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Abstract

This paper describes the process and evaluation methods by which we adapted a Reaction-Diffusion model and an order
parameter to monitor its segregation state in a 2D Cellular Automaton model. The model simulates Turing pattern formations,
whose behavior will be studied by an order parameter formulated for this project. This order parameter acts as an indicator of
the mixture state of the world. The implementation process of such a cellular automaton and an order parameter is described in
detail, as well as the evaluation of this model and its order parameter. Different evaluation methods will be performed on this
order parameter to show it as a valid indicator of the segregation state of the world in this model, as well as showcase different
interesting properties and limitations of the parameter. Such methods will involve plots like Evolution, Phase-Transition, or
Linear Regression plots, and the paper will conclude by summing up all the work taken into this project to confirm that this
order parameter, with its formulation in this paper, is a valid and interesting one to use.

1. Introduction

In 1952, Alan Turing published a paper proposing a model to sim-
ulate various patterns in a dynamic world [Tur52]. These patterns,
later known as Turing patterns [Ani22], simulated the growth of
some agents in a homogeneous world, and mirrored natural phe-
nomena like bacterial growth. This all led, years later, to the emer-
gence of Pattern Formation and Simulation in computer science.

This field investigates the competition among two or more op-
posing parties for territory, simulating their movements in physical
environments and evaluating the outcomes. The applications of this
research are extensive, ranging from predicting bacterial growth for
improved disease treatment to preventing gang formation and vio-
lence in local communities.

To simulate pattern formation, we employ a Cellular Automaton
(CA) world where cells represent discrete states, specifically two
in our project. These cells, acting as agents, can change over time
steps. Further details on Cellular Automata are provided in Sec-
tion 3. Our paper focuses on studying the complexity generated by
these models when simulating Turing patterns, specifically exam-
ining the segregation state of the world through an order parameter.

In this context, the idea of an order parameter is introduced.
This order parameter, commonly used in physics and science to
assess the order and segregation state in phase-transition experi-
ments [CHK*94], finds similar application in our project within
the realm of Computer Science. We utilize it to control and ana-
lyze the pattern growth simulations in our world, and it serves as
an indicator of world segregation, distinguishing whether agents in
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the model are surrounded by agents of the same class (segregated
state) or agents of a different class (well-mixed state). In Section 2
a detailed explanation can be found.

This research project thus aims to address the question, "How
does an order parameter perform on a Reaction-Diffusion model
implemented in a Cellular Automata domain?" Consequently, we
study the evolution of this order parameter within the Cellular Au-
tomata world, verifying its validity and behavior through various
evaluation processes. The research question is further divided into
sub-questions, which are defined and elaborated in detail in Section
4.

The paper will first discuss previous work in Section 2. After
that, Section 3 will show and explain all relevant information to
understand the project, which will be followed by Section 4 with
a subdivision of the research question, and the methodology by
which this question will be answered. Following that, all results
obtained to answer the question will be shown and discussed in
Section 5. Next, the topic of Responsible Research will be dis-
cussed in Section 6, and the paper will end with a conclusion of
the research project and its findings in Section 7. The research to
conduct this project was conducted in a Jupyter notebook, with
some helper Python files, and can all be found in GitHub: https:
//github.com/Dpbarajas/Research-Project

2. Related Work

This section will focus on explaining different papers that imple-
ment different order parameters. Traditionally, an order parameter
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is represented as a value close to 0 when the world it is monitoring
is well-mixed, and close to 1 when it is segregated. This section
will focus on researching applications of this parameter outside of
the area of Computer Science. The biggest area where this order
parameter concept is used is Physics, with different applications
in several areas, like Crystallography, with examples like control-
ling the temperature and the crystallization state of different mate-
rials [SSY11] or using order parameters to classify different water
structures and ice polymorphs [DTA21].

It is also being used in the Quantum Physics and Mechanics do-
main since processes in this area make a connection between phys-
ical phenomena and quantum computations. Examples of this area
include explaining different processes, like simulating quantum-
mechanical nematic orders [tVW20] or the mutual information
concept through the conventional order parameter in condensed
matter physics [GYL13]. These are just some examples where the
concept of the order parameter is useful in different experiments
outside of Computer Science. With these examples, we can see that
it is a very useful parameter in different domains of science and
research.

This section will also briefly explain the work that has already
been done in the area of Pattern Formation Simulation. It will
briefly be discussed since the explanation of the different models
and papers that directly contribute to this research project will be
given in detail in Section 3, where the Background of the project is
explained.

Firstly, an application of a Reaction-Diffusion model to a CA
world in three dimensions was found [SP17]. In this paper, an exist-
ing Reaction-Diffusion model in 2D [You84] is used and extended
to the three dimensions.

