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Abstract

This paper provides a characterization of expansive matrices A € GL(d, R) generating
the same anisotropic homogeneous Triebel-Lizorkin space F‘;, q(A) fora € R and
P, q € (0, o). It is shown that F‘[")’q(A) = F‘;‘,’q(B) if and only if the homogeneous
quasi-norms p4, pp associated to the matrices A, B are equivalent, except for the
case Fg,z = L? with p € (1, 00). The obtained results complement and extend the
classification of anisotropic Hardy spaces HP (A) = F(])))Z(A), p € (0, 1], in Bownik
(Mem Am Math Soc 164(781):vi+122, 2003).

Mathematics Subject Classification 42B25 - 42B35 - 46E35

1 Introduction

Let A € GL(d, R) be an expansive matrix and consider an analyzing vector ¢ €
S(R?) for A, that is, a Schwartz function ¢ : RY — C with Fourier transform
@ € C(RY\{0}) satisfying

sup |[§((A")g)] > 0 forall & e RY\{0},
i€l
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where A* denotes the transpose of A. Denote its L!-normalized dilation by ¢; :=
|det Al'p(Al.) fori € Z.Fora € R and p, g € (0, oo], the associated anisotropic
homogeneous Triebel-Lizorkin space F‘;) ¢(A) on R? is defined to consist of all
tempered distributions f € S’(RY) (modulo polynomials) with finite quasi-norm
”f”F‘;,,q(A)’ defined by

i 1/q
IlfIIF%Vq(A)=H(Z(IdetAI“’lf*wil)q) . pe 0.0,

ieZ

Lr

with the usual modifications for ¢ = oo, and

1 1/q
ILf Il = sup <—f (| det A|* |(f * @) (X)) dX) ;
Fooq(4) | det A|® Jaeqo,11d-4k) 2 Z l

Lel,keZd

and || fllpe, 4y = Supjez | det A|*|| f % @il o
For the scalar dilation matrix A = 2- I, the spaces F‘[", q (A) defined above coincide

with the usual homogeneous Triebel-Lizorkin spaces on RY as studied in, e.g., [15,
16, 24]. For this particular case, the Triebel-Lizorkin spaces provide a unifying scale
of function spaces that encompasses, among others, the Lebesgue, Sobolev, Hardy and
BMO spaces. The anisotropic Triebel-Lizorkin spaces F‘;‘, 4 (A) associated to a general
expansive matrix A were first introduced in [6] and further studied in, e.g., [1, 4, 5,
8, 18-20]. These anisotropic spaces are useful for the analysis of mixed homogeneity
properties of functions and operators as the dilation structure allows different directions
to be scaled by different dilation factors. Among others, the anisotropic Triebel—
Lizorkin spaces include Lebesgue spaces and various anisotropic/parabolic versions
of Hardy and BMO spaces as studied in, e.g., [2, 7,911, 14]. See these papers (and the
references therein) for further motivation for considering anisotropic function spaces.

In the present paper, the main objective is to characterize when two expansive matri-
ces induce the same anisotropic Triebel-Lizorkin space. The problem of classifying
anisotropic Triebel-Lizorkin spaces can be traced back to [22], where the question of
dependence of the anisotropic Triebel-Lizorkin sequence spaces on diagonal dilation
matrices is raised as [22, Conjecture 11]; see also [23, Section 5.3]. For the case of
anisotropic Hardy spaces H” (A) (= Fg’z(A)) with p € (0, 1], a full solution to this
problem for general expansive matrices A has been obtained in [2]. Explicitly, it is
shown in [2, Section 10] that H? (A) = HP?(B) for some (equivalently, all) p € (0, 1]
if and only if two homogeneous quasi-norms p4, pp : R4 — [0, co) associated to
the expansive matrices A, B are equivalent, in the usual sense of quasi-norms. See
also [7] for a slightly corrected version and [13] for an extension of the classification
result of [2] to Hardy spaces with variable anisotropy. Analogous to these results on
Hardy spaces, a classification of anisotropic Besov spaces [3] has more recently been
obtained in [12]. The aim of this paper is to provide a complementary characterization
for the scale of Triebel-Lizorkin spaces.
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1.1 Main results

The first result obtained in this paper gives a sufficient condition for two expansive
matrices generating the same anisotropic Triebel-Lizorkin space. Here, as well as
below, two expansive matrices A and B are called equivalent if they have equivalent
homogeneous quasi-norms; see Sects.2.1 and 2.2 for precise definitions.

Theorem 1.1 If A, B € GL(d, R) are equivalent expansive matrices, then F‘;‘,,q (A) =
¥ (B) foralle € Rand p, q € (0, ).

The following rigidity theorem provides a converse to Theorem 1.1.

Theorem 1.2 Let A, B € GL(d, R) be expansive, a, 8 € R and p1, p2,q1,92 €
(0, o0

Ipr1 @ (A) = 1?2 0 (B), then (p1,q1, o) = (p2, q2, B). Furthermore, at least
one of the following conditions hold:

(1) A and B are equivalent, or
(i) a=B8=0,pr=pre(1,00)andq = q> = 2.

Theorem 1.2 shows, in particular, that equivalence of two expansive matrices is
necessary for the coincidence of the associated spaces, unless « = 0, p € (1, 00) and
g = 2. That this conclusion might fail for the space | O 2(A) with p € (1, 00) is easily

explained, namely F?? »(A) can be canonically 1dent1ﬁed with the Lebesgue space L?
for p € (1, 00), see, e.g., [2, 4].

A combination of Theorems 1.1 and 1.2 provides a full characterization of two
expansive matrices inducing the same anisotropic Triebel-Lizorkin space. This char-
acterization extends the classification of anisotropic Hardy spaces [2] to the full scale of
Triebel-Lizorkin spaces, while complementing the classification of anisotropic Besov
spaces [12] with a counterpart for Triebel-Lizorkin spaces.

In effect, the aforementioned classification theorems translate the problem of com-
paring function spaces into the comparison of homogeneous quasi-norms. For this
latter problem, explicit and verifiable criteria in terms of spectral properties of the
involved dilation matrices can be given, see, e.g., [2, Section 10], [12, Section 7] and
[7, Section 4].

As an illustration of Theorem 1.2, we note that a matrix B € GL(d, R) is equivalent
to the scalar dilation A = 2 - I; if and only if B is diagonalizable over C with
all eigenvalues equal in absolute value, see, e.g., [2, Example, p.7]. Combined with
Theorem 1.2, this shows that for matrices B that are not of this special form,

Fj ,(A) £ ¥, (B),

unless « = 0, p € (1,00) and ¢ = 2. In particular, the (homogeneous) Sobolev
spaces LY (= F‘["? ,(A)) with 1 < p < oo and @ # 0 do not coincide with F°‘ 2(B)
for non-diagonalizable matrices B.

Lastly, let us mention an application of Theorem 1.1. In [18, 19], we proved contin-
uous maximal characterizations of anisotropic Triebel-Lizorkin spaces F%’ 4(A) and
obtained new results on their molecular decomposition. These results were obtained
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under the additional assumption that the expansive matrix A is exponential, in the sense
that A = exp(C) for some matrix C € R?*?_ Theorem 1.1 implies that this additional
assumption does not restrict the scale of anisotropic Triebel-Lizorkin spaces. Indeed,
since there always exists an expansive and exponential matrix B that is equivalent
to the given expansive matrix A (cf. [12, Section 7]), it follows by Theorem 1.1 that
Fo (A)=¥% (B)foralla € Rand p,q € (0, oo].

1.2 Methods

An essential ingredient in our proof of Theorems 1.1 and 1.2 is a simple characteriza-
tion of the equivalence of two expansive matrices A and B in terms of properties of the
associated covers ((A*)' Q). _, and ((B*)’ P)jGZ of R?\{0}, where P, Q € R%\{0}
are suitable relatively compact sets; see [12, Lemma 6.2] and Sect. 2.3. Explicitly, this
criterion asserts that two expansive matrices A, B are equivalent if and only if the
associated homogeneous covers ((A*)' Q). _,, and ((B*)/ P)jeZ satisfy
sup [{j € Z: (A QN (B*)/ P #a}|+supl|{i e Z: (A" QN (B*) P # o}| < .
i€Z JEZL

(1.1

The formulation (1.1) of the equivalence of matrices A and B is what is actually used
in the proofs of our main results, as we expand upon next.

Sufficient conditions

In the proof of Theorem 1.1, the criterion (1.1) is used to control the overlap of the
Fourier supports of the A-dilates and B-dilates of the analyzing vectors ¢ and ¥,
respectively, that are used to define the spaces F%, 4(A) and F%’ ¢ (B). Combined with
our maximal characterizations of Triebel-Lizorkin spaces obtained in [18, 19], this
allows to conclude that the analyzing vectors ¢ and ¥ for A respectively B define the
same space Fg,q(A) = F‘;,q (B).

Necessary conditions

In the proof of Theorem 1.2, we show the asserted equivalence of two matrices A
and B by showing that the criterion (1.1) holds. For this, we first carefully construct
auxiliary functions in FZ’ q(A) = F‘;’ 4(B) whose Fourier supports are contained in
finitely many of the sets (A*)'* Q and (B*)/* P, where iy, jx € Z, of appropriate
homogeneous covers ((A*)! Q), 7 and ((B*)/ P)jeZ. Then, using adequate estimates
of the norms of these auxiliary functions (see Sect.5.2), it is shown directly that (1.1)
must hold for the case o # 0, in which case A and B must be equivalent. The proof
strategy for the case @ = 0 is similar, but requires some additional arguments and
tools. For p < oo, it is shown using the Khintchine inequality that necessarily g = 2
whenever A and B are not equivalent. For p = oo, we use dual norm characterizations
of Triebel-Lizorkin norms to conclude that A and B must be equivalent.
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As mentioned above, the used criterion (1.1) for equivalent matrices stems from
[12], where it was used for the purpose of classifying anisotropic Besov spaces. For
the actual comparison of function spaces, the approach of [12] consists of showing
that an anisotropic Besov space can be identified with a (Besov-type) decomposi-
tion space [26], which allows to apply the embedding theory [26] developed by the
third named author. In contrast, the Triebel-Lizorkin spaces considered in this paper
cannot be directly treated in the framework [26]; in particular, our main theorems
cannot be easily deduced from [26]. Some of our arguments for proving Theorem 1.2
are, however, inspired by ideas used in [26], most notably the use of the Khintchine
inequality. Nevertheless, all of our calculations and estimates differ non-trivially from
corresponding arguments in [26] as the latter concerns Besov-type norms, which are
technically easier to deal with than the Triebel-Lizorkin norms considered in this

paper.
1.3 Organization

The overall structure of this paper is as follows: Sect.2 collects various notions
and results related to expansive matrices and associated homogeneous covers. The
essential background on anisotropic Triebel-Lizorkin spaces is contained in Sect. 3.
Theorem 1.1 is proven in Sect.4, whereas Sect.5 provides the proof of Theorem 1.2.
Lastly, some technical auxiliary results are postponed to two appendices.

