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Efficient Massive Machine Type Communication (mMTC) via AMP
Mostafa Mohammadkarimi , Member, IEEE, and Masoud Ardakani , Senior Member, IEEE

Abstract—We propose efficient and low-complexity multiuser
detection (MUD) algorithms for Gaussian multiple access channel
(G-MAC) for short-packet transmission in massive machine type
communications. To do so, we first formulate the G-MAC MUD
problem as a sparse signal recovery problem and obtain the exact
and approximate joint prior distribution of the sparse vector to
be recovered. Then, we employ the Bayesian approximate mes-
sage passing (AMP) algorithms with the optimal separable and
non-separable minimum mean squared error (MMSE) denois-
ers for soft decoding of the sparse vector. The effectiveness of
the proposed MUD algorithms for a large number of devices is
supported by simulation results. For packets of 8 information
bits, while the state-of-the-art AMP with soft-threshold denois-
ing achieves 8/100 of the upper bound at Eb/N0 = 4 dB, the
proposed algorithms reach 4/7 and 1/2 of the upper bound.

Index Terms—Multiuser detection, approximate message pass-
ing, IoT, Bayesian MMSE denoiser, sparse recovery, short
packet.

I. INTRODUCTION

IN MANY Internet of Things (IoT) applications, mas-
sive machine-type communications (mMTC) services are

required, where a large number of devices transmit very short
packets to a base station (BS). Typically, these short packets
are transmitted whenever a measured value changes; thus, spo-
radic traffic pattern is popular in mMTC [1], [2], [3]. Sparse
signal processing for massive connectivity including data and
activity detection has been studied in [3], [4], [5].

Recently, bounds on the exact block error probability of
Gaussian random codes in additive white Gaussian noise
(AWGN) for massive uplink multiple access (MA) at finite
message length have been derived [6]. The author in [6] has
shown that a promising solution to support massive uplink con-
nectivity for short packet transmission is the Gaussian multiple
access channel (G-MAC). The challenging task in the realiza-
tion of G-MAC is the design of efficient and low-complexity
multiuser detection (MUD) algorithms at the BS [7]. In [8],
the iterative soft interference cancellation (SIC) decoding has
been employed for the G-MAC with short packet transmission,
but it suffers from error propagation.

In this letter, we propose two efficient and low-complexity
MUD algorithms for the G-MAC for short-packet mMTC.
We first formulate the MUD problem as an under-determined
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sparse signal recovery problem. Then, we propose to employ
approximate message passing (AMP) for soft decoding of the
short packets transmitted by the IoT devices in the network.
In most MUD problems using AMP for soft decoding, the
joint prior distribution of the vector to be recovered is gen-
erally assumed to be unknown. In such cases, the optimal
minimum mean squared error (MMSE) denoiser cannot be
employed, and thus; the denoiser is designed under the mini-
max framework to optimize the AMP algorithm performance
for the worst-case or least-favorable distribution, leading to a
soft-thresholding denoiser. However, in the problem at hand,
the key idea is that we can obtain the exact and approximate
prior joint distribution of the sparse vector to be recovered.
Thus, the optimal separable and non-superable MMSE denois-
ers can be employed for Bayesian AMP soft decoding. The
decoupling effect results in low-complexity MMSE denoising
in each AMP iteration [9], [10], [11]. The contributions of this
letter are:

• We formulate the problem of G-MAC MUD as a sparse
signal recovery problem and obtain the exact and approx-
imate prior joint distribution of the sparse vector to be
recovered. The approximate prior distribution is obtained
by minimizing the Kullback-Leibler divergence (KLD) as
a measure of difference between probability densities.

• By taking into account the exact and the KLD-based
approximate prior distribution of the sparse vector, we
introduce two MUD algorithms called (i) the relaxed
block sparsity AMP (RBS-AMP), and (ii) the block
sparsity AMP (BS-AMP) MUD algorithms for G-MAC
suitable for short packet transmission in mMTC.

• The multiuser efficiency (MUE) of the proposed MUD
algorithms is derived and shown to be close to one.

• We show that our BS-AMP MUD algorithm results in a
new achievability bound that is closer to the upper bound
in [6] compared to the achievability bound of the RBS-
AMP, the state of the art AMP soft decoding in [12], and
the SIC decoding in [8].

