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A B S T R A C T

This paper elucidates the link between the near-wake development of a circular cylinder
coated with a porous material in a low Mach-number flow and the related aerodynamic sound
attenuation. It accomplishes this by formulating the cylinder flow-induced noise as a diffraction
problem. The necessity for such an approach is driven by experimental evidence obtained
through acoustic beamforming and particle-image-velocimetry measurements, which reveal that
the dominant noise sources for a coated cylinder are not localised on the body surface but
rather in the wake, specifically at the outbreak position of the shedding instability. The acoustic
field at the vortex-shedding frequency can be hence modelled by considering a compact lateral
quadrupole at this location and employing an exact Green’s function tailored to a cylindrical
geometry. Because of the diffraction of the sound waves radiated by the quadrupolar source on
the cylinder surface, the resulting far-field directivity pattern resembles that of a dipole. The
study demonstrates that the porous coating has the two-fold effect of decreasing the strength of
the point quadrupole in the wake and moving its origin further downstream, reducing, in turn,
the efficiency of the sound scattering. Consequently, the diffracted part of the acoustic field,
which dominates the far-field noise for a bare cylinder in accordance with classical theory,
provides a contribution that is comparable to the direct part. The results eventually indicate
that quadrupolar sources must be considered to accurately predict the noise radiated from a
porous-coated cylinder, even at low Mach numbers.

. Introduction

The aerodynamic noise produced by a cylinder immersed in a transverse flow affects a large number of engineering applications,
ncluding landing-gear systems and high-speed trains. The tonal component of this noise source, commonly denoted as Aeolian tone,
s associated with the shedding of vortical structures that periodically detach from opposite sides of the cylinder surface, forming
he so-called von Kármán street [1]. In the classical view of the problem, the vortex shedding induces a fluctuating reaction force
xerted by the body on the surrounding fluid that can be described by a distribution of surface dipoles following Curle’s analogy [2].
t low Mach numbers and if the body is assumed to be acoustically compact, this surface term typically dominates over the volume

erm, which is produced by the unsteady velocity in the turbulent wake and can be modelled as a quadrupole [3]. However, the
luctuating reaction force should be interpreted only in terms of equivalent sound sources. As remarked by Powell [4], in practical
pplications, such force is exerted on a rigid surface and cannot generate acoustic energy. Hence, its origin must instead come from
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the unsteady flow and is linked to the diffraction of the noise emissions from the quadrupolar sources by the body, which is an
efficient sound-production mechanism for acoustically compact cases [4–7]. This vision does not conflict with the conventional view
of the problem previously described and the experimental evidence that vortex shedding can be interpreted as a dipole source of
sound [8]. As shown, for instance, by Gloerfelt et al. [9], it is possible to retrieve the dipolar nature of the noise generated by a
circular cylinder in a transverse flow at low Mach numbers by modelling only the quadrupolar volume sources in the wake and
using a tailored Green’s function that accounts for the presence of the body, without directly considering the unsteady pressure at
its surface. The conclusion that a quadrupole near a circular cylinder yields an induced dipole can also be deduced with the method
of the image sources [10].

According to the theoretical framework outlined above, decreasing the unsteadiness of the von Kármán street has a beneficial
ffect on the emitted aerodynamic sound. Multiple efforts have thus been devoted to reducing the Aeolian tone by acting on the
mplitude of the vortex shedding and the location where it begins [11]. One of the most promising passive flow-control strategies
s to coat the surface of the cylinder with a porous material. Several experimental and numerical investigations have been carried
ut in the last decade to analyse the noise-mitigation performance achievable with a flow-permeable coating. A first study on the
opic was performed by Sueki et al. [12], who demonstrated the effectiveness of this technological solution in reducing aerodynamic
ound. Liu et al. [13] showed that, besides the noise attenuation, the integration of a metal-foam cover moves the vortex-shedding
eak towards lower frequencies and narrows its bandwidth. This effect increases along with the thickness, porosity, and average
ore dimension of the permeable layer. Interestingly, the far-field sound radiated by the coated cylinder was found to be dipolar in
ature. Moreover, Geyer and Sarradj [14] tested several porous media and showed that materials that are highly permeable to air
ield the best noise mitigation. In that case, a significant additional reduction was observed in the broadband range, particularly at
igher Reynolds numbers. Similar findings were achieved by Geyer [15], who estimated the key parameters acting on the vortex-
hedding tonal noise using the method of linear regression. He found that increasing the air-flow resistivity and thickness of the
orous cover, as well as decreasing its porosity, results in a shift of the vortex-shedding Strouhal number towards higher values.
imilarly, increasing the thickness and porosity and decreasing the air-flow resistivity leads to lower peak amplitudes of the Aeolian
one. Nonetheless, no definitive explanation for the physics behind these trends was provided, and no optimisation of the porous
roperties of the material was attempted. In this regard, Sharma et al. [16] demonstrated that a careful tuning of the air-flow
ermeability and the coating thickness with the varying Reynolds number is instrumental in achieving optimal noise mitigation.

From an aerodynamic perspective, numerous authors have investigated the near wake of a porous-coated cylinder to elucidate
he related noise-reduction mechanisms. For instance, Sueki et al. [12] observed that porosity affects the flow past the body by
urther depriving momentum in the wake region, which is more uniform and delimited by thinner and more stable shear layers
ompared with that of the impermeable configuration having the same cylinder diameter. This phenomenon results in a mitigation
f the unsteady motion of the shed vortices that, in turn, decreases the aerodynamic force fluctuations on the surface. Such a
tabilisation effect of the oscillating wake was explained by Naito and Fukagata [17] in terms of slip velocity and fluid energy.
ndeed, the presence of a non-zero velocity at the porous interface reduces the friction and weakens the detached eddies that
estabilise the flow. In addition, the fluid that permeates the porous medium is subjected to a strong dissipation that consequently
eads to low-energy flow ejected from the leeward part of the coated cylinder. Both effects contribute to forming more steady shear
ayers. Likewise, Showkat Ali et al. [18] highlighted that the most striking effect of the porous cover on the flow field is to shift
he instability-development region downstream and decrease the turbulence kinetic energy. In this case, a drag increase was found
ue to the widening of the wake region and the lower velocities downstream of the body. Comparable findings were obtained for
ylinders coated with metal foam by Aguiar et al. [19], who also observed a reduction in pressure drag due to the penetration of
low within the inner volume, and Xia et al. [20], who suggested that the larger vortex-formation length, identified by the location
f the outbreak of the shedding, is caused by the weakened interactions between the shear layers at opposite sides of the body.
urthermore, Sadeghipour et al. [21] concluded that the distance from the cylinder at which the vortex shedding starts is directly
inked to the permeability of the coating material.

All these studies confirm a link between the stabilisation of the wake-flow region and noise attenuation. According to the common
iew, suppressing the unsteady-vortex motion near the body leads to a lower aerodynamic force fluctuation exerted on its surface,
hich is responsible for the aeroacoustic sound [22]. Nevertheless, as discussed above, these noise sources must be intended as
quivalent sources that result from a diffraction mechanism. In other words, they represent only one aspect of the acoustic problem
nd do not account for the actual production of acoustic energy. In this perspective, the definitive connection between the changes
n the flow field and the sound mitigation due to the porous cover has yet to be clarified. The objective of the present paper is to
lucidate this link by formulating the flow-induced noise of a coated cylinder as a diffraction problem [9]. The need for adopting a
ifferent approach than the conventional one based on Curle’s analogy stems from the new experimental evidence provided in this
esearch, which shows that the dominant sound sources, estimated with the acoustic-beamforming technique, are not detected on the
urface of the porous body but in its wake, at the outbreak location of the vortex-shedding instability. An enhanced understanding of
hese noise-generation mechanisms would pave the way for designing optimised and more effective solutions to control the Aeolian
one, such as those recently proposed by Zamponi et al. [23], which support the theoretical framework developed in the present
tudy.

The remainder of the document is structured as follows. A brief overview of the modelling of the Aeolian tone is given in
ection 2. The measurement setup, already introduced by the authors in a recent work [24], is described in Section 3. In Section 4,
he main results are outlined and discussed, highlighting the connection between the stabilisation of the wake-flow region and the
oise attenuation provided by the porous coating with the support of analytical modelling. Finally, the conclusions are drawn in
2

ection 5.
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Fig. 1. Coordinate system defined for the formulation of the analytical model involving sound scattering by a cylinder with diameter 𝑑.
Source: Picture adapted from Gloerfelt et al. [9].

2. Theory

2.1. Sound radiated by the flow past a cylinder

As mentioned in Section 1, the aerodynamic noise produced by a circular cylinder in a transverse flow at low Mach numbers can
be modelled by the sound radiated by quadrupolar volume sources in the wake that are scattered by the body surface. Although
the velocity field behind the body is intrinsically 3-D in the regime investigated in the study, the choice of this 2-D approach can
provide an acceptable representation of the flow topology, which is dominated by periodic vortices that alternately detach from
opposite sides of the cylinder. Following the notation of Gloerfelt et al. [9], the quantities derived in this section are expressed in
the frequency domain. Indeed, the pseudo-periodicity of the vortex shedding makes it possible to solve the problem harmonically
and avoids the numerical differentiation of flow quantities, which can hamper the accuracy of the results.

The starting point of the 2-D formulation is the inhomogeneous Helmholtz equation, which, for an observer located at 𝐱, reads

(∇2 + 𝑘20) �̂�(𝐱, 𝜔) = 𝑞(𝐱, 𝜔). (1)

Here, 𝑘0 is the acoustic wavenumber 𝜔∕𝑐0, where 𝜔 and 𝑐0 are the angular frequency of the excitation and the mean speed of sound,
respectively, �̂� is the Fourier transform of the pressure-fluctuation field within the acoustic region, and 𝑞 is the source field. �̂� and
𝑞 are defined in a finite volume 𝑉 containing a surface 𝑆 (see Fig. 1). Eq. (1) can be solved by means of the convolution product
with the frequency-domain Green’s function, which, for a point source in 𝐲, satisfies

(∇2 + 𝑘20) �̂�(𝐱|𝐲, 𝜔) = 𝛿(𝐱 − 𝐲), (2)

where 𝛿 is the Dirac delta function. Eq. (2) is subjected to the Sommerfeld radiation boundary condition, which ensures that waves
are radiated and not absorbed by the sources. Subsequently, the integration by parts and application of Green’s theorem yield

�̂�(𝐱, 𝜔) = ∭𝑉
𝑞(𝐲, 𝜔) �̂�(𝐱|𝐲, 𝜔) d𝑉 +∬𝑆

[

�̂�(𝐱|𝐲, 𝜔) 𝜕�̂�(𝐲, 𝜔)
𝜕𝑦𝑖

− �̂�(𝐲, 𝜔) 𝜕�̂�(𝐱|𝐲, 𝜔)
𝜕𝑦i

]

𝑛i d𝑆, (3)

where 𝐧 is the inward-pointing normal on 𝑆.
The source term 𝑞 can be estimated following Lighthill’s analogy [3]:

𝑞 = −
𝜕2�̂�𝑖𝑗
𝜕𝑥𝑖𝜕𝑥𝑗

, (4)

where �̂�𝑖𝑗 is the Fourier transform of Lighthill’s stress tensor 𝑇𝑖𝑗 = 𝜌𝑢𝑖𝑢𝑗 − 𝜎𝑖𝑗 + (𝑝 − 𝑐20𝜌
′) 𝛿𝑖𝑗 , with 𝑝, 𝜌, 𝑢𝑖, 𝜎𝑖𝑗 , and 𝛿𝑖𝑗 being the

pressure, density, flow velocity, viscous stress tensor, and Kronecker delta, respectively. The prime symbol ′ is here used to denote
3



