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Abstract

In this paper, a meshfree method called adaptive CTM-RPIM is developed to model geotechnical problems with large
deformation. The developed adaptive CTM-RPIM is a combination of the Cartesian transformation method (CTM), the
radial point interpolation method (RPIM) and the alpha shape method. To reduce the requirement for meshes, the CTM is
adopted to transform domain integrals into line integrals, and the RPIM is applied to construct interpolation functions. The
alpha shape method, which is capable of capturing severe boundary evolution due to large deformations, is then introduced
into the CTM-RPIM to form the adaptive CTM-RPIM. The accuracy of CTM-RPIM is first verified by considering a
cantilever beam under small deformation, where the influence of key parameters on the simulation results is explored.
Afterward, the ability of the adaptive CTM-RPIM to handle large deformation problems is demonstrated by simulating
cantilever beams with large deformations for which analytical solutions are available. Finally, the ability of the proposed
method to model the geotechnical large deformations is illustrated from both quasi-static and dynamic aspects, where a
slope failure problem and a footing bearing capacity problem are modeled to evaluate the stability of geotechnical
structures; and a 2-D soil collapse experiment using small aluminum bars is simulated to show the method capability in
describing the soil flows. These benchmark examples demonstrate that the adaptive CTM—-RPIM is a numerical method
with broad application prospects for modeling large deformation problems in geotechnical engineering.

Keywords Alpha shape method - Cartesian transformation method - Geotechnical engineering - Large deformation -
Radial point interpolation method

1 Introduction

The occurrence of many natural disasters, such as land-
slides, earthquakes, and debris flows, is often accompanied
by large and severe deformations [8, 11, 18]. Many
numerical methods have been developed to solve these
problems, but some of them encounter problems such as
mesh entanglement and inconsistency between the integral
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point method (MPM) [3, 14] and the element-free Galerkin
method (EFGM) [12, 24, 28] as examples, the use of a
background mesh results in an inconsistency between the
integral domain and the problem domain. This inconsis-
tency may cause errors when the model is rough. In addi-
tion, a problem in MPM may arise and increase the
computational cost; that is, at each step, the user must
judge which background cell the integral point is located
in. Some other meshfree methods that do not use a back-
ground mesh may also encounter minor disadvantages,
such as the meshfree local Petrov—Galerkin method
(MLPG) [1]. In the MLPG, the weak form of the governing
equation is established by the local Petrov—Galerkin
method, which may lead to asymmetry in the stiffness
matrix and increase the computational time. In summary, a
meshfree method without a background mesh that uses the
Galerkin method to construct its weak form and includes
both a coincident problem domain and an integral domain
can be developed to avoid these disadvantages.

The Cartesian transformation method (CTM) [4, 31],
which originates from the boundary element method
(BEM) [10], is an integral method that can transform
domain integration into a boundary integration and a 1-D
integration. This strategy does not require a mesh or
background mesh when computing the integration of the
stiffness matrix and force vector, and the integral domain
coincides with the problem domain. The radial point
interpolation method (RPIM) [9, 15, 17] is of high preci-
sion for scattered data interpolation, and it can eliminate
the mesh restriction when constructing the shape functions.
Moreover, the RPIM has a simple theoretical basis that is
easy to implement programmatically and extend to 3-D
space. It is conceivable that the combination of the CTM
and RPIM in the governing equation based on the Galerkin
method would result in a meshfree method with a sym-
metrical stiffness matrix, and a coincident problem domain
and integral domain. Another problem in dealing with
geotechnical large deformation problems is tracking the
boundary of the problem domain when severe deformations
occur. An external algorithm, the alpha shape method [32]
is incorporated, and this addition allows the accurate
tracking of the boundary during the dynamic large defor-
mation process. The reliability of the alpha shape method
has already been proven in the particle finite element
method (PFEM) [22] and smooth particle finite element
method (SPFEM) [13, 20, 34], in which the alpha shape
method is used to identify the boundary with a Delaunay
triangularization. The adaptive procedure can be con-
structed by tracking the boundary as the deformation
grows. Notably, boundary identification may be avoided
via the use of CTM integration in regular regions inside the
object and nodal integrations outside this region, as seen in
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the EFGM [27], and this can be further investigated in the
future.

Therefore, with the motivation of developing a meshfree
method without a background mesh, which uses the
Galerkin method to construct its weak form and includes a
coincident problem domain and integral domain, an adap-
tive CTM—RPIM is formulated. This strategy combines the
CTM, RPIM and alpha shape method. The proposed
method, on one hand, inherits the advantages of the RPIM
method and its ability to model large deformations; on the
other hand, by utilizing the CTM integration algorithm, the
numerical stability can be improved in a relatively con-
venient way, i.e., transferring the domain integration into
the line integrals.

The entire paper is primarily organized into three parts.
Firstly, a brief introduction to the adaptive CTM-RPIM is
provided, and the formulation of the CTM and RPIM as
well as the alpha shape method is then presented. The key
parameters of the CTM and RPIM are studied in terms of
their computational accuracies, and the optimal parameters
are determined and suggested. Secondly, two large defor-
mation examples involving cantilever beams are executed
to verify the advantages of this method for large defor-
mation problems. Finally, three geotechnical examples,
including slope stability, foundation bearing capacity and
soil flow, are shown, and the reliability of the method is
thoroughly demonstrated.

