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A B S T R A C T

Arc-welded joints in steel maritime structures are typically identified as weakest links in terms of fatigue limit
state performance. Multiaxiality can be involved, consisting of predominant mode-I and non-negligible mode-
III components. Aiming to answer the question if a cracked geometry based fatigue strength parameter would
outperform an intact geometry based one like the effective notch stress, the total stress is adopted. A von Mises
type of criterion is defined at the critical fracture plane and includes mode specific and material characteristic
strength and mechanism contributions. A lifetime dependent shear strength coefficient is introduced to cover
the resistance curves intercepts and slopes, whereas the total stress parameter contains the mean stress
contribution as well as the (mixed) mode dependent notch and crack tip elastoplasticity coefficients, reflecting
an interaction mechanism. Cycle counting includes a cycle-by-cycle non-proportionality measure and damage
accumulation is based on a linear model. Evaluating mid-cycle fatigue resistance data, the total stress and
effective notch stress performance turns out to be similar. However, the total stress related elastoplasticity
coefficients are an explicit and sensitive measure to incorporate the actual physics of the fatigue damage
process, whereas the material characteristic lengths for the effective notch stress seem to be more implicit and
less sensitive ones.
1. Introduction

Maritime structures, as well as civil and aerospace ones – like ships,
trains and airplanes, respectively – experience cyclic loading induced
response conditions. Fatigue: a local, progressive, crack development
damage process [1], is typically a governing limit state [2–5]. For com-
monly applied metals like steel and aluminium, arc-welded joints often
connecting the planar or tubular structural members are identified as
weakest links in that respect. The notched geometries involved are
introducing hot spots, explaining the fatigue sensitivity [6].

If the structural response conditions are multiaxial, either propor-
tional (P) or non-proportional (NP), loading and geometry sources
generally provide the contributions. Environment and service induced
external loading components, like wind and waves from different direc-
tions, may occur simultaneously. Changing geometry induced stiffness
variations enable multiple – internal – load transfer mechanisms along
dissimilar paths.

Since the (curved) plate thickness is often relatively small in com-
parison to the other structural member dimensions and the external
loading is typically a distributed one, the internal mode-I loading
components: normal force 𝐹𝑛 as well as the in-plane and out-of-plane
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bending moments 𝑀𝑏, are typically governing (Fig. 1). At the same
time, the shear force 𝐹𝑠 and torsion moment 𝑀𝑡 mode-III components
affect in specific cases [7,8] the predominant mode–I response and
multiaxiality has to be taken into account for accurate fatigue strength
and life time estimates [e.g. 9].

The fatigue damage process involves an initiation and growth con-
tribution [1] and can be modelled adopting respectively an intact and
cracked geometry parameter to establish the fatigue strength 𝑆 and
obtain a life time estimate 𝑁 [10]. Since far field response spectra
of welded joints in steel maritime structures reflect predominantly
linear elastic behaviour, 𝑆 is typically of the stress – rather than strain
or energy – type, in particular for mid- and high-cycle fatigue [11].
Correlation of 𝑆 and 𝑁 often reveals a log–log linear relation and a
Basquin type of formulation is naturally adopted: log(𝑁) = log(𝐶) −𝑚 ⋅
log(𝑆). Intercept log(𝐶) and slope 𝑚 are respectively the strength and
damage mechanism coefficients, suggesting the mode-I and mode-III
values are different.

A major part of the fatigue life time 𝑁 is predominantly spent in
the notch affected region, rather than the far field dominated one [12],
suggesting 𝑆 could be a notch characteristic intact geometry parameter.
vailable online 17 July 2024
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Nomenclature

Symbols

𝛼 (half) notch angle
𝛽𝑎 particular stress angle
𝛽(𝑁) lifetime dependent shear strength coefficient
𝛾 response ratio coefficient
𝛥 prefix indicating stress range
𝜃 generic (stress) angle
{𝜆𝜎𝑎, 𝜆𝜎𝑠} mode-I eigenvalue of (anti-)symmetry part
𝜆𝜏 mode-III eigenvalue
{𝜇𝜎𝑎, 𝜇𝜎𝑠} mode-I equilibrium coeff. of (anti-)symmetry part
𝜇𝜏𝐹 mode-III force equilibrium coefficient
𝜇𝜏𝑀 mode-III moment equilibrium coefficient
𝜌 (real) weld notch radius
𝜌∗ material characteristic length
𝜎 normal stress
𝜎𝑓𝑒 mode-I linear structural field stress
𝜎𝑁 fatigue lifetime standard deviation
𝜎𝑛 (𝑟∕𝑡𝑝) weld toe notch stress distribution
𝜎𝑠 (structural) normal stress
𝜎𝑠𝑒 mode-I self equilibrium stress
𝜎𝑠𝑏 𝑀𝑏 induced structural normal stress component
𝜎𝑠𝑚 𝐹𝑛 induced structural normal stress component
𝜏 shear stress
𝜏𝑓𝑒 mode-III linear structural field stress
𝜏𝑛 (𝑟∕𝑡𝑝) mode-III weld toe notch shear stress distribution
𝜏𝑠 (structural) shear stress
𝜏𝑠𝑒 mode-III self equilibrium stress
𝜏𝑠𝑠 𝐹𝑠 induced structural shear stress component
𝜏𝑠𝑡 𝑀𝑡 induced structural shear stress component
𝛷 parameter vector
{𝜒𝜎𝑎, 𝜒𝜎𝑠} mode-I eigenvalue coeff. of {𝜆𝜎𝑎, 𝜆𝜎𝑠}
𝑎 crack size
𝑎𝑓 final crack size
𝑎𝑖 initial crack size
𝐶 fatigue resistance curve intercept
𝐶𝑏𝑤 weld load carrying normal stress coefficient
𝐶𝑛𝑝 path characteristic non-proportionality coefficient
𝑐𝑚 material characteristic non-proportionality coeff.
𝐶𝑡𝑤 weld load carrying shear stress coefficient
𝑓𝑛 line normal force
𝐹𝑛 nodal normal force
𝑓𝑠 line shear force
𝐹𝑠 nodal shear force
ℎ𝑤 weld leg height
𝐼𝑁 notch crack growth integral
𝐾 stress intensity factor

𝑙𝑤 weld leg length
𝑚 fatigue resistance curve slope
𝑚𝑏 line bending moment
𝑀𝑏 nodal bending moment
𝑀𝑘𝑛 𝑆𝑡 related notch factor
𝑚𝑡 line torsion moment
𝑀𝑡 nodal torsion moment
𝑛 elastoplasticity coefficient
𝑛𝑖 number of counted cycles
𝑁 fatigue lifetime in number of cycles
𝑟0 radial distance coordinate system origin to notch tip
𝑟 radial coordinate
𝑟𝜎𝑠 structural normal stress ratio
𝑟𝜏𝑠 structural shear stress ratio
𝑅 response ratio
𝑅𝑟 response ratio including 𝑆𝑟
𝑅𝑡 tube outer radius
𝑆 fatigue strength parameter
𝑆𝑟 (mean) residual stress
𝑆𝑒 effective notch stress parameter
𝑆𝑡 traction equivalent stress parameter
𝑆𝑇 total stress parameter
𝑡𝑏 base plate thickness
𝑡𝑐 cross plate thickness
𝑡𝑝 plate thickness
𝑇𝜎𝑆 10%–90% strength scatter band index
𝑌𝑓 far field factor
𝑌𝑓𝑏 far field factor bending component
𝑌𝑓𝑚 far field factor membrane component
𝑌𝑓𝑠 far field factor shear component
𝑌𝑓𝑡 far field factor torsion component
𝑌𝑛 notch factor
 log-likelihood
𝐼 mode-I index
𝐼𝐼𝐼 mode-III index

Abbreviations

AW as-welded
CA constant amplitude
DS double side
FE finite element
NP non-proportional
P proportional
SIF stress intensity factor
SR stress-relieved
VA variable amplitude
a
i
a
r
e

Different fatigue strength parameters have been developed over time
aiming to obtain more accurate life time estimates, balanced with
parameter complexity and computational efforts [13]. Incorporating lo-
cal (notch) information provides more generalised 𝑆 formulations and
the number of involved fatigue resistance curves reduces accordingly
(i.e. ultimately to one), like for the effective notch stress concept [13–
19]. Taking advantage of the semi-analytical weld notch stress distribu-
tion expressions [13,20], the effective notch stress 𝑆𝑒 can be calculated
averaging the notch stress distribution along the expected crack path

∗

2

over a material characteristic length 𝜌 ; another mechanism parameter,
meaning solid finite element (FE) models to estimate 𝑆𝑒 are not required
nymore. Uniaxial mode-I and mode-III investigations for welded joints
n steel maritime structures revealed distinguished {𝜌∗𝐼 , 𝜌∗𝐼𝐼𝐼} as well
s {log(𝐶𝐼 ), log(𝐶𝐼𝐼𝐼 )} and {𝑚𝐼 , 𝑚𝐼𝐼𝐼} values [11,13,20]. Since a
esponse cycle needs two parameters for a complete spatial description,
.g. range and ratio, mode specific response ratio coefficients {𝛾𝐼 , 𝛾𝐼𝐼𝐼};

strength parameters, have been discovered as well [11,13,20].
For multiaxial fatigue assessment in the time domain, a mode-I

equivalent von Mises type of failure criterion has been established at

the critical fracture plane [21]. Rather than a constant, a life time
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Fig. 1. Linear superposition of an equilibrium equivalent and self-equilibrium part for
the mode-{I, III} weld toe notch stress distributions of a DS welded T-joint and DS
welded cruciform joint in a tubular structure.

dependent shear strength coefficient 𝛽(𝑁) has been introduced to cover
the mode specific and material characteristic {log(𝐶), 𝑚}, whereas 𝑆𝑒
explicitly contains {𝛾, 𝜌∗}. Counting at the von Mises plane, the cycle-
by-cycle non-proportionality measure includes a response path and
material contribution. A 1𝑠𝑡 order response approach shows the best
performance. Damage accumulation is based on a linear model. How-
ever, despite the impressive outperformance in comparison to other
combinations of failure criterion, damage plane, cycle counting algo-
rithm, non-proportionality measure and damage accumulation model,
the P data shows a relatively large data scatter. Multiaxial mode-{I,
III} coupling seems incomplete and involving the mode specific and
material characteristic parameters only is likely insufficient. Adopting
a von Mises type of failure criterion – without mode-{I, III} coupling
by definition – and corresponding cycle counting plane and algorithm
could be an explanation, as well as the involved intact geometry
parameter 𝑆𝑒 rather than a cracked geometry one.

Since the notches inevitably contain welding induced defects, adopt-
ing a notch characteristic cracked geometry parameter like the total
stress 𝑆𝑇 [10,11,13,22] to establish the fatigue strength seems justified
as well. The actual initiation (i.e. nucleation) contribution to the total
fatigue life time is virtually eliminated and growth is governing.

For 𝑆 still of the stress type, the intact geometry related semi-
analytical weld notch stress distribution formulations can be turned
into cracked geometry ones, introducing the weld notch stress intensity
factor (SIF) 𝐾. Cyclic loading & response conditions turn 𝐾 into a crack
growth driving force 𝛥𝐾 and defects may develop into cracks. Since
the growth rate initially shows elastoplastic wake field affected anoma-
lies [22], a modified Paris’ equation has been established, including
the weld notch- and far field characteristic contributions: a generalised
two-stage crack growth relation. Applying an integral operator provides
a log–log linear resistance relation of the Basquin type, correlating the
fatigue life time 𝑁 and an equivalent fatigue strength parameter: the
total stress 𝑆𝑇 [10,22]. Uniaxial mode-I intercept log(𝐶𝐼 ) and slope 𝑚𝐼 ,
as well as response ratio coefficient 𝛾𝐼 and elastoplasticity coefficient
𝑛𝐼 estimates have already been obtained for welded joints in steel
maritime structures [11,13]. The 𝑆𝑇 and 𝑆𝑒 performance in terms of
life time scatter 𝜎𝑁 and strength scatter band index 𝑇𝜎𝑆 proved to be
similar.

Whereas 𝜌∗ is a mode specific and material characteristic length
defining 𝑆𝑒 to incorporate the notch stress gradient, 𝑆𝑇 includes the
stress (intensity) gradient along the full plate thickness 𝑡𝑝 defined
final crack length 𝑎𝑓 , suggesting 𝜌∗ and 𝑎𝑓 serve the same purpose.
However, 𝑆 contains an additional mechanism related parameter 𝑛 and
3

𝑇

may increase insight in the mode specific and material characteristic
behaviour. The uniaxial mode-III and multiaxial mode-{I, III} 𝑆𝑇 per-
formance have not been established before and a key question is if the
mode coupling is equally important for 𝑆𝑇 as for 𝑆𝑒. At the same time, a
cracked geometry parameter seems one step closer to the actual damage
process than an intact one, hypothesising a fatigue strength parameter
𝑆𝑇 may outperform 𝑆𝑒 for multiaxial fatigue.

The intact geometry related weld notch stress distribution will be
translated first to a cracked geometry equivalent weld notch stress in-
tensity distribution (Section 2), providing input for 𝑆𝑇 . Considering all
relevant assessment aspects for a time domain approach, including type
of criterion, damage plane selection, cycle counting aspects including
ways to deal with non-proportionality and damage accumulation [21],
the 𝑆𝑇 performance will be evaluated for multiaxial fatigue resistance
data of welded joints in steel maritime structures (Section 3). Mode spe-
cific and material characteristic strength and mechanism contributions,
{log(𝐶), 𝛾} and {𝑚, 𝑛} respectively, will be established. A comparison
to 𝑆𝑒 as well as another cracked geometry parameter: the traction
equivalent structural stress 𝑆𝑡 [23–27], will be provided for reference
purposes.

2. Weld notch stress (intensity) distributions

Although mode-I and mode-III through-thickness weld notch stress
distribution formulations along the expected (2D) crack path {𝜎𝐼 (𝑟∕𝑡𝑝),
𝜏𝐼𝐼𝐼 (𝑟∕𝑡𝑝)} – key elements for a fatigue design criterion – are separately
established before [11,13,20,22], a short recapitulation is provided
(Section 2.1) in order to discuss the differences, as well as to present
a comparison to bi-linear approximations [28]. At the same time, the
intact geometry related {𝜎𝐼 (𝑟∕𝑡𝑝), 𝜏𝐼𝐼𝐼 (𝑟∕𝑡𝑝)} are used to obtain the
cracked geometry equivalent weld notch stress intensity distributions
(Section 2.2): {𝐾𝐼 (𝑎∕𝑡𝑝), 𝐾𝐼𝐼𝐼 (𝑎∕𝑡𝑝)}. Mode-I formulations for planar
structures are already available [13,22], but modifications turned out
to be required for tubular ones. Sufficiently accurate mode-III formu-
lations seem to be still lacking in literature and have been derived
for both planar and tubular structure configurations [20]. Last but not
least, a comparison to the bi-linear approximation based {𝐾𝐼 (𝑎∕𝑡𝑝),
𝐾𝐼𝐼𝐼 (𝑎∕𝑡𝑝)} formulations [28] is provided.

2.1. Weld notch stress distributions

Adopting a linear superposition principle [22], equilibrium equiv-
alent and self-equilibrium parts {𝜎𝑓𝑒, 𝜎𝑠𝑒; 𝜏𝑓𝑒, 𝜏𝑠𝑒} have been distin-
guished (Fig. 1) in order to formulate {𝜎𝐼 (𝑟∕𝑡𝑝), 𝜏𝐼𝐼𝐼 (𝑟∕𝑡𝑝)}. Three
components are involved: the notch stress, the weld-load carrying stress
and the far field stress. Typically three zones can be identified in all
distributions: the zone 1 peak stress value, the zone 2 notch-affected
stress gradient and the zone 3 far-field dominated stress gradient,
demonstrating stress field similarity.

The V-shaped notch angle characteristic stress component applies
to both groove and fillet welds and represents the (near) singular
contribution defining the hot spot [13,20,22].

Since the weld geometry causes a local change in stiffness, the
notch becomes load carrying up to some extent, depending on the
joint dimensions including welding penetration level as well as loading
conditions. Weld notch load carrying stress component estimates can
be obtained using beam FE models, but polynomial fitting functions
turned out to be more useful from engineering perspective [13,20].

