outside

the electrolysis cell. The flow is also important for removing the produced gas and replacing the

gas-liquid mixture with pure electrolyte.

1.9. Natural convection
The electrolyte flow can occur either from forced flow or natural convection flow. Forced flow is induced

by means of an external pump, which operates on an external power supply. This additional power

can be saved by opting for a natural convection flow. Natural convection is created due to gravity with

buoyancy effect on gas bubbles and electrolyte liquid. As shown in figure 1.6, the mixture density in the

riser column decreases due to gas bubbles. Then, the force of gravity combined with the difference in

density creates a pressure difference across the electrolysis cell and the separator tank, thus flow occurs.

This effect can be amplified by adjusting the dimensions of the cell and the surrounding channels.

1.10. Motivation for studying natural convection electrolyser
An electrolyser cell requires flow parallel to the electrodes’ surface to extract gas bubbles from the

electrode gap. As it was explained earlier, bubbles introduce a resistance to the current since they

occupy the volume of the conductive medium, which is the electrolyte liquid mixture. Therefore, it is
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Figure 1.6: Water electrolyser, with a flow induced by natural convection.

essential to have sufficient flow through the cell. Flow depends upon a driving force, which is usually a

pump. Although the pump gives control of the flow velocity, it consumes energy.

Another solution to keep the electrolyte flowing, is to take advantage of the buoyancy force on

the gas bubbles. This force occurs from the acceleration of gravity and is called natural convection.

It requires no additional power; thus it can be an effective solution of minimizing the overall energy

efficiency of the electrolysis cell. As a result, the requirements for an electrolysis cell with natural

convection flow, includes only the power for the electrochemical reaction.

Consequently, the electrolysis system becomes less complex in terms of components and devices.

On the other hand, the system geometry has now a significant effect on flow as well as on efficiency.

Therefore, the goal is to design the geometry such as the buoyancy force is large enough to overcome

the friction forces and recirculate the electrolyte liquid. The current study aims to prepare a model,

which acts as a prediction tool for flow velocity. Then this tool should facilitate the designing process by

giving suggestions for the geometry.

1.11. Network of channels
As it is explained above, an electrolyser operating under natural convection conditions, induced by gas

bubbles, can be optimized for maximum circulation velocity or volumetric flow rate. The optimization

will occur on the dimensions of the cell, on the current density and on the dimensions of the channels.

There are multiple pathways for the electrolyte to enter the cell as well as for the gas-liquid mixture

to exit the cell. There are also distributors that divide the flow to multiple cells, as well as collectors

which combine the outlets of the cells. Furthermore, pure electrolyte is transported to the cells through

a vertical column called the downcomer and the mixture is removed through another column called the

riser. The geometry of such a network is illustrated with figure 1.6, where one module with electrolysis

cells is included. All of these channels and connections create the network of channels which was

mentioned earlier. The most important dimensions of this network will be optimized during this project

for maximum circulation velocity. The dimensions are:

• Electrode gap width

• Height of the electrode

• Downcomer diameter

• Riser diameter



2
Theory

2.1. Over-potential and cell efficiency
An important aspect for the financial feasibility of an electrolyser is efficiency. One type of efficiency for

electrolysis cells is voltage efficiency, which is the ratio of thermoneutral potential and cell potential.

Thermoneutral potential is defined as the voltage at which electrolysis occurs without any heat supply

or heat sink (adiabatic conditions). This means that all thermal energy required for the total reaction is

provided by electric current. For equilibrium conditions, (25 °C, 1 bar), thermoneutral potential is equal

to 1.48 V. Voltage efficiency is given below with equation 2.1 as it is found from [10].

𝜂𝑈 =
𝑈thermoneutral

𝑈cell

(2.1)

where 𝜂𝑈 is the voltage efficiency, and it is a percentage,𝑈thermoneutral is the thermoneutral potential and

𝑈cell is the voltage applied across the electrolysis cell. For example, a cell with 80% voltage efficiency, is

operating at 1.85 Volts of cell voltage.

Cell voltage is defined by the over-potential in the cell. Over-potential is the additional voltage

provided for electrolysis, to account for losses. There exist three sources of over-potential:

1. Activation over-potential (𝜂act): It is a loss caused by the activation energy required for electrolysis.

It is calculated separately for the anode and cathode. The value of the over-potential depends

on the catalytic material used for the electrodes and the temperature at which the reaction takes

place. Better materials, and higher temperatures, can reduce the activation over-potential.

2. Ohmic over-potential (𝜂ohm): It is the superposition of the electric resistances in the cell, including

the resistance from the electrolyte. Higher electrolyte conductivity, lower current densities, higher

temperature, better materials and the geometry of the cell can reduce this over-potential.

3. Concentration or diffusion over-potential (𝜂con): It is the loss due to mass transfer restrictions of

hydroxide immediately adjacent to the anode surface. At low current densities, diffusion is fast

enough and marginal concentration over-potential is observed. At high current densities, the

diffusion is not quick enough to keep up with the depletion of hydroxide on the anode surface, as

it is studied by [8].

The minimum cell voltage, also called reversible voltage (𝑈rev) is the minimum voltage at which

electrolysis is happening. At this voltage, an external heat source is required. It is equal to 1.23 V

at 25 °C and 1 bar. The cell voltage is given as the summation of the minimum cell voltage and the

over-potentials. Cell voltage is presented below with equation 2.2.

𝑈cell = 𝑈rev + 𝜂act + 𝜂ohm + 𝜂con (2.2)

2.2. Effect of bubbles on cell voltage and efficiency
The efficiency of an electrolysis cell is a function of numerous parameters. Amongst others, the

accumulation of gas bubbles in the electrode gap has a negative impact on cell voltage which is

7
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Figure 2.1: Potential drop Δ𝑉 across one electrolysis cell as a function of flow velocity, from [11].

synonymous with the electrical efficiency of the cell. As gas bubbles evolve in the electrode gap, part of

the electrolyte volume is displaced by lower conductivity gases, either oxygen or hydrogen. As a result,

the resistance of the electrolyte increases and the required voltage across the cell is increased to achieve

the same current density.

Less gas is accumulated as the flow velocity increases and voltage decreases. This is nicely illustrated

by [11] with figure 2.1. They suggest that to maintain a current density, the potential difference across

the electrodes decreases as the flow velocity increases. A similar phenomenon was observed by [12],

where the current density increases as the mass flux through the electrode gap increases for constant

voltage across the electrodes. The reason is the faster removal of gas bubbles, which then translates to

lower gas fraction values in the electrode gap and lower ohmic losses.

At the same time, the bubbles are randomly dispersed in the electrolyte, the ions are forced to take

a longer path around them to move from the cathode to the anode. This measure is called tortuosity.

When the shortest path is a straight line, tortuosity is equal to one and when the path is longer, tortuosity

is greater than one. Then, electrolyte resistance increases even more with tortuosity.

Consequently, for this project, the circulation velocity is the key performance indicator for the

optimization of the electrolyser system. This means that the aim is to maximize the velocity because

higher velocities showed less required voltages, thus better overall efficiency of the cell. At the same

time, higher volumetric flow rates results in lower gas fractions.

On the other hand, volumetric flow rate is a product of flow velocity, electrode gap width and

electrode depth. Thus, for the case of very narrow electrode gaps, high gas fractions can occur for

high flow velocities in the gap. Since the gap width is small, a high flow velocity can occur but the

volumetric flow rate is still not sufficient to quickly remove the gas. As a result, the volumetric flow rate

is investigated for this study, especially for the narrow gap widths.

2.3. Predicting circulation velocity
In a water electrolysis cell or other kind of electrolysis, a parameter that increases the ohmic resistance

is the gas fraction of the mixture. To overcome the accumulation of bubbles, the flow of the electrolyte

should be sufficient, so the gas is removed effectively.