Journal of Sound and Vibration 583 (2024) 118430R. Zamponi et al.

c

B

t

I
o

fluctuations about the mean value. Specifically, 𝑇𝑖𝑗 accounts for the sound produced by Reynolds stresses, viscosity, and departures
from the linear-limit form of the isentropic relation between pressure and density fluctuations in a homogeneous medium. The
volume integral in Eq. (3) can now be reformulated by performing integration by parts and moving the partial derivatives from the
source to �̂�. By employing the divergence theorem and exploiting the symmetry property of �̂�𝑖𝑗 , it follows that [9]

�̂�(𝐱, 𝜔) = −∭𝑉

𝜕2�̂�
𝜕𝑦𝑖𝜕𝑦𝑗

�̂�𝑖𝑗 d𝑉 +∬𝑆

[

�̂�
𝜕
(

�̂�𝛿𝑖𝑗 + 𝜌𝑢𝑖𝑢𝑗
)

𝜕𝑦𝑖
−
(

�̂�𝛿𝑖𝑗 + 𝜌𝑢𝑖𝑢𝑗
) 𝜕�̂�
𝜕𝑦𝑖

]

𝑛𝑖 d𝑆. (5)

A high Reynolds number is assumed in the present formulation. In this way, the viscous stresses can be neglected with regard to
the pressure fluctuations and Reynolds stresses in the surface integral, which corresponds to a line in 2-D. For a non-vibrating, solid
body, �̂�𝑖 is zero on the surface due to the no-slip condition, whereas 𝜕�̂�∕𝜕𝑛 = 0 on 𝑆 due to the rigidity condition. Then, Eq. (5)
reads

�̂�(𝐱, 𝜔) = −∭𝑉

𝜕2�̂�
𝜕𝑦𝑖𝜕𝑦𝑗

�̂�𝑖𝑗 d𝑉 −∬𝑆
�̂� 𝜕�̂�
𝜕𝑦𝑖

𝑛𝑖 d𝑆. (6)

Eq. (6) can be solved with any desired �̂�. Particularly, when the free-field Green’s function �̂�0 is applied, Curle’s solution to
Lighthill’s analogy [2] is retrieved:

�̂�(𝐱, 𝜔) = −∭𝑉

𝜕2�̂�0
𝜕𝑦𝑖𝜕𝑦𝑗

�̂�𝑖𝑗 d𝑉 −∬𝑆
�̂�
𝜕�̂�0
𝜕𝑦𝑖

𝑛𝑖 d𝑆. (7)

However, a tailored Green’s function �̂�1 such that 𝜕�̂�1∕𝜕𝑛 = 0 on 𝑆 can also be prescribed to account for the presence of the body
and its acoustic response. This approach makes the surface integral vanish, yielding

�̂�(𝐱, 𝜔) = −∭𝑉

𝜕2�̂�1
𝜕𝑦𝑖𝜕𝑦𝑗

�̂�𝑖𝑗 d𝑉 . (8)

Therefore, the problem reduces to finding a suitable expression for �̂�1, which may be constructed by adding any solution of the
homogeneous Helmholtz equation to the free-field Green’s function, i.e. �̂�1 = �̂�0+�̂�𝑠. The latter term allows the boundary condition
on the body surface to be verified and includes diffraction effects.

The comparison between Eqs. (7) and (8) suggests that the surface (line in 2-D) integral in Curle’s analogy physically corresponds
to the component of the aerodynamic noise produced by the volume term (surface in 2-D) that is scattered by the body [9,25]:

∬𝑆
�̂�
𝜕�̂�0
𝜕𝑦𝑖

𝑛𝑖 d𝑆 = ∭𝑉

𝜕2�̂�𝑠
𝜕𝑦𝑖𝜕𝑦𝑗

�̂�𝑖𝑗 d𝑉 . (9)

The surface term is thus reinterpreted as a different equivalent sound source that maintains a dipolar directivity pattern in the far
field.

2.2. Construction of the tailored Green’s function

A cylindrical coordinate system 𝐱 = (𝑟𝑥, 𝛩𝑥) and 𝐲 = (𝑟𝑦, 𝛩𝑦) is adopted to model the scattering of sound by a solid circular
ylinder with diameter 𝑑 (see Fig. 1). In such a reference system, �̂�0 can be expressed as [26]

�̂�0(𝐱|𝐲, 𝜔) =
1
4i

+∞
∑

𝑚=0
𝜖𝑚 cos𝑚(𝛩𝑦 − 𝛩𝑥)𝐻 (1)

𝑚 (𝑘0 𝑟𝑥) 𝐽𝑚(𝑘0 𝑟𝑦), (10)

where 𝜖𝑚 = 1 for 𝑚 = 0 and 𝜖𝑚 = 2 otherwise. Here, 𝐻 (1)
𝑚 is the mth-order Hankel function of the first kind and 𝐽𝑚 is the mth-order

essel function.
Concerning the diffraction term �̂�𝑠, Gloerfelt et al. [9] modelled it as a series of outward-going waves using Hankel functions of

he first kind, obtaining

�̂�𝑠(𝐱|𝐲, 𝜔) =
1
4i

+∞
∑

𝑚=0
𝜖𝑚 cos𝑚(𝛩𝑦 − 𝛩𝑥)𝐴𝑚 𝐻 (1)

𝑚 (𝑘0 𝑟𝑦). (11)

By imposing 𝜕�̂�1∕𝜕𝑟𝑦 = 0 at 𝑟𝑦 = 𝑑∕2, it follows that

𝐴𝑚 = −
𝐽𝑚−1(𝑘0 𝑑∕2) − 𝐽𝑚+1(𝑘0 𝑑∕2)

𝐻 (1)
𝑚−1(𝑘0 𝑑∕2) −𝐻 (1)

𝑚+1(𝑘0 𝑑∕2)
𝐻 (1)

𝑚 (𝑘0 𝑟𝑥). (12)

Hence, the final expression for �̂�1 is given by

�̂�1(𝐱|𝐲, 𝜔) =
1
4i

+∞
∑

𝑚=0
𝜖𝑚 cos𝑚(𝛩𝑦 − 𝛩𝑥)

[

𝐽𝑚(𝑘0 𝑟𝑦) −
𝐽𝑚−1(𝑘0 𝑑∕2) − 𝐽𝑚+1(𝑘0 𝑑∕2)

𝐻 (1)
𝑚−1(𝑘0 𝑑∕2) −𝐻 (1)

𝑚+1(𝑘0 𝑑∕2)
𝐻 (1)

𝑚 (𝑘0 𝑟𝑦)

]

𝐻 (1)
𝑚 (𝑘0 𝑟𝑥). (13)

n Section 4.3, Eq. (8) will be integrated for the case of a simplified quadrupolar source to model the noise-generation mechanism
f a circular cylinder coated with a porous material at the vortex-shedding frequency.
4
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Fig. 2. (a) Test section showing the outlet nozzle, side plates, and cylindrical specimen, including the reference system considered for presenting the results.
(b) Picture of the two metal-foam coatings used in the measurement campaign (at the top) and samples employed to characterise the porous medium (at the
bottom).

3. Materials and methods

3.1. Wind tunnel facility and cylindrical specimen

The experiments have been performed at the A-tunnel facility of the Delft University of Technology (TU Delft). This is a vertical
open–jet wind tunnel located in an anechoic chamber featuring a cutoff frequency of 250Hz and equipped with Flamex Basic acoustic
absorbing foam. A detailed description of its design and main features is provided by Merino-Martínez et al. [27]. The outlet nozzle
of the wind tunnel is flush-mounted at the exit of the contraction. It features a rectangular exit plane with a contraction ratio of
42 to 1, a span of 𝑠 = 0.250m, and a width of 𝑤 = 0.400m. Two side plates guide the flow from the outlet nozzle and support the
cylindrical specimens having a length equal to 𝑠. A sketch of the setup is depicted in Fig. 2(a), where the reference system adopted
for the presentation of the results is also indicated. In particular, the 𝑥-axis is aligned with the flow direction, the 𝑧-axis is aligned
with the spanwise direction of the body, and the 𝑦-axis is oriented in the normal direction to form a right-handed coordinate system.
The origin is set at the centre of the cylinder.

Three configurations have been tested: a bare cylinder as a baseline and two cylinders covered with porous materials
characterised by different properties, as will be explained in Section 3.2. The diameter 𝑑 of the inner cylinder has been kept constant
to model a scenario in which external material is added to an existing device. Therefore, the outer diameter 𝐷 of the coated cylinder
differs from that of the baseline and is determined by the thickness of the cover 𝑡, according to 𝐷 = 𝑑 + 2 𝑡. The geometry of the
specimens has been subsequently designed to meet the following criteria: (i) the aspect ratio of the cylinder, i.e. the ratio of the
length to the diameter, shall be larger than 7 to allow the vortex-shedding instability to develop undisturbed [28], justifying the
use of a 2-D theory to model the associated noise; (ii) the cylinder diameter shall be sufficiently small with respect to the test
section to minimise the blockage exerted by the body, i.e. the ratio of the projected frontal area of the body to the cross-sectional
area of the test section should be lower than 5%; (iii) the vortex-shedding frequency 𝑓VS, determined by 𝑓VS ≈ 0.2𝑈∞∕𝑑, 𝑈∞ being
the free-stream flow velocity, shall be above the cutoff frequency of the anechoic facility; (iv) 𝑡 shall be large enough to allow the
installation of the porous coating while maintaining its structural integrity. The latter condition is linked to the average pore size
of the medium. The resulting dimensions were 𝑑 = 20mm, 𝐷 = 30mm, and 𝑡 = 5mm, leading to aspect ratios of 𝐿∕𝑑 = 12.5 and
𝐿∕𝐷 = 8.33.

The measurements have been carried out at free-stream flow velocities in the sub-critical regime ranging from 𝑈∞ = 25m s−1 to
𝑈∞ = 70m s−1, which correspond to Reynolds numbers based on the inner cylinder diameter of 𝑅𝑒𝑑 = 3.4 × 104 and 𝑅𝑒𝑑 = 9.5 × 104,
respectively. The flow velocity was estimated through a Pitot static tube connected to a Mensor DPG 2400 pressure gauge featuring
accuracy of 0.03% of the read value. The full qualification of the outlet nozzle has already been performed by Merino-Martínez
et al. [27], who found that the mean velocity in the streamwise direction was uniform within 0.6% independently of the free-stream
speed, while the turbulence intensity of the clean inflow was below 0.1% for the entire range of operative velocities.

3.2. Characterisation of the porous media

The porous coatings are made of two different types of Nickel Ni open-cell metal foams manufactured through the electrodeposi-
tion of pure Nickel on a polyurethane foam, which results in a homogeneous micro-structure based on a dodecahedron-shaped cell.
5
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Table 1
Measured properties for the two metal-foam samples. Quantities in square brackets refer to the nominal values provided by the
manufacturer.
PPI (–) 𝜑 (%) 𝑅 (N sm−4) 𝐾 (m2) 𝐶 (m−1)

[30] [80] 1.296 × 102 1.390 × 10−7 1.834 × 102

[10] [95] 4.148 × 101 4.371 × 10−7 1.103 × 102

This material has already been deployed for similar experimental campaigns [12,19,29]. The two metal foams feature a nominal
cell diameter of 30 PPI and 10 PPI, where PPI is a non-SI unit typically used as an index for the number of pores per inch, and a
orosity 𝜑, defined as the ratio of the void volume to the total volume, of 80% and 95%, respectively. These values have been chosen

following the studies reported in the literature. A picture of the two materials is shown in Fig. 2(b).
The characterisation of the porous media has been carried out using the experimental rig designed by Rubio Carpio et al. [30].

