<]
TUDelft

Delft University of Technology

Maximum of the Membrane Model on Regular Trees

Cipriani, Alessandra; Dan, Biltu; Hazra, Rajat Subhra; Ray, Rounak

DOI
10.1007/s10955-022-03043-w

Publication date
2023

Document Version
Final published version

Published in
Journal of Statistical Physics

Citation (APA)
Cipriani, A., Dan, B., Hazra, R. S., & Ray, R. (2023). Maximum of the Membrane Model on Regular Trees.
Journal of Statistical Physics, 190(1), Article 25. https://doi.org/10.1007/s10955-022-03043-w

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without the consent
of the author(s) and/or copyright holder(s), unless the work is under an open content license such as Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.


https://doi.org/10.1007/s10955-022-03043-w
https://doi.org/10.1007/s10955-022-03043-w

Journal of Statistical Physics (2023) 190:25
https://doi.org/10.1007/510955-022-03043-w

®

Check for
updates

Maximum of the Membrane Model on Regular Trees

Alessandra Cipriani'2( - Biltu Dan3 . Rajat Subhra Hazra*> . Rounak Ray®

Received: 10 January 2022 / Accepted: 18 November 2022
© The Author(s) 2022

Abstract

The discrete membrane model is a Gaussian random interface whose inverse covariance is
given by the discrete biharmonic operator on a graph. In literature almost all works have
considered the field as indexed over Z¢, and this enabled one to study the model using
methods from partial differential equations. In this article we would like to investigate the
dependence of the membrane model on a different geometry, namely trees. The covariance
is expressed via a random walk representation which was first determined by Vanderbei in
(Ann Probab 12:311-314, 1984). We exploit this representation on m-regular trees and show
that the infinite volume limit on the infinite tree exists when m > 3. Further we determine
the behavior of the maximum under the infinite and finite volume measures.
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1 Introduction

The main object of study in this article is the membrane model (MM), also known as discrete
bilaplacian or biharmonic model. As arandom interface, the MM can be defined as a collection
of Gaussian heights indexed over a graph. In this article, we will study the MM on regular
trees. Let T,, be an m-regular infinite tree, that is, a rooted tree with the root having m-
children and each of the children thereafter having m — 1 children. With abuse of notation
we will denote the vertex set of T,, by T,, itself. Then the MM is defined to be a Gaussian
field ¢ = (¢x)xeT,, » Whose distribution is determined by the probability measure on RTm
with density

1 1
Pr(py=——exp| =3 D (8’ | [Tdee [T dotdeo. (1.1)
A x€T,, xeA x€Ty \A

Here A C T, is a finite subset, A is the discrete Laplacian defined by

1
Afe=Af=3 —(fM) = f@), [:Tn >R, xeTy, (12)

y~x

where y ~ x means that y is a neighbor of x, de, is the Lebesgue measure on R, §g is
the Dirac measure at 0, and Z, is a normalising constant. We are imposing zero boundary
conditions i.e. almost surely ¢, = 0 for all x € T, \ A, but the definition holds for more
general boundary conditions.

The membrane model was introduced and studied mostly in the case A C Z¢. For example,
the existence of an infinite volume measure for d > 5 was proved in [16] and later the model
and its properties were studied in details in [13]. The point process convergence of extremes
on Z? for d > 5 was dealt with in [7]. The case of d = 4 is related to log-correlated models
and the limit of the extremes was derived in [17]. Finally the scaling limit of the maximum
in lower dimensions follows from the scaling limit of the model which was obtained by [6]
ind =1andby [8]ind =2, 3.

The discrete Gaussian free field (DGFF) is a well studied example of a discrete interface
model and has connections to other stochastic processes, such as branching random walk and
cover times. Most of these connections arise due to the fact that the covariance of the DGFF is
the Green’s function of the simple random walk. This is not the case for the MM, essentially
because the biharmonic operator does not satisfy a maximum principle. This also depends
heavily on the boundary conditions: closed formulas for the bilaplacian covariance matrix
have been found [10, 11, 13], however they do not apply to our choice of boundary values.
On the square lattice one can rely on other techniques, namely discrete PDEs, to prove results
in the bilaplacian case. However as soon as one goes beyond 74 approximations of boundary
value problems are less straightforward, and our work is prompted from this aspect. We will
use a probabilistic solution of the Dirichlet problem for the bilaplacian [19] to investigate the
membrane model indexed on regular trees. We restrict our study to regular trees because these
graphs have many features which are different from Z¢. One of the most striking contrasts
is that the number of vertices in the n-th generation is comparable to the size of the graph up
to the n-th generation. From Vanderbei’s representation, it is clear that the boundary plays a
prominent role in the behavior of the covariance structure. We will use this representation to
derive the maximum of the field under the infinite and finite volume measures. In the next
section we describe our set-up and also state the main results, followed by a discussion on
future directions.
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2 Main Results
2.1 The Model

For any two vertices x, y € T,,, we denote d(x, y) to be the graph distance between x and y.
Then the Laplacian, whose definition was given in (1.2), can also be viewed as the following
matrix:
—1 ifx =y,
A, y) =1+ ifdx,y) =1, (2.1)
0  otherwise.

We write AZ for its iteration, i.e., A2 Sy =A(Af(x)) and define Af\ to be the matrix
(AZ(X, Y))x,yeA~

Lemma 1 The Gibbs measure P on R with 0-boundary conditions outside A given by (1.1)
exists for any finite subset A. It is the centered Gaussian field on A with covariance matrix
(A~

Proof We first prove that A2 is symmetric and positive definite, i.e., for any function f :
T,, — R which vanishes outside a finite subset and which is not identically zero

> FOARx () > 0. 2.2)

X, y€Tm

From (2.1) it is clear that A is symmetric, and hence A% is so. Let g = A f and to prove (2.2)
we observe that

Y @AM ()

Y fagm = Y 700 Y600 - )

x, €Ty, xeT,, xeT,, y~x
1
=— 2 8} (fO = ) = Y gx)g) > 0.
xeT,, y~x xeT,,

Also, one can show using summation by parts that if ¢ : T,, — R vanishes outside A then
D (A=) g
xeT, xeTy

The proof is now complete by using Proposition 13.13 of [9]. O

2.2 Main Results

We denote the root of the tree by 0. We will consider m > 3. In the case when m = 2 the
tree is isomorphic to Z and the MM on Z has been studied in the literature, see for instance
[5, 6]. For any n € N, we define

Vii={x € Ty, : d(0, x) < n}.

Let ¢ = (¢x)xeT,, be the membrane model on T, with zero boundary conditions outside V,,.
In this case, we denote the corresponding measure Py, by P,,. Also we denote the covariance
function for this model by G, that is, G, (x, y):=E,[@x¢y]. Let (Sx)r>0 be the simple
random walk on T,,. We write P, for the canonical law of the simple random walk starting
at x. The following theorem proves the existence of the infinite volume limit.

@ Springer
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Theorem 2 The measures P, converge weakly to a measure P, which is the law of a Gaussian
process (¢x)xeT,, With covariance function G given by

G(x.y)=Elpcpy] = E, [Z(k +1) ]l[sky]:| =3k + DP(S = ).

k=0 k=0

We will see later (in Lemma 9) that for any x € T,

m=D(m—-D%2+1)

G(x,x)=G(o,0) =

(m —2)3
We define two sequences as follows
loglog N + log (4m) 1
bu:=+/G (0, 0) [\/2 log N — AT , an:=G(0,0)b; ",
where N:=|V,|. We have
n
-D"r=2
N =1+ mn— 1yt = 2= D022 2.3)
Pt m—2

Our main result in this paper concerns the scaling limit of the maximum of the field, namely
the Gumbel convergence of the rescaled maximum.

Theorem3 Foranyf € R

lim P

n—o00o

(maxxev,, ox — by < 9> _ exp(_eﬂg).
(27}

We show in the following result that up to the first order the constants do not change for
the extremes and when we look at the expected maximum under the finite volume, it still
converges to /G (0, 0), after appropriate scaling. The same result can be proved under the
infinite volume measure, so we stick to the finite volume case, the infinite volume situation
being completely analogous.

Theorem4 Form > 3,

. E, [maxxEV,, (px] _
nll)ngo W =/ G(O, 0).