Researchers have used the value of circulation velocity as a performance indicator, especially for

natural convection cells. For example, [13], has predicted the velocity profile in a fluorine electrolysis

cell via a numerical model. They used skirts, which are the two solid surfaces at the inlet that guide the

flow towards the electrode. The skirts augmented the effect of flow in the cell to improve the separation

of gases.
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Similarly, in [14] they have estimated the circulation velocity in an airlift reactor. For this publication,

they used an energy balance approach, and they managed to develop a model based on many parameters

and consider various sources of energy loss. In comparison, the final product of these publications was

a numerical model predicting the velocity. Each model has a variety of input parameters, which can

be adjusted quickly so the geometry of the cell or the operating conditions are approached differently.

Then, it is obvious that valuable conclusions can be obtained with experimentation on the models,

during the design process of a cell. Therefore, they are considered important tools for optimizing the

final design.

This study aims to develop such a tool for a water electrolysis cell. Specifically, an alkaline electrolyser

is assumed under natural convection conditions. Due to the absence of an external driving force for the

flow, there is no means of actively controlling the velocity. The prediction of the circulation velocity is

important for tuning the geometry, to achieve high efficiency.

2.4. Modelling
In this section, the modelling of the cell is discussed, which requires a combination of the discussed

topics.

Modelling a water electrolysis cell has the purpose of describing its function with mathematical

formulas. Then calculations are executed to obtain a better understanding of the cell. Such an approach

had been taken by a few researchers with different outcomes.

The work in [15], is an example where the researchers modelled the flow inside an electrolysis cell.

They focused on a free-circulating cell, and they managed to show how varying the dimensions of the

cell can positively affect the volumetric flow rate. The researchers from [14], have modelled the flow

in an airlift reactor, which is a different device. It is a closed loop channel, where the liquid and gas

are mixed via the injection of the gas on the bottom of the riser column. Nevertheless, the aim was

the same, to predict the circulation velocity of the liquid in the riser. More research on modelling is

found in the work of [16]. In this case, a more complex phenomenon is investigated, the backflow which

appears on the top part of the riser, as it was explained in a previous section. The model developed

by the researchers correlates the ratio of gas flow rate over liquid flow rate to the ratio of Froude over

Reynolds dimensionless numbers.

Modelling an electrolysis cell can provide an understanding of the flow pattern, as it was shown in

the examples above. A model can also predict the resistance of the electrolyte, which is the case for [17].

This article is focused on the over-potential due to the electrolyte under various conditions. A two-phase

numerical model is developed and compared to an analytical model. It considers different operating

conditions such as pressure, current density as well as the electrolyte width which is a geometric

parameter.

Finally, modelling of the flow in an electrolysis cell was previously coupled with simulations. An

example of such a work is [18]. The aim of the researchers was to initially model and then investigate with

numerical simulations a two-phase electrolysis cell. They developed an electrical model which describes

the gas evolution relative to the applied cell voltage. Besides, they described the hydrodynamics of the

cell by modelling the flow and executing simulations with computational fluid dynamics software. In

figure 2.2, results from the simulation are presented. The figure shows how the flow develops across

the electrode. At the bottom, a Poiseuille flow profile is defined, which has the maximum velocity in the

centre. We can observe that the simulation predicted a velocity profile where the maximum is closer to

the left side, where the electrode is located.

2.5. Maximum gas volume fraction
The volume fraction of phase A in a two-phase mixture, with phases A and B, has values between zero

and unity. This means that the mixture can consist 100% out of phase B or 100% out of phase A or can

consist of a combination of the two phases in any other percentage in-between.

In the case of electrolyte and gas bubbles mixture, this is not the case. Assuming that gas bubbles

are spherical and have the same diameter, there is a geometrical limitation to the volume fraction.

The highest volume fraction can be achieved with a hexagonal close-packing or square close-packing

arrangement of spheres. These dense arrangements assume that the spheres are perfect and equal in

diameter. The volume fraction of spheres occupying space is equal to
𝜋

3

√
2

≈ 0.74048 according to [19].
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Figure 2.2: CFD simulation results from [18]. On the left, the flow paths are presented. On the right, the velocity profiles are

given at various locations in the domain

In addition, repelling forces between the gas bubbles are responsible for keeping a distance between

them. Thus, the volume fraction of gas bubbles occupying space in the electrolyte is lower than 0.74048.

2.6. Viscosity as a function of gas volume fraction
The viscosity of pure water can be altered by increasing or decreasing the temperature. For a water-based

electrolyte, the amount of dissolved substance, which is usually KOH for alkaline electrolysers, the

concentration can also affect the viscosity, at a constant temperature. Furthermore, when hydrogen

and oxygen bubbles are evolving in the electrolyte, viscosity changes, because particles in a two-phase

mixture, introduce additional friction which translates to viscosity. It is important to understand the

effect of gas fraction, to predict how viscosity is changing in the electrode gap because of gas evolution.

The goal is to maintain a gas fraction which results in a relatively low viscosity and as a result in

small losses due to viscous forces in the flow. In a natural recirculation electrolyser, it is important to

minimize losses, since there is no external pumping power to counterbalance the resistance.

To approach the effect of gas volume fraction on mixture viscosity, the model given below is used.

Equation (2.3) gives mixture viscosity as a function of the gas fraction. Figure 2.3, illustrates this relation,

which suggests that, as the gas fraction increases, mixture viscosity increases. For gas fractions below

0.8, a small increase in viscosity is observed and for gas fractions close to 1, a steep increase is shown.

Though in practice, the gas fraction has a maximum value below 0.74048, which is the geometrical

maximum value.

This correlation is studied experimentally by [20] and illustrated on a plot of mixture viscosity as a

function of gas fraction with figure 2.4. The experimental results suggest an increase in viscosity as well,

with a slightly different trend.

𝜇𝑚 =
𝜇𝑙

1 − 𝜀
(2.3)

At the same time, it is important to note that there is a maximum value for gas volume fraction, which

is given by the geometric arrangement of gas bubbles and the interaction between the bubbles in the

alkaline environment. This maximum value for the gas volume fraction will be discussed later in a

separate section.

2.7. Density as a function of gas volume fraction
Similarly to mixture viscosity, mixture density needs to be adjusted based on the amount of gas evolved

in the electrolyte. Gas bubbles occupy space in the fluid, thus the average density decreases since the

density of hydrogen and oxygen are much lower than the density of the electrolyte. Therefore, the

mixture viscosity is calculated as the volume-weighted average of the viscosities of the two phases in

the flow. Equation (2.4) is suggested by [21] and gives a linear relation of mixture viscosity and the gas
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Figure 2.3: Mixture viscosity as a function of the gas fraction.

Figure 2.4: Relation of mixture viscosity to particle volume fraction, from [20]

fraction, which is illustrated with figure 2.5.

𝜌𝑚 = 𝜌𝑙𝜀𝑙 + 𝜌𝑔𝜀𝑔 (2.4)

where 𝜌𝑚 is the mixture density, 𝜌𝑙 is the density of the liquid phase, 𝜀𝑙 is the liquid volume fraction, 𝜌𝑔
is the density of the gaseous phase and 𝜀𝑔 is the gas volume fraction. By substituting the liquid volume

fraction 𝜀𝑙 with 1 − 𝜀𝑔 , a function of mixture density as a function of gas volume fraction is obtained,

shown with equation (2.5).

𝜌𝑚 = 𝜌𝑙(1 − 𝜀𝑔) + 𝜌𝑔𝜀𝑔 (2.5)
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Figure 2.5: Mixture density as a function of the gas fraction.

2.8. Velocity
In multiphase flow theory, velocity can be measured in two ways. Therefore, two definitions of velocity

exist. The first one is interstitial velocity. It describes the velocity of the electrolyte fluid travelling

around bubbles in a gas-liquid mixture. It is given by equation (2.6).

𝑤 =
𝑤𝑠 +𝑊
1 − 𝜀/𝜀𝑚

(2.6)

where 𝑤𝑠 is the slip velocity,𝑊 is the superficial velocity and 𝜀𝑚 is the maximum gas volume fraction.