The equilibrium equivalent far field stress components {𝜎𝑓𝑒, 𝜏𝑓𝑒} in
the cross-section at a weld toe (Fig. 1) is in compliance with the fracture
mechanics definition [23,29]. Estimates are naturally obtained using
through-thickness linearisation rather than surface extrapolation [30]
adopting a relatively coarse meshed shell/plate FE model (Fig. 2) [31,
32]. Transforming the nodal normal and shear forces {𝐹𝑛,𝑖, 𝐹𝑠,𝑖} as well

as bending and torsion moments {𝑀𝑏,𝑖,𝑀𝑡,𝑖} along the weld seam to
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Fig. 2. Part of a shell FE model of a (non-symmetric) T-joint in a tubular structure for a mode-I (a) and mode-III (b) response.
line forces and moments {𝑓𝑛,𝑖, 𝑓𝑠,𝑖} and {𝑚𝑏,𝑖, 𝑚𝑡,𝑖}, four systems of equa-
tions have to be solved for: {𝐹𝑛} = [𝑇 ]{𝑓𝑛}, {𝐹𝑠} = [𝑇 ]{𝑓𝑠}, {𝑀𝑏} =
[𝑇 ]{𝑚𝑏} and {𝑀𝑡} = [𝑇 ]{𝑚𝑡} [23,24,33]. The constant membrane and
linear bending terms {𝜎𝑠𝑚, 𝜎𝑠𝑏}, as well as the constant shear and linear
torsion ones {𝜏𝑠𝑠, 𝜏𝑠𝑡} for respectively mode-I and mode-III [32] can be
calculated accordingly to acquire the structural stresses {𝜎𝑠 = 𝜎𝑠𝑚 +
𝜎𝑠𝑏, 𝜏𝑠 = 𝜏𝑠𝑠 + 𝜏𝑠𝑡} and structural stress ratios {𝑟𝜎𝑠 = 𝜎𝑠𝑏∕𝜎𝑠, 𝑟𝜏𝑠 = 𝜏𝑠𝑡∕𝜏𝑠}
as characteristic far field stress parameters.

If the welded joint structural stiffness – either in planar or tubular
structures – does not significantly affect the stress distribution, like in
general for groove welds (e.g. in butt joints), the weld does not need to
be modelled and the far field stress information can be obtained at the
intersection line of the connected structural members [29]. However,
fillet weld modelling is typically required (e.g. in T-joints and cruciform
joints) for more accurate far field stress estimates – although avoided
in some guidelines for engineering purposes [34] –, in particular if a
structural response contains superimposed contributions from different
levels of stiffness hierarchy, like often applies to maritime structures.
Considering for example a stiffener-frame connection as a critical fa-
tigue sensitive location in the bottom structure of a ship sailing in
quartering seas, the mode-{I, III} far field stress consists at least of a
local water pressure and shear force induced response at plate-stiffener
level, as well as a bending moment and torsion moment induced one at
global hull girder level [35,36]. Inclined shell elements have been used
(Fig. 2), rather than inclined rigid ones or shell elements with increased
local thickness at the joint location [32,37].

2.1.1. Mode-I formulation
For non-symmetry with respect to half the plate thickness (𝑡𝑝∕2) and

notch radius 𝜌 = 0, the mode-I weld toe notch formulation yields [21]:

𝜎𝑛

(

𝑟
𝑡𝑝

)

= 𝜎𝑠

[

𝜎𝑠𝑒

(

𝑟
𝑡𝑝

)

− 2𝑟𝜎𝑠

(

𝑟
𝑡𝑝

)

]

(1)

with 𝜎𝑠𝑒 being the self equilibrium stress part (Appendix A). Similar
formulations are available for symmetry with respect to (𝑡𝑝∕2) as well
as for the 𝜌 > 0 cases [22].

A non-monotonic and monotonically increasing weld notch stress
distribution at the weld toe of a double sided (DS) T-joint are shown
for illustration purposes (Fig. 4a and 4b). Load cases are respectively a
normal force 𝐹𝑛 (𝑟𝜎𝑠 = 0) and a combined one involving an additional
bending moment 𝑀𝑏 (𝑟𝜎𝑠 = 0.25). Note that at the same time the
geometry has changed from approximately a planar (𝑅𝑡 = 5000) to a
tubular one (𝑅𝑡 = 36), implying that the weld notch stress distribution
formulations hold in general. The joint dimensions are arbitrary, but
realistic for steel maritime structures and the weld notch load carrying
level is relatively low: 𝐶𝑏𝑤 = {0.16, 0.15}. Comparing the weld toe
notch stress and far field stress distributions indicate that equilibrium
4

is satisfied indeed. Converged FE solutions show the accuracy of the
formulation.

The bi-linear approximation involves a predefined notch to far
field transition location at 0.1(𝑟∕𝑡𝑝) and is – in contrast to the semi-
analytical formulation (Eqs. 1 and A.1), reflected in 𝐶𝑏𝑤 – only loading
dependent [28], meaning any local notch geometry information is not
explicitly taken into account. Note that for (𝑟∕𝑡𝑝) → 0 the notch stress is
finite, even for 𝜌 = 0; the singular case. If the weld notch load carrying
level increases, a notch affected zone size of 0.1(𝑟∕𝑡𝑝) turns out to be
too small [13,22].

2.1.2. Mode-III formulation
Similar to mode-I, weld toe notch formulations for mode-III are

obtained. For non-symmetry with respect to (𝑡𝑝∕2) and 𝜌 = 0 [20]:

𝜏𝑛

(

𝑟
𝑡𝑝

)

= 𝜏𝑠

[

𝜏𝑠𝑒

(

𝑟
𝑡𝑝

)

− 2𝑟𝜏𝑠

(

𝑟
𝑡𝑝

)

]

(2)

with 𝜏𝑠𝑒 the self-equilibrium stress part (Appendix A). Formulations are
available for symmetry with respect to (𝑡𝑝∕2) as well, including the
𝜌 > 0 cases [20].

A non-monotonic and monotonically increasing weld notch stress
distribution at the weld toe of a DS T-joint (Fig. 5a and 5b) illustrate
the performance of the developed formulations in comparison to the
converged FE solutions. The applied load is a torsion moment 𝑀𝑡.
Changing the geometry from an approximately planar (𝑅𝑡 = 5000) to
a tubular one (𝑅𝑡 = 36) is responsible for the different structural shear
stress ratio, 𝑟𝜏𝑠 = {0, 0.25}, basically representing an approximately
applied shear force 𝐹𝑠 load case and a combined one involving an
additional torsion moment 𝑀𝑡. In comparison to the mode-I results, for
the same geometry the weld notch load carrying level has increased:
𝐶𝑡𝑤 = {0.18, 0.19}, as reflected in the increased notch affected region
(Figs. 4 and 5).

The bi-linear approximation as originally developed for mode-I
has been extended to mode-III applications [27,38–40]. Despite the
increased notch affected region, the transition location is still fixed
at 0.1(𝑟∕𝑡𝑝) and the fit seems not to be perfect. Anyway, even for
different 𝐶𝑡𝑤 values providing a better fit, a predefined and geometry
independent transition location remains a modelling limitation for an
accurate joint specific weld notch stress distribution representation.

2.2. Weld notch stress intensity distributions

Scaling of welded joint fatigue damage requires a total stress param-
eter taking all zone {1, 2, 3} contributions into account; a criterion the
stress intensity (similarity) factor 𝐾 seems to meet. Turning the intact
geometry related weld toe notch stress distributions into crack damaged
equivalents, the zone {1, 2} self-equilibrium and zone 3 equilibrium
equivalent stress parts {𝜎 (𝑟∕𝑡 ), 𝜎 (𝑟∕𝑡 ); 𝜏 (𝑟∕𝑡 ), 𝜏 (𝑟∕𝑡 )} have been
𝑓𝑒 𝑝 𝑠𝑒 𝑝 𝑓𝑒 𝑝 𝑠𝑒 𝑝



International Journal of Fatigue 188 (2024) 108499G. Bufalari et al.

f
a

𝐾

h
l

w
i
I
s

Fig. 3. Self-equilibrium stress part for a mode-I response applied as unit crack face traction at weld toe notches for 𝜌 = 0 (a) and 𝜌 > 0 (b).
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used to introduce respectively a notch factor 𝑌𝑛(𝑎∕𝑡𝑝) and a far field
actor 𝑌𝑓 (𝑎∕𝑡𝑝), defining the weld toe notch SIF for respectively mode-I
nd mode-III:

𝐼 = 𝜎𝑠
√

𝑡𝑝𝑌𝑛,𝐼 (𝑎∕𝑡𝑝)𝑌𝑓,𝐼 (𝑎∕𝑡𝑝)
√

𝜋(𝑎∕𝑡𝑝) (3)

𝐾𝐼𝐼𝐼 = 𝜏𝑠
√

𝑡𝑝𝑌𝑛,𝐼𝐼𝐼 (𝑎∕𝑡𝑝)𝑌𝑓,𝐼𝐼𝐼 (𝑎∕𝑡𝑝)
√

𝜋(𝑎∕𝑡𝑝). (4)

The stress intensity magnitude is characterised using the structural
stress {𝜎𝑠, 𝜏𝑠}. Assuming the crack tip is infinitely sharp explains the
square root behaviour

√

𝜋(𝑎∕𝑡𝑝) for (𝑎∕𝑡𝑝) → 0.

2.2.1. Mode-I formulation
Aiming for a 𝑌𝑛𝑌𝑓 rather than (𝑌𝑛 + 𝑌𝑓 ) formulation, 𝜎𝑠𝑒(𝑟∕𝑡𝑝); the

self-equilibrium stress part (Eq. A.1) has been applied as unit crack face
traction along the assumed virtual crack path (Fig. 3) using the weight
function approach [41]. For non-symmetry with respect to (𝑡𝑝∕2) and
𝜌 = 0 [13,22] the notch factor yields (Appendix B):

𝑌𝑛 =
( 2
𝜋

)

1

∫
0

𝜎𝑠𝑒

(

𝑟
𝑎 ⋅ 𝑎

𝑡𝑝

)

+ 1
√

1 −
(

𝑟
𝑎

)2
d
( 𝑟
𝑎

)

. (5)

The linear far field stress distribution 𝜎𝑓𝑒(𝑟∕𝑡𝑝) = 𝜎𝑠{1 − 2𝑟𝜎𝑠(𝑟∕𝑡𝑝)}
in the fracture mechanics context with 𝜎𝑠 = 𝜎𝑠𝑚+𝜎𝑠𝑏 and 𝑟𝜎𝑠 = 𝜎𝑠𝑏∕𝜎𝑠 is
consistent with the one defined for the welded joint. A superposition of
the involved constant membrane and linear bending component applies
to the far field factor as well [13,22]:

𝑌𝑓,𝐼

(

𝑎
𝑡𝑏
, 𝑟𝜎𝑠

)

= 𝑌𝑓𝑚 − 𝑟𝜎𝑠(𝑌𝑓𝑚 − 𝑌𝑓𝑏). (6)

For a single edge crack configuration in planar structures, {𝑌𝑓𝑚, 𝑌𝑓𝑏}
andbook solutions are available [13,22]. For tubular ones new formu-
ations have been established, fitting FE results (Appendix B).

Considering the same geometry and loading conditions as for the
eld notch stress distributions (Fig. 4a and 4b), the weld notch stress

ntensity weight functions {𝑌𝑛,𝐼 , 𝑌𝑓,𝐼} are obtained (Fig. 4c and 4d).
f the weld notch load carrying level as reflected in 𝐶𝑏𝑤 is relatively
mall, 𝑌𝑛,𝐼 turns to be governing for {0 < (𝑎∕𝑡𝑝) ≤ 0.2}; a zone {1,2}

affected (technical) short crack region, divided into a respectively a
notch dominated and a weld load carrying controlled part. Far field
factor 𝑌𝑓,𝐼 controls the zone 3 contribution in a long-crack region
{0.2 < (𝑎∕𝑡𝑝) ≤ 1}, meaning all 3 stress components are decisive in
a certain crack length region. Depending on 𝐶𝑏𝑤 and 𝑟𝜎𝑠, the 𝑌𝑛,𝐼 – 𝑌𝑓,𝐼
transition may shift left or right. The FE solutions, obtained for plane
strain conditions, proved to be rather good 𝑌𝑛,𝐼𝑌𝑓,𝐼 estimates. Using
the bi-linear weld notch stress distribution approximation (Fig. 4a and
5

z

4b) to obtain a 𝐾𝐼 estimate is one of the traction equivalent structural
stress concept features [28,33]; a robust procedure [42]. Although the
notch stress intensities are in agreement with the FE solutions (Fig. 4c
and 4d) for short cracks, 𝑀𝑘𝑛𝑌𝑓,𝐼 seems consistently overestimated for
{𝑎∕(𝑡𝑝∕2)} < 0.1. Modifying 𝑌𝑓,𝐼 to incorporate the notch characteristic
behaviour and establish the notch magnification factor 𝑀𝑘𝑛 – a 𝑌𝑛
quivalent parameter, rather than adopting the crack face traction
efinition (Eq. B.1), seems the explanation [22,43]. Differences in the
ong crack region for the tubular structure (Fig. 4d) are a result of a
lanar geometry based 𝑌𝑓,𝐼 formulation.

The normalised SIF’s (𝐾𝐼∕𝜎𝑠) for the considered examples perfectly
atch the FE solution (Fig. 4e and 4f) and hold in general (Fig. 6). Re-

ardless the non-monotonic 𝑌𝑛,𝐼𝑌𝑓,𝐼 behaviour, (𝐾𝐼∕𝜎𝑠) remains mono-
onically increasing because of

√

𝜋(𝑎∕𝑡𝑝) being involved. However,
𝐾𝐼 (𝑀𝑘𝑛𝑌𝑓,𝐼 )∕𝜎𝑠 shows non-monotonic behaviour and includes even
a singularity for (𝑎∕𝑡𝑝) → 0. Despite being explained as an higher
rder effect [28,33], the contribution should be finite at most [44],
uggesting fictitious behaviour.

.2.2. Mode-III formulation
Applying 𝜏𝑠𝑒(𝑟∕𝑡𝑝), the self-equilibrium stress part (Eq. A.2), as unit

rack face traction along the assumed virtual crack path using the
eight function approach [41] provides for non-symmetry with respect

o (𝑡𝑝∕2) and 𝜌 = 0 (Appendix C):

𝑛 =
( 2
𝜋

)

1

∫
0

𝜏𝑠𝑒

(

𝑟
𝑎 ⋅ 𝑎

𝑡𝑝

)

√

1 −
(

𝑟
𝑎

)2
d
( 𝑟
𝑎

)

. (7)

Similar formulations are obtained for symmetry with respect to
(𝑡𝑝∕2) and 𝜌 > 0 (Appendix C). The far field stress distribution
𝜏𝑓𝑒(𝑟∕𝑡𝑝) = 𝜏𝑠{1 − 2𝑟𝜏𝑠(𝑟∕𝑡𝑝)} with 𝜏𝑠 = 𝜏𝑠𝑠 + 𝜏𝑠𝑡 and 𝑟𝜏𝑠 = 𝜏𝑠𝑡∕𝜏𝑠 involves
a superposition of a constant shear force and linear torsion moment
induced component and applies principally to the far field factor as
well:

𝑌𝑓,𝐼𝐼𝐼

(

𝑎
𝑡𝑏
, 𝑟𝜏𝑠

)

= 𝑌𝑓𝑠 − 𝑟𝜏𝑠(𝑌𝑓𝑠 − 𝑌𝑓𝑡) (8)

ith structural shear stress ratio 𝑟𝜏𝑠 = 𝑡𝑏∕(2𝑅𝑡) and {𝑌𝑓𝑠, 𝑌𝑓𝑡} either
btained from handbook solution or derived (Appendix C).

For the same geometry and loading conditions, the increased weld
otch stress affected region for mode-III in comparison to mode-I trans-
ates (Figs. 4 and 5a and 5b) one-to-one to the 𝑌𝑛,𝐼𝐼𝐼𝑌𝑓,𝐼𝐼𝐼 distribution
Figs. 4 and 5c and 5d). The 𝑌𝑛,𝐼𝐼𝐼 controlled zone {1,2} short crack
egion has increased to {0 < (𝑎∕𝑡𝑝) ≤ 0.3}, meaning the 𝑌𝑓,𝐼𝐼𝐼 defined
one 3 long-crack region has decreased to {0.3 < (𝑎∕𝑡 ) ≤ 1}. Different
𝑝
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Fig. 4. Mode-I weld toe notch stress distribution (a, b), SIF far field- and notch distribution (c, d) and 𝐾𝐼 distribution (e, f) for a DS welded T-joint; 𝑟𝜎𝑠 = 0 (a, c, e), 𝑟𝜎𝑠 = 0.25
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𝑡𝑤 and 𝑟𝜏𝑠 values shift the 𝑌𝑛,𝐼𝐼𝐼 – 𝑌𝑓,𝐼𝐼𝐼 transition left or right. A good
greement with FE solutions is obtained.

Assuming the mode-{I, III} weld notch stress distribution character-
stics are similar, the bi-linear approximation – including the transition
ocation at 0.1(𝑟∕𝑡𝑝) – does not change and the traction equivalent
tructural stress concept 𝑀𝑘𝑛(𝑎∕𝑡𝑝) formulation is pretended to be the
ame as well. Handbook solutions are used to define the far field factor
𝑓,𝐼𝐼𝐼 [27]. However, comparing the mode-{I, III} results (Figs. 4 and
c and 5d), the notch stress intensity has turned from a small 𝑀𝑘𝑛𝑌𝑓,𝐼 –
nto a significant 𝑀𝑘𝑛𝑌𝑓,𝐼𝐼𝐼 overestimate. Whereas for the stress distri-
ution the transition location should change to a larger value, reflecting
n enlarged short crack region, a smaller – contradictory – one seems
equired to provide a better intensity estimate; a consequence of the
𝑘𝑛 definition [13,22,28]. The overestimates in the long crack region

re a consequence of the solid shaft 𝑌𝑓,𝐼𝐼𝐼 solution, being insufficient
or hollow shafts; tubular structures, or even planar ones. Adopting
𝑓,𝐼𝐼𝐼 (Eq. 8) improves the far field estimate.

