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ARTICLE INFO ABSTRACT
Keywords: In the present article two flocculation models, given in Chassagne and Safar (2020) (LG model) and Winterw-
Flocculation

erp (1998) (S model) are compared. Both models give the time evolution d L/dt where L is the size of a particle
undergoing flocculation, and ¢ is the time. The LG model is based on logistic growth theory, whereas the S
model is based on the theory originally derived by Smoluchowski. Both models have the advantage of easy
implementation in, for instance, large-scale sediment transport numerical models. However, it is found that
they do not obey the same kinetics. A series of laboratory experiments is presented where the flocculation of
a mineral clay by polyelectrolyte is studied as a function of clay concentration and shear rate. From modelling
these experiments, it is found that the LG model reproduces the time dependence of the floc sizes found
experimentally, whereas the S model does not. It is shown that the LG model can be used to model the data
over the whole range of clay concentration and shear investigated. Based on the study presented in this article,
it was found that the average floc growth in time for the clay type and conditions applied in the experiments

Population balance equation
Logistic growth
Cohesive sediment

could be modelled by: dL/dt = 40 x 107*G"7> x [exp(=2 X 107*G*7>£)] /[1 + 20exp(—2 x 10~*G*7>1)] L.

1. Introduction

Hydrodynamic models are used in sediment transport models to
calculate the advection and diffusion of suspended particles in the
water column. For most applications, the sediment typically is decom-
posed into two or three fractions with associated settling velocities
in the 0.1 to 1 mm/s range. For a large number of applications, this
decomposition makes it possible to correctly predict the Suspended
Particulate Matter (SPM) concentration in space and time (Normant,
2000; Manning and Dyer, 2002; Manning et al., 2006a; Lesser et al.,
2004). However, changes in particle properties by flocculation and
exposure to shear result in a change in settling velocity over time for a
given sediment fraction. These changes are currently poorly accounted
for in sediment transport models, resulting in inaccurate predictions
in coastal regions where these changes occur. Several studies have
thus focused on incorporating flocculation into sediment transport
models (Russel et al., 1989; Fettweis, 2008; Many et al., 2016; Manning
et al.,, 2006b). These models, however, are not predictive because
they contain adjustable parameters that are fitted to the data and,
more importantly, they do not account for specific physical processes
such as organic matter-induced flocculation or particle coiling under
shear (Chassagne and Safar, 2020). Until now, the models used to
describe flocculation have been based on Population Balance Equation
(PBE), in which flocculation is represented by the aggregation and
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break-up of similar colloidal particles, as in salt-induced flocculation.
In a recent article (Chassagne, 2021), it was shown that the ana-
lytical model based on logistic growth theory (LG model) presented
by Chassagne et al. in Chassagne and Safar (2020) could be used
to model the flocculation of suspended mineral clay (kaolinite). The
suspensions were destabilized by the addition of salt. In particular, it
was demonstrated that the LG model (1) reproduces the classical results
found for the salt-induced flocculation kinetics at the onset of the
experiments and (2) enables to study the flocculation kinetics over the
whole duration of the experiment. This last point implies that, by fitting
the experimental data over the whole duration of the experiment, it
was shown that the measured floc size L(r) time evolution follows the
relation dL/dt = L/t — Lz/(Leqt,,) predicted by the model, where 7, is
a characteristic time and L,, a characteristic size, which are obtained
from the fits.

Analytical models like the one presented in Chassagne and Safar
(2020), Chassagne (2021) are required in many applications, where
estimations of the characteristic timescales of flocculation and the
equilibrium floc size of flocs should be done in a fast way. For example,
large-scale sediment transport models require flocculation models that
can be ran on multiple grid cells at the same time. This prevents models
like Population Balance Equations (PBE) models to be used for a system
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of more than 3 equations (Shen et al., 2018). The simplest PBE model
that can be thought of is a PBE with a single equation. This equation
then represents the time evolution of a single class of particles, usually
taken to be the Ds, class (the class that represents the particles of size
L whereby 50 percent of all particles have a size smaller than L). Such
an equation can obviously not be used for modelling the sediment mass
transfer between classes. A minimum of two classes is required for that
purpose (Chassagne and Safar, 2020; Shen et al., 2018). A single PBE
equation can nonetheless be used under the assumption that all mineral
sediment is contained in flocs and that all flocs have the same size L(r)
with L varying in time under the influence of environmental conditions
(shear stress in particular). Such a single PBE equation is given by
Winterwerp in Winterwerp (1998). In-situ studies have demonstrated
that floc sizes are indeed dynamic and shear-dependent (Manning and
Dyer, 2007; Verney et al.,, 2011; Van Leussen, 1988; Soulsby et al.,
2013). The way to connect the floc size and its Stokes settling velocity —
which is the key parameter for large-scale sediment transport models —
will not be discussed in the present article but are the topic of numerous
publications (Dyer and Manning, 1999; Khelifa and Hill, 2006; Gratiot
and Manning, 2004; Manning and Dyer, 2007; Spencer et al., 2010;
Spearman et al., 2011; Maggi, 2013; Mehta, 2014).

The aim of the present article is to compare the model introduced
by Chassagne and Safar (2020) with the one presented by Winterwerp
(1998). In particular, the validity and parametrization of the models
will be discussed. A series of laboratory experiments are presented to
test the theories, where the flocculation of a mineral clay by poly-
electrolyte is studied. This type of flocculation is representative of
the flocculation occurring in-situ, whereby mineral clay is found to
be bound in different amounts to organic matter, usually in the form
of complex mixtures of biopolymers (consisting of polysaccharides,
proteins, nucleic acids, lipids and humic substances) (Safar et al.,
2019; Deng et al.,, 2019). The experimental setup allows studying
the dependence of flocculation on clay concentration and shear rate,
two important parameters that are found in the model presented by
Winterwerp.

In Section 2, both models are presented, and their differences are
discussed. In Section 3, the material and methods are presented. The
results are presented and discussed in Section 4, and the conclusion is
given in the last section.