Assuming no slip velocity 𝑤𝑠 = 0 and a maximum gas fraction of 1 𝜀𝑚 = 1, the interstitial velocity is

then given by equation (2.7).

𝑤 =
𝑊

1 − 𝜀
(2.7)

The interstitial velocity increases as the gas volume fraction increases, since the same electrolyte

has to move through a smaller cross-section area. Moreover, as the slip velocity and the superficial

velocity increase, interstitial velocity increases. The second definition is superficial velocity. It refers

to the volumetric flow rate of the fluid, divided by the cross-section area. When we have a flow of a

two-phase mixture, the superficial velocity is calculated with the volumetric flow rate of the phase of

interest, over the total cross-section area that the mixture is flowing through. When the flow consists of

a single phase, then the superficial velocity becomes equal to the interstitial velocity of the fluid.

𝑊 =
𝑄

𝐴
(2.8)

where𝑊 is the superficial velocity, 𝑄 is the volumetric flow rate and 𝐴 is the cross-section area.

For the current study, a two-phase flow is considered, where the mixture consists of a liquid (e.g.

water or electrolyte solution) and a gaseous phase in the form of small bubbles. As it was explained

earlier, the mixture quality is described with gas volume fraction, which is the ratio of the gaseous over

the liquid phase, in volumes.

2.9. K-value and Friction factor
For the modelling of the flow components and flow channels, the calculation of K-values was necessary.

K-value is a friction factor that is required for the calculation of hydrodynamic pressure loss. This

difference in pressure is found in internal flows due to the friction between the flowing liquid and the

solid walls. To arrive at the K-value of a flow channel first we need to calculate the Reynolds number of

the pipe section with equation (2.9).

Re =
𝜌𝑊𝐿char

𝜇
=
𝑖𝑛𝑒𝑟𝑡𝑖𝑎 𝑓 𝑜𝑟𝑐𝑒𝑠

𝑣𝑖𝑠𝑐𝑜𝑢𝑠 𝑓 𝑜𝑟𝑐𝑒𝑠
(2.9)
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Then, we calculate the Darcy friction factor which is calculated with equation (2.10) for laminar flow

and with equation (2.11) for turbulent flow.

𝑓𝐷 = 4

√
3.8𝑙𝑛

(
10

𝑅𝑒 + 0.2 ∗ 𝜖/𝐷

)
(2.10)

where 𝜖 is the roughness of the pipe material, which for PVC piping is 𝜖 = 0.002 𝑚𝑚.

𝑓𝐷 =
16

𝑅𝑒
(2.11)

The K-value for a straight pipe section is calculated with equation (2.12).

𝐾 = 𝑓𝐷
𝐿

𝐷
(2.12)

Equation (2.13) is then used for calculating pressure loss value.

Δ𝑝loss = 𝐾
1

2

𝜌𝑊2

(2.13)

Furthermore, in pipeline modelling, standard values for K-values are found from tables. For example,

for a bend and a tee-joint, the K-values are 0.75 and 1.0, respectively. Finally, the summation of the pipe

sections in series gives the pressure drop value for the pipeline.

2.10. Friction body force
The current study aims to predict the flow velocity inside the electrolysing cells. The most important

factors that affect the velocity are the driving force which is the hydrostatic pressure difference and

the resisting forces. The two driving and resisting forces oppose each other, arriving at a balance in

which the electrolyser operates at a steady state with a constant flow velocity through the cells. The

resisting forces consist of various terms, amongst which is the friction forces or viscous forces. Friction

forces dominate the resisting forces because of the relatively high viscosity of the fluid mixture and low

velocities. In this section, the friction forces are explained.

In order to estimate the recirculation velocity of the electrolyte, the pressure drop across the cell is

required. Consequently, a relation between the pressure drop and the operating conditions and fluid

properties is considered. Such a relation is found in Hagen-Poiseuille law, which applies for laminar

flow regimes. The equation in its general form is written as:

Δ𝑝 =
8𝜋𝜇𝑚𝐿𝑄

𝐴2

(2.14)

where Δ𝑝 is the pressure drop across the pipe section of interest, 𝜌 is the density of the liquid flowing

through the pipe section and 𝑉 is the average flow velocity.

For turbulent flow regimes, Darcy-Weisbach equation is widely used and it is given below in equation

(2.15).

Δ𝑝 = 𝑓𝐷
𝜌𝑣2

2𝐷𝐻
(2.15)

Both equations correlate the pressure drop with the fluid density and the fluid velocity. Consequently,

solving the equation for velocity, gives the velocity for a known pressure drop.

To arrive at an equation, which provides the friction forces due to the flow inside the pipes, a series

of equation manipulations occurred. First, we begin with the definition of the Hagen-Poiseuille law,

given in equation (2.14). Then, the interstitial velocity is substituted with the superficial velocity, which

is given as equation (2.7).
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2.11. Numerical model
The current section has the purpose of going through the steps taken during the modelling of the

electrolyser system. The system is explained with a schematic, as well as a set of equations that explain

the physics involved. The derivation is based on the guidelines given by ref. [22].

The fundamental equations are momentum conservation and mass conservation, which can be

found in appendix A.

From [22], the momentum conservation for 2D flow is given with equation (2.16). In this form, the

equation describes the momentum on a 2D plane, on 𝑥- and 𝑧- axes. On the left side are the inertial

terms for 𝑥 and 𝑧 and on the right side are the pressure, viscous and gravity terms.

𝜕𝜌(1 − 𝜀)𝑤2

𝜕𝑧
+

𝜕𝜌(1 − 𝜀)𝑢𝑤
𝜕𝑥

= − 𝑑𝑃
𝑑𝑧

+ 𝜕

𝜕𝑥

(
𝜇eff

𝜕𝑤

𝜕𝑥

)
+ 𝜌𝜀𝑔 (2.16)

with the pressure

𝑃 = 𝑝 + 𝜌𝑔𝑧 (2.17)

where 𝜌 is the liquid density, 𝜀 is the gas fraction, 𝑤 and 𝑢 are the velocities along the 𝑧− and 𝑥− axes

respectively, 𝜇eff is the effective viscosity of the mixture 𝑝 is the pressure and 𝑔 is the acceleration of

gravity.

Additionally, from [22], the mass balances for the electrolyte fluid and for gaseous hydrogen in the

system are given in equations (2.18) and (2.19).

𝑑
(
𝜌𝑔𝜀(𝑤 + 𝑤𝑠)

)
𝑑𝑧

=
𝑗𝑀

𝑛𝐹𝑙
(2.18)

where 𝜌𝑔 is the hydrogen density, 𝑤 is the electrolyte interstitial velocity and 𝑤𝑠 is the slip velocity.

𝑑𝜌(1 − 𝜀)𝑤
𝑑𝑧

= 0 (2.19)

Then, we assume the properties of the mixture and the flow velocity are constant across 𝑥 and they

change across the flow direction which is parallel with the 𝑧 axis. The axes are illustrated in figure 2.6.

Figure 2.6: The schematic of the cathode side of one cell. The green domain is the flow channel and its width represents the

electrode gap. The boundary on the right side of the green domain is where the separator surface is located.

The next step is to obtain a 1D equation. By averaging (2.16) across the 𝑥−axis and assuming no flow

on the horizontal direction 𝑢 = 0, we arrive at equation (2.20).

𝜕⟨𝜌(1 − 𝜀)𝑤2⟩
𝜕𝑧

= −𝑑⟨𝑃⟩
𝑑𝑧

+ 𝜏𝑤
𝑙

+ ⟨𝜌𝜀⟩𝑔 (2.20)

where, by definition the shear stress is 𝜏𝑤 =

(
𝜇eff

𝜕𝑤
𝜕𝑥

)
𝑥=0

at the wall surface.
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Finally, equation (2.20) is averaged across the electrode height ℎ by
1

ℎ

∫ ℎ

0

𝑑𝑧, to arrive at a discrete

form. Then, equation (2.21) is obtained, as it is suggested in ref. [22].