Secondly, a convection-diffusion model is introduced, which
rules how agents in a lattice move, drop graffiti from their own gang
to create their territory and stay away from the graffiti of different
gangs. [AB18]. In this paper, a formula for an order parameter as
an indicator of the mixed state of the world is postulated. This is
where we are first introduced to the concept of the order parameter.
In a later paper, this model is extended to an arbitrary amount of
gangs and adapts an order parameter accordingly [AB21].

3. Background

This section will explain all the relevant models and concepts that
will appear in the project, as well as the formulas that explain them.

The first concept to understand in depth is that of Cellular Au-
tomata: they are discrete models that use straightforward rules that
execute on a grid of cells to simulate the behavior of complex sys-
tems. According to these rules, each cell in the grid can be in one
of a finite number of states and is updated in discrete time steps
in accordance with these rules. These updates take place simulta-
neously, which means that each cell’s state is updated based on
the states of its neighbors in the preceding time step. One of the
most famous Cellular Automata is Conway’s Game of Life, gener-
alized by Martin Gardner [Gar70] and heavily studied by people all
around the world [JohO8]. Cellular automata are valuable for simu-
lating a wide range of phenomena, from physical systems to social
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dynamics, because they exhibit complex behavior from a simple set
of rules. [Wol02]

The project will use Cellular Automata to implement a Reaction-
Diffusion model as a model that generates Turing patterns, imple-
mented by Young [You84] and further defined by Skrodzki in his
paper before proposing a modified model to showcase this behavior
and the formation of Turing patterns in 3D [SP17]. In a later paper,
he studies and classifies the kind of Turing patterns that are formed
into the different kinds of shapes generated by the model [SRZ20].
The model used in both papers works by initializing every cell in
the grid as a O or a 1 with a given probability, conventionally of 0.5,
and updating the cells by making use of a circular kernel with an
inside and an outside radius r; and r,, respectively. We use a kernel
for the calculation of the cells’ states in the next time step. That
kernel is represented as a 2D grid there, given r; and r,, the ele-
ments inside r; are set to 1, the cells in the annulus between r; and
1o are set to -1, and anything outside that is set to 0. At each step 7,
each cell C in the world uses this kernel to calculate the weight of
its neighbors, defined as C;, as well as its state in the next step ¢ 41
is set according to these parameters and the following equation:

1 LGean(C)>0
S,+1(C)—{ 0 Zici'mt (Cj)SO P (1)

0 (—x)+0-3)’>r
o(C)=q 1 (x—x)’+@—y) <r
—1 otherwise

; @

However, these papers don’t implement any sort of order param-
eter, which led to the aim of evaluating this order parameter in this
setting, and subsequently to the research question postulated in this
research project, which will be further developed in section 4. So
the next step is to formulate an order parameter and its behavior for
this model. An order parameter is represented as a value between 0
and 1, where an output close to 1 means that most of the cells from
a class are surrounded by cells of the same class; and an output
close to 0 means that most cells of a class are surrounded by cells
from a different class. Thus, when this order parameter is 1, the
whole world is covered by cells of the same class (segregated), and
when this order parameter is 0 the whole world is randomly filled
by cells of different classes. This parameter is computed at each
time step and it shows the evolution of the world in the behavior of
the agents through the simulation.

In the paper "A Multispecies Cross-Diffusion Model for Terri-
torial Development" [AB18], an order parameter formula is pro-
posed given the random-walker model. This model differs from the
Reaction-Diffusion model in that it deals with agents in a lattice
moving, dropping graffiti from their own gang to create their terri-
tory, and staying away from the graffiti of different gangs. In a later
paper, the model is extended to an arbitrary amount of gangs and is
adapted accordingly [AB21].

An order parameter is also introduced in this paper as an indi-
cator of the mixed state of the world. This is where we are first
introduced to this concept in the area of Pattern Formations and
Simulations, which uses the information available in the world (the
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number of agents of a gang in the lattice, specifically), to showcase
the expected segregation. However, the Reaction-Diffusion model
does not use the concept of the number of agents in a cell, so the
formula posed in the paper is not useful to this project. Thus, a
new equation has been formulated making use of the properties
and available parameters in the Cellular Automaton domain. Given
a world CA, the project’s order parameter sums over all points of
the world (x, y) and calculates the value of that specific point by
taking a look at its neighbors (,¥), which are specified by N(x, y):

1
EW)= 5o o(x,y) o(xy)| 3
n [N) | <x,y£m <x,y~>eZN<x,y)
where
n is the length of the grid
[ =1 if CA(x,y)=0
o(x,y) —{ 1 if CA(xy)=1 @

N4(x7y)
ND)'H(x7y) =

{r£1y), (xy£1)}
(@D =D +0-9* <}
5
We utilize two neighborhood types, denoted as Ny(x,y) and
Npyn(x,y). The former considers the four closest neighbors (top,
bottom, left, and right) in its formula, while the latter takes into ac-
count neighbors within a circle of radius ;. By plotting both neigh-
borhoods, we can effectively compare them and determine which
one is more suitable for our research computations.