1.4 Notation

For a measurable set 2 C R?, we denote its Lebesgue measure by m(2) and the
indicator function of € by 1g. The notation | - | : R? — [0, 00) is used for the
Euclidean norm. The open Euclidean ball of radius » > 0 and center x € R is
denoted by B, (x). The closure of a set 2 € R will be denoted by .

The Schwartz space on R? is denoted by S(R?) and S’(R?) denotes its dual,
the space of tempered distributions. For f € S'(R?) and ges (RY), we define
(f.,g) := f(g), so that the dual pairing (-, -) is sesquilinear, in agreement with the
inner product on L%(R4). The subspace of S (RY) consisting of functions with all
moments vanishing (i.e., f x* f(x)dx =0foralla € Ng’) is denoted by So(R?). The
dual space S (R?) is often identified with the quotient S’/P of S’'(R%) and the space
of polynomials P(R?). Lastly, the space of smooth compactly supported functions on
an open set U C R? is as usual denoted by C ).

For a function f : R¢ — C, its translation Ty f and modulation My f by y € RY are
definedby 7, f = f(-—y)and M, f = e?" f respectively. The Fourier transform
of f € L'(R?) is normalized as f(&) = [pa f(x)e™ 27 dx for & € RY, where
E-x= Z?:l &;x;. The notation F f := fis also sometimes used.

For two functions f, g : X — [0, c0) on a set X, we write f < g whenever there
exists C > 0 such that f(x) < Cg(x) for all x € X. We simply use the notation
f =< g whenever f < gand g < f. Wealso write A < B for the inequality A < CB,
where C > 0 is constant independent of A and B. In case the implicit constant in S
depends on a quantity «, we also sometimes write <.
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2 Expansive matrices and homogeneous covers

This section collects background on expansive matrices and homogeneous quasi-
norms. A standard reference for most of the presented material is [2].

2.1 Expansive matrices

A matrix A € GL(d, R) is said to be expansive if |A| > 1 for all A € o(A), where
0 (A) € C denotes the spectrum of A. Throughout, we let A_ and A4 denote numbers
such that 1 < A_ < minjeq(4) IA| and A4 > maxjeos(a) [A], and define ¢4 =
Iniy/In|detAland ¢— :=InA_/In|det A|.

A set Q C R? is an ellipsoid if @ = {x € R? : |Px| < 1} for some P € GL(d, R).
Given any expansive matrix A, there exists an ellipsoid €24 and r > 1 such that

Q4 CrQs C AQa, 2.1

and m (24) = 1, see, e.g., [2, Lemma 2.2]. The choice of an ellipsoid satisfying (2.1)
is not unique. Throughout, given an expansive matrix A, we will fix one choice of
ellipsoid €24 associated to A.

2.2 Homogeneous quasi-norms

Let A € GL(d, R) be an expansive matrix. A homogeneous quasi-norm associated
with A is a measurable function p : R? — [0, 0o) satisfying the three properties:

(ql) p(x) =0if and only if x = 0;
(q2) p(Ax) = |det A|p(x) forall x € RY;
(q3) there exists C > 0 such that p(x + y) < C(p(x) + p(y)) forallx, y € RY.

By [2, Lemma 2.4], any two homogeneous quasi-norms p1, 0 associated to a fixed
expansive matrix A are equivalent, in the sense that there exists C > 0 such that

1
P = ) = Cor(x) 2.2

for all x € R?.
In the sequel, we will primarily work with the so-called step homogeneous quasi-
norm p4 associated to A, defined as

o) = ldet A, if x € ATTIQU\AIQy,
0, if x=0,

where Q4 is the fixed expansive ellipsoid (2.1); see [2, Definition 2.5]. This quasi-
norm is comparable to the Euclidean norm, in the sense that there exists C > 1 such
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that, for all x € RY,

1
E[m(x)]f- < |x] < Clpa()]*, if pa(x) > 1,

1
E[,OA(JC)f+ < x| < Clpa)*-, if pax) < 1, (2.3)

see, e.g., [2, Lemma 3.2].

Two expansive matrices A, B € GL(d, R) are called equivalent if the associated
step homogeneous quasi-norms p4 and pp are equivalent. Note that, by Eq. (2.2), two
expansive matrices are equivalent if and only if all of their associated quasi-norms are
equivalent.

The following characterization is [2, Lemma 10.2].

Lemma 2.1 ([2]) Let A, B € GL(d, R) be expansive. Then A and B are equivalent if
and only if

sup HA_]‘BLC“ | < oo,
keZ

where ¢ = c(A, B) :=In|det A|/In|det B|.

As a corollary of the previous lemma (see also [12, Remark 4.9]), we see that
equivalence of expansive matrices is preserved under taking transposes.

Corollary 2.2 Two expansive matrices A and B are equivalent if and only if A* and
B* are equivalent.

2.3 Homogeneous covers

Let A € GL(d, R) be expansive and let Q C R? be open such that Q is compact
in R?\{0}. A cover (A’ Q);cz of R4\{0} is called a homogeneous cover induced by
A. Given two homogeneous covers (A’ Q);ez and (B/ P);cz induced by A, B €
GL(d, R), we define

Ji={keZ:A\QNB"P£02) and I;:={keZ:A"QNB/P #£2} (24

for fixed i, j € Z.

The index sets defined in Eq. (2.4) can be used for characterizing the equivalence
of two expansive matrices as the following lemma shows. See [12, Lemma 6.2] for a
proof.

Lemma2.3 ([12])Let A, B € GL(d, R) be expansive andlet (A’ Q);cz,and (B P) jez,
be associated induced covers of R4\{0}. Then the step homogeneous quasi-norms p
and pp are equivalent if and only if

sup |J;| +sup |1;| < oo.
i€Z JEZL
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1890 S. Koppensteiner et al.

In addition to Lemma 2.3, we will also make use of more refined estimates on the
cardinalities of the index sets defined in Eq. (2.4). We provide the required estimates
in the following two lemmata. The provided proofs follow arguments in the proof of
Lemma 2.3 (cf. [12, Lemma 6.2]) closely, but are included here for completeness.

Lemma 2.4 Let A,E e_GL(d, R) be two equivalent expansive matrices and Q, P C
R? open such that Q, P are compact in R4\{0}. Then there exists C > 0 such that

1 , . :
oldet BY < [det Al < C|det B 2.5)

whenever i, j € Z are such that A'Q N B/ P # @.

Proof If AiQ N B/ P # o, then there exists xo € Q N A~'B/ P. Hence, by
homogeneity of p4, pp and the assumption of their equivalence, it follows that

|det A|f

. o . 1 .
|det B/ pp(B™7 A'x0) = pp(A'xp) > E,OA(AlXO) = pA(x0).

Since B~/ Alxqy € P, this yields

. max. » X
ldet Al < C xep{pB( )}

: | det B/,
min, 5{pa(x)}

where max, .p{0p(x)}/ minxea{pA (x)} is finite by Eq. (2.3) as Q, P are compact in

R4\{0}. The left inequality of (2.5) follows analogously by using that
|det B)Y pg(B™/ Alxo) < Cpa(A'xo) = C|det Al' pa(xo),

which completes the proof. O

We also need the following estimates involving parameters o, 8 € R.

Lemma 2.5 LetA,_B EGL(d, R) be expansive, let a, B € R\{0}, and let Q, P C R4
be open such that Q, P are compact in R?\{0}. If there exists C > 0 such that

1 . 4 . . )
E' det BIf/ < |det A|® < C|det BIf/  whenever AQNB/P £ @, (2.6)
then there exists N € N such that, foralli, j € Z,

Jig{jeZ: ‘j—t%ciJ)SN} and 1,-g{ieZ: ‘i—téljﬂgz\f],

o C

where ¢ = c(A, B) :=1In|det A|/In|det B|.
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Proof Taking the logarithm of Eq. (2.6) yields
Bj In(|det B|) — In(C) < «i In(|det A|) < Bj In(|det B|) + In(C),

and thus |<xi In(| det A|) — Bj In(| det B|)| < In(C). This easily implies that

’, ﬂln(ldetB|)) In(C)
S e n((det A | = Jaf In([det A

Setting Ny := %1 + 1, it follows that
. . 1B1.
Ijg{z el: ‘Z—L——]H §N1].
ac
The desired inclusion for J; is obtained analogously with N, := w]g‘(}%} +1,

which completes the proof by setting N := max{Nj, Na}.
Corollary 2.6 Let A, B € GL(d, R) be equivalent expansive matrices and Q, P C R?

open such that Q, P are compact in R4\{0}. Then there exists N € N such that, for
alli, j € Z,

JiCljeZ:|j—Ilcill =N} and I C{ieZ:l|i—|j/c]l =N}
where ¢ = c(A, B) :=1In|det A|/In|det B|.
Proof This follows from Lemmas 2.4 and 2.5 witha = 8 = 1. O
Lastly, for a single homogeneous cover (Ai Q)ie7, we also define the index set
Ni(A) = {k e Z: A'Q N AFQ # o).

Note that N;(A) coincides with the index sets in (2.4) for the choice A = B and
Q = P. Therefore, the following is a direct consequence of Corollary 2.6.

Corollary 2.7 Let A € GL(d,R) be expansive and Q < RY open such that Q is
compact in R4\{0}. Then there exists N € N such that, for all i € 7,

Ni(A)c{jeZ:|j—il <N}

3 Anisotropic Triebel-Lizorkin spaces

Throughout this section, let A € GL(d, R) be expansive and 24 be an associated
ellipsoid.
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3.1 Analyzing vectors

A vector ¢ € S(RY) is called an A-analyzing vector if its Fourier transform ¢ has
compact support

supp @ := {£ € RY : §(&) # 0} € R\{0} (3.1)
and satisfies
sup P((AM'§)] > 0, & e RN\{0). (3.2)

In addition to conditions (3.1) and (3.2), an A-analyzing vector ¢ can be chosen to
satisfy

D (AN E) =1 forall & e R\{0}, (3.3)

i€z

see, e.g., [6, Lemma 3.6] or [12, Remark 2.3]. In most situations, we will choose an
A-analyzing vector that satisfies (3.3).