The method consists of least-squares fitting the measurements of the pressure drop 𝛥𝑝 across a homogeneous porous material sample
ith thickness 𝑡𝑠 to the Hazen–Dupuit–Darcy quadratic equation, defined as [31]

𝛥𝑝
𝑡𝑠

=
𝜇
𝐾
𝑣𝑑 + 𝜌𝐶𝑣2𝑑 , (14)

where 𝜇 is the fluid dynamic viscosity, 𝑣𝑑 is the Darcian velocity, which is determined as the ratio of the volumetric flow rate to
the cross-section area of the material sample, and 𝐾 and 𝐶 are the static permeability and form coefficient of the porous medium,
which account for pressure losses due to viscous and inertial effects, respectively. The term 𝑅 = 𝛥𝑝∕(𝑡𝑠 𝑣𝑑 ) also denotes the static
air-flow resistivity of the material. A total of 20 values of pressure drop, corresponding to Darcian velocities ranging between 0m s−1

and 2.5m s−1, were employed for fitting Eq. (14).
Pressurised air supplied the experimental rig. Two ports were located 50mm upstream and downstream of the test section and

connected to a Mensor DPG 2101 pressure gauge having an accuracy of 2 Pa. The volumetric flow rate was controlled through an
Aventics pressure regulator and evaluated by a TSI 4040 volumetric flow meter, which was placed upstream of the pipe and featured
an accuracy of 2% of the read value.

The porous samples were 55mm metal-foam disks (see Fig. 2(b)) inserted in a hollow aluminium cylinder that was located in the
est section. 𝑡𝑠 has been varied between 25mm and 100mm and between 40mm and 120mm for the 30 PPI and 10 PPI metal foam,
espectively, to study the occurrence of entrance or exit effects on the measured pressure drop, which may prevail if the thickness
f the sample is smaller or comparable to the pore diameter [32,33]. Convergence of the values for 𝐾 and 𝐶 has been found for
he thickest samples. The results of the characterisation are listed in Table 1 and show that the larger the cell diameter of the
orous medium is, the higher the static permeability and the lower the static air-flow resistivity and the form coefficient are. These
arameters provide a detailed description of the metal foam considered in the paper and can be used to calibrate porous models in
umerical simulations of the present experimental setup.

.3. Far-field acoustic measurements

An array of 64 G.R.A.S. 40 PH analogue free-field microphones with integrated constant-current power amplifiers has been
mployed for the far-field acoustic measurements. Each sensor features a diameter of 0.007m and a length of 0.059m, and is
haracterised by a flat frequency response within ±1 dB from 50Hz to 5 kHz and within ±2 dB from 5 kHz to 20 kHz. The transducers
re connected to a data acquisition system consisting of 4 NI PXIe-4499 Sound and Vibration modules having a 24-bit resolution
nd a 204.8 kHz maximum sampling rate. The modules are controlled by a NI RMC-8354 computer via a NI PXIe-8370 board. All
he microphones are calibrated in amplitude using a G.R.A.S. 42AG piston-phone, which emits a sinusoidal wave with an amplitude
f 94 dB at 1 kHz.

The array has an aperture 𝐷𝑎 of approximately 2m and is arranged in an optimised multi-arm spiral configuration [34] placed
arallel to the 𝑥 − 𝑧 plane. With respect to the reference system introduced in Section 3.1, the central microphone is placed at (𝑥,
, 𝑧) = (2.5 𝑑, 50 𝑑, −0.75 𝑑). A sketch of the relative position of the microphone array and the test section is illustrated in Fig. 3(a).
ith the present setup, the minimum resolvable source separation 𝑅 is given by the Rayleigh criterion [35] as

𝑅(𝑓 ) ≈ 𝑑a−c tan
(

1.22 𝑐∞
𝑓 𝐷𝑎

)

, (15)

where 𝑑a−c is the distance between the microphone array and the cylinder centre, i.e. 1m, and 𝑓 is the investigated frequency. For
each configuration, data have been acquired at a sampling frequency of 102.4 kHz for 20 s. A total of 7 free-stream Reynolds numbers
have been considered, namely 𝑅𝑒𝑑 = 3.4 × 104, 4.1 × 104, 4.8 × 104, 5.4 × 104, 6.8 × 104, 8.2 × 104 and 9.5 × 104.

The power spectra of the measured acoustic signals have been computed using the Welch method [36] with blocks of 213 samples,
corresponding to 0.16 s, windowed through a Hanning weighting function having a 50% data overlap, thus resulting in a frequency
resolution of 6.25Hz. For these parameters, the associated random error, considering a 95% confidence interval, is estimated to be
in the order of 0.8 dB [37]. Moreover, to visualise the noise sources, the data have been processed through an in-house conventional
frequency-domain beamforming technique [38,39]. In this case, the sound propagation from each potential source to every listener
location, i.e. every microphone, is modelled by means of the free-field Green’s function. Furthermore, corrections to account for the
6

convection of the mean flow and refraction of the shear layer have been applied following the method proposed by Sijtsma [40],
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Fig. 3. (a) Relative position of the microphone array and the test section. The solid lines indicate side plates, nozzle exit, and cylinder leading edge and trailing
edge. The central microphone of the array is denoted by the red 𝑥 symbol. (b) Point-spread function at 𝑓1/3 = 1.25 kHz for a simulated source emitting white
noise at the origin of the coordinate system. The flow goes from the bottom to the top of the maps.

Fig. 4. Sketch of the 2C-PIV setup arranged for the experimental campaign. The positions of the cameras, laser head, laser sheet, and FOV with respect to the
bare cylinder are shown.

whereas measurements of the test section without the cylindrical specimens have been taken to assess the background noise of the
facility.

The scanning grid for the evaluation of the potential sources ranges between −25 < 𝑧∕𝑑 < 25 and −25 < 𝑥∕𝑑 < 25, with a spatial
resolution of 0.25 𝑑, and is centred at the origin of the reference system. The extension of the grid can be observed in Fig. 3(b),
which shows the point-spread function of the array [38] for a synthetic point source placed at the origin and emitting white noise at
7
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Fig. 5. Instantaneous-velocity-magnitude field for the cylinder coated with the 30 PPI metal foam measured at 𝑅𝑒𝑑 = 6.8 × 104. A mask to neglect the shadow
region shed by the cylinder has been applied.

Table 2
Free-stream flow speeds tested for each measurement type.
Measurement type 𝑈∞ (ms−1)

Phased-microphone array 25 30 35 40 50 60 70
2C-PIV – 30 – 40 50 – –

the one-third octave frequency band of 𝑓1/3 = 1.25 kHz. As revealed by the resulting sound map, the point-spread function features
axial symmetry with respect to the 𝑥 and 𝑧 axes and is characterised by a higher resolution along 𝑥, making the array particularly
suitable to separate noise sources in the streamwise direction.

3.4. PIV measurements

Two-component (2C) PIV experiments have been performed on a 𝑥–𝑦 plane at the midspan of the cylinder, centred in the wake
region of the body. 2 LaVision Imager sCMOS camera having a sensor of 2560 px×2160 px and pixel pitch of 6.5 μm have been placed
at approximately 75 𝑑 from the measurement plane and equipped with Nikon NIKKOR 105mm focal-distance macro-objectives set
at 𝑓# = 11. Scheimpflug adapters have been installed on each camera to account for misalignment angles minor than 5°. Seeding
has been produced by a SAFEX Twin-Fog Double Power fog generator with a SAFEX Long-Lasting glycol mix. Particles with mean
drop diameters of 0.5 μm have been introduced in the wind tunnel circuit to grant a uniform concentration while recirculating in
the test section. The laser sheet has been obtained through laser pulses with a wavelength of 532 nm and energy of 200 μJ per pulse
that are generated by a Quantel Evergreen EVG00200 double-pulse Nd:YAG system, resulting in an approximate thickness of 1mm.
A sketch of the 2C-PIV setup is depicted in Fig. 4.

Sets of 2000 uncorrelated image pairs have been acquired at a sampling frequency of 10Hz for each configuration at free-stream
Reynolds numbers of 𝑅𝑒𝑑 = 4.1×104, 𝑅𝑒𝑑 = 5.4×104, and 𝑅𝑒𝑑 = 6.8×104. A summary of the tested flow speeds per each measurement
type is listed in Table 2. The separation time between two frames has been adapted to maintain a pixel displacement in the free
stream of about 12 px. The combined field of view (FOV) has a dimension of 8.1 𝑑 × 13.2 𝑑 and a digital resolution of 13.9 pxmm−1

(magnification factor: 0.087), as can be seen in Fig. 5, which depicts an instantaneous velocity-magnitude field reconstructed for the
cylinder coated with the 30 PPI metal foam at 𝑅𝑒𝑑 = 6.8 × 104.

The processing of the raw images has been carried out with the commercial software LaVision Davis 10.1.2 employing a multi-
pass cross-correlation approach [41] with a final interrogation window of 16 px×16 px and 75% overlapping, which leads to a spatial
resolution of 0.06 𝑑 × 0.06 𝑑 and a vector spacing of 0.015 𝑑 × 0.015 𝑑.

The overall systematic and random components of PIV uncertainty can be determined with a method based on a statistical
analysis of the correlation process that evaluates the differences in the correlation peaks computed from a pair of interrogation
windows mapped back onto each other [42]. The uncertainty results from averaging the residuals coming from the image mapping
with the technique of Sciacchitano and Wieneke [43]. The outcome indicates a maximum error on the mean-velocity magnitude
below 0.02𝑈 for all the Reynolds numbers considered in the study.
8
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For processing the results, the sets of 2000 snapshots have been ensemble-averaged to retrieve the statistics of the flow field.
oreover, the 𝛤1 and 𝛤2 scalar functions, which are based on the normal angular momentum of the instantaneous velocity field,

ave been employed to identify the large-scale vortical structures in the wake of the cylinders [44]. The former is equivalent to
spatial pulse whose peak value represents the sign ±1 of vorticity at the cores of the turbulent structures and decays fast when
oving away from them. The latter allows the regions dominated by the rotation rate to be separated from those dominated by the

train rate and, by doing so, provides the shape of the large vortical structures independently of their strength. Following Graftieaux
t al. [44], they are defined as

𝛤1(𝐱𝑃 ) =
1
𝑁

∑

𝑆𝑃

[(𝐱𝑃 − 𝐱𝑀 ) × 𝐮𝑀 ] ⋅ 𝐧𝑃
(𝐱𝑃 − 𝐱𝑀 ) ⋅ 𝐮𝑀

; (16)

𝛤2(𝐱𝑃 ) =
1
𝑁

∑

𝑆𝑃

[(𝐱𝑃 − 𝐱𝑀 ) × (𝐮𝑀 − 𝐮𝑃 )] ⋅ 𝐧𝑃
(𝐱𝑃 − 𝐱𝑀 ) ⋅ (𝐮𝑀 − 𝐮𝑃 )

, (17)

where 𝑃 is a fixed point at the position 𝐱𝑃 , 𝑆𝑃 is a discretised 2-D area surrounding 𝑃 and containing 𝑁 points, 𝐧𝑃 is the unit-vector
utward-pointing normal to 𝑆𝑃 , and 𝐮𝑀 and 𝐮𝑃 are the instantaneous velocity at the generic point 𝑀 and local convection velocity

at the point 𝑃 , respectively. The separation between the regions of dominant rotation rate and strain rate occurs for |𝛤2| = 2∕𝜋. The
size of the area, i.e. the parameter 𝑁 , plays the role of a spatial filter and is set to be 0.5 𝑑 × 0.5 𝑑 wide in the present study.