In case of the finite volume field we show that the maximum field normalised to have vari-
ance one converges in distribution to the Gumbel distribution. We define B,,:=b, /+/G (0, 0)
and A,:=B, .

Theorem 5 Let Yy = ¢y // Gy (x, x) for x € V,. Then for any 6 € R and m > 14 we have
that

lim P,
n—o00

<maxxevn Yy — By

<0) =exp(—e™").
BB ) et

Remark 6 In exposing our results we keep all the constants depending on m explicit. We
emphasize that m > 14 is just the bound that our approach yields, while presumably the
result holds for all m > 3.
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2.3 Discussion

e Ourresultis heuristically motivated by the fast decay of correlations of the DGFF on a tree.
As we shall see in Lemma 9 correlations decay exponentially in the distance between
points, which suggests a strong decoupling and a behavior of the rescaled maximum
similar to that of independent and identically distributed Gaussians.

e In Theorem 3, the scaling constants show that the correlation structure can be ignored
for the extremes and the behaviour is similar to that of i.i.d. centered Gaussian random
variables with variance G (o, 0). In the finite volume case, we rescaled the field to have
variance one and hence the behaviour remains the same as that of the i.i.d. case. An
interesting open problem is whether this behavior is retained for the finite volume field
divided by +/G (0, 0). This convergence is by no means trivial to obtain as the finite
volume variance convergence to G (-, -) is not uniform, in particular the error depends
on the distance to the leaves. Moreover, since the size of the boundary of a finite tree is
non-negligible with respect to the total size we cannot claim that extremes are achieved
in the bulk and not near the boundary.

e Forscaling extremes we use a comparison theorem of [12] that is based on Stein’s method.
There are many different approaches to the question of convergence of extremes using
Stein’s method, one notable instance being [2]. Compared to their method the advantage
of [12] is that it does not require to control the conditional expectation of the field that
emerges from the spatial Markov property. While for other interfaces, like the DGFF,
the harmonic extension has a closed form in terms of random walk probabilities, the
biharmonic extension is more subtle to bound, and [12] allow one to bypass this step.

e The main contribution of the article is the analysis of the covariance structure for a
membrane model on the tree. We are not aware of any prior work which deals with
the bilaplacian model on graphs beyond 7%, whilst there is an extensive literature on
the discrete Gaussian free field on general graphs. We exploit the representation of the
solution of a biharmonic Dirichlet problem in terms of the random walk on the graph. In
the bulk the behaviour is easy to derive and is close to that of

T0—1
G (x, y):=E, [Z(k +1) ]I[Skyji| ,
k=0
where 1y is the first exit time from a bounded subgraph (see Sect. 3). Around the boundary
additional effects arising out of boundary excursions kick in, in particular we will use
the successive excursion times of the random walk and the local time of the random walk
between two consecutive visits to the complement of a set. Control of such observables on
general graphs will open up avenues for further interesting studies in the area of random

interfaces.

e Although we consider regular trees we believe that our results can be extended to rooted
trees where the same scaling limit for the maximum will hold. The case of Galton—Watson
tree will be more challenging due to the randomness of the offspring distribution, but
would be an intriguing direction to extend the study of random interfaces to random
graphs.

Structure of the article In Sect. 3 we recall the random walk representation for the solution
of the biharmonic Dirichlet problem for a general graph and also rewrite the formula in our
set-up. In Sect. 4 we show that the infinite volume membrane measure exists and provide
a proof of Theorem 2. In Sect. 5 we prove Theorem 3 providing a limit for the expected
maximum under the finite volume measure. In Sect. 6 we use the estimates to determine the
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fluctuations of the extremes in the infinite volume and prove Theorem 4. In Sect. 7 we show
the fluctuations of the maximum under the finite volume measure. Section 8 is devoted to the
proof of Lemma 15 which is related to finer estimates on the covariance of the model.
Notation In the following C is a generic constant which may depend on m and may change
in each appearance within the same equation.

3 A Random Walk Representation for the Covariance Function

In this section we shall revisit the random walk representation for the covariance function G,.
From the definition of the model it follows that G,, satisfies the following Dirichlet problem:
forx € V,

{Azcnu,y): 8:(y), ify eV, o

Gp(x,y)= 0, inyV,f.

If one considers the Dirichlet problem above but with —A replacing A? then the solution is
the well-known expected local time of the simple random walk on the graph [18, Chapter 1].
In our set-up such a general easy formulation is not available. In particular, to the best of the
authors’ knowledge one cannot relate the covariance of the MM to a stochastic process. The
solution is then given by a weighted local times and an expression involving the boundary
excursion times of the random walk. The boundary effects are more profound in the membrane
model and this is documented in the existing works on 74 ([8, 14,15, 17)).

3.1 Intermezzo: Random Walk Representation on General Graphs

In this subsection we discuss the probabilistic solution of the Dirichlet problem for the discrete
biharmonic operator obtained by [19], whose set-up is much more general in that it considers
general graphs and not only trees. We recall it here for completeness. Let G be a connected
graph and let A C G be a finite subgraph. With a slight abuse we will confound the graph G
resp. A with its vertex set, but this should not cause any confusion. Let p be a strictly positive
measure on the discrete state space G and for all x, y € G, g(x, y) be a positive symmetric
transition function such that

Y a@. ek =1.

yeg

Let P = (p(x, ¥))x,yeg be a transition matrix such that

plx,y) =qx, y)p(y).

Let (Sk)k>1 be a random walk on G, defined on a probability space (€2, F), with transition
matrix P making the random walk symmetric. Now the Laplacian operator acting on a
function f : G — R is defined as

(Af)x) = Zp(x, W) = fx).

y~x

The one-step transition operator P is defined as

(PHx) =B £(SDI =) ple, ) F ().

yx

@ Springer
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Then
A=P—1,

where [ is the identity operator. We say that f is a solution to the non-homogeneous Dirichlet
problem for the bilaplacian if f satisfies the following:

A’ f(») = Y, ifyeA 52)
M= ¢W, if y € %A,
where d; A is defined by
A={z € A°:d(z,A) <k}, k=1 (3.3)

and where ¥/, ¢ are graph functions representing the input datum resp. boundary datum. We
want to obtain a probabilistic solution of the problem (3.2). We define t; to be the (i + 1)-th
visit time to A€ by the random walk Si. Formally,

rii=inf{k > 1,1 : Sy € A}, T_1:=-—1. (3.4)

Note that g is the first exit time from A. We will keep two assumptions throughout the
Section:

(i) A U0A is finite;
(i) Ex[t§] < oo forallx € G.

Let
Lz(g, p) = {f’ f 1 G — R such that Z f(x)zp(x) < 00
xeg
and the inner-product in L2(G, p) be defined as follows: for f, g € L2(G, )
(f,8)g=)_ f(x)gx)p(x).
xeg

One can show that P is a self-adjoint operator on L(G, p). Hence A is also self-adjoint. We
define

M_:=1

J
M‘/'I: ]_[(r,- —T7i-1—1), ] > 0.
i=0

Next we define an operator actingon A = {f | f : A — R}. The operator Q acting on A is
defined as

QN xX) =E [(11 = Df (S7y)]. x € A“. (3.5)
Observe that, if x € (A U 91 A)¢, then Qf (x) = 0 for all f € A. Therefore
Range(Q) C {g|g: A°—> R and g(x) =0,Vx ¢ 9jA} C A

Since 91 A is finite, one can show with the help of (ii) that (Qf)(x) is bounded. It can be
shown that the operator Q is positive semi-definite on L>(A°, p) (see [19]). Therefore Q can
be diagonalized and can be written as

Q=) il
A
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where the sum is over all the eigenvalues of Q and IT, are the projection operators onto
the eigenspace corresponding to the eigenvalue A. Observing the range of the Q-operator in
(3.6) and the fact that 91 A is finite, we can say that the operator Q is compact and Range(Q)
is finite-dimensional. Therefore, the spectrum of Q is finite. Also, as Q is positive semi-
definite, we conclude that all the eigenvalues are non-negative. A probabilistic solution of
the problem (3.2) is given in [19].