Δ𝑃 = −𝜌𝑊2
𝜀ℎ

1 − 𝜀ℎ
+ ⟨𝜌𝜀⟩𝑔ℎ − ⟨𝐹⟩ℎ (2.21)

where𝑊 is the superficial liquid velocity from𝑊 = 𝑤(1 − 𝜀) and 𝐹 the friction body force. Gas fraction

𝜀ℎ is obtained at 𝑦 = ℎ. Friction body force is given from 𝜏𝑤 = 𝐹
𝐴 with 𝐴 = 𝑙𝑤el.

2.12. Semi-analytical model
Besides the numerical model, a semi-analytical model was used for comparison purposes and to initiate

an analytical study for further projects. The derivation of this semi-analytical model is based on the

work of [22].

For this analysis, we begin from the mass conservation of the liquid and gaseous phases separately,

which are given with equations (2.22) and (2.23) respectively. To make the model simple, the mass of the

liquid phase is assumed to be constant, when in reality it decreases as water molecules are electrolysed

to hydrogen and oxygen molecules. At the same time, the mass of the gaseous phase is increasing at the

rate given by Faraday’s law of electrochemical reactions.

𝑑𝜌l(1 − 𝜀)
𝑑𝑧

= 0 (2.22)

𝑑
(
𝜌g𝜀(𝑤 + 𝑤s)

)
𝑑𝑧

=
𝑗𝑀

𝑁el𝐹𝑙
(2.23)

The differences between the numerical and analytical models are in the following equations. Firstly, the

gas mass conservation equation (2.23) is integrated to obtain the gas fraction profile across the width

of the electrode gap. The gas mass is integrated along the electrode surface, from 𝑧 = 0 to 𝑧 = ℎ,

assuming constant current density 𝑗 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 and no-slip velocity 𝑤s = 0. The result is given in

equation (2.24).

𝜀 =
1

1 + 𝜌g𝐹𝑊𝑙𝑛

𝑀𝑗𝑧

(2.24)

For the average gas fraction, equation (2.24) is integrated again along the electrode height and

divided with the electrode height to obtain the average value. The result is given in equation (2.25).

⟨𝜀⟩ ≈ 1

1 + 𝑊𝜌g𝑛𝐹𝑙

𝑗𝑀𝑧𝜙

(2.25)

Similarly, the average friction body force ⟨𝐹⟩ is obtained by averaging over the electrode height.

Friction body force is again given by the Hagen-Poiseuille model for laminar flow and Darcy-Weisbach

model for turbulent flow. The result is given in equation (2.26).

⟨ 2𝐹ℎ

𝜌𝑙𝑊2

𝑐

⟩ ≈

�̄� 𝑘1

(
1 + 1

�̄�
+ 1

3�̄�2

)
(𝑙𝑎𝑚𝑖𝑛𝑎𝑟)

�̄�2𝐾1

(
1 + 1

¯
2𝑊

)
(𝑡𝑢𝑟𝑏𝑢𝑙𝑒𝑛𝑡)

(2.26)

We then arrive at the same form of the momentum equation, which is given below in equation (2.27):

𝜌⟨𝜀⟩𝑔ℎ =
𝜌𝑊2

2

(
𝜀

1 − 𝜀
+ 𝐾2

1 − 𝜀
+ 𝐾3

)
+ ⟨𝐹⟩ℎ (2.27)

The advantages of analytical studies are the main initiative for this effort. To name a few, an analytical

model is exact, instant to generate values, has no stability issues, it is better for sharing with other people

and for improvements.



3
Methods

3.1. The research question
What are the optimal dimensions for the piping network of a water electrolysis system, for maximum

flow velocity or volumetric flow rate of the liquid mixture? Developing a tool in Python that estimates

the recirculation flow velocity, for a given geometry, in a natural convection alkaline electrolyser in 1D.

3.2. Geometry

Figure 3.1: Single cell geometry. The flow channel is indicated with green colour. On the left column, the electrolyte flows

downwards whereas on the right column, hydrogen evolution occurs on the cathode and gas-liquid mixture flows upwards. In

the top right corner, ideal separation of the gas is assumed. The flow and geometry in the figure resembles half of an electrolysis

cell. On the other half a mirrored geometry and flow occurs, with the anode and oxygen.

Four different geometries were investigated during the current study. The difference between the

geometries is on the piping network which makes the system, on the number of cells and on the stacking

arrangement. For each geometry, the flow on the cathode side is investigated. During water electrolysis,

the gas evolving on the cathode is hydrogen. Therefore, the assumed gas density and viscosity are equal

to hydrogen’s.

The first geometry is the cell geometry and it is defined from a rectangular loop, which resembles

the flow channel. On the right vertical section as it is illustrated with the schematic in figure 3.1, on the

16
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cathode surface hydrogen bubbles evolve. As a result, flow occurs in a clockwise direction in the flow

channel.

Figure 3.2: A single electrolysis module geometry with one or multiple cells within the module. The flow loop includes the

separator tank, the downcomer, the electrolysis module and the riser. Here only on set of downcomer and riser are shown for

illustration purposes, which are necessary for the cathode side of the system. Another set of pipelines and separator is required

for the flow through the anode side and oxygen-electolyte mixure.

The next step was to extend the geometry and include longer pipe sections. The second geometry is

the single modle geometry, which is a more realistic setup, as it includes multiple cells and external flow

channels. In figure 3.2, the geometry is illustrated. For a natural convection system, the height of the

downcomer and riser columns are important, as they can define the driving force for the flow, which is a

trade-off between hydrostatic pressure difference and frictional pressure drop. The hydrostatic pressure

difference is defined as the difference between the pressure in the downcomer and the pressure in the

riser columns, due to the gravitational force on the fluid mixture.

Figure 3.3: Horizontally stacked geometry of four identical modules, each module includes the same number of cells. The flow

rate through the downcomer, is assumed to be equally divided into the four modules and then combined in the riser.

For the third geometry, four modules are stacked on the same level, illustrated in figure 3.3. The

purpose of this model is to study the effect of the added pipe network that is responsible for dividing

the flow into a number of modules. The geometry assumes that there are four modules with the same

number of cells. This additional divider is called a manifold. In the geometry, an inlet manifold divides
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the flow into four modules and a collector manifold combines the four parts of flow into one.

The mass flow rate, of electrolyte liquid, through each one of the four modules, was assumed to be

equal, as equation (3.1) indicates.

¤𝑚1 = ¤𝑚2 = ¤𝑚3 = ¤𝑚4 = ¤𝑚module (3.1)

Therefore, the volumetric flow through the downcomer and riser columns is given by the summation

of the four parts, as it is shown with equation (3.2).

¤𝑚downcomer = ¤𝑚riser = ¤𝑚1 + ¤𝑚2 + ¤𝑚3 + ¤𝑚4 = 4 × ¤𝑚module (3.2)

Figure 3.4: Vertically stacked geometry with two modules of the same number of cells.

The fourth geometry, found in figure 3.4, has two modules stacked one on top of each other, thus it

is called vertically stacked geometry. The modules have an elevation difference Δℎ and the purpose is to

investigate its effects on the flow. Similarly to the horizontally stacked geometry, two manifolds are

responsible for dividing and combining the flow, before and after the electrolysis modules.

3.3. Running the simulations
To obtain results, the simulations are conducted using a Python code, developed for this study. In the

code, the numerical model, which is a momentum conservation equation, is solved for flow velocity. A

minimize function is employed and minimized the momentum balance on the second power. This is

the objective function and it is given with equation (3.3). The value of flow velocity that satisfies the

objective function, is the solution.(
⟨𝜌𝜀⟩𝑔ℎ − Δ𝑃 − 𝜌𝑊2

𝜀ℎ
1 − 𝜀ℎ

− ⟨𝐹⟩ℎ
)

2

= 0 (3.3)

The value of flow velocity of the electrolyte through the electrode gap width was predicted, by

varying one parameter of the model at a time. The parameters that were varied are:

• Electrode gap width

• Current density

• Electrode height

• Downcomer diameter

• Number of cells per module



4
Simulations

4.1. Validation
This section explains the process for the validation of the code. For the validation, two papers were

studied and compared to the results produced by the current study. Simultaneously, a semi-analytical

model was developed following the method in ref. [22].