N(x,y) = {

We evaluate and compare these approaches to identify their re-
spective performance. They are referred to as the "Four-neighbor"
and "Dynamic-neighborhood" settings, respectively.

Furthermore, Professor Skrodzki utilizes an existing implemen-
tation of a general Cellular Automata described in Chapter 6 of the
book "Think Complexity" [Dow12]. This implementation includes
a Python notebook and accompanying files that showcase simu-
lation behavior and visualization methods. Our research project
builds upon this implementation, adapting it to meet the specific
requirements of our model.

4. Methodology

This section will discuss the steps taken into answering the research
project and its research question. The project aims to answer the
question "How does an order parameter perform on a Reaction-
Diffusion model implemented in a Cellular Automata domain?".
To answer the question, several subquestions are formulated, which
will divide the project into its different sub-questions, each taking
a subsection:

4.1. Model Creation

The first step in the assessment of the question is to create a model
that can simulate Turing pattern formations according to the formu-
las given by Equations 1 and 2, as well as calculate &(¢) according to
the Equations 3 and 4. This model will be used in a periodic world,
meaning that the cells on one side of the world will be counted as

1

neighbors of the cells on the other side, making the world a never-
ending world where the top and left parts of the world can respec-
tively affect the bottom and right parts, and vice versa.

The implementation for this model is developed in Python, in
a Jupyter notebook which allows running the code swiftly in sep-
arate blocks to separate the computation of different parts of the
project. The base modules and methods provided by Think Com-
plexity [Dow12] are given in Python files.

The project implements a CA class that performed the update
rules according to the formulas defined. When a simulation is to be
run, an object is created with the following parameters and proper-
ties:

e 1 is the length of the world. The Cellular Automata will be rep-
resented as a 2D array of size n - n.

e r;and r, are the kernel radii values, which indicate the number
of neighbors that there will be when computing the next state.

e random is a Boolean value that expresses how the world will be
initialized. If true, each cell in the world will be initialized to 0
or 1 with the attribute probabilities defining how likely the cell
is to be each value. Else, an arbitrary patch of 20%20 cells will
be set to 1 in a random position in the world, while the rest of
the world is set to 0. The default value is set to True.

e static_neighbors is another Boolean value. If true (the default
value), we will use four neighbors to calculate €(¢). Otherwise,
we will use as many cells as there are inside the circle of radius
ri.

e probabilities only comes into play when random is set to True,
and it is a floating point number that expresses the probability
that the cells in the world are randomly initialized to 0. The prob-
ability that the cells are initialized to 1 is set as 1 - probabilities.
Its default value is 0.5.

Inside the ReactionDiffusion class also lies the implementation
for the calculation of €(¢). At each step, both the next state of each
cell as well as the value of €() are computed in the step() method:

def step(self):
# Calculation of the next state of each cell
in the world according to equation (1)
update_rule = correlate2d(self.array,
kernel, mode=’same’, boundary=’'wrap’)
self.array = (update_rule > 0).astype (np.
uint8)

self.

# Implementation of the formula specified for
order parameter in equation (3).
self.order_array = (self.array - 0.5) % 2
self.order_parameter = np.abs(np.sum(self.
order_array * correlate2d(self.order_array,
self.order_kernel, *xself.options)) / (self.
neighbours * (self.n)*%2))
self.order_list.append(self.order_parameter)

Listing 1: Update formula for the CA

We use two different types of kernels in the computation: the
update rule kernel, which calculates the next step of the world;
and the order parameter kernel, which is used for the €(¢) formula
calculation. This second kernel will be a different one according
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to static_neighbors, as explained in the parameter list above. Both
kernels are computed and generated in the method kernel_creator().

These steps make up the first part of the research, which provides
a working model that shows Reaction-Diffusion behavior which
will be shown in section 5. In Section 5.1, there are some exam-
ples where it is shown that this model does indeed work for some
values of r; and r,, but not for others.

The next step was to find out for which values the model shows
interesting Turing patterns, and how we can do that with &(r), which
was complemented by the evaluation of this order parameter after
this, to showcase the correctness of the formula.