Theorem 7 ([19, Theorem 4]) Let (1;);>0 be a Poisson process with parameter 1 which is
independent of the random walk (Si). Then the solution of (3.2) is given by
Tj—1

f(x) = lim E, Z( DMy | (5= 708 (Se) + Y (k= 1j0)w(S)

j=0 k=11
3.6)

Alternatively, the above solution can be written in terms of the eigenvalues of Q and the
corresponding projection operators as follows

flx) = ro + Z rol'[x(l — P)¢(Sr0)]
T0—1
1
B L; “ DWS}‘)} - ; T35 Bx [0 (So)]. 3.7)

where ﬁf(z)::EZ[f(Sf, )] is the operator acting on functions defined on 91 A and

71—1
h(z) = E, [Z kw(sk)} . zeA”.
k=0

Note that (3.7) is a re-writing of the solution (3.6) which is a by-product of Vanderbei’s proof.

Remark 8 Without the presence of 7 the series describing the covariances might not be
absolutely summable on every graph, as discussed in an example in [19]. However in our
case, that is for regular trees where we have exponential decay of correlations for ¢, one can
show that ; does not play any role and can in fact be avoided altogether. Also note that since
{ti — ti—1 : i > 1} need not be i.i.d. the terms involving excursion times to A€ in (3.6) must
be dealt carefully.

We also note that the representation (3.7) is not directly stated as a theorem in [19] but if
one goes through the proof of Theorem 4 in [19] then it follows immediately.

3.2 Back to Regular Trees

In our set-up, V,, consists in the first n generations of the regular tree. Note that V,, U9V}, is
finite. It follows from Lemma 11 that Ex[tg] < oo forall x € T, withm > 3, so that (i)-(ii)
are satisfied. It can be easily proved using the theory of electrical networks that the simple
random walk on T,, is transient for all m > 3. Using the solution (3.6) we have the random
walk representation of G, (x, y) as follows:

Ti—1

Gn(x,y) = lim E, Z( DM Y =7 L=y | - (3.8)

kT/1
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We have used ¢ (z) = 0 and ¥ (z) = 1[;—,] in equation (3.6).
We write G, (x, y) as

Gn(x,)’):En(x,y)_En(x’)’), (39)

where

‘[071
G (x, y):=Ex [Z(k +1) n[sky]} ,
k=0
Tj—1
Ey(x,y):= lim Ey Z( DM Y =) L=y |- (3.10)
j=1 k=tj_

Note that G, (x, y) = Ey y [ w1 Ze "o ]llSk s, ] where Sy and S are two independent

simple random walks starting from x and y respectively, and 7o and 7 are their first visit
times to V¢ respectively. G, (x, y) plays crucial role in the study of the membrane model: in
the 74 case, it was shown in [13] that G,, and G,, are close in the bulk of the domain. We will
also see here that E, (x, y) plays a role of the error term. We observe from (3.9) and (3.7)
that

Ey(x,y) = E; [mZ IHmh<5m>] (3.11)

71—1

where h(z) = E; |: >k ]l[skzy]i| forz € V{.
k=0

4 Proof of Theorem 2

If the infinite volume limit exists then it is supposed to have the covariance function G. We
first show G(x, y) = Z,fio(k + 1P, (Sx = y) can be computed in terms of d(x, y) for a
m-regular tree and that it has exponential decay in the distance d(x, y).

Lemma9 We have for any x,y € T, that

dx,y)+ Dmim — 1)(m —2) + 2(m — 1)
(m —2)3(m — 1)4tx.y)

G(x,y)=
Proof We define the Green’s function of the simple random walk on T, as the power series

o
P(x, ylz):=) Pe(Sk =y)z*, x, yeT,, zeC.
k=0

From (author?) [20, Lemma 1.24] we have

2m — 1) m—Jm? —am -2\ @
m—2++/m?—4(m — 1)z2 2(m — Dz ' '

We fix x, y € T, and write d = d(x, y), g(z):=I"(x, y|z) for z € C. Now observe that
G(x,y)=¢'(1) +g().

['(x, ylz) =

@ Springer
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From (4.1) we get
log(g(z)) = log(2(m — 1)) — log (m 2+ m? —4m — 1)z2)
+dlog (m —m? —am — 1)z2) — dlog2(m — 1)) — dlogz.

So taking a derivative we have
g'@ 8(m — 1)z
g@ o (m — 24 /m? —4(m — 1)z2) Vm? —4(m — 1)z2
8d(m — 1)z d

+ R
2 <m —Jm? —d&m — 1)z2) Jm? —4m -2 *

and hence evaluation at z = 1 gives

gy 2m—1)  2dm—1) d= 2m — 1) +dm@m — 2)

g(l) ~ (m—2)? m—2 (m — 2)2
Also
1
g() = Sy (4.2)
Now we obtain
(1
G@»o=g%n+gaw=an(g()+1)
gD
_2m =D 4dmm—2)+m—2)* (d+ Dm@m—2)+2
B (m —2)3(m — 1)d-1 C (m—2)3(m— 41"
O

The behavior of G depends crucially on the graph distance d(x, y) between two points x and
y on the tree. We would need an estimate on the number of points (x, y) which are at a fixed
distance k. The following lemma gives a bound on this.

Lemma 10 Let
Ci:={(x,y) € Vo x Vy 1 d(x,y) = k}|.
Then
Ci = Com — 112,
where C is a constant which depends on m.
Proof Let e(x):=d(o, x) and for any £ > 0 define
dVe={x e V, 1 e(x) = £}.

In other words, dgV; is the set of all leaf-vertices in V,. Let us now fix any vertex in doV,,—¢
and count the number of y’s in V,, such thatd(x, y) = k. Notice that for any x € T,, \{o}, we
have e(y) = e(x) £ 1 forall y withx ~ y. Moreover, e(y) = e(x) — 1 holds for only one such
y and e(y) = e(x) + 1 holds for remaining (m — 1) many such y. In other words, from any
x € T, \{o} there is only one way to move closer to o0 and (m — 1) way to move farther away
from o. Now let us first consider the case when k < n.If 0 < £ < k, then for any x € dpV,—¢
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k—1(
—>— part of the path x — o which has length { —‘

k—1{
—>— a path of length k& — { 5 w

Fig.1 Case 0 < ¢ < k < n for the proof of Lemma 10. If d(x, y) = k, in order to reach y from x one must
move to their least common ancestor in [(k — £)/2] steps and from there move to y in kK — [(k — £) /2] steps.
The 3—ary tree is partially drawn for simplicity

the number of vertices in V, which are at a distance k from x is (m — 1)L&—6/21+€ Thig
is because the unique path of length k from x to some vertex in V,, must consists of first
[(k —1)/2] steps moving closer to o and the remaining steps moving in any of the (m — 1)
available directions. The situation is explained graphically in Figure 1. On the other hand if
£ > k, then for any x € dgV,,—, the number of vertices in V,, which are at a distance k from
x is m(m — D¥~1. Also, note that for any j > 1 there are m(m — 1)/—1 vertices in V.
Therefore in this case

k—1
Cr=Y mm— 1"t om — L7+
£=0

n—1
+ Y m(m— D" — ¥ £ — 1)F!
=k

k—1 n—k—1
k ¢
=m@m — 1tlal-1 > m - D= mZm — 12 Y =)+ mm - k-1
£=0 =0
< C(m — 1y"H15]
Now we consider the case when k > n. In this case for any x € dyV,,—, the maximum number

of vertices which are at a distance k from x is (m — 1)L&—9/21+€ (here we are over-counting
and for k > 2n — ¢ this number is 0). Therefore

k=t
2

n
Cy < Zm(m — gy — LT I
=0

n
= m(m — 1" S - )7 < Com - 1)L
=0
]
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Our final lemma before the proof of Theorem 2 gives an estimate on the second moment
of the exit time.

Lemma 11 Foranyx €V,

E, [73] < Cd(x, 81 Vy)*. 4.3)

Proof Observe that E [ZZEV” ¥ *01 21 Sz=z]:| =E, [t0(to — 1)/2] which implies

T0—1

E, [‘EOZ] <2E, Z Z L1s,=7]

z€V, £=0

<2 Z G(x,2).

zeV,

By using Lemma 9 we get

2n
E [55]<C ) dx.m -1 =c)y" Y km—17F

z€V, k=0 z:d(x,z)=k
Now suppose £ = d(0, x). With arguments similar to the proof of Lemma 10, we have

m@m — ¥ ifo<k<n—¢

z:d(x,z) =k} < ne
Iz d(x,2) = K| m—15+"7 ifn—t+1<k<n+¢.