Notation: The symbols (·)T, Tr(·), ‖ · ‖0, and ‖ · ‖ show the
transpose operator, trace of a matrix, 0-norm, and Euclidean
norm of a vector, respectively. The symbol x̂ is an estimate of
vector x, and δ(·) is the Dirac delta function.

II. SYSTEM MODEL

We consider an IoT network equipped with open loop power
control (OLPC), where D IoT devices simultaneously commu-
nicate with a single BS. In the OPLC, there is dedicated pilot
channel provided for channel estimation. Pilot signal is trans-
mitted by the BS to all IoT devices in the network, and the
IoT devices receive the pilot signal and estimate the power
strength. Based on this estimate, each IoT device adjusts its
transmit power accordingly to compensate the effect of chan-
nel [8]. In the uplink channel, each IoT device transmits K bits
of information by using Gaussian random coding with code-
words of length M = nD. The aggregate rate of the multiuser
coded system is DK/M. For short packet transmission, the
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received vector at the BS in vector form is
y = Cx+ w, (1)

where C ∈ R
M×N has independent and identically distributed

(i.i.d.) entries, Cij ∼ N (0, 1/M ), N � 2KD , and x is a block
sparse vector of length N × 1 with the sparsity level D as

x =
[
x1 x2 . . . xN

]T
=

[
xT1 xT2 . . . xTD

]T
, (2)

where xq is a 2K × 1 vector as ||xq ||0 = 1, q = 1, 2, . . . ,D .
The M × 1 vector w in (1) is the AWGN vector with covari-
ance matrix σ2wI. We assume that β � limD→∞M /N =
n/(2K ) > 0.

Because of the OLPC, the received power of the D IoT
devices at the BS is fixed and is denoted by PI. In this
case, the joint prior distribution of the transmit vector xq �
[xq,1, xq,2, . . . , xq,2K ]T, q = 1, 2, . . . ,D , in (2) is given by1

fX(xq ;PI,K ) =

2K∑

k=1

1

2K
δ(xq −

√
PIek ), (3)

where e1, e2, . . . , e2K are orthonormal basis in right-handed
Cartesian coordinate system. Our goal is to design MUD algo-
rithms to detect the K information bits transmitted by each
IoT device. As x is a block-sparse vector, we have a sparse
signal reconstruction problem. In this letter, we adopt the
low-complexity Bayesian AMP algorithms for signal recovery.

III. REVIEW OF AMP
In this section, we first briefly review AMP and its state

evolution (SE) for the separable denoiser.

A. AMP Algorithm With Separable Denoiser

For noisy linear measurements of the form
s = Au+ w, (4)

where A ∈ R
M×N , s ∈ R

M×1, u ∈ R
N×1, and w ∈ R

M×1.
AMP algorithm with denoiser ηt : RN → R

N at the (t + 1)th
iteration estimates vector u as follows [13]

ût+1 = ηt (v
t ) = ηt (û

t +ATrt ), (5a)

rt = s−Aût +
N

M
rt−1div

(
ηt−1(v

t−1)
)
, (5b)

vt = ût +ATrt , (5c)

where div(ηt (g)) � 1
N Tr(∂ηt (g)

∂g ) with g � [g1 g2 . . . gN ]T,

û0 = 0, and r0 = s. For identical separable Lipschitz con-
tinuous (LC) denoiser, ηt (g) = [ηt (g1) ηt (g2) . . . ηt (gN )]T,
and div(ηt (g)) = 1

N

∑N
j=1 ∂ηt (gj )/∂gj . Similarly, for non-

separable LC denoisers, we have [13]

ηt (g) =
[
ηt ,1(g1) ηt ,2(g2) . . . ηt ,L(gL)

]T
, (6)

and

div
(
ηt (g)

)
=

1

N

L∑

m=1

Tr
(∂ηt ,m (gm )

∂gm

)
, (7)

where g1, g2, . . . , gL denote L non-overlapping partitions of g.
The initial work on AMP focused on the case where ηt (·)
is a separable elementwise function with identical com-
ponents [12], while the later work allowed non-separable
denoiser [13].