4.1.1. Hine and Murakami 1980
In this paper, the effect of bubbles on the electrical resistance is experimentally measured. The setup

from ref. [23] included a vertical cell with a single electrode. The dimensions of the electrode was 89 cm

in height and 3 cm in width and the electrode gap was adjustable, with the help of interchangeable

spacers which had widths between 0.5-3 cm. The design of the cell is illustrated with figure 4.1.

Figure 4.1: Experimental setup of a vertical electrolysis cell, used for the measurements of IR drop from [23]. The inter-electrode

gap width can be adjusted between 0.5 and 3 cm, by changing spacers between the electrodes. The height of the electrodes are

fixed at 89 cm and the width at 3 cm.

The experiments were carried out both for free and forced convection flows. The experimental setup

had the following similarities to the geometry investigated in the current study:

19
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• Free convection: Free or natural convection is identified by the absence of an external pumping

force. Then, the liquid flow is depending only on the buoyancy effect due to density difference

between riser and downcomer.

• Distributed bubbles: A few characteristics of the experimental setup suggest that the gas bubbles

were not contained in a thin layer next to the electrode surface. Instead, the bubbles were

distributed in the electrode gap because of the height, which is 89 cm and it is considered tall. The

second characteristic is the high current densities between 750 𝐴/𝑚2
and 3720 𝐴/𝑚2

. Furthermore,

Hine and Murakami observed in most of the experiments, that the flow pattern was clearly a

dispersion of gas bubbles.

• Rectangular flow channel: The geometry of the channel that is available for the liquid to flow

through has a rectangular path geometry and a rectangular cross-section. Moreover, the gas is

able to escape at the top of the riser column.

Taking into consideration the similarities listed above, the results from the experiments were considered

interesting for validating the model developed for the current project, with a few adjustments in the

numerical model. The flow velocity in the electrode gap width as a function of the gap width was the

relation that was investigated.

The results given in [23] were compared to the results of the current study for validation purposes.

More specifically, the simplified cell geometry is equipped for the comparison with the turbulent flow

model, since the flow will be almost certainly turbulent. The parameters that are implemented to

simulate the experiment, are listed below on table 4.1:

Description Symbol Value

Liquid density 𝜌liquid 997 𝑘𝑔/𝑚3

Liquid viscosity 𝜇liquid 2.04 ×10
−3 𝑃𝑎 · 𝑠

Gas density 𝜌gas 0.0813 𝑘𝑔/𝑚3

Gas viscosity 𝜇gas 8.92 ×10
−6 𝑃𝑎 · 𝑠

Electrode height ℎ 89 cm

Electrode width 𝑤el 3 cm

Gap width 𝑙 0.68, 1.47, 1.97, 2.50 cm

Current density 𝑗 3720, 2270, 750 𝐴/𝑚2

Temperature 𝑇 40 °𝐶
Pressure 𝑝 1 atm

Friction factor 𝐾2 1.0

Friction factor 𝐾3 0.9

Table 4.1: Values for the validation with the experimental results from ref. [23].

The dimensions are implemented in the code as shown above. In the geometry of the current study,

the electrode gap refers to half of the anode-cathode distance. Since the experimental geometry lacks

a separator, the flow channel is equal to the inter-electrode distance. Therefore, the inter-electrode

distance from the reference article was used as the electrode gap for the simulation. Moreover, to

account for both the hydrogen and oxygen in the flow, a current density equal to 75% of the experiment’s

current density and a number of electrons 𝑁el = 4/3 for Faraday’s law in equation (1.1). This is because

the volume of evolved oxygen is half of the hydrogen volume, and in oxygen evolution one electron is

involved. The relation of current density, is explained below with equation (4.1).

𝑗simulation = 3/4 × 𝑗experiments (4.1)

The results from the paper are illustrated in figure 4.2 alongside the results from the numerical model

for the cell geometry.

From figure 4.2, we can observe that the simulation predicts values of flow velocity, two times as big

as the values from the experiments. This indicates that the hydrodynamic friction in the geometry is

too little or the amount of evolved gas is more than in reality, or both. Besides, we observe a similar

profile of velocity, with higher magnitude, which is a signal that the behaviour of velocity as a function

of current density is similar to the experiments. Moreover, the researchers experimented with the
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Figure 4.2: Circulation velocity in the gap width as a function of current density. Each curve represents a different electrode gap.

The numerical solution is calculated with the turbulent flow model and it is shown together with the experimental results from

ref. [23].

Figure 4.3: Circulation velocity in the gap width as a function of current density, curves for various gap width values. The figure

includes results from the laminar flow model, the turbulent flow model and from experiments found in ref. [23].

effect of gap width on the circulation velocity. They obtain data for three values of current density,

𝑗 = 3720, 2270, 750𝐴/𝑚2
. The comparison is given with figure 4.3.

In figure 4.3, there is again an over-estimation of the magnitude of flow velocity. This can be

explained with the same reasons as it was explained for comparison in figure 4.2. The current profile

gives as an additional observation. Specifically, the maximum points of the velocity profile are found

at lower gap widths relative to the experimental results. These maxima correspond to the optimum

gap widths for each current density curve. This indicates that the actual optimum points are at higher

electrode gap widths than what the model predicts.

4.1.2. Rousar 1987
From the paper of Rousar, the experimental results for flow velocity in the gap width as a function

of current density were simulated. The experimental setup is illustrated with figure 4.4. The single

module geometry model was employed with the turbulent flow model because the geometry with

riser and downcomer is more relevant to the experimental setup and the flow is almost certainly in the

turbulent region. In the module one electrolysis cell is assumed. The heights of the downcomer and riser

represent the pumping height Δ𝑙, as it is defined in the reference paper. For each curve on the figure, a

different value of Δ𝑙 is assumed. Four different values were tested: 40, 80, 160, 240 and 320 𝑚𝑚. For

the simulation, the parameters on table 4.2 were used.



4.1. Validation 22

Figure 4.4: Experimental setup used from ref. [24]. On the schematic, the number 3 indicates the location of the electrodes and

the electrode gap with the bubbly mixture.

Description Symbol Value

Liquid density 𝜌liquid 997 𝑘𝑔/𝑚3

Liquid viscosity 𝜇liquid 2.04 ×10
−3 𝑃𝑎 · 𝑠

Gas density 𝜌gas 0.0813 𝑘𝑔/𝑚3

Gas viscosity 𝜇gas 8.92 ×10
−6 𝑃𝑎 · 𝑠

Downcomer height ℎD 40, 80, 160, 240, 320 mm

Electrode height ℎ 70 cm

Electrode width 𝑤el 13 cm

Gap width 𝑙 6 mm

Current density 𝑗 100 - 9000 𝐴/𝑚2

Temperature 𝑇 40 °𝐶
Pressure 𝑝 1 atm

Table 4.2: Parameters implemented for the validation with experimental results from ref. [24].

Figure 4.5: Flow velocity in the electrode gap as a function of current density, a comparison of solutions with turbulent model and

experimental data from ref. [24]. Each curve represents a different value of pumping height, which is equal to the downcomer

and riser height, creating a pumping effect with the buoyancy force.

The results of the simulation show that the numerical model predicts higher flow velocities in the

electrode gap. The difference in velocity magnitude is approximately a factor of 6. This indicates that

again the predicted friction is lower than in reality and the evolved gas is overpredicted. An important

observation is that, the experimental results show that flow velocity increases as the pumping height

decreases. In contrast, the simulation predicted that the flow velocity increases as the pumping height

increases. This indicates that the numerical model may overlooks an important effect that is included in
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the experiments from ref. [24].

4.2. Semi-analytical model
As it was explained in the methods chapter, a semi-analytical model was derived and compared to the

numerical model. The two models were used in a simulation which returned predictions for the gas

fraction profile in the cell geometry. On figures 4.7 and 4.6 a comparison is given of the two models.