Hence we have

n—_t n+¢
Edg1 <CY mm—Dkm -1 +C Y (m- D3+ k(m — 1)
k=0 k=n—{+1
n—~{ 20 .
< CZk + Z(k +n—0m—1"2<Ch—10>%<Cdx, 0V,
k=0 k=1

[m}

Proof of Theorem 2 Since the random walk on T,, starting from vertex x is transient, 7y is
finite almost surely and tp > n — d(o, x) for all n > 1. Therefore 7( increases to oo as
n — oo. Hence as an immediate conclusion {G, (x, ¥)}n>1 is an increasing sequence. By
monotone convergence theorem we have

o0
Jim Gy (x,y) = Ex (Z(k +1D ﬂ[sk=y]> :

k=0

We now show that |E, (x, y)| — 0 as n tends to infinity so that we have

[e.¢]
lim G (x, y) = Ex (Z(k +1 ]l[sk=y]> :

k=0

As the measures under consideration are Gaussian, this will complete the proof. Recall
71—1

the representation of E,(x, y) from (3.11) with h(z) = E; |: >k H[Sk:y]:|. Since Q has
k=0
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eigenvalues A it can be seen that <1+Q) =), H%H,\. So we can rewrite (3.11) as

1
E, (x’ y) = Ex |:f0 (m) h(Sfo)i|

o D 10 ls, =) (1+ Q>h(z) =Y E [To ]l[sfo_z](liQ>h(z)

zeVyS zeVy

By Cauchy-Schwarz inequality and the fact that || (1 + Q)_1 I <1 weget

En(x,y)? < Z (Ex [1’0 Il[sfozz]])2 Z h(z)?

zeVy zeVg
= Y (Efoism]) X re?
z€0 Vy ze Vy
< Y RGPSy =2 Y Gz y)’
zeh Vy 2€01 Vi
<E.5] Y GGy (4.4)
7€V,

Now we obtain a bound for the second factor in (4.4). We have for y € 9y V;

n+l+1 n+0+1

Y Gayr=c Y. > Bm-D*=<c Y mm-D"Em-nH

€01V k=n—t+1z:d(2.y)=k k=n—t+1
2¢

<CY ktn—0*m—1)"* "0 < Con—0*m -1~
k=1

Thus we have

Y Gz y)? < Cd(y, 91 V) (m — 1)~ 400m), 4.5)
ZEB[VH

Plugging in the bounds (4.3), (4.5) in (4.4) we obtain
En(x,y)* < Cd(x, 81 Vy)?d(y, 01 Vi)>(m — 1)7400V0),
From symmetry we can conclude
En(x,y)* < Cd(x, 8, V,)2d(y, 3 V,)* min{(m — 1)~4@0V0 G — 1)=d0-0V0y - (4.6)

It follows from (4.6) that |E,(x, y)| > Oas n — oo. ]

An alternative proof of (4.6) using the maximum principle for harmonic functions is
provided in Appendix A.

5 Proof of Theorem 3

In this section we prove Theorem 3.
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Proof of Theorem 3 For any x € T,,, we define ¥ :=¢,/+/G (0, 0). Then for each x, ¥, is a
standard Gaussian random variable. Recall that for any n

b, loglog N + log (4m) -1
By= —"_ — J2loghN — A, =B\
"= /G0 °8 2/2Tog N "= P

We set
un(0):=A,0 + B,, 6 €R.
Let 0 € R be fixed and define
Woi= Y Ijysu,@))s A=EIW,]= )" Py > u,(0)).

xevV, xeV,

Let Poi(A) denote a Poisson random variable with parameter A. We shall use a Binomial-to-
Poisson approximation by [12]. By Theorem 3.1 of [12] we get

_ e
drv (W, Poi(h)) < 1+ > Py > un(60)?

n
xeV,

+ ) 1€V (L su, @1 L) | | - (5.1)
X, yEVn,x#y

where dry is the total variation distance. We want to prove that dry (W,,, Poi(A,)) goes to
zero as n tends to infinity. Once we prove it, we will have

[P(W, =0) —e ™| — 0.
But

— b,
P(W, =0)= P (mavxu/x < u,,(@)) —p (ma’(“""—%‘ < 6) .
xeV,

an
Using Mill’s ratio

2 2

(1 1) PN ODsD<S 150
el = , 1) >1) < > 0,
12) 2wt ~ 2t
one can show that A, = NP(¥, > u,(6)) converges to et
proof will be complete.
‘We now obtain bounds for the terms in (5.1) to prove that d7y (W,,, Poi(,)) goes to zero
as n tends to infinity.
Another use of Mill’s ratio gives

as n tends to infinity. Hence the

1 —e™

An

D P > un(0))* — 0.

xeV,

Now we give a bound on the other term in (5.1). Let x, y € V,, withd(x,y) = k > 1 and
define ry:=Cov(y, ¥y). From Lemma 9 it follows that r; depends only on k, not on x or
v, and moreover 0 < ry < 1 for all k > 1. Now from Lemma 3.4 of [12] we obtain the
following bounds:

__2
0 < CoV (Liy,>u, @)1 Liyy>un@)71) < CN T (5.2)
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0 < Cov (1[%>un(9)Jv ]1[1//y>un(0)l) < Ci’kNi2 log N g2klogh, (5.3)
We fix § such that 0 < § < (1 —r1)/(1 + r1). We have
1 —e ™

I, : = — Z |Cov (L1, >u, @)1+ Liyry>un(@)1)]
" X, yeV,x#ty

2n
CY D> Cov(lyu@n Liyyu6)) -
k=1 x,yeV,,d(x,y)=k

IA

Now we use the bounds (5.2), (5.3) and get the following bound for the above term:

[2né] ) 2n
L <CY GN 7% +C Y CN*log Ne¥loeN
k=1 [2n8]+1
[2né] . 2 2n .
<CY m—1tEINTEE e Y (m— 1) Llk(n — 1) TEN T2 log N2z e N
k=1 k=[2n8]+1

<C(m— 1)n+n(57142r77_1 + Cn3(m _ 1)—n+2nrlzmu )

Note that in the second inequality we have used Lemma 10 and the fact that ry is decreasing
in k with ry < Ck(m — 1)%, which follows from Lemma 9. Now observe that by definition
1+6 <2/(1 +ry)and rp,s) < 1/2 for large enough n. Thus I,, goes to 0 as n tends to
infinity and we conclude dry (W,,, Poi(A,)) goes to zero as n tends to infinity. ]

6 Proof of Theorem 4

In this section we prove Theorem 4. We use the following

Lemma 12 For any x € V,, one has G,(x, x) < G(o, 0).

Proof The proof can be readily adapted from that of (author?) [4, Corollary 3.2] which is
carried out for Z¢. O

The following lemma gives a bound on E,[7p] in terms of the distance of the point x from
the boundary.