2 Formulation and implementation
procedure of the adaptive CTM-RPIM

A detailed introduction to the development of the adaptive
CTM-RPIM is presented in this section. The governing
equation and implementation procedure for the adaptive
CTM-RPIM are provided. After that, the computational
steps for programming are presented, and they include both
the quasi-static version and dynamic version. Finally, the
formulations of the CTM, the construction of the RPIM
shape functions and the procedure of the alpha shape
method are illustrated in detail.

2.1 Implementation procedure of the adaptive
CTM-RPIM

2.1.1 The governing equation

The mechanical behavior of soil usually obeys the gov-
erning equation of continuum mechanics, which can be
derived from the momentum conservation equation.

Vo +b = pii (1)
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where V is the partial differential operator, ¢ is the stress
vector, b is the boundary condition, p is the density of the
material, and @ is the acceleration.

To solve this partial differential equation (PDE), the
Galerkin method can be used in its weak form by intro-
ducing a test function du into Eq. (1).

/5u:adQ—/éu-fbdQ—/(Su-frdF
Q Q T

= / ou - pidQ (2)
Q
where f? is the body force, and f! is the surface force. The
above equation is a conservation equation of virtual energy.
The first term on the left-hand side is caused by an internal
force, the second and third terms are caused by an external
force, and the term on the right-hand side is caused by
inertia force.

To solve Eq. (2), the discrete form can be constructed
similarly as in the standard FEM, and the adaptive proce-
dure is established to address large deformation problems.
These procedures will be provided in the next three
sections.

2.1.2 Adaptive procedure for large deformations

The strategy used to combine the alpha shape method,
CTM and RPIM to construct an adaptive procedure that
can be automatically executed during large deformations is
explained in this section. In this procedure, the CTM-
RPIM is used to establish the discrete form of the
momentum conservation equation, and the alpha shape
method is used to track the boundary when the configura-
tion is updated. A simple schematic diagram is depicted in
Fig. 1.

As shown in Fig. 1, the adaptive CTM—-RPIM for large
deformation analysis can be divided into four basic steps:

(1) Search the boundary of the field node cloud to
determine the scope of the problem domain and
integral domain.

(2) Generate integral lines and integral points and form
the stiffness matrix, mass matrix and force vector.

(3) Apply boundary conditions to establish the dis-
cretized governing equation to be solved.

(4) Solve the governing equation formed in step (3) and
then delete the previous boundary. The problem
domain returns to the state represented by the field
nodes.

The above four steps are repeated until the error of
displacement, force, or energy between two adjacent steps
is tolerable.

Note that the remesh operation is not required by the
proposed adaptive CTM-RPIM. Only boundary identifi-
cation is carried out using the alpha shape method, so there
are no problems caused by mesh distortion. Moreover, the
integral domain is consistent with the problem domain,
which is helpful for accuracy. Additionally, in contrast to
the EFGM and the traditional RPIM, there is no need to
check whether the integral points are in the problem
domain. Furthermore, compared with MPM, there is no
need to determine which background cell an integral point
is in.

2.1.3 Computational steps for quasi-static problems

For quasi-static problems, the acceleration can be ignored
so that the right-hand term of Eq. (2) is eliminated. The
governing equation can be rewritten as,

/Qéu:adQ:/Q(Su -fbdQ—l—/réu frar (3)

This form is commonly found in the standard FEM,
which can become discrete by assuming that there is a
relationship between the variables of the concerned point
and the variables on the field nodes that use shape func-
tions. Following a similar process to the standard FEM, the
discretized global equilibrium equation can be derived as,

KU = Foy (4)
where K is the global stiffness matrix, and Fey is the global
external force vector. Using CTM integration, a detailed
expression of each term can be obtained.

K =

BID:Bwiw,J}J} (5)
i=1

m mb
b X X T
Fo = Z:Nifi WWIITY 4 ZN,fj wil; (6)
i= =

where m is the number of integral points; B; is the matrix of
the partial derivative of the shape functions at the ith
integral point; N; is the RPIM shape function matrix at the
ith integral point; and w;, le ,J¥, and J} are the weight and
Jacobi determinant in the x and y directions of the ith
integral point. The second term in F has a similar
meaning, except that it is in the form of a boundary inte-
gration, which can be solved using the Gaussian integral
method.

Moreover, the expression of the internal force, which is
another expression of KU in Eq. (4), can also be derived
from the left-hand term of Eq. (3).

Fip = ZBiGiwaf]ixjf ()
i1
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Fig. 1 The adaptive CTM-RPIM implementation procedure

To solve Eq. (4), Newton—Raphson iteration is often
used. The quasi-static version of adaptive CTM-RPIM is
provided here for a material nonlinearity example with
small deformation or a weightless material with large
deformation. The adaptive procedure is as follows:

(1) Discretize the problem domain using a series of
field nodes.

(2) Loop over the incremental step (nth incremental
step).

(3) Search the boundary of the problem domain based
on the field node cloud using the alpha shape
method.

