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Abstract

Artificial Intelligence (AI) put an increasing amount of strain on our total energy consumption
and CO2 production. Not only is AI becoming increasingly more popular, but also AI models
keep growing and thus need an increasing amount of computational resources. Recent research
tries to mitigate this effect by creating more efficient hardware and by using Green AI, which
is research in AI with additional focus on the computational resources a model requires.
During this research one such Green AI method will be studied. This research focusses
on the effects of memory usage on Canoncial Polyadic Decomposition (CPD) and Tensor
Train (TT) decomposed Convolutional Neural Networks (CNN)s. These decomposed kinds
of CNNs reduce the amount of parameters in the model, but may increase the amount of
memory that is required to run the model. Therefore, first a theoretical analysis will be done
on the memory used by these models. This analysis will then be validated by doing a real
life scenario test and the effects of memory usage on inference time will be explored. Finally,
regressions models will be made to see whether it is possible to predict the inference time.
The results of these tests show that decomposed CNNs require more memory and the memory
required in the real-life scenarios is higher than that was expected in the theoretical analysis.
For the tested systems, it is shown that memory does influence the inference time negatively.
Additionally, it was found that for very small kernels some initialization bias seems to be
present, which makes the inference time larger,despite the CNN having less parameters and
requiring less memory. Finally, it is shown that despite this inference bias, it is possible to
predict whether the use of decomposed CNNs is beneficial to use compared to a regular CNN
in terms of inference time.
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Chapter 1

Introduction

Today, Artificial Intelligence (AI) is becoming more and more important. Whilst gaining in
popularity quickly over the last decade [28], the models to train and run the AI grew larger.
For AI, a lot of energy is consumed in large data centres and whilst running these models an
increasing amount of computational power is needed. This gives the models better perfor-
mance and a better experience for the user, but this adds to the cost of power consumption.
Thus increasing CO2 emissions as large data centres are required to train and to make in-
ferences. In the context of AI making inferences is the term used for giving an AI model an
input and obtaining the result. This is different from training, because when training, often,
an inference is done and then the result is analysed to improve the model. The latter is not
done in the case of just inference [20, 38].

To mitigate the negative effects of these larger models on time and CO2 emissions, two research
directions are explored. The first is by using more advanced hardware, which is specifically
created to run AI tasks or even specific AI tasks belonging to a certain type of model [36, 38].
The other research direction is by the use Green AI. "Green AI refers to AI research that
yields novel results while taking into account the computational cost, encouraging a reduction
in resources spent" from [38]. The latter of these two research directions will be further
investigated during in this thesis [38, 41].

1-1 Motivation

This thesis will mainly focus on a specific type of AI, which is the Convolutional Neural
Networks (CNN). CNNs are often used for applications involving image recognition. The
idea for this thesis originates from the thesis of Demi Breen [7] and Fredrik Hogenbosch [15].
Both theses use tensor decomposed CNNs. Decomposed CNNs are a typeset of improvements
on the regular CNNs.

In a decomposed CNN, the kernel of the convolution operation is decomposed into four smaller
kernels using a low-rank tensor decomposition. In short, a low rank tensor decomposition is a
method to split one multidimensional array (tensor) into multiple smaller tensors, often these
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2 Introduction

smaller tensors are 2 or 3 dimensional. With this the total number of elements can be reduced
by creating a network of smaller tensors. The network is chosen such that the original tensor
can be recreated or approximated. A variable that often plays a role here is the rank with this
parameter the reduction of parameters can be chosen. However, some conditions in choosing
this rank may apply. By choosing the rank of a tensor decomposition one can influence how
much elements are in this new network and by this the amount of compression can be set to
the original tensor.

Due to this decomposition of kernel the convolutional operation of the original CNN convo-
lutional layer is altered in four smaller convolution operations. Choosing a higher or a lower
compression has benefits and downsides. The first benefit of a higher compression is that due
to having less parameters in total less computational operations are required. Additionally,
the kernels are smaller to store saving extra requirements on hardware. A downside of these
decomposed kernels is that more outputs are generated which may lead to extra memory con-
sumption. Furthermore, when the kernel is compressed to much the accuracy of the model
may decrease resulting in a less useful model. Hence, the amount of compression can be seen
as a trade off on the one hand it may save computational resources while on the other hand
the model accuracy may decay and more memory may be required [10, 27].

Demi’s thesis The thesis of Demi [7] focusses on measuring and predicting energy savings
using Canoncial Polyadic Decomposition (CPD), Tensor Train (TT) and Tucker decomposed
CNN, which are all tensor decomposed CNNs. She compares these decomposed CNNs with
regular CNNs. After doing some tests she finds that the TT decomposed CNN often results
in less energy usage. With Tucker and CPD her mileage varies, but more often than not she
concluded that for the systems she took decomposing does not lead to energy savings. This
seems contradictory because by decomposing the CNN the amount of parameters and hence
the amount of calculation that needs to be done during inference is reduced by up to 10x. In
her thesis, she indicates that increased memory is used by the decomposed CNNs, but she
does not point it out as a possible source of increased energy consumption.

Frederik’s thesis Fredrik’s thesis [15] focuses on the Canonical Polyadic-Convolutional Neu-
ral Network (CP-CNN) to improve recognition of EEG images, which are a type of medical
images. During his thesis, he noticed that only for CP-CNNs with heavy compression did his
training times decreased, but that for most kinds of compression, it increased. Additionally,
he mentions that for some less extreme compression his memory consumption more than
doubles. Both these phenomena are not further discussed, because they do not contribute to
his research goal. Despite this, it is a noticeable phenomenon, because the purpose of using
these tensor decomposed CNNs is to reduce the amount of parameters in the model. This
does not seem to cohere to that.

Summarizing Both these theses indicate that there are some drawbacks to using decomposed
CNNs compared to regular ones. Additionally, both suggest that memory may influence both
inference and training speed. Demi’s thesis indicates that there can be an increase in energy
usage as well. This led to the problem formulation given in the next section.
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1-2 Problem formulation 3

1-2 Problem formulation

Main Question From both theses, the question arises of what influence memory has on
inference time and to what extent. It is known that memory may have a great influence, but
is this true in this case? From here, the main question of this thesis arises.

How does memory usage influence the inference time for Canonocial Polyadic de-
composed and Tensor Train decomposed CNN layers compared to non-decomposed
CNN layers?