3.2 Triebel-Lizorkin spaces
Let ¢ € S(R?) be a fixed A-analyzing vector. For i € Z, let ¢; := |det A|'@(A".).

The (homogeneous) anisotropic Triebel-Lizorkin space F‘;‘,’ q(A), with p € (0, 00),
g € (0, 00] and & € R, is defined as the collection of all f € §’/P satisfying

< 00, 34

) 1/q
1 i 2y = H(quemr’” |f *wi|>‘1>

ieZ Lr

with the usual modifications for ¢ = oco. The space Fgo 4(A) consistsof all f € S /P
such that

1 e . 1/q
1fllge 4.0 =  SUP (7/ (| det A|*" [(f * @) (x)D? dx) <000
Fooq 9 ™ g wera \Idet AIC Jarq, o ,-:2_:,3 l

if g € (0, 00), and

1 .
I/ e o) = su / [det A" [(f * ¢;)(x)| dx < oo.
L oo(Aip) P AL 4w i

sup —

teZweRd ieZ,i=—¢ | det A
In [6] and the introduction of this paper, the spaces Fgo q (A), g € (0, 00), are alterna-
tively defined using the cube [0, 114 instead of an expansive ellipsoid €24. However,

it is easily seen that both conditions define the same space, see, e.g., [19, Lemma
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2.2]. See also Theorem 3.1 below for the equivalent norm on Fgoyoo(A) used in the
introduction.
Each space F%‘ 4(A) s continuously embedded into S’/P and is complete with

respect to the quasi-norm || - || ¥ . In addition, F"‘ ¢(A) is independent of the choice
p.q

of A-analyzing vector ¢, with equivalent quasi-norms for different choices. See [6,
Section 3] and [4, Section 3.3] for details. We will often simply write || - |l (4 for
P-q

Il g (., Whenever the precise choice of analyzing vector ¢ does not play a role
pgr>

in our arguments. .
For p, g < oo, the space Sy (R?) is a dense subspace of F‘[", q (A). This fact follows

easily from the various atomic and molecular decompositions of F%’ q(A), see, e.g.,
[4, 6, 18, 19].

3.3 Maximal characterizations

For ¢ € SRY) and i € Z and n > 0, the associated Peetre-type maximal function
¢ [ RY — [0, 00] of £ € S'(RY) is defined by

Kf*%XX+ZN

, xeRY
zeRd 1+ PA(AZZ))U

@i f(x) =

The following theorem provides characterizations of Triebel-Lizorkin spaces in
terms of Peetre-type maximal functions and will play a key role in Sect.4. See [18,
19] for proofs.

Theorem 3.1 ([18, 19]) Let A € GL(d,R) be expansive and o € R. Suppose
¢ € SRY) satisfies support conditions (3.1) and (3.2). Then the following norm
equivalences hold:

(i) For p € (0,00), g € (0, 00] and n > max{1/p, 1/q},

1/q
1 Wi ay = H (Zu det A|" o} ,,f)q)

i€Z

, feSP,

LP

with the usual modification for g = oo
(i) Forq € (0,00) andn > 1/q,

1/q
o det A|% 9d ,
”f“FOQ'q(A) ZEZ weRd <|detA|K /,:\/QAer 2} (Idet Al i€ nf(x)) x)
for feS'/P,
(iii) and lastly,

I g, o) = sup et AIILS % il f € S'/P. (3.5)
LE
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Proof Assertion (i) is part of [18, Theorem 3.5] and holds for general expansive matri-
ces (cf. [18, Remark 3.6]). Similarly, assertions (ii) and (iii) are part of [19, Theorem
3.3] (cf. [19, Remark 3.4]) and [19, Theorem 4.1], respectively. O

Part (iii) of Theorem 3.1 shows that F‘;o o (A) coincides with the anisotropic Besov
space Bgo’oo(A) considered in [3]. In [3, Definition 3.1], the space Bgo,oo (A) is defined
via the right-hand side of the equivalence (3.5).

4 Sufficient conditions

This section is devoted to the sufficient conditions of Theorem 1.1 and consists of the
proof of the following theorem. A key ingredient used in the proof is the maximal
characterization of Triebel-Lizorkin spaces (see Theorem 3.1).

Theorem 4.1 Let'A, B € QL(d, R) be two expansive matrices. If A and B are
equivalent, then F‘[",’q(A) = F‘[’,’q(B)for all p,q € (0,00] and a € R.

Proof Let A, B € GL(d, R) be two equivalent expansive matrices. Suppose ¢, ¥ €
S(RY) are analyzing vectors for A respectively B satisfying additionally Eq. (3.3),
ie,sothat Q := [£ e R?: §(§) # 0} and P := {& € RY: ¢ (&) # 0} are relatively
compact in R\ {0}, and

D a(AnTE)=1=> Y((B) &) forall &eR\{0).

i€Z J€EZ

Then ((A*)i Q)[.GZ and ((B”‘)JAP)J.GZ are covers of R9\{0}. Furthermore, a straight-

forward calculation yields @; = @((A*)~"-) and @7 = ¥ ((B*)~/-), and hence ¢; = 0
outside of (A*)' Q and ¥; = 0 outside of (B*)/ P. Since A and B are equivalent, so
are A* and B* (cf. Corollary 2.2.)

For fixed i € Z, define ¥; € S(RY) as

v = Z Vi,

JEJi

where J; 1= {j € Z : (A*)'Q N (B*)/ P # @} is finite by Lemma 2.3. Clearly,
Wi =3 e, ¥j=1on(A%'Q 2 {£ e R!: §(§) # 0} by construction. Therefore,

g xW; =¢; forall i eZ. “.1)

We will use (4.1) to obtain a pointwise estimate of the convolution products f x¢;,i €
Z,in terms of the Peetre-type maximal function 1/[}’.‘!*,7 f forafixed n > max{1/p, 1/q},
defined by

forall x e R?;

e * YN+
Vin O = S s (BT
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Classification of anisotropic Triebel-Lizorkin spaces 1895

see Sect. 3.3. For fixed x € R?, a direct calculation gives

[(F o) @) < DI %9 %) ()]

JEJi

i) (x + .
=2 /Rd |E{if;)(§fy)¥l - (L4 pp(B/y)" @i (=y)| dy
JE€J;

< Sy @) Adu + pe(B/ )" |gi (—y)|dy

Jjeli

=Yy /R U+ pp(BI) det AT [p(~AT )| dy

Jedi

=D Vi@ /R (4 pp(BIAT'2) g(=2)l dz. 4.2)

J€Ji
To bound the integral in (4.2), we note that, since p4, pp are equivalent, we have
pp(B/ A7) = |det Bl pg(A™'2) < Cldet Bl pa(A™"2) = C|det B/ |det A| ™/ py (2).

Lemma 2.4 implies that | det A|' =< |det B|/ for j € J; with implicit constants inde-
pendent of i € Z, j € J;. Consequently, (1 + pp(B/A72))" < (1 4 pa(z))" for
all z € R?. Since pesS (Rd), it follows that for every N € N, there exists Cy > 0
such that |¢p(z)|] < Cny(1 + o4V, see, e.g., [2, Section 3]. Combining these
observations with (2.3) easily yields

fd(l + pp(BI AT ) |p(—2)dz S 1
R

with implicit constant independent of i € Z and j € J;. Using |det A|' < |det B|/
for j € J; once again, it follows thus that

|det A|%|(f % @) (x)] < Z |det B|*/ 7% f(x) forall xeRY, 4.3)
J€Jdi

foralli € Z.
The remainder of the proof is split into three cases dealing with p < oo, p = 00
and ¢ < 00, and p = g = oo separately.

Case 1 p € (0,00). We only prove this case for ¢ € (0, c0), since analogous
arguments using suprema yield the case for ¢ = oco. Hence, for ¢ < oo, raising (4.3)
to the g-th power and summing over i € Z results in
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1896 S. Koppensteiner et al.

> (det Al 10Dt S 30 (D 1det BTy £’
i€z ieZ jel;
SO0 (det Byt f(x)),

i€’ jeJ;

where we used in the last step that sup; ¢z | J;| < oo by Lemma 2.3. Since Lemma 2.3
also implies sup .7 |I;| < coforIj:={i € Z: (A*)'QN (B*)) P # &}, it follows
that

DD Adet BIyn £y =YY (Idet By f(x))

i€Z jed; jeziel;

S D (et BI* g% f(x))9.

JEL

Consequently, we have

1f g ) = H(Zq det A| | f (m)q)l/q

i€Z Lr
< of g kk q 1/a
SI(CadetBl= v n?) = W iy, ay:
ez Ly Pq

where the last equivalence follows from Theorem 3.1. Exchanging the roles of A and
B yields the converse inequality and therefore F%’ q (A) = F%’ q (B) in this case.

Case2 p = 00, g € (0,00). Let £ € Z be arbitrary. Again, we raise (4.3) to the g-th
power, sum over i > —/, and use the fact that sup; .y, |J;| < co. This gives

00 . 00 ) q
> (et AII(f gD S ) (Z | det B/ W}‘,*nﬂx))

i=—t i=—t N jel;
o
SO0 D (et By £ ().
i=—t jel;

Corollary 2.6 yields the existence of N; € Nsuchthat J; C {j € Z : |j — |ci]| < N1}
for all i € Z, where ¢ = c(A, B) :=In|det A|/In|det B|. Hence, j > |—cf] — N;
forall j € U?i—z Ji. By setting £1 := |cf] + N1 + 1 > —(|—cf] — Np), we thus
obtain

D D Adet By fen? < Y Y (Idet BI* g f(x))?

i=—t jel; j=l—ct]-N; iel;

S D0 (det BIT s £ (),

j=—t
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where in the last step we used that supjez 11| < 00 forl; :={i € Z: (AH'QN
(B P # @}. In combination, the above two estimates show that, for any ¢ € Z,

o0 o0
D (det AII(f x @)D S D (et BI*y ()7 forall x € R,
i=—t j=—0
(4.4)
Let Q4, 2p C R be the fixed ellipsoids used in the definition of p4 resp. pp (cf.
Sect.2.1). Then A'Qy = {x € R? : ps(x) < |det A|*}, and thus any x € A‘Qy4
satisfies

pp(x) < Cpa(x) < C|det Al* = C|det B¢ < |det B|lctI+M2

with Ny := max {1, [InC/In | det B[] }+N1 > [InC/In|det B|1+ 1. Consequently,
we have for all £ € Z the inclusion

AlQy € BTN Qe — BR2Qp. where €5 := [cl] + N». 4.5)
Now let w € R? also be arbitrary. Then (4.4) and (4.5) yield

1
[det [l /Am Z ([det AI*'|(f * 91) () dx
Atw —_

1 .
S el det B y** £(x))? dix.
~ |det A|f /Bemw Z (Idet BI*/ g7, f ()7 dx

j==t

Note that N; + 1 < N, and hence £; < ¢,. Therefore, we obtain

Z (Idet A|*|(f * @) ()7 dx

|detA|Z A£9A+w —

: /
S (Idet B|*/ Y f T dx
~ |det Al Jpagp4w X_:z

: / Z (Idet B y¥* £(x))? dx, (4.6)
BL2Qp+w a

<
™~ | det B|¢2
j=—b

where we used in the last step that |det A|® = |det B|¢ > |det B|l<Y) 2 | det B|%.
Taking the g-th root and the supremum over £5, £ € Z and w € R? yields

0 ) 1/q
> (et BI*T % £ (x)) dx)

1
Ifllge 4y S sup <—/
g () teZ,weRd |det BI2 Jptagptuw j=0

= ”f”}'?go,q(B),
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where the last equivalence follows again from the maximal characterizations of The-
orem 3.1. Exchanging the roles of A and B yield the converse norm estimate, and
therefore it yields that Fgo q (A) = Fgo q (B).