(4)  Generate the integral lines and integral points and
form the total external force vector Fp, for the
present incremental step.

(5) Loop over the Newton—Raphson iteration (/th
iteration step).

(6) Form the global stiffness matrix K} and the global
internal force vector F' fm(l).

F. —F!

(7)  Solve the governing equation K} U} = F¢,, — Fi, .
(8) Check convergence.
If the problem has converged, go to step 10.

(9) End looping of the Newton—Raphson iteration.

@ Springer

RPIM interpolation and
CTM integration

(10)  Check the incremental step limit.
If the incremental step is greater than the limit,
update the configuration and go to step (12).
If the incremental step is less than the limit,
update the configuration and go to step (2).
(11)  End looping of the incremental step.
(12)  Post-processing.

2.1.4 Computational steps for dynamic problems

For dynamic problems, if weight is accounted for, the
acceleration cannot be ignored. The left and right hands of
Eq. (2) can be swapped to make the equation more suit-
able for constructing the time integral format.

/5u-piidQ:/5u:adQ—/éu-fbdQ
Q o o)
—/5u.frdr (8)
r

Similar to the standard FEM, discrete momentum con-
servation can be derived from Eq. (8).

Mﬁ:Fext_Fim <9)
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where M is the mass matrix, and U is the acceleration
vector. The lumped matrix is used here to improve the
computational efficiency.

Sometimes, damping force can be introduced into
Eq. (9) for the convergence rate and stability of the pro-
gram, i.e.,

MU:Fext_Fint""Fdamp (10)

where Fgayp 1s the damping force vector. If local damping
is used, this vector can be expressed as follows:

Fdamp = _leext - Finl|Sign(U) (11)

where f is the damping factor, and U is the velocity vector,
which can be determined using the central difference
method.

For dynamic problems with both geometric nonlinearity
and material nonlinearity, the detailed procedures with
explicit time integrals are provided as follows:

(1) Discretize the problem domain using a series of
field nodes.

(2)  Start time step n.

(3) Track the boundary using the alpha shape method.

(4) Generate the integral lines and integral points.

A. compute the total force vector at time "
F" :ngt _F’iqnt+Fgamp'
B. compute the mass matrix at time ¢": M".

(5) Calculate the acceleration vector at time #":

U' = M) 'F.

(6) Calculate the velocity vector at time ¢**'/2:
Un+1/2 _ Unfl/Z + AtnUn,
A" = tn+1/2 _ tn71/2.

where

(7) Calculate the displacement vector at time #'+!:

U = pr + Atn+l/2Un+1/2, A2 —
g

where

(8) Calculate the internal force vector at time #'+!:
+1
Fi
(9) Update the configuration using the displacement
vector U™

(10)  Check convergence or the check limit.

If the problem has converged or reached the time step
limit, end the calculation; otherwise, go to step (2) and start
the n + 1 time step.

2.2 Formulation of CTM

The CTM is a special integration method originally applied
in BEM [10]. Here, it is introduced into the meshfree
method to form the stiffness matrix, mass matrix and force

vector. Consider an integration I, of a function fi,(x,y)
over a domain Q;,

I, = /Q fin(x,y)dxdy (12)

As shown in Fig. 2, the domain is so complex that the
integration cannot be directly executed. To solve Eq. (12),
a rectangular auxiliary domain Q) that fully contains the
domain over which the integration must take place is
constructed. The function in the rectangular auxiliary
domain, fy(x,y), can then be expressed as

_ fin(xv y) (in Qin)
fall(xvy) - { 0 (out of Qin)
The integration [j, is rewritten as

Iin:/ Jan (x, y)dxdy
Qqy

(13)

(14)

Assuming that the function Ay (x, y) is the integration of
fall(fv y)
han(x,y) = / San(&,y)d¢& (15)

where £ is a variable independent of x and y, and c is an
arbitrary constant. By adopting Green’s theorem, Eq. (14)
can be expressed as

Iin:/ han (x,y)dy
T

B /re,,1 ( /foa“(i’y)dg*) dy

For a rectangular auxiliary domain Qgy, dy is zero on
boundaries DA and BC. By setting c to u,, fffau(f,y)df is

B (“4\‘""\') C (v.\‘-"_r)
E ./;:/I(x’y) é
'y |
E 1 Qul/ E

A (uy.uy) D (vyuy)

Fig. 2 Domain integration of the function fi,(x,y)
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zero on boundary AB, implying that the integration in
Eq. (16) only needs to be calculated on boundary CD.

Iin = /r (/xfau(f,y)df> dy
:/r ( VAfan(f,Y)dé)dy (17)

:/‘< vfall(xay)dx>dy

The above integration can be divided as follows:

I = / g(y)dy (18)

5(y) = / " funey)dx (19)

To calculate these two integrations, a series of integral
lines are introduced, as shown in Fig. 3. Then, the inte-
gration [, can be evaluated based on some numerical
integration methods, such as Gauss integration, and the
value of the ith integral line is g(y;).