Subquestions To answer this main question three subquestions are defined to lay down a
path to find an answer to the main research question. These subquestions are a breakdown
of the main question.

Subquestion 1 Can we derive the theoretical memory usage of a decomposed CNN and a
non-decomposed (or ’regular’) CNN?

Subquestion 2 How does the theoretical analysis compare to a real-life scenario and can we
see an influence of the memory usage on the inference time?

Subquestion 3 Can we predict when it is more advantageous in terms of inference time to
use a decomposed CNN or a regular CNN.

1-3 Thesis outline

In Chapter 2 some background information will be given on the tensor decompositions used.
The tensor decompositions are a mathematical framework used to change parts of the regular
CNN. From these so-called tensor decompositions the decomposed CNN as a group derive
their name. After this, a small look will be taken at the inner workings of CNNs. Later
these inner workings will be combined with the Tensor decompositions, which will give the
CP-CNN and the Tensor Train Convolutional Neural Network (TT-CNN). Last but not least,
in Chapter 2 a small introduction will be given about the computation of linear algebraic
problems.

In Chapter 3, the methods will be explained that will be used to solve the problems imposed
by the main and sub-research questions. Hence, first, a theoretical analysis will be given, and
then the method to derive the memory size in practice will be given. Thirdly, the method that
was used to get inference time measurements was given and finally, the method for predictions
was given.

In Chapter 4, the results from the experiments set in Chapter 3 will be given with the only
exception of the theoretical analysis, which is completely given in Chapter 3.

Finally, in Chapter 5, first, the sub-research questions will be answered after which the main
research questions will be answered. Further, there will be a discussion section in which a
critical look is taken at general remarks about the research, and ultimately a recommendation
for future work is given.
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4 Introduction

1-4 Implementation, software and hardware used.

In this section, the implementation software and the hardware used are discussed to clarify
the context of this thesis further.

Hardware The hardware used is a laptop with an Intel Ultra 155H processor and 16 gigabytes
of LPDDR5X RAM. This laptop is used as Demi used a laptop as well in her thesis and this
makes it possible to get a comparison using similar hardware. It is also expected that the
same bottlenecks are present in this system as in hers.

Software

PyTorch PyTorch is a very easy-to-use machine learning library, which enables the user to
easily make CNN layers and other layer. For all tests its float32 format was, which is
the default for CPU. This was done to get consistent results [4].

Tensorly-Torch Tensorly-Torch is a library based on both PyTorch [3] and Tensorly [23].
PyTorch is discussed above and Tensorly is a tensor decomposition library. Tensorly-
Torch combines these features by providing tensor decomposed CNN layers. This library
is used as it was used in both Demi’s and Frederik’s thesis and is therefore in part chosen
for all tests to be able to make a comparison with their results [3].

scikit-learn Scikit-learn is a machine learning library. It can be used for classification,
preprocessing and model selection. In this thesis, it is used to perform linear regression.
This can be seen in Section 3-4 and Section 4-3 [32].

permetrics Permeterics is used to evaluate the quality of the linear regression model. It
is an existing library which contains a lot of evaluation metrics such as Root Mean
Squared Error (RMSE), Variance accounted for (VAF) and many others [39, 40].

Aside from this other software tools were explored, but not used to compose the final result.

Pytorch tensor decompositions This library made by Jacob Gildenblat. This software is
not used for tests or any result that contributed to the output. Despite this, it gave a
useful insight into possible implementations for the CP-CNN [11].

Intel Vtune Intel Vtune is a software evaluation tool. The aim of using this software was
to obtain gross metrics which may be able to investigate or give metrics on how much
energy was used. This software was used for the regular CNN and the CP-CNN. Un-
fortunately, this software did not prove to be stable for the CP-CNN. It had very few
cache misses, and the CP-CNN seems to perform a lot better than the regular CNN
compared with the tests without Intel Vtune. Therefore, it was theorized that the soft-
ware interfered with the memory speed/CPU speed too much to get valid and useful
insights [18].
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1-5 List of Symbols

In this section, two lists of symbols will be given. Table 1-1 shows the symbols regarding the
tensor math. Table 1-2 show the symbols regarding the CNNs.

Table 1-1: Symbols regarding tensors

a a scalar or a vector
A a matrix
A a tensor
an A factor vector with n representing the nth fac-

tor matrix.
ai, Ai,j , Ai,j,k,... A vector, matrix or tensor with i, j and k repre-

senting indices. The tensor can have any num-
ber of indices.

Table 1-2: Symbols regarding CNNs

T Number of output channels
S Number of input channels
dn nth spatial dimension of the kernel/filter
O Output image
I Input image
K Kernel
Ky Kernel of a decomposed CNN with y indicating

what part of the convolution this kernel repre-
sents.

Master of Science Thesis J.A. Klip
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Chapter 2

Background

2-1 Tensor decompositions

2-1-1 Definition

Tensors or multidimensional arrays are a way to represent data. This is done in zero, one or
multiple dimensions. A tensor is a generalized mathematical concept of a scalar (0th order
tensor), vector (1st order tensor) or matrix (2nd order tensor), and of higher order versions.

Figure 2-1 gives an overview of a representation using diagrams. The circle represents an
entity (i.e. one object) and a line represents an index. A line is only drawn if the index does
have more than one element. Consequently, the scalar in Figure 2-1 does not have any lines,
the vector has one, the matrix has two and the tensor has three. However, the tensor could
have any amount of indices (lines). [9]

VectorScalar Matrix Tensor

Figure 2-1: Tensor diagram overview. Each line represents an (array) index. [9]

2-1-2 Preliminaries

In this subsection, some useful definitions on types tensors and operations are given.

Master of Science Thesis J.A. Klip



8 Background

Tensor types

Diagonal tensor A diagonal tensor is a tensor with only non-zero entries on its superdiag-
onal. This means that tensor X ∈ RI1×I2×···×IN is diagonal if and only if Xi1,i2,...,iN

=
0 ∀i1, i2, . . . iN /∈ {i1 = i2 = · · · = iN } [22].

Tensor operations

Inner product The inner product (also known as dot product) is the sum of the product
entries. This can only be done for tensors of equal size. For tensors A, B ∈ RI1×I2×...IN ,
the dot product is given by AB =

∑I1−1
i1=0

∑I2−1
i2=0 · · ·

∑IN −1
iN =0 Ai1,i2,...iN

Bi1,i2,...iN
[22].