Case 3 p = g = oco. By Eq. (4.3), it follows that

Il det A[*(f * @)l S Y Nl det BI*/ g% fllzee < Y [l det BI*Y (f syl

JEJi JEJi
for i € Z. Combining this with Eq. (3.5) yields
1 N, cargy = SUP | det A || £ % gi]| oo
' i€Z
Ssup Y | det B || f # )l o

i€eZ jedi

< sup sup |det B|*/ || f % ¥l 1o
i€Z jel;

< sup|det BI*|| f % ¥l
JEZ

=N kg, oo (Biy»

where it is used that sup;z |Ji| + sup;cz |1j| < 0o by Lemma 2.3. Exchanging the
role of A and B yields || - ”F%o (A = I - ”F‘éo (B) and completes the proof. O

5 Necessary conditions

This section is devoted to the proof of the following theorem involving necessary
conditions for coincidence of two Triebel-Lizorkin spaces. This theorem corresponds
to Theorem 1.2 in the introduction.

Theorem5.1 Let A, B € GL(d,R) be expansive matrices, o, € R and

P1.p2.q1.q2 € (0. 00l IFKS,  (A) =F0, 0, (B), then (p1.q1.@) = (p2.q2. B).
Moreover, at least one of the following two cases holds:

(1) A and B are equivalent, or
(i) « =B=0,p=pre(l,00),andq =g =2.

In the proof of Theorem 5.1, we will often actually use the norm equivalence

. - 1 — b
Il 4y = ||f||Fg2’q2(B), forall feF; . (A)=F,  (B) (5.1

rather than the coincidence of the spaces F‘;l a (A) = Ff,z‘qz (B). By astandard density
argument, the norm equivalence (5.1) is equivalent to the same condition being satisfied
for all elements in a dense subspace. Both facts are contained in the following simple
lemma, which will often be used without further mentioning.
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Lemma5.2 Let A,B € GL(d,R) be expansive matrices, o, € R and
p1, P2, 41, 92 € (0, 00].
IprI @ (A) = F[ﬁ,z,q2 (B), then there exists a constant C > 1 such that

1
Enfnfc;m W =1l <Clf Ny | ) (5:2)

forall f € Fp1 ql(A) pz ¢ (B).
On the other hand, if p1, p2, q1,q2 < 00 and Eq. (5.2) holds for all f € Sy (Rd)

then ¥ (A) = ¥}, ,.(B).

Proof If Fgl P (A) = FgMZ(B), then the identity map ¢ p] q|(A) —

m,qz(B), f — f is well-defined. Furthermore, since both F%] g (A) and Fm’qz(B)
continuously embed into S’/P = & (see Sect.3.2), it is easy to see that ¢ has a
closed graph. The norm estimates (5.2) follow therefore by the closed graph theorem,
see, e.g., [21, Theorem 2.15]. More precisely, since, by [18, Lemma 5.4] and [19,

Lemma 5.6], both || - ||y« and || - ||; are r-norms for r := min 1
] I ”FPI-‘II (A) I ||F/§2 0 (B) {p.q.,1},

i.e., both quasi-norms satisty || f1 + f2II” < I fill” + || f2II", it follows that Fgl )

and Flzz,qz(B) are F-spaces in the sense of [21, Section 1.8]. Therefore, the closed
graph theorem ([21, Theorem 2.15]) applies to ¢ and shows that it is bounded, so that

1 e gy S 1SNy 4y forall f eFy (A =F (B).

The converse estimate is shown in the same way.

For the second part of the lemma, recall that So(R¢) is norm dense in Fp] @ (A)
for p1,q1 < oo (cf. Sect.3.2). Hence, for arbitrary f € Fp1 a (A, there exists a
Lan (A). Therefore, if (5.2) holds

for all f, € So(Rd ), then (f,,)52, is a Cauchy sequence in ng,qz (B) converging to

sequence (f;)o0 in Sp (RY) converging to f in F¢

some g € F’f72 ¢ (B). Since convergence in F¢ (A), respectively ng qz(B) implies

P1,91
weak convergence in S8’/P (cf. Sect.3.2), it follows that f = g € F p2.q2(B). This
shows F‘;‘, g (A) C ng,qz (B). The reverse inclusion is shown similarly. ]

5.1 Preparations and notation
This section sets up some essential objects and notation that will be used for the proof
of Theorem 5.1. This notation will be kept throughout Sect. 5.
Let A, B € GL(d, R) be expansive matrices. Fix analyzing vectors ¢ € S (R?) and
¥ € S(RY) satisfying Eq. (3.3) for A and B, respectively. Then
0:={6eR": 9 #0} and P:={s Ry #0},

are open, relatively compact sets in R4\ {0}. In the following, we mainly consider the
covers ((A*)' Q), _, and ((B*)/ P)jeZ of R%\{0}. In particular, we will take the sets /;
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and J; defined in Eq. (2.4) to be defined with respect to these two coverings; explicitly,
this means

I =k e Z: (AH*ONB* P # 2} and J; := [k € Z: (BH'PN(A*) Q # o)

for i, j € Z. Furthermore, for i € Z, we will use the index sets i
Ni(A*) = {j € Z: (A" QN (A% Q # &} and
Ni(B*):={j € Z: (B")'P N (B*)P # 2}.
As shown in Corollary 2.7, there exists N = N (A, B, Q, P) € N satisfying
Ni(A")UN;(B" ) C{jeZ:|j—i|<N} forall ieN. (5.4)

Throughout, we fix such an N and define the functions

N N
D = Z ¢;i and W= Z Y.

i=—N j=—N

In view of Eq. (3.3) and because (A*)'Q N Q # @ can only hold if |i| < N by
Eq. (5.4), it follows that ®=1on Q and U=1onP.In particular, ® and W satisfy
the analyzing vector conditions (3.1) and (3.2) for A and B, respectively.

In addition to the above, we fix throughout a non-zero function ¢ € S(R?) satisfying
a > (0 and suppa C B1(0). For § > 0, define

$5(x) 1= 87§ (50). (5.5)
Then (Z)\g(f ) = $(§ /6) and thus supp ¢/S\3 C Bs(0). In order to distinguish an isotropic

dilation as in (5.5) from an anisotropic dilation, we use a Greek letter subscript to
denote an isotropic dilation.

5.2 Norm estimates for auxiliary functions
This subsection consists of two estimates of the Triebel-Lizorkin norms of functions

with specific Fourier support. These functions play an essential role in our proof of
Theorem 5.1 and will be used in the following subsections.

Proposition 5.3 Ler A € GL(d, R) be expansive, « € R and p,q € (0,00]. If f €
S(R?) satisfies supp f C (A*)0Q forig € Z, then

f e = |det A io f 8 5.6
|| ||Fp_q(A) | | || ||L1 ( )
with an implicit constant independent of iy and f.
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Proof With notation as in Sect.5.1, we start by collecting some basic facts about the
convolutions f * ¢; and f * ®;, for f as in the statement of the proposition. First,
note that since ¢; = 0 outside of (A*)iQ, it follows that f % ¢; = 0 whenever
(A%)io on (A*)! O = @, which holds whenever |i —ig| > N, by Eq. (5.4). Therefore,

f*p;i =0 forl|i —ip] > N. 5.7

For the convolution f * ®;, observe that 51; = 1on (A% Q by construction, and
therefore o
fx®,y=FUf @) =f. (5.8)
In the remainder of this proof, we deal with the cases p < oo, p = co and g < o0,
and p = g = oo separately.
Case 1 p € (0, 00). For the upper bound in Eq. (5.6), we use (5.7) to obtain

i0+N

Span Y |det A1 frgyllLo.
r i=igp—N

) _ ol .
£l s = ” |(1decalifral) | .

If p € [1, 00), then Young’s inequality shows

If *@iller <N fllrli@illr Se ILf NIz

If p € (0, 1), then, since suppf, supp@; C Uév:_N(A*)i0+E§ for |i —ip] < N, an
application of Corollary A.2 yields

io(L—1
ILf *@ille Sa,0.N.p | det Al o3 >||f||LP||(ﬂi||Ll’

Go—i)( 51
— |det A" 0 )||f||Lp||<p||Lp

gA,N,(p,p ||f||LP-

Consequently, for arbitrary p € (0, co)

io+N

1 Ny aiy Spanv Y 1det IS % @illLr Sa.o.N.app [det ALY f 1L,
i=igp—N

which proves the desired upper bound.
For the lower bound, using Eq. (5.8) and the equivalence || - | e (Aip) = Il a2 0)
p.q ’ p.q ’
(see Sect.3.2) gives

1/ Wy casg <ot 1F iy a0y = H | (1det a7« i)

> |det A|*O|| f * @ llLr = | det A|*O fllLr,

i€Zled | p

as required.
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Case 2 p = o0, g € (0, 00). As in the previous case, we use Eq. (5.7) for the upper
estimate. This yields

1 0 ) 1/q
17 g, Az = ZEZ‘;I’GW (W /Amﬁw i;@(l det A|”'|(f * @) (X)) dx)
= ( 1 / iN (I det A|'|(f * o) (X)) d )W
_eegiiRd [det A[C ayin e f*xei)(x X
io+N
SaN.ga |det AP0 " | f % @i Lo
i=ig—N
ioc+N
<Idet Al " | flleeligilp
i=ig—N

SN | det A[*O fllzee.