By dividing the ith integral line into n — 1 segments,
g(y;) can be calculated as

g(yi) :/”fall(xvyi)dx

= zj; (/:lﬁzz(x7 Yt)dx>

Recalling the relationship between f,; and fi,, g(y;) can
also be expressed in terms of fi,. If fi, is used, the inte-
gration j;ffin (x,y;)dx vanishes in Fig. 3 and g(y;) is writ-

(20)

ten as

gvi) = 2": (/Xj fin(x,yi)dx> (G #5) (21)
Jj=2 Xj-1

Similar to the evaluation of fi,, g(y;) can be calculated
numerically. Using the Gauss integration scheme, we
obtain

y=n 8o
y;yi g(:ya)
Y=Viri y— 80
y=§yn : g(:yn)

Fig. 3 CTM integral scheme
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Iy = Zl:g(yi) “w; g} (22)

where m, represents the total number of integral lines; w}
and J; are the weight and Jacobi determinant along the y-
direction, respectively, and

800 = > finl ) W I (23)

Jx=1

where m, is the total number of integral points on each
integral line, and w; and J; are the weight and Jacobi
determinant along the x-direction, respectively.

Substituting Eq. (23) into (22) leads to the final form of
Iin

Fn =S fulre ) - wjowl I} (24)
k=1

which is the sum of the product of the function at the
integral points and the corresponding weight and Jacobi
determinant in two directions. k is the global number of
integral points, and m is the total number of integral points.
As such, the CTM transforms domain integration into line
integration. Consequently, only the intersections of integral
lines and boundaries are needed during the simulation,
which leads to a purely meshfree method with a coincident
problem domain and integral domain. Equation (24) is the
exact numerical integration method used in Sect. 2.1 to
calculate the stiffness matrix, mass matrix and force vector.

2.3 RPIM-based shape functions

Generally, in meshfree methods, the problem domain is
represented by a series of field nodes. Because of the
adoption of the CTM, there is no background mesh, and
thus, the shape functions should be constructed based on
the field nodes. In this paper, the RPIM is used for this
purpose, which is introduced below.

For an arbitrary integral point, a support domain can be
formed, as shown in Fig. 4. The shape of the support
domain can be circular or rectangular. Supposing that the

@ Field nodes
x Integral point
OSupport domain

JProblem domain

Fig. 4 Support domain in the RPIM
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support domain covers n field nodes, the field variable
F(x,y)] at the concerned point can be approximated by

P = (R0 P[] (25)

where R'(r(x,y)) = [rn(x,y) r(x,y) ra(x,y)] is
the vector consisting of the radial basis function (RBF)
with r;(x,y) being the distance between the point at (x,y)
and the field node at (x;,y;) in two-dimensional cases,

Plxy)=[1 x y xy 2 y* ..]

is the vector of polynomial basis functions, and A and B
are row vectors of constants to be determined. Equa-
tion (25) must be satisfied at all field nodes. For example,
the field variable at jth field node (x;,y;) is

Pl = [R o) P[] (26)

By assembling the above equation for all field nodes, the
following matrix form is obtained

Fo=R[A+P\B (27)

The detailed forms of Ry, Py and vector F, are
expressed as follows

FO = [F(xlayl) F(x27y2) F(xnayn)]T (28)
rl(xl,yl) r2(x1>y1) rl(xhyl)
r (xz,yz) rz(szz) rn(x27y2)
0= . . _ (29)
r (men) r2(xnayn) rn(xnyyn)
1 1 - 1
X1 X2 o Xp
Py = : (30)

Y y2 - Yn

Note that if there are n field nodes in the support domain
and an m-term polynomial basis is used, there are m + n
unknowns in vectors A and B. To ensure that the solution to
Eq. (27) is unique, the following constraint is assumed

PyA =0 (31)
With this constraint, Eq. (27) can be enriched as
Fo| [RY PI]lA

[ 0 } o [PO 0||B (32)

By solving A and B from Eq. (32) and substituting them
into Eq. (25), we obtain the expression of F(x,y), which is

=ty w8 5] 5]

(33)

The first n terms of

, , RT pr1!
Muww>P@wﬂ£ 3}
are the RPIM shape functions for the field nodes in the
support domain, which can be used to construct interpo-
lation functions for the integral point.
There are different types of RBFs, such as multiquadrics
(MQ), Gaussian (EXP), thin-plate splines (TPS) and loga-
rithmic RBFs. For simplicity, the TPS RBF

R(x,y) = r(x,y)" (34)

is used in this paper, where # is the shape parameter.

2.4 Alpha shape method for tracking
the boundary

As indicated in Sects. 2.2 and 2.3, a series of field nodes
whose boundary is known at the undeformed configuration
is generated first if the CTM—RPIM is used. However,
when the object undergoes large deformation, the boundary
will evolve accordingly. Therefore, an efficient boundary
identification method is essential. In this paper, the alpha
shape method is adopted for boundary identification.

The basic idea of the alpha shape method is to check
whether there is an empty circle of radius o passing through
any two field nodes. If such a circle exists, the segment
connecting the two field nodes is a boundary segment. The
method can be implemented as follows (see Fig. 5):

(1) Calculate the length of line segment P;P,, which
consists of any two field nodes P; and P;.