4.2. Evaluation of Order Parameter

Following the creation of the model, the project led to evaluat-
ing whether this model and €(r) were correctly implemented. This
would tell us if the model was as well correct and if the Equation 3
proposed for it worked. This evaluation is divided into several sub-
sections that implement different tests to evaluate all aspects of the
project:

4.2.1. Phase-Transition plots

As shown in the results obtained in Section 5.1, not all values of
r; and r, output interesting Turing patterns, where the state of the
world is not completely segregated after reaching convergence. The
hypothesis as to why this happened was that, for the patterns to
happen, the area covered by the inner circle and the outer annulus
of the kernel used in the update formula had to be relatively similar.
So, given two radii r; and 7,:

2 2 2
M1y, /RNty —T-r;

(:>2-r,-2;:r(2,

= ro ~ 2-}'1'

To test this hypothesis, we evaluate all possible values for r;
and r, from 1 to 20 in a 100x100 simulation. We chart the val-
ues that result in a non-segregated state to examine if they follow
the equivalence relation. This helps us identify uninteresting pat-
terns by utilizing a Phase-Transition plot. This plot is a 3D repre-
sentation where the x and y axes represent the values of r; and r,
respectively, while the z-axis represents the final value of €(¢) in
the simulation for that specific position in the lattice. To enhance
visualization, cases where () is 1 are set to 1 since predominantly
segregated states would obscure other cases. It’s worth noting that
€(¢) will never be O at the end of any simulation since the world
always converges to a different order parameter as it never remains
well-mixed.

Additionally, the number of different settings (besides n, r; and
ro) are whether the world starts randomly or not, and whether &(r)
neighbors are set to 4 or to the cells inside the circle with radii 7;.
Thus, in this step and in the next ones until expressed differently,
the project will chart all possible combinations of these settings, in
this case, four. There will be thus four plots, showcased in Figure 5
in Section 5.2.1.
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4.2.2. Linear Regression Plots

We appreciate in the previous Figure 5 that, for the four pairs of
settings, most of the pairs of r; and r, that provide a non-segregated
state follow a sort of line shape. This line, as shown in the previous
section, is theorized to follow the line y = v/2 - x, where x is the
r; and y is the r,. In this section, we plot all the points that have
been achieved by the previous evaluation and chart them in a 2D
plot against the line y = /2 - x. We also take notes of the furthest
point from the line to get an indicator of how different the point
can be from the line, given that it is a discrete domain and the line
doesn’t stop in discrete points. A plot is generated for each of the
four cases, and they are shown in Figure 6, as well as explained in
the corresponding subsection in Section 5.2.2.

4.2.3. Evolution Plots

After performing these tests for (), we see that it provides the ex-
pected behavior and it is very useful in explaining the segregation
state of the world and the presence or not of different patterns. An-
other interesting concept to learn from this €(z) is to know how it
evolves throughout the simulation, and that is why the next test per-
formed on this simulation is the evolution plots. Those plots chart,
for the four different parameter combinations, a random subset of
different radii sizes and assess the evolution of €(z) over the differ-
ent initialization.

In order to palliate the fact that these simulations involve some
sort of random initialization, each simulation is performed 10 times
and aggregated throughout the different iterations. Two different
methods of aggregation are shown, the average and median, to see
if there is any difference between them and assert which one is
better. The evolution plots and their discussion are shown in Section
5.2.3, in Figure 7

4.3. Asserting Validity of Model for Bigger r; and r,

It has been shown through Figure 6 that, except for some edge
cases, the assumption that points following line y = v/2 - x provide
interesting patterns -Turing patterns when the world is initialized
randomly-. It was important, however, to show that this assumption
held for bigger values of r; and r,. In this section, that question is
tackled by performing a simulation with bigger parameters accord-
ing to this line, and checking that Turing patterns are still formed
in Figure 8, as well as that €(r) remains within the behavior estab-
lished. It is all showcased in Section 5.3.

4.4. Limitations of Order Parameter

The previous sections, as well as their corresponding results, tell us
that €(r) is a good order parameter that keeps track of the segrega-
tion state of the world. This can be very helpful for some aspects
of Pattern Simulation, like calculating when the world has reached
a convergence state or checking which values of r; and r, provide
Turing and other kinds of patterns. This subsection, however, fo-
cuses on a new aspect of these patterns for which the concept of an
order parameter doesn’t provide useful information.

This specific aspect will consist of a Turing Pattern Classifica-
tion experiment where different kinds of Turing patterns are at-
tempted to be classified according to the shape that they generate.
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Something similar was performed in 3D, in his paper "Visually-
guided investigations of sub-structures in 3d Turing - like patterns."
[SRZ20]. This research paper will perform a similar experiment.

First of all, the different Turing pattern shapes that have been
appreciated in the simulations are presented in Figure 1. These dif-
ferent shapes each happen with different pairs of »; and r, with
random initialization, and its order parameter is assessed with the
N4 neighborhood.

Categories of Turing patterns

[
L3

White Tubes  White Bubbles

Figure 1: Different classifications of Turing patterns in 2D; each
of them is an example of the kind of patterns that belong in that
subgroup along with the name given to them.