Outer product The outer product of a set of three vectors a ∈ RI , b ∈ RJ and c ∈ RK

results in a 3rd-order tensor X ∈ RI×J×K . The entries of X are determined by xi,j,k =
aibjck. This can be generalized such that for a set of N vectors an Nth order tensor is
created. Note that for the 2nd order case the operation can also be written as X = ab⊤,
in which b⊤ is the transposed version of b.
Furthermore, this definition can be extended to the the outer product of two tensors.
In this case, for any tensor A ∈ RI1×I2×...IN and B ∈ RJ1×J2×...JM an N+Mth tensor
X ∈ RI1×I2×...IN ×J1×J2×JM can be created by X = A ◦ B [9, 22].

Mode-n matricization Mode-n matricization is denoted by B = A<n> for A ∈
RI1×I2×···×In×···×IN and B ∈ RIn×I1I2...In−1In+1...IN . The n-mode matricization reorders
the elements and indices of a tensor into a matrix. This reordering is necessary for some
operations to be performed on the tensor. A diagram can be seen in Figure 2-2. [9, 22].

A A<n>

..............

I1 IN
In

In I1x ... x In-1 x In+1 x In

Tensor A Mode-n-matricization of
Tensor A

Figure 2-2: Tensor A is on the right and on the left is the mode-n-matricized version of
tensor A [22]

Mode-n product The mode-n product is denoted by C = A ×n B for A ∈
RI1×I2×···×In−1×In×In+1×···×IN , B ∈ RJ×In and C ∈ RI1×I2×···×In−1×J×In+1×···×IN . This
is an operation between any tensor A and any matrix B. During this operation mode-
n matricization is done on the nth mode of tensor A. Then matrix multiplication is
done on matrix B and tensor A<n>. The product of this multiplication is then C<n>,
which is then reordered and reshaped to tensor C ∈ RI1×I2×···×In−1×J×In+1×···×IN . This
operation can also be expressed as C<n> = BA<n> [9, 22].

J.A. Klip Master of Science Thesis



2-1 Tensor decompositions 9

2-1-3 Canoncial Polyadic Decomposition (CPD)

Canoncial Polyadic Decomposition (CPD) (also known as CANDECOMP, PARAFAC or just
CP decomposition) is a tensor decomposition, which decomposes an Nth-order tensor in a set
of N factor matrices and a scaling coefficient tensor Λ. Figure 2-3 shows the structure of the
decomposition for a 4D tensor.

A

I1
I2

I4
I3

Λ

B(1)

B(4)

B(3)

B(2)
R

R

I2

I3

I1

I4

Tensor A CP decomposed version of Tensor A

R

R

Figure 2-3: The image shows the network structure for a 4D-tensor decomposed using CPD [9]

The factor matrices are of the form B(n) ∈ RIn×R. In this representation n represents the
nth index of the original tensor. In has the length of nth index of the original tensor and R
represents the rank of the decomposition. Each tensor can be decomposed using CPD and this
solution is unique under some mild conditions. However, there is only one value for the rank
for which this holds. Finding this optimal rank is an NP-hard problem. Some heuristics are
known for lower-order tensors, but they do not provide any guarantee. This rank is optimal in
the sense that when the rank is chosen lower than this optimal rank, then the CPD will give
an approximation of the original tensor. When the rank is chosen higher than this optimal
rank original tensor, the original tensor can be reconstructed, but the solution will no longer
by unique. Additionally, extra storage is required but with no additional benefit [9, 14, 22].

Definition The CPD is written as shown in the Equation 2-1 in which R denotes the rank
of the decomposition [9, 22]

A = Λ ×1 B(1) ×2 B(2) ×... · · · ×N B(N)

=
R∑

r=1
λrb1

r ◦ b2
r ◦ . . . ◦ bN

r .
(2-1)

In Equation 2-1, it can be seen that the rank forms an important part of the CPD structure.
It together with the diagonal scaling tensor connects all the separate factor matrices. The
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10 Background

second line is another way of writing the same structure down. In this case, λr ∈ RR is the
vector of non-zero elements from the diagonal scalar tensor Λ and r gives the rth element.
bn

r ∈ RIn is the rth column of matrix Bn ∈ RIn×R and bn
r is therefore a vector. Since the

scaling tensor Λ is diagonal, both approaches are equivalent.

To find the CPD, often an algorithm known as Alternating Least Squares (ALS), which is
shown in Appendinx A-2 is used. Other algorithms do also exist such as Modified Alternating
Least Squares (MALS), but ALS is most commonly used [22]. The explantation of the ALS
algorithm is shown in Appendix A-2.

2-1-4 Tensor Train

The Tensor Train (TT) also known as Matrix Product State (MPS), consists of a structure
of linked tensors. These tensor are called cores. Aside from the first and the last core, the
cores are 3rd order tensors. The first and the last cores are 2nd order by some definitions.
Others define them as 3rd order as well but in that case the first (or last) mode has length
1, which is equivalent to the 2nd order definition. The notation for the nth core is given by
Gn ∈ RRn−1×In×Rn . An overview in diagrams is shown in Figure 2-4 [9, 30].

A B(1) B(2)

TT - decomposition of Tensor A

B(N-1) B(N)

I1
I2 IN-1

IN
I1 I2 IN-1 IN

 Tensor A

R1 RN-1R2 RN-1

Figure 2-4: Tensor Diagram of the Tensor Train

Definition The Tensor Train decomposition is shown in Equation 2-2 [30]

A =
∑

r0,r1,...,rN

G1(r0, i1, r1)G2(r1, i2, r2) . . . GN (rN−1, iN , rN ), A ∈ RI1×I2×···×IN . (2-2)

From Figure 2-4 and Equation 2-2, it is visible that for the TT decomposition rank plays an
important role as well, but the mechanism behind it is a little different than for CPD. For
the TT decomposition, not all ranks have to be the same for all factor matrices. Additionally,
the cores are not connected to a single scaling tensor, but instead, they are connected to each
other. This gives the TT in some sense more flexibility compared to the CPD [9, 30, 34].