The (𝐾𝐼𝐼𝐼∕𝜏𝑠) solutions for the considered examples perfectly match
he FE results (Fig. 5e and 5f), and hold in general (Fig. 6). Ficti-
ious non-monotonic 𝐾 (𝑀 𝑌 )∕𝜏 behaviour for {(𝑎∕𝑡 ) → 0} is
6

𝐼𝐼𝐼 𝑘𝑛 𝑓 ,𝐼𝐼𝐼 𝑠 𝑝 b
bserved up to a relatively large extent in comparison to the mode-I
esults, in particular for an unchanged transition location at 0.1(𝑟∕𝑡𝑝).

. Total stress assessment

For mixed mode-{I, III} multiaxial response conditions of planar
nd tubular maritime structures, the mode-I contribution is governing,
eaning the normal stress is predominant (Section 1). At the same time,

he fatigue lifetime of arc-welded joints is growth – rather than shear
nduced initiation – controlled because of the welding induced defects,
xplaining why a cracked geometry based fatigue strength parameter
ill be adopted to establish a normal stress equivalent von Mises type
f failure criterion [21]. Involving the stress intensity distributions
t the critical fracture plane (Section 2), the total stress parameter
= 𝑆𝑇 =

√

𝑆2
𝑇 ,𝐼 + 𝛽(𝑁)𝑆2

𝑇 ,𝐼𝐼𝐼 will be established first (Section 3.1),
including a lifetime dependent shear stress coefficient 𝛽(𝑁). Cycles will
e counted – because of the time domain approach – in the von Mises
lane, in order to be able to incorporate non-proportionality cycle-

y-cycle. The linear damage accumulation model will be used, since
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Fig. 5. Mode-III weld toe notch stress distribution (a, b), SIF far field- and notch distribution (c, d) and 𝐾𝐼𝐼𝐼 distribution (e, f) for a DS welded T-joint; 𝑟𝜏𝑠 = 0 (a, c, e), 𝑟𝜏𝑠 = 0.25
(b, d, f).

Fig. 6. Relative 𝐾𝐼 (a) and 𝐾𝐼𝐼𝐼 (b) error for DS welded T-joint, comparing the FE solutions and the analytical results for the full parameter application range.
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Fig. 7. Elastoplasticity and mean stress effects in the short and long crack growth
region.

good performance has been shown for advanced fatigue strength crite-
ria [22]. Using mid-cycle fatigue test data from literature (Section 3.2)
the strength and mechanism contributions, reflected in respectively
mode specific {log(𝐶), 𝛾} and {𝑚, 𝑛} coefficients, will be investigated
(Section 3.3).

3.1. Fatigue strength parameter

Cyclic loading induced response conditions turn the SIF’s {𝐾𝐼 , 𝐾𝐼𝐼𝐼}
into crack growth driving forces {𝛥𝐾𝐼 , 𝛥𝐾𝐼𝐼𝐼} and defects may develop
into cracks. The crack growth rate (d𝑎∕d𝑛) of short-cracks emanating at
notches show elastoplastic wake field affected anomalies [22]. Modify-
ing Paris’ equation, a generalised two-stage model has been established
containing a transition; a natural pivot rather than a mathematical
one [45,46] from a short to a long crack growth region meant to
incorporate all relevant crack growth driving force components [47–
49]; i.e. to include both the weld notch- and far field characteristic
mode-I response contributions: (d𝑎∕d𝑛)𝐼 = 𝐶𝐼 ⋅ 𝑌 𝑛𝐼

𝑛,𝐼 ⋅ {𝛥𝜎𝑠,𝑒𝑓𝑓 ⋅ 𝑌𝑓,𝐼 ⋅
√

(𝜋𝑎)}𝑚𝐼 . Notch elastoplasticity coefficient 𝑛𝐼 is response dependent
nd defines the level of monotonically increasing or non-monotonic
rack growth behaviour (Fig. 7), in contrast to a fixed value in a similar
odel: (d𝑎∕d𝑛)′𝐼 = 𝐶 ⋅ 𝑀𝑛

𝑘𝑛 ⋅ {𝛥𝜎𝑠,𝑒𝑓𝑓 ′ ⋅ 𝑌𝑓,𝐼 ⋅
√

(𝜋𝑎)}𝑚 with 𝑛 = 2,
assuming response invariant non-monotonic behaviour [10,28,50,51].
Since welding induced residual stress affects 𝑛𝐼 , as-welded (AW) joint
fatigue resistance data is typically used to obtain an average estimate,
rather than crack growth data obtained using standard specimens ge-
ometries like the compact tension configuration [11]. Recognising that
a spatial description of a loading induced response cycle requires two
parameters, e.g. range 𝛥𝜎𝑠 and ratio 𝑅𝐼 = (𝜎𝑠,𝑚𝑖𝑛∕𝜎𝑠,𝑚𝑎𝑥) reflecting a
mean stress effect, Walker’s model has been adopted [11,13,52]. The
stress range becomes an effective one: 𝛥𝜎𝑠,𝑒𝑓𝑓 = 𝛥𝜎𝑠∕{(1−𝑅𝐼 )}1−𝛾 with
0 ≤ 𝛾 ≤ 1. For 𝛾 → 1, the nominal stress range 𝛥𝜎𝑠 dominates the fatigue
resistance; the mean stress becomes governing for 𝛾 → 0. Assuming
mean stress affects predominantly the notch region [50,51], 𝛥𝜎𝑠,𝑒𝑓𝑓 ′ =
𝛥𝜎𝑠∕{(1 − 𝑅𝐼 )}𝑛(1−𝛾)∕𝑚. Mean stress coefficient 𝛾 = 0.5 for 𝑅𝜎 ≤ 0 and
reflects an equal contribution of the stress range 𝛥𝜎𝑠 and max stress
𝜎𝑠,𝑚𝑎𝑥 = 𝛥𝜎𝑠∕(1 −𝑅𝐼 ); 𝛾 = 0 for 𝑅𝜎 < 0 meaning only 𝛥𝜎+𝑠 is considered
8

o contribute effectively. Incorporating the welding induced residual
mean) stress distribution as well – if available, a different interpre-
ation seems to apply and 𝑅𝐼 turned into a crack length dependent
ar field stress intensity contribution: 𝛥𝜎𝑠,𝑒𝑓𝑓 ′ = 𝛥𝜎𝑠∕{1 − 𝑅𝐼𝑟(𝑎∕𝑡𝑝)}1−𝛾

ith 𝑅𝐼𝑟(𝑎∕𝑡𝑝) = [𝐾𝐼 (𝜎𝑠,𝑚𝑎𝑥, 𝑎∕𝑡𝑝) +𝐾𝐼{𝜎𝑟(𝑎∕𝑡𝑝), 𝑎∕𝑡𝑝}]∕[𝐾𝐼 (𝜎𝑠,𝑚𝑖𝑛, 𝑎∕𝑡𝑝) +
𝐼{𝜎𝑟(𝑎∕𝑡𝑝), 𝑎∕𝑡𝑝}] and 𝛾 = 0.5 for any 𝑅𝐼𝑟(𝑎∕𝑡𝑝) [53].

Crack growth behaviour at notches for a mode-III response as
ften observed is monotonically increasing [54–60]. However, some
vidence for non-monotonic crack growth is available as well [61–63],
rincipally justifying a mode-I model similarity: (d𝑎∕d𝑛)𝐼𝐼𝐼 = 𝐶𝐼𝐼𝐼 ⋅
𝑛𝐼𝐼𝐼
𝑛,𝐼𝐼𝐼 ⋅ {𝛥𝜏𝑠,𝑒𝑓𝑓 ⋅ 𝑌𝑓,𝐼𝐼𝐼 ⋅

√

(𝜋𝑎)}𝑚𝐼𝐼𝐼 . Non-monotonicity becomes more
pronounced for a small notch radius (𝜌 → 0), a large amplitude –
egative ratio characterised response {𝜏𝑠 → 𝜏𝑦, 𝑅𝐼𝐼𝐼 < 0} and a plane
tress condition, supporting large scale yielding [22].

For crack growth in mixed mode-{I, III} conditions an equivalent
tress intensity can be adopted, typically similar to equivalent stress
ormulations [21], either a linear one of the Tresca type: 𝛥𝐾𝑒𝑞 = 𝐶𝐼 ⋅
𝐾𝐼 + 𝐶𝐼𝐼𝐼 ⋅ 𝐾𝐼𝐼𝐼 or a non-linear one of the von Mises type: 𝛥𝐾𝑒𝑞 =
√

(𝐶𝐼 ⋅𝐾𝐼 )2 + (𝐶𝐼𝐼𝐼 ⋅𝐾𝐼𝐼𝐼 )2 [40,57–60,63–71]. Even higher order non-
inear formulations haven been proposed and some contain coupling
erms to incorporate interaction effects [40,70,71]. However, because
f the 𝑆𝑒𝑞 − 𝛥𝐾𝑒𝑞 formulation similarity, an equivalent stress 𝑆𝑒𝑞 [21]
ather than an equivalent stress intensity 𝛥𝐾𝑒𝑞 will be adopted as
atigue strength parameter, aiming for a mixed mode-{I, III} 𝑆𝑒𝑞 − 𝑁

fatigue resistance – rather than a 𝛥𝐾𝑒𝑞 − (d𝑎∕d𝑛) crack growth relation.
Applying an integral operator on the individual mode-{I, III} crack

growth models provides mid-cycle fatigue related resistance relations
of the Basquin type: log(𝑁𝑗 ) = log(𝐶𝑗 ) − 𝑚𝑗 log(𝑆𝑇 ,𝑗 ) with 𝑗 ={I, III},
correlating the fatigue life time 𝑁𝑖 and a total stress fatigue strength
parameter [10,11,13,22]:

𝑆𝑇 ,𝑗 =
𝑆𝑗

(

1 − 𝑅𝑗
)1−𝛾

⋅ 𝐼
1
𝑚𝑗
𝑁,𝑗 ⋅ 𝑡

2−𝑚𝑗
2𝑚𝑗
𝑝

(9)

with

𝐼𝑁,𝑗 =

𝑎𝑓
𝑡𝑝

∫
𝑎𝑖
𝑡𝑝

1
{

𝑌𝑛,𝑗

(

𝑎
𝑡𝑝

)

}𝑛

𝑗

⋅

{

𝑌𝑓,𝑗

(

𝑎
𝑡𝑝

)

}𝑚

𝑗

⋅
(

𝑎
𝑡𝑝

)

𝑚𝑗
2

d
(

𝑎
𝑡𝑝

)

,

𝑆𝐼 = 𝛥𝜎𝑠 and 𝑆𝐼𝐼𝐼 = 𝛥𝜏𝑠. Scaling parameter 𝑡
(2−𝑚𝑗 )∕2𝑚𝑗
𝑝 takes the

esponse gradient induced size effects into account. Rather than a
ufficiently small (𝑎𝑖∕𝑡𝑝) providing a converged notch crack growth
ntegral solution 𝐼𝑁,𝑗 , an arc-welding induced most likely material
haracteristic defect size estimate has been established; (𝑎𝑓∕𝑡𝑝) = 1 is
ased on a through-thickness crack criterion.

An environment and service loading induced mean stress compo-
ent as reflected in {𝑅𝐼 , 𝑅𝐼𝐼𝐼} is in general not the only one, since
rc-welding adds a thermal loading induced – typically high-tensile
quasi-constant residual (mean) stress, affecting the fatigue strength.
n explicit residual stress measure is typically not included, since

or fatigue design in general only joints in AW condition are con-
idered [34,44,72], meaning any residual stress affecting the fatigue
esistance is just implicitly incorporated in the most likely fatigue
esistance parameter estimates. A stress relieving heat treatment can
e applied, being one way to virtually eliminate residual stress and
mprove the fatigue strength. If both AW and stress-relieved (SR) test
ata are jointly considered, an explicit residual stress measure 𝑆𝑟 – an

average estimate, since the actual distribution is typically unknown
– will be introduced to represent the thermal condition, meaning a
re-formulation of the response ratio is required:

𝑅𝐼𝑟 =
𝑆𝑇 ,𝐼,𝑚𝑖𝑛 + 𝑆𝑟

𝑆𝑇 ,𝐼,𝑚𝑎𝑥 + 𝑆𝑟
=

𝑅𝐼 ⋅ 𝑆𝑇 ,𝐼 + 𝑆𝑟(1 − 𝑅𝐼 )
𝑆𝑇 ,𝐼 + 𝑆𝑟(1 − 𝑅𝐼 )

(10)

𝑅𝐼𝐼𝐼𝑟 =
𝑆𝑇 ,𝐼𝐼𝐼,𝑚𝑖𝑛 + 𝑆𝑟 =

𝑅𝐼𝐼𝐼 ⋅ 𝑆𝑇 ,𝐼𝐼𝐼 + 𝑆𝑟(1 − 𝑅𝐼𝐼𝐼 ) . (11)

𝑆𝑇 ,𝐼𝐼𝐼,𝑚𝑎𝑥 + 𝑆𝑟 𝑆𝑇 ,𝐼𝐼𝐼 + 𝑆𝑟(1 − 𝑅𝐼𝐼𝐼 )
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Fig. 8. Total stress cycle characteristics in the von Mises plane.

Since a stress relieving heat treatment affects the grain size and local
yielding properties [21], a dedicated elastoplasticity coefficient 𝑛 will
be needed for the AW and SR conditions.

Because of the mode-I and mode-III finite life time specific strength
and mechanism fatigue resistance characteristics, a response level de-
pendent shear strength coefficient 𝛽(𝑁) – rather than a constant one –
can be defined for a single-slope resistance relation 𝑁 = 𝐶 ⋅ 𝑆𝑚

𝑇 in the
mid-cycle fatigue region [21]:

𝛽(𝑁) =
𝑆𝑇 ,𝐼 (𝑁)
𝑆𝑇 ,𝐼𝐼𝐼 (𝑁)

= 𝐶𝛽 ⋅𝑁
𝑀𝛽 (12)

with

𝐶𝛽 = 10
log(𝐶𝐼 )𝑚𝐼𝐼𝐼−log(𝐶𝐼𝐼𝐼 )𝑚𝐼

𝑚𝐼 ⋅𝑚𝐼𝐼𝐼

and

𝑀𝛽 =
𝑚𝐼 − 𝑚𝐼𝐼𝐼
𝑚𝐼 ⋅ 𝑚𝐼𝐼𝐼

.

ince only the uniaxial mode-{I, III} number of cycles {𝑁𝐼 , 𝑁𝐼𝐼𝐼} are
nown in advance, the actual 𝛽(𝑁) value has to be obtained in an
terative cycle counting process [21] in order to capture 𝑁 for the
quivalent normal stress based von Mises type of criterion:

𝑇 =
√

{

𝑆2
𝑇 ,𝐼 + 𝛽(𝑁) ⋅ 𝑆2

𝑇 ,𝐼𝐼𝐼

}

. (13)

Counting iteratively the effective von Mises notch stress (Fig. 8)
t the critical fracture plane (Section 2), the range 𝑆𝑇 ,𝑖 including the
ormal and equivalent shear stress projections {𝑆𝑇 ,𝐼,𝑖, 𝛽(𝑁) ⋅ 𝑆𝑇 ,𝐼𝐼𝐼,𝑖}
nd corresponding ratios {𝑅𝐼 = 𝑆𝑇 ,𝐼,𝑚𝑖𝑛,𝑖∕𝑆𝑇 ,𝐼,𝑚𝑎𝑥,𝑖, 𝑅𝐼𝐼𝐼 = 𝛽(𝑁) ⋅
𝑇 ,𝐼𝐼𝐼,𝑚𝑖𝑛,𝑖∕𝛽(𝑁)⋅𝑆𝑇 ,𝐼𝐼𝐼,𝑚𝑎𝑥,𝑖} can be obtained for each cycle 𝑖. Adopting
0𝑡ℎ, 1𝑠𝑡 or 2𝑛𝑑 order moment approach, differences between the actual

esponse path and the (straight) range have been used to incorporate
non-proportionality effect cycle-by-cycle in terms of 𝐶𝑛𝑝, including a
aterial characteristic contribution in terms of 𝑐𝑚 [21,39,73–75]:

𝑇 ,𝑒𝑓𝑓 ,𝑖 = 𝑆𝑇 ,𝑖
(

1 + 𝑐𝑚 ⋅ 𝐶𝑛𝑝,𝑖
)

(14)

ith

𝑛𝑝,𝑖 =
∫𝑆 (𝑟 ⋅ | sin(𝜃)|)

𝑛d𝑝
∫𝑆 (𝑅 ⋅ | sin(𝜃)|)𝑛d𝑝

for 𝑛 = 0, 1 or 2. (15)