(2) Compare the length of PP, with the preset circle
diameter 2o

(3) If PP, is less than 2u, draw two circles ®0O; and
®0, with radius o passing through P, and P,.

09
< o @
000 @
© o(0x0 )@ @ @ ©
| S &0 @ @ @
00 0 0-0-0-0-0

Fig. 5 Schematic diagram of the alpha shape method

@ @@ @
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(4) If either circle is empty or with other nodes on the
circle, line PP, is treated as a boundary segment.

(5) By repeating steps (1)—(4) for all combinations of
field nodes, the boundary of the scattered field node
cloud can be obtained.

It should be noted that the value of « has a big influence
on the tracking accuracy of the boundary, and some
experiences can be referenced. In general, for regions of
convex polygons, o can be larger, and for regions of con-
cave polygons or with holes, « should be smaller. The
boundaries of two sets of field nodes with complex
boundaries were identified using the alpha shape method
and are shown in Fig. 6. It can be seen that the boundary
identified by the alpha shape method reflects the shape of
the problem domain well. Predictably, by using the alpha
shape method, the boundary can be recognized automati-
cally in the simulation even with severe changes in
geometry. This ability enables the adaption of the method
for analyzing large deformation problems.

(a)

(b)

3 Numerical examples

In this section, the influence of key parameters on the
simulation results of the adaptive CTM-RPIM is first
investigated by simulating a cantilever beam subjected to
small deformations. Thereafter, the precision of the adap-
tive CTM-RPIM for large deformation analysis is verified
by modeling cantilever beams with large deformations.
Moreover, the proposed method’s ability to evaluate the
stability of geotechnical structures is tested using a slope
and a foundation as benchmark examples. Finally, a 2-D
soil collapse experiment is simulated using this method,
which further demonstrates its ability to solve large
deformation geotechnical problems.

3.1 Discussion of the selection of key
parameters

The first example considered is a cantilever beam with a
downward load of parabolic distribution on the right end,
as shown in Fig. 7. Both the analytical solution and the
FEM result are presented as a comparison to verify the
accuracy of the CTM-RPIM model. After that, four most
important influential factors, regarding to the model

Fig. 6 Results of boundary identification: a problem domain without holes; b problem domain with holes
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Fig. 7 The cantilever beam with a parabolic load on the right end

accuracy, are investigated; these factors are the width
between two adjacent integral lines r,, the length of the
subsegment for integration r,, the radius of the support
domain r, and the shape parameter of the RPIM #. To
measure the distances 7y, r, and ., the mean node spacing
d, is defined as

VA
Jn—1

where A is the area of the problem domain, and n is the
total number of field nodes.

The analytical solution [29, 30] to the vertical dis-
placement is given as,

A, =

L 2 W 2’( 2
- [ — 4 - [ —
6E] (3/,()7 ( x) + ( + 5/.L) + (3 x)x )

(36)

where P is the force on the right end, £ is Young’s
modulus, u is Poisson’s ratio, W is the width of the beam, L
is the length of the beam, and x and y are the coordinates.
The values of these parameters for the simulation are
shown in Table 1.

The total number of nodes used in the FEM and CTM-
RPIM simulations is the same (Fig. 8). The four-node
element is used in the FEM (Fig. 8a), while in the CTM—
RPIM simulation, we choose # = 5.0 and r, = 2.0d,, and
two integration points are used for each integral subseg-
ment. The results are shown in Fig. 9, and it can be seen
that the accuracy of the CTM-RPIM is generally much
higher than that of the FEM at all field node density levels
because the RPIM shape functions are high order and have
a larger support domain. Even when a cloud of field nodes
with a loose density is used, the relative error is still low.
The maximum relative error of the CTM—-RPIM is only
approximately 0.3%. Additionally, the integral points used

Table 1 The beam parameters
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Fig. 8 FEM and CTM-RPIM models (33 x 9 nodes): a FEM model;
b CTM-RPIM model

in the CTM-RPIM are less than those of the FEM. The
ratio between the numbers of integration points used in the
CTM-RPIM and the FEM is ﬁ, where a is the number
of nodes in the y-direction. It should be noted that the
accuracy of this method is affected by many parameters,
and the convergence is not monotonic under some
parameter combinations, which may be caused by the high
order of RPIM interpolation. In most cases of parameter
combinations, the result of this method is exponentially
convergent, and the accuracy is higher than that of FEM,
but the accuracy may be lower than that of FEM if the
parameter combination is not appropriate. Therefore, the
value selection of these most influential parameters is key
important, and the recommended parameter value ranges
are given in the following part. As long as the parameter
value is within this range, the accuracy can be guaranteed.

The influence of the number of integral points on the
CTM-RPIM simulation is studied in this section. Two sets
of field nodes, namely 17 x 5 and 33 x 9, are used in the
simulation with r, = r, = r. A sufficiently large radius for
the support domain is selected, which is . = 4.0d,. The
shape parameter is set to 5.0. Only one integral point is
used for each integral subsegment, which means that the
number of integral points used depends on the length r. To
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Fig. 9 Results of vertical displacement at the right end of the
cantilever beam: a vertical displacement at the right end of the beam;
b relative error of the calculated vertical displacement versus the
number of used nodes

study the influence of the integral points, the ratio d./r
varies from 1.0 to 5.0 with an interval of 0.5. The simu-
lation results are shown in Fig. 10. As expected, the
accuracy is improved with the increase of d./r, and the
convergence rate is roughly exponential. When d./r is
greater than or equal to 3.0, satisfactory accuracy is
obtained.