To decompose a tensor into the Tensor Train format, multiple techniques can be used of
which the TT-SVD algorithm which is shown in Appendix A-3 is the most commonly used
[9, 30, 34]. Aside from this algorithms using ALS and MALS have been proposed which can
be more efficient. Also, they can update a Tensor Train in an iterative fashion which makes
it useful for other purposes than decomposing. This is certainly the case when the tensor is
already in TT format [16, 34, 37].
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2-2 CNN 11

2-2 CNN

A Convolutional Neural Networks (CNN) is an Artificial Intelligence (AI) tool which are
mostly used in image recognition. Here a brief explanation of the convolution operation is
given. After which, some tweaking options of the convolution operation are given. These can
also be used in CNNs themselves. Finally, a step is made from the convolution operation to
a CNN.

2-2-1 Convolution

The convolution operation In this thesis, 2D convolution/2D CNNs will be used. However,
to explain this operation more easily, 1D space is used for this explanation. This will later be
expanded to 2D space. When talking about 2D discrete space, one often talks about images.
For this 1D space, a sampled audio signal will be taken as an example.

The discrete time convolutional operation is shown in Equation 2-3. In this equation, K ∈ RA

denotes the kernel I ∈ RK+A−1 the input and O ∈ R(K) the output. In this example the input
and output image are both a set of discrete time samples. The kernel can be seen as a sliding
window. Each output sample is constructed of a multiplication of a part of the input sample
space with this sliding window. This gives that the length of the output is the length of the
input plus the length of the kernel minus 1 (To see where the minus 1 comes form. Imagine
sliding a kernel of length 1 in that case the input and output have the same size). In most
cases the kernel is often much smaller than the input vector. The convolutional operation is
given by Equation 2-3 [21]

O (k) =
∑

a

K (a) ∗ I (k − a) . (2-3)

The effect of the kernel in this context can be that kernel K gives an sound effect to the audio
signal. The input in this context can be a guitar signal, the desired output could be a certain
effect on the guitar sound. The values of the kernel will determine how the sound is altered.

This 1D-convolution function can easily be expanded to 2D space by introducing an extra
spatial dimension. In this case, the spatial dimensions of K, O and I are expanded to
K ∈ RA×B, O ∈ RX×Y and I ∈ R(X+A−1)×(Y +B−1). This is shown in Equation 2-4 [21]

O (x, y) =
∑

a

∑
b

K (a, b) ∗ I (x − a, y − b) . (2-4)

2-2-2 Stride, padding and dilation

Stride, padding and dilation are tools to alter the convolution operation of Equation 2-3 and
Equation 2-4. These operations can be used independently of one another and can also be
used to change the CNN. Additionally, the stride, padding and dilation do not have to be
the same in every spatial dimension.
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Stride When using stride, one alters the steps size for which the kernel kernel slides. In the
case discussed above, the step after x is x + 1. When the stride increases, one is going to take
bigger steps. For example, a stride of 2 gives I(x − a), I (x + 2 − a), etc. This is shown in
Equation 2-5, where Sx (Sy) represents the stride in the X (Y ) dimension. In the example, a
stride of 2 is taken but can be any strictly positive integer. Using stride changes the shrinks
the size of the output image to O ∈ R(X/Sx)×(Y/Sy), the size of the kernel and the input image
remain unchanged. Note that Sx (Sy) should be an integer devisor of X (Y ). The effects of
stride will not be explored during this thesis. However, it may be mentioned in some contexts
[21, 31]

O (x, y) =
∑

a

∑
b

K(a, b) ∗ I (Sxx − a, Syy − b) . (2-5)

Padding Padding is an extension of the input image. This can be done in multiple ways,
e.g. by using zeros, the same value as the border of the image, or using a value from the
other side of the image. By using padding, one can keep the dimension of the input image
the same as the dimensions of the output image. By looking closely at Equation 2-3 and
Equation 2-4, it can be seen that when the size of the kernel is larger than 1 (or 1 × 1), the
output image is smaller than the input image. The amount of padding does not have to be
the same in both spacial dimensions, but it is very common to do so. The dimensions for
padding will be denoted as Px and Py for the padding in the X and Y spatial dimensions
respectively. For padding Px (Py) the chosen padding pattern (zero, same ect.) is applied
to both sides of the dimension. Therefore an Px (Py) padded image A ∈ RX×Y will have
padded dimensions A ∈ R(X+2Px)×(Y +2Py). This changes the dimensions of Equation 2-4 to
O ∈ R(X+2Px)×(Y +2Py) and I ∈ R(X+A−1+2Px)×(Y +B−1+2Py). The dimensions of the kernel
remain the same.

Additionally, padding can prevent loss of information at the boundary [21]. Padding will be
used in this thesis to keep the input image equal to the output image.

Dilation When using dilation the kernel will be expanded. When dilation is used a number
of Dx (Dy) 0’s is placed between each value of the kernel, increasing the effective area of the
kernel without introducing new parameters. This is visible in Equation 2-6. In this example,
the dilation is described by Dx (Dy)) for the X (Y ) spatial dimension. Dilation changes the
size of the output image to O ∈ R(X−2Dx)×(Y −2Dy). In this thesis, the effects of dilation will
not be investigated. However, since it is often mentioned in the context of CNNs, it is still
explained as it may be mentioned in some contexts [13]

O (x, y) =
∑

a

∑
b

K (a, b) ∗ I (x − Dxa, y − Dyb) . (2-6)

2-2-3 Convolutional layer

The convolution operation discussed in the former section forms the basis of a CNN-
convolutional layer. However, in a CNN the kernel is often called filter. Additionally, there
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are often multiple input images, output images and kernels which are stacked. Those multiple
layers are called channels.

Convolution This stack of multiple input images gives the input of the convolution the
dimensions I ∈ RS×W ×H , where S is the number of input channels, H is the height of the
input image and W is the width.

For the kernel, this gives dimensions K ∈ RT ×S×d1×d2 , in which T is the number of output
channels, S is the number of input channels and d1 and d2 are the spacial dimensions of the
kernel. Common sizes for the kernel in CNN layers are 1 × 1, 3 × 3, 5 × 5 and 7 × 7.

Finally, the output image has shape O ∈ RT ×H′×W ′ in which T represents the amount of
channels in the output image, and H ′ and W ′ the height and width of the output images.
The width and height of the output images differ from the dimensions of the height and width
dimensions of the input channels in the same way the dimensions of the input and output
size differed for the normal convolution operation presented in Section 2-2-1.