Lemma 13 Forx eV,
E,[0] < Ci(m)d(x, 81 Vi), (6.1
where

(m—l)% m

Cl(m):(m—Z)( T—l—l)ﬁ_m—z'

(6.2)

Proof Using (4.2) we have

T0—1 00
E,[w] = E, Z Z Iise=y] | < Z E, |:Z 1[5z=y]:|

yeV, £=0 yeVy £=0
Z :
— — 1)dG,y-=1"
eV (m —2)(m — 1)4%y
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Suppose d (o, x) = k. Then similarly to the proof of Lemma 10 we argue that

mm -1 ifl<e<n—k
l—n

Wy eVe:do, ) =0]={m—-DIZE+0-0 ifp k<t <n+k
0, if¢ >n+k

Therefore splitting the sum according to the distance d(x, y) we get,

1 ,
Ex[t] = % 3 — Ty
YEVR

n—k n+k
"m“;[wz o w7t Y 3 (m—l){|

<
(=1 yeVy:d(x,y)=L L=n—k+1yeVy:d(x,y)=¢L
m—1 = 1 —¢ ' [tk |4 (n—k) —¢
=——|1+Y mm-D""m-n""+ > m-pl2 m—-D"t].
m—2
=1 t=n—k+1

As LWJ < % — "Ek, we have

IA

m—1 [ m ntk ¢ n—k
E,[7] 14+ — 1(n — k) + Z (m — 1)22*””}
L m l=n—k+1

B 2k
_m=1 1+mnil(n—k)+Z(m—1)—§}

L =1
—1[ 1 —(m—1)*
A U RS S Gk
m—2_ m—1 1—@m—1"2
3
(m—1)2 m
< + d(x, 01 Vy,).
_<(m_2)(\/m_1) m_2> ( 1Va)
]
The following bound will also be useful.
Lemma 14 Foranyz € 01V,
'[171
E, {Z k Jllsky]} < Ca(m)d(y, 01 V) (m — 1700V,
k=0
where
2m —1?  m(m—1)
C = . 6.3
2(m) ( TS B e (6.3)

Proof We have

71—1 [e¢)
E, [Z k ﬂ[sk=y]} <E. [Z k ﬂ[sk=y]}
k=0

k=0
_ 2(m— 1) +d(z, y)m(m —2)
T (m=2)3(m — 1)d@»-1
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- <2(m -1 mm-=-1

_ 1\y—dy,01 V)
(m —2)3 + (m_2)2>d()’»alvn)(m 1) 1)

We now proceed to prove Theorem 4.

Proof of Theorem 4 First we prove an upper bound for the expected maximum using a standard
trick. Using Jensen’s inequality and Lemma 12 we have for any 8 > 0

E max < —1lo E eﬂ(p«\ 10 e G,,(x,x)
o [maxen| < g 1oe (B0 | 2 e[ X

xeVy, xeV,

1 2 1
< E log Z eﬁTG(o’o) = g(;(()7 0) + E lOg N.

xeV,

Optimizing over 8 we obtain

E, [max goxi| < /2G(0,0)1log N.
xeV,

Thus
lim su w < J/G(0,0) (6.4)
o T J2logN - H) '

Next we prove the lower bound for the limes inferior. We use a Gaussian comparison inequal-
ity on an appropriate set of vertices. For this we need a lower bound on G, (x, x) for x in an
appropriate subset of V,,. Using (3.9) we write

Gn(xay):G(x’y)_fn(xv)’)_En(x,)’)’ (65)

where

o
En(x,y):=E; | Y (k+1) L=y

k=19

Our target is to obtain a bound for E,, (x, y). We have using Lemma 13, Lemma 14 and (4.1)
withz = 1

En(x,y) =E; |:ES,0 |:Zk ]l[sk=y]i|i| +E, |:(T0 + DEg, |:Z ]l[sk=y]i|i|
k=0 k=0

, m—1 —d(v
sqmmmamm—w%ﬁm+ﬁjw—n“Mm&m+u

1
< Cy(m)d(y, 0y V) (m — 14000 L 27 2
P
x (1 + Crm)d(x, 3 V) (m — 1)~¢00Va), (6.6)

To prove the bound for the limes inferior we define a subset U, of V,, as follows. For each
z € 90Vn—-2llogn] = {x € V;; : d(0, x) = n—2[logn]}, choose exactly one y, € doV;,—|1ogn|
such that d(z, y;) = |logn]. Then define

Up:={y; : 2 € 30V—2[logn|}-
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Note that U, C 3 Vu—{iogn) but [Upn| = |80 Va—2(iogn)| = m(m — 1)"~210en)=1 "Also from
the definition of U, it follows that for any x, y € U,,d(x, y) > 2| logn] and forany x € U,,
d(x,01V,) = |logn]| + 1. Now using the crude bound for E, (x, y) in (4.6) we have that for
any x,y € U,

Ep(x,y) < Co(m)(logn)z(m — 1)710gn,
where Co(m) is a constant dependent on m only. Also from (6.6) we have for x € U,

_ —1
Ey(x.x) = Ca(m)logn(m — 1)~ 4+ 22 (1 4 €y (m) logn) (m — 1)~ %"
—

1
< Z ) (1 + Cl(m) + Cz(m)) logn(m _ 1)—]Ogn.

Using these bounds we get from (6.5) that for any y € U,

Ga (3 3) 2 G(0,0) — "= (1 + C1(m) + Ca(m)) logn(m — 1)~
— Co(m)(logn)>(m — 1)~ 10g" 6.7)
Also from Lemma 9 we have for y, y’ € U,
G(y,Y') < C3(m)logn(m — 1)~21¢"
and hence

Gn(y,Y) =Gy, y) + E.(y, ¥)I
< C3(m)logn(m — 1)721°8" 4 Co(m)(logn)>(m — 1)~12".  (6.8)
Now using (6.7) and (6.8) we have for y, y' € U,
E,[(¢y — 0y)7] = G (3. ¥) + Gu(y'. ¥) = 2Gu(y. y)
m—1
m—2
—C3(m)logn(m — 1)721¢" — Co(m)(logn)*(m — 1)™'¢"].  (6.9)

22[0(0, 0) — (1+ Cy(m) + C2(m)) logn(m — 1)~ 18"

We define
m—1 —logn
y(n,my:=|G(0,0) — -~ —— (1+ Ci(m) + Co(m)) logn(m — 1) 2
—C3(m) logn(m — 1)721°8" — Co(m)(logn)*(m — 1)~ 1°¢"].
Note that y (n, m) — G(o, 0) asn — oo. Suppose n is large enough so that y (n, m) > 0. Let

(&x)xeu, bei.i.d. centered Gaussian random variables with variance y (n, m). Then from (6.9)
we have

E, [(px —90)’] Z E[ (& - €)7].
Therefore by the Sudakov-Fernique inequality [1, Theorem 2. 2. 3] we have
E, |:max (pxi| >E |:max Sx] .
xeU,

n xeUy
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As U, C V,, we get

E, |max E,, | max log |U,
liming Ty, oc] o B [maxecy, & [log [Unl

n—00 J2logN  — n—>oe /2Tog|Uy] logN

But
log|U,| n—2logn n—oo
= —> 1
log N n
Therefore
liminf P mXeev, @] JG0.0) (6.10)
n—00 2log N - T '

So the result follows now combining the lower bound (6.10) with the upper bound (6.4). O

7 Proof of Theorem 5

In this section we prove Theorem 5. Before proving, we state two estimates which are crucially
used in the proof. Recall the crucial error term in the Vanderbei’s representation (3.10)

Ti—1

Ey(x,y) = lim E, Z( DMy Y (k= tm) Lisemy)

k= Tl 1
Previously in (4.6) we showed that
En(x,y) < Cd(x, 81 Vy)d(y, 3 Vy) min{(m — 1)~ 24@0V) (y _ 1)~ 24001V},

This bound does not say anything about the dependency of the error on d(x, y). We improve
the bound to get a dependence on the distance between the two points and this is crucial for
our proof.

Lemma 15 Letx,y € V,. Form > 5 and any 0 < Jy < 0o we have

4 2Jo+1 -1 1
|En(x,y)|sJo<2Jo+1>4’0+234’5< (’”_2)> S — 1y

Ci1(m)Car(m)

(1 _ Cl(m)>
m

where C1(m) and Cy(m) are constants defined in (6.2) and (6.3) respectively.

m

N/
d(x, 91 Vid (y, 91 V) (m — 1)~ XA V0).d 001 Vi) (L “’”) y

(7.1)

As the proof requires some lengthy computations we devote Sect. 8 to it. Note that when
we take Jo = 0, the above bound improves (4.6) and we understand the constants better as
well. In the proof of Theorem 5 we shall use Jy = 0 and Jy = log(d(x, y)).

We know that G, (x, x) — G(o0, 0) but we do not know if this convergence is uniform
as the error term depends on the distance of x from the boundary. However we see that for
m > 10 we can bound G, (x, x) uniformly from below.
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Lemma 16 Form > 10 there is a positive constant C3(m) which convergesto 1 as m — o0
such that

inf G,(x,x) > C3(m). (7.2)

xeV,

Proof Note that G, (x, x) > 1. Taking Jo = 01in (7.1) we get form > 5

(B, ) = S 4y, — e <SG
(1 Gm) (m—1) (1 Cm)
Therefore
Galxox) = 1= — QW)

(m—1) (1- S
But by definition of C1(m) and C,(m) in (6.2) and (6.3) respectively, it follows
. C1(m)Cr(m)
1m =
m=00 (m _ 1) (1 _ clr;m))

One can observe that the function m +— C3(m) is an increasing function for m > 5 and for
m = 9 and 10 we compute that C3(9) = —0.06 and C3(10) = 0.2. Hence for m > 10 we
have G, (x, x) > C3(m) > 0. ]

We now prove Theorem 5. In the proof we again use the comparison theorem of [12].