Once the different categories are specified, the experiment was
formulated as taking the different valid r;s and r,s obtained in the
first plot of Figure 5, since this experiment was performed with the
traditional parameters -random initialization and Ny4-, and after sim-
ulating the convergence states for each of these states, classifying
each of these final states into each of the corresponding categories.
For the purpose of stabilization against randomness and increased
amount of points, each pair of valid parameters is used in the sim-
ulations a total of 5 times.

After classifying the different simulations, a box and violin plot
is generated for each of the categories. First, in Figure 9, €(r) is used
in the plots, and it is explained why this doesn’t work in Section
5.4. After that, in Figure 10 the plot is generated with the concept
of Relative Area, which is given as the number of activated cells
divided by the total number of cells in the world. We further explain
the results in Section 5.4.

5. Results

This section will show the results obtained for each of the sub-
questions for the postulated research question, where these results
and plots will be explained and discussed. It follows the same struc-
ture as Section 4.

5.1. Model creation

After implementing the model, it was appreciated that, for different
r; and r,, not all values generated Turing patterns, as seen in Figure
2.

However, for certain arbitrary values, intriguing patterns
emerged, revealing an intermediate convergence state where £(t)
ranged between 0 and 1. This is illustrated in Figures 3 and 4. The
variation in patterns between the figures stems from different ini-
tializations. Random initialization yields diverse Turing patterns as
the radii sizes change, while segregated initialization produces dis-
tinct patterns with unique behaviors, as depicted in Figure 4.

100 by 100 model
Random initialization
Four-neighbour order parameter kernel
Inside radius: 5, Outside radius: 10

100 by 100 model
Random initialization
Four-neighbour order parameter kernel
Inside radius: 10, Outside radius: 5

Step 2 Step 2

o E) @ E)
Order parameter: 1.0 Order parameter: 1.0

Figure 2: Example simulation where no patterns are formed and
fully converged states are reached at the first step. Both worlds
are set with size 100x100, with random initialization and a four-
neighbor order kernel. On the left image, r; is set to 5, and r, is
set to 10, and on the right, r; is set to 10, and r, is set to 5, and
on the right. €(t) for both cases is 1 since they are both completely
segregated states.

100 by 100 model
Random initialization and Four-neighbour order parameter kernel
Inside radius: 12, Outside radius: 17

Step 4

Step 100

ey G Tk
Order parameter: 0.0046 Order parameter: 0.9004 Order parameter: 0.9116

Figure 3: Example simulation that shows Turing pattern forma-
tions with the Reaction-Diffusion model. The world is set to size
100x100, with random initialization and a four-neighbor order ker-
nel. The computation kernel is set to r; = 5 and r, = 10.

These figures demonstrate that the model produces both Turing
and non-Turing patterns, depending on the initialization state, for
specific combinations of r; and r, in each case. Thus, not all input
pairs yield interesting patterns; only certain values do. Determin-
ing these values became the focus of the subsequent phase in the
research project: evaluating €(¢). Section 4.2 elaborates on the ra-
tionale behind this investigation.

5.2. Evaluation of order parameter

The evaluation of &(r) and its functionality is divided into three
subsections: Phase-Transition plots, Linear Regression plots, and
Evolution plots.

5.2.1. Phase-Transition plots

The four plots shown in Figure 5 show a clear trend of Turing pat-
terns forming in a sort of line trend, which will be explored more
in-depth in the following subsection.

© 2023 The Author(s)
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100 by 100 model
Segregated initialization and Four-neighbour order parameter kernel
Inside radws: 12, OQutside radius: 17

Step 0 Step 20 Step 80

N F
Grder parametar. 0.9184

Order parameter. 0 992 Order parameter. 0 06
Figure 4: Example simulation that shows pattern formations with
the Reaction-Diffusion model. The world is set to size 100x100,
with segregated initialization of a 20x20 patch of activator in a
random place and a four-neighbor order kernel. The computation
kernel is settori = 12 and ro = 17.

Random initialization and
four-neighbour order parameter kernel.

Random initialization and
dynamic-size order parameter kemel.

Y2y B
6y ~—
Ve 214
0
e o, 1 36 35

Segregated inibalization and
four-neighbour order paramater kernal

Segregated intalization and
dynamic-size order parametar kernal

Figure 5: Example simulation that shows Turing pattern forma-
tions with the Reaction-Diffusion model. The world is set to size
100x100, with random initialization and a four-neighbor order ker-
nel. The computation kernel is set to r; = 5 and r, = 10.