For the lower bound, we use the continuous embedding Fgo q (A) — Fgo’oo(A) (cf.
[19, Theorem 4.1]), the norm equivalence || - ”F‘éo (i) = II- ”F‘éc (D) and Eq. (3.5)
to obtain ’ ’

1l cagy S e 1 F g, gy <o8 A I F i, caco)

=g,N, A, Sup |det A[" || f 5 @yl Lo
ieZ

> | det A|%O|| f * @y [l 0o = | det A £ oo,

where the final step follows from Eq. (5.8). 4
Case 3 p = g = 00. The lower bound ”f”F%ooo(A:w) 2 | det A|¥'0|| f|lLe has been
shown in the previous case already. For the reverse, observe that (3.5) and (5.7) yield

I e, casgy < sup ldet A| || f x @illLoe = sup [det AI*[| f * @il Lo
' i€Z li—igl=N
< sup [detA[*[[fllellgillr SN Aae |det AI*O) f]lLee,
li—io|<N
which completes the proof. O

The following simple consequence is what actually will be used in obtaining
necessary conditions for the coincidence of Triebel-Lizorkin spaces.

Corollary 5.4 Let A, B € GL(d, R) be expansive, a, 8 € R and p1, p2,q1,q2 €
(0, o0

Suppose that F%, , (A) = ¥0, 1, (B). If (A*)I QN (B*)] P # @ for some i, j € 7,

then there exists 8o = 8o(i, j) > 0 such that for all 0 < § < 9, it holds that
|detA|0ti5d(l—1/P1) = |detB|ﬁj8d(l_l/p2),
where the implicit constants are independent of i, j, 6, .
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Proof Since (A*)' QN (B*)! P # @ is open, there exists 7 € R4 and §y > 0 such that
Bs,(n) € (A*)'Q N (B*)/ P.Fora fixed 0 < § < &, define f®) := M, ¢s. Then

supp f©® = supp Ty¢s € Bs(1)).

Using the estimates of Proposition 5.3 for || £ lljre (A) and || £ i yields
P1-41 P2

a2 (B)

det A1 s40=1/p1) — | det A% || £ = 1 FO s = || FO.
| det A| [det A1 ISl = 1 iy oy =< P lgs )

= | det B|/3j5a’(1—1/pz)7

with implicit constants independent of i, j, §, &o. O

The following proposition provides a more technical version of Proposition 5.3
and involves a linear combination of functions with Fourier supports in (A*)%* Q for
suitable points iy € Z. The proof strategy resembles the one of Proposition 5.3, but
requires various technical modifications.

Proposition5.5 Let A € GL(d, R) be expansive, « € R and p,q € (0, co]. For
K €N, letiy,...,ix € Z be increasing with |iy — iy’| > 2N ifk # k', where N € N
is as in Eq. (5.4).

Suppose there exists 8y > 0 and points 1, ..., ng € R? such that:
(a) Bs,(nk) € (A Q forallk =1,...,K,
(®) 16| = 31¢(0)]| for all x € oA~ Q4.

Then, for all 0 < § < 8y and c € CX, the function f = Z,le ¢k My, ¢s satisfies

. K
o sd(=1/p) H ( Ak )
1 s ca) | det AI™ fexl) _

, (5.9)
04

where the implicit constant is independent of K, ¢, 8, 80, N1,y - - - s NK s i1s .-, IK-

Remark 5.6 Assumption (b) in Proposition 5.5 is only needed for the case p = oo,
q € (0, 00).

Proof Using the notation from Sect.5.1, we first state some basic observations for
f @i and f x ®@; with f as in the statement. First, note that by assumption (a) it

follows that supp 7;,, ¢s < (A*)i’f Qforallk =1,...,K. Since ¢; = 0 outside of
(A*)" Q, this implies

My [¢51% @i = F N (T [s]- @) =0 for|i —ix| > N,

as (A")*Q N (A*)'Q = @ for |i —ix| > N by Eq. (5.4). Furthermore, note that for
fixedi € Z, there can be at most one point i such that |i —ix| < N due to the pairwise
minimal distance between the chosen points iy, ..., ig. This implies that

ck - (My o5l x @), if]i—ix] <N

) ’ (5.10)
0, otherwise.

K
o= cx-(Mylgsl* @) =

k=1
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Second, for f % ®;,, observe that E); = 0 outside of U;":ngf\iN(A*)iQ for all

k =1,..., K by construction of ®. Since |iy — ip’| > 2N for k # k’, it follows by
Eq. (5.4) that

) ixr+N .
Anvon | @ayo=2. for k#K.

i=iy—N

This implies M,,k, [Ps]*D;, = .7-"’1(T,,k, [(;/5:;] ~</D-;) = Ofor k # k’. Since also E),\k =1
on (A*)’* Q D supp Tnk@;, necessarily

K
f*®;, = Z cw - (My, (5] % @) = My ¢s fork=1,...K.  (5.11)
k=1

The remainder of the proof is divided into three cases and deals with p < oo,
p =o0and g < 0o, and p = g = oo separately.

Case 1 p € (0, 00). For the upper bound in Eq. (5.9), set M = 4 4 1. Then, in view
of Eq. (5.10), an application of Lemma A.3 with £ = i} shows tlfat

|f % @i ()] = ekl - |(My [s1 % 00 ()] < lekl - (Igs] * i) (x)
SN.Ad.p.0.b |81+ 18x)~M

whenever |i — ix| < N. On the other hand, f x ¢; = 0 if [i — ix| > N for all
k=1,..., K. Therefore, for all x € R?,

[ (1detaif + gicon)

K ix+N

) 1/q
< (Z > (|detA|“’|f*(p,-(x)|)q)

k=1i=iy—N

04

K

. 1/q
SN.A.Q.d.p.q.b.0.0 (Z (Idet A" || 87 (1 + |8x|>—M)">
k=1

= 87 (14 1ox) ™ | (1det A e

K
k=1ll¢a’

with the usual modification of the argument for ¢ = oco. Consequently, this yields

o Argy = t A" )
1/l HH(|de I eal)

1

d M e j K
< —MyNp Ok |
SNAQd b ( [t aisp dx) |(1decai=ien) |,

<a.p 890-1/D

K
k=1llea’

(1det Al )
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where the last step used that M > %, so that fRd(l + x)"MP dx < o0.
For the lower bound, we use the equivalence || - ||ng(A;¢) = | - ||ng(A;d>) and
Eq. (5.11) to obtain

||f||Ff;1q(A;¢) =A.p.q.a.9.N

H(|detA|°” | % @, |)

i€Z1ed || p

(ldetAl"”k |f q>,k|)

04

= |lgsllLr

det A|** |c )
(1detarje) |

. K
2. 890710 | (1det Al er]) |

s

as required.

Case 2 p = 00, g € (0, 00). The upper estimate in Eq. (5.9) follows by an application
of Eq. (5.10):

”f”i“go,q(A;(p)
| K ix+N ) 1/q
< sup (7/ (Idet A1*" |cx] (s] * g (X)) dX>
teZwerd \| det Al A“9A+w1;i:§1v
lk+N

. 1/q
(Idet A|%" |cx| [l * |§0i|||L°°)q>
k=1i=i}y— N

(2
e

. 1/q
(Idet A" |ex | lI@sll Lo llgi ||L1)q>
k=1i=i— N

K . 1/q
SaN.ga 8 IelLelel (Zu detA|alk|Ck|)q)
k=1

For the reverse inequality, we again use the A-analyzing vector ®. We start by taking
w = 0 and £ = —i; in the supremum below. Note that this choice ensures that the
sum over i > —{ = iy includes all iy for k = 1, ..., K as they are increasing. By
Eq. (5.11), it follows that

||f||Fgo_q(A;¢)

1/q
=A,q.0,0,N  SUD ( E (Idet A" |(f * ®;)(x)])? dx)
e LeZ,weRd |detA|[ A‘ZQA+w —

{ /g
> (W/ Z(I det A[** |(f % @ip) ()] dx)

Qo
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] K . 1/q
- (W /A > (IdetAj |ck||¢a(x>|>qu)

,lIQA =1

= min 67 jp(0)] | (1det Al feul)
x€8A~I1Q,

K
k=11¢4

= 51 2 10O (1det A1 )

k=11ll¢a’

where we used the assumption |¢ (x)| > %|¢(0)| for x € 8oA~11Qy in the last step.

Furthermore, note that ¢ (0) > Osince$ > 0and$ # 0,sothat¢ (0) = fRd a(’.;‘) d¢ >
0.

Case 3 p = g = 00. Egs. (3.5) and (5.10) allow to obtain the upper bound:

1/ e, (azg) = sup | det A" || f x @il Lo
! €L
= sup  sup |det A|Y||f x @il
k=1,..., K |i—ig|<N

< sup  sup [det A[* |cx] [I@sllze il
k=1, K li—ig|<N

< (1decafied) |

K
6d
~N,Aa,¢9,0 k=1 Zoo'

For the lower bound, combining the norm equivalence || - ”F‘é‘o i) = II - ”F‘éo (A D)
and Egs. (3.5 and (5.11) yields

1l - caigy <AV s, oacay = SUp | det A[7 [ f % &y o0
’ ’ i€Z

> sup |det A|¥* || f % D llpo = sup |det A|** |ck|llgps oo
K k=1,...,K

.....

d . K
2o 8| (1detariant), |

oo’

which completes the proof. O

5.3 Thecasea # 0

This subsection is devoted to the proof of the following theorem. In particular, it shows
that two expansive matrices A, B € GL(d, R) are equivalent whenever F‘; q (A) =

F(;,q(B) and o # 0. This proves Theorem 5.1 for the case o # 0.

Theorem 5.7 Let A, B € GL(d, R) be expansive, a, 8 € R and p1, p2,q1,q2 €

(0, 00l IfF2 . (A) =¥, (B, then the following hold:

@ p1=p2
(i) g1 = g2,
(iii)) o = B. Furthermore, ifa = B # 0, then A and B are equivalent.
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Proof We prove the three assertions separately.
(i) Since ¢, ¥ € S(R?) are analyzing vectors for A resp. B, it follows that

Uan'e = [J@" P =R\ (5.12)

i€Z JEZ

Hence, there exist io, jo € Z such that (A*)"0Q N (B*)% P # @. By Corollary 5.4,
this implies the existence of some §y > 0 such that for, all 0 < § < §p,

| det A[¥i0§9(1=1/PD) — | det B|PJogd(1=1/p2)

with implicit constant independent of §. In turn, this implies
sU/Pi=l/r 1 forall 0 <36 <3,

which is only possible for p; = p».
(i1) Under the assumption p; = py = p, we show that

lellenn = liclle,  forall K €N, ¢ e CK, (5.13)

where the implied constant is independent of K and c. This easily implies g1 = ¢».