1The corresponding probability mass function (PMF) of the PDF in (3) is
P{xq =

√
PIek} = 1

2K
, k = 1, 2, . . . , 2K . Since for the problem at hand,

we have both continues and discrete random variables, Dirac’s delta function
is used to link discrete PMF to PDF.

For large, i.i.d., sub-Gaussian random matrices A in (4),2

limM ,N→∞M /N � β > 0, and identical separable/non-
separable LC denoiser, AMP displays decoupling behavior,
meaning that vt in (5c) behaves like an AWGN corrupted
version of the true signal u in (4) as [14]

vt = u+N (0, σ2t I), (8)

where an estimate of σ2t can be obtained as σ̂2t = 1
M ‖rt‖.

The larger M, the lower the estimation error.

B. SE of AMP With Separable Denoiser

For large, i.i.d., sub-Gaussian random matrices A, the
performance of the AMP can be exactly predicted by a scalar
SE, which also provides testable conditions for optimality. For
identical separable LC denoiser ηt (·), when the elements of
u = [u1, u2, . . . , uN ]T empirically converges to some random
variable U with probability density function (PDF) fU , the SE,
i.e., the sequence of {σ2t }t≥0 in (8) is expressed as [15]

σ2t+1 = σ2w +
1

β
E
{
(ηt (U + σtZ )− U )2

}
, (9a)

σ20 = σ2w +
1

β
E
{
U 2}, (9b)

where β � M /N , Z ∼ N (0, 1), and is independent from
U ∼ fU . The term (σ2t+1− σ2w)β in (9a) can be estimated by
the sample mean estimate of the denoiser error as [15]

lim
N→∞

1

N

∥
∥ût+1 − u

∥
∥2
2
= E

{
(ηt (U + σtZ )− U )2

}

= (σ2t+1 − σ2w)β, (10)

where ût+1 � [ût+1
1 ût+1

2 . . . ût+1
N ]T is obtained by using

the AMP algorithm in (5a)-(5c).

IV. RBS-AMP MUD ALGORITHM

In this section, the separable MMSE denoiser for the
approximate joint prior distribution of the sparse vector x is
obtained and then is used for Bayesian AMP soft decoding.
This results in RBS-AMP MUD algorithm. The MUE of the
proposed RBS-AMP MUD algorithm is also derived.

A. RBS-AMP MUD Algorithm With Separate Denoiser

The RBS-AMP MUD algorithm neglects the block-sparsity
of x in (1) and considers an i.i.d. distribution for its elements.
Let η(xq ) �

∏2K

k=1 fX (xq,k ;PI;K ) denote an approximation
of the joint prior distribution γ(xq ) � fX(xq ;PI,K ) in (3).
By minimizing the KLD between the corresponding PMFs of
γ and η, we obtain

fX (x ;PI;K ) =
1

2K
δ
(
x −

√
PI

)
+
(
1− 1

2K

)
δ(x ). (11)

This block sparsity relaxation results in a low complexity
MUD algorithm because (3) is replaced with the simple joint
prior distribution η(xq ). While η(xq ) allows the sparsity level
of xq to be larger than one, the separable MMSE denoiser can
correctly decode the one-hot vector because sparsity level one
still has the highest prior probability.

Let x̂ = [x̂ t+1
1 , x̂ t+1

2 , . . . , x̂ t+1
N ]T denote the reconstructed

vector by the AMP algorithm summarized in (5a)-(5c) at
the (t + 1)th iteration for the observation model in (1),
i.e., s = y, u = x, and A = C. For the identical separa-
ble MMSE denoiser η(v ti ) = E{·|v ti } with prior distribution

2E{Aij } = 0, E{A2
ij } = 1

M , and E{A6
ij } = C

M , for some fixed C > 0.