These extra dimensions for the kernel, input image and output image give the basis for the
convolution operations. By doing the convolution as described in Equation 2-7, a forward
pass of a layer of a CNN can be done. Equation 2-7 describes the complete mathematical
operation for a convolutional layer [27]

O (t, x, y) =
d1−1∑
a=0

d2−1∑
b=0

S∑
s=1

K (a, b, s, t) ∗ I (s, x − a, y − b) ∀t ∈ T, ∀x ∈ H ′, ∀y ∈ W ′. (2-7)

In which O ∈ RT ×H′×W ′ is the output image, K ∈ RT ×S×d1×d2 is the kernel, I ∈ RS×H×W is
the input image . Doing the convolutional operation this way is called fully connected, because
all input images influence all output images [13, 21, 31]. An overview of the convolution is
visible in Figure 2-5 on the left side.

Bias To complete the CNN layer a bias is often added to each convolutional layer. This
bias has the same shape of the output image and can be calculated by y = O + b where
Y, O, b ∈ RT ×H′×W ′ . While the bias is formally part of the convolutional layer, it is of lesser
importance to this thesis as the operation is the same for all CNN layers [13, 21, 31]

2-2-4 Grouped CNN layers

Grouped CNNs (also called depthwise convolutions) are a less popular CNN option as they
are not covered by every paper and survey. Reviews [1, 21] do not explain much about it. In
the first review, they are mentioned in some fixed CNN networks. In the second work, they
are not mentioned at all.

Fully connected or grouped In non-grouped convolutions (i.e. "normal" convolutions), every
input influences every output. Therefore these layers are often referred to as fully connected.
In grouped convolutions, the connections are only in part or even isolated, there are only
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some connections between different input and output layers. Or in some cases, each input
image generates a specific output image. Another way of looking at grouped convolutions is
by representing them as N separate convolutions. For grouped convolutions the amount of
groups must be a divisor of the input and the output channels. When N is the number of
groups then the kernels are of the form Kn ∈ RT/N×S/N×d1×d2,∀n∈N [6, 25, 42].
These grouped layers are not the main focus of this thesis and will not be used separately.
However, they are part of the Canonical Polyadic-Convolutional Neural Network (CP-CNN)
network explained in the next section. In the CP-CNN, only the case where N = T = S is
used. Therefore only this case is shown in the shown in Figure 2-5.

Fully connected
2D convolution 

TxSxd1xd2

Grouped
2D convolution
Nx1x1xd1xd2

S1

S2

SS

T1

T2

TT

S1 T1

S2 T1

SN TN

K(1,1,:,:)
K(1,2,:,:)

K(1,T,:,:)

K(S,T,:,:)

K(S,1,:,:)
K(S,2,:,:)

K(1,1,1,:,:)

K(2,1,1,:,:)

K(N,1,1,:,:)

Figure 2-5: Overview of fully grouped and fully connected 2D convolution. Each square rep-
resents a channel of the input/output image

(
Sn ∈ R1×H×W

)
or
(

Tn ∈ R1×H′×W ′
)

. Each
arrow represents a slice of the kernel realization K ∈ R1×1×d1×d2 (fully connected) or Kslice ∈
R1×1×1×d1×d2 (grouped). The : index marks that all values are considered.

2-2-5 Other types of layer

A complete and effective CNN also consists of other types of layers besides the convolutional
layers. These topics will be briefly touched on, but not further discussed, because the de-
composed part CNNs only affects the convolutional layer. The convolutional part is the most
computationally intense [21]. Therefore, these other layers are not in the interest of this
thesis.

Pooling layers In a CNN there are also other types of layers such as pooling layers, which
reduce the size of the image by adding parts of pixels together. This shrinks the input image
drastically and thus reduces computational complexity [13, 21, 31].

Activation layers Furthermore, there are activation layers, which are non-linear functions
that also change the values of the image. A commonly used activation function is the ReLu
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function, which essentially uses function Oi,j,k = max (Ii,j,k, 0) for O, I ∈ RI×H′×W ′ in which
O is the output of the function, I is the input of the function. The showed result is for a
2D-CNN as the operation acts on all channels I and for the whole spatial dimension [13].

2-3 Decomposed CNNs

This section discusses the decomposed CNN layers. These layers use a tensor decomposed
kernel. Because of this, they can be used interchangeably because one can go from the regular
form to the decomposed form and vice versa. There are two types of decomposed CNN layers.
The CP-CNN which will be discussed first and is based on a CNN convolutional layer which
is decomposed using the CPD tensor decomposition. The other decomposition that will be
discussed is the Tensor Train Convolutional Neural Network (TT-CNN). This decomposition
is based on the Tensor Train decomposition method discussed in Section 2-1.

2-3-1 Canonical Polyadic-Convolutional Neural Network

In the first part of this section, the derivation of the CP-CNN will be given the way it is
implemented in Tensorly-Torch [3]. After this, some considerations regarding this choice will
be given.

Derivation of CP-CNN model The first step in deriving a CP-CNN model is decomposing
the kernel using the CPD tensor decomposition. This is shown in Equation 2-8 [27]

K (t, s, d1, d2) =
∑
R

Kt (t, r) Ks (s, r) KH (d1, r) KW (d2, r) . (2-8)

In this equation, K ∈ RT ×S×d1×d2 is the original kernel. Kt ∈ RT ×R, KS ∈ RS × R,
KH ∈ Rd1 × R and KW ∈ Rd2×R are the resulting factor matrices. This can then be inserted
Equation 2-7, which results in Equation 2-9

O(t, x, y) =
∑
R

Kt (t, r)

d1−1∑
a=0

Kx (a, r) ∗

d2−1∑
b=0

Ky (b, r)
(

S∑
s=1

Ks (s, r) I(s, x − a, y − b)
)  ∀t ∈ T, ∀x ∈ X, ∀y ∈ Y (2-9)

where O ∈ RT ×H′×W ′ and I ∈ RS×(X+d1−1)×(Y +d2−1) is the same as in Equation 2-7. Equa-
tion 2-9 shows that the convolution can be split into four smaller convolutions, starting with
the far right sum and working towards the left. Each convolution will then give its own output
image, which will then be the input image for the next convolution. It should be noted that
all kernels have a dependency in R over which is summed in the final convolution. Therefore,
the middle two kernels become a grouped convolution as those operations are isolated by this
dependency in R.
Schematically this gives the convolution shown in Figure 2-6.
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2D conv
RxSx1x1