Let K € N be arbitrary and let N € N be as chosen in Eq. (5.4). Recall the
identity (5.12) and note that each image set (A*)' Q, (B*)/ P for i, j € 7 is relatively
compact and hence bounded. Therefore, it is not hard to see that there exist points
N, ..., NK € R4 and increasing sequences (ik),{(:1 and (jk),f:1 in Z satisfying

lix —ip| > 2N and |jx — ji| > 2N fork # K/,

with A ‘
n € (AH* QN (B*)*P forall k=1,..., K. (5.14)

Since the sets O, P are open, there exists §; > 0 such that
Bs, (mx) € (AM* QN (B*)*P forall k=1,...,K.

Additionally, by continuity of ¢ € S(RY), there exists 8, > 0 such that
1 » .
¢ ()] = §|¢(0)|, x €8(A7"QaUB 'Qp).

In combination, this shows that the assumptions of Proposition 5.5 are met for
¥ (A; @) with8o := min{8;, 82}, 71, ..., nk and (ik),f:,,asweuasforF',’;,qz(B; ¥)
with ( jk)f:1 replacing the sequence (ik),le.

For showing the claim (5.13),let c € CK and 0 < 8 < &) be fixed. Then defining
F® ="K |det A|"%kcy M,y ds gives

@ Springer



1908 S. Koppensteiner et al.

5401=1/p) <1 FO
lellen = 1F @y |

~ || £©) .
- ”f ”F/]SM]Z(B)

. . K
= 810100 (| det BIPI | det A7 ey )

(5.15)

k=1llga2”
Since (A*)k QO(B*)/k P # @byEq.(5.14), itfollows by Corollary 5.4 for p; = p> =
p that | det A|** < |det B|#J* fork = 1, ..., K, with implicit constant independent
of iy, jx. This, together with Eq. (5.15), easily shows the claim (5.13).

(iii) Assuming p; = p2 = p, it follows by Corollary 5.4 that there exists C > 1 such
that

%| det BIP/ < |det A|% < C|det B]f/ whenever (A*) QN (B*)/P + @.
(5.16)
We consider the caseso =0 or 8 =0, and o # 0 # .

Case l @ = 0or B = 0.Suppose firstthate = 0. As aconsequence of Eq. (5.12), for
all j € Z, there needs to existi € Z such that (A*)' Q N (B*)/ P # @. Equation (5.16)
implies therefore that | det B|?/ < C as a = 0. Since this holds for all j € Z, and
|det B| # 0, it follows that necessarily also 8 = 0. If 8 = 0, then also ¢ = 0 by
symmetry.

Case 2 o # 0 # B. Suppose that @ # 0 £ S. Then, by Eq. (5.16), the assumptions
of Lemma 2.5 are satisfied for ((A*)'Q),_, and ((B*) P)jeZ. Hence, there exists
M € N such that with J;, I; as defined in Eq. (5.3), we have

=[] =)

where ¢ = c¢(A, B) :=In|det A|/In | det B|. In particular, this implies that

Jig{jEZ:‘j—L%ciJ

SM}, and Ijg{ieZ:

sup |/;| + sup|J;| < oo.
JEL ieZ

Therefore, an application of Lemma 2.3 implies that A* and B* are equivalent, and
hence so are A and B by Corollary 2.2.
It remains to show that @ = B. To see this, note that, for all j € Z, it holds that

jdet B Spm ((897P) =m((Jae) =Y m(av0)

i€l i€l
M
B 1 B In(|det B|) - B
So Y IdetAlta eI <y | det Af@ Wd@ah/ = | det Bl
k=—M

Since | det B| # 0, this is only possible for g = 1, and hence @ = § as claimed. O
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5.4 Thecasea =0andp < o0

In this section, we prove the following theorem, showing that if two Triebel-Lizorkin
spaces coincide and the matrices are not equivalent, then necessarily g = 2. The only
shortcoming of this theorem is that it only applies when p < oco. We will deal with
the case p = oo in the following subsection.

Theorem 5.8 Let A, B € GL(d,R) be expansive, p € (0,00) and q € (0, oc0].
Suppose that

1k cay = 1 i ) Sorall f € F~HCERN{O}). (5.17)

If A and B are not equivalent, then g = 2.
In particular, ingﬂ (A) = ngq (B) and A and B are not equivalent, then q = 2.

The following observation will be key in proving Theorem 5.8. It provides a

condition under which the hypotheses of Proposition 5.5 are satisfied for Fg’ q¢(A).

Lemma5.9 Let A, B € GL(d, R) be expansive and suppose that sup ez 11| = oo,
with 1 as defined in Egq. (5.3).

Then, for every K € N, there exist 8y > 0, jo € Z, points 1, ...nx € R, and a
(strictly) increasing sequence i1, . ..,ix € Z with |iy — ip| > 2N for k # k', where
N € Nas in (5.4), such that the following assertions hold:

(i) Bs,(nk) S (AN QN (BHOP forallk =1,...,K;
(i) 1¢(x)| = 31p(0)| for all x € §9A™"1Q4.

_ In particular, the assumptions (a) and (b) of Proposition 5.5 are satisfied for
F¢ (A).
p.q

Proof Let K € N be arbitrary. Then, since sup ez [1j| = oo, there exists jo € Z such
that [/j| > 2N + 1)K. Define Z,, == n+ 2N + 1)Z forn = 0, ...,2N. Since
Ij, = Uii’o(ljo N Zy), there needs to be at least one ng € {0, ..., 2N} such that
[1j, N Zyny| > K. Hence, we can choose a strictly increasing sequence i1, ...,igx €
Ij, N Zp,, which in particular implies that |ix — ix’| > 2N + 1 for k # k. Since
(A*)k QN (B*)P # @isopenforallk = 1,..., N, there exist 11, ..., ng and a
constant §; > 0 such that

Bs, () € (AN QN (BYHOP  forall k=1,...,K.

Finally, continuity of ¢ € S (RY) implies (because of |¢ (0)| = ¢(0) = fRd (;T(S d¢ >
0) the existence of §, > 0 such that |¢ (x)| > %|¢(0)| for all x € 8,A~1Q4, which
completes the proof by setting 8o := min{dy, §2}. O

Another key ingredient used in the proof of Theorem 5.8 is Khintchine’s inequality,
see, e.g., [27, Proposition 4.5]. We include its statement for the convenience of the
reader.
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Lemma 5.10 (Khintchine) Let 0 = (61, ...,60k) be a random vector with 6 ~
U({E£1}5) (ie, PO =n) = %Kfor everyn € {£1}X). Forany p € (0, 00), denoting
the expectation with respect to 0 by Ky, it holds that

Ey

K p K p/2
ZQk ap| = (Z |ak|2) for all (ak),le e Ck,
k=1 k=1
where the implied constant only depends on p.
We will now provide the proof of Theorem 5.8.

Proof of Theorem 5.8 If A and B are not equivalent, then neither are A* and B* (cf.
Corollary 2.2). Hence, an application of Lemma 2.3 implies for ((A*)’ Q) and

((B*)/‘P)jEZ that

i€z

sup |Ji| +sup [1;| = oo.
i€Z JEZL
By exchanging the roles of A and B if necessary, it may be assumed that sup ;. |1 =
00, so that the assumption of Lemma 5.9 is satisfied. Using Lemma 5.9, it will be shown
that
lclles < licll,z  forall K € Nandc e CK, (5.18)

where the implied constant is independent of K and c. This easily implies g = 2.
For showing (5.18), let K € N and ¢ € CK be arbitrary. Then an application of
Lemma 5.9 yields some jo € Z, points 11, . .., ng € R?, astrictly increasing sequence
il,...,ix € Z, and 8 > O such that Bs,(nx) € (B*)0P forall k € {1,..., K}
and such that the assumptions of Proposition 5.5 are satisfied. Proposition 5.5 thus
implies for fixed but arbitrary 0 < § < §p, and any 6 € {:I:I}K that the function

_1
fo.s == Zle Ok cx My, @5 satisfies || fo.s ||F2 L) = s40=%) llc]lea. On the other hand,

itholds suppﬁ; C (B*)% P forall0 < 8 < 8¢, and thus Proposition 5.3 is applicable
for Fg,q (B). Consequently, Eq. (5.17) implies that

d(1-1/p) - . - . - ) K
s llclles =< ”f@ﬁ”Fg,q(A) = ”f@,fs”Fg_q(B) = || fo,sllLs forall 6 e {£1}".
(5.19)
Using Khintchine’s inequality (Lemma 5.10), we see that if we take 6 ~ U ({1}X)

as a random vector, then
K
Z 9k Cr eZmrzk~x
k=1

p
Eallfoalls =0 [ B C01P dx

K j2
Z O c XX | g x

k=1

=/ s (x)|” Eg
Rd

K ) p/2
=p /R ) |¢a(x)|f’<2 ek e2’“"k'ﬂ2> dx =p,¢ 8PVl
k=1

In combination with (5.19), this easily implies that Eq. (5.18) holds. O
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The finer analysis in the case where « = 0 and ¢ = 2 can be performed by
using that Fg (A) coincides with the anisotropic Hardy space H”(A) and using the
classification results of [2, Section 10]. The details are as follows:

Theorem 5.11 Let A, B € GL(d, R) be expansive and p € (0, 00). Ing’z(A) =
Fg,z(B), then at least one of the following cases holds:

(i) A and B are equivalent, or
(i) p € (1, 00).
Proof Let p € (0, o0) and denote by H p(A) the anisotropic Hardy space i'ntroduced
in [2]. By [4, Theorem 7.1], it follows that ngz(A) = HP(A). Hence, if F(I);,z(A) =
FO 2(B), then HP (A) = HP(B).

If p € (0, 1], then by [2, Theorem 10.5] (see also [7, Theorem 2.3] for a corrected

statement), the identity H” (A) = H?(B) implies that A and B are equivalent. Thus,
(i) holds. O

A combination of Theorems 5.8 and 5.11 yields the following:

Corollary 5.12‘ Let A, B € GL(d, R) be expansive, p € (0,00) and q € (0, o<].
Suppose that F(,),’ q(A) = F(,),’ ¢(B). Then at least one of the following cases holds:

(1) A and B are equivalent;
(i) g =2and p € (1, 00).

5.5 Thecasea =0andp = o©

This section provides the following theorem, which finishes the necessary conditions
of Theorem 5.1.

Theorem 5.13 Let A, B € GL(d, R) be expansive and q € (0, oo]. IfF.‘go’q(A)
Fgo,q(B), then A and B are equivalent.

The following lemma will reduce the proof of Theorem 5.13 to the case g > 1.