However, this line trend is broken in the segregated case with
Npyn, where a sort of triangular shape appears as r; and 7, grow
in size. This can be explained by the fact that, as these parameters
increase, more and more cells are used for the computation of the
next steps in the update formula for the model 1 1, which leads to
the behavior of the world becoming broader and more chaotic. As
a consequence of this, the final shapes are not completely segre-
gated but don’t belong to the category of interesting patterns, they
are just blobs of deactivated or activated cells that don’t provide
much insight into the topic at hand. However, €(¢) is only set to 0 if
the world is completely segregated, so these kinds of patterns were

©2023 The Author(s)

Random initialization
Dynamic-neighbor order kemels

Random initialization
Fourneighbor order kemels.

Possible values of r_o

cnboaBRERE

Max distance to the line:
mpoint (5, &) with a
distance o the line of:
0.5363192488783758.

Max distance to the line:
mpoint (7, 11) ith a
distance to the line of
06353768345916012.

om s ow

01 2325678910101 BMIE
Possible values of r_i

0132325 6786001 IBBIE
Possible values of i

segregated initialization
Dynamic-neighbor order kernels.

Segregated initialization
Fourneighbor order kemels,

Possible values of r_o

cnvboaBRERE

Max distance to the line: Max distance to the line:
with a  point (3, 20) with &
distance to the line o:

11957315586905015. 419853615544296.

01 2345678 91WULBNIE
Possible values of |

01 2 3 45 6 7 8 91011213415
Figure 6: Linear regression plot of the valid parameters in each
initialization setting. The line the points are plotted against is given
as 'y =+/2-x, and the point that is the furthest away from this line
is also shown for each of the plots.

present in the graph. For the experiments where the shapes matter,
these pairs of radii that don’t provide useful patterns are ignored.

We can appreciate that, in both cases where the dynamic neigh-
borhood is used, and more specifically in the case with the ran-
dom initialization, €(¢) ranks way lower and more chaotically than
in the case with four neighbors. This leads us to confirm that, re-
gardless of the initialization setting, the dynamic neighborhood acts
as a worse calculator for €(¢). This can be explained by taking
into account that the number of neighbors used grows as r; and
ro grow, which takes into account increasingly more cells and cre-
ates a worse order parameter: even if it still ranges from O to 1, the
same shapes in random and segregated initializations will have a
lower order parameter, so there will be a big jump in this parameter
between almost segregated states and completely segregated ones.

Thus, we conclude that using four neighbors to calculate €(r) is
a better practice for random and segregated initializations since it
provides better and higher performing values.

5.2.2. Linear regression plots

As the plots in Figure 6 clearly show, the pairs of points that provide
non-segregated states clearly follow a trend that is explained by the
blue line r, = /2 - ;. However, the line doesn’t provide discrete
values, so the red points are scattered around this line, in discrete
coordinates in the graph. That is why it was interesting to know
what the furthest point from this line could be, as well as its corre-
sponding value for &(7). That is what is described in the green text
boxes. This is an indicator of how far away the values pairs of radii
can be from the line while still providing non-segregated patterns,
which can be useful when scaling the model to higher values. An
example of this is explained in Section 4.3 and shown in Section
5.3.

As previously mentioned, the lower right plot is filled with false
positives, which reach a convergence state that just consists of cases
like ones with a bubble in the middle of a segregated state. Future
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work could be destined to a sort of false positive detection system in
this setting since they had to be removed manually for the following
sections.

5.2.3. Evolution plots

Evolution plot of the order parameter with random initialization and four-neighbour order parameter kernel.

Average over 10 iterations Average over 10 iterations

10 10

Order parameter value

Order parameter value
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Evolution plot of the order parameter with random initialization and dynamic-size order parameter kernel.

o Average over 10 iterations o Average over 10 iterations

Order parameter value
Order parameter value

o % E) % £ %
Steps Steps

Evolution plot of the order parameter with segregated initialization and four-neighbour order parameter kernel.
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Evolution plot of the order parameter with segregated initialization and dynamic-size order parameter kernel.
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Figure 7: 10-iteration Evolution plots for the four different initial-
ization settings posed in this project. Each of the settings has two
graphs, the left one with average aggregation and the right one
with median aggregation. A random subset of 5 valid pairs of radii
is used.

The first thing that can be appreciated in the plots from Figure 7
is that the median and average plots look exactly alike. This leads to
believe that €(r) won’t change regardless of the aggregation method
implemented, so the average aggregation method is chosen as most
experiments use this method for any sort of similar calculations.
The median method was proposed as an alternative at some point
in the project, but the fact that there is no difference between them
makes it non-eligible as the preferred aggregation method.

This plot shows a general behavior in line with what is expected

from €(¢): when the world is started with the random initialization,
€(t) starts at 0 and rises quickly to then converge on a number be-
tween 0 and 1. For the segregated initialization setting, the opposite
happens, since the starting state, with a mostly segregated world,
starts at 1 and, more slowly than in the random case, it approaches
a number between 0 and 1 as well.