2. Theory

In this section, the two theoretical models that we aim to compare
are recalled. In the first subsection, the model derived by Chassagne
and Safar (2020) is recalled. This model is based on logistic growth
theory and hence will be termed “LG model”. In the second subsec-
tion, the model presented by Winterwerp (1998) is discussed. This
model originates from the work of Smoluchowski and, therefore, will
be termed “S model”. The differences between the two models are
discussed in the third subsection.

2.1. Logistic growth model (LG model)

The logistic growth (LG) model is an empirical model that is found
to be very convenient to model the time evolution of colloidal suspen-
sions undergoing flocculation. We refer to Chassagne and Safar (2020),
Chassagne (2021) for further details and examples of application. The
change of floc size as a function of time is described by the equation:

dL _ _
= -dolL @

whereby the (positive) functions for birth 5(r) and decay d(r) are given
by:

ap exp(—t/ty)

t, 1 +ayexp(—t/t,)

ag  exp(—t/1y)
ty 1+agexp(—t/ty)

b(t) = (2)

d(t) = 3
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The coefficients a,, 1,, a,, t; are to be parameterized. As stated in Chas-
sagne (2020), it is emphasized that the names “birth” and ‘“decay”
are solely chosen because they appear with a plus and minus sign in
the balance equation Eq. (1). One can easily show that considering
only the birth function (d (r) = 0) gives as solution a sigmoid function,
with a growth that will be limited in time. In other words, at infinite
time dL/dt = 0 implying that L(t - o) = L,, (even when no decay
term is present) where L, is a value that will depend on parameters
such as floc composition, shear rate, salinity, etc. For example, let us
consider a flocculation experiment whereby external parameters are
fixed (constant shear, given salinity and pH, no addition of organic
matter over time), as is the case for flocculation experiments that can
be realized in the lab. At t = 0 some amount of clay and organic matter
are mixed in a jar, at a given shear. By following the evolution of the
floc size over time, one will find that the mean floc size indeed follows
a sigmoid behaviour, as eventually the flocs will reach an equilibrium
size that is strongly dependent on the amount of organic matter present
in the jar and the imposed shear rate (Deng et al., 2019; Safar et al.,
2019; Shakeel et al., 2020). The growth of flocs is therefore limited by
a depletion of free organic matter in the water (unbonded flocculant)
and/or because their size is reaching the Kolmogorov microscale, but
not because there is a steady-state between aggregation and break-up. A
steady-state would imply that there would be continuously aggregation
and break-up of matter at the surface of a floc. This would be the
analogue of the adsorption/desorption of molecules from a surface as
is studied in thermodynamics (illustrated for example by a Langmuir
isotherm (Langmuir, 1918)). This is a crucial difference between this
model and the Smoluchowski model presented in the next section. By
introducing a decay term d (), as we will show in Fig. 9, we will be
able to model what happens at longer experimental times, after the
initial growth (birth) has occurred. It is indeed usually observed that at
these longer timescales, a reduction in size is observed. This reduction
in size can be due to two effects (not mutually exclusive): (a) an erosion
of the flocs under shear and (b) a coiling of particles under shear.
Phenomenon (b) in particular has been observed, both in-situ and in
the lab (Safar et al., 2019; Shakeel et al., 2020). This phenomenon
leads to flocs of higher density and smaller size. In Fig. 9, a decrease
of about 20% in size is such obtained. If only particle sizes are studied,
this significant reduction in floc size could be mistaken for the breaking
of flocs over time, but microscopic observation of the flocs over time
have confirmed this densification (Shakeel et al., 2020). The analytical
solution of Eq. (1) is given by:

1+ agexp(—t/ty)

L(t)=L
® U1+ ayexp(—t/ty)

@
where L,, = L(t — o). The size L,, can be seen as the size that the floc
would reach provided that all parameters (concentration, shear stress,
salinity...) remain constant over time. Note that the change in number
of flocs per unit volume as function of time can be modelled with an
equation similar to Eq. (4) where a,, a;,1,,1, are (different) adjustable
parameters (Chassagne and Safar, 2020):

1 +agexp(—t/ty)

nll) = Ny 1+ apexp(—t/t;)

6))

where n,, = n(t > o). At times such that + — 0 implying that r < 1,1,
Eq. (4) reduces to:

dL

L(t—>0)—L(t—O)+(E)’=Ot 6)
where the flocculation rate (‘i—f) - and size at origin L(t = 0) are
defined by: .

dL
(57) = ts—kpLa=0) %)

1+ay

Lt=0)= L

(t=0) T+a, (€)]
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When L(t = 0) < L,, it follows that a, < a;, and vice versa. The growth
and decay rates k, and k, as given by:

a4/t

7 (1 +4qy) ©)
oag/ty

77 (1+ay) an

2.2. Smoluchowski model (S model)

Smoluchowski introduced in 1917 the Population Balance Equations
(PBE) which give the time evolution of classes of colloidal particles
(flocs), a class i being defined as a collection of particles with concen-
tration n;, all particles in class i having the same size (diameter) L;.
The concentrations »; can either be given in number, mass or volume
of particles per unit of volume (Chassagne, 2020; Elimelech et al.,
1995). Many studies have since then proposed aggregation and break-
up parameters to be implemented in PBE’s (Elimelech et al., 1995;
Russel et al., 1989; Barthelmes et al., 2003; Spicer and Pratsinis, 1996;
Kusters, 1991; Flesch et al., 1999).

The simplest PBE model that can be proposed is the one equation
PBE which we call the “S model”. This equation represents the time
evolution of a single class defined by a concentration n(r) and an aver-
age particle size L (r). Unlike the LG model, the S model contains pa-
rameters related to the aggregation and break-up properties of the par-
ticles. These parameters are, in particular, functions of concentration
and shear.