Lemma5.14 Let A, B € GL(d,R) be expansive and q € (0, o]. Ingo’q(A) =
'go, q (B) and the matrices A and B are not equivalent, then g > 1.

Proof The claim is trivial for ¢ = oo; therefore, we can assume that ¢ < oo. Since
A and B are not equivalent, Corollary 2.2 and Lemma 2.3 again imply for the covers
((A%)'Q),_, and ((B*)/ P)j€Z that

sup |Ji| +sup [1;| = o0
i€z JjEZ

where we may assume sup ;7 |/j| = oo by interchanging A and B if necessary.

For K € N arbitrary, we now invoke Lemma 5.9 to obtain jy € Z, 1, ...,ng €
RY, a strictly increasing sequence iy, ...,ix € Z, and some §y > 0 such that the
assumptions of Proposition 5.5 are satisfied and such that Bs, (i) < (B*)J0 P for all
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k € {1,..., K}. Proposition 5.5 thus implies for any 0 < § < §¢ that each of the
functions

K
fes =) aMyds, ceCk,
k=1

satisfies | fe.slljo (4 < 87 llcllea. Since supp fes S (B*)0P, Proposition 5.3 is
00,9

applicable for I:Tgo’ ¢(B). Consequently, and recalling (5.2), we see that

d - . - , - d
8% liclles = Ml fe.slig,  ay = Wfesllio, ) = I feslioe < llellg Igslioe S 8 el

which can only hold for g > 1. O

By duality, we now provide a proof of Theorem 5.13.

Proof of Theorem 5.13 Arguing by contradiction, we assume that A and B are not
equivalent. Then Lemma 5.14 implies that g > 1.

First, suppose that ¢ € (1, 0o], so that its conjugate exponent ¢’ satisfies ¢’ €
[1, o0). Then [5, Theorem 4.8] shows that Fgo,q (A) is the dual space of F(l)’q, (A) (with

equivalent norms). Likewise, it follows that FgO’ q (B) is the dual space of F(l) 7 (B) (with
equivalent norms). By the first part of Lemma 5.2, we have for f € [F(l) q,(A)]’ =
0 _ %0 _ o0

Foo,q(A) = Foo’q(B) = [Fl’q,(B)]/ that

“f”[F(l),q’(A)]/ = ||f||Fgqu(A) = ||f||F&1q(B) = ”f”[F(l),q’(B)]“

Therefore, by the usual dual characterization of the norm, it holds that

lglgo oy=" swp Wf@l=  sup WSl =gl (g g € So®".
! felF) ) felF) (B !
1oy =1 10 gy =1
l,q/ l.q/

Second, if ¢ = 1, then it follows directly from Proposition B.6 that

Iglig = s HFRI< s W9 < lglie 5y & € So®.
! fEFoo,l(A) fEFoc.l(B) ’

If1z0 <1 I/ 150 <1
O @

In combination, for any ¢ € [1, oc], this yields ||g[l4o 4 < llgllgo (B) for all
l,q’ I,q’

g € So(R?). Since A and B are not equivalent, an application of Theorem 5.8 shows
that " = 2 and hence ¢ = 2. But for p = 1, ¢ = 2, the above norm equivalence holds
on acommon dense subset, hence F?’z (A) = F(l),2 (B) by the second part of Lemma 5.2.
Now Theorem 5.11 implies that A and B need to be equivalent, a contradiction. O
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Appendix A: Miscellaneous results

This section contains two results used in the proofs of the main theorems. The most
important such result is the following convolution relation, which is [24, Proposition
in Section 1.5.1] with the implied constant written out explicitly. A proof can also be
found in [26, Theorem 3.4].

Proposition A.1 ([24]) Let K1, K» € R? be compactand p € (0, 11.If f, ¥ € S(RY)
satisfy supp v C K1 andsupp f C K>, then the following quasi-norm estimate holds:

Lf *Wllze < [m Ky — K17 1 o oo

where m (K| — K7) denotes the Lebesgue measure of K1 — Ko :={u —v : u €
Ki,v e K>}

CorollaryA.2 Let A € GL(d, R) be expansive, let K C RY be compact, and let
N € Nand p € (0, 1). Then there exists a constant C = C(A, K, N, p) > 0 with the
following property:

If £, g € S(RY) satisfy supp f suppg C U/IZVZ_N(A*)"“'@Kfor some i € 7, then

i(1_q
lf*gllor < CldetAlt(" )IIfIILnllglle.
Proof By compactness of K C RY, there exists R = R(A, K, N) > 0 such that
N
L (a9'K < Br(0).
{=—N
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Setting K| := K> := (A*) Bg(0), it follows that supp f € K/, suppg < K>, and
m (K1 — K2) = m (A9 Bar(0)) = | det Al - m (B2x(0))

Hence, an application of Proposition A.1 easily yields the claim. O

The second result is the following technical estimate.

LemmaA.3 Let A € GL(d, R) be expansive, let M > 0, N € N, and Q C R4
be bounded. Further, let ¢, ¢ as in Sect.5.1. Then there exists a constant C =
Cd,M,N, Q, ¢,p, A) > 0 with the following property:

Ifi,t € Zand § > 0 are such that |i — £| < N and Bs(n) C (A*)leor some
ne RY, then

(Ips] * @i ) (x) < €89(1 + [8x~™

holds for all x € RY.

Proof Let R = R(Q) > 0 be such that Q C Bg(0). Then

B5(0) € Bs(n) — Bs(n) S (A" 0 — (A" 0 S (A" Br(0),
and thus (A*)“¢B;(0) € Bags(0), so that |[|(A*)~*|| < 2R /8. Therefore,

IAT = 1A = 1A% S AH T San 1A < 2R/8,
where_ it is used that |i — £| < N. Thus, given any y € R4, it follows that |6y <
C1|A'y| for a certain constant C; = C{(A, N, Q) > 1. This implies, for arbitrary
x,y € RY, that
1+ [8x] < (1418(x — Y)D(C1 +18y]) < Cr(1+18(x — y)D(1 + A y]).
By rearranging, this shows (1 +8(x — y))™ < ¥ (1 +18x))"M (1 4 |A'y|)™ for
all x,y € R?,
Next, since ¢, ¢ € S(Rd), there exists Co = Ca(¢p, ¢, M, d) > 0 such that

o) < Co(1+1xD™  and  |p(x)| < Ca(1 + |x|)~MFd+D

for all x € RY. Hence,
(Igs1 % lil) (x) < 87| det Al /R I$@ 0 = y)llg(A’y) | dy
< C3o? det ) [ (14 1ot = )71+ 1ATy) "D dy
R

<c'cis (14 1sxh™M / | det AT[(1 4 ATy~ dy
R
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=cM sl 4 15x)M /d(l + 1z)) 79D gz
R

This easily implies the claim of the lemma. O

. . o -0
Appendix B: Equivalent norm for F; ,OO(A)

This section provides a dual characterization for the norm of F(l), oo (A), whichis used in
the proof of Theorem 5.13. Its proof hinges on associated Triebel-Lizorkin sequence
spaces for which we recall the basic objects first.

Let A € GL(d, R) be an expansive matrix and let D4 be the collection of all dilated
cubes

Dp={D=A(0,11"+k):i € Z, k € 29}

associated to A. The scale of a dilated cube D = A’ ([0, 119 + k) € Dy is defined
as scale(D) = i; alternatively, scale(D) = l0g| g o) m(D). The tent over D € Dy is
defined as

T(D):={D' €Dy :m(D'ND)>0 and scale(D’) < scale(D)}.
The following lemma provides a convenient cover for the union of elements of a tent
and will be used in two proofs below.
Lemma B.1 There exists N = N(A, d) € N such that for all D € D4, we have

U D' c U (D_I_Ascale(D)n)‘

D'eT (D) nezd
[n|<N

Proof First, let D’ = A'([0, 1]¢ + k) € D4 withi < 0. Then

diam(D') ;= max |zj —z|= max Al (x) —x2)| < CALVd,  (B.1)

21,22€D x1,x2€[0,1]4

where the inequality used that |Aix| < CAL |x| forall x € R4, see, e.g., [2, Equations
(2.1) and (2.2)]. Since A_ > 1, we can choose R > 0 such that R > CAL/d for
all i < 0. Then, for arbitrary D’ € T ([0, 1]¢), it follows that D' N [0, 1]¢ # @, and
hence dist(x, [0, 1]) < R forall x € D', so that D’ C [0, 1] + Bg(0). Therefore,

U Dp'ci0.11+Br0) < [ 10,11 +n) (B.2)
D’eT ([0,1]4) nezd
[n|<N

forsome N = N(A,d) > 0.
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Second, if D’ = A ([0, 11¢ + k) € T([0, 11¢ + ¢) for some £ € Z%, then D' N
([0, 11¢ + ¢) # @ implies that dist(x, [0, 1]¢ 4+ £) < diam(D’) < R forall x € D’
by the arguments following (B.1). Therefore, by Eq. (B.2),

U Dpcon’+Bo+ec |J @ +e+n. B3
D'eT ([0,119+£) nez?
In|<N

Atlast, let D = A7 ([0, 1]¢ + £) € D, be arbitrary. Then D’ = A ([0, 119 + k) €
T (D) means m(D’ N D) > 0 and i < j by definition of 7 (D). This is clearly
equivalent to

|det Al/m (A7 ([0, 17 + k) N[0, 197 + ¢)
=m(A/ (A0, 117 + k) N AT ([0, 17 +0)) > 0

andi — j < 0. Thus, D' = A ([0, 1]1? + k) € T(D) if and only if
ATID = A0, 119 + k) € T([0, 11 + 0).

Using Eq. (B.3), it follows therefore that

U D’gAf'( U ([0,1]d+E+n)>= U (D + Aln),

D'eT (D) nezd nezd
[n|<N [n|<N

as required. O

The Triebel-Lizorkin sequence spaces f‘?’ oo (A) and fgo,1(A) are defined as the
collections of all complex-valued sequences ¢ = (¢p) pep, satisfying

lellgo _ay :=/ sup m(D)"|ep|lp(x) dx < oo
00 R4

DeDy
and
1 —1/2
lelifo (4 == sup ——— Z m(D)"?eplp(x) dx < oo,
00,1 D'eDy m(D ) D’ DeD,
scale(D)<scale(D")
(B.4)

respectively.

The following simple characterization of fgo’l (A) will be used below. This equiva-
lence is already claimed in [4, Remark 3.5], but a short proof is included for the sake
of completeness.

@ Springer



Classification of anisotropic Triebel-Lizorkin spaces 1917

Lemma B.2 For all complex-valued sequences ¢ = (¢p)peD,,

1
Iellis, = sup —opm D m(D)lel, (B.5)
’ D'eDy DeT (D)

where T (D') denotes the tent over D' € Dy.