There is also a clear distinction between the 4-neighbors (Ny)
setting and the dynamic neighbors (Npy,) setting. This distinction
is shown as a way more random and chaotic behavior in the Npy,
setting, which is explained by the fact that, as more neighbors are
considered for the €(¢) computation, the behavior of this parameter
is dictated by more variables, which ranks it lower than (N4) in
cases like small segregated states, where (V) and (Npy,) rank it as
a positive and negative contribution to the formula, respectively.

In fact, the behavior exhibited in the first plot is the same one
as the one exhibited in Figure 5 of the paper where an order pa-
rameter was first found [AB18], where a different order parameter
with different parameters is studied. This leads to the belief that
the formula for €(¢) implemented in this project (3, 4) is correctly
translated from that paper since, for the same settings, the behavior
is the same.

5.3. Asserting validity of model for bigger r; and r,

200 by 200 model
Random initialization and Four-neighbour order parameter kernel
Inside radius: 50, Qutside radius: 71

Step 0 Step 2 Step 10

e ¢
Order parameter: 0.0031 Order parameter: 0.9717 Order parameter: 0.9793

Figure 8: Simulation with bigger parameters: n = 200,r; =
50 and ro = /2 - 50 ~ 71. Random initialization with the use of

Sour neighbors for the €(t) computation.

Figure 8 is an example of the model working and providing Tur-
ing patterns for bigger r; and r,, with these values being related to
each other by the equality 7, = v/2- r;. This proves that the hypothe-
sis postulated in Section 4.2.1 is correct in a more general case than
the original simulations, which range the radii values with n = 100
and r; having a maximum value of 20.

In this case, r; is set to 50 and thus r, is set to 71, the closest in-
teger to v/2-50 = 70,7106.... We need integers in our calculations
of the radii, which is why the value is rounded up to 71. However,
this means that we get a kernel that is bigger than the world, which
means that, since the world is periodic, the radii will cover the same
cells twice, which will lead to the model breaking. That is why we
need to increase our 7 accordingly.

The maximum values of the radii for a world of n = 100 are 20,
so the ratio of r; to n is a maximum of 1/4. We will use a size of
n that keeps this ratio going: so, given an arbitrarily chosen r;, we
will choose n = 4 - r;. Since our chosen r; is 50, then n = 200. These
assumptions make the model hold.

© 2023 The Author(s)
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5.4. Limitations of order parameter

Violin and Box plot of order parameter over
different categories of shapes generated

. ‘
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Green Bubbles Green Tubes Wit Tubes Whits Bubbles
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Figure 9: Violin and Box plot of the different shapes against €(t) in
the y-axis. A total of 80 simulations are used, with 5 iterations of a
subset of 16 valid parameters.

Violin and Box plot of relative area over
different categories of shapes generated
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Figure 10: Violin and Box plot of the different shapes against the
relative area of that simulation in the y-axis. A total of 80 simula-
tions are used, with 5 iterations of a subset of 16 valid parameters.

Figure 9 reveals that €(¢) is insufficient for classifying different
Turing patterns into distinct shapes. €(¢) fails to differentiate be-
tween mostly activated and mostly deactivated worlds, only their
segregation. Additionally, all order parameters are between 0.7 and
1. To address these limitations, a new parameter, the Relative Area,
is proposed. It is calculated by dividing the number of activated
cells by the total number of cells in the world. Figure 10 demon-
strates that the Relative Area serves as a superior indicator for
the diverse shapes generated in the simulations. This improvement

© 2023 The Author(s)

stems from its ability to discern mostly deactivated worlds (low
area) from mostly activated worlds (high area), a crucial feature for
this experiment. Hence, the Relative Area can be utilized to iden-
tify the specific type of Turing shape observed in the simulations,
which can be used in later experiments as a predictor without the
need for manual classification.

6. Responsible Research

This section will discuss the morality of this research project, and it
will be divided into two sections: the ethical aspects of the project
and the reproducibility of the experiment.

6.1. Ethical aspects

Ethics are an important part of computer science and its develop-
ment. Computer science has a profound impact on society nowa-
days and it is very important to incorporate ethical considerations
into the development and use of technology, to ensure the correct
evolution of this area in different aspects of human morals and val-
ues.

This research project focuses on the simulation of different pat-
terns and their control through the use of a parameter. On the sur-
face, the process seems harmless enough, but when looking for ap-
plications for these concepts, they can become harmful in a distinct
variety of ways.