In order to set-up an equation for the average particle size L (1)
as function of time first the link between L () and the total number
of particles (flocs) per unit of volume n(r) and the number of pri-
mary particles within a floc N(¢) should be made. This is done in
the first subsection, where we follow the approach used by Winterw-
erp (Winterwerp, 1998), who assumes that flocs are fractal objects. The
Smoluchowski equation, which expresses the time evolution of n(r), will
then be converted into an equation for the time evolution of L(¢). This
is done in the second subsection.

2.2.1. Link between L, n and N

We define n(r) = ) N,(¢) as the total number of particles (flocs) per
unit of volume at time ¢ and N;(r) as the number of primary particles
inside a floc of size L,(f). Primary particles are defined as the smallest
size of particles in the system. These particles have a size L, and
it is assumed that primary particles cannot break. By aggregation of
primary particles, flocs can be formed. By break-up of flocs, smaller
flocs are produced and the particles having the smallest size that can
be produced are primary particles.

If one defines n, = n(r = 0) to be the number of unflocculated
primary mineral sediment particles per unit of volume in a closed
volume (as for example, in a jar test experiment), it follows that n,
is a constant as function of time, whereas the size L; of particles in
suspension will be time-dependent as flocs are growing (or breaking).
The total number of primary particles per unit of volume is given by:

ny = ZN,»n,- (1n
i

Note that Ny = 1 with L; = L, and that at r = 0, ny = n;. If it is
assumed that, at any moment in time, a suspension is well represented
by a characteristic size and concentration, one may write:

ng = n(t)N(t)
dn dN (12)

We have here made the assumption that only one class i is present at
each time and hence n(t) = n;,)(r), where the number i(#) of the class
is changing at each time step. From Eq. (12), it follows that, when i
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increases L = L; and N = N, increase and hence n = n; decreases. One
may deduce that the rate of decrease of n is given by:

dn_ ~1dN

=2 = 13
dt  ny dt (13)
The relation between number of primary particles in a floc and floc size

is given by Kranenburg (1994):

D
N() = <$> (14)

P
where D is usually termed “fractal dimension”, in reference to the study
of the flocculation of monodisperse primary particles, where the con-
cept of self-similarity can be used. Experiments have been conducted to
assess the fractal dimension for diffusion-limited, and reaction-limited
aggregates (Russel et al., 1989), where the initial growth of flocs is also
investigated. Combining Egs. (12) and (14) gives:

ldn __14N __DdL (15)
n dt N dt L dt

The volume fraction of primary particles (pp) inside a floc can be
evaluated using:

_Vppinafloc _NXVP_ Lp 3_ Lp P
¢pp in floc — v - Vv =N f - f (16)
where V,, ., , r1o. 1S the volume occupied by primary particles inside a

floc, V, is the volume of a primary particle and V' =~ L3 the volume
of a floc. We have here implicitly assumed that Class 1 and Class i(r)
particles have the same shape. If this is not the case, a corresponding
multiplying constant should be inserted in the bracket term. The vol-
ume fraction ¢, ;, s/, is @ measurable quantity, as it can be linked to
the floc density p,. (to be estimated from the settling velocity of floc,
applying Stokes’ law) by realizing that:

Pfloc — Pw
¢pp in floc = W a7n
where p,, is the absolute density of the suspending medium (water),
assuming that all the primary particles are contained in flocs (no

primary particles are left unflocculated), one gets:

nXx Vppinf[oc _ ¢s

= 18
nxV nV as)

¢pp in floc =

where ¢, = c¢/p; = noLz is the volume fraction of primary particles
in suspension, p, is the absolute density of a primary particle and ¢
the mass concentration (kg/m3) of primary particles in suspension.
Combining Eqgs. (16) and (18):

-D
dn __pc L7P 1dL

~Z=_-p= — = 19
dt pSLz—DDdz (19)

By comparing with Eq. (15), one finds the relation between number n
of particles in suspension, number N of primary particles in a floc, size
L of flocs and concentration of primary particles:

c LD c

n=S = (20
ps L3P NL3p,

2.2.2. Time evolution of the mean floc size L

One obtains, from the analysis originally performed by Smolu-
chowski (Elimelech et al., 1995; Chassagne, 2020; Russel et al., 1989)
that the rate of change of the number of particles in suspension is given
by:
dn _ 1 2
i —Eaﬂn 21
In Eq. (21) the collision efficiency « and collision frequency p are
class-independent, which is the underlying assumption made by Smolu-
chowski. The factor 1/2 that appears in Eq. (21) originates from the fact
that each binary collision leads to the loss of two particles of class i(r)
and the creation of one particle of class i(+dr). The dependence of the
flocculation rate on shear is usually expressed through the dependence
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of the collision frequency on shear in the case of orthokinetic floccu-
lation. This dependence can be expressed as (Elimelech et al., 1995;
Chassagne, 2020):

f~4GL} (22

in the case that all particles at time ¢ have the same size L(¢) as is
assumed in this subsection. The collision efficiency « is usually assumed
to be independent of shear.

Combining Egs. (15), (20) and (21) one gets:

dL _ 2¢G ¢ L*P
dt D p, L3P

=k,eGL*¥P (23)

which corresponds to Egs. (14), (15) proposed by Winterwerp (1998)
but for a different prefactor as is detailed in Appendix. One notes that
k, is a function of the fractal dimension D and primary particle size
L, and that k, does a-priori not depend on shear or concentration.
This formulation for d L /dt, based on the Smoluchowski approximation,
does not account for a limit in growth which implies that L is bound
to increase in time to reach unrealistic values. For this reason, breakup
functions are introduced to limit the growth (Chassagne, 2020). The
approach used by Winterwerp is to use a function that is scaling as:

dn
dt
where s is the break-up rate. Winterwerp expresses the change in
particle concentration due to breakage as:

% =e,XSXn (25)
where ¢, is an “efficiency parameter” which is superfluous as it can
implicitly be included in s. Note the minus sign difference between
Egs. (24) and (25). The break-up function in the PBE equation appears
both with a + and - sign: written like in Eq. (24) it expresses the
reduction in the number of flocs when flocs are leaving the size class by
breaking, whereas written like Eq. (25) it expresses the increase in the
number of flocs in a size class due to the breakage of flocs of larger size.
In order to limit the size of flocs, Eq. (25) should be used, as increasing
n implies decreasing L. A simple expression for s is of the form (Spicer
and Pratsinis, 1996; Barthelmes et al., 2003):

q
s=s, (g) rr (26)
T

where s;, ¢ and p are parameters to be fitted, # is the viscosity of the
suspension, and z* is characteristic shear stress which is a measure
for the aggregate strength: the larger 7*, the less the particles are
susceptible for breakage. An expression for z* is given by Eq. (64). The
product G is the shear stress in shear flows: the higher the stress, the
more flocs are susceptible to break.