2D conv (grouped)
Rx1x1xD1x1

2D conv (grouped)
Rx1x1xD2x1

2D conv
TxRx1x1

2D conv
TxSxD1xD2

CP-CNN

Regular CNN

Figure 2-6: Schematic overview of regular CNN and CP-CNN. In which for each convolution
the kernel is denoted as output channels x input channels x kernel dimension 1 x kernel dimension
2 (T × S × d1 × d2)

Similar decomposition options Additionally, [25] mentions that for the first and last layer
in the CP-CNN, tensor contraction leads to the same result as doing the 1x1 convolution.
Despite the author being a developer of the Tensorly-Torch project [3], still, the convolutional
function of PyTorch is used in the implementation. Secondly, the original paper describing
the CP-CNN [27] omits the scalar diagonal tensor Λ ∈ RR×R×R×R. However, the Tensorly-
Torch [3, 25] toolbox, which will be used later in this thesis, does by default use this diagonal
tensor Λ. For the tests, in this paper this Λ is omitted just as in the original paper [27] as
the addition of Λ does not seem to influence the effectiveness of this decomposition, but does
provide extra computational overhead.

Another option is presented in [5]. They propose to keep the filters of the kernel intact and
only decompose the input and output channels of the original kernel. This provides one less
step in the convolutional layer of the CNN and the filters’ spatial dimensions are often small,
which may pose a potential benefit.

2-3-2 Tensor Train Convolutional Neural Network

The TT-CNN uses the same concept as the CP-CNN in the sense that it also decomposes
the kernel into four smaller convolutions. However, this time the convolutions are slightly
different since the TT-CNN does not have the grouped convolutions. Additionally, for the
TT-CNN the ranks are not all equal just as in the TT. In this section, first a mathematical
derivation is given, which will be followed by some considerations specific to the TT-CNN.

Derivation The implementation Tensorly-Torch [3] for the TT-CNN is the one given by
[10]. In this paper, the kernel is first permuted. Usually the kernel is represented by K ∈
RT ×S×d1×d2 for a 2D-convolution. [10] permutes this to K ∈ RS × d1 × d2 × T . This is done
because otherwise there exists a large inflexibility in ranks, as due to the nature of the tensor
train the rank between j and d1 cannot be larger than d1 ∗ d2. Then the kernel is decomposed
using the TT decomposition introduced in Section 2-1-4. After this, the shape of the kernel
is as follows:

K(s, d1, d2, t) =
R1−1∑
r1=0

R2−1∑
r2=0

R3−1∑
r3=0

KS (s, r1) KH (r1, d1, R2) KW (r2, d2, r3) KT (r3, t) (2-10)
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2-3 Decomposed CNNs 17

with K ∈ RS×d1×d2×T , KS ∈ RS×R1 , KH ∈ RR1×d1×R2 , KW ∈ RR2×d2×R3 and KT ∈ RR3×T .

The kernel can be inserted in Equation 2-7. The results can be written by changing the
order of summation and this results in Equation 2-11. To increase readability, every new
convolution has been put on a new line

O(x, y, t) =
R3∑

r3=0
Kt (r3, t) ∗y+δ∑

y−δ

Ky (r2, d2, r3) ∗

x+δ∑
x−δ

Kx (r1, d1, r2) ∗

(
S∑

s=1
KS (s, r1) I(i, j, s)

) ) ∀t ∈ T, ∀x ∈ X, ∀y ∈ Y.

(2-11)

In Equation 2-11 one can see that the convolution can be split into multiple smaller convolu-
tions. An overview of the resulting CNN can also be seen in Figure 2-7.

2D conv
TxSxD1xD2

Regular CNN

2D conv
R1xSx1x1

2D conv
R2xR1xD1x1

2D conv
R3xR2x1xD2

2D conv
TxR3x1x1

TT-decompostion

Figure 2-7: A schematic overview of the TT-CNN compared with the regular CNN. In which for
each convolution the kernel is denoted as output channels x input channels x kernel dimension 1
x kernel dimension 2 (T × S × d1 × d2).

Other implementation [29] proposed an alternative method. This method relies on creating
a matrix-matrix multiplication of the CNN problem. Then it uses the TT-matrix format to
create a tensor of a specific shape from both the kernel and the input tensor. Additionally,
they provide a method to train the model with this kernel structure. A disadvantage of this
method is that the input tensor needs to be reshaped in a specific order for each layer. Aside
from this they also mention a performance advantage.

2-3-3 Conclusive

Both the CP-CNN and the TT-CNN differ from the regular CNN. Both have their kernels
decomposed and use four separate convolutions. Hence, they split one convolution into 4
smaller convolutions. With this, they provide a compression of the kernel. However, this
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comes at the cost of extra memory as the new kernels have extra in-between results, which
will be further discussed in the theoretical analysis in Section 3-1. An overview of the three
different kinds of kernels is shown in Figure 2-8.

2D conv
R1xSx1x1

2D conv
R2xR1xD1x1

2D conv
R3xR2x1xD2

2D conv
TxR3x1x1

2D conv
RxSx1x1

2D conv (grouped)
Rx1x1xD1x1

2D conv (grouped)
Rx1x1xD2x1

2D conv
TxRx1x1

2D conv
TxSxD1xD2

CP-CNN

TT-decompostion

Regular CNN

Figure 2-8: Overview of the three different CNN types. In this overview, each kernel is denoted
as output channels x input channels x kernel dimension 1 x kernel dimension 2 (T × S × d1 × d2).

2-4 Linear algebra in computing

In this section, a short introduction is given in linear algebra operations on the computer.
This is broken down into two parts. First, a short insight is given in matrix operations and
mainly, which things should be considered. Secondly, an introduction is given how one can
do large linear algebraic operations optimally on every device.

2-4-1 Matrix operations

Performing linear algebraic operations on a computer may not be as easy as one thinks at
first thought. Several things have to be considered to perform a linear algebraic operation
fast and efficiently.