Although 𝐶𝑛𝑝,𝑖 and 𝑐𝑚 are meant to reflect respectively the path
and material characteristic part, 𝑐𝑚 may correct for any cycle counting
and/or non-proportionality related model deficiency as well, since data
fitting is used to obtain an estimate. A compromised value may be
acquired, meaning interpretation becomes more difficult. In order to
obtain a mid-cycle fatigue related equivalent total stress parameter
𝑆𝑇 ,𝑒𝑞 for variable amplitude (VA) data fitting the constant amplitude
(CA) data scatter band; i.e. 𝑁(𝑆𝑇 ) = 𝐶 ⋅ 𝑆−𝑚

𝑇 with 𝑆𝑇 = 𝑆𝑇 ,𝑒𝑞 , the
linear damage model is adopted: 𝐷 =

∑

{𝑛 (𝑆 )∕𝑁 (𝑆 )} ≤ 1 with
9

𝑖 𝑇 ,𝑖 𝑖 𝑇 ,𝑖 3
𝑁𝑖(𝑆𝑇 ,𝑖) = 𝐶 ⋅ 𝑆−𝑚
𝑇 ,𝑖 . For 𝐷 = 1, reflecting failure, the formulation

becomes:

𝑆𝑇 ,𝑒𝑞 =

[∑

{𝑛𝑖(𝑆𝑇 ,𝑒𝑓𝑓 ,𝑖) ⋅ 𝑆𝑚
𝑇 ,𝑒𝑓𝑓 ,𝑖}

𝑁

]1∕𝑚

. (16)

Similarly, applying an integral operator to the (d𝑎∕d𝑛)𝐼 ′ = 𝐶 ⋅𝑀2
𝑘𝑛 ⋅

{𝛥𝜎𝑠,𝑒𝑓𝑓 ′ ⋅ 𝑌𝑓,𝐼 ⋅
√

(𝜋𝑎)}𝑚 mode-I crack growth relation [28,50,51] pro-
vides a master curve formulation: log(𝑁𝐼 ) = log(𝐶𝐼 ) − 𝑚𝐼 log(𝑆𝑡,𝐼 ) with
𝑡,𝐼 = 𝛥𝜎𝑠∕{(1−𝑅𝜎 )2(1−𝛾)∕𝑚 ⋅𝐼𝑁,𝐼 ′ (𝑟𝜎𝑠)1∕𝑚𝐼 ⋅𝑡(2−𝑚𝐼 )∕2𝑚𝐼

𝑝 }. The crack growth
ntegral 𝐼𝑁,𝐼 ′ (𝑟𝜎𝑠)1∕𝑚𝐼 =

[

∫ 1∕𝑀2
𝑘𝑛(𝑎∕𝑡𝑝) ⋅ 𝑌𝑓,𝐼 (𝑎∕𝑡𝑝, 𝑟𝜎𝑠)

𝑚𝐼 ⋅ (𝑎∕𝑡𝑝)𝑚𝐼 ∕2

d(𝑎∕𝑡𝑝)
](1∕𝑚𝐼 ) is approximated using a 6𝑡ℎ order polynomial for engi-

eering purposes [25]. Provided 𝑟𝜎𝑠 = |𝛥𝜎𝑠𝑏|∕(|𝛥𝜎𝑠𝑚| + |𝛥𝜎𝑠𝑏|) [25,
6,77], non-monotonic weld notch stress distributions [11,13] are not
onsidered since the formulation provides only 𝑟𝜎𝑠 ≥ 0 values. Because
f the fixed notch governing to far field dominated transition location,
he considered weld notch load carrying level is the same for all. Rather
han an arc-welding induced most likely material characteristic defect
ize estimate, (𝑎𝑖∕𝑡𝑝) = 10−3 has been adopted providing a converged
𝑁,𝐼 ′ (𝑟𝜎𝑠)1∕𝑚𝐼 solution; (𝑎𝑓∕𝑡𝑝) = 1 is based on a through-thickness crack
riterion. Whereas for SR welded joints in steel structures 𝛥𝜎𝑠,𝑒𝑓𝑓 ′ is
onsidered, for AW ones mean stress effects are not taken into account
nd 𝛥𝜎𝑠,𝑒𝑓𝑓 ′ → 𝛥𝜎𝑠, reducing the mode-I traction equivalent structural
tress to 𝑆𝑡,𝐼 = 𝛥𝜎𝑠∕{𝐼𝑁,𝐼 ′ (𝑟𝜎𝑠)1∕𝑚 ⋅ 𝑡(2−𝑚)∕2𝑚𝑝 } [25,40].

Mode-III crack growth at notched geometries seems not investi-
ated. However, a traction equivalent structural shear stress formu-
ation has been established, assuming the non-monotonic behaviour
s identified for mode-I still holds: 𝑆𝑡,𝐼𝐼𝐼 = 𝛥𝜏𝑠∕{𝐼𝑁,𝐼𝐼𝐼 ′ (𝑟𝜏𝑠)1∕𝑚𝐼𝐼𝐼 ⋅
(2−𝑚𝐼𝐼𝐼 )∕2𝑚𝐼𝐼𝐼
𝑝 }. A 4𝑡ℎ order polynomial has been established [27,38]
o approximate the notch crack growth integral 𝐼𝑁,𝐼𝐼𝐼 ′ (𝑟𝜏𝑠)1∕𝑚𝐼𝐼𝐼 =
∫ 1∕{𝑀2

𝑘𝑛(𝑎∕𝑡𝑝) ⋅ 𝑌𝑓,𝐼𝐼𝐼 (𝑎∕𝑡𝑝, 𝑟𝜏𝑠)
𝑚𝐼𝐼𝐼 ⋅ (𝑎∕𝑡𝑝)𝑚𝐼𝐼𝐼 ∕2d(𝑎∕𝑡𝑝)}]1∕𝑚𝐼𝐼𝐼 involv-

ng the solid shaft 𝑌𝑓,𝐼𝐼𝐼 solution (Section 2.2.2) [27,38] and is appli-
able for monotonic weld notch shear stress distributions only: 𝑟𝜏𝑠 =
𝛥𝜏𝑠𝑡|∕(|𝛥𝜏𝑠𝑠| + |𝛥𝜏𝑠𝑡|). Slope 𝑚𝐼𝐼𝐼 = 5 has been postulated. Using the
mproved far field factor 𝑌𝑓,𝐼𝐼𝐼 formulation (Eq. 8), 𝐼𝑁,𝐼𝐼𝐼 ′ (𝑟𝜏𝑠)1∕𝑚𝐼𝐼𝐼

as been re-established and a revised polynomial approximation is
roposed. The notch characteristics (Section 2) have not been changed,
eaning the transition size is assumed to be the same as for mode-I.

For mixed mode-{I, III} multiaxial fatigue, a von Mises type of
quivalent stress formulation has been adopted, defined at the critical
racture plane (Section 2):

𝑡 =
√

(𝑆2
𝑡,𝐼 + 𝛽 ⋅ 𝑆2

𝑡,𝐼𝐼𝐼 ) (17)

ith

𝑡,𝐼 = 𝛥𝜎𝑠∕
{

(1 − 𝑅𝜎 )2(1−𝛾)∕𝑚 ⋅ 𝐼𝑁,𝐼 ′ (𝑟𝜎𝑠)1∕𝑚𝐼 ⋅ 𝑡𝑝
(2−𝑚𝐼 )∕2𝑚𝐼

}

𝑁,𝐼 ′ (𝑟𝜎𝑠)1∕𝑚𝐼 ≈0.0011 ⋅ 𝑟6𝜎𝑠 + 0.0767 ⋅ 𝑟5𝜎𝑠 − 0.0988 ⋅ 𝑟4𝜎𝑠+

0.0946 ⋅ 𝑟3𝜎𝑠 + 0.0221 ⋅ 𝑟2𝜎𝑠 + 0.014 ⋅ 𝑟𝜎𝑠 + 1.2223

𝑡,𝐼𝐼𝐼 = 𝛥𝜏𝑠∕𝐼𝑁,𝐼𝐼𝐼 ′ (𝑟𝜏𝑠)1∕𝑚𝐼𝐼𝐼 ⋅ 𝑡𝑝
(2−𝑚𝐼𝐼𝐼 )∕2𝑚𝐼𝐼𝐼

𝑁,𝐼𝐼𝐼 ′ (𝑟𝜏𝑠)1∕𝑚𝐼𝐼𝐼 ≈1.4131 ⋅ 𝑟4𝜏𝑠 − 1.0448 ⋅ 𝑟3𝜏𝑠 +

1.0264 ⋅ 𝑟2𝜏𝑠 + 0.7087 ⋅ 𝑟𝜏𝑠 + 1.4244

nd 𝛽 = 3; a constant rather than a response level dependent one,
xplaining why fatigue resistance data analysis for welded joints in
teel structures provided an average slope value 𝑚 ∼ 4 [27,39,78,79]
n between 𝑚𝐼 ∼ 3 and 𝑚𝐼𝐼𝐼 ∼ 5. Another track has been developed
s well. Because well-established mode-III short and long crack growth
ata is lacking, 𝑆𝑡 = 𝛥𝜎𝑠,𝑣𝑀∕{𝐼𝑁,𝐼 ′ (𝑟𝑠,𝑣𝑀 )1∕𝑚𝐼 ⋅𝑡(2−𝑚𝐼 )∕2𝑚𝐼

𝑝 } with 𝛥𝜎𝑠,𝑣𝑀 =

(𝛥𝜎2𝑠 + 𝛽 ⋅ 𝛥𝜏2𝑠 ), 𝑟𝑠,𝑣𝑀 =
√

(𝛥𝜎2𝑠𝑏 + 𝛽 ⋅ 𝛥𝜏2𝑠𝑡)∕{
√

(𝛥𝜎2𝑠𝑚 + 𝛽 ⋅ 𝛥𝜏2𝑠𝑠)+|𝛥𝜎𝑠𝑏|}
and 𝛽 = 3 has been proposed, assuming the crack growth behaviour
is mode-I dominated [26,40]. If mode-III contributions become more
important, deviations can be expected.

Cycles are counted in the 𝑆𝑡,𝐼 − 𝛽𝑆𝑡,𝐼𝐼𝐼 or 𝜎𝑠 − 𝛽𝜏𝑠 plane [26,27,

9,40] for the proposed 𝑆𝑡 formulations – respectively incorporating
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𝐷

Fig. 9. Fatigue test specimen geometry, external loading (arrows) and constraints (thick lines or ▵◦◦ symbols) [21].
full- or just partial far field fatigue strength information and includes
cycle-by-cycle non-proportionality measures [39,73–75].

In order to obtain an equivalent stress parameter 𝑆𝑡,𝑒𝑞 for VA data
itting the CA data scatter band, the linear damage model is adopted:

=
∑

{𝑛𝑖(𝑆𝑡,𝑖) ⋅ 𝑆𝑚
𝑡,𝑖∕𝑁𝑖(𝑆𝑡,𝑖)}. For 𝐷 = 1, the formulation becomes:

𝑆𝑡,𝑒𝑞 = [
∑

{𝑛𝑖(𝑆𝑡,𝑖)∕𝑁}]1∕𝑚 with 𝑁 =
∑

{𝑛𝑖(𝑆𝑡,𝑖)} the total number of
counted von Mises cycles.

3.2. Test data

Data series containing steel specimens with both tubular and planar
structural joints have been considered (Fig. 9) – the same as used
to investigate the effective notch stress performance [21], involving
respectively circular/square hollow and plate cross-sections with spec-
ified joint dimensions and various thermal conditions (both AW and
SR).

3.3. Strength and mechanism contributions

The life time range of the considered data (Fig. 9) virtually reflects
mid-cycle fatigue characteristics only: 𝑁 = (104 ∼ 5 ⋅106) cycles. A log–
log linear resistance formulation of the Basquin type typically relates
𝑁 to a fatigue strength parameter 𝑆 [11]: log(𝑁) = log(𝐶) − 𝑚 ⋅ log(𝑆).
Linear regression on life time is adopted to estimate the single-slope
curve parameters: intercept log(𝐶) and slope 𝑚, respectively reflecting a
strength and mechanism contribution, introducing the life time scatter
(i.e. performance) parameter 𝜎𝑁 . For strength performance evaluation
purposes, the scatter band index 𝑇𝜎𝑆 = 1 ∶ (𝑆10∕𝑆90) will be used: the
fatigue strength ratio for 10[%] and 90[%] probability of survival [80].
Maximum likelihood based regression [22,81] will be employed to
obtain the most likely parameter vector estimate 𝛷 ∶ max(𝛷;𝑁|𝑆)
with 𝛷 = {log(𝐶), 𝑚, 𝜎𝑁}, assuming fatigue lifetime 𝑁 is most likely log-
Normal distributed [13,20]. For 𝑆 = 𝑆𝑇 ,𝑒𝑓𝑓 (Section 3.1), the response
ratio coefficient and material characteristic elastoplasticity coefficient
providing respectively another strength and mechanism contribution
are introduced, principally extending the parameter vector to: 𝛷 =
10

{log(𝐶), 𝛾, 𝑚, 𝑛, 𝜎𝑁}. Note that ideally the uniaxial mode-I and mode-III,
as well as the multiaxial P and NP mode-{I, III} data (Fig. 9) would have
been balanced for appropriate 𝑆𝑇 ,𝑒𝑓𝑓 performance evaluation, meaning
that except the 𝜎𝑁 and 𝑇𝜎𝑆 parameters as global indicators for all data,
the individual data groups behaviour have to be carefully considered
as well. Starting with the uniaxial reference fatigue resistance in terms
of 𝑆𝑇 ,𝑒𝑓𝑓 , the mode specific strength and mechanism coefficients will
be established first (Section 3.3.1) in order to obtain 𝛽(𝑁). The 𝑆𝑇 ,𝑒𝑓𝑓
performance for multiaxial fatigue resistance data will be investigated
accordingly (Section 3.3.2), in comparison to 𝑆𝑒,𝑒𝑓𝑓 and 𝑆𝑡. Particular
attention will be paid to the consequences of mode specific strength
and mechanism for mixed mode-{I, III} fatigue and the influence of
non-proportionality. Since 𝑆𝑇 ,𝑒𝑓𝑓 is an equivalent normal stress von
Mises type of parameter, the fitting of the multiaxial data in the mode-I
uniaxial data scatter band will be verified, as well as the fitting of VA
data in the CA data scatter band in order to establish the performance
of the adopted linear damage accumulation model for a 𝑆𝑇 ,𝑒𝑓𝑓 based
fatigue assessment.

3.3.1. Uniaxial reference fatigue data
The 𝑆𝑇 ,𝑒𝑓𝑓 based mode-I mid-cycle fatigue resistance formulation for

planar structures in steel (maritime) structures, involving hot spots type
{A, B, C} and various AW joint geometries, has already been established
for CA data [43] and shows excellent performance as reflected in the
life time standard deviation: 𝜎𝑁 = 0.21. The intercept and slope as
strength and mechanism parameters are: log(𝐶𝐼 ) ∼ 13.05 and slope
𝑚𝐼 ∼ 3.15. Note that the slope is close to the typical design value
𝑚 = 3 [34,72]. Response ratio coefficient 𝛾𝐼,𝐴𝑊 ∼ 0.89 for the full 𝑅𝐼
range implies a predominant contribution of stress range over mean
stress. For an average most likely initial crack size (𝑎𝑖∕𝑡𝑝) = 0.006
and final crack size (𝑎𝑓∕𝑡𝑝) = 1 – representing a through-thickness
crack (Section 2) – and real notch radius 𝜌 = 0 (Fig. 7), a most
likely 𝑛𝐼,𝐴𝑊 ∼ 3.48 has been obtained, reflecting notch and/or crack
tip elastoplasticity induced non-monotonic crack growth behaviour
(Fig. 7). Both 𝛾𝐼,𝐴𝑊 and 𝑛𝐼,𝐴𝑊 are welding induced high-tensile residual
stress affected. Since the data size of the considered (predominant)
tubular and (some) planar mode-I data (Fig. 9) is ∼ 140, relatively small
in comparison to the ∼ 2500 assessed before [43], enforcing log(𝐶 ) ∼
𝐼
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Fig. 10. Uniaxial reference fatigue resistance. Mode-I data total stress based fatigue resistance, including mean and residual stress correction with dedicated 𝑛𝐼,𝐴𝑊 and 𝑛𝐼,𝑆𝑅 (a);
Mode-III data total stress based fatigue resistance; 𝜌 = 0 (b) and 𝜌 > 0 (c). Uniaxial mode-I and mode-III data total stress based fatigue resistance (d). Note: 𝑐𝑚 = 𝐶𝑛𝑝,𝑖 = 0.
13.05, 𝑚𝐼 ∼ 3.15, 𝛾𝐼,𝐴𝑊 ∼ 0.89 and 𝑛𝐼,𝐴𝑊 ∼ 3.48 seems straightforward
from parameter confidence perspective. A previous fatigue resistance
investigation based on the effective notch stress 𝑆𝑒 [21]; an intact
geometry fatigue strength parameter, revealed that distinguished ma-
terial dependent strength and mechanism contributions for AW and
SR thermal conditions are required, suggesting dedicated {𝛾𝐼,𝑆𝑅, 𝑛𝐼,𝑆𝑅}
estimates should be assigned. At the same time, an explicit residual
stress measure 𝑆𝑟 is introduced for the SR data since AW and SR data
are jointly considered, meaning the response ratio 𝑅𝐼𝑟 rather than 𝑅𝐼
should be adopted (Section 3.1). The parameter vector becomes: 𝛷 =
{𝑆𝑟,𝐼 , 𝛾𝐼,𝑆𝑅, 𝑛𝐼,𝑆𝑅, 𝜎𝑁,𝐼}. Regression analysis shows that the AW and SR
data (Fig. 9) fit the reference AW data scatter band (Fig. 10), suggesting
strength and mechanism contributions are sufficiently covered. The
most likely residual stress estimate 𝑆𝑟 (Fig. 10 and Table 1) proved to
be compressive (Section 3.1), confirming the (average) residual stress
for the AW data is highly tensile indeed. Note 𝑆𝑟,𝐼 is a total stress
rather than a structural stress value (Section 3.1), meaning a one-to-one
comparison to the 𝑆𝑒 based 𝑆𝑟,𝐼 value [21] is not possible. Surprisingly,
the residual mean stress coefficient 𝛾𝐼,𝑆𝑅 has become about equal to
the AW value 𝛾𝐼,𝐴𝑊 – although for the 𝑆𝑒 based fatigue resistance
assessment the same behaviour is observed, meaning the stress range
contribution dominates anyway. The 𝑛𝐼,𝑆𝑅 ∼ 0.09 estimate (Fig. 10 and
Table 1) turns out to be smaller than the AW value as expected and
reflects soft monotonically increasing crack growth behaviour (Fig. 7) –
close to log–log-linear behaviour in the Paris defined long-crack growth
11
Table 1
Total stress based parameter estimates and 75[%] lower and upper parameter confidence
bounds for mode-I and mode-III.