Combining Egs. (15), (20) and (26) one gets:

=—sXn (24)

dL _ =Sy (nG\? 4 |

—=—|(=) L™ =—kpGiL’* 27
dt D < T* > B 27
which is to be compared with eq. (23) of Winterwerp (1998):

dL _ D-Q2q-1) y (2q-1

o= —kpGI(L — Lp)(p+ )=(29=1) 1 29-1) (28)

The derivation of this expression is given in Appendix. One notes that
kg is a function of the fractal dimension D, primary particle size L,,
viscosity # and rupture force F and that k is a-priori not dependent on
concentration ¢ or shear stress G. Combining Egs. (23) and (27) gives:

‘Z—f = k4eGLYP — kpGILP*! (29)

The full flocculation model proposed by Winterwerp is given as eq. (26)
in Winterwerp (1998), where aggregation and breakage terms are
combined. Winterwerp uses p = 2, ¢ = 1.5 and D = 2 which leads
to:

dL _ 3/2 2
== [kscG — kpG**(L - L,)| L (30)
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The reason that Winterwerp introduces the term (L — L, in Eq. (28) as
opposed to L in Eq. (27) arises from the fact that at steady-state (when
dL/dt = 0), Eq. (30) then enables to write, see eq. (27) in Winterwerp
(1998):
ka 1y

Ly, =L,+ ECG / (€29)
The underlying assumption is that particles can never become smaller
than the primary particles, which are assumed insensitive to shear.
Eq. (29) leads to:

L£+IJ—3 - ﬂGl—q (32)
q kg

Eq. (31) implies that Eq. (30) can be written as a function of L, which

gives:

dL

= = kG (L
dr B (

One can note that this equation, for a constant shear, can only describe
the growth of the mean particle size with time for L < L,, since the
term at the right-hand side of the equal sign is then positive or zero.

-L)L? (33)

eq

2.3. Comparison between models

In the S model, both aggregation and breakup terms are required
to limit floc growth. When no breakup term is present, the aggregation
term will ensure that growth is unconstrained, leading to non-physical
results. In the LG model, both birth and decay functions are con-
strained: even with only a birth function b(¢) a finite equilibrium size
L,, is reached. In flocculation experiments, a suspension of aggregating
particles can reach an equilibrium size for different reasons. Growth
can be prevented for particles above a characteristic size (related in
general to the Kolmogorov microscale) because high shear stresses
make it impossible for particles to aggregate. But growth can also be
limited because of a depletion of flocculating agent. This happens when
polymeric flocculant is underdosed (Shakeel et al., 2020) even when the
shear stresses would allow further growth. In the S model, this would
imply that k is dependent on flocculant dosage.

For the LG model, the evolution of the mean particle size for
aggregating particles is described by setting a; = 0 (i.e. k; = 0) in
Eq. (4) which then reduces to

1

L@H=L,——— (34)
©=Leq 1+ ayexp (—t/ty)

with

daL = 1_1 lLZ (35)

dr L Ly)t,

As was discussed earlier in this article, considering only the birth
function b(r) only means that the particle size L is an increasing
function in time. Introducing a decay function d(r) would imply that
the size L goes through a maximum as function of time. Clearly, from
considering Eq. (33) the S model does not allow for L to go through a
maximum (provided that kp and G are constant — which we assume
here), therefore, in order to compare both models, Eq. (35) is to be
compared with Eq. (33). Both equations describe the growth of the
mean particle size over time but not with the same kinetics. It was
shown in Chassagne (2021) that Eq. (35) can be used to follow the
time evolution of particles sizes for kaolinite suspensions destabilized
by the addition of salt. This meant that by plotting the experimental
data according to the function (dL/dt) /L a linear dependence on L
was found. The LG model indeed predicts a linear dependence, as is
found by rewriting Eq. (35) as:

ldL 1(1_L> 36)
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Fig. 1. Comparison between the LG model and S model (left) and their flocculation kinetics (right). The S model is plotted according to Eq. (33) and the LG model according

to Eq. (35). The characteristic growth time, equilibrium floc size and primary particle size are taken to be 7, =800 s, L,

e =20 pm and L, = 1 pm. The curves corresponding to

model LG (b) are obtained using the equivalence of the two models at short timescales, i.e. Eq. (38). The curve obtained for the S model was fitted using Eq. (34), which leads
to the dashed curve (LG model). For this fit, it was necessary to use #, =97 s and L, = 0.0046 pm.

The S model on the other hand predicts a quadratic dependence, see
Eq. (31):

ldL
L dt
The difference between the two models is illustrated in Fig. 1 (left). The
S model was plotted according to Eq. (33) and the LG model according
to Eq. (35). The characteristic growth time, equilibrium floc size and
primary particle size were taken to be #, = 800 s, L,, = 20 pm and
L, =1 pm. We made use of the equivalence between the two models at
short timescales to evaluate the other required parameters, which can
be found using the following equalities:

k,cGL p kp 1 1

kpG3/? = = =— (38)

(Leg—L,)L, (Leyy—L,)L, 1LyLy

=kpG*? (L, — L)L (37)

Using these parameters, the LG model would give the dotted curve (LG
model (b)). At small timescales, the S model and the LG model (b)
overlap as expected. The curve obtained for the S model was then fitted
using Eq. (34), which leads to the dashed curve (LG model). For this
fit, it was necessary to use t, = 97 s and L, = 0.0046 pm. The difference
between the flocculation kinetics of the two models is better illustrated
in Fig. 1(right), where (dL/dr) /L is plotted for each model: the LG
model predicts a linear dependence on L whereas the S model does not.
For salt-induced flocculation, it was shown that the linear dependence
of (dL/dt)/L on L is also found for the experimental data (Chassagne,
2021). It remains to be studied whether a similar dependence can be
observed for polyelectrolyte-induced flocculation.