4. Results and discussion

4.1. Aeroacoustic results

The sound pressure levels 𝐿𝑝 of the signal measured by the central microphone of the array are illustrated in Fig. 6 for the
three configurations and different free-stream Reynolds numbers. The results, a preliminary version of which has been reported
by Zamponi et al. [24], are calculated with a reference acoustic pressure of 𝑝ref = 20 μPa and presented as a function of the Strouhal
number based on 𝑑 and 𝑈∞. Overall, the porous coatings are effective in reducing noise, with a trend that is independent of the flow
velocity. The difference in the outer diameter of the coated cylinder results in a shift of the tonal peak associated with the vortex
shedding at 𝑆𝑡VS = 0.185 towards lower frequencies and significant suppression of its amplitude, with peak-to-peak reductions of
up to 30 dB. In accordance with the papers reviewed in Section 1, the bandwidth of this tone is found to be narrowed, possibly
because the turbulent mixing in the near wake is initiated downstream by a weaker shedding, and the communication between
the shear layers is more balanced. The Strouhal number of the vortex-shedding instability for the baseline agrees with previous
measurements involving circular cylinders tested in the same experimental setup [45]. An analogous value of 𝑆𝑡VS = 0.185 would
be retrieved for the 30 PPI coating if the acoustic spectra were scaled using an equivalent solid diameter of 𝐷eq = 1.027𝐷, whereas

value of 𝐷eq = 0.950𝐷 would be required to achieve the same result for the 10 PPI one. Indeed, the high static permeability of the
atter configuration most likely changes the equivalent diameter of the covered cylinder, influencing the flow penetration.

In addition, the 30 PPI metal foam is more efficient than the 10 PPI one in suppressing the 𝐿𝑝 peak of the vortex-shedding
requency. Interestingly, the sound pressure levels measured at this frequency are exceeded by those evaluated at its first harmonic
or the 30 PPI case, which is substantially more preponderant than for the baseline. According to the standard view of the problem,
he first harmonic is usually linked to the drag fundamental frequency, whose corresponding equivalent source is expected to be
riented parallel to the streamwise direction and has a considerably smaller influence on the radiated sound in the crosswise one,
here the microphones of the array are placed. The porous coating possibly alters the relative weight of the scattered sources at

hese frequencies, but further investigations would be required to clarify these phenomena.
Two different trends define the broadband-noise range. On the one hand, for 𝑆𝑡 < 1, a significant attenuation of up to 10 dB

s achieved, and no clear distinction can be observed between the two metal foams. This result supports a scenario in which the
ound-reduction mechanism acting in such a frequency range is not directly linked to the porosity and permeability of the porous
edium. On the other hand, for 𝑆𝑡 > 1, the coated configurations start diverging, likely due to the inner turbulent flow interacting
ith the struts of the open-cell metal foam [46]. This noise source is more relevant and emerges at lower frequencies for the most
ermeable cover since the larger average pore size of the material allows more flow to permeate the medium. This effect, in turn,
owers the aeroacoustic performance of the porous treatment at higher frequencies, with noise increments of up to 10 dB.

In Fig. 7, the sound pressure levels are scaled with the sixth power of the Mach number 𝑀 , which is typically associated with a
ipolar source [2]. At this observation angle, i.e. at 𝛩 = 𝜋∕2 with reference to Fig. 1, a satisfactory collapse of the spectra is obtained
or the baseline (Fig. 7(a)) up to 𝑆𝑡 ≈ 1. This finding is in agreement with the literature [8] and suggests that the noise measured
y the central microphone of the array is predominantly dipolar in nature, i.e. as scattered by a solid body (see Section 1). The
oated configurations (Figs. 7(b) and 7(c)) exhibit a similar trend, although the scaling with 𝑀6 appears to be not as good as for
he bare cylinder, especially at 𝑆𝑡 > 1. The lack of collapse for this frequency range implies that the corresponding noise-generation
echanism is different, confirming the connection with the turbulent-flow interaction within the pores of the permeable covers

ndicated above. A further hypothesis for the failure in the scaling with the sixth power of the Mach number is attributable to
he non-compactness of the body at high frequencies, which would additionally clarify the absence of collapse occurring at high
trouhal numbers.

A more quantitative assessment of the dependency of the sound spectra with the Mach number for the different configurations
s provided in Figs. 8 and 9, which illustrate the variation over the free-stream Reynolds number of the overall sound pressure level

𝐿 = 10 log
(

∑

10𝐿𝑝∕10 dB
)

dB (18)
9
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Fig. 6. Absolute and relative sound pressure levels for the different configurations at (a) 𝑅𝑒𝑑 = 4.1×104, (b) 𝑅𝑒𝑑 = 5.4×104, and (c) 𝑅𝑒𝑑 = 6.8×104 measured by
the central microphone of the array and computed with 𝑝ref = 20 μPa. The dashed horizontal lines in the 𝛥𝐿𝑝 plots indicate the trade-off between noise increase
and decrease, while the tinted areas denote the regions in which the signal-to-noise ratio for the baseline is lower than 3 dB.

evaluated at the central microphone of the array and at the most downstream one (𝑥∕𝑑 ≈ 50 considering Fig. 3(a)), respectively.
Two separate integrations have been performed to evaluate the scaling of the tonal and broadband components of the frequency
spectrum. The former encompasses a range of 𝛥𝑆𝑡 = 0.15 centred at the Strouhal number linked to the vortex-shedding frequency
to avoid contamination from the background noise. The latter focuses on the 𝑆𝑡 range that extends from the upper end of the range
for the tonal contribution analysed above to the frequency at which the noise associated with the turbulent-flow interaction within
the pores starts occurring. It is important to specify that, for both components, the 𝐿𝑝0 amplitudes of the different cylinders cannot
be directly compared since the vortex-shedding frequency, as well as the frequency at which the onset of the high-frequency noise
occurs, differ depending on the considered configuration.

For the central microphone, the results related to the tonal component (Fig. 8(a)) confirm a 𝐿𝑝0 dependency close to 𝑀6 for
the baseline, as deduced from Fig. 7(a). Interestingly, a somewhat different trend characterises the covered cylinders. For the 10 PPI
cover, the power with which the spectra scale with the Mach number appears to be higher than 6, more precisely in the order of 6.6.
This tendency is even more pronounced for the 30 PPI coating, for which the scaling coefficient is found to be approximately 6.9. It
follows that, while the radiated sound can be considered purely dipolar for the bare cylinder, the directivity of the noise induced
10
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Fig. 7. Sound pressure levels at different free-stream flow velocities for (a) the baseline and the cylinders coated with the (b) 30 PPI and (c) 10 PPI metal foams
measured by the central microphone of the array and computed with 𝑝ref = 20 μPa. The spectra are scaled with the sixth power of the Mach number.

Fig. 8. Overall sound pressure levels (𝑝ref = 20 μPa) of the (a) tonal and (b) broadband part of the frequency spectrum at different free-stream Reynolds numbers
for the three configurations measured by the central microphone of the array. The slope associated with the sixth power of the Mach number, as well as the
interpolation of the experimental points using a linear regression model, are also indicated in the plot.

by the coated configurations features a more complex pseudo-dipolar pattern. Similar trends are also observed for the broadband
component (Fig. 8(b)), yet with a slight increase in the scaling coefficients for all the cases (about 6.3, 7.2, and 6.8 for the baseline
and the cylinders coated with the 30 PPI and 10 PPI metal foam, respectively).

Notably, the scaling coefficients for the three configurations start diverging even further from the 𝑀6 law when the downstream
microphone is considered. For the tonal component (Fig. 9(a)), values of approximately 6.4, 7.7, and 7.1 are retrieved for the baseline
and the configurations equipped with the 30 PPI and 10 PPI covers, respectively. Similarly to the case for the central microphone,
these scaling coefficients increase to about 6.5, 7.8, and 7.2 for the broadband component (Fig. 9(b)). The topic will be explored in
more detail in Section 4.3.

The dominant sound sources produced by the flow past the cylinders are now localised with acoustic beamforming. Source-
distribution maps at different one-third octave frequency bands varying in the broadband-noise region of the spectrum are illustrated
in Figs. 10–13 using a dynamic range of 10 dB. For all the considered bands, the one-third octave sound pressure levels 𝐿𝑝(1∕3)
generated by the cylinders were found to lie well above the noise floor of the beamformer. The results for the three configurations
are presented for 𝑅𝑒𝑑 = 6.8 × 104, but the discussions made below can also be generalised to the other free-stream flow velocities.

At 𝑓1/3 = 1.25 kHz (Fig. 10), corresponding to 𝑆𝑡 = 0.5, the dominant noise sources for the baseline are found in the proximity of
the trailing edge. Interestingly, those for the coated configurations are shifted further downstream. The physical interpretation
of these sound maps will be discussed in more detail in Section 4.3 with the aid of the theoretical framework outlined in
Section 2. Moreover, the downstream source shift is more prominent for the 30 PPI case, for which the peak is centred at 𝑥∕𝑑 ≈ 5,
i.e. 𝑥∕𝐷eq ≈ 3.2, than for the 10 PPI one, for which the dominant sources are located at 𝑥∕𝑑 ≈ 4, i.e. 𝑥∕𝐷eq ≈ 2.8. This effect cannot
possibly be produced by scattering effects from the side plates. Indeed, the presence of a reflective planar surface would induce an
image source positioned on its normal, which is oriented along the spanwise direction.
11
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Fig. 9. Overall sound pressure levels (𝑝ref = 20 μPa) of the (a) tonal and (b) broadband part of the frequency spectrum at different free-stream Reynolds numbers
for the three configurations measured by the most downstream microphone of the array. The slope associated with the sixth power of the Mach number, as well
as the interpolation of the experimental points using a linear regression model, are also indicated in the plot.

Fig. 10. Source-distribution maps for (a) the baseline and the cylinder coated with the (b) 30 PPI and (c) 10 PPI metal foams at 𝑓1∕3 = 1.25 kHz and 𝑅𝑒𝑑 = 6.8×104

(𝑆𝑡 = 0.5) computed with 𝑝ref = 20 μPa.

Fig. 11. Source-distribution maps for (a) the baseline and the cylinders coated with the (b) 30 PPI and (c) 10 PPI metal foams at 𝑓1∕3 = 2.5 kHz and 𝑅𝑒𝑑 = 6.8×104

(𝑆𝑡 = 1) computed with 𝑝ref = 20 μPa.