Figure 4.6: Flow velocity as a function of gap width, at constant current density 𝑗 = 10000 𝐴/𝑚2
. A comparison between

numerical and semi-analytical models.

Figure 4.7: Gas volume fraction profile in the cell geometry. A comparison between numerical and semi-analytical models.

Both the results of gas fraction in the gap width and the results for flow velocity as a function of

gap width agree that the semi-analytical model predicts higher velocities for the same current density

and gap width. This can be observed clearly by the values on figure 4.6 where the curve for the

semi-analytical solution is above the curve for the numerical model for most of the gap width values. In

addition, on figure 4.7, the semi-analytical model predicts lower gas fraction values in the electrode

gap compared to the numerical model. Consequently, the conclusion is that there is less accumulation

of gas bubbles in the electrode gap due to the higher flow velocity. On the other hand, the numerical

model is predicting a physical representation of the gas fraction profile in the electrode gap width and

gives a shows a maximum point for flow velocity, which are both expected.
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Figure 4.8: Flow rate as a function of gap width, at constant current density 𝑗 = 10000 𝐴/𝑚2
. A comparison between numerical

and semi-analytical models.

4.3. Sensitivity analysis
The purpose of sensitivity analysis is to establish a set of operating conditions for the single module

geometry, as a reference point. Then, compare the results with different geometries. At the same time,

the operating conditions and electrode dimensions are defined during this step. Therefore, the following

parameters are studied:

• Current density: The range found from literature. Both [25] and [26], suggest that the current

density of alkaline electrolysers for industrial purposes, is between 2000 − 4000 𝐴/𝑚2
.

• Electrode height: 4 to 15 cm. Suggested by XINTC as the company is interested in more compact

cells.

• Electrode gap width: 1 to 20 mm. The gap maintained above 1 mm to avoid phenomena studied

only in zero-gap and nearly-zero gap cells studied by [8]. The main interest is in the lower end of

the range, since ohmic losses due to the electrolyte resistivity increase with the inter-electrode

distance.

4.4. Current density
The second study on the single module geometry is focused on current density. It is an important

parameter for the system, because current density :

• affects the efficiency of the system. The higher the current density, the lower the electrical efficiency,

the higher the production rate and the higher the gas crossover between the anode and cathode.

For the current study, the current density is only investigated for its effect on flow velocity.

• is synonymous with gas evolution. The higher the current the higher the gas production and

usually the higher the gas fractions in the riser column.

• affects the electrical efficiency. For higher current densities, higher voltage is required, which

results in more ohmic losses.

• affects the gas cross-over. By increasing the current density, the gas fraction increases in the

electrode gap. As a consequence, the mass transfer of gas molecules between the anode and

cathode happens at a faster rate. Thus, by increasing current density, the danger of hydrogen gas

crossing the separator and creating an explosive mixture is higher.

4.5. Downcomer diameter
For the downcomer, the diameter is studied with respect to the hydraulic friction. The friction is

illustrated with flow velocity, therefore the diameter for which the flow velocity becomes independent
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is selected for further studies.

The downcomer column is the piping section which connects the gas/liquid separator tank and the

electrolysis cells. Through this column, the pure electrolyte is flowing downwards and enters the cells,

where water electrolysis occurs. The height of the downcomer and riser are approximately equal, and

the hydrostatic pressure difference between the two columns is the driving force of the flow. Therefore,

the higher the two columns, the greater the driving force. In contrast, the height of the columns can

not increase indefinitely, as the hydrostatic losses are also increasing. Consequently, the height is fixed

to 1 meter, which is also a practical height as the system needs to be enclosed within the limits of a

transporting container. On the other hand, the dimension of the downcomer diameter is more flexible,

thus it is investigated in this study.

4.6. Comparison of single module geometry and stacked geometry
The last step is the comparison with variations of the geometry. The horizontally and vertically stacked

geometries are possible solutions for increasing the hydrogen production rate, in a compact and cheap

manner. Subsequently, an electrolyser company like XINTC, is interested in looking for the best

combination of efficiency and manufacturing cost.



5
Results

The model is now employed to make observations and assist the design process of a natural-recirculation

electrolysis system. For the following simulations, the flow regime is assumed laminar in the downcomer

and separator and turbulent in the electrode gap width and riser.

A series of studies were conducted using the numerical model. Each study was isolating a different

design aspect of the electrolysis system. The parameters are given below with table 5.1. The gap width

and electrode height are the most important parameters because they are impossible to vary after the

electrolysis system is manufactured. At the same time, they have the most influence on gas crossover

and cell voltage, which are crucial values for the safety and financial feasibility of the system.

Description Symbol Value

Downcomer diameter 𝐷𝐷 57.4 mm

Current density 𝑗 0 - 5000 𝐴/𝑚2

Electrode height ℎ 10 cm

Electrode width 𝑤el 20 cm

Temperature 𝑇 330 𝐾

Pressure 𝑝 1 atm

Gap width 𝑙 0.5 - 20 mm

Liquid density 𝜌liquid 997 𝑘𝑔/𝑚3

Liquid viscosity 𝜇liquid 2.04 ×10
−3 𝑃𝑎 · 𝑠

Gas density 𝜌gas 0.0813 𝑘𝑔/𝑚3

Gas viscosity 𝜇gas 8.92 ×10
−6 𝑃𝑎 · 𝑠

Table 5.1: Simulation parameters.

5.1. Comparison of optimum points
This simulation is about comparing the optimum gap widths for different current densities, employing

the single module geometry with one cell in the module. The gap width was varied between 0.5 mm

and 20 mm while the current density took values of 𝑗 = 500, 1000, 2000, 4000, 8000 and 16000 𝐴/𝑚2
. The

results of the simulation are given in figure 5.1. The curves are reduced to a gap width range between

0.2 mm and 5 mm, to make the difference between the optimum points clearer.

5.2. Minimum downcomer diameter
The downcomer column is a column of pure electrolyte, and the velocity through this column should

be as low as possible to minimize hydrodynamic pressure losses. At the same time, the dimensions

of the pipe sections need to be relative small to keep the material cost and the size of the electrolyser

system small. To approach this task, the flow velocity through the cell is examined as a function of the

downcomer diameter. The current density was kept constant at 2000 𝐴/𝑚2
and electrode gap width at 5

mm.

26
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Figure 5.1: Flow velocity in the electrode gap width, as a function of the gap width. Each curve represents a different value of

current density. The maximum flow velocity of each curve is indicated with a red triangle.

Figure 5.2: Flow velocity in the electrode gap width as a function of downcomer diameter. The values of flow velocity for the

larger gap width are considered steady state. The two red markers indicate the 90% of these steady state velocities and the green

dotted line show the final value which is selected as the minimum downcomer diameter which is 57.4 mm.

From figure 5.2, the flow velocity becomes independent of the downcomer diameter at approximately

90 mm. For downcomer pipes with larger diameters, the flow velocity is considered constant. The

steady state velocity for the turbulent model is 1.13 m/s and for laminar model is 1.29 m/s which

correspond to 54.4 mm and 60.4 mm of diameters, respectively. To choose the minimum value of the

downcomer diameter, the 90% of all steady flow velocity values are select. This percentage ensures

that the hydrodynamic friction in the downcomer is of smaller significance, and at the same time the

downcomer is kept relatively compact.

As a result, the selected minimum downcomer diameter is 57.4 mm. For a real word application, a

standardized diameter will be selected. The smallest diameter above 57.4 mm is recommended.

5.3. Current density
The effect of current density on gas fraction and mixture viscosity is investigated. The aim is to

understand the relation between flow velocity and current density to aid the design process of an

electrolysis system.

In figure 5.3, the results for this study are illustrated. The plot represents the value of flow velocity

𝑊 as a function of current density 𝑗. Each curve represents the solution for a different number of cells

per module. For example, the orange curve represents an electrolysis system with a single module
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Figure 5.3: Flow velocity in the electrode gap as a function of current density. Each curve represents a different number of cells in

the module.

which includes 10 electrolysis cells.