2.3.1. Short timescales
At short times, one gets for the LG model, from Eq. (7), and
assuming that L(t = 0) = L

1dL
2= = 1—
dL a,/t
(E) =k,L(t=0) = Lbzl‘@q (40)
1=0 (1+a,)
with,
1
Lit=0)~L,=——-IL 41
( )~ L, T+a, e (41)
For the S model, Egs. (30) and (33) lead to
dL _ 2 _ 3/2 2
(E)xzo = kyeGL2 = kyG¥? (L,y — L,) L2 (42)
It is therefore easy to make the equivalence between the two models:
L L
=51 :l_p<1__”>=kAcGLp (43)
iy 1+a, 1, L, L,

This relation suggests that the birth rate at the onset of aggregation
should be linearly dependent on shear and the concentration of primary
particles. Note that as it is found in most cases that a, > 1, we also get:

ky o~ — (44)

3. Material and experimental setup
3.1. Clay

The clay used in all the experiments, referred to as K-10.000, was
bought from the VE-KA company (Werkendam, The Netherlands). The
original lump of clay’s water content was 37.5%, and the sand content
was 21 %. The clay was dispersed in tap water and the resulting sus-
pension had a conductivity of less than 453.1 pscm™! (Shakeel et al.,
2020). A Malvern Mastersizer 2000, a technique based on static light
scattering (SLS) (Ibanez Sanz, 2018), was used to determine the Particle
Size Distribution (PSD) of the clay. This clay was chosen because of its
fairly monodispersity: the original clay suspension was found to have
a mean diameter (Ds,) of 5.6 pm. The clay is composed in majority of
non-swelling components (Shakeel et al., 2020).

3.2. Flocculant

In order to study the effect of clay concentration on the flocculation
rate, different clay concentrations were used in combination with the
anionic flocculant Zetag 4110 (BASF). The flocculant to clay concentra-
tion ratio was kept the same for all experiments, and equal to 2.5 mg /g,
which is close to the optimal concentration for flocculation (Shakeel
et al.,, 2020). Zetag 4110 has a medium anionic charge with high
molecular weight.

3.3. Particle/flocs size distribution

The flocculation experiments were performed in a JLT6 jar test set-
up provided by VELP Scientifica, Italy. The size of the jar was 95 mm
in diameter and 110mm in height. A single rectangular paddle was
used to stir the suspension. The paddle was 25 mm in height and 75 mm
in diameter and was positioned in the suspension 10mm above the
bottom of the jar. With the help of a peristaltic pump, the suspension
was pumped through the Malvern Mastersizer 2000 from the mixing
jar to the Mastersizer and then back to the mixing jar (Fig. 2). This
configuration allowed us to control the pump speed and the mixing
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Fig. 2. Schematic of the experimental setup used for measuring particle size.

jar paddle independently. The inner diameter of the connecting tubes
was 5 mm, and the overall length was as short as possible, i.e. 2400 mm
from the jar and back to the jar. The average shear rate in the jar
was chosen to be the lowest possible shear rate that prevents particles
settling, i.e. 75 rpm, corresponding to less than 50s~! (Bouyer et al.,
2005). The discharge rate Q of the pump is connected to the shear rate
G in the tubes by:

=15

r
where r = 2.5mm is the radius of the connecting tube. Preliminary
experiments, done by varying the shear stress in the jar and connecting
tubes, confirmed that the change in the size of flocs mainly occurred in
the connecting tubes. The lowest possible discharge rate of the pump
was 1.37mLs™! (112s71). The shear rate was adjusted by changing
the pump discharge rate. With this set-up, every 30s, it was possi-
ble to record a full PSD. All experiments were carried out at room
temperature.

4. Results and discussion
4.1. Flocculation kinetics

In this subsection, the particle size time evolution is given in Fig. 3
(top panel) for three examples. It can be noted that the ¢ = 0.2gL™!
sample displays multimodal particle size distributions, which makes
the analysis in terms of mean particle size (Ds,) difficult. The data
for 0.2gL~! was therefore not further considered in this study. The
data was subsequently plotted in a different way to test Egs. (36), (37)
and (39). The result is given in Fig. 4, where L symbolizes Ds(r).
From the trends, it appears that at the onset of flocculation, the data
plotted as (dL/dt) /L indeed follows the linear dependence predicted
by Egs. (36) and (39). This implies that the flocculation kinetics follow
the dependence predicted by the LG model, which is in line with
the trends found for salt-induced flocculation discussed in Chassagne
(2021). This dependence cannot be obtained from the S model. If the
S model is reduced to its aggregation part (the term involving k, in
Eq. (30)), it would still not reproduce the observed behaviour as the
S model predicts an increase of (dL/dt) /L as a function of L, not a
decrease as observed. A constant increase in (dL/dt) /L would imply
an exponential growth of L with time. Such exponential growth is not
observed experimentally.

In order to study the flocculation dynamics as function of time, the
data for ¢ = 1.2gL~! was fitted for different time intervals 4t. These
time intervals are defined as 4r = [0 t,,], where 7, can be varied.
An illustration is given in Fig. 5. The LG model is used for fitting. The
model results for several time intervals 4Ar are shown in Fig. 5 (right).
The relation between L,, and k;, ~ 1/1, is represented in Fig. 5 (left). It
is found that both L,, and t, are increasing linear functions of 4t until
At = 1000 s, and

Lo, (um) = 1.541)13
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ty = 0241 (45)

It was also found that the parameter a, could be set constant, as it
barely varied with the time interval durations. It was set to its average
value of 16.6.