Proof of Theorem 5 We set
un(0):=A,0 + By, 0 e R.
From the proof of Theorem 3 we observe that in this case it suffices to prove
Y 1€V (Ly w601 Livy=ui0n) | = O (1.3)
X, yeVy,x#y

for all 6.
We define R, (x, y):=E,[y¥,V¥y]. First we obtain a bound for |R,(x, y)|. By using
Lemma 9, Lemma 15 and (7.2) we obtain

|G (x, )l
VGn(x,x)Gp(y, y)

G [G(x, y) + |En(x, M

! {(d(x, )+ Dm(m — 1)(m —2) — 2(m — 1)
— Gs(m) (m —2)3(m — 1)d&)

, 4(m ) 2]0+1
+ho@Jo + 1)“0+234fu‘( 5 ) d(x N g — 1y
- m —

|Ry(x, y)| =

=

Ji
1+ GO oV (y, 81 Vi) — 1)~ MGV (—C' (m)> '

(l — %) m
(7.4)
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where 0 < Jp < oo. Taking Jo = 0in (7.4) we observe that for all distinct x, y € V,,

1 2m@m — 1)(m —2) = 2(m — 1) Ci1(m)Cr(m)

R, (x.y)| < . (15
e 1= (m = 2)3n = 1) =1 (1-<42) -

It is easy to check that the function

1 2m(m — 1)(m —2) —2(m — 1) Ci1(m)Cao(m)
H
C3(m) (m—2)3m—1) (m—1) (1 _ %)

m

is decreasing for m > 10. For m = 13 and 14 we evaluate the above expression as 1.13 and
0.89 respectively. Therefore we conclude that for all distinct x, y € V,, and for m > 14

[Rn(x, y)I =n (7.6)

for some fixed n with 0 < n < 1. We are now ready to prove (7.3). Let 6 € R be fixed. We
will use the following bounds which are obtained from Lemma 3.4 of [12].

Lemma 17 Forx,y € V), the following hold.
(1) If0 < Ry(x,y) < 1,
0 < Cov (L, >u, @)1 Ly, >u,0)1) < CN™ TG (1.7)
(2) If0 < Ruy(x,y) <1,
0 < CoV (Ly, >, @)1 Liyy>un(@)1) < CRu(x, y)N~? log Ne2Rnlr-0loeN (7 .g)
(3) If =1 < Ru(x,y) <0,

0= CoV Ly, >u, @)1+ Ly, >un01) = —CN 2. (7.9)
(4) If =1 < Ru(x,y) =0,
0> CoV (Liy,>u, @)1 Ligy >u,0)1) = —C|Ru(x, y)IN"*log N. (7.10)
We write
Y 1€V (L =u, @)1 Ligy>un@n) |
X, Y€V xty

= > 1Cov (L, >u,@)1 Lyy>un@1) | To<R, (r.y)<1]
X, yEVn,x#y

+ ) 1€V (@ Ly @) | -1 2Ry ey <0) =:T1 + Ta.

X, yEVn, x#y

We show that both 77 and 7> go to zero as n tends to infinity. First we consider Tj. Let us
choose ¢ such that 0 < ¢ < (1 —n)/(1 + 1) < 1, where 5 is the same as in (7.6). We now
split 77 as

2n
Ti=)" > 1COV (L >, 0)1 Ly, 1)) | L0=R, (. 3)<1)
k=1x,yeV,,d(x,y)=k

Lne]

_ Z Z |Cov (]1[%>un(9)], ]l[;//y>u,1(9)]) | To<R, (x.y)<1]
k=1 x,yeV,,d(x,y)=k
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2n
+ Y > 1CoV (L >u, @1+ Ligy>un@01) | Lo=Ruemy=1] - (7.11)
k=|ne|+1x,yeV,,d(x,y)=k
Using bound (7.7) with (7.6) and Lemma 10 we observe that the first term of (7.11) is bounded
by
|ne] ) )
C Y m — iy N < O — 1y
k=1
which goes to zero as n tends to infinity by the choice of ¢.

For the second term in (7.11) we use the bound (7.8) together with the bound (7.4) with
Jo = log(d(x, y)). We get that the second term is bounded by

2n

> > CR,(x, y)N 2 log Ne?Rnx.)logN
k=|ne|+1 x,yeV,,d(x,y)=k
2n

: k k
<C Y (m- BN "2 l0g N (Cik + Bk) exp [2logN (cik + Bk)] ,
k=|ne]+1 (m—1) (m—1)

where

k2logk+1 (m _ 1)—/(

Bi:=logk(2logk + 1)#logk-+234(logk)? < >
m—

re(Cm)y™.
m

We now use the following fact for By whose proof is given in the end of this section.

4(m — 1) 2logk+1 m—1
m—2

Claim 18 For large n and for all k > |ne]
B < Bjpe)-

Using the above claim we get that the second term of (7.11) is bounded by

o (e o Lne)
" ((m —puer t BL"”) exp [ " ((m — et BL””” '

Note that to show that the above bound goes to zero as n tends to infinity it is enough to prove
nBue) — 0asn — oco. We have

nB|ue| = exp [logn + loglog [ne] + (41og |ne| + 2) log(2log |ne] + 1)
+(4(log [ne])*) log 3

dm — 1) m—1
+Qlog |ne] + 1) log <7> + log(——=) + 2log |ne| + 1) log |ne]
m—2 m—2
—|ne] log(m — 1)]

Cc -
+ exp |:10gn +log C + log |ne] log ( 1(m)>] "Z20.

m

Here the magnitude of m is used to get that

C n—
exp [logn +log C + log |ne] log ( 1(m))] =>0. (7.12)
m
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We observe that the function m +— log(Ci(m)/m) is a decreasing function and moreover
that log(C1(9)/9) = —1.08. Hence (7.12) holds for all m > 9. Thus we proved that 71 — 0
asn — 00.

Next we consider 7». For T, we use the bounds (7.9), (7.10) together with the bound (7.4)
with Jo = log(d(x, y)) to get

TZZZ Z |C0V(1[‘/fx>”n(9) %m(@)})lIL —1<Ry(x,y)<0]
k=1 x,yeV,.d(x,y)=k

n—1

= Z Z 1COV (L, >un@)1 Ly =10, 0)1) | L-1R, (x.3)<0)
k=1 x,yeV,,d(x,y)=k

2n

+ Z Z ICoV (L1, 51,001 Ly >un@1) | L—1<Ry (x,y)<0]
k=n x,yeV,,d(x,y)=k

: k
< CZ(m — sl Z(m 1yrlsl=2n, (cm + Bk) .

k=1

Clearly, the first part in the above bound goes to zero as n tends to infinity. For the second

part we use the fact that By < B, for all k > n for large n which can be proved similarly as

the Claim 18. Then we get that the second part is bounded by C n((mfil),, + B,) which can

be shown to go to zero as n — oo similarly as in the case of 77. Thus 75, — 0 as n — oo.

This completes the proof of (7.3). m]
We now prove Claim 18.

Proof of Claim 18 We define for ¢t > 0

21 1
4(m—1>> gty — 1 210+ () _ 1yt

F(1):=logt(2logt 4 1)*logr+234(logn?
m—2 m—2

Lo (Cl (m) >logt
m
= exp [log log 7 + (4log 7 +2)log(2logt + 1) + (4(log 1)) log 3

D)
2

+ exp [log C +logtlog (M)} .
m

+Q2logt + l)log( 5’1 ) + log(i) + (2logt + 1)logt — tlog(m — 1)}

Then

F'(t) = exp [log logt + (4logt + 2)log(2logt + 1) + (4(log t)2) log3

4m — 1) m—1
+Q2logt+ 1) log| ———— ) +log(——=) + (2logt 4 1) logt — tlog(m — 1)
m—2 m—2

1 4 2(4logt +2) 8log3logt 2 4(m —1)
—log(2logt + 1 -1 B
[rlogt+t oglogt + D+ orser ) PP
2logt 2logt+1
+ tg + gt —log(m—l):|

+ exp [logC +1logtlog (%)] [%log (Clrim))] .