Proof First, note that interchanging the sum and integral in Eq. (B.4) yields that

1 _
lellis, )= sup —s > mD)epim(DN D), (B.6)
’ D'eDy DeDy4
scale(D)<scale(D’)

which easily implies the claimed inequality <in Eq. (B.5).
For the reverse inequality, let D’ = A/ ([0, 119 + £) € D4 be arbitrary. Then an
application of Lemma B.1 yields N = N(A, d) € N such that

1

Tp = Dy 2m(D
P m(D/) DE;D/) |CD|m( ) m( )
= ;D > lepim(D)2 Y m(D N A0, 119+ £ + )
m( )De’T(D’) nezd
[n]<N
l _ .
= D) Yo Y leplmD)™m(D N AT ([0, 11 + € + m))

DeDy  pezd
scale(D)<j |n|<N

1 — .
2 [det A/ D~ leplm(D)"*m(D N AY([0, 119 + £ + ).
nezd DeDy

[n|<N scale(D)<j

Note that j = scz}le(Af ([0, 11 +£4n)) = scale(D’). Therefore, taking the supremum
overall D’ = A/([0, 11 + ¢) for j € Z and £ € Z gives that

1 .
sup Ty <y sup Y lepIm(D)~2m(D N A7 (10, 119 + € + n))
D'eDy nezd jeZ,LeZd |det A}/ DeD,
|n\§N scale(D)<j
1 _
SdoN - sup D) Z leplm(D) "V 2m(D N D),
D’'eDy DeD,

scale(D)<scale(D’)
which completes the proof. O

For obtaining the actual dual characterization of the spaces f; 0 oo(A) and £ [0 1(A),
the following lemma will be used. Itis [17, Proposition 1.4] applled to the spe01al case
of dilated cubes; see also [25, Theorem 4] for the case of isotropic dilations.
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LemmaB.3 ([17]) Let a = (ap)pep, be a fixed but arbitrary sequence of non-
negative reals. Then for every C > 0, the following assertions are equivalent:

(i) The sequence a = (ap) pep, is a C-Carleson sequence, i.e.,

Y ap < Cm( U D) (B.7)

DeD/, DeD/,

for every subcollection D'y of the dilated cubes D 4.
(ii) For every sequence b = (bp) pep, of non-negative reals, the estimate

holds.

The significance of a Carleson sequence (B.7) for the purpose of the present paper
is that it characterizes membership of fgo’l(A). Although this fact is well-known
for isotropic dilations (cf. [17, 25]), the anisotropic version requires some additional
arguments due to the fact that dilated cubes are not necessarily nested. The details are
provided in the next lemma.

LemmaB.4 Let A € GL(d, R) be expansive and let (¢p) pep, be a complex-valued
sequence. Then ¢ € f&’I(A) if, and only if, there exists C > 0 such that

> |cD|m(D>1/zsCm( U D) (B.8)

DeD), DeD/,

for every subcollection DA C D4. Moreover,

llelljo (ay < inf {C >0: Z leplm(D)/? < Cm( U D)forallD/A c DA},
’ DeD), DeD),
(B.9)
with implicit constant independent of c.

I?roof First, it will be shown that if (cp)pep, satisfies (B.8), then (cp)pep, €
fgo,l (A). For this, let D’ € Dy4 be arbitrary. Then for any C > 0 satisfying (B.8),
we have, by Lemma B.1,

> lepm(D)!? < Cm( U D) < Cm( U o +ASC&1€(D’)n> < Ccm(D),

DeT (D') DeT (D) ‘nlezj‘(’/
n|<

with implicit constant independent of D’. Hence,

1
m(D’)

Y lepm(d)'? <,
DeT (D)
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which yields ||c]lz0 [(4) < C by Lemma B.2. This also implies < in Eq. (B.9).

Conversely, let D% C Dy be any subcollection. Note first that if, for all N € N,
there exists some D’ € D/, with scale(D’) > N, then

m< U D) > m(D') = |det APP) = | det A|N.
DeD/,

Hence, m(J DeD), D) = oo and (B.8) is trivially satisfied. Therefore, suppose
throughout the remainder of the proof that there exists N € N such that scale(D) < N
for all D € D/,. Set ji := max({scale(D) : D € D;} < N, and define

DY :={D € D), : scale(D) = ji}.
Furthermore, set (D})¢ := {D € D/, : D ¢ T(D') forany D" € D/}. Observe that

the elements of D are pairwise disjoint up to measure zero. Moreover, by construction,
. ) .. p
the unions Uy epy D and Jpepy)e D are disjoint up measure zero and D)y <

Upepy T(D)U (D).
For £ > 2, we define D} inductively as follows: Set j, := max{scale(D) : D €
(D,_)°Y,
Dy :={D € (D;_,)° : scale(D) = jg},

and (D)) :={D € (D;_,)‘ : D ¢ T(D’) forany D’ € D}}. Then, by construction,
the dilated cubes in D’y := | J;2, D} are pairwise disjoint up to measure zero and

el U To= | 7).

t=1DeD] DeD);

Based on this construction, a direct calculation using Lemma B.2 yields

Y lepm@D'< Y7 7 lepm(D) 2 < llelljo 4y D m(D)

DeD), D'eD’y DT (D) D'eD}
—_— . / .
—||c||fgo,1(A)m< U D) sncnfgoylm)m( U D),
D'eD)y DeD),

where the last inequality used that Dy € D’,. Hence |c|ljo [(4) satisfies Eq. (B.8),
which also implies the inequality 2 in (B.9). ' O

A combination of Lemmata B.3 and B.4 yields the following dual characterization.
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CorollaryB.5 Let A € GL(d, R) be expansive. Then, for all ¢ € f?’OO(A) and ¢’ €
£, 1 (A),

N e 7| < . .
(e )= D encl| S llelly_aylle'llo - (B.10)
DEDA
Moreover, it holds that
lelljo_qay = sup {I(e. e} = ¢ £ 1A Nl ay < 1}- (B.11)

Proof For ¢’ € fgo,1(A) and ¢ € fﬁoo(A), define sequences by ap = |c/D|m(D)1/2
and bp := |cp|m(D)~1/2 for D € Dy. Then, by Lemma B.4, we see that (ap)pep,
is a C-Carleson sequence, where C < ||c/[Ijo (A By Lemma B.3, this implies

Y Jencpl= 3 apbp < C / sup bplp() dx S llellpp alic'lio (ays
R peD 100 oo.1
DeDy DeDy A

showing Eq. (B.10).
To obtain the dual characterization (B.11), we follow [28, Section 69] and define
the associate norms of || - ||f? by || - | = - ||f? and

el = SUP{ 3 lenchl ¢ 1@ fl}zsup{uc,c/n I <1, n=
DeD),

where the equality can be shown using the solidity of the associate norms and choosing
sequences ¢’ with appropriate (complex) signs; see also [28, Section 69, Theorem 1]
for details. In the following, we consider || - | and || - |® in more detail. Starting
with || - |V, we interpret the supremum as an infimum over all upper bounds. Then
the characterizations of Lemma B.3 and B.4 give

||c||“>=sup{ ) |ch})|:||c/||f9wsl}

DeD/,

= inf {C >0: Z |chb| < C”C/”f?oo forall ¢’ € f?‘OO(A)}

DeD/,
— inf {c >0: Y Jeplm(D)/? < Cm< U D) for all D/y C DA}
DeD/, DeD/,

= ”C”f(o)o,l(A)'

The Lorentz-Luxemburg duality theorem for normed Kéthe spaces (see, e.g., [28,
Section 71, Theorem 1]) states that || - ||f? =@ provided || - ||f? satisfies the
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Fatou property. Since the latter is a straightforward consequence of Fatou’s lemma
and [28, Section 65, Theorem 3]), we obtain

lellzo _cay = lel® = sup{i(e, el = 11D < 1} = sup {I(e. )] = el 4y < 1}

for arbitrary ¢ € f ?,oo(A)‘ This completes the proof. O

The final result of this section is the desired dual norm characterization of F(l)’ 0o (A).

Proposition B.6 Ler A € GL(d, R) be expansive. Then, for all g € So(R?),

lglzo _cay =< sup [(f.8)l-
’ feF(;Tl(A)
I 1lz0 1<A>51

Proof By [4, Theorem 3.12], there exists a function ¢ € S (Rd ) with compact Fourier

support such that the operator 6y f = ((f, ¥p)) pep is bounded from Fg‘ 4(A) into

f'gy 4 (A) and furthermore the operator Zy.c = }_p,cp cp¥p is bounded from i"g, q(A)
into F([),’ q(A) for all p,gq € (0, co]. Moreover, their composition %y, o €y is the
identity on FY, _ (A). Here, for D = AJ([0, 1]? + k), the function v is defined as
VYp(x) = |det A| 772y (A~/x — k); see [4, Equation (2.9)].

Next, [6, Lemma 2.8] implies for all f € F_,(A) € §'/P = S)(R?) and g €
SoRY) S F) (A) that

(f.g)= D (f ¥p)¥p.8)= Y (f.¥p)s. VD) = (%4 f. Cya).

DeDy DeDy

Combining both facts with the estimate (B.10), it follows that
[(f,8l= |((51//f7 ngbgﬂ SJ ||<g¢f||f20 I(A)”%wg”f?oo(m 5 ”f”FZO 1(A)”g”F(1)oo(A)'

For the reverse inequality, first note that since %y, o €, is the identity on F"? 0o (A),
and since these operators are bounded, we have

”g”F(l),oo(A) = ||-@w(€1//g”1%?‘w(,4) 5 ||<g¢g||f?‘oo(,4) 5 “g”F(l).oo(A)

and thus ||y g ”f?,oo(A) = ||g||F<1J,OO(A). Next, note that by Corollary B.5, there exists a

sequence ¢’ € i"go’] (A) with ”C/”fgo,l(A) = 1 such that

(G N = 1y glio -
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Now, setting f := Py’ € Fgo,l(A)’ note that

(f.8)=(Zyc,8) =Y chWn.g)= Y ¢ (G =1(Cys).

DEDA DEDA

It follows that

I(f> &) =1t Gy)| = (B8, N < 16yl _ay < glio _ca-

Since 2y, : £, (A) — ¥ | (A) is bounded, we have £ 1§ a) = C||C/||t'-0,1(A) <

o0

C. Hence, normalizing f by C > 0 if necessary yields that
Iglio S s IF 8l
’ feFd, 1 (A)
17050 =]
which finishes the proof. O
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