Parameter Mode-I Mode-III

𝜌 = 0 𝜌 > 0

log(𝐶) 13.05 [12.97, 13.13] 17.77 [17.11, 18.43] 16.46 [15.90, 17.02]
𝑚 3.15 [3.11, 3.18] 4.82 [4.46, 5.18] 5.02 [4.67, 5.37]
𝑛 / / 9.00 [4.17, 13.83] 3.12 [1.14, 5.09]
𝑛𝐴𝑊 3.48 [3.28, 3.68] / / / /
𝑛𝑆𝑅 0.09 [0.01 0.17] / / / /
𝛾 / / 1.00 [0.98, 1.00] 1.00 [0.98, 1.00]
𝛾𝐴𝑊 0.89 [0.88, 0.91] / / / /
𝛾𝑆𝑅 0.95 [0.93, 0.98] / / / /
𝑆𝑟 −113 [−115, −110] / / / /
𝜎𝑁 0.30 [0.26, 0.33] 0.25 [0.22, 0.28] 0.21 [0.18, 0.24]
𝜎𝑁 incl.[43] 0.22 [0.19, 0.24] / / / /

region and correlates to a predominant elastic notch and/or crack tip
response as a consequence of eliminated residual (mean) stress. At the
same time, a stress-relieving heat treatment decreases the hardness
and supports ductile material behaviour, improving the elastic material
capacity. However, since the amount of SR data is just ∼ 3 [%] of the
total size, data balance is lost, meaning 𝑛𝐼,𝑆𝑅 is likely compromised
up to some extent in order to enforce an AW data fit. The life time
scatter of the considered data (Fig. 9) in terms of 𝜎 is somewhat
𝑁,𝐼
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large and seems at least partially a matter of data size as reflected in
the parameter confidence (Table 1). The corresponding strength scatter
band index 𝑇𝜎𝑆𝑇 = 1 ∶ 1.77 and turns out to be larger than a typical
value of 1 ∶ 1.50 [15]. In comparison to 𝑆𝑒 [21], the 𝑆𝑇 performance is
slightly worse.

At first glance, the VA data fits the CA data scatter band for 𝐷 =
1, supporting the hypothesis that advanced fatigue damage criteria –
including the mean stress as an important sequence parameter in terms
of 𝑅 and 𝛾 – contributes to the (linear) damage accumulation model
performance.

The mode-III mid-cycle fatigue resistance for (predominantly) tubu-
lar steel (maritime) structures principally involves hot spots type C and
a DS welded T-joint geometry only (Fig. 9). The data size is ∼ 50. Since
the (as) weld(ed) toe notch radius is a stochastic variable along the
weld seam and quite small [82], 𝜌 = 0 is typically adopted. However,
𝑆𝑒 based investigations [21] suggest that the actual 𝜌 value is important,
explaining why regression analysis will be performed for the 𝜌 > 0
case. For reference purposes, 𝜌 = 0 results will be provided as well.
Since notch radius information is often not available [21], 𝜌 ∼ 1.3
[mm] has been selected as most likely – average – estimate for the
data sets with unknown 𝜌, following previous investigations [20]. Mean
stress effects are hardly observed [21], implying differences in fatigue
resistance for AW and SR test data is not expected and the parameter
vector 𝛷 = {log(𝐶𝐼𝐼𝐼 ), 𝑚𝐼𝐼𝐼 , 𝑛𝐼𝐼𝐼 , 𝜎𝑁,𝐼𝐼𝐼} is considered to be sufficient.

The obtained most likely intercept and slope, log(𝐶𝐼𝐼𝐼 ) ∼ 16.46
and 𝑚𝐼𝐼𝐼 ∼ 5.02, are different from the mode-I values (Fig. 10 and
Table 1), proving different strength and mechanism contributions. Note
𝑚𝐼𝐼𝐼 is similar for the 𝜌 = 0 and 𝜌 > 0 case and close to a typical
design value of 5 [34,72]. Elastoplasticity coefficient 𝑛𝐼𝐼𝐼 for 𝜌 = 0 is
relatively large – even unrealistic – in comparison to the 𝜌 > 0 value
since notch elastoplasticity increases for decreasing 𝜌. An interesting
observation is that 𝑛𝐼𝐼𝐼 ∼ 3.12 for 𝜌 > 0; close to the mode-I value
for 𝜌 = 0, although the parameter confidence interval is relatively
large (Table 1). The parameter confidence bounds suggest that crack
growth behaviour can still range from monotonically increasing to non-
monotonic (Fig. 7). Most likely the limited variation in data properties
as well as the data size are the main reasons. Similar to the 𝑆𝑒 based
assessment [20], the life time scatter parameter values for 𝜌 = 0
and 𝜌 > 0 illustrate why the actual notch radius (at the surface)
should be included: 𝜎𝑁,𝐼𝐼𝐼 reduces from ∼0.25 to ∼0.21, supporting
the hypothesis that the mode-III fatigue damage process might even be
more a near-surface phenomenon than for mode-I. Considering the type
of loading and geometry reveals a volume (i.e. weld seam length) effect
and could partially explain why 𝜎𝑁,𝐼𝐼𝐼 turns out to be relatively small
in comparison to 𝜎𝑁,𝐼 [21]. For the mode-I data on the one hand, most
specimens are subjected to a bending moment 𝑀𝑏 and have a tubular,
circular hollow cross-section (Fig. 9). The governing hot spot and most
likely fatigue failure position is observed at one location along the
weld seam, principally independent of the fabrication aspects induced
weakest link; a matter of production tolerances and welding induced
defects. On the other hand, for the mode-III data a torsion moment 𝑀𝑡
is typically applied and for tubular, circular hollow cross-sections all
locations along the weld seam are identified as hot spot. Fatigue failure
develops at the position of the fabrication defined weakest link, like the
location of the welding induced extreme defect. The mode-III fatigue
strength scatter band index 𝑇𝜎𝑆𝑇

= 1 ∶ 1.28 is smaller than a typical
value of 1 ∶ 1.50 [15].

Like for the uniaxial mode-I assessment, the linear damage accu-
mulation up to 𝐷 = 1 shows VA data fitting the CA data scatter band.
A comparison of mode-I and -III data and mean (i.e. 50 [%] reliabil-
ity) 𝑆𝑇 ,𝑒𝑓𝑓 − 𝑁 curves clearly shows differences in both strength and
mechanism (Fig. 10), i.e. in {log(𝐶), 𝛾} and {𝑚, 𝑛}, implying a lifetime
dependent shear strength coefficient 𝛽(𝑁) rather than a constant one is
required for multiaxial fatigue assessment (Section 3.1).
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3.3.2. Multiaxial fatigue resistance
Involving the multiaxial fatigue data (Fig. 9), the normal stress

equivalent von Mises type of failure criterion is adopted (Eq. 13):
𝑆𝑇 =

√

[𝑆𝑇 ,𝐼 (𝛾𝐼 , 𝑛𝐼 )2 + 𝑆𝑇 ,𝐼𝐼𝐼 (𝛾𝐼𝐼𝐼 , 𝑛𝐼𝐼𝐼 )2]. Note that for the SS welded
butt joints the 𝑆𝑇 ,𝐼𝐼𝐼 related 𝐶𝑡𝑤 estimate is obtained using the for-
mulation as principally established for DS welded T-joints, assuming
𝑡𝑐 = 0 [20]. For CA mixed mode-{I, III} data involving asynchronous
ehaviour and/or different frequencies, as well as for VA multiax-
al data, cycle counting in the von Mises plane is initially adopted
ithout any material characteristic non-proportionality effects: 𝑐𝑚 =

𝐶𝑛𝑝 = 0 (Eq. 14). In order to illustrate the importance of strength and
mechanism contributions, reflected in the 𝛽(𝑁) related {log(𝐶), 𝑚} and
the mode and material dependent 𝑆𝑇 ,𝑒𝑓𝑓 parameters {𝛾, 𝑛}, regression
analysis results for 𝛽 =

√

3 as well as for 𝑛𝐼 = 𝑛𝐼𝐼𝐼 are provided
or reference purposes (Fig. 11a and Fig. 11b). The parameter vectors
ave been 𝛷 = {log(𝐶), 𝑆𝑟, 𝛾𝐼,𝐴𝑊 , 𝛾𝐼,𝑆𝑅, 𝑚, 𝑛𝐼,𝐴𝑊 , 𝑛𝐼,𝑆𝑅, 𝑛𝐼𝐼𝐼 , 𝜎𝑁} and
= {log(𝐶), 𝑆𝑟, 𝛾, 𝑚, 𝑛, 𝜎𝑁} respectively.
The different strength and mechanism for the uniaxial mode-I and

ode-III as well as the multiaxial mode-{I, III} P and NP data can
learly be observed in the separate data scatter bands for 𝛽 =

√

3,
reflected in the imaginary intercept and slope for each data group
(Fig. 11a). The lifetime scatter parameter 𝜎𝑁 ∼ 0.42 and corresponding
strength index 𝑇𝜎𝑆𝑇

= 1 ∶ 2.72 illustrate in comparison to the uniaxial
values: 𝜎𝑁,𝐼 ∼ 0.30, 𝜎𝑁,𝐼𝐼𝐼 ∼ 0.21, 𝑇𝜎𝑆𝑇 ,𝐼 = 1 ∶ 1.75 and 𝑇𝜎𝑆𝑇 ,𝐼𝐼𝐼 =
∶ 1.28 (Section 3.3.1) a much worse fit. Eliminating in addition the
𝑇 ,𝑒𝑓𝑓 related mode and material sensitive strength and mechanism
ontributions changes the imaginary intercept and slope for each data
roup (Fig. 11b), although the overall performance basically did not
mprove: 𝜎𝑁 ∼ 0.42 and 𝑇𝜎𝑆𝑇

= 1 ∶ 2.52.
However, the scatter of the individual data groups did change. For

the uniaxial mode-I and multiaxial mode-{I, III} P data in particular
a significant increase and decrease are respectively observed, suggest-
ing the equivalent shear strength and total stress based strength and
mechanism contributions are important. The different consequences for
uniaxial and multiaxial response conditions even indicate that mode-
coupling; an interaction effect, might be involved indeed (Section 1).
Overall, the uniaxial mode-I and mode-III as well as the multiaxial
mode-{I, III} P data shows a reasonable fit, but the multiaxial mode-{I,
III} NP data remains out of range up to a large extent (Fig. 11a and
11b), illustrating at the same time the consequences of data imbalance
(Section 3.2). Without affecting the global performance lifetime and
strength parameters 𝜎𝑁 and 𝑇𝜎𝑆𝑇

, the relative position of data groups
can change significantly and may cause wrong conclusions regarding
the importance of strength and mechanism contributions as observed
before [26,39,73].

Adopting the mode specific and material characteristic strength
and mechanism contributions; {log(𝐶), 𝑚} in terms of 𝛽(𝑁) – for an
iteratively obtained 𝑁 value (Section 3.1) – and {𝛾, 𝑛}, improves the
model performance just up to some extend (Fig. 11c). The lifetime
scatter and strength scatter band index reduced a bit: 𝜎𝑁 ∼ 0.39 and
𝜎𝑆𝑇

= 1 ∶ 2.09, but are still relatively large in comparison to the
niaxial mode-I data values (Section 3.3.1). At the same time, the
ultiaxial P and NP data groups still show room for improvement. One

eason seems that 𝛽(𝑁) is not very effective in aligning the scatter bands
f the different data groups. For the mid-cycle fatigue range 𝛽(𝑁) is
arying from ∼1.2 to ∼1.4 and the mean value is ∼1.8; quite close

to 𝛽 =
√

3 like used for the reference results (Fig. 11a). A similar
observation has been made before [39], but seems no argument for a
general conclusion since 𝛽(𝑁) is varying from ∼0.5 to ∼1.1 for 𝑆𝑒 as
fatigue strength parameter [21] and performance parameters similar
to the mode-I data values are already obtained, whereas for 𝑆𝑇 ,𝑒𝑓𝑓 a
next step is required.

Observing one more time the change in data scatter bands for
the reference results from different to similar elastoplasticity coeffi-
cients (Fig. 11a and 11b), dedicated ones {𝑛 , 𝑛 , 𝑛 }
𝐼,𝐴𝑊 ,𝑀 𝐼,𝑆𝑅,𝑀 𝐼𝐼𝐼,𝑀
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Fig. 11. Total stress based fatigue resistance for uniaxial and multiaxial data adopting: 𝛽 =
√

3 and {𝑛I , 𝛾I} ≠ {𝑛III , 𝛾III} (a); 𝛽 =
√

3 and {𝑛I , 𝛾I} = {𝑛III , 𝛾III} (b); 𝛽 = 𝑓 (𝑁) and 𝑛I ≠ 𝑛III
for 3 𝑛 approach (c) and 6 𝑛 approach (d). Note: 𝑐𝑚 = 𝐶𝑛𝑝,𝑖 = 0.
will be introduced for the mode-{I, III} multiaxial response condi-
tions, reflecting a short crack growth induced mechanism interac-
tion effect. For regression analysis, the parameter vector becomes:
𝛷 = {𝛾𝐼,𝐴𝑊 , 𝛾𝐼,𝑆𝑅, 𝛾𝐼𝐼𝐼 , 𝑛𝐼,𝐴𝑊 , 𝑛𝐼,𝑆𝑅, 𝑛𝐼𝐼𝐼 , 𝑛𝐼,𝐴𝑊 ,𝑀 , 𝑛𝐼,𝑆𝑅,𝑀 , 𝑛𝐼𝐼𝐼,𝑀 , 𝜎𝑁}.
Although – in addition to the previously investigated uniaxial mode-I
two-stage crack growth characteristics (Section 3.1) – uniaxial mode-III
and mixed mode-{I, III} crack growth testing (e.g. using CT specimens)
is required to obtain the short crack growth related elastoplasticity
coefficients 𝑛 in order to prove interaction effects, still, most likely 𝑛
estimates for welded joint fatigue test data are required for verification
purposes. Applying one-to-one crack growth based 𝑛 estimates for
welded joint fatigue life time estimates would imply similarity, and
proof should be provided. A reversed engineering approach is adopted
and most likely 𝑛 estimates for multiaxial fatigue test data are obtained
first in order to reveal the consequences of ignoring interaction effects.
Mode-I and mixed mode-{I, III} crack growth tests will be the next step.
In case long crack growth mode-{I, III} interaction effects should be
incorporated as well, the SIF has to be reformulated including coupling
terms (Section 3.1).