Authorized licensed use limited to: TU Delft Library. Downloaded on July 04,2023 at 13:36:43 UTC from IEEE Xplore.  Restrictions apply. 
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U = X ∼ fX (x ;PI;K ) in (11), by taking into account the
decoupling behavior in (8), the ith element of the soft decoded
vector at the (t + 1)th iteration is given by

x̂ t+1
i = η(v ti ) = E

{
Xi |Xi + σtZ = v ti

}

=

√
PIpT

t
i

pT t
i + 1− p

, (12)

where Z ∼ N (0, 1), T t
i � exp {−PI+2v t

i

√
PI

2σ2
t

}, and p =

1/2K . Proof of the general case for the prior PDF in (3)
is given in Appendix A. Moreover, the divergence term at
the (t + 1)th iteration of the RBS-AMP MUD in (5b) is
obtained as

div
(
ηt (v

t )
)
=

1

N

N∑

i=1

∂

∂v ti
ηt (v

t
i )

=
1

N

N∑

i=1

∂

∂v ti
E
{
Xi |Xi + σtZ = v ti

}

=
p(1− p)PI

σ2t N

N∑

i=1

T t
i

(pT t
i + 1− p)2

. (13)

B. MUE of the RBS-AMP MUD Algorithm

The degradation in bit error rate due to the presence of
MA interference in AWGN channel can be measured by the
multiuser asymptotic efficiency, which is defined as

ξ =
σ2w

σ2w + I
, (14)

where σ2w is the variance of noise, and I is the interference
after soft decoding.

Theorem 1: The MUE of the RBS-AMP MUD algorithm
at the (t + 1)th iteration is given by

ξt+1
RB =

σ2w
σ2w + (σ2t+1 − σ2w)

=
σ2w
σ2t+1

, (15)

where ξt+1
RB ∈ [0, 1], and σ2t+1 is given in (9a)-(9b) for U = X

in (11) (Proof in Appendix B).
In practice, the SE, i.e., {σ2t }t≥0 is tracked by the sample

mean estimate σ̂2t ≈ 1
M ‖rt‖, where rt is given in (5b) for

s = y, A = C and û = x̂. The SE can also be theoretically
obtained by using (10). In this case, from (10) and (11), we
obtain (16) at the bottom of the page.

V. BS-AMP MUD ALGORITHM

In this section, we first in Theorem 2 show that the
per-iteration mean-squared error of the reconstructed vector
through AMP with non-separable denoiser can be predicted
using a state evolution (SE). Then, the non-separable denoiser
for the exact joint prior distribution of the sparse vector x
in (3) is obtained and is used for Bayesian AMP soft decoding.
This results in the BS-AMP MUD algorithm. Theorem 2 will

be later used for the derivation of the MUE of the proposed
BS-AMP MUD algorithm.

A. SE of AMP With Non-Separable Denoiser

Let us consider a block structure for the vector u in (4)
as u = [uT

1 ,uT
2 , . . . ,uT

L], where ui and uj , i �= j are inde-
pendent random vectors. We consider the following cases:
1) the joint PDF of ui � [ui ,1, ui ,2, . . . , ui ,�]

T is U =
[U1 U2 . . . U�]

T ∼ fU, and 2) the empirical joint PDF of
ui converges weakly to fU, where 	 = N /L. AMP with iden-
tical non-separable LC denoiser in (6) with η̃t (·) : R� → R

�

(ηt ,m (·) = η̃t (·),m = 1, 2, . . . ,L), reconstructs the vector
u from the observation model in (4) through the relations in
(5a)-(5c). Also, the decoupling behavior occurs for the mth
block as

vtm = um + ztm , m = 1, 2, . . . ,L, (17)
where

ztm ∼ N
(
0, ρ2t I

)
. (18)

The SE, i.e., the sequence of {ρ2t }t≥0 in (18) is given by

ρ2t+1 = σ2w +
1

	β
E

{∥
∥η̃t (U+ ρtZ)−U

∥
∥2

}
, (19a)

ρ20 = σ2w +
1

	β
E
{‖U‖2}, (19b)

where Z = [Z1 Z2 . . . Z�]
T ∼ N (0, I) is independent of U =

[U1 U2 . . . U�]
T ∼ PU. A modified version of Theorem 1

for identical non-separable LC denoiser is given as follows.
Theorem 2: Let A ∈ R

M×N be a matrix with i.i.d. entries
Aij ∼ N (0, 1/M ), and assume M /N → β > 0. Consider
a block sparse signal u = [uT

1 uT
2 . . . uT

L]
T, where the joint

distribution of each block of length 	 is fU (or the empirical
joint PDF converges weakly to fU) on R

�. Then, we have

lim
L→∞

1

L

L∑

u=1

∥
∥ût+1

u − uu
∥
∥2 = E

{∥
∥η̃t (U+ ρtZ)−U

∥
∥2

}
,

(20)
where û = [ûT

1 ûT
2 . . . ûT

L]
T is obtained by using (5a)-(5c),

U ∼ fU, Z ∼ N (0, I) is independent of U, and ρt follows the
SE in (19a) and (19b) (Proof in Appendix C).