The reason that L,, and k, are functions of the time interval Ar
is due to the change in flocculation kinetics. At the start of floccula-
tion, when clay and polyelectrolyte are mixed, the clay particles will
extremely rapidly bind to the bare polyelectrolyte strands. For the
smallest time intervals giving meaningful results (4 = 90 s), it is
found that L (0) = 7.8 pm which is in agreement with the clay primary
particles size. For longer fitting time intervals, L (0) becomes a function
of 4t for + < 1500 s as L(0) and L,, are linked by Eq. (41). It is
then found that L (0) is increasing linearly with Az. During the period
t < 1500 s two types of flocculation occur: (a) the remaining mineral
clay particles in suspension (if any) are captured by the existing flocs
and (b) floc—floc aggregation occur, leading to a change in flocculation
kinetics. This is reflected in a change in L,, and k, but especially in a
growth in L (0) as the “primary” particle is not a mineral clay particle
anymore but a floc. For time intervals such that 4¢ > 1500 s, L (¢) is not
a function of A7 anymore as L (+ > 1500 s) has reached a constant value.
In that case, it is found that the average value of L (0) is about 60 pm,
which can be considered as a good estimate for the primary floc size
over the whole experimental range.

From this study, and the results illustrated in Fig. 5 (left), it can be
concluded that the same fitting parameters cannot be used for the (fast)
flocculation of unbonded mineral clay and polyelectrolyte strands or for
the flocculation of already formed flocs. This is why it was proposed
in Chassagne (2021) to separate SPM in two classes: one class (Class
1) being defined as unflocculated clay mineral particles and one class
(Class 2) that is composed of flocs (mineral clay bound to organic
matter). The mass transfer from Class 1 to Class 2 then obey the fast
kinetics observed here at small A7 whereas the flocculation occurring in
Class 2 (the aggregation of flocs lead to a new floc, that by definition
belongs to Class 2) can be modelled, in good approximation, using
the parameters found from fitting the data until an equilibrium size
is reached (4t > 1500 s).

In the following two sections, where the dependence on clay con-
centration and shear will be investigated, two time intervals will be
studied: Ar = 400 s and 4t = 4t,,,, whereby 4t,,, represents the time
interval between the start and the end of the experiment. In all cases
the mean particle size L(¢) has reached a constant value when the time
corresponding to the end of the experiment is reached.

4.2. Dependence on clay concentration

The dependence of L(r) on clay concentration was studied for con-
centrations between 0.4 and 1.6 gL.~! which is within the concentration
range for which the measurements are not limited by light detection
issues. A constant shear rate of 112s~! is used in all experiments.
The time evolution of the mean particle size is given in Fig. 6. Every
experiment was replicated 3 or 4 times. The error bars in Fig. 6 (right)
represent the standard deviation when averaging over all experiments.
The parameters used for fitting the data shown in this figure are
given in Table 1. As the parameter g, was not changing much with
clay concentration, the average value of a, overall concentrations was
chosen for each time series.

From the fit values for all clay concentrations used, the concentra-
tion dependence of L,, and k, =~ 1/t can be studied, see Figs. 7 and
8. Eq. (43) tells that at short Az the flocculation rate should be linearly
proportional to concentration. This is indeed found, even though the
dependence on clay concentration is rather mild. For At = 4t,,, it is
found that 7, ~ 1/k, does not significantly depend on clay concen-
tration. At short times, see Fig. 8, it is observed that the flocculation
rate (dL/dt),_, is increasing with clay concentration. It follows that
(dL/dt),_, scales with L,, (not shown) since L,, is increasing linearly
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Fig. 3. Top panel: Particle size distributions for different clay concentrations (2.5 mg/g flocculant (Zetag 4110) to clay ratio). A constant shear rate of 112 s~' is applied. Bottom
panel: Particle size distributions for different shears (2.5 mg/g flocculant (Zetag 4110) to clay ratio, 1.2 g/L clay.

-1

(dU/dtyL (s

-3
20210 , . . , g .
04 gL
Oo O 08glL
L o 1glL ||
Br o, o 124gL
6 o o 14glL

5 -

0 50 100

150 200
L (um)

250 300

350 400

3
20210 , . . : , ;
04glL
6 o 08gL
| o 1glL ||
15 o o 12gL
) o 14gl
(o]

-

(dUdtyL (s

-5 -

100

150 200
time (s)

250 300 350 400
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fits for 1.2 g/L.

Table 1

Fit parameters related to Fig. 6.
¢ (g/L) At =400 s At = 4At,,,

L,, (pm) 1, (s) a, ky (s L,, (pm) 1, (s) a, ky (s7H

0.4 151 79 20 0.011 620 423 10.5 0.0021
0.6 145 98 20 0.009 598 368 10.5 0.0025
0.8 210 81 20 0.011 660 257 10.5 0.0035
1.0 269 81 20 0.011 928 277 10.5 0.0032
1.2 297 75 20 0.012 889 295 10.5 0.0030
1.4 469 85 20 0.011 918 202 10.5 0.0045
1.6 460 83 20 0.011 1013 208 10.5 0.0043




W. Ali and C. Chassagne

1000 . : e : —
° 0o
@O(Z’Dboo% 9
Op @O
ST ]
$o5 o0
R ° M=[0— 810s] |
E U
o’ At =[0—4505] |
At =[0—2705s] |
At =[0—905]

0 4 1 1 1 1
0 500 1000 1500 2000 2500 3000 3500 4000
Time (s)

Continental Shelf Research 250 (2022) 104864

900 T T T T T T

700 1

500 1 1

(pum)

g 400 1

L

300 1

100 [ 1

n 1 L L L n

0
0 001 002 003 004 005 006 007
- -1
k, =11, (s7)