Observing figure 5.3, the results suggest that the flow velocity is increasing with increasing current

density. The same conclusion is given observing flow rate in figure 5.4. Therefore, a common value for

current density is chosen for the following studies. The reason is that, there is no maximum point of

flow velocity or flow rate. Also, the current model will predict higher flow velocities for higher current

density, since the effect of ohmic losses are not included. Therefore, selecting an extremely high value

for current density will not be realistic. The selected value is 2000𝐴/𝑚2
, which is in the lower end of the

current density range for alkaline electrolysers, as it is suggested by [25] and [27].

Figure 5.4: Total volumetric flow rate as a function of current density. Each curve represents a different number of cells in the

module. The volumetric flow rate is calculated by multiplying the velocity, the number of cells, the electrode width and the

electrode gap.

As shown, there are two methods to increase gas fraction in the riser column. As it was explained,

the riser is where the total flow passes and the gas fraction in this column, is directly related to the

driving force and the resistance for the flow. One way of increasing the driving force is by increasing

the gas fraction. Then, two methods are available to increase gas fraction. The first one being to increase

current density and the second to increase the number of cells. Consequently, number of cells and

current density are two important design parameters that affect flow velocity and volumetric flow rate.
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5.4. Electrode height
Electrode height refers to the vertical dimension of the electrodes and it is important since it affects the

effective electrolysis area. Increasing the electrode height can increase the gas fraction, thus the flow

velocity and at the same time increase the gas cross-over. For this study, electrode height is investigated

only as a mean to optimize the system for flow velocity.

Figure 5.5: Flow velocity in the electrode gap width as a function of the electrode height. The current density is kept constant at

2000 𝐴/𝑚2
. Each curve represents a different number of electrolysis cells in the module. An electrode height of 10 cm was

selected for the rest of the simulations.

From figure 5.5 we can observe that for increasing electrode height, the flow velocity increases.

Therefore, the maximum electrode height is given taking into account the calculation of gas crossover,

which is not a part of the current model. For the purpose of the current model, a value of 10 cm is

selected for electrode height.

5.5. Gap width
In the presence of a diaphragm, the distance between the electrode to the diaphragm is call gap width.

For a gap with pure electrolyte the conductivity increases as the gap is getting wider. Simultaneously, as

the gap is getting narrower, the friction to the flow increases the gas fraction is increasing. The current

study, examines the balance between the driving force and the friction losses, to arrive at suggestions

for the electrode gap width.

Figure 5.6: Flow velocity in the electrode gap width as a function of the gap width. Each curve represents a different number of

electrolysis cells in the module.



5.6. No riser/downcomer columns 30

The optimum gap width, is found at the point where the balance of friction losses and gas fraction

result in maximum flow velocity. This relation is illustrated with figure 5.6, which gives the solutions

with the laminar flow model. Each curve has a maximum point. This point corresponds to maximum

flow velocity and happens at the optimum gap width value. The values of the optimal gap widths as

predicted with the numerical model, are given in table 5.2.

Number of cells (-) Flow velocity (m/s) Gap width (mm)

1 1.8 1.9

60 1.7 0.25

240 1.3 0.25

Table 5.2: The electrode gap widths for which we get a maximum flow velocity in the gap width. Each value is given with the

predicted velocity and the number of cells assumed in the module.

Figure 5.7: Total volumetric flow rate as a function of the gap width. Each curve represents a different number of electrolysis cells

in the module.

A different relation is showed in figure 5.7, where the flow rate increases with gap width until it

reaches a steady state. On table 5.3 the values of gap width for which the flow rate reaches the 90% of

constant value is presented.

Number of cells (-) Gap width (mm)

1 9.6

60 0.85

240 0.45

Table 5.3: Gap width values for which volumetric flow rate is at 90% of the constant value, for the single module geometry.

5.6. No riser/downcomer columns
For the current study, the dimensions of the riser and downcomer to include the friction losses from

the piping network of a water electrolysis system. In this section, the effect of these friction losses are

investigated. A comparison of the solutions in the previous section and the results excluding the riser

and downcomer columns is made. The goal is to understand the effect of the additional friction and

check whether the behaviour of the system changes in any way.

In figure 5.8 the solutions for the same geometry excluding the two columns are illustrated. The

extended geometry with the two columns has the same behaviour when increasing the electrode gap

width. Namely, the flow velocity increases to a maximum point and then decreases again. The difference

is in the value of flow velocity. Even though the columns add friction to the flow, the effect of hydrostatic

pressure difference is greater. As a result, an increase in the flow velocity for all cases is observed.
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Figure 5.8: Study on the effect of riser and downcomer columns. On the top, the results for flow velocity in the electrode gap

width as a function of gap width, for 1 60 and 240 cells in the module. On the bottom, the flow velocity was converted to

volumetric flow rate, by multiplying with electrode width and gap width.

A comparison of figures 3.2 and 5.8 indicates a small increase, which depends on the number of cells

per module. On table 5.4, the increase of flow velocity in value and percentage is given.

Number of cells (-) Increase in velocity (m/s) Increase in percentage (%)

1 0.042 2.4

60 0.067 4.0

240 0.084 5.5

Table 5.4: Comparison between geometry without riser and downcomer columns and single module geometry
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5.7. Horizontal stacking
In this section, the effect of the horizontal stacking of modules is examined. As it was explained, four

modules with the same number of electrolysis cells are stacked on the same level next to each other. The

main difference to the single module geometry is the additional friction due to the manifolds before and

after the modules, for dividing and mixing the flows. The results of flow velocity in the electrode gap

width as a function of gap width are shown in figure 5.9.

Figure 5.9: Flow velocity in the electrode gap width vs gap width with turbulent flow model. Results calculated with the

horizontally stacked geometry with four modules of the same number of cells. Three curves are plotted for 1, 10 and 60 cells per

modules which corresponds to 4, 40 and 240 total cells, respectively.

The maximum points, are found at high values of flow velocity and the slope of the curves near the

maxima are is steep. The maximum points are listed below on table 5.5.

Cells per module (-) Total number of cells (-) Gap width (mm)

1 4 3.4

60 40 4.8

240 240 3.8

Table 5.5: Optimal gap width values for horizontally stacked geometry. Maximum points found in figure 5.9.

Figure 5.10: Optimal gap width values for horizontally stacked geometry. Results calculated with the horizontally stacked

geometry. The values resemble the total volumetric flow rate through the cells, which is then combined in the riser.

Similarly, the curves of volumetric flow rate as a function of electrode gap width, show a high flow
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velocity at the maximum points and steep slopes near them. The results for flow rate are shown in

figure 5.10.



6
Discussion

6.1. Cell geometry
The single cell geometry, resembles an experimental setup that can be used for validation of the model

or a geometry to be studied with Finite Element Analysis (FEA) software packages. For the current

project, none of the two was made possible. Therefore, as it is explained later, validation was made by

comparison to experimental results from literature.

The validation with experimental studies from ref. [23] showed a comparable behaviour of the

model to the results from literature, though there were significant differences in the predicted values.

The comparison in figure 4.2 showed that predicted values are two times higher than the experimental

results. Comparison in figure 4.3, confirmed the same observation and showed that maximum points

are predicted at narrower gap widths. The reason for the different values is that the current density

for the numerical model was constant across the electrodes, whereas the current density values from

the experiments may be maximum values. Consequently, more gas production is assumed for the

numerical model. Furthermore, the assumption that the bubbles are distributed across the electrode gap

width is not accurate. Bubbles in the experimental setup might disperse, but only after a certain height,

since a boundary layer of bubbles is growing on the electrode surface. Simultaneously, the optimum

gap widths were found somewhere between 0.2 and 0.6 mm, relatively to the optimum values between

0.5 and 1.0 mm from [23].

The comparison with the results from [24], showed a similar behaviour as well. The results from the

current model showed higher values of flow velocity by a factor of 5, in comparison to the experimental

results.