The size of the support domain is another factor that
influences the CTM-RPIM simulation. A larger support
domain implies that more field nodes contribute to the
construction of shape functions, which leads to higher
accuracy. However, the computational cost also rises
because of the increase in the number of involved field
nodes. Therefore, it is essential to investigate the size of the
support domain in relation to the simulation accuracy and
computational cost. As a circular support domain is
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adopted in this work, the non-dimensional radius of the
support domain r./d, is the indicator of its size, which, in
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this study, varied from 1.5 to 6.0 with an interval of 0.5.
The layout of the field nodes is 17 x 5, the shape param-
eter 7 is set to 5.0, the distances r, and r, are set to %dc, and
one integral point is used for each subsegment. As shown
in Fig. 11, when the radius r, > 3.5d,, the relative error is
less than 1.5% and is nearly stable regardless of the
increase in r./d.. Therefore, the recommended range for
the radius of a support domain is between 3.5d, and 4.0d,.
Finally, the effect of the shape parameter # from the TPS
RBF on the simulation is explored. To this end, shape
parameters from 1.5 to 10.5 with an interval of 1.0 are
adopted in the simulation, and the other parameters are
Ty =1y = %dc and r, = 4.0d,.. A cloud of field nodes with a
layout of 17 x 5 is used to discretize the problem domain,
and one integral point is assigned to each segment. Fig-
ure 12 shows that a value of # in the range of [3.5, 9.5]
leads to higher accuracy, and the relative error is low and
stable when # is between 4.5 and 7.5.

3.2 Large deformation analysis of a cantilever
beam

In this section, the ability of the adaptive CTM-RPIM to
address large deformation problems is demonstrated. To
this end, two linear-elastic cantilever beams undergo large
deformations because of the imposed force (Fig. 13) and
moment (Fig. 16). The alpha shape method is used to
identify the boundary of the problem domain, which makes
the CTM-RPIM adaptive regardless of the change in
geometry.

The first case is a cantilever beam subjected to a
downward concentrated load P, as shown in Fig. 13. The
length and width of the beam are L =10 m and W = 1 m,
respectively. The elastic constants are Young’s modulus E
= 1.2 GPa and Poisson’s ratio 4 = 0.0. A total of 306 field

-
Thin plate spline radial basis function

TPS RBF: R(x, ) =r(x, )"

Relative error (%)

1 2 3 4 5 6 7 8 9
Shape parameter »

Fig. 12 Influence of shape parameter n

y E=1.0GPa, #=0.0

L

W=1m

o L=10m |

Fig. 13 Cantilever beam with concentrated force on the right end

nodes are used in the simulation. The analytical solution to
this problem is available in [35].

To demonstrate the accuracy of the adaptive CTM-
RPIM, a series of cases with different concentrated forces
at the right-top corner are simulated with results compared
to the nonlinear analytical solutions. The applied forces P
are at different levels, namely 100 kN, 500 kN, 1000 kN,
1500 kN, 2000 kN, 2500 kN and 3000 kN. The curves of
the tip deflection ratio 0 = % where w is the deflection at
the right end, versus the non-dimensional load parameter
A= PE—L;, where [ is the inertia moment of the beam section,
are shown in Fig. 14. The configurations of the deformed
cantilever beam at concentrated force levels P = 2000 kN
and P = 3000 kN are presented in Fig. 15. Clearly, the
simulation results from the adaptive CTM-RPIM agree
well with the analytical solution from [35], which
demonstrates the correctness of the adaptive CTM—-RPIM
for analyzing large deformation problems.

A cantilever beam subjected to a bending moment at the
right end is also studied in this section. The problem setup
is shown in Fig. 16. According to the nonlinear analytical
solution given by Pai and Palazotto [23], when an appro-
priate bending moment is applied at the right end, the
cantilever beam will bend into a perfect circular ring. The
bending moment M that causes the beam to achieve this

state can be determined by
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Fig. 14 Results at different levels of force P
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(b)

Fig. 15 Final configuration of the beam at two different force levels:
a P =2000 kN; b P = 3000 kN

y
E=5.0GPa, #=0.0

% 4 | ‘M
- X

= ‘ L=20m |

[ |

Fig. 16 Cantilever beam with bending moment on the right end

2nEl

M= (37)

In the simulation, the moment is transformed into two
uniform loads applied to the upper and lower halves of the
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(b)

(d)

Fig. 17 Deformation process of the beam: a 250 steps; b 500 steps;
¢ 750 steps; and d 1000 steps

beam end section according to [33]. A total of 405 field
nodes are used to discretize the problem domain, and 1000
incremental analysis steps are adopted. The deformation
process of the cantilever beam obtained from the adaptive
CTM-RPIM is shown in Fig. 17. A near-perfect circular
ring is obtained when the moment calculated from Eq. (37)
is enforced at the end of the beam, which verifies the
proposed method for large deformation analysis.