B. BS-AMP MUD Algorithm With Non-Separable Denoiser

By considering the exact prior distribution of x in (3),
AMP with block non-seperable denoiser can be employed to
reconstruct the vector x = [xT

1 , xT
2 , . . . , xT

D ]T from the under-
determined system of linear equations y = Cx + w in (1) by
using the relations (5a)-(5c). For identical block non-separable
MMSE denoiser η̃(vtu ) = E{·|vtu} : R

2K → R
2K , the recon-

structed vector for the uth IoT device at the (t + 1)th iteration
is given as follows

x̂t+1
u = E

{
X|X+ ρtZ = vtu

}
, (21)

where X = [X1,X2, . . . ,X2K ]T is a random vector with the
joint PDF in (3) and vtu = x̂tu + CTrt = xu +N (0, ρ2t I) due
to the decoupling affect as it was explained in (17) in (18).

lim
N→∞

1

N

∥
∥x̂t+1 − x

∥
∥
2

2
= E

{
(ηt (X + σtZ )− X )2

}
=

1

2K
√

2πσ2
t

∫ ∞

−∞

( √
PIpT

t
i

pT t
i + 1− p

−
√

PI

)2

exp
{

− (v ti −√
PI)

2

2σ2
t

}

dv ti

+
(

1− 1

2K

) 1
√

2πσ2
t

∫ ∞

−∞

( √
PIpT

t
i

pT t
i + 1− p

)2

exp
{

− (v ti )
2

2σ2
t

}

dv ti = (σ2
t+1 − σ2

w)β. (16)
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Fig. 1. State evolution of the RBS-AMP and BS-AMP MUD algorithms for
K = 8 and D = 256 at Eb/N0 = 6 dB.

Fig. 2. Spectral efficiency versus 10 log10(Eb/N0) for the average block
error rate Pe = 15× 10−4, K = 8, and D = 256.

By employing (3) and the fact that Z ∼ N (0, I), x̂t+1
u

in (21) is obtained as

x̂t+1
u = η̃(vtu ) = E

{
X|X+ ρtZ = vtu

}

=

√
PI

∑2K

k=1 exp
{−‖vtu−

√
PIek‖22

2ρ2t

}
ek

∑2K
m=1 exp

{−‖vtu−
√
PIem‖22

2ρ2t

} , (22)

where e1, e2, . . . , e2K are orthonormal basis (Proof in
Appendix A).

By using (7) and (22) and after some simplifications, the
divergence for the MMSE non-separable denoiser is derived
as in (23), shown at the bottom of the page. The RBS-AMP
MUD algorithm offers a lower complexity compared to the
BS-AMP MUD algorithm due to the simple separable MMSE
denoiser. On the other hand, the BS-AMP MUD algorithm
achieves a higher spectral efficiency compared to the RBS-
AMP MUD algorithm because of the non-separable MMSE
denoiser that uses the exact joint PDF.

C. MUE of the BS-AMP MUD Algorithm

At the (t + 1)th iteration of the BS-AMP algorithm, we have
x̂t+1 � [x̂t+1

1 x̂t+1
2 . . . x̂t+1

D ]T, where x̂t+1
u is given (22).