The same conclusions can be drawn for 𝑓1/3 = 2.5 kHz (Fig. 11), corresponding to 𝑆𝑡 = 1. In this case, the source regions exhibit
a more defined distributed nature in the spanwise direction thanks to the higher spatial resolution of the beamforming method at
increased frequencies (see Eq. (15)). The position of the dominant noise sources for the different configurations is consistent with
the lower Strouhal number, demonstrating that the physical mechanisms at the basis of the downstream source shift are independent
of the frequency. Interestingly, the sound map for the 10 PPI metal foam features a considerably higher concentration close to the
12
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Fig. 12. Source-distribution maps for (a) the baseline and the cylinders coated with the (b) 30 PPI and (c) 10 PPI metal foams at 𝑓1∕3 = 5 kHz and 𝑅𝑒𝑑 = 6.8×104

(𝑆𝑡 = 2) computed with 𝑝ref = 20 μPa.

Fig. 13. Source-distribution maps for (a) the baseline and the cylinders coated with the (b) 30 PPI and (c) 10 PPI metal foams at 𝑓1∕3 = 8 kHz and 𝑅𝑒𝑑 = 6.8×104

(𝑆𝑡 = 3.2) computed with 𝑝ref = 20 μPa.

left side plate, which may be attributable to non-homogeneity in the permeable material that alters the associated noise-production
mechanism.

At 𝑓1/3 = 5 kHz (Fig. 12), corresponding to 𝑆𝑡 = 2, the trends for the two coated cylinders change. While the dominant noise
sources are distributed along the span in the vicinity of the trailing edge and at 𝑥∕𝑑 ≈ 5 for the baseline and the 30 PPI case,
respectively, the sound is predominantly coming from the leading edge of the specimen for the 10 PPI case, although traces of
non-negligible acoustic energy are still present in the body wake. This displacement is due to the emergence of noise linked to the
turbulent-flow interaction within the pores. Such an outcome agrees with the sound pressure levels in Fig. 6, which shows that
the alteration in the slope of the 𝐿𝑝 spectra in the broadband region, i.e. the Strouhal number at which this noise source starts
dominating, takes place within 2 < 𝑆𝑡 < 2.5 and 1 < 𝑆𝑡 < 1.5 for the 30 PPI and 10 PPI metal foam, respectively.

The nature of the high-frequency noise increase due to the porosity can be further investigated in the sound maps computed at
𝑓1/3 = 8 kHz (Fig. 13), corresponding to 𝑆𝑡 = 3.2. At this frequency, the location of the dominant noise sources is unchanged for
the baseline, yet with a higher spatial resolution, whereas it shifts towards the leading edge for the cylinder coated with the 30 PPI
metal foam. For the 10 PPI case, the sound-source distribution is consistent with that at 𝑓1/3 = 5 kHz, even though the contribution
of acoustic energy in the wake falls outside of the considered dynamic range in this case. The results corroborate the hypothesis
that the noise increase is connected with the fluid–structure interactions of the internal flow field with the metal-foam pores at the
position where the transpiration velocity is the largest.

The findings discussed above indicate that a consistent downstream source shift occurs for all the analysed frequencies in the
broadband-noise range. It is now essential to question whether this phenomenon extends to the tonal component of the noise
spectrum. Given the particularly low frequencies at which vortex shedding takes place and the architecture of the microphone array
employed in the measurement campaign, the source localisation achievable with acoustic beamforming is characterised by limited
spatial resolution and accuracy. Besides, the distance between the dominant noise region in the wake for the covered cylinders
and the body surface is considerably lower than the minimum resolvable distance given by the Rayleigh criterion in Eq. (15).
Nevertheless, the displacement experienced by the dominant source region can still be qualitatively visualised when the highest
flow speed is targeted, as shown in Fig. 14, which depicts the beamforming sound maps of the three configurations computed at
the corresponding vortex-shedding narrow frequency for 𝑅𝑒𝑑 = 9.5 × 104. In this case, 𝑓 is set to 650Hz for the bare cylinder and to
400Hz and 450Hz for the cylinders coated with the 30 PPI and 10 PPI metal foam, respectively. The outcome of this investigation is,
within the resolution of the method, coherent with what is seen in Fig. 10. For the baseline, the dominant source distribution appears
13
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Fig. 14. Source-distribution maps evaluated at the corresponding vortex-shedding frequencies at 𝑅𝑒𝑑 = 9.5×104 for (a) the baseline (𝑓 = 650Hz) and the cylinders
coated with the (b) 30 PPI (𝑓 = 400Hz) and (c) 10 PPI (𝑓 = 450Hz) metal foams computed with 𝑝ref = 20 μPa. The dynamic range is reduced to 5 dB to ease the
visualisation of the maps.

to be centred in the aft part of the body, while, for the covered cylinders, a downstream shift occurs, even though it appears less
pronounced than in the broadband range. In particular, the dominant noise sources in the sound maps for the coated configurations
extend from the cylinder surface to the near-wake region. A thorough explanation of these results will be provided in Section 4.3.

4.2. Aerodynamic results

The analysis of the flow-field alterations due to porosity can explain the outcome of the aeroacoustic investigation. A preliminary
version of these results has been recently presented by the authors [24]. The mean streamwise velocity 𝑢𝑥, mean spanwise vorticity
𝛺𝑧, different components of the Reynolds-stress tensor defined as 𝜏′𝑖𝑗 = 𝑢′𝑖𝑢

′
𝑗 , and turbulence kinetic energy 𝑘 = 0.5 (𝑢′𝑥+𝑢′𝑦) are shown

in Figs. 15, 17 and 18 for the three configurations. All the values are normalised with 𝑈∞ and/or 𝑑. Even in this case, the plots
refer to 𝑅𝑒𝑑 = 6.8 × 104, but equivalent considerations can be extended to the other free-stream Reynolds numbers.

One of the prominent effects of the porous coating on the velocity field is to widen the cylinder wake through the re-injection of
low-energy fluid past the body [17] that, in turn, affects the flow pattern where the shedding instability develops. As a consequence,
the flow is stabilised, and the recirculation zone in the wake, which is located close to the body surface for the baseline (Fig. 15(a)),
moves further downstream for the coated configurations. This trend is more evident for the 30 PPI case (Fig. 15(c)) than for the 10 PPI
one (Fig. 15(e)). Indeed, the higher static permeability of the latter results in a more substantial flow penetration within the porous
medium [47] that reduces the low-energy flow region in the near wake and limits the related increment in vortex-formation length.
Such an effect is emphasised by the decrease in the equivalent cylinder diameter mentioned in Section 4.1. Similar conclusions on
the link between the air-flow resistivity and the increase in vortex-formation length were also drawn by Sharma et al. [16].

Downstream of the recirculation zone, the periodic shedding of the vortical structures begins. This phenomenon can be observed
from the mean-spanwise-vorticity contours: for the baseline (Fig. 15(b)), the regions of maximum and minimum 𝛺𝑧 are spread over
an area close to the cylinder surface, up to 𝑥∕𝑑 ≈ 2. When the 30 PPI coating is installed (Fig. 15(d)), the mean-spanwise-vorticity
field features shear layers delimiting the wake that are initially thinner and more stable than the baseline, in agreement with Sueki
et al. [12], and start expanding from 𝑥∕𝑑 ≈ 4, in correspondence with the recirculation zones. The transition between these two
regions denotes the vortex-formation length. The same trend characterises the 𝛺𝑧 contours for the 10 PPI case (Fig. 15(f)), although
with a minor streamwise extent of the shear layers.

The vortex convection is visualised in the instantaneous-velocity-magnitude field in Fig. 5 for the 30 PPI metal-foam case together
with the corresponding 𝛤1 and 𝛤2 contours in Fig. 16. At this time instant, a vortical structure characterised by a negative 𝛤2 sign
detaches from the shear layer at 𝑥∕𝑑 ≈ 4.5 and is convected by the mean flow. In such a process, the vorticity is subjected to sudden
acceleration and deformation as it leaves the cylinder influence. The interaction of two counter-rotating eddies as they encounter
together after the vortex-formation length may be connected with the dominant physical quadrupolar noise source discussed in
Section 2 [7]. Two additional vortices with a positive sign are located upstream and downstream of this position. The former is still
concentrated within the shear layer, whereas the latter is completely detached and lies at approximately 2 diameters of distance
from the eddy with a negative 𝛤2 sign.

The physical mechanism behind this increment in vortex-formation length is most likely associated with the presence of a slip
velocity at the interface between the fluid and the porous medium [17]. The reduced velocity gradients on the surface of the coated
cylinder weaken the shear layers and delay the roll-up of vortical structures [19]. At the same time, the flow re-injection from the
leeward side of the cover induces entrainment layers that fill the potential suction region and increase the base pressure of the
body [13], further contributing to the elongation of the vortex-formation length. This stabilisation effect may also be linked to a
higher spanwise coherence possessed by the turbulent flow in the near-wake region, as previously observed by Geyer [15].

In addition, the porous coating has a strong effect on the distribution of the Reynolds stresses in the wake, in agreement with the
literature results reviewed in Section 1. The study of the different components of the stress tensor is instrumental in quantifying the
strength of the quadrupolar sound sources produced as a result of unsteady convection of flow, which is explicated by Eq. (8). Indeed,
14



Journal of Sound and Vibration 583 (2024) 118430R. Zamponi et al.
Fig. 15. Normalised flow statistics for the (a, b) bare cylinder and the cylinders coated with the (c, d) 30 PPI and (e, f) 10 PPI metal foams measured at
𝑅𝑒𝑑 = 6.8 × 104: (a, c, e) mean streamwise velocity; (b, d, f) mean spanwise vorticity. The mean-flow streamlines are also indicated in the plot.

for high Reynolds numbers, the contribution of the viscous forces can be neglected and, with the assumption of incompressible and
isentropic flow, Lighthill’s stress tensor can be approximated as 𝑇𝑖𝑗 ≈ 𝜌𝑢𝑖𝑢𝑗 [3].

Overall, the porous treatment of the circular cylinder has the two-fold effect of reducing the peak amplitude of the Reynolds
stresses, spreading them out over a significantly wider area due to the larger equivalent diameter, and moving the region where
turbulence is generated further downstream. Similarly to the previous observations, these trends are more pronounced for the 30 PPI
coating than for the 10 PPI one. In particular, the streamwise Reynolds stresses 𝜏′𝑢𝑢 (Figs. 17(a), 17(c) and 17(e)) are the most affected
by porous cover. These components of the stress tensor are related to the flow recirculation and are greatly attenuated when the
recirculation zone is shifted farther from the surface. On the other hand, the crosswise Reynolds stresses 𝜏′𝑣𝑣 (Figs. 17(b), 17(d)
and 17(f)) are associated with the oscillatory movement of the turbulent structures and are maximum at the location when the
vortex shedding begins. Likewise, their peaks are substantially reduced by the porous treatment of the body. Analogous remarks
can be made for the components 𝜏′𝑢𝑣 of the Reynolds stress tensor (Figs. 18(a), 18(c) and 18(e)), even though their magnitude is
considerably lower than that of the other components previously analysed.
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Fig. 16. 𝛤2 function field for the cylinder coated with the 30 PPI metal foam at 𝑅𝑒𝑑 = 6.8 × 104 corresponding to the instantaneous magnitude-velocity field in
Fig. 5. The green dashed lines denote the values of the 𝛤1 function.

In view of the above, the statistical flow parameter that most suitably represents the impact of the porous coating on the near-
wake region is the turbulence kinetic energy 𝑘 (Figs. 18(b), 18(d) and 18(f)), which is dominated by 𝜏′𝑣𝑣 and is, therefore, maximum
at the position where the vortex shedding is triggered. In this case, the reduction in the 𝑘 peak amounts to approximately 45% and
31% for the 30 PPI and 10 PPI coatings, respectively. It is important to stress that, although the peak value of the turbulence kinetic
energy is decreased, the larger area over which it extends likely results in an increase of its net integral value. These findings agree
with those of Showkat Ali et al. [18].