3.3 Quasi-static analysis of the geotechnical
large deformations

To evaluate the capability of the adaptive CTM-RPIM in
analyzing quasi-static geotechnical large deformations, two
classical benchmark examples are studied in this sec-
tion. The first example evaluates the stability of a slope,
and the second calculates a foundation’s bearing capacity.
These two examples fully demonstrate the reliability of this
method for quasi-static analysis in geotechnical large
deformations.
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Fig. 18 Homogeneous slope

3.3.1 Slope stability analysis

In this section, a homogeneous soil slope is studied using
the strength reduction method, and the obtained safety
factor is used to verify its reliability. The geometry of the
slope is provided in Fig. 18, and the material properties are
Young’s modulus £ = 100 MPa, Poisson’s ratio p = 0.3,
cohesion ¢ = 10 kPa, friction angle ® = 20°, dilatancy
angle ¥ = 0.001° and the unit weight y = 20 kN/m>. The
bottom of the slope is fully fixed, while the lateral
boundaries are fixed horizontally. The elastic-perfectly
plastic constitutive model with the Mohr—Coulomb yield
criterion is adopted. A total of 1881 field nodes are used in
the CTM-RPIM simulation.

The formulation of the strength reduction method [19]
can be expressed as
, c

@' = arctan (T%) (39)

where ¢ and @' are the material parameters after strength
reduction, and SRF is the reduction factor.

The reduction factor SRF, ranging from 0.8 to 1.6, is
used with the simulation results after a sufficiently large
step (2800 steps), as illustrated in Fig. 19a, b. Figure 19a
shows that the deformation is negligible when SRF <1.3.
In contrast, the displacement increases continuously, and
convergence cannot be achieved for SRF > 1.4. In other
words, when SRF < 1.3, the slope is stable, and when
SRF > 1.4, the slope is unstable. The same conclusion can
also be obtained from the curve plotting the displacement
against the SRF (see Fig. 19b). Therefore, it is clear that
the slope’s safety factor FS is within (1.3, 1.4), which
agrees with analytical solution 1.38 provided by Bishop
and Morgenstern [5].

Furthermore, to gain insight into why the slope loses
stability, the counterparts of the plastic strain invariant of
cases SRF = 1.3 and SRF = 1.4 are provided in Fig. 20.
When the SRF is 1.3, the plastic strain is very small, and

areas of plasticity are isolated from each other and have not
penetrated the whole slope. However, when the SRF is 1.4,
the plastic area is connected and forms a clear shear band,
and the soil slides down along the shear band to eventually
form a landslide.

Finally, a large deformation case SRF = 1.6 after 10,000
steps is provided in Fig. 21, where it can be seen that the
ability of the proposed method to deal with geotechnical
large deformations is; when large deformation occurs, the
shear band is still clearly visible without numerical
instability.

3.3.2 Bearing capacity analysis
A flexible strip footing on weightless soil in semi-infinite

space is studied in this section, of which the bearing
capacity is analyzed to test its precision, as shown in

1 T T T T T T

——— SRF=0.8 SRF=1.0
SRF=12 ---- SRF=1.3
—+—SRF=14 —=»—SRF=1.5
-~ —e— SRF=1.6
H
£
&
2
=
O'OI 1 i 1 1 1 1
0 400 800 1200 1600 2000 2400 2800
iteration step
(a)
1 T T
i
T ! o
4 i
v 1
2 i /
2 !
3 i »
S i
- [ e /
& v : . ! i/
5 | Analytical solution by § i/
S | Bishop and Mor n (1960) ! i/
5 01F FS=1.38 ! i 4
7 S A
Q 1
5 /i
oo 1
= i
£ /i
= / 1
£ _e—° i
0.0I 1 1 1 1 1 1 ;I 1 1
07 08 09 1.0 LI 1.2 13 14 15 16 1.7
SRF
(b)

Fig. 19 Maximum displacement of the slope: a maximum displace-
ment for every step; b final maximum displacement after 2800 steps
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(b)

astic strain invariant

pl

plastic strain invariant

Fig. 20 The plastic strain invariant of the slope after 2800 steps: a SRF = 1.3; b SRF = 1.4

Fig. 21 Result of SRF = 1.6 after 10,000 steps

Fig. 22a. The analytical solution to this classical problem
was found by Prandtl in 1920 [25]

Gfailure = (2 + 7'E)C,,, (40)

where ¢, is the soil’s undrained shear strength.

The simplified model is provided in Fig. 23. The scale is
12 m x 5 m, the loaded width is 2 m, and the boundary
conditions are rollers at both side directions and fixed at the
bottom. The elastic-perfect plastic constitutive and Mohr—
Coulomb yield criterion is used in this example, and the
material properties are as follows: Young’s modulus E =
100 MPa, Poisson’s ratio u = 0.3, undrained cohesion c,,

@ Springer

plastic strain invariant

100 kPa, the friction angle ® and dilatancy angle ¥ are
both set to 0.001°, and the density p is set to 0.0 kg/m>. A
model with 1029 field nodes is generated to solve this
problem, and the result is provided in Fig. 24.