Since this model can reproduce patterns that happen in bacte-
ria growth and systems in the natural world, the understanding of
these processes can lead to the creation of biological hazards in
the form of new viruses and diseases that behave differently from
the previous ones. Bacteria are already showing growing resistance
to antibiotics, as the more these medicines are used and misused,
these microorganisms learn to resist the medicines, and it is a prob-
lem that will affect a lot of people in the future since diseases that
are cured easily nowadays will become a difficult process to heal
from [Org21]. The understanding of the way they grow and repro-
duce can be used for good, by helping eradicate these diseases, or,
as mentioned before, for bad to potentiate these kinds of organisms.

Another ethical aspect to take into account is the gang simulation
part of this project. Some models used in similar projects are used
to simulate how agents in different gangs would move and create
their territories. This can be used by the police and other forces to
predict and prevent gang violence. However, models like this have
already been tried and they have shown a biased prediction, which
in turn has brought about more violence and rejection against the
police in the groups that have been discriminated against by this
model. An example of this has happened in Los Angeles, where
the LAPD had to turn off the implemented model, which used data
from previous criminal activities and Al to predict crime in the city,
due to these kinds of problems [Bhu21]. If it is decided to keep in-
vestigating this application of gang simulation, a thorough inves-
tigation should be performed before applying it to the real world,
since we need to ensure the fairness and correctness of these mod-
els for the well-being of all society.

In summary, gang and bacteria simulation has very interesting
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and debatable ethical ramifications that should be studied and as-
sessed in depth, since it is only in that way that computer scientists
can ensure responsible practices that look for the collective good of
the people. By integrating ethics into computer science, profession-
als can make informed decisions, comply with legal requirements,
and contribute to a sustainable and beneficial technological land-
scape for everyone.

6.2. Reproducibility

Reproducibility refers to the concept of being able to repeat the
steps taken in any research, and it is a very important aspect of
experimental processes since it diminishes the possibility of fake
data being introduced and used in order to fake results. During one
of the Responsible Research lectures provided by TU Delft in the
scope of this project, we were introduced to a case where Nobel-
winning scientist Robert Millikan cherry-picked data points from a
pool of data and dropped others in order to fit his hypothesis in a
study about electron charges [PG00]. This was discovered by Felix
Ehrenhaft after he tried to reproduce his work, and found out that
Millikan had faked his data and his work was thus incorrect and
fraudulent.

In the case of this project, no experiments or surveys have been
needed to perform the research, so the reproducibility is exclusively
related to the availability of the code used for our experiments. That
is why all files and code used will be made available for everyone to
have access to, be able to run the same simulations as the ones taken
in this project, and build upon the codebase to try different meth-
ods and evaluation processes. This should cover the reproducibility
aspect of the project in a concise and precise enough way, to show
that no data or fact in this project has been falsified or modified.

7. Conclusion

The research project aimed to implement a functional order param-
eter for assessing the state of the world in the Reaction-Diffusion
model for Cellular Automata. The main research question was:
"How does an order parameter perform on a Reaction-Diffusion
model implemented in a Cellular Automata domain?" To address
this question, the project was divided into four sub-questions:
model creation, model and order parameter evaluation, assess-
ing the model’s scalability, and exploring the limitations of €(z).
These sub-questions collectively formed a comprehensive research
project.

The paper used a systematic structure to answer the question. It
began with an introduction (Section 1) that outlined the concepts
and the research question, as well as the structure of the paper. It
then delved into related work (Section 2) to explore existing order
parameters. The background (Section 3) introduced the model and
formulas used in the research. The methodology (Section 4) de-
tailed the approach taken to answer the research question, includ-
ing the subdivision into sub-questions, the evaluation methods em-
ployed, and the rationale behind their selection. The results (Sec-
tion 5) presented plots and graphs that addressed the sub-questions
outlined in the methodology, accompanied by in-depth explana-
tions. The responsible research section (Section 6) discussed the

ethical and reproducibility aspects of the experiment, ending in this
conclusion (Section 7).

Based on the evaluation methods and plots, €(r) was deemed a
reliable indicator of the world’s segregation state. Additionally, us-
ing Ny instead of Npy, as neighborhoods reduced irregular behav-
ior (Figure 5). Later it was seen that €(¢) successfully identified
valid parameters for generating interesting non-segregated patterns
along a specific line (Figure 6) and his evolution over time was
shown (Figure 7). Furthermore, it was observed that the hypoth-
esized line’s points generated Turing patterns as the domain size
increased (Figure 8). The limitations of €(r) were explored through
a Turing Shape Classification experiment, which prompted the in-
troduction of Relative Area for shape classification (Figures 9 and
10).

Following this research, this area of computer science offers a
wide range of opportunities, such as extending the model and £(t)
formula to accommodate multiple classes, investigating the impact
of different initialization settings, or exploring the effect of chang-
ing initial probabilities. These examples highlight the potential for
enhancing this research with additional work in the future.
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