4.3. Description of the noise-reduction mechanisms: focus on the quadrupole

The outcome of the aeroacoustic analysis in Fig. 6 shows that the cylinder coated with the least permeable cover is more effective
in decreasing the tonal peak at the vortex-shedding frequency than the most permeable case. This finding is consistent with the fact
that the flow behind the former configuration is more stable, and the onset of the shedding is located further downstream. The
results confirm a link between the aerodynamic noise suppression due to the coating and the increase in vortex-formation length,
which becomes more evident when the 𝑘 contours are super-imposed on the beamforming sound-distribution maps. The comparisons
between these two quantities at 𝑓1∕3 = 2.5 kHz and 𝑅𝑒𝑑 = 6.8 × 104 are shown in Figs. 19 and 20 for the baseline and the cylinder
coated with the 30 PPI metal foam. All the values in the maps are expressed on a relative scale and normalised by the corresponding
maxima. It is important to stress that the location of the downstream source shift is independent of the frequency, as demonstrated
in Section 3.3. Hence, the findings discussed below are expected to be extendable to the whole part of the acoustic spectrum for
which the noise induced by the turbulent-flow interaction within the pores does not dominate. For the baseline, the dominant noise
sources are distributed over the cylinder trailing edge, i.e. slightly upstream of the peak region of the turbulence kinetic energy. In
contrast, the dominant noise sources for the coated cylinder are located approximately in the area where the turbulent structures
begin their oscillatory movement and the vorticity is subjected to rapid acceleration and deformation.

The findings discussed above suggest that approaching the problem from a sound-diffraction perspective can be instructive in
the present case. A 2-D model of the sound scattered by the cylinder surface based on the works of Davies [48] and Gloerfelt
et al. [9] is proposed here. Under the assumption of acoustic compactness, the noise-source region produced by the unsteady
convection of flow at the vortex-shedding frequency can be represented as a point lateral quadrupole located at the position of
maximum 𝑘. This equivalent source ensures that the anti-symmetry of the von Kármán street is maintained and constitutes the
most suitable choice to represent the shedding instability. The model, whose parameters and details on the numerical domain and
integration methods are reported in Appendix A, relies on the consideration that 𝑇𝑖𝑗 in the cylinder periodic wake is characterised by
a strong tonal component that dominates the turbulence kinetic energy. This scenario is supported by the analysis of the spectrum
of the upwash-velocity fluctuations downstream of the body, which features a prominent peak in correspondence with the vortex-
shedding frequency, as illustrated in previous investigations [45,49]. In addition, the 2-D approach pursued in the study implicitly
assumes that the calculated acoustic field is characterised by an infinite spanwise correlation length. In reality, this quantity can be
estimated in the order of a few cylinder diameters for a fully developed 3-D wake [50], implying that every correlated element of
the turbulent flow in the vicinity of the body can be considered acoustically compact at 𝑓VS [9]. Such a hypothesis also applies to
the coated configurations, despite the possible increase in spanwise correlation length induced by the porous cover [15]. Therefore,
the conclusions that will be drawn below are not deemed to be affected by 3-D effects.

The circular cylinders are modelled as solid, perfectly reflecting surfaces whose dimensions are determined by their equivalent
diameters, i.e. 𝑑 = 0.02m, 𝑑 = 0.0308m, and 𝑑 = 0.0285m for the baseline and the 30 PPI and 10 PPI coated configurations, respectively
(see Section 4.1). For the last two, this choice is motivated by the consideration that the acoustic wavelength at the vortex-shedding
frequency 𝜆 is much larger than the average pore size of the permeable coatings 𝑑 . For instance, 𝜆 ∕𝑑 ≈ 1.29 × 103 and
16
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Fig. 17. Normalised flow statistics for the (a, b) bare cylinder and the cylinders coated with the (c, d) 30 PPI and (e, f) 10 PPI metal foams measured at
𝑅𝑒𝑑 = 6.8 × 104: (a, c, e) component 𝜏′𝑥𝑥 of the Reynolds stress tensor; (b, d, f) component 𝜏′𝑦𝑦 of the Reynolds stress tensor. The mean-flow streamlines are also
indicated in the plot.

𝜆VS∕𝑑𝑝 ≈ 4.05×102 for the 30 PPI and the 10 PPI metal foam, respectively. Noise sources that are potentially produced by a non-zero
Reynolds stress at the surface [51] are not accounted for in the present formulation.

Regarding the determination of the quadrupole amplitude 𝐴, the lack of a time-resolved PIV dataset prevents �̂�𝑖𝑗 from being
directly evaluated at the vortex-shedding frequency. A different approach capable of linking the strength of the quadrupolar source
associated with the periodic interaction of counter-rotating vortices, whose contribution is expected to dominate the turbulence-
kinetic-energy field, with the time-averaged data extracted in the wake is thus required. Under the assumptions of acoustic
compactness and geometric far field, the former being verified at 𝑓VS, the volume sources of Lighthill’s analogy in the time domain
are dictated by the integral of the second derivative of 𝑇𝑖𝑗 with respect to time [52]. Such temporal dependency is also a function of
the frequency at which the vortices are shed, which is, in turn, related to the equivalent diameter of the cylinder. This consideration
can be exploited to determine an approximated value of 𝐴 that, for each configuration, reflects the changes in the time variation of
the turbulence quantities integrated over the whole fluid volume. The procedure is explained in detail in Appendix B. The resulting
sound field is then computed using Eq. (8) and propagated in time, assuming a medium at rest. This simplified model tackles the
17
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Fig. 18. Normalised flow statistics for the (a, b) bare cylinder and the cylinders coated with the (c, d) 30 PPI and (e, f) 10 PPI metal foams measured at
𝑅𝑒𝑑 = 6.8 × 104: (a, c, e) component 𝜏′𝑥𝑦 of the Reynolds stress tensor; (b, d, f) turbulence kinetic energy. The mean-flow streamlines are also indicated in the
plot.

problem of the noise generated by the flow past a cylinder from a purely acoustic point of view. Indeed, outside of the near-wake
region, the acoustic pressure fluctuations are the only sound-source components that propagate into the far field, differently from
their hydrodynamic counterparts, which decay significantly with increasing distances from the surface [53].

The contributions to the acoustic-pressure field coming from the direct and scattered components of the tailored Green’s function
can now be analysed separately. In Fig. 21, snapshots of the direct and scattered fields, denoted as 𝑝′𝑑 and 𝑝′𝑠, respectively, are shown
for the baseline and the cylinder coated with the 30 PPI metal foam. The location of the central microphone of the array is also
indicated in the figure. The results refer to 𝑅𝑒𝑑 = 6.8×104, which corresponds to 𝑓VS = 482.5Hz and 𝑓VS = 308.3Hz for the bare and
coated cylinders, respectively. Overall, 𝑝′𝑑 exhibits the typical directivity pattern of a lateral quadrupole in the free field, whereas
𝑝′𝑠 resembles that of a dipolar source whose axis is normal to the streamwise direction and whose origin is in the body, precisely
at 𝑥 = 𝑑2∕(4𝐿𝑞), as a consequence of the circle theorem [54]. Here, 𝐿𝑞 denotes the distance of the quadrupole from the cylinder
centre. For the baseline, the amplitude of the scattered acoustic field (Fig. 21(b)) is more significant than that of the direct acoustic
field (Fig. 21(a)), supporting the assumption commonly made in Curle’s analogy that quadrupolar compact sources are negligible
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Fig. 19. Source-distribution map at 𝑓1∕3 = 2.5 kHz and turbulence kinetic energy contour for the bare cylinder at 𝑅𝑒𝑑 = 6.8 × 104. The maps are normalised by
the corresponding maximum values.

with respect to the dipolar ones in low Mach-number applications. In contrast, for the coated configuration, the two sound sources
provide comparable contributions (Figs. 21(c) and 21(d)). The lower scattered radiation is, therefore, an implication of the increased
distance between the source and the surface but also the decreased strength of the quadrupole, which, in turn, results in a weaker 𝑝′𝑑
throughout the domain. Indeed, the outcome of the analysis in Appendix B demonstrates that, if the porous treatment of the cylinder
does effectively not reduce the net integrated amplitude of Lighthill’s stress tensor, it does, however, diminish its time derivative,
decreasing, as a consequence, the radiation efficiency of the quadrupolar source.

The alterations in the relative weight of 𝑝′𝑑 and 𝑝′𝑠 at the vortex-shedding frequency visible in Fig. 21 affect the trend of the total
acoustic pressure 𝑝′ = 𝑝′𝑑 + 𝑝′𝑠, which is illustrated in the snapshots in Fig. 22 for the bare and coated cylinders at 𝑅𝑒𝑑 = 6.8 × 104.
While the contribution of the scattered component mostly dominates the total acoustic field for the baseline (Fig. 22(a)), the coated
configuration (Fig. 22(b)) features a quadrupolar source radiating from the cylinder wake into the far field with a quasi-dipolar
directivity. Part of the scattered sound waves close to the body surface destructively interferes with the direct ones due to the
boundary condition imposed by the tailored Green’s function. This partial interference sets the origin of the noise source related
to the total acoustic pressure in the cylinder wake, in correspondence with the compact-quadrupole position. From a physical
perspective, such a scenario is consistent with the statement of Powell [4], who argued that the origin of the acoustic energy
necessarily comes from the unsteady flow and cannot be generated on the cylinder surface. Moreover, although the computations
refer to specific narrow frequencies, the proposed diffraction mechanism is likely extendable to the broadband range.

A more quantitative picture of the relative contributions of the direct and scattered acoustic fields to the total one for the baseline
and the coated cylinder can be imparted by computing the time signals of the acoustic pressure evaluated at the location of the
central microphone of the array and the associated directivity patterns, which are depicted in Figs. 23 and 24, respectively. For the
latter, 𝑝′𝑑 (𝑡) and 𝑝′𝑠(𝑡) are extracted at a distance of 𝑟 = 50 𝑑, i.e. where the central microphone lies, and their standard deviations
are computed over a total period of 10 vortex-shedding cycles to retrieve the sound pressure level. The overall predominance of
the scattered field over the direct one is confirmed for the bare cylinder (Figs. 23(a) and 24(a)). 𝑝′𝑑 yields a significant contribution
to the total acoustic pressure only for directivity angles in the vicinity of the stagnation streamline, whereas it is negligible for
𝜋∕3 < 𝛩 < 2𝜋∕3 and 4𝜋∕3 < 𝛩 < 5𝜋∕3. The trend differs for the coated configuration (Figs. 23(b) and 24(b)), for which the direct
acoustic field overcomes the scattered one for most angles except in the direction normal to the free stream, where the radiation
efficiency of 𝑝′𝑠 is maximum and that of 𝑝′𝑑 is minimum. The fact that, at 𝛩 = 𝜋∕2, the total acoustic pressure is predominately
dominated by the scattered field, which is dipolar in nature, explains why the 𝐿𝑝 spectra for the coated cylinders in Fig. 8 do not
scale with the eight power of the Mach number, which would typically be linked to a quadrupolar source. It follows that the weaker
the scattered field is, the narrower the observation-angle range surrounding 𝛩 = ±𝜋∕2 for which a pseudo-dipolar sound directivity
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Fig. 20. Source-distribution map at 𝑓1∕3 = 2.5 kHz and turbulence kinetic energy contour for the cylinder coated with the 30 PPI metal foam at 𝑅𝑒𝑑 = 6.8 × 104.
The maps are normalised by the corresponding maximum values.

will be. This is confirmed by the fact that the scaling factor of the spectra related to the coated cylinders is closer to that for a
quadrupole at the most downstream microphone, corresponding to 𝛩 ≈ 𝜋∕4 (Fig. 9).