The validation process verified that the numerical model is overpredicting the flow velocity in the

electrode gap and predicting narrower optimum gap width.

6.2. Semi-analytical model
The semi-analytical model assumed the same friction factors and as a result, the flow velocity in figure

4.6 and gas fraction values in figure 4.7 were similar. The most important difference was in the value of

flow velocity at the optimum gap width. The semi-analytical model predicted almost twice as high

flow velocity as the numerical model. Again, the two models are assuming less friction than reality.

In addition, the assumption of evenly distributed gas bubbles might be an important parameter that

caused such a difference.

6.3. Downcomer diameter
In figure 5.2, the results of this study, showed that as the diameter of the downcomer increases, the

velocity increases. This is explained with the reduction of friction, given by the Darcy-Weisbach equation

(2.15), where the characteristic length is the diameter. On the contrary, by keep increasing the diameter

above a critical value, the velocity increases marginally and reaches steady state. This critical diameter

is the minimum downcomer diameter, and it refers to 𝐷 = 57.4 𝑚𝑚, for the examined case.

34
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For the downcomer diameter, we expect to see an increase in flow velocity as the diameter is increasing.

This is happening because the hydrostatic pressure difference for a flow through a straight pipe is

proportional to the diameter of the pipe. As the downcomer diameter increases, the aforementioned

hydrostatic pressure drop becomes less significant relative to the other sources of pressure drop in the

piping network. Therefore, an optimal diameter is one that results in hydrostatic pressure losses and at

the same time is as little as possible to decrease the footprint of the system and the cost of materials.

6.4. Current density
The effect of current density was examined and the value was set to 𝑗 = 2000 𝐴/𝑚2

. The results, showed

that the flow velocity increases as the current density increases, without any limitations. This is because

the voltage efficiency as well as the mass transfer limitations are not taken into account for the current

project. Therefore, a relatively low current density was chosen, within the range commonly used in the

industry of alkaline electrolysers. The range found from [25] and [26] is 2000 − 4000 𝐴/𝑚2
.

6.5. Number of cells
An important observation from figure 5.3, is how the number of cells affects flow velocity in the electrode

gap. As the number of cells in the module increases, flow velocity decreases. This happens because in

all cases, the dimensions of riser and downcomer are the constant. Thus, the more cells the more the

average gas fraction in the riser and as a result viscosity is increasing. The decrease in velocity is then

explained with the increasing hydrodynamic pressure drop for increasing viscosity in the riser.

In contrast, the volumetric flow rate increases with increasing number of cells. Even though the flow

velocity is the lowest for a module including 60 cells, the volumetric flow rate of the mixture through

the riser is the highest. This is happening because the flow rate through each cell is added to the total

flow rate, which is then recirculated through the downcomer and riser. This effect is clearly illustrated

in figure 5.4.

6.6. Electrode height
The dimension of electrode height was investigated and a height of ℎ = 20𝑐𝑚 was selected. Figure 5.5

suggests, that velocity increases as the electrode height increases. Therefore, since there is an optimum

point, a relatively compact electrode was chosen. The reason is, that the taller the electrode, the higher

gas crossover. Since gas crossover is not estimated by the current model, a short electrode height is a

safer choice.

6.7. Single module geometry
The geometry with a single module, combined with downcomer and riser columns, acted as a reference

point for the project. The results with this geometry are compared with the other geometries.

At this point, it should be disclaimed that the single module geometry was planned to be validated

with experiments. Unfortunately, due to The second geometry, identified as single module geometry, is a

more realistic approach to a full sized industrial electrolyser setup. Unfortunately, there was not enough

time and resources to prepare and run an experiment for validation. Thus, the results are expected to

give the behaviour of a real electrolysis system and not exact values.

6.8. Without riser and downcomer columns
Riser and downcomer columns are critical parts of the geometry because the hypothesis was about

finding the dimensions, for which flow velocity or flow rate maximizes. The results from figure 5.8,

suggest that this is true, since the velocities and flow rates increase from a geometry without the columns

to a geometry including the columns. But, since the decrease in flow velocities due to the addition of

the riser and downcomer columns is small, no major conclusions are drawn.

6.9. Horizontally stacked geometry
Horizontally stacked geometry was an attempt to simulate a more complex network where four modules

are stacked on the same level next to each other. Observing the predicted values for flow velocity in
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figure 5.9, no certain conclusions are drawn.



7
Suggestions for further improvement

By the end of the project, the model provides a better perspective of the behaviour of an electrolyser,

with a flow driven by natural convection. The predictions, though, could be further improved.

As it was mentioned, experiments were not made possible, for the validation process, the results

were compared to data from literature. In the reference articles, similar cases were studied but with a

few differences. Consequently, experiments with the geometry used for the model can improve the

validity of the model and show any other weakness. In addition, tuning of the parameters like friction

factors and liquid properties can bring results similar to the two validation cases.

Moreover, an even distribution of bubbles was assumed in the electrode gap. In reality, a layer with

high gas fraction is created close to the electrodes. This layer of gas bubbles and electrolyte mixture is

called a plume. The thickness of the plume increases, across the electrode surface, in the direction of the

flow. As a result, the thickest part of the plume is on the top of the electrode and the narrower is on the

bottom. This uneven distribution of gas bubbles creates a flow velocity profile in the horizontal direction.

It can even create a backflow in the electrode gap. Therefore, the model can be improved by including

the effect of plume and velocity profiles. This means that, the model will become 2-dimensional or a

correction factor can be introduced, to maintain the 1D nature of the model. This correction factor, may

have an effect on the pressure drop to accommodate the distribution of gas bubbles in the electrode gap.

The bubble plume that is created, also affects the conductivity of the electrolyte liquid. As the gas

fraction is increasing, the resistance is increasing. Consequently, current density is also uneven on the

electrode surface and it should be modelled taking into account the gas fraction profile.

For a 2-dimensional model, a simulation with FEA software packages could improve the results. A

more complex model, or geometry, could be solved with a FEA package to improve the resolution of the

grid. As a result, a more detailed geometry can be assumed and the pressure drop can be calculated

more accurately.

Further analytical analysis, may be beneficial because more effects of physical phenomena can be

included, for example the effect of inertia and the kinetics of the electrochemical reaction, or a more

general model can be developed with fewer assumptions.
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A
Modelling and Navier-Stokes

equations

The governing equation that describes the flow is the conservation of momentum paired with the

conservation of mass. In three dimensions, the momentum equation has three Cartesian components.

The 𝑧 component, it is given by [28] with equation (A.1). It is a differential equation for the conservation of

momentum, and it classifies as a Cauchy momentum equation. The current form is for an incompressible

Newtonian fluid, and it is known as the Navier-Stokes equation.

𝜌

(
𝜕𝑣𝑧
𝜕𝑡

+ 𝑣𝑥
𝜕𝑣𝑧
𝜕𝑥

+ 𝑣𝑦
𝜕𝑣𝑧
𝜕𝑦

+ 𝑣𝑧
𝜕𝑣𝑧
𝜕𝑧

)
= −

𝜕𝑝

𝜕𝑧
+ 𝜇

(
𝜕2𝑣𝑧

𝜕𝑥2

+ 𝜕2𝑣𝑧

𝜕𝑦2

+ 𝜕2𝑣𝑧

𝜕𝑧2

)
+ 𝜌𝑔𝑧 (A.1)

where on the left side is the inertial term and on the right side, from left to right, are the pressure,

viscous and gravity terms.

Alongside the momentum equation, the general mass balance, also known as the continuity equation,

is written in the integral form, as it is found in [28]:

𝑑

𝑑𝑡

∫
𝑉𝛼

𝜌d𝑉 +
∫
𝐴𝛼

𝜌w · nd𝐴 = 0 (A.2)

where 𝑉𝛼 is the arbitrary differential volume which is bounded by a surface of area 𝐴𝛼 with n the

outward unit normal vector 𝐴𝛼 is the surface area of the arbitrary volume and w is the velocity of the

fluid.
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