Memory Layout For doing matrix and tensor operations efficiently, not only the exact mem-
ory layout needs to be considered but also the memory hierarchy. In a computer, storage is
often divided into several layers, of which the hard disk and the RAM are the most well-
known. However, in the CPU there is also a tiny bit of memory called the cache. In modern
multicore computers, even the cache consists of multiple layers. In general, the closer the
memory is to the CPU, the faster and smaller the memory, see Figure 2-9. One can often
store only tiny parts of a matrix or tensor in the cache. Therefore, it is most optimal to use
that bit of data once it is there and to avoid situations in which you have to unnecessarily load
data from a lower level multiple times, as this will impact performance. To this end, matrix
operations are sometimes divided into smaller problems to use locality. Hence, optimizing the
algorithms for this purpose may improve performance [12].
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Cache

Disk

RAM memory

CPU

Figure 2-9: The memory hierarchy of a computer.

SIMD instructions Aside from optimizing an algorithm for optimal memory usage, an algo-
rithm may sometimes also be optimized for the kind of operations CPUs do, as some CPUs
allow for vectorized operations. These are called Singe Instruction Multiple Data (SIMD)
instructions and perform the same instruction on multiple data elements at the same time.
This does require the memory already to be to load the operation efficiently [12, 26].

Multi-core processors In multi-core processors, some extra factors need to be considered.
For instance, if one wants to use all cores, there arises extra overhead from making sure the
load over all cores is balanced, ensuring that data is not accessed simultaneously and that if
a core has updated a part all other cores will get the updated piece of memory. This will lead
to new problems and challenges when making linear algebraic algorithms [12].

Summarizing To do linear algebraic operations on a computer optimally, one needs to take
use of algorithmic and data structural properties into account. There is not a single best
solution for doing all linear algebraic operations. The performance depends heavily on the
hardware used. Therefore, to get the most performance out of every computer and to have
portable code, two packages called Basic Linear Algebra Subprograms (BLAS) and LAPACK
were developed [12].

2-4-2 BLAS and LAPACK

While originating from the end of last century. BLAS, LAPACK and other similar pack-
ages still find their way into modern computing. Often these packages, whether written in
FORTRAN or C, are still used as a backbone for many computationally intense scientific
programming problems. However, they are often called by high-level languages with which
the user interacts. Today complete packages exist consisting of implementations of these sub-
programs. Some are closed-sourced solutions available from different vendors (e.g. Intel (Intel
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Math Kernel Library (IntelMKL)) [19], AMD (AMD Optimizing CPU Libraries (AOCL)) [2]),
but also open-source implementations are available (e.g. OpenBlas). For Intel processors, the
IntelMKL solution is often used as it is deemed most efficient. However, this is not necessarily
the case for every operation [43]. Even today, new implementations are being developed to
further improve performance for new computer architectures. In new implementations, fault
tolerance is taken more into consideration as well [8, 43].
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Chapter 3

Methodology

This chapter will discuss the methods used to experiment. It will be split into three sections.
The first section discusses how the actual memory usage is acquired based on the theoretically
required amount of memory. The second section discusses how the time data is collected. The
final chapter will discuss how a model can be made that estimates the duration of inference
needed for each type of layer.

3-1 Determining the theoretical amount of memory used

In this section, an analysis is made of the amount of memory and the number of Multiply-
Accumulate (MAC) operations required for each type of CNN. First, the regular CNN is
discussed, after which the two decomposed CNN types are discussed. In this analysis, the
term memory elements is used whereas in computers one often speaks about the number of
bits and/or bytes. To convert the memory elements to bits or bytes one has to multiply the
number of memory elements by the number of bytes one value takes. A common value for
the amount of bytes per element is four. This also corresponds to the amount of bytes for
the float32 format, introduced in Section 1-4. This is the amount of bytes per floating point
value with single precision.

3-1-1 Regular CNN

This subsection discusses the amount of memory and number of MAC operations required
for a regular Convolutional Neural Networks (CNN). Both depend on the number of input
channels (S), the number of output channels (T ) and the size of the kernel dn. Additionally,
the size of the output images depends on the stride, padding and dilation, which are explained
in Section 2-2.

To calculate the amount of memory needed we break the problem down into three parts: The
input image, the kernel and the output image, which are given by Equation 3-1a, 3-1b and 3-1c
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Mregular_input = S ∗ W ∗ H (3-1a)
Mregular_kernel = S ∗ T ∗ d1 ∗ d2 (3-1b)
Mregular_output = T ∗ W ′ ∗ H ′ (3-1c)

in which Mregular_input gives the number of memory elements for the input image,
Mregular_kernel gives the number of memory elements for the kernel and Mregular_output gives
the number of memory elements for the output image.

Finally, the number of MAC operations required is given by the number of pixels in the kernel
times the number of output pixels. This is because, for each output pixel, a kernel size of
MAC operations has to be taken. This is given by Equation 3-2

Oregular = S ∗ T ∗ d1 ∗ d2 ∗ W ′ ∗ H ′ (3-2)

where Oregular gives the amount of MAC operations for the regular CNN.

3-1-2 CP-CNN

For Canonical Polyadic-Convolutional Neural Network (CP-CNN) there are more steps to
cover as one regular CNN layer decomposes into four CNN layers when using CP-CNN.
Additionally, the CP-CNN implementation used by Tensorly uses two grouped CNN layers,
which are explained in Section 2-3. In this subsection, first, the rank will be determined by
filling out the compression ratio C. The compression ratio c is the number of elements of
the new kernel divided by the amount of elements of the original kernel. After this, the total
number of memory elements and MAC operations are determined for each of the four layers,
which were further elaborated on in Section 2-3-1.

Rank The Tensorly-Torch implementation uses the Tensorly [23] method of finding the rank
R. There are two options to give the rank. Either the user itself gives the rank or one can use
the following method to achieve a certain compression (c). To use the latter method the user
gives the desired compression (e.g.c = 0.1 or 10x compression). Equation 3-3 can be used to
calculate the compression. When rewritten to Equation 3-4, the rank can be deduced. In this
equation, In denotes the indices of the original kernel and N denotes the number of indices.
In the case of the CP-CNN, the latter is always four.