Fig. 5. Left: Particle size evolution as function of time, for a suspension consisting of 1.2 g/L clay and 2.5 mg/g flocculant (Zetag 4110) to clay ratio. A constant shear rate of
112 s7! is applied. The curves represent fits for given time intervals as indicated next to each curve. The curve without indication represents the fit for the whole duration of the
experiment. Right: L,, as function of k, found from fitting the particle size evolution as function of time for different time intervals 4r.
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Fig. 6. Left: Dy, as function of time for the onset of flocculation; Right: Dy, as function of time for the whole duration of the experiments. The error bars indicate the differences
observed when averaging over 3 or 4 measurements; the curves indicated the fits; the parameters for the fit are given in Table 1. The flocculant (Zetag 4110) to clay ratio is 2.5
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with clay concentration, see Fig. 7. It was observed that the low shear
rate of 112 s~! did not produce a continuous flow of flocs in the pipes.
Repeated measurements have confirmed that this shear rate leads to a
large experimental error, as is clear from Fig. 6. For this reason, this
shear rate was not used in subsequent shear rate dependence measure-
ments, where only higher shear rates were used, which produced a
continuous flow of flocs in the pipes. The advantage of working at 112
s71 is that, in contrast to the shear experiments presented in the next
section, the data can be fitted using only a birth function.

4.3. Dependence on shear

In order to study the effect of shear on the flocculation rate, exper-
iments were performed at different shears, for a given clay concentra-
tion of 1.2gL~! and flocculant (Zetag 4110) to clay concentration ratio
of 2.5mgg~!. Three examples of particle size distribution at different
shear are given in Fig. 3(bottom panel). The time evolution of the
mean particle size is given in Fig. 9. Every experiment was reproduced
3 or 4 times, leading to the error bars represented in the figure. The
parameters used for fitting the data shown in this figure are given in
Table 2. As the parameter a, was not changing much with shear and
time Ar, the average value of a, overall shears was chosen for all-time

series. At short times (4t = 400 s) only a birth function was used for
the fit.

As discussed in Shakeel et al. (2020), after a shearing period at
sufficiently high shear, the dangling ends of flocs tend to coil, and
the flocs get smaller until they reach a size that is in good approx-
imation equal to the Kolmogorov microscale, see Fig. 9. In order to
fit the decrease of L over time, it is necessary to introduce a decay
term, as shown in Section 4.3. This decay is associated with a large
characteristic time 7, resulting in a small k, as in good approximation
ty =~ 1/k,. The associated parameters are given in Table 2. It was found
that the parameter a, was not changing much with shear, and it was
therefore taken equal to its average value over all shears.

From the fit values for all shears used, the shear dependence of L,,
and k, can be studied, see Figs. 7 and 8. The decrease of L,, with shear
is modelled by:

L,, (4t =400s) = 5x 10°G~"
L, (4t = 4At,,;) = 1x10°G™"* (46)

where it should be noted that L,, is given in pm. For both Ar = 400 s
and 4t = At,,, it is found that k, is proportional to shear between 281
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s~1 and 1336 s~! (see Table 2 and Fig. 7) according to:

Ky = tl ~1.9% 104607
b

This leads to the following correlation between L,, and k:

L, (4t = 4005) =~ 0.022k;*"
Lo, (At = At,,,) =~ 0.1k,27

(47)

(48)

where again L,, is given in pm. At high shear (> 700 s~1) and 4t = 41,
it is found that L,, follows the trend predicted by the Kolmogorov
microscale, and therefore can be approximated by:

G>70057") = (%)70’5

where v = 107° m?/s is the kinematic viscosity of water. As is clear
from Fig. 7, for G > 700 s~! the curves representing Egs. (46),

Lo, (4r=a (49)

end>
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Table 2
Fit parameters related to Fig. 9.
G (s At =400 s At = Aty
L., (pm) 1, (s) a, ky (571 L, (pm) 1, (s) a, ky (571 1y (s) aq kg 571
281 743 68 18 0.014 195 76 18 0.012 3382 3.5 2.3x107*
427 330 44 18 0.021 93 51 18 0.018 1319 3.5 5.9x107*
635 204 38 18 0.025 56 43 18 0.022 1246 3.5 6.2x107*
807 115 29 18 0.032 32 34 18 0.027 869 3.5 8.9x107*
958 105 27 18 0.035 28 30 18 0.031 931 3.5 8.3x107*
1147 101 25 18 0.038 26 27 18 0.035 1249 3.5 6.2x107*
1336 71 25 18 0.036 17 27 18 0.033 2198 3.5 3.5x107*
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Fig. 9. Left: Dy, as function of time for the onset of flocculation; the curves indicated the fits; Right: Ds, as function of time for the whole duration of the experiments. The error
bars indicate the differences observed when averaging over 3 or 4 measurements; the parameters for the fit are given in Table 2; The flocculant (Zetag 4110) to clay ratio is 2.5

mg/g for 1.2 g/L clay.

(49) are in close agreement and the difference in power of G is not
noticeable. Egs. (46) can therefore be used for the whole range of shear
investigated.

The slope at origin (dL/dt),_,, decreases with G, which is in line
with the estimation obtained from Eq. (48), using Eq. (8):

(dL/d1), g = kgLt - 0) = k; 7 = G708 (50)
The fit (black curve in Fig. 8) gives, with (dL/dt),_, in pm/s:
(dL/dt),_q = 313678 (51)

5. Conclusions

In this article, two models for flocculation, one based on logistic
growth theory (LG model) and the other on Smoluchowski’s approach
(S model), have been compared. Two series of experiments have been
used for the comparison to explore the dependence of the model pa-
rameters on shear and clay concentration. It was found that kinetics of
flocculation can be modelled with the LG model, whereas the S model
does not reproduce the observed dependence on time of the mean floc
size (Ds,) represented by L (¢). By fitting the time evolution of L (¢),
it was found that both the equilibrium floc size L,, and #, which are
parameters for the LG model are a function of the time interval used for
fitting. This was linked to the change in flocculation kinetics over time:
at the onset of the experiment, the flocculation is dominated by the ag-
gregation of unbonded mineral clay to polyelectrolyte strands, whereas
at larger times, the flocculation is dominated by floc—floc aggregation.
It was found that the floc-floc aggregation could be modelled over
the whole experimental time interval with the same parameters, using
the LG model. As has already been reported (Elimelech et al., 1995;
Shakeel et al., 2020), flocs created by the addition of polyelectrolyte
re-conform in the flow over time. This leads to a decrease in floc size
at long time scales. The LG model can be used to model both growth
and decay occurring over time, from which the characteristic timescales