The framework outlined so far is now applied to elucidate the experimental results of the beamforming application in Section 4.1.
This explanation builds on the following remarks. (i) Since the phased-array method is based on the free-field Green’s function (see
Section 3.3), both physical and image sources are theoretically present in the sound maps. The former are the quadrupoles in the
wake radiating the direct acoustic field, whereas the latter are a consequence of the diffraction by the cylinder surface and constitute
the origin of 𝑝′𝑠. However, their amplitudes depend on the relative contribution of the direct and scattered acoustic fields in the far
field, which determines whether the sources lie within the same dynamic range in the sound map. (ii) As shown in Appendix C, the
efficiency of the scattering mechanism, and thus the strength of the image source, decreases considerably with increasing vortex-
formation length and frequency due to non-compactness effects. (iii) According to the aforementioned circle theorem [54], the
location of the image source depends on the position of the physical one: the shorter 𝐿𝑞 is, the closer the sources will be. At low
frequencies, even if the two sources lie within the same dynamic range, the spatial resolution of the sound map may be too low
to properly separate their noise contributions (see Eq. (15)). In this case, only one source distribution encompassing the origin for
both direct and scattered acoustic fields will be displayed.

In view of the above, at low frequencies, the dominant source region for the bare cylinder most likely includes just the image
source, explaining why the 𝐿𝑝(1∕3) peak appears to be located in the aft part of the body in Figs. 10(a) and 14(a). This hypothesis is
supported by the directivity pattern in Fig. 24(a), which demonstrates that the sound recorded by the microphones of the array is
dominated by the scattered field. At higher frequencies, the efficiency of the diffraction mechanism decreases, and the maps display
the quadrupole as well as the image source as a unique noise source distributed over the cylinder’s trailing edge (Fig. 11(a)). When
the frequency further increases, the image source becomes weaker, and only the physical one in the near wake is visible (Figs. 12(a)
and 13(a)).

For the coated cylinders, the image source in the broadband frequency range generally lies below the dynamic range of the
sound map due to the larger vortex-formation length. This is the reason why just the quadrupolar source in the wake is found in
Figs. 10(b), 10(c), 11(b), 11(c), 12(b) and 12(c) for the cylinder coated with the 30 PPI and 10 PPI coating, respectively. The scenario
differs slightly at the vortex-shedding frequency. Indeed, the contribution of the image source appears to be also present in the sound
map computed for 𝑓VS, leading to the more pronounced streamwise extension of the dominant source distributions in Figs. 10(b)
and 10(c), especially for the most permeable cover. This observation is consistent with the scaling analyses in Figs. 8 and 9, which
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Fig. 21. Snapshots of (a, c) the acoustic pressure 𝑝′𝑑 radiated by the single lateral quadrupolar source and (b, d) the acoustic pressure 𝑝′𝑠 scattered by the
cylinder surface at the vortex-shedding frequency for (a, b) the baseline and (c, d) the cylinder coated with the 30 PPI metal foam at 𝑅𝑒𝑑 = 6.8 × 104. The green
𝑥 symbols indicate the position of the central microphone of the array. The flow goes from the left to the right of the map.

prove that the tonal component of the frequency spectrum is closer to a dipolar directivity than the broadband one. It is important
to stress that these results could not have been elucidated with the standard approach of Curle’s analogy, where volume terms are
neglected owing to the low Mach number.

The present methodology can be validated by comparing the peak-to-peak noise reduction predicted by the model with the
experimental results. The standard deviation of the calculated time signal over 10 vortex-shedding cycles is evaluated at the position
of the central microphone of the array (Fig. 23). The experimental and predicted 𝛥𝐿𝑝, intended as the deviations of the levels
produced by the coated cylinders from those radiated by the baseline, are visible in Fig. 25 for the two metal foams and different
inflow velocities. For each configuration, the relative amplitudes of the point quadrupole and the vortex-formation lengths are
determined from the PIV velocity-field contours. In general, a satisfactory agreement within 2 dB is found between experiments and
calculations, independently of the free-stream velocity and the properties of the porous cover. Nevertheless, the prediction appears to
consistently under-predict the noise attenuation, partially due to how the porous-fluid interface is treated in the model. Indeed, the
outer metal-foam wall is assumed to be a perfectly reflecting surface at which 𝜕𝑝∕𝜕𝑛 = 0. Imposing an impedance boundary condition
based on the static permeability of the material would result in a more accurate representation of the acoustic field and possibly
21



Journal of Sound and Vibration 583 (2024) 118430R. Zamponi et al.
Fig. 22. Snapshots of the total acoustic pressure 𝑝′ = 𝑝′𝑑 + 𝑝′𝑠 radiated at the vortex-shedding frequency by (a) the baseline and (b) the cylinder coated with the
30 PPI metal foam at 𝑅𝑒𝑑 = 6.8 × 104. The green 𝑥 symbols indicate the position of the central microphone of the array. The flow goes from the left to the right
of the map.

Fig. 23. Time series of the total, direct, and scattered acoustic pressure radiated at the vortex-shedding frequency by (a) the baseline and (b) the cylinder coated
with the 30 PPI metal foam at 𝑅𝑒𝑑 = 6.8 × 104 at the location of the central microphone of the array.
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Fig. 24. Directivity patterns of the total, direct, and scattered acoustic pressure radiated at the vortex-shedding frequency by (a) the baseline and (b) the cylinder
coated with the 30 PPI metal foam at 𝑅𝑒𝑑 = 6.8 × 104 at a distance of 𝑟 = 50 𝑑. The 𝐿𝑝 values are expressed in dB with 𝑝ref = 20 μPa.

Fig. 25. Experimental and predicted peak-to-peak noise reduction at the vortex-shedding frequency for the cylinders coated with the 30 PPI and 10 PPI metal
foams and different inflow velocities.

weaken the sound scattered by the coated cylinder, increasing the sound suppression. However, the relatively small deviation of
the calculations from the measurements suggests that the contribution of the non-reflective surface to the noise mitigation at the
vortex-shedding frequency is only secondary, supporting the use of the tailored Green’s function in Eq. (11) also for the coated
configurations. At higher frequencies, the pores of the permeable coating can no longer be deemed acoustically compact, and this
assumption is expected to lose its validity.

These analytical results eventually enlighten the main noise-reduction mechanisms of the porous coating of a circular cylinder.
The cover has a two-fold effect: on the one hand, it decreases the strength of the quadrupolar sources generated in the wake of the
body at the position of the onset of the vortex shedding; on the other hand, it moves this location further downstream, reducing
the efficiency of the sound scattered by the cylinder. As the outcome of the parametric study carried out in Appendix C illustrates,
the latter mechanism has the most striking impact on the noise attenuation if the source displacement occurs in the near-wake
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region. When the quadrupole is located farther than approximately 3 diameters from the surface, the scattered acoustic-pressure
field becomes negligible compared with the direct one, and the sound mitigation is affected only by the decrease in source strength,
which is linked to the attenuated temporal variation of the turbulence quantities in the wake.

In summary, the porous cover reduces aerodynamic noise by altering the way this noise is produced and affecting the relative
ontribution of dipoles and quadrupoles. As a consequence, the volume sources must be accounted for in the numerical modelling
f the problem, even at low Mach numbers. This key result can elucidate why a permeable formulation of the acoustic analogy
f Ffowcs Williams and Hawkings [55] proved to be more accurate than a solid one for simulations conducted on coated
ylinders [56]. Interestingly, a similar conclusion was also reached in a numerical study by Turner and Kim [57] for low-speed
lows past an aerofoil at high incidence angles. In particular, the quadrupole contribution was deemed far from negligible in the
ase of aerofoil stall.

Nonetheless, this approach cannot directly clarify the reason why the amplitudes of the dominant sources for the 30 PPI and
0 PPI cases are comparable in the broadband frequency range, as seen in the acoustic spectra and beamforming sound maps. A
otential explanation relies upon a varying source strength characterising the lateral quadrupole at frequencies different from 𝑓VS.

The integration of Lighthill’s stress tensor according to Eq. (8) could shed light on this trend, making it possible to quantify the
amplitude of the quadrupolar sources throughout the spectrum and their diffraction by the body. Non-compact and 3-D effects
arising at higher frequencies would be additionally accounted for in this way, as well as possible uncertainties associated with the
positioning and relative strength of the point source representing the origin of the acoustic energy.

5. Conclusions

The present research clarifies the link between the near-wake characteristics downstream of a circular cylinder coated with
a porous material and the corresponding aerodynamic noise reduction. This objective has been pursued by combining, for the
first time, sound-localisation and flow-visualisation techniques with analytical modelling. The experimental results show that, for a
coated cylinder, the dominant noise sources lie in the flow, in a region downstream of the body that is determined by the vortex-
formation length, whereas far-field noise features a quasi-dipolar directivity pattern. This finding does not agree with the common
view associated with Curle’s analogy, according to which the sound is produced by the fluctuating force that the cylinder exerts on
the surrounding fluid and the volume terms in the wake can be neglected. It can rather be elucidated by formulating the flow-induced
noise of a bluff body as a diffraction problem by means of a tailored Green’s function. Indeed, the results of the analytical model
reveal that the Aeolian tone is generated by a compact quadrupolar source located at the vortex-shedding onset position that is
scattered by the surface, radiating sound into the far field as a dipole. The acoustic energy comes thus from the unsteady flow itself.
The presence of a coating on the cylinder lowers its strength amplitude by decreasing the temporal variation of the turbulence
quantities in the wake and moves its origin further downstream, reducing the efficiency of the diffraction mechanism. In particular,
the impact of the scattering can be deemed negligible for displacements of the quadrupole more than 3 diameters downstream
of the body. Notably, the impedance boundary condition that characterises the porous interface plays a secondary role in noise
mitigation. Therefore, the flow-permeable cover directly affects the aerodynamic sound generation and alters the relative weight of
the equivalent acoustic sources at stake. The interpretation of the flow-induced cylinder noise and its consequent attenuation due to
the porous coatings proposed in this study is the only one that can explain the experimental findings of the measurement campaign.

The physics outlined above has relevant implications for the numerical modelling of flow instabilities in the vicinity of scattering
surfaces. Specifically, the analysis has indicated that an instability developing in the flow field leads to a quadrupolar source that
cannot be neglected for the correct prediction of the noise radiated by a coated cylinder. Its effect has been assessed to provide a
contribution similar to that of the surface dipoles, which could not be revealed without using a tailored Green’s function. Besides
indicating that appropriate precautions should be taken into account for these quadrupolar sources in the computation of the far-field
noise, which may also require a compressible numerical solver, this research raises the question about the aeroacoustic modelling
of inherent instabilities in the flow. The generation of a simulated data set would make it possible to extend the present analysis
by directly integrating the different components of Lighthill’s stress tensor and will be a topic for future work. In this perspective,
the extensive experimental database produced in the study can serve as support for the validation of numerical computations.