The most likely multiaxial 𝑛 estimates are quite different from the
uniaxial counterparts and an interpretation of the values seems not
straightforward, keeping in mind that the different data groups are not
in balance (Section 3.2) and {𝑛 , 𝑛 , 𝑛 } may serve at
13

𝐼,𝐴𝑊 ,𝑀 𝐼,𝑆𝑅,𝑀 𝐼𝐼𝐼,𝑀
Table 2
Total stress and Effective notch stress based {𝑛, 𝜌∗} parameter estimates for multiaxial
response conditions, including 75[%] parameter confidence bounds.

parameter estimate 75[%] confidence

𝑆𝑇
𝑛𝐼,𝐴𝑊 ,𝑀 0.07 [0.03, 0.19]
𝑛𝐼,𝑆𝑅,𝑀 3.25 [3.01, 3.59]
𝑛𝐼𝐼𝐼,𝑀 7.11 [5.07, 9.27]

𝑆𝑒
𝜌∗𝐼,𝐴𝑊 ,𝑀 1.02 [0.17, 2.29]
𝜌∗𝐼,𝑆𝑅,𝑀 3.95 [2.77, 5.10]
𝜌∗𝐼𝐼𝐼,𝑀 0.09 [0.01, 1.27]

the same time the purpose of model deficiency correction factor. For
mode-I the crack growth behaviour would change from non-monotonic
to monotonically increasing and the other way around for respectively
the AW and SR data; {𝑛𝐼,𝐴𝑊 = 3.48, 𝑛𝐼,𝐴𝑊 ,𝑀 = 0.07} and {𝑛𝐼,𝑆𝑅 =
0.09, 𝑛𝐼,𝑆𝑅,𝑀 = 3.25}. Multiaxial response conditions would increase
the level of elastoplasticity; for mode-III 𝑛𝐼𝐼𝐼,𝑀 > 𝑛𝐼𝐼𝐼 . The parameters
confidence does not look unrealistic (Table 2) and even similar to the
uniaxial ones (Table 1). A major achievement is that the life time scatter
and strength scatter band index significantly reduced to 𝜎𝑁 ∼ 0.30
and 𝑇𝜎𝑆𝑇

= 1 ∶ 1.76, supporting the hypothesis of involved interaction
effects.
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Fig. 12. Most likely 𝜎𝑁 for a range of 𝑎𝑖∕𝑡𝑝|𝑎𝑓 ∕𝑡𝑝=1 and 𝑎𝑓 ∕𝑡𝑝|𝑎𝑖∕𝑡𝑝=0.006.

So far, the most likely initial and final crack size values as obtained
for the mode-I fatigue resistance of AW joints in planar steel structures
are adopted: respectively (𝑎𝑖∕𝑡𝑝) ∼ 6 ⋅ 10−3 as characteristic defect size
and (𝑎𝑓∕𝑡𝑝) = 1 reflecting a through-thickness crack [11]. However,
the majority of the considered fatigue resistance data is about welded
joints in tubular steel structures (Section 3.2) and welding procedures
can be different, explaining why the most likely (𝑎𝑖∕𝑡𝑝) will be verified
with respect to 𝜎𝑁 . Since 𝜌∗ and 𝑎𝑓 for respectively 𝑆𝑒,𝑒𝑓𝑓 and 𝑆𝑇 ,𝑒𝑓𝑓
serve the same purpose (Section 1), (𝑎𝑓∕𝑡𝑝) will be reconsidered as well.
The most likely defect size (𝑎𝑖∕𝑡𝑝) is still ∼6⋅10−3 (Fig. 12). For the
considered fatigue resistance data (Fig. 9) 𝑡𝑝 is in between 3.2 and 12.5
[mm], meaning 𝑎𝑖 would range from 0.02 to 0.08 [mm], in agreement
with typical defect size measurement results [83–85]. Varying (𝑎𝑓∕𝑡𝑝)
for (𝑎𝑖∕𝑡𝑝) ∼ 6 ⋅10−3, (𝑎𝑓∕𝑡𝑝) = 1 still provides the best result, suggesting
the stress (intensity) gradient is important for any crack size up to 𝑡𝑝.

Adopting a 0𝑡ℎ, 1𝑠𝑡 or 2𝑛𝑑 order moment approach (Section 3.1),
differences between the actual response path and the (straight) range
have been used to incorporate non-proportionality cycle-by-cycle in
terms of 𝐶𝑛𝑝 (Eq. 15), including a material characteristic contribution
𝑐𝑚 (Eq. 14). The 𝑐𝑚 − 𝜎𝑁 sensitivity has been investigated for the
𝐶𝑛𝑝 defined 0𝑡ℎ, 1𝑠𝑡 and 2𝑛𝑑 order moment approaches to evaluate
the model performance, using the most likely {log(𝐶), 𝑆𝑟,𝐼 , 𝛾𝐼,𝐴𝑊 , 𝛾𝐼,𝑆𝑅,
𝑚, 𝑛𝐼,𝐴𝑊 , 𝑛𝐼,𝐴𝑊 ,𝑀 , 𝑛𝐼,𝑆𝑅, 𝑛𝐼,𝑆𝑅,𝑀 , 𝑛𝐼𝐼𝐼 , 𝑛𝐼𝐼𝐼,𝑀} estimates (Fig. 11c and
11d, Tables 1 and 2), (𝑎𝑖∕𝑡𝑝) ∼ 6 ⋅ 10−3 and (𝑎𝑓∕𝑡𝑝) = 1. Since data
is unbalanced, i.e. the multiaxial NP data size is relatively small, the
performance for the multiaxial NP data only as well as for all data has
been considered. An optimum 𝑐𝑚 exists for all approaches and the 1𝑠𝑡

order one provides the best result (Fig. 13), like for 𝑆𝑒,𝑒𝑓𝑓 [21]. Compar-
14

ing the total stress and effective notch stress plots, obviously the 𝑆𝑇 ,𝑒𝑓𝑓
based optimum 𝑐𝑚 ∼ 0.40 is different from the 𝑆𝑒,𝑒𝑓𝑓 related one: 𝑐𝑚 ∼
0.65, because the fatigue strength parameter is not the same. In contrast
to 𝑆𝑒,𝑒𝑓𝑓 , the 𝑆𝑇 ,𝑒𝑓𝑓 optimum for the multiaxial NP data only and all
data is not aligned, neither for the 1𝑠𝑡 order approach nor another one,
basically confirming that – like {𝑛𝐼,𝐴𝑊 ,𝑀 , 𝑛𝐼,𝑆𝑅,𝑀 , 𝑛𝐼𝐼𝐼,𝑀} – 𝑐𝑚 corrects
in addition for any cycle counting and/or non-proportionality related
model deficiency. However, 𝑐𝑚 = 1, suggesting non-proportionality
is material invariant, would provide a deficient formulation. Differ-
ent from 𝑆𝑒,𝑒𝑓𝑓 considering the uniaxial mode and material specific
characteristic lengths only (i.e. involving 3 𝜌∗ parameters), the 𝑆𝑇 ,𝑒𝑓𝑓
performance for the multiaxial NP data only is even better than for all
data, suggesting the distinct elastoplasticity coefficients for multiaxial
mode-{I, III} response conditions (i.e. 6 𝑛 parameters in total) improves
the model performance indeed.

Assessing all data (Fig. 9) using the most likely mode and mate-
rial specific strength contributions, {log(𝐶), 𝑚} and {𝛾, 𝑛} respectively
represented in 𝛽(𝑁) and 𝑆𝑇 ,𝑒𝑓𝑓 , as well as the 1𝑠𝑡 order approach to
obtain 𝐶𝑛𝑝 cycle by cycle for 𝑐𝑚 ∼ 0.40 in case of non-proportionality, an
even better performance is obtained. The lifetime scatter has reduced
to 𝜎𝑁 ∼ 0.27 and the strength scatter band to 𝑇𝜎𝑆𝑇

= 1 ∶ 1.66 (Fig. 14).
Principally all data fits the mode-I reference data scatter band, i.e. the
interval in between 5 and 95 [%] reliability for 75 [%] confidence. Note
that an increased data size: currently ∼500 for the assessed data (Fig. 9)
and ∼2500 for the mode-I reference data, can contribute to another 𝜎𝑁
reduction.

The scatter of the uniaxial mode-I and multiaxial mode-{I, III} P
data is about the same and relatively large in comparison to the one
of the uniaxial mode-III and multiaxial mode-{I, III} NP data. Although
the 𝑆𝑇 ,𝑒𝑓𝑓 performance is just not equal to that of 𝑆𝑒,𝑒𝑓𝑓 with 𝜎𝑁 ∼ 0.26
and 𝑇𝜎𝑆𝑇

= 1 ∶ 1.65 [21], the multiaxial mode-{I, III} P data shows
a reduced number of outliers and seems a result of the introduced
elastoplasticity coefficients {𝑛𝐼,𝐴𝑊 ,𝑀 , 𝑛𝐼,𝑆𝑅,𝑀 , 𝑛𝐼𝐼𝐼,𝑀} for the multiaxial
response conditions.

Similarly introducing {𝜌∗𝐼,𝐴𝑊 ,𝑀 , 𝜌∗𝐼,𝑆𝑅,𝑀 , 𝜌∗𝐼𝐼𝐼,𝑀} to incorporate a
mechanism interaction effect provides a 6 parameter formulation for
𝑆𝑒,𝑒𝑓𝑓 as well, but hardly improves the performance (Fig. 15a). Whereas
{𝑛𝐼,𝐴𝑊 ,𝑀 , 𝑛𝐼,𝑆𝑅,𝑀 , 𝑛𝐼𝐼𝐼,𝑀} and {𝑛𝐼,𝐴𝑊 , 𝑛𝐼,𝑆𝑅, 𝑛𝐼𝐼𝐼} for 𝑆𝑇 ,𝑒𝑓𝑓 are quite
different, the multiaxial {𝜌∗𝐼,𝐴𝑊 ,𝑀 , 𝜌∗𝐼,𝑆𝑅,𝑀 , 𝜌∗𝐼𝐼𝐼,𝑀} estimates are ap-
proximately equal to the uniaxial counter parts {𝜌∗𝐼,𝐴𝑊 , 𝜌∗𝐼,𝑆𝑅, 𝜌

∗
𝐼𝐼𝐼},

implying 𝑐𝑚 ∼ 0.65 hardly changes either (Fig. 13). A part of the
explanation of 𝜌∗ being less sensitive to mechanism interaction, mode-
{I, III} coupling, might be that 𝜌∗ seems to be a more implicit measure;
an averaged parameter reflecting a (mixed) mode and material charac-
teristic length in which the majority of the life time has been spent.
The (mixed) mode affected elastoplasticity parameter 𝑛 changes the
crack growth behaviour directly (Fig. 7), suggesting 𝑛 is a more explicit
mechanism measure able to provide a better representation of the
multiaxial response conditions.
Fig. 13. Most likely 𝜎𝑁 for a range of 𝑐𝑚. Path dependent non-proportionality: 0𝑡ℎ moment (a), 1𝑠𝑡 moment (b) and 2𝑛𝑑 moment (c) for the 𝑆𝑇 ,𝑒𝑓𝑓 related 6 𝑛 approach and the
𝑒,𝑒𝑓𝑓 related 6 𝜌∗ approach.
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Fig. 14. Total stress based fatigue resistance (a) and lifetime ratio plot (b) for uniaxial and multiaxial data; 𝑛I ≠ 𝑛III, 𝛽(𝑁), 1𝑠𝑡 order path dependent non-proportionality with
𝑐𝑚 = 0.40.
Using 𝑆𝑡 (Eq. 17), the improved 𝐼𝑁,𝐼𝐼𝐼 ′ (𝑟𝜏𝑠)1∕𝑚𝐼𝐼𝐼 formulation re-
duces the life time scatter 𝜎𝑁 from 0.36 to 0.32 (Fig. 15 b) and scatter
band index 𝑇𝜎𝑆𝑡

from 1 ∶ 1.63 to 1 ∶ 1.54. In comparison to 𝑆𝑇 ,𝑒𝑓𝑓
and 𝑆𝑒,𝑒𝑓𝑓 , the 𝑆𝑡 performance is a result of the adopted modelling
steps with respect to the stress (intensity) distribution (Section 2), the
crack growth behaviour and the traction equivalent stress formulation
(Section 3.1). The performance of the related 𝑆𝑡 based on predominant
mode-I crack growth behaviour (Section 3.1), currently 𝜎𝑁 = 0.36
and 𝑇𝜎𝑆𝑡

= 1 ∶ 2.03 [26], cannot be improved accordingly, since the
mode-III stress intensity formulation is not involved. Note that only
a selection of the resistance data (Section 3.2) is included, i.e. the
same ∼ 180 SR data points as used before [27,38]. The constant shear
strength coefficient 𝛽 = 3 explains the average slope value 𝑚 ∼ 4 in
between 𝑚𝐼 ∼ 3 and 𝑚𝐼𝐼𝐼 ∼ 5, meaning for uniaxial and multiaxial
fatigue assessment different resistance curves are used. Since the scatter
15
band index 𝑇𝜎𝑆 is slope dependent [21], 𝑚 ∼ 4 explains at the same time
the smaller value for 𝑆𝑡 and the larger ones for the mode-I equivalent
𝑆𝑇 ,𝑒𝑓𝑓 and 𝑆𝑒,𝑒𝑓𝑓 .

Overall, the cracked geometry parameter 𝑆𝑇 ,𝑒𝑓𝑓 and intact geometry
parameter 𝑆𝑒,𝑒𝑓𝑓 are able to achieve a similar performance. Looking
in particular at the multiaxial P data scatter, an improved multiax-
ial fatigue strength parameter 𝑆𝑇 ,𝑒𝑓𝑓 seems still possible, although
mode-I formulation advances seems to be a first step since the uni-
axial mode-I data scatter is in control (Fig. 10a). However, 𝑆𝑇 ,𝑒𝑓𝑓 is
computationally more expensive because of the 𝐼𝑁 (𝑎∕𝑡𝑝) calculation
(Section 3.1), whereas 𝑆𝑒,𝑒𝑓𝑓 can be straightforward obtained using an
explicit formulation [13,20–22].

The VA data fits the CA data scatter band for 𝐷 = 1 (Fig. 16),
supporting the hypothesis that an advanced fatigue failure criterion like
𝑆𝑇 ,𝑒𝑓𝑓 contributes to an improved (linear) damage accumulation model
performance [21].
Fig. 15. Effective notch stress based fatigue resistance for uniaxial and multiaxial data and 𝜌∗I ≠ 𝜌∗III, 𝛽(𝑁), 1st order path dependent non-proportionality with 𝑐𝑚 = 0.65 (a) and
traction equivalent structural stress based fatigue resistance (b).
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Fig. 16. Total stress based fatigue resistance for uniaxial and multiaxial, constant and
variable amplitude, as-welded and stress-relieved data.

4. Conclusions and outlook

Adopting the total stress 𝑆𝑇 as SIF based fatigue strength parameter
to assess arc-welded joints, dedicated mode-{I, III} far field factor
formulations {𝑌𝑓,𝐼 , 𝑌𝑓,𝐼𝐼𝐼} have been established for tubular structures,
principally holding for planar ones as an extreme case (𝑅𝑡 → ∞). Good
agreement with FE solutions have been obtained.

Uniaxial mode-I and mode-III mid-cycle fatigue resistance investi-
gations revealed distinguished material dependent strength and mech-
anism contributions in terms of {log(𝐶), 𝛾} and {𝑚, 𝑛}, i.e. respectively
the resistance curve intercept and mean stress induced response ratio
coefficient, resistance curve slope and notch and crack tip elastoplas-
ticity coefficient. For mode-III, the most likely 𝑛 implicitly suggests
(welding residual stress induced) non-monotonic crack growth be-
haviour, like for mode-I, although the parameter confidence bounds
reflects quite some uncertainty and monotonically increasing behaviour
could be involved as well. Explicit proof is not available and dedicated
mode-III crack growth testing at notches – in particular at different
mean stress levels – is recommended.

A von Mises type of failure criterion at the critical fracture plane
has been adopted, and a lifetime dependent shear strength coefficient
𝛽(𝑁) has been introduced to cover the mode specific and material char-
acteristic {log(𝐶), 𝑚}, whereas 𝑆𝑇 explicitly contains {𝛾, 𝑛}. To improve
the 𝑆𝑇 performance, except 3 uniaxial 𝑛 parameters, 3 multiaxial ones
are introduced, reflecting short crack growth induced mixed mode-
{I, III} behaviour. Although the most likely multiaxial 𝑛 estimates are
not straightforward to interpret, the significantly reduced data scatter
suggests that interaction effect should be taken into account. Long
crack growth mode-{I, III} interaction effects could be incorporated
as well and requires a SIF reformulation containing coupling terms.
However, the short crack growth contribution seems more important,
as reflected in the current 𝑆𝑇 performance, because the fatigue life
time is predominantly spent in the notch affected region. Mixed mode-
{I, III} crack growth testing is required to investigate the two-stage
crack growth behaviour and corresponding 𝑛 values, as well as to
address crack growth and fatigue resistance similarity. Embedded in the
critical distance theory, the elastoplasticity coefficients are principally
response level dependent. Although for mid-cycle fatigue resistance
data only the obtained average estimates already provide a constant
scatter over the full range, this may change when high-cycle fatigue
resistance data will be considered as well. Incorporating a cycle-by-
cycle non-proportionality measure with a response path and material
contribution, a 1𝑠𝑡 order response approach shows the best result. The
VA data fits the CA data scatter band for 𝐷 = 1.
16
In comparison to 𝑆𝑒, the 𝑆𝑇 performance is similar. The multiaxial
P data scatter turns out to be smaller; a consequence of the multiaxial
n parameters. Introducing multiaxial 𝜌∗ values for 𝑆𝑒, however, hardly
improves the performance, revealing an insensitivity. Whereas 𝑛 seems
to be a more explicit measure directly affecting the crack growth
behaviour, 𝜌∗ seems a more implicit measure reflecting the material
characteristic length for (mixed) mode and (multiaxial) response con-
ditions. In this respect, 𝑆𝑇 can be considered one step closer to the
actual physics of the fatigue damage process. In fact, 𝑆𝑇 contains with
𝑛 one more parameter to characterise multiaxiality, since 𝜌∗ for 𝑆𝑒
principally serves the same purpose as 𝑎𝑓 for 𝑆𝑇 . Life time scatter
investigations showed that 𝑎𝑓 → 𝑡𝑝 rather than 𝑎𝑓 → 𝜌∗ should be
used in order to maximise the incorporated stress (intensity) gradient
effects and minimise the resistance data scatter. For 𝑆𝑒, a different way
to incorporate mixed mode-{I, III} behaviour has to be provided [21].