At different load levels from 200 to 520 kN, conver-
gence should occur with few iteration steps and small
deformation if the strip footing is stable. As shown in
Fig. 24, when the load is less than or equal to 500 kPa,
convergence can be achieved quickly within 100 iteration
steps, and the maximum deformation at all load levels is
approximately 6 cm. However, when the load reaches
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Fig. 22 Flexible strip footing on weightless soil: a description of the problem; b Prandtl’s schematization [25]
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Fig. 23 Symmetry-based simplification for numerical simulation
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Fig. 25 Displacement at the load level of 540 kPa

520 kPa, convergence cannot be attained within 500 iter-
ations, and the displacement at 500 steps shown in Fig. 24
is approximately 11 cm, which is nearly two times that at
500 kPa. These results indicate that the failure load of the

flexible strip footing is between 500 and 520 kPa, including
Prandtl’s solution of 514 kPa. That is, the adaptive CTM—
RPIM is reliable when evaluating the bearing capacity of
the flexible strip footing. If a more accurate result is
required, a more refined numerical model can be used.
The deformed configuration at 540 kPa is provided in
Fig. 25, where the deformation reaches over 0.6 m, and the
failure mechanism proposed by Prandtl, shown in Fig. 22b,
can be easily seen from the deformation trend displayed by
the arrows with direction in Fig. 25. Again, it is verified
that the adaptive CTM-RPIM has great advantages in
stability evaluation and deformation trend prediction.

3.4 Dynamic analysis of the geotechnical large
deformations

To further test the ability of this method to solve
geotechnical large deformation problems, the soil collapse
process was simulated. A 2-D experiment was carried out
by Ha H. Bui et al. [6], where the soil particles were
modeled by many small aluminum bars, as shown in
Fig. 26. Constrained by a movable baffle, these bars were
initially stacked into a rectangular column. At the begin-
ning of the test, the baffle was quickly removed, and the
soil column collapsed rapidly under its own weight. After a
long run-out distance, it accumulated into an approximate
triangular area. The soil parameters are as follows:
Young’s modulus £ = 0.84 MPa, Poisson’s ratio u = 0.3,
cohesion ¢ = 0 MPa, friction angle ® = 19.8°, dilatancy
angle ¥ = 0.001° and density p = 2650 kg/m®.

The numerical model was discretized into 1071 field
nodes, and elastic-perfect plastic constitutive and Mohr—
Coulomb yield criteria were used. The boundary conditions
are fixed at the bottom boundary and rolling at the left

E =0.84MPa; 1=0.3; ¢=0MPa
®=19.8% ¥ =0.001% p=2650kg/m’

0.lm

. Removable baffle
(Quickly removed after the test starts)

Fig. 26 2-D experiment of soil collapse [6]
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Fig. 27 Collapse process of the soil column: a initial configuration; b configuration at 0.1 s; ¢ configuration at 0.2 s; d configuration at 0.3 s; and
e final configuration
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Fig. 28 Final configuration of the soil collapse example

boundary, following the settings provided in [6, 16].
Because the collapse of the soil column occurs very
quickly and the deformation is extremely large, the inertia
force is not negligible and the dynamic scheme is adopted
here. The time step is chosen as Ar = 5.0 us, which is
small enough to ensure the stability and accuracy of the
calculation.

The collapse process of the soil column is provided in
Fig. 27, and the field nodes are rendered in different colors
depending on the displacement to observe the deformation
inside the soil column. After the baffle is removed, the soil
column immediately begins to collapse, and the soil on the
upper right begins to slide, while the soil on the lower-left
remains static. As time progresses, the static region grad-
ually decreases. At the end of the collapse process, the soil
particles stop moving, the upper surface of the accumula-
tion is at an angle slightly less than the friction angle, and a
small region in the lower-left corner remains static. The
interface between the static region and sliding region is
what we call the sliding surface.

Finally, the final upper surface and the sliding surface
are compared with the experimental observations, which
are presented in Fig. 28. It can be clearly seen that the
numerical result agrees with the experimental result, which
further demonstrates the ability of the adaptive CTM-
RPIM to simulate geotechnical large deformation
problems.

4 Conclusions

An adaptive CTM-RPIM for solving geotechnical large
deformation problems is introduced in this paper. Using the
CTM and RPIM, the domain integration can be trans-
formed into line integration, and the interpolation can
eliminate the restraints from the background mesh.
Meanwhile, to handle large deformation problems more
conveniently, the alpha shape method is introduced to track
the boundary automatically, and the results are shown to be
accurate and convenient. To facilitate programming, both
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quasi-static and dynamic versions of the computational
processes are provided. Moreover, the influence of key
parameters on precision is systematically explored, and the
recommended values of these parameters are provided in
this paper. Two geotechnical examples, slope and footing,
are analyzed to demonstrate the accuracy and reliability of
the method. Finally, by simulating a 2-D soil collapse
experiment with a large run-out distance, the proposed
method’s ability to deal with large deformations is further
proven. In summary, the adaptive CTM-RPIM is a
promising method and has great potential in the application
of large deformation geotechnical problems.
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