@ Springer



25 Page240f32 A. Cipriani et al.

This shows that F'(r) < 0 for all ¢+ > £y for some fy. Hence F is decreasing on [z, 00).
Therefore F (k) = Bx < F(lne]) = B¢ forall k > |ne] for large n. ]

8 Finer Estimate on the Error and Proof of Lemma 15

In this section we will derive a finer estimate on the error E, (x, y) which was crucially used
to prove Theorem 5. We look at each individual term of the series which appears in E, (x, y)
and find a better bound than what we have before.

Proof of Lemma 15 Recall from (3.10)

Ti—1
Ey(x,y) = lim Ey Z( DM Y k=m0 L=y
j=1 k=tj_
Now conditioning on 7, we get
Ti—1
|En(x, y)| = | lim Ze o Z( DI | M D = jm1) Lisemy
j=l1 k=11
) £ 14
11_1520 e” *.Z (8.1)
where
Tj—1
aj:=Ey | M;_; Z k=1 L=y |, j =1L
k=11

We now obtain bounds for a;. First we bound each of the a;’s in terms of the distance of x
and y from the boundary of V), and then we bound the a;’s in terms of the distance d(x, y).

Claim 19 For all j > 1 the following two estimates hold.

(a) Bound in terms of distance from boundary.

8.2)

. C Jj=1
a; < Cr(m)Ca(m)d(x, 3 Va)d(y, & Vi) (m — 1)~4001V0) (%)

(b) Bound in terms of d(x, y).

) ) 4 1 2j+1 )
“j§(21+1)4"+234’2< iZ’_;) m_2<d(x,y)>21+‘<m—1>—d<x’>‘>. (8.3)

To obtain a finer estimate on | E, (x, y)| let us fix Jy € [0, co) with the notion that when
Jo = 0, the sum Z!():l is 0. Using the bounds (8.2) and (8.3) we have

1 00 Jo 00
L=y 4= 4t ) a4
j=1 j=1 j=1 j=Jo+1

2j+1

Jo 4m —1)
4j42,4)2
gzwl) 3 (m_2 )

5 (@, )P n — 1y
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c1<m>)f*l

m

o0
+ Y Cim)Ca(m)d(x, 01 V,)d(y, alvn>(m—1>—d<>*3lvn><
Jj=Jo+1

4(m 1)>2J(.+1

< JoJo + 1)4JO+234J§ <
m—2

— @ )0 o — 17

Ci(m)

Ci (m))’“

-1
) d(x, 01 V,)d(y, 01V, (m — 1)—d0-Va) (
m

+ C1(m)Cp(m) <1 —
Here we have used the fact that C;(m)/m < 1 for m > 5. Indeed, one can observe that the
function m +— Cj(m)/m is a decreasing function and for m = 4 and 5 we compute that
Ci1(4)/4=1.39and C((5)/5 = 0.87.
Now from (8.1) it follows that

2Jo+1
e 1)) L e,y — 1))
m—2 m—2

|En(x, )| < Jo(2Jo + 1042346 (

c1<m>>’°

—1
+cl<m>02<m)<l—¥) d(x,alvwd(y,alvn)(m—1)‘“””/*)( -

From symmetry we conclude that (7.1) holds. We are now left to prove Claim 19.

Proof of Claim 19 First we prove part (a). The proof involves the successive use of the strong
Markov property. We have

rjfl
aj=Ex | Mjt ) (k—1j-1) Lisi—y]
k:T,‘,]
B Tj—1
=E, | wEs, H(r,—rl 1= Y (k=11 Lg=y)
L k= T] 1
i 0 j-2 Tj-1-1
=E, | wEs, | (@ —DEs, | [[@—tc1=1) D (k—7j-2) Iis=y)
L L i=1 k=Ij,2

Iteratively using the strong Markov property we obtain

71 —1
aj =Ey | Es, [(n - DEg,, [(fl — DEs, |:(1'1 —-D...Eg, [(Tl — DEg, [Z k 311Sk=y1i|]j|i|]
k=0

J— many expectations

(8.4)
Note that for any z € 91V,

E;[t1 — 1] = [Ec[r1 = 11S1 € VaIP(S1 € Vy) + Ec[t1 — 1|81 € VIP.(S1 € V)]

1 ©6.hH C
L O TP R R 1U0)
m

m

This together with Lemma 14 and Lemma 13 gives the bound (8.2). O

Part (b)
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We obtain a bound for a; in terms of the distance between x and y. Let pi(z, w) =
P.[Sx = w] be the k-step transition probability. We show it in two steps. First we show

o0
aj <) K pr(x.y) (8.5)
k=0

o .
and then we express k% *1pi(x, y) in terms of the derivatives of g(z) = I'(x, y|z) =
k=0

Zk —o Px [Sk = y]zF. We explicitly compute these derivatives in Sect. 8.1.
We have from (8.4) that

711
aj =E; | 10 Eg, |:(f1 — DEs, |:(Tl — DEg, |:(11 —-D...Eg, [(11 — DEg,, [Z k Jl[sk:y]:H]:H
k=0

Jj— many expectations

71—1

= Y K [To LSy =211 Ezy |:(Tl —Dls, =) By |:(1'1 =D 1s, =) E [Z k Jl[sA:y]H:H

21y 2j €01V k=0

o0
< Z Z Lopey (2, Y)Ex [To L5y =211 Ez [(fl =D Iisy =z - - Bz [(Tl - D1, :zj]ﬂ]

21y s 2j €01 Vi Lo=0

o0
= Z Z[OIMU(Z/ ))ZEII’h(ZJ Zj—1) - ijp[/(x,zl)
L2 €01 Vy o= £;=0
o0
= Z Loly ... £jpeorert.te; (X, ¥)
£, €1, ;=0
oo k k—{ k=(r+...4Lj-1) ~
=22 > D k=@t ) < Y KT p(x, ).
k=0¢,=0¢,=0 £;=0 =0

We now use the bound on the derivatives of g from (8.7) in (8.5) to obtain a bound for a;

in terms of d(x, y). For that we first write k¢ in terms of ]_[ﬁ(’zo(k —1i),ip=0,1, ..., £—1.
‘We observe that

K =k(k—1)+k,

2 1
B=kkk-D+k=]]-dD+@+D[]—0+k

i=0 i=0

2 1
k4=k(l_[(k—i)+31_[(k—i)+k)

i=0 i=0

3 2 1
=[Jee-D+B+3][[k-D+Cx3+D][tk—i)+k.

i=0 i=0 i=0

In general we have that for any k, £ > 1

Z_aff)ll—[(k l)+ot H(k—l)—i— +ot1£)1_[(k z)—i—a(e)k,

i=0

@ Springer



Maximum of the Membrane Model... Page 27 of 32 25

where the coefficients al.(e) forall ¢ > 1andi = 0,1,...,¢ — 1 are given recursively as
follows

o =a® =1,
=i+ VY 1<i<e—2
It follows that forall £ > 1andi =0, 1, ..., £ —1
<<t (8.6)
Now from (8.5) we have

o0
aj < Y K p(x, )
k=0

o 2j-1
—me ) |:a2,j+l)l_[(k DoV [Thk=i+- o+ 2f“’]‘[ac W”k}
i=0

0
2j+1 2j+1 2j+1 2j+1
( J+ ) (2]+1)(1) +a (. J+ )g(2])(1) +- +a§ Jjt+ )g(z)(l) +a(() J+ )g(l)(l).
Now using (8.6) and (8.7) we obtain

; ; (4(m —1
aj < )+ D@j + D3R @))% ( (m — 2)

2j+1 m—1 )
) @,y m — 1=y
m—2

4(m — 1))2“1 m—

<@j+ 1)“”234/‘2( s

5 (@G, )P on — 17D,
8.1 Bound on the Higher Derivatives of I'(x, y|z)

In this section we obtain bound for the higher derivatives of the function g(z) = I'(x, y|z)
evaluated at the point z = 1. Recall from (4.1) that for x, y € T},

d(x,y)
2(m — 1) m—/m* —4m —1z>\ "
T _ , C.
g(z) (x,yl2) m—2+4Jm? —4m — D22 ( 2(m — 1)z ) ‘e

We prove the following bound.