10

for growth and decay can be found. Not accounting for this decrease
occurring at a long time, a general fitting function for a system of
suspended clay destabilized by the addition of flocculant is found using
Egs. (46), (47) and is given by:

1
1+ ayexp (—a,GO75t)

L(t)=a;cG™'? (52)
where a;, a, and a, are empirical parameters that do not depend on
concentration nor shear. These parameters, however, are expected to
be function of the flocculant to clay ratio, which in the present study
was kept constant. To give an order of magnitude, based on the fits
reported in the current article, a; ~ 5x10° (um L g~! s!), a, ~ 20 and
a, ~2x 107* (s702%). Eq. (52) can be differentiated to:

exp (—a,G%71)
1 + ayexp (—a,GO751)

= a,a,G"7

dt

(53)

Eq. (53) is of the type that can be implemented in a sediment transport
model.
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Appendix

In this appendix, the derivations given in Winterwerp (1998) are
discussed.

A.1. Aggregation term

Combining Egs. (21) and (22) leads to

dn = —§05GL3n2
dt 3 !
This equation is to be compared with Eq. (11) used by Winterwerp
(1998) which reads
% = —%n’ecedGL3n2
The parameter e, is defined by Winterwerp as “the efficiency parameter
is a function of the physicochemical properties of the sediment and
water and of the organic compounds in the sediment”. The efficiency
parameter e, is defined by Winterwerp as “an (efficiency) parameter
for diffusion”. The product e e, can therefore be seen as the collision
efficiency

(54)

(55)

(56)

a=e.e,

The origin of the %71’ in Eq. (55) is unknown. Combining Eqgs. (17) and
(18) yields
Pfloc — Pw
T
which is to be compared with Eq. (2) of Winterwerp (1998), which
reads

Ps —Pw ¢

p=————= fSnL3
pfloc ~Pw Ps

_¢/py
= 67

¢pp in floc =

(58)

where Winterwerp uses V = f,L3, the shape factor f, being equal
to /6 for spherical flocs. Note that the ¢ defined by Winterwerp
corresponds to

bs

L S (59)
¢pp in floc

¢ =

and not to ¢, as he claims. Combining Egs. (20), (22) and (23), gives

dL _ 2aG ¢ L*7P

== =k,eGL*P
at =D p L3

(60)

which corresponds with Egs. (14,15) proposed by Winterwerp but for
a different prefactor originating from the difference between Egs. (54),
(55).

A.2. Break-up term

The simplest models assume that s, defined in Eq. (26), scales
with the size of particles, i.e. p = 1. However, in the case of fractal
flocs as the ones formed by salt-induced aggregation of hard spheres,
the smaller the fractal dimension, the less particle bonds per ag-
gregate volume, the smaller the floc strength. Therefore the break-
age rate should increase with decreasing fractal dimension D, which
Barthelmes (Barthelmes et al., 2003) accounts for by introducing the
term:

3/D
13( L
y, (f) 61)
P
in Eq. (26) to yield:
3/D
nG\? 15 L
= — ) Vv —= 62
‘ s,,<r*> : (Lp> 62
Note that this implies that:
p=3/D (63)
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The break-up rate given by Winterwerp by (see Egs. (16,17) in Winter-
werp, 1998) is:

a (nG\Y (L-L,\"
=#(%) (%)

where we substituted the turbulence induced stress 7, = nG (Eq. (21)
in Winterwerp, 1998). In our notation 7, = z* is the strength of floc.
The parameters a, p* and ¢* are empirical. The parameter T is defined
by Winterwerp as “the time scale of the disrupting eddies” which he
assumes to be T ~ 1/G.

Winterwerp furthermore follows the reasoning of Kranenburg (Kra-
nenburg, 1994) which estimates that:

(64)

¥ ~nyF (65)

where F is the rupture force of a bond () which is implicitly assumed
not to depend on L and n, is the number of bonds per unit area. Because

of the self-similarity property of fractals, it follows that n, = mq/L*
where mj, is a constant, and hence:

* 0 10
T L2F (66)

The fact that z* then scales with L=2 is therefore purely a consequence
of assuming flocs to be fractal objects. The relation between floc’s
rupture and size has been experimentally tested whereby a single floc
is pulled apart in tensile mode (Yeung and Pelton, 1996). It has been
demonstrated that the rupture depends on the fractal dimension of
the floc: it is the narrowest section cross-section in a fractal object
which determines its strength, which does not need to be correlated
with particle size. For compact flocs (high fractal dimension), the weak
points are on the periphery, and therefore these flocs are prone to
experience surface erosion. For low fractal dimension flocs, on the
other hand, their narrowest cross-sections can be located anywhere,
and hence they tend to break in two. This latter case is in line with
the initial assumption that all flocs are assumed to have the same size
at all times. It follows that Eq. (64) can be written:

G L L\
s =aG ”—Lz b (67)
F Lp
For situations where L > L, one gets:
aGT ™+l NG s
5= (F) L2+ (68)
P
Comparing Egs. (62), (68), one finds the equivalence
g=q+1
p=2q"+p" 69

Winterwerp uses p* = 1 and ¢* = 0.5 which implies that p = 2
and ¢ = 1.5. The fragmentation exponent g is usually found to be
1.5 < g < 6.5 (Barthelmes et al., 2003) and as discussed above one
usually assumes 3 > p > 1.

From Eq. (15) one gets:

ldn _ _DdL _, (70)
n dt L dt
which leads to:
G @ L —L\P
aL _ —e, X aG o2 r) <L (71)
dr F L, D
= —kpGT ! (L-L,)" L2 72)

which is to be compared with Egs.(22, 23) of Winterwerp (1998).
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