In order to continue the improvement of the multiaxial fatigue
strength parameters 𝑆𝑇 or 𝑆𝑒, the mode-I formulation should be re-
investigated since the predominantly tubular joint defined uniaxial
mode-I data scatter is in control, significantly exceeding the planar
joint 𝜎𝑁 value. However, the assessed uniaxial and multiaxial mode-
{I, III} data fits the uniaxial mode-I reference data scatter band and a
single 𝑆𝑇 − 𝑁 resistance curve can be used for fatigue assessment in
engineering applications.

Aiming to incorporate the mode specific characteristics for the
traction equivalent stress 𝑆𝑡, the notch to far field transition size should
be different for mode-I and mode-III. Fitting the bi-linearised stress
distribution approximations suggests 0.1𝑡𝑝 to be a good one for mode-
III; a smaller notch affected region seems to provide a better fit for
mode-I. However, the stress intensity 𝑀𝑘𝑛𝑌𝑓,𝐼𝐼𝐼 requires the opposite
in order to obtain a good fit with FE results, suggesting the maximum
possible is to incorporate the proposed 𝑌𝑓,𝐼𝐼𝐼 formulation. Improved 𝑆𝑡
performance has been obtained accordingly.
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Appendix A. Weld notch stress distributions

For mode-I, the self-equilibrium stress part 𝜎𝑠𝑒(𝑟∕𝑡𝑝) consisting of
the V-shaped notch angle characteristic stress and the weld notch load
carrying stress components yields:

𝜎𝑠𝑒

(

𝑟
𝑡𝑝

)

=
(

𝑟
𝑡𝑝

)𝜆𝜎𝑠−1
𝜇𝜎𝑠𝜆𝜎𝑠(𝜆𝜎𝑠 + 1)⋅

[

cos{(𝜆𝜎𝑠 + 1)𝛽𝑎}+

− 𝜒𝜎𝑠 cos{(𝜆𝜎𝑠 − 1)𝛽𝑎}
]

+
(

𝑟
𝑡𝑝

)𝜆𝜎𝑎−1
𝜇𝜎𝑎𝜆𝜎𝑎(𝜆𝜎𝑎 + 1)⋅

[sin{(𝜆𝜎𝑎 + 1)𝛽𝑎} − 𝜒𝜎𝑎 sin{(𝜆𝜎𝑎 − 1)𝛽𝑎}]+

𝐶𝑏𝑤

{

2
(

𝑟
)

− 1

}

.

(A.1)
𝑡𝑝
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Plate thickness 𝑡𝑝 is either the based plate or the cross plate value:
𝑡𝑝 = 𝑡𝑏 or 𝑡𝑝 = 𝑡𝑐 , respectively (Fig. 1). Coefficients {𝜇𝑠, 𝜇𝑎} are
obtained using force and moment equilibrium. The involved eigen-
values {𝜆𝜎𝑠, 𝜆𝜎𝑎}, the eigenvalue coefficients {𝜒𝜎𝑠, 𝜒𝜎𝑎} as well as the
stress angle 𝛽𝑎 are notch angle 𝛼 dependent. The weld notch load
carrying stress coefficient 𝐶𝑏𝑤 is geometry (𝑡𝑏, 𝑡𝑐 , 𝑙𝑤, ℎ𝑤) and loading
(𝑓𝑛, 𝑚𝑏) dependent and contains the notch stress distribution specific
information.

The self-equilibrium stress part 𝜏𝑠𝑒(𝑟∕𝑡𝑝) for mode-III denotes:

𝜏𝑠𝑒

(

𝑟
𝑡𝑝

)

=
(

𝑟
𝑡𝑝

)𝜆𝜏−1
𝜇𝜏𝐹 cos(𝜆𝜏𝛽𝑎)−

(𝐶𝑡𝑤 + 𝜇𝜏𝑀 )

{

2
(

𝑟
𝑡𝑝

)

− 1

}

.
(A.2)

Coefficients {𝜇𝜏𝐹 , 𝜇𝜏𝑀} are force and moment equilibrium defined.
igenvalue 𝜆𝜏 is notch angle 𝛼 dependent. The weld notch load carrying
tress coefficient 𝐶𝑡𝑤 contains the geometry and loading dependent
nformation, providing dedicated notch stress distributions.

ppendix B. Mode-I weld notch stress intensity distributions

The self-equilibrium stress part (Eq. A.1) applied as unit crack face
raction along the assumed virtual crack path (Fig. 3) using the weight
unction approach [41] yields for non-symmetry with respect to (𝑡𝑝∕2)
nd 𝜌 = 0 [13,22]:

𝑛 =
( 2
𝜋

)

1

∫
0

𝜎𝑠𝑒

(

𝑟
𝑎 ⋅ 𝑎

𝑡𝑝

)

+ 1
√

1 −
(

𝑟
𝑎

)2
d
( 𝑟
𝑎

)

=
( 2
𝜋

)

[

(

𝑎
𝑡𝑝

)𝜆𝜎𝑠−1
𝜇𝜎𝑠

(
√

𝜋
2

) 𝛤
(

𝜆𝜎𝑠
2

)

𝛤
(

𝜆𝜎𝑠+1
2

)𝜆𝜎𝑠(𝜆𝜎𝑠 + 1)⋅

[cos{(𝜆𝜎𝑠 + 1)𝛽𝑎} − 𝜒𝜎𝑠 cos{(𝜆𝜎𝑠 − 1)𝛽𝑎}]+

(

𝑎
𝑡𝑝

)𝜆𝜎𝑎−1
𝜇𝜎𝑎

(
√

𝜋
2

) 𝛤
(

𝜆𝜎𝑎
2

)

𝛤
(

𝜆𝜎𝑎+1
2

)𝜆𝜎𝑎(𝜆𝜎𝑎 + 1)⋅

[sin{(𝜆𝜎𝑎 + 1)𝛽𝑎} − 𝜒𝜎𝑎 sin{(𝜆𝜎𝑎 − 1)𝛽𝑎}]+

𝐶𝑏𝑤

{

2
(

𝑎
𝑡𝑝

)

− 𝜋
2

}]

.

(B.1)

The through-thickness crack coordinate (𝑎∕𝑡𝑝) naturally replaced
the corresponding through-thickness stress coordinate (𝑟∕𝑡𝑝). The prim-
itives introduce 𝛤 (⋅); the complete gamma function. Formulations for
symmetry with respect to (𝑡𝑝∕2) and 𝜌 > 0 have been established as
well [13,22].

Membrane and bending component formulations defining the linear
far field factor for tubular structures, 𝑌𝑓𝑚 and 𝑌𝑓𝑏 respectively, have
been established. Redefining the structural normal stress ratio: 𝑟𝜎𝑠 =
𝑡𝑏∕(2𝑅𝑡) and fitting FE results provides:

𝑌𝑓𝑚 = 𝜂−1⋅

{

𝐴1

(

𝑎
𝑡𝑏

)4
+𝐴2

(

𝑎
𝑡𝑏

)3
+𝐴3

(

𝑎
𝑡𝑏

)2
+𝐴4

(

𝑎
𝑡𝑏

)

+𝐴5

}

(B.2)

ith

1 = −0.4102𝜂5 + 5.9416𝜂4 − 31.2763𝜂3 + 74.7289𝜂2 − 76.6080𝜂 + 32.5525

𝐴2 = 0.3159𝜂5 − 4.7704𝜂4 + 26.4878𝜂3 − 66.1652𝜂2 + 65.8295𝜂 − 26.0822

𝐴3 = −0.0914𝜂5 + 1.4008𝜂4 − 8.1841𝜂3 + 23.0032𝜂2 − 24.1433𝜂 + 10.8140

𝐴4 = 0.0072𝜂5 − 0.1105𝜂4 + 0.6432𝜂3 − 1.7606𝜂2 + 2.1383𝜂 − 0.8209

𝐴5 = 1.0122𝜂 + 0.0157

and

𝑌𝑓𝑏 = 𝜂−1⋅

{

𝐵1

(

𝑎
)4

+𝐵2

(

𝑎
)3

+𝐵3

(

𝑎
)2

+𝐵4

(

𝑎
)

+𝐵5

}

(B.3)
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𝑡𝑏 𝑡𝑏 𝑡𝑏 𝑡𝑏 𝑟
ith

1 = −1.2609𝜂5 + 18.5324𝜂4 − 103.4794𝜂3 + 274.5174𝜂2 − 341.9945𝜂 + 167.7979

𝐵2 = 0.9786𝜂5 − 14.5248𝜂4 + 82.2228𝜂3 − 220.5391𝜂2 + 272.6368𝜂 − 132.8441

𝐵3 = −0.2529𝜂5 + 3.8114𝜂4 − 22.2233𝜂3 + 63.1152𝜂2 − 81.0820𝜂 + 43.6888

𝐵4 = 0.0255𝜂5 − 0.3747𝜂4 + 2.1096𝜂3 − 5.6774𝜂2 + 7.2997𝜂 − 3.8365

𝐵5 = 1.0123𝜂 + 0.0164.

Since the relative membrane and bending contributions are not
just loading dependent, a geometry parameter has been introduced:
𝜂 = − log

(

𝑡𝑏
2𝑅𝑡

)

. The formulations are applicable for {1∕2 ≤ (𝑡𝑏∕2𝑅𝑡) ≤
1∕200} and {0 ≤ (𝑎∕𝑡𝑏) ≤ 1}.

Appendix C. Mode-III weld notch stress intensity distributions

Applying 𝜏𝑠𝑒(𝑟∕𝑡𝑝), the self-equilibrium stress part (Eq. A.2), as unit
crack face traction along the assumed virtual crack path using the
weight function approach [41] provides for non-symmetry with respect
to (𝑡𝑝∕2) and 𝜌 = 0:

𝑛 =
( 2
𝜋

)

1

∫
0

𝜏𝑠𝑒

(

𝑟
𝑎 ⋅ 𝑎

𝑡𝑝

)

√

1 −
(

𝑟
𝑎

)2
d
( 𝑟
𝑎

)

=
( 2
𝜋

)

[

(

𝑎
𝑡𝑝

)𝜆𝜏
𝜇𝜏𝐹 cos(𝜆𝜏𝛽𝑎)

√

𝜋𝛤
(

𝜆𝜏
2

)

2
(

𝑎
𝑡𝑝

)

𝛤
(

𝜆𝜏+1
2

)

−

(

𝐶𝑡𝑤
2 + 𝜇𝜏𝑀

)

(

𝑎
𝑡𝑝

)[

𝜋 − 4
(

𝑎
𝑡𝑝

)]

𝛤
(

𝜆𝜏+1
2

)

2
(

𝑎
𝑡𝑝

)

𝛤
(

𝜆𝜏+1
2

)

]

.

(C.1)

Note that only half the 𝐶𝑡𝑤 value of the stress distribution (Eq. C.1)
s involved for the sake of fitting both the stress as well as the stress
ntensity.

The linear far field factor shear component

𝑓𝑠

(

𝑎
𝑡𝑏

)

=

√

2𝑡𝑏
𝜋𝑎

tan
(

𝜋𝑎
2𝑡𝑏

)

(C.2)

s a handbook solution [86] and the torsion component

𝑓𝑡

(

𝑎
𝑡𝑏

)

=

(

𝐶1

(

𝑎
𝑡𝑏

)4
+ 𝐶2

(

𝑎
𝑡𝑏

)3
+ 𝐶3

(

𝑎
𝑡𝑏

)2
+ 𝐶4

(

𝑎
𝑡𝑏

)

+ 𝐶5

)

(C.3)

including

𝐶1 = 9.6071𝜂4 − 67.0441𝜂3 + 197.6515𝜂2 − 212.0015𝜂 + 98.4731

𝐶2 = −15.5960𝜂4 + 108.8379𝜂3 − 320.8629𝜂2 + 344.1559𝜂 − 131.7393

𝐶3 = 8.8200𝜂4 − 63.3751𝜂3 + 196.7602𝜂2 − 244.8683𝜂 + 111.5116

𝐶4 = − 1.6428𝜂4 + 11.0064𝜂3 − 32.5305𝜂2 + 41.1094𝜂 − 17.5662

𝐶5 = 0.0522𝜂4 − 0.2881𝜂3 + 0.7159𝜂2 − 0.9626𝜂 + 1.4579

FE fitted formulation. Principally 𝑌𝑓,𝐼𝐼𝐼 (𝑎∕𝑡𝑝, 𝑟𝜏𝑠) is applicable for
ubular structures with {1∕2 ≤ (𝑡𝑏∕2𝑅𝑡) ≤ 1∕200} and {0 ≤ (𝑎∕𝑡𝑏) ≤ 1},
ut holds asymptotically for planar ones as well.

Although the real weld notch radius 𝜌 is often virtually zero –
ustifying the 𝜌 = 0 assumption, in some cases the influence of 𝜌 > 0
Fig. 3b) cannot be neglected. The coordinate system origin will be
ransformed (𝑂′ → 𝑂), keeping the polar axis parallel to the original
ne:
′2 = 𝑟2 + 2 cos

(

𝛽 − 𝜃
)

𝑟 𝑟 + 𝑟2 (C.4)
𝑎 0 0
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T
(

𝜏

b
s
q
i

𝑟

a

f
(

N

𝑌

t
s
t

𝜏

T
c
s

with

𝑟0 = 𝜌
(

1 − 𝜋
2𝛼

)

.

he weight function approach (Eq. C.1) should be modified accordingly
𝑟 → 𝑟′) and the 𝜏𝑠𝑒 formulation [20] denotes:

𝑠𝑒

(

𝑟
𝑡𝑝

)

=

[

(

𝑟′

𝑡𝑝

)𝜆𝜏−1
𝜇𝜏𝐹 cos(𝜆𝜏𝛽𝑎)

{

1 +
(

𝑟0
𝑡𝑝

)2𝜆𝜏 ( 𝑟′

𝑡𝑝

)−2𝜆𝜏
}

−

(𝐶𝑡𝑤 + 𝜇𝜏𝑀 )

{

2
(

𝑟′

𝑡𝑝

)

− 1

}]

(C.5)

with

𝜇𝜏𝐹 = −

𝜆𝜏

{

𝜇𝜏𝑀

[

(

𝑟0
𝑡𝑝

)2
−
(

𝑟0
𝑡𝑝

)

]

−
(

𝑟0
𝑡𝑝

)2
𝑟𝜏𝑠 − 1

}

cos(𝜆𝜏𝛽𝑎)

[

1 −
(

𝑟0
𝑡𝑝

)2𝜆𝜏
]

and

𝜇𝜏𝑀 =

6𝜆𝜏 (𝜆𝜏 + 1)
(

𝑟0
𝑡𝑝

)2𝜆𝜏+1
− 3(𝜆2𝜏 − 1)

(

𝑟0
𝑡𝑝

)2𝜆𝜏+2
−

12𝜆𝜏

(

𝑟0
𝑡𝑝

)𝜆𝜏+2
− 3(𝜆𝜏 + 1)2

(

𝑟0
𝑡𝑝

)2𝜆𝜏
+ 12𝜆𝜏

(

𝑟0
𝑡𝑝

)𝜆𝜏+1
+

3
[(

𝑟0
𝑡𝑝

)

− 1
]

(𝜆𝜏 − 1)
{[(

𝑟0
𝑡𝑝

)

− 1
]

𝜆𝜏 +
(

𝑟0
𝑡𝑝

)

+ 1
}

6𝜆𝜏 (𝜆𝜏 + 1)
(

𝑟0
𝑡𝑝

)2𝜆𝜏+1
− (9𝜆2𝜏 + 6𝜆𝜏 − 3)

(

𝑟0
𝑡𝑝

)2𝜆𝜏+2
−

12𝜆𝜏

(

𝑟0
𝑡𝑝

)𝜆𝜏+2
− (𝜆2𝜏 − 1)

(

𝑟0
𝑡𝑝

)2𝜆𝜏
+ 12𝜆𝜏

(

𝑟0
𝑡𝑝

)𝜆𝜏+3
+

{

[

−4
(

𝑟0
𝑡𝑝

)3
+ 9

(

𝑟0
𝑡𝑝

)2
+ 4

(

𝑟0
𝑡𝑝

)2𝜆𝜏+3
− 6

(

𝑟0
𝑡𝑝

)

+ 1
]

𝜆𝜏−

4
(

𝑟0
𝑡𝑝

)3
+ 3

(

𝑟0
𝑡𝑝

)2
+ 4

(

𝑟0
𝑡𝑝

)2𝜆𝜏+3
+ 1

}

(𝜆𝜏 − 1)

.