Lemma20 Letx,y € T,, andd = d(x,y). Then fork > 1

k
g(k)(l) f 3(k—1)2(k _ 1)](—1 <4(m — 1)> m— ldk(m _ 1)—d, (87)
m—2 m—2

and

m—1 —d
g)y=——(m—1)""
m—2

Proof We write p(z):=+/m? — 4(m — 1)z%. Then

2(m — 1) <m —p(@) )d
m—2+4+p(z) \2(m — 1)z

g(2) = (8.8)
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We have
m—1 _
g)y=——m—-1""%
m—2

Taking logarithms on both sides of (8.8) and then differentiating we get
g'@ 4(m — 1)z d4(m — 1)z d

g@  (m-2+p@)p@  (m—p@)p@ z
=:h(z).

Note that here we have used p’(z) = —(4(m — 1)z)/p(z). So we have
§'(z) = g(@h(2).

To obtain bounds for the derivatives of g we first bound % and its derivatives evaluated at

z = 1. We have

4m—1) ddm—1) 4(m —1)

h(l):z(m—z)2 20m —2) = T2

d.
Differentiating & we get

W (z) =

4m — 1) [“_zmm _mm}
(m =2+ p(2)p(z) m—=2+p()  p@)
Mm—n[l W®<jﬂﬂ_i
(m — p(2)p(z) m—p(z)  p(z) 72’
Note that p(1) = m — 2 and p’(1) = —(4(m — 1))/(m — 2). Using these values we have
4m—-1) [ 4m—-1) 4m—1)
1
2m—22 [ 2m—-2?%  (m— 2)2]
+d4(m— 1) |:l B dm—-1) 4(m — 1)i| _d
2(m —2) 2m —2)  (m—2)?2
<34(m—1) [ 4(m —1) d4(m—1):|
T m—=2 |2(m—2)? 2(m —2)

") =

(4(m - 1))2
<3 d. (8.9)
m—2
To obtain a bound on 4" (1) we write 1’ (z) as
W @) 4m — 1) (4(m — 1))*z? (4(m — 1))’2*
S m=24p@)p@  (m—-2+p@)2p@?%  (m—2+ p)p()’
d4(m — 1) d(4(m — 1))22 ddm —1))%22  d

m—p@)p@ (m—p@)2p@?2  (m—p@)p@? 22
Now differentiating with respect to z we obtain
4(m — 1) 4(m — 1)z 4(m — 1)z
(m =2+ p(2))p(z) [(m — 24 p(@)p(2) p(z)? ]
A(m — 1))? |:21 2(4(m — 1)z N 2(4(m — 1))z3]

h'(z) =

(m — 2+ p(z))?p(z)? (m =2+ p(2)p(2z) p(z)?
@@m — 1))? [ @m — 1)z’ 3(4(m — l))z3i|
(m =2+ p(2)p(z)? (m =2+ p(2)p(2) p(z)?
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d4(m — 1) [_ 4m — 1z 4(m — 1)1
(m—p@)p) | (m—p@)p() p(z)?
d4@m — 1))? [2 _2(40m — INA N 2(4(m — 1))z3]

~(m— p(2)2p(2) (m — p(2)p(2) p(2)?
d(4@m — 1))2 [ _ 4m— Dz? 3(4(m — 1))23] 2d
(m — p(2)p(z)3 (m — p(2)p(z) p(z)? 3’

Putting z = 1 we have
V2 Am =) Tam—1)  4m-—1)
(D= 2(m — 2)2 |:2(m -2 (m-— 2)2]
(4(m — 1))? 24m — 1))  2(4(m —1))
4(m — 2)* [2+ 2(m —2)? + (m —2)2 }
(4(m — 1))? [ (4(m —1))  3(4(m — 1))]

2(m — 2)* 2(m — 2)2 (m — 2)2
ddm—-1)[ 4m—-1 4m-1)
2(m —2) [_2<m -2) " (m-— 2>2]
d(4(m — 1))* [ 24m—=1))  2(4(m — 1))}
— 2 — +
4(m — 2)? 2(m —2) (m —2)2
d(4(m —1))? 4m—1)  3(4(m — 1))
2(m —2)3 [ S 2m—2)  (m-2)2
We observe that the term inside the square bracket in each summand is bounded by (9(4(m —

1)))/(m — 2) and the other terms are the same as the summands in 4’(1) except for the last
term. So we conclude using (8.9) that

h”(1)§9.3(4(’” 21)) 9-4<4(’" ”) d.

m — m—2

]+2d.

In a similar way we can write A% (1) so that the term inside the square bracket in each
summand is bounded by (3(2k — 1)(4(m — 1)))/(m — 2) and the other terms are the same
as the summands in A4~V (1) except the last term. Hence we conclude that

(k+1)

(k+1)
S3kkk<4(m D) d,

m—2
where we obtain the second inequality by using the relation between the arithmetic and the
geometric mean. We now prove (8.7) by the method of induction. We have

m—1 _4m—1)
gV = g(h() < (m— 1) =
m—2 -2

Assume that (8.7) holds true fork =1, ..., £ — 1. Now we have

d.

-1

_ C—1\ o
g = (g 1)(1):;;)< f )g“ =0 (1) 0 (1)

—1-k
L=T1Y | ze—1-k-1) t—1—k—1 ((4m —1) m—1 ,
<E L—1—k—1 _ —d
_k—0< k )|:3 ( ) m—2 m—2
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_ (k+1) _ _ £
(m—l)_d]3kkk<74(m 1)) d+727;d(m—1)_d35_](£—1)(_1(Lm D)d

m—2 m—2

< |32 _ (4(m - 1)>i m— 1d‘3 e =1, 1)

- ¢ m—2 m—2 m l; ( k

= | 3027 g _ e (4(”1 - 1)>£ m— ld‘(m —1)=d |t
m—2 m—2

e, eer (Am=D\'m—1 ,
<3 ()] (7m ) 772d (m—1)""°
Therefore by induction (8.7) holds for all £ > 1. O
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Appendix A: An Alternative Argument for (4.6)

After the revision of the paper it was pointed out to us by an anonymous referee that an
alternative proof can be carried out to quantitatively estimate the error one commits by
replacing G, by G. This proof gives a bound comparable to (4.6) for points that are far away
from the boundary. For completeness we would like to outline this proof here.

Proof The proof is based on a double application of the maximum principle for harmonic
functions [3, Theorem 1.37]. Fix y € V;,. We define the function H,(-) as

V, > R
x> Gup(x,y)— G, y).

We then set

a:= suE) ’Hy(x)’ .

XEVM—I
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We have that

|AHy(x)} <2a xeVf
A(AHy)(x) =0 x €V,

so that AHy(-) is harmonic in V,,. We can invoke the the maximum principle to say that
mz‘l/x ’AHy (x)| < 2a. Now consider the function
xeV,

2
F)=a + = ax, 9, vy).
m—2

It is clear that f(x) = a on V,{, and moreover that for x # o

2a
Af(x) = p—3 [(n =1 dx, 0 Vy) = 1)+ (dx, 01Vn) +1) —md(x, 31V,)]
_ 2a @ )= 2
T m=2 "= a
while for x = o we have A f(x) = —2am/(m — 2) < —2a. So the function

Hy()— f()
is subharmonic in V,, and again by the maximum principle

IO ZIOI= i, O 770 0

since ‘Hy (x)| < a = f(x) by the definition of a for x € V,,+1 \ V,,. Running the same
argument for — f rather than f we finally obtain that | H, (x)| < f(x) in V.

This implies that for x € V,,

[Hy(x)| = |Gn(x,y) — G(x, y)| <a(l+Cm)d(x, 91Vy))
< C'(myd(x, 1V,) sup |G(x', )
x'eVe
- C'(m)d(x, 31 V,)d(y, 01Vy)
= (m — 10, 01V

Being our argument symmetric in x and y, we can conclude our result. O
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