Similar to the RBS-AMP algorithm in Appendix B, we can
obtain the MUE for the BS-AMP algorithm. For D → ∞, by
taking into account Theorem 2 for L = D and 	 = 2K , using
the fact that CTC = I (N → ∞, M → ∞), and employ-
ing (19a) and (20), we can write the interference term as
I t+1 = (ρ2t+1 − σ2w), where ρ2t+1 = σ2w + 1

2Kβ
E{‖η̃(X +

ρtZ) − X‖2} and ρ20 = σ2w + 1
2Kβ

E{‖X‖2}. By substituting

I t+1 into (14), we obtain the MUE of the BS-AMP MUD
algorithm at the (t + 1)th iteration as follows

ξt+1
BA =

σ2w
σ2w + (ρ2t+1 − σ2w)

=
σ2w
ρ2t+1

. (24)

VI. SIMULATION RESULTS

In practice, the sample mean estimate of {σ2t }t≥0 and
{ρ2t }t≥0, i.e., 1

M ‖rt‖ is employed to track the MUE of the

RBS-AMP and the BS-AMP MUD algorithms as Mσ2
w

‖rt+1‖ . In
Fig. 1, we show the estimated MUE for K = 8 and D = 256
at Eb/N0 = 6 dB. As seen, ξ̂t+1

RB = 1 and ξ̂t+1
BA = 1 are

achieved. Also, the lower the spectral efficiency R the faster
the decoding.

In Fig. 2, we show the spectral efficiency R [bits/sec/Hz]
versus 10 log10(Eb/N0) for average block error rate Pe =
15 × 10−4, K = 8, and D = 256. We also illustrate the
spectral efficiency of the AMP with soft-thresholding [12],
the SIC decoding in [8], and the upper bound in [6]. As
expected, the BS-AMP outperforms the RBS-AMP since the
non-sparable MMSE denoiser in more efficiently suppresses
noise. Moreover, as seen, both algorithms outperform the
AMP with soft-thresholding and the SIC. For packets of 8
information bits, the BS-AMP and RBS-AMP MUD algo-
rithms reach 4/7 and 1/2 of the upper bound at Eb/N0 = 4 dB,
respectively.

VII. CONCLUSION

Two new MUD algorithms for massive G-MAC with short-
packet transmission were developed in this letter. Our proposed
MUD algorithms were developed based on AMP with non-
separable and separable MMSE denoisers. Our results show
that the proposed MUD algorithms offer superior soft decoding
performance compared to the state-of-the-art AMP with soft-
threshold denoising. This higher spectral efficiency is achieved
with low computational complexity for massive G-MAC with
short-packet transmission due to decoupling effect.

APPENDIX A

For the proposed BS-AMP MUD with block non-separable
MMSE denoiser with the prior PDF in (3), we have

x̂t+1
u = E

{
X|X+ ρtZ = vtu

}
=

∫

R2K
xu fX|V(xu |vtu ;K ) dxu

div
(
ηt (v

t )
)
=

1

N

D∑

u=1

Tr
∂η̃t (v

t
u )

∂vtu
=

√
PI

N

D∑

u=1

1
∑2K

n=1 exp
{−‖vtu−

√
PIen‖22

2ρ2t

}

2K∑

k=1

(
√
PI − vu,k )

ρ2t
exp

{−‖vtu −√
PIek‖22

2ρ2t

}

−
√
PI

N

D∑

u=1

1
[
∑2K

n=1 exp
{−‖vtu−

√
PIen‖22

2ρ2t

}]2

2K∑

k=1

exp
{−‖vtu −√

PIek‖22
2ρ2t

} 2K∑

m=1

(
√
PIδ[k −m]− vu,k )

ρ2t
exp

{−‖vtu −√
PIem‖22

2ρ2t

}

. (23)
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=

∫

R2K
xu

fV|X(vtu |xu ;K )fX(xu ;PI,K )
∫

R2K fV|X(vtu |z;K )fX(z;PI,K )dz
dxu

=
√

PI

2K∑

k=1

fV|X(vtu |ēk ;K )
∑2K

i=m fV|X(vtu |ēm ;K )
ek , (25)

where fV|X(vtu |x;K ) (fX|V(x|vtu ;K )) denotes the conditional
PDF of the random vector vtu (x) given random vector x (vtu),
and ēk �

√
P Iek . The last equality in (25) is obtained by

replacing (3) in the third equality and then using
∫
R2K δ(x −

x0)dx = 1. Moreover, due to the decoupling effect, we can
write vtu = xu +N (0, ρ2t I); thus, we have

fV|X(vtu |xu ;K ) =
1

η
exp

{−‖vtu − xu‖2
2ρ2t

}
, (26)

where η � (2πρ2t )
2K−1

. Finally, by substituting (26) into (25),
we obtain (22). Similarly, for the RBS-AMP MUD algorithm,
we can write

x̂ t+1
i = η(v ti ) = E

{
Xi |Xi + σtZ = v ti

}

=

∫ +∞

−∞
xi fX |V

(
xi |v ti ;K ) dxi

=
p
√
PIfV |X (v ti |xi =

√
PI;K )

pfV |X (v ti |xi =
√
PI;K ) + (1− p)fV |X (v ti |xi = 0;K )

,

(27)
where p = 1/2K . By substituting fV |X (v ti |xi ;K ) =
1√
2π

exp {−(v ti − xi )
2/2σ2t } into (27), and after some sim-

plification, we obtain (12).

APPENDIX B

At the (t + 1)th iteration of the RBS-AMP algorithm, we
have x̂t+1 � [x̂ t+1

1 x̂ t+1
2 . . . x̂ t+1

N ]T, where x t+1
i is given

in (12). By employing (1) and the fact that w is independent
of x and vtu (due to decoupling), the average reconstruction
error E at the (t + 1)th iteration of the RBS-AMP algorithm
can be written as

E t+1 =
1

M
E
{
(y − Cx̂t+1)T(y − Cx̂t+1)

}

=
1

M
E
{
wTw}+ 1

M
E{(x− x̂t+1)TCTC(x− x̂t+1)

}
.

(28)

The first term in (28) denotes the noise power σ2w, and the
second term is the interference at the (t + 1)th iteration, i.e.,
I t+1. By using (10), for N → ∞, we can write

1

N
E
{
(x− x̂t+1)T(x− x̂t+1)

}
=

1

N
(x− x̂t+1)T(x− x̂t+1)

= E
{
(η(X + σtZ )− X )2} = (σ2

t+1 − σ2
w)β, (29)

where β = M /N and σ2t+1 is given in (9a) by replacing
U with X. Moreover, for N → ∞ and M → ∞, we have
CTC = I. Considering this equality and (29), we can write

I t+1 =
1

M
E
{
(x− x̂t+1)TCTC(x− x̂t+1)

}

=
1

M
(x− x̂t+1)T(x− x̂t+1) = (σ2t+1 − σ2w). (30)

By substituting (30) into (14), we obtain the MUE of the RBS-
AMP MUD algorithm at the (t + 1)th iteration as in (15).

APPENDIX C
For the proof, we need to show that the sample mean esti-

mator in (20) is consistent [16]. Let us define random variable

Qt � ‖η̃t (U+ρtZ)−U‖2 with finite mean θt � E{Qt}. The
sample mean estimate of θt is given by θ̂t ,L = 1

L

∑L
l=1 qt ,l =

1
L

∑L
u=1 ‖ût+1

u − uu‖2, where qt ,l , l = 1, 2, . . . ,L, are i.i.d.
drawn from random variable Qt , and the second inequality
comes from the decoupling behavior in (17) and (18) and the
denoising operation in (5a). By using Markov’s inequality, we
can write

P
(|θ̂t ,L − θt | > εt

) ≤ E{|θ̂t ,L − θt |}
εt

. (31)

For the sample mean estimator θ̂t ,L, we have

|θ̂t,L − θt |2 =
∣
∣
∣
1

L

L∑

l=1

qt,l − θt

∣
∣
∣

2
≤ 1

L2

L∑

l=1

|qt,l − θt |2. (32)

By applying the statistical expectation to both sides of (32),
and then using (31), we obtain [4]

P(|θ̂t ,L − θt |2 > ε2t ) ≤
σ2Qt

Lε2t
, (33)

where E{(Qt−θt )
2} = σ2Qt

= E{|qt ,l−θt |2}. The right-hand
side of (33) goes to zero as L → ∞. Hence, for any small
positive values εt , we can write

lim
L→∞

P

(∣
∣
∣
1

L

L∑

u=1

‖ût+1
u − uu‖2 − θt

∣
∣
∣
2 ≥ ε2t

)
= 0. (34)
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