Although the full self-equilibrium stress distribution 𝜏𝑠𝑒(𝑟∕𝑡𝑏) should
e involved in order to obtain 𝑌𝑛, integrating the complete expres-
ion does not provide satisfactory results and a simplification is re-
uired. The original coordinate system origin transformation (Eq. C.4)
s reduced to:

′2 = 𝑟2 + 𝑟20 (C.6)

nd the
{

1+
(

𝑟0
𝑡𝑝

)2𝜆𝜏 (
𝑟′

𝑡𝑝

)−2𝜆𝜏
}

term is excluded. At the same time,

or an accurate 𝑌𝑛 definition near the notch, only the exponential term
𝑟′

𝑡𝑝

)𝜆𝜏−1
needs to be evaluated and the bending equilibrium related

term (𝐶𝑡𝑤 + 𝜇𝜏𝑀 )

{

2
(

𝑟′

𝑡𝑝

)

− 1

}

can be excluded from integration.

otch factor 𝑌𝑛 becomes:

𝑛

(

𝑎
𝑡𝑝

)

=
( 2
𝜋

)

1

∫
0

𝜏𝑠𝑒

(

𝑟′

𝑎 ⋅ 𝑎
𝑡𝑝

)

√

1 −
(

𝑟′
𝑎

)2
d
(

𝑟′

𝑎

)

=
( 2
𝜋

)

1

∫
0

𝜇𝜏𝐹 cos(𝜆𝜏𝜃)

[

(

𝑟′

𝑎 ⋅ 𝑎
𝑡𝑝

)2
+
(

𝑟0
𝑡𝑝

)2
]

𝜆𝜏−1
2

√

1 −
(

𝑟′
𝑎

)2
d
(

𝑟′

𝑎

)

−

(𝜇𝜏𝑀 + 𝐶𝑡𝑤)

{

2
(

𝑎
)

− 𝜋
}

18

𝑡𝑝 2
=
( 2
𝜋

)

{

𝜇𝜏𝐹

(

𝑟0
𝑡𝑏

)𝜆𝜏−1
cos

(

𝜆𝜏𝜃
)
√

𝜋𝑟0⋅

[

𝛤
(

1 − 𝜆𝜏
)

𝛤
(

𝜆𝜏
2

)

𝑎𝜆𝜏 𝑟−𝜆𝜏0 ⋅

2𝐹1

(

[

1 − 𝜆𝜏
2

,
1 − 𝜆𝜏

2

]

; 1 −
𝜆𝜏
2
; −

𝑟20
𝑎2

)

+

𝛤
(

−
𝜆𝜏
2

)

𝛤
(

𝜆𝜏 + 1
2

)

2𝐹1

(

[ 1
2
, 1
2

]

; 1 +
𝜆𝜏
2
; −

𝑟20
𝑎2

) ]}

⋅

{

2𝑎𝛤
(

1 − 𝜆𝜏
2

)

𝛤
(

𝜆𝜏 + 1
2

)

}−1

−

(𝜇𝜏𝑀 + 𝐶𝑡𝑤)

{

2
(

𝑎
𝑡𝑝

)

− 𝜋
2

}

(C.7)

with 2𝐹1(⋅) representing the Hypergeometric function expression. Note
that the 𝜌 = 0 formulation (Eq. C.1) is still a 𝜌 > 0 limit case. The notch
stress intensity in terms of 𝑌𝑛,𝐼𝐼𝐼𝑌𝑓,𝐼𝐼𝐼 and 𝐾𝐼𝐼𝐼 for the same geometry
and loading conditions as provided for 𝜌 = 0 (Fig. 5) are shown for
illustration purposes (Fig. C.17). A good match with the FE results is
obtained.

Weld toe notches appear at both sides of a plate/shell if stress
distribution symmetry with respect to (𝑡𝑝∕2) is detected, as shown for
a DS welded cruciform joint (Fig. 1). Any influence of another crack
at a weld toe notch in the plane of symmetry at (𝑡𝑝∕2) is assumed
o be a long crack effect, i.e. considering one notch at the time is
ufficient. For an out-of-plane shear force induced response (𝜏𝑠 = 𝜏𝑠𝑠),
he self-equilibrium stress part of 𝜏𝑠(𝑟∕𝑡𝑝) for 𝜌 = 0 yields [20]:

𝑠𝑒

(

𝑟
𝑡𝑝

)

=
(

𝑟
𝑡𝑝

)𝜆𝜏−1
𝜇𝜏𝐹 cos(𝜆𝜏𝛽𝑎) − 𝜇𝜏𝑀

{

2
(

𝑟
𝑡𝑝

)

− 1

}

−

𝐶𝑡𝑤

{

4
(

𝑟
𝑡𝑝

)

− 1

}

.

(C.8)

For 𝜌 > 0, the coordinate system origin must be transformed (𝑂′ → 𝑂)
like for non-symmetry (Eq. C.4) and becomes:

𝜏𝑠𝑒

(

𝑟
𝑡𝑝

)

=
(

𝑟′

𝑡𝑝

)𝜆𝜏−1
𝜇𝜏𝐹 cos(𝜆𝜏𝛽𝑎)

{

1 +
(

𝑟0
𝑡𝑝

)2𝜆𝜏 ( 𝑟′

𝑡𝑝

)−2𝜆𝜏
}

−

𝜇𝜏𝑀

{

2
(

𝑟′

𝑡𝑝

)

− 1

}

−𝐶𝑡𝑤

{

4
(

𝑟′

𝑡𝑝

)

− 1

}

.

(C.9)

o calculate the coefficients 𝜇𝜏𝐹 and 𝜇𝜏𝑀 , half the plate thickness is
onsidered. Using force and moment equilibrium only is principally not
ufficient and a symmetry condition has been added as a 3𝑟𝑑 equation.

However, the system of equations has become over determined,
meaning a least squares solution will be obtained. Allowing for some
relaxation, i.e. ignoring moment equilibrium, provides quite accurate
results – like for mode-I [22]. Force equilibrium in a weak form and
symmetry for 𝜌 = 0 provides [21]:

𝜇𝜏𝐹 =
𝜆𝜏

(

𝐶𝑡𝑤 + 1
)

cos
(

𝜆𝜏𝛽𝑎
)

21−𝜆𝜏
(

1 + 𝜆𝜏
2

(

𝜆𝜏 − 1
)

) (C.10)

and

𝜇𝜏𝑀 =
2𝜆𝜏

(

𝜆𝜏 − 1
)

2
(C.11)
𝜆𝜏 − 𝜆𝜏 + 2
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Fig. C.17. Mode-III weld toe notch SIF far field- and notch distribution (a, b) and 𝐾𝐼𝐼𝐼 distribution (c, d) for a DS welded T-joint with 𝜌 > 0; 𝑟𝜏𝑠 = 0 (a, c), 𝑟𝜏𝑠 = 0.25 (b, d).
I
n
w
f

and for 𝜌 > 0 [21]:

𝜇𝜏𝐹 =

𝜆𝜏

{

𝜆𝜏
(

𝑟0
𝑡𝑝

)2𝜆𝜏 ( 2𝑟0+1
2𝑡𝑝

)

(

4𝑟0+1
4𝑡2𝑝

) {

2𝜆𝜏−1 + 𝐶𝑡𝑤2𝜆𝜏
(

1
2𝑡𝑝

)

}

−

2𝜆𝜏+1𝐶𝑡𝑤

[

(

2𝑟0+1
2𝑡𝑝

)2 ( 𝑟0
𝑡𝑝

)𝜆𝜏
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2𝑡𝑝

)(
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}

cos
(
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)

[

𝜆𝜏
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4𝑟0+1
4𝑡2𝑝
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(

𝑟0
𝑡𝑝

)2𝜆𝜏
− 2

(
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𝑡𝑝

)𝜆𝜏
+

2
(

2𝑟0+1
2𝑡𝑝

)𝜆𝜏
]

{

(
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2𝑡𝑝

)

𝜆𝜏2𝜆𝜏
[(

1
2𝑡𝑝

)](

𝑟0
𝑡𝑝

)2𝜆𝜏
+

2𝜆𝜏
[

(

2𝑟0+1
2𝑡𝑝

)𝜆𝜏
−
(
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𝑡𝑝

)𝜆𝜏
]

+ 𝜆𝜏(𝜆𝜏−1)
2𝑡2𝑝

}

(C.12)

nd

𝜏𝑀 =

(

2𝑟0+1
2𝑡𝑝

)2
𝜆𝜏

{

2𝜆𝜏
(

𝑟0
𝑡𝑝

)2𝜆𝜏
+ 4

(

𝜆𝜏 − 1
)

}

{

𝜆𝜏2𝜆𝜏
(

𝑟0
𝑡𝑝

)2𝜆𝜏 ( 2𝑟0+1
4𝑡2𝑝

)

+

2𝜆𝜏
[

(

2𝑟0+1
2𝑡𝑝

)𝜆𝜏
−
(

𝑟0
𝑡𝑝

)𝜆𝜏
]

+ 𝜆𝜏 (𝜆𝜏−1)
2𝑡2𝑝

}

. (C.13)

pplying the 𝜏𝑠𝑒(𝑟∕𝑡𝑝) formulation (Eq. C.8) as unit crack face trac-
ion along the assumed virtual crack path using the weight function
pproach (Eq. C.1) denotes for 𝜌 = 0:
19
𝑌𝑛,𝐼𝐼𝐼,𝑠

(

𝑎
𝑡𝑝

)

=𝑓𝜌=0

(

𝑎
𝑡𝑝

)

=

(

𝑎
𝑡𝑝

)𝜆𝜏
𝜇𝜏𝐹 cos(𝜆𝜏𝛽𝑎)

√

𝜋𝛤
(

𝜆𝜏
2

)

2
(

𝑎
𝑡𝑝

)

𝛤
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) +

[(

𝑎
𝑡𝑝

)

(

−4𝜇𝜏𝑀 − 8𝐶𝑡𝑤
)

+ 𝜋
(

𝜇𝜏𝑀 + 𝐶𝑡𝑤
)

] (

𝑎
𝑡𝑝

)

𝛤
(

𝜆𝜏+1
2

)

2
(

𝑎
𝑡𝑝

)

𝛤
(

𝜆𝜏+1
2

) .

(C.14)

n case of 𝜌 > 0, using the complete 𝜏𝑠𝑒(𝑟∕𝑡𝑝) formulation (Eq. C.9) does
ot provide satisfactory 𝑌𝑛,𝐼𝐼𝐼,𝑠(𝑎∕𝑡𝑝) results, like for non-symmetry
ith respect to (𝑡𝑝∕2). Similarly modifying the coordinate system trans-

ormation, ignoring the notch affecting term {1+( 𝑟0𝑡𝑝
)2𝜆𝜏 ( 𝑟

′

𝑡𝑝
)−2𝜆𝜏 } and ex-

cluding the (𝜇𝜏𝑀{2( 𝑟
′

𝑡𝑝
)−1}) and (𝐶𝑡𝑤{4(

𝑟′

𝑡𝑝
)−1}) terms from transforma-

tion for the sake of simplification, the notch factor for an out-of-plane
shear force becomes:

𝑌𝑛,𝐼𝐼𝐼,𝑠

(

𝑎
𝑡𝑝

)

=𝑓𝜌>0
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∫
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−
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}
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4
(

𝑎
𝑡𝑝
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− 𝜋
2

}

=
( 2 )
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𝜇𝜏𝐹
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𝑟0
)𝜆𝜏−1

cos
(

𝜆𝜏𝜃
)
√

𝜋𝑟0⋅
𝜋 𝑡𝑏
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Fig. C.18. Weld toe SIF far field- and notch distribution for 𝜌 = 0 (a-c) and 𝜌 > 0 (d-f) for a DS welded cruciform joint; 𝑟𝜏𝑠 = 1 (a, d), 𝑟𝜏𝑠 = 0.25 (b, e), 𝑟𝜏𝑠 = 0 (c, f).
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(
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. (C.15)

For a torsion moment induced response (𝜏𝑠 = 𝜏𝑠𝑡) the far field
orsion stress projection must be included. Like for the 𝜏𝑛𝑠(𝑟∕𝑡𝑝) for-
ulation [21], 𝑌𝑛,𝐼𝐼𝐼,𝑠(𝑎∕𝑡𝑝) needs to be shifted first by either {1 −
𝜌=0(𝑎∕𝑡𝑝 = 1∕2)} or {1−𝑓𝜌>0(𝑎∕𝑡𝑝 = 1∕2)} in order to meet the condition

𝜏𝑛𝑡(𝑟∕𝑡𝑝 = 1∕2) = 0. To satisfy anti-symmetry, the 𝜏𝑛𝑡 gradient at (𝑟∕𝑡𝑝 =
1∕2) should be equal to the far field torsion value: −2. Subtracting the
shift in terms of a torsion stress gradient −2{1 − 𝑓𝜌=0(𝑟∕𝑡𝑝 = 1∕2)} or
−2{1−𝑓𝜌>0(𝑟∕𝑡𝑝 = 1∕2)} from the unit stress 1, the obtained formulation
needs to be scaled using {2𝑓𝜌=0(𝑟∕𝑡𝑝 = 1∕2) − 1} or {2𝑓𝜌>0(𝑟∕𝑡𝑝 =
1∕2) − 1}. For 𝜌 = 0, the notch factor yields:

𝑌𝑛,𝐼𝐼𝐼,𝑡

(

𝑎
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)

=
( 2
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− 1
]
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2

) ]

} (C.16)

ith

𝜌=0

(

𝑎
𝑡𝑝

= 1
2

)

=
( 2
𝜋

)
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2−𝜆𝜏𝜇𝜏𝐹 cos(𝜆𝜏𝛽𝑎)
√

𝜋𝛤
(

𝜆𝜏
2

)

𝛤
(

𝜆𝜏+1
) +
20

⎣
2

[(

−2𝜇𝜏𝑀 − 4𝐶𝑡𝑤
)

+ 𝜋
(

𝜇𝜏𝑀 + 𝐶𝑡𝑤
)]

𝛤
(

𝜆𝜏+1
2

)

2𝛤
(

𝜆𝜏+1
2

)

⎤

⎥

⎥

⎥

⎦

.

n case 𝜌 > 0:

𝑛,𝐼𝐼𝐼,𝑡

(

𝑎
𝑡𝑝

)

=
( 2
𝜋

)

[

2𝑓𝜌>0

(

𝑎
𝑡𝑝

= 1
2

)

− 1
]

{

𝑓𝜌>0

(

𝑎
𝑡𝑝

)

+

[

1 − 𝑓𝜌>0

(

𝑎
𝑡𝑝

= 1
2

) ]

} (C.17)

ith 𝑓𝜌>0(𝑎∕𝑡𝑝 = 1∕2) being numerically obtained (Eq. C.15). Adopting
linear superposition principle for the shear force and torsion moment

ontributions provides for 𝜌 = 0:

𝑛,𝐼𝐼𝐼

(

𝑎
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= 𝜏𝑠
( 2
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− 1
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= 1
2
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)

.

(C.18)

The same formulation applies for 𝜌 > 0, involving 𝑓𝜌>0(𝑎∕𝑡𝑝 = 1∕2). Like
for non-symmetry with respect to (𝑡𝑝∕2), the 𝜌 = 0 formulations are a
𝜌 > 0 limit case. For a tubular structure with attachment involving a
DS welded cruciform joint and an applied torsion moment 𝑀𝑡 (Fig. 1),
𝑟𝜏𝑠 changes for varying 𝑅𝑡. For 𝑅𝑡 → 𝑡𝑏 (reflecting a solid shaft) and
𝑅𝑡 → ∞ (corresponding to a quasi-planar structure), the (𝑟𝜏𝑠 = 1)
and (𝑟𝜏𝑠 = 0) limit cases appear. The performance of the obtained
formulations is illustrated (Figs. C.18 and C.19) for both cases as well
as for an in between value (𝑟𝜏𝑠 = 0.25). In general, the relative error
(Fig. C.20) is within 5 [%] for both 𝑌𝑛,𝐼𝐼𝐼𝑌𝑓,𝐼𝐼𝐼 and 𝐾𝐼𝐼𝐼 , except for
(𝑎∕𝑡𝑝) → 0.
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Fig. C.19. Weld toe SIF for 𝜌 = 0 (a-c) and 𝜌 > 0 (d-f) for a DS welded cruciform joint; 𝑟𝜏𝑠 = 1 (a, d), 𝑟𝜏𝑠 = 0.25 (b, e), 𝑟𝜏𝑠 = 0 (c, f).
Fig. C.20. Relative 𝑌𝑛,𝐼𝐼𝐼𝑌𝑓,𝐼𝐼𝐼 (a) and 𝐾𝐼𝐼𝐼 (b) error for DS welded cruciform joint, comparing the FE solutions and the analytical results for the full parameter application range.
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