Finally, the outcome of this research not only improves the understanding of the noise-reduction mechanisms of a porous
coating of the cylinder but also provides guidelines for a more effective design of passive sound-control strategies. Maximising
the downstream source shift represents a valid design criterion for the treatment of a bluff body, which could be achieved with an
optimisation of the porous medium within the cover, exploiting the recent advancements in additive manufacturing techniques, or
a modification of the body shape. Indeed, the presence of a uniform coating around the cylinder is potentially not indispensable
for producing the same effect, opening up new disruptive paths for integrating these technologies into industrial applications. A
successful example of this application has been recently proposed by the authors [23]. Nonetheless, eventual shape alterations could
additionally lead to changes in the noise-diffraction mechanisms, and caution should be exercised when designing technological
solutions based on this criterion to avoid potential amplification of the sound scattered by the body.
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Fig. A.1. Notations used for the definition of the lateral quadrupole source.
Source: Picture adapted from Gloerfelt et al. [9]
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Appendix A. Modelling of sound scattering by a cylinder

The lateral quadrupole in the analytical model proposed in Section 4.3 can be constructed by adding four point sources having
the same strength and opposite signs. With respect to Fig. A.1, the positive sources are located at (𝑥, 𝑦) = (𝑑∕2 + 𝐿 + 𝑙∕2, 𝑙∕2) and
(𝑥, 𝑦) = (𝑑∕2 + 𝐿 − 𝑙∕2,−𝑙∕2), whereas the negative ones at (𝑥, 𝑦) = (𝑑∕2 + 𝐿 − 𝑙∕2, 𝑙∕2) and (𝑥, 𝑦) = (𝑑∕2 + 𝐿 + 𝑙∕2,−𝑙∕2). Here, 𝐿
and 𝑙 are the distance between the body surface and the equivalent source centre and the separation distance between two point
sources, respectively. A value of 𝑙 = 0.5mm allows the quadrupole to be assumed compact at the considered frequencies, while 𝐿 is
determined for each case by the position where the turbulence kinetic energy is maximum.

Under these assumptions, the integration of Eq. (8) for a compact quadrupole placed at 𝐲 = (𝑟𝑦, 0) and an observer located at
𝐱 = (𝑟𝑥, 𝛩𝑥) yields the following expressions for the direct and scattered acoustic-pressure fields [9]:

�̂�𝑑 (𝐱, 𝜔) =
𝐴
4i

[

−𝑘20
𝑟1 𝑟2
𝑟2

𝐻 (1)
0 (𝑘0 𝑟) + 𝑘0

2 𝑟1 𝑟2
𝑟3

𝐻 (1)
1 (𝑘0 𝑟)

]

, (A.1)

where 𝑟1 = 𝑟𝑥 cos𝛩𝑥 − 𝑟𝑦, 𝑟2 = 𝑟𝑥 sin𝛩𝑥, and 𝑟 = (𝑟21 + 𝑟22)
1∕2, and

�̂�𝑠(𝐱, 𝜔) =
𝐴
4i

+∞
∑

𝑚=0
𝜖𝑚 𝑚 sin (𝑚𝛩𝑥)

𝐽𝑚−1(𝑘0 𝑑∕2) − 𝐽𝑚+1(𝑘0 𝑑∕2)

𝐻 (1)
𝑚−1(𝑘0 𝑑∕2) −𝐻 (1)

𝑚+1(𝑘0 𝑑∕2)
𝐻 (1)

𝑚 (𝑘0 𝑟𝑥)

[

− 1
𝑟2𝑥

𝐻 (1)
𝑚 (𝑘0 𝑟𝑦) −

𝑘0
𝑟𝑥

𝐻 (1)
𝑚+1(𝑘0 𝑟𝑦) +

𝑚
𝑟2𝑥

𝐻 (1)
𝑚 (𝑘0 𝑟𝑦)

]

.

(A.2)

The acoustic-pressure fields displayed in Figs. 21 and 22 have been computed using a polar mesh-grid that contains approximately
12 million points ranging from 𝑟𝑥 = 𝑑 to 𝑟𝑥 = 200 𝑑, whereas the summation in Eq. (A.2) has been performed with a maximum 𝑚 of
20.
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Table B.1
Relative percentages of the point-quadrupole amplitude 𝐴 for the coated configurations with
respect to the baseline.
𝑈∞ (ms−1) 30 40 50

30 PPI 0.4672 0.4564 0.4659
10 PPI 0.7037 0.6884 0.7040

Appendix B. Determination of the quadrupolar source strength

The procedure followed to determine the coefficient 𝐴 in Eqs. (A.1) and (A.2) for the bare and coated cylinders is outlined
n this section. Since only the relative sound pressure levels are of interest, the absolute strength of the point quadrupolar source
or the baseline at the different inflow velocities is manually tuned to match the corresponding vortex-shedding tonal peak from
he experiments, following Gloerfelt et al. [9]. For the coated configurations, this value is then scaled according to the rate of
hange of the integrated Lighthill’s stress tensor over time occurring in the fluid region. As mentioned in Section 4.3, the passage
rom the frequency to the time domain is made necessary by the impossibility of evaluating the frequency content of 𝑇𝑖𝑗 from a

non-time-resolved PIV dataset. A simplified way to assess such temporal dependency is proposed hereafter.
Considering that the velocity field in the body wake features a strong tonal component at 𝑓VS due to the periodic oscillations

of the shed vortices, it is reasonable to assume that, to a first approximation, the large structures that determine the 𝑇𝑖𝑗 ≈ 𝜌𝑢𝑖𝑢𝑗
amplitude also have a predominant periodic component characterised by an angular frequency 𝜔 = 2𝜋 𝑓VS. This assumption is
supported by the experimental evidence of Geyer [15], who showed that the tonal vortex-shedding peak dominates the spectra of
the turbulent velocity fluctuations in the flow past solid and porous cylinders made of different materials. In contrast, the broadband
components feature significantly lower values and can be deemed negligible. Consequently, when the second derivative with respect
to time is performed, a factor 𝜔2 that multiplies 𝑇𝑖𝑗 and can be moved outside of the integral sign appears.

For the different configurations, the compact-quadrupole amplitude is thereby a function of the integral of Lighthill’s stress tensor
over the volume, which is proportional to the integral of 𝑘, as well as the angular frequency associated with the vortex shedding.
Given the definition of 𝑓VS, the term that multiplies the volume integral is (2𝜋 𝑆𝑡VS 𝑈∞∕𝑑)2 for the baseline and (2𝜋 𝑆𝑡VS 𝑈∞∕𝐷eq)2

for the coated cylinders. From a physical perspective, the increase in outer diameter due to the porous cover reduces the frequency
at which the shedding instability occurs, decreasing, in turn, the temporal variation of the turbulence quantities in the wake.

In light of the above, a possible method to estimate the relative source strength for each coated cylinder with respect to the
bare one and at a prescribed free-stream velocity is to compute the integral of the turbulence kinetic energy over the fluid region,
divide it by that of the baseline, and multiply it by a factor (𝑑∕𝐷eq)2 < 1. This quantity eventually provides the percentage by which
the quadrupole absolute amplitude related to the bare cylinder needs to be scaled to retrieve the coefficients 𝐴 for the two coated
configurations. The corresponding results for the different flow speeds are summarised in Table B.1 and indicate that the source
strength is actually attenuated by the porous treatment of the body, especially for the 30 PPI cover. This reduction represents the
roduct of two counteracting effects: the increase in the net integral contribution of 𝑘 due to the wider wake region, which was
lready highlighted in Section 4.2, and the decrease in 𝑓VS caused by the larger equivalent diameter. The impact of the latter is
ore significant.

It is important to remember that the present method to estimate 𝐴 provides just an approximation of the effective strength of the
quivalent compact quadrupole radiating sound at the vortex-shedding frequency. A minor error caused by the partial truncation
f the wake flow due to the limited field of view of the PIV is also foreseen in this case. Only the integration of Eq. (8) with
ime-resolved data would make it possible to quantitatively determine the true amplitude of the quadrupolar source. Nevertheless,
s will be demonstrated by the analysis in Appendix C, the effect of the decreasing source strength is less significant than that
f moving the quadrupole origin away from the scattering surface. Hence, possible inaccuracies in the computation of 𝐴 are not
xpected to alter the conclusions drawn in this paper.

ppendix C. Relative influence of the noise-reduction mechanisms

The specific contributions of the two physical mechanisms described in Section 4.3 to the overall noise mitigation can be
etermined with a parametric study. The effects of the increasing distance of the compact quadrupole from the cylinder surface
nd reduction in its strength are analysed in Fig. C.1, which depicts the relative sound pressure levels measured at the central
icrophone location for the different vortex-shedding frequencies. The diameter of the body has been kept constant at 𝑑 = 0.02m,
hereas the source amplitude is varied by multiplying the parameter 𝐴 in Eqs. (A.1) and (A.2) by a factor that ranges from 0 to
. The closer downstream position at which the quadrupole is evaluated corresponds to the vortex-formation length for the bare
ylinder.

For every frequency, the 𝐿𝑝 values steeply decrease with increasing displacement of the quadrupole up to 𝑥∕𝑑 ≈ 3, after which
they start gradually increasing again. This trend can be explained by the relative weights of the direct and scattered components
that vary in function of the distance from the surface. As observed in Fig. 21, 𝑝′𝑠 dominates over 𝑝′𝑑 close to the cylinder and
gets monotonically more attenuated when moving away from it. At 𝑥∕𝑑 ≈ 3, its contribution is comparable to that of the direct
acoustic-pressure field, which is, instead, not affected by the proximity to the body. This analysis agrees with the time series and

′
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directivity patterns shown in Figs. 23 and 24, respectively. For 𝑥∕𝑑 > 3.5, 𝑝𝑠 becomes negligible. Besides, an increasing downstream
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Fig. C.1. Relative difference in the total sound pressure level radiated by a circular cylinder to varying downstream shifts of the quadrupole source at (a)
𝑓 = 277.5Hz, (b) 𝑓 = 370Hz, and (c) 𝑓 = 462.5Hz. The different curves refer to different percentages of the source amplitude 𝐴.

source shift produces a slight increment in the 𝑝′𝑑 measured by the microphone due to the quadrupolar directivity of the radiated
sound. Regarding the influence of the weakened source strength, reducing 𝐴 results in a constant offset of the curves towards lower
𝐿𝑝 values. The more significant the decrease is, the larger the offset becomes.

Finally, the effect of the two mechanisms on noise mitigation depends also on the frequency of interest. Particularly, greater
overall reductions are achieved at minor 𝑓 , for which the scattered field dominates more over the direct one. Indeed, the efficiency
of the sound diffracted by the surface is higher when the noise-source regions represented by the cylinder and quadrupole are
compact, i.e. 𝑘𝐿 ≪ 1 [9]. The smaller the considered acoustic wave number is, the more valid this condition will be, affecting the
values of 𝐿𝑝,max in Fig. C.1 and, particularly, the range of 𝑥∕𝑑 for which 𝑝′𝑠 > 𝑝′𝑑 . Furthermore, the strength of the quadrupolar
source radiating the direct field is reduced when 𝑓VS decreases, as already demonstrated in Appendix B. As a consequence, the fact
that the vortex shedding for a coated configuration occurs at lower frequencies than for the bare one at the same inflow velocity
additionally contributes to the noise attenuation generated by the porous treatment.
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