There are two options to obtain the rank. First the user itself gives the rank. The second
method is that the user gives a certain compression c, which is the kernel of the CP-CNN
dided by the number of kernel parameters of the original CNN. Using this method 10x
compression gives c = 0.1. To achieve this desired compression the method of Tensorly [23]
is used. Equation 3-3 shows the formula used to calculate the compression from an existing
decomposed CP-CNN kernel. Equation 3-4 can be used to determine the rank R of the
CP-CNN. However, since the rank R of a CP-CNN must be an integer the R is rounded to
the nearest integer. In case this results in a rank R of 0. This is truncated to 1 as R should
be non-zero, since there are no parameters when R is zero
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c = R ∗ (S + T + d1 + d2)
S ∗ T ∗ d1 ∗ d2

(3-3)

R = c ∗ S ∗ T ∗ d1 ∗ d2
(S + T + d1 + d2) . (3-4)

Once the rank has been determined, the number of memory elements and MAC operations
can be determined.

Layer 1 The first layer is a CNN layer without grouping. The number of input channels is
equal to the number of input channels for the regular CNN. The amount of output channels
is equal to the rank. Finally, the kernel is a 1x1 kernel. This gives the number of memory
operations described in Equation 3-5 and the number of MAC operations given in Equation
3-6.

MCP _L1_input = S ∗ H ∗ W (3-5a)
MCP _L1_kernel = S ∗ R ∗ 1 ∗ 1 (3-5b)
MCP _L1_output = R ∗ H ∗ W (3-5c)

where MCP _L1_input gives the amount of memory elements for the input image,
MCP _L1_kernel gives the number of memory elements for the kernel and MCP _L1_output gives
the number of memory elements for the output image.

MACCP _L1 = S ∗ R ∗ 1 ∗ 1 ∗ H ∗ W (3-6)

where MACCP _L1 gives the amount of MAC operations required for this layer.

Layer 2 The second layer is a grouped CNN layer, in the Tensorly-Torch implementation.
Further on this CNN is standard. The CNN has d input channels, R output channels, and a
kernel of size d1 by 1. As already mentioned this CNN is grouped and uses R groups. This
means that this layer becomes a normal 2D convolution if the rank is 1. The size of the input,
kernel and output image is given in Equation 3-7 and the amount of operations is given in
Equation 3-8.

MCP _L2_input = R ∗ H ∗ W (3-7a)
MCP _L2_kernel = 1 ∗ R ∗ d1 ∗ 1 (3-7b)
MCP _L2_output = R ∗ H ′ ∗ W (3-7c)

where MCP _L2_input is the number of memory elements needed for the input image,
MCP _L2_kernel is the number of memory elements required for the kernel and MCP _L2_output

is the number of memory elements needed for the output image.

OCP _L2 = 1 ∗ R ∗ d ∗ 1 ∗ H ∗ W ′ (3-8)

where OCP _L2 is the amount of MAC operations needed to do a forward pass with this layer.
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Layer 3 The third layer is almost the same as the second layer. Only in this layer, the
kernel operation will be done horizontally instead of vertically. Also for this CNN the number
of input channels is 1, the number of output channels is R and the kernel is 1 by d2. This
gives the number of memory elements by Equation 3-9 and the number of operations by
Equation 3-10.

MCP _L3_input = R ∗ H ′ ∗ W (3-9a)
MCP _L3_kernel = 1 ∗ R ∗ 1 ∗ d2 (3-9b)
MCP _L3_output = R ∗ H ′ ∗ W ′ (3-9c)

where MCP _L3_input gives the amount of memory elements the input images needs,
MCP _L3_kernel gives the the number of memory elements the kernel needs and MCP _L3_output

gives the amount of memory elements the output image needs.

OCP _L3 = 1 ∗ R ∗ d ∗ 1 ∗ W ′ ∗ H (3-10)

where OCP _L3 gives the number of MAC operations that are required to do a forward pass
with this layer.

Layer 4 The final layer is again a regular layer. This layer convolutes the output of layer
three to the same T ∗H ′ ∗W ′ images as you would get from the regular CNN. This is just like
the first CP-CNN layer a convolution with a 1x1 kernel. Additionally, it has R input channels
and T output channels. This gives the number of memory elements and MAC operations
given in Equation 3-11 and Equation 3-12 respectively.

MCP _L4_input = R ∗ H ′ ∗ W ′ (3-11a)
MCP _L4_kernel = R ∗ T ∗ 1 ∗ 1 (3-11b)
MCP _L4_output = T ∗ H ′ ∗ W ′ (3-11c)

were MCP _L4_input gives the number of memory elements the input images needs,
MCP _L4_kernel gives the the number of memory elements the kernel needs and MCP _L4_output

gives the amount of memory elements the output image needs for this layer.

OCP _L4 = R ∗ T ∗ 1 ∗ 1 ∗ H ′ ∗ W ′ (3-12)

where OCP _L4 gives the number of MAC operations that are required to do a forward pass
with this layer.

3-1-3 TT-CNN

The Tensor Train Convolutional Neural Network has quite some similarities with the
CP-CNN, but just like the normal tensor train decomposition it does have different ranks
for the different indices and instead of the two grouped layers in the middle, it has normal
2D-convolutions. This was further elaborated on in Section 2-3-2.
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Rank Just as the CP-CNN, the ranks for the Tensor Train Convolutional Neural Network
(TT-CNN) can be given in two different ways, either by the user giving all the ranks or by
the user giving a compression ratio which will be approximated. Just as with the CP-CNN,
the compression ratio c is defined as the number of elements in the TT-CNN kernel divided
by the number of elements in the original kernel. To approximate the rank for the TT-CNN,
Tensorly-Torch uses the method from Tensorly [23, 24], which is explained below.

First, all ranks are decomposed into a general part which is the same for all ranks and an
individual part. For instance, R1 becomes r1 ∗ R. Then, the individual parts are defined
as follows: rn = (In + In+1) /2 ∀n ∈ {1, 2, . . . , N − 1}. This gives Equation 3-13 for the
total amount of TT parameters. Finally, the kernel of the TT-CNN K ∈ RS×d1×d2×T (see
Section 2-3-2) can be filled in for I1, I2, I3 and I4. Then Rn ∀n ∈ {1, 2, . . . , N − 1} can be
calculated such that the total amount of parameters is compression ratio (c) times the original
amount of parameters. This can be done by solving Equation 3-14 for R and retrieving the
original ranks. Note that when the original ranks are retrieved each rank Rn will be rounded
to the nearest integer. In case, one of the ranks is calculated as 0. This will be changed to a
1 as the ranks for the Tensor Train (TT) decomposition should be strictly positive.

I1R1 +R1I2R2 +R2I3R3 +R3I4 = I1(r1R)+(r1R)I2(r2 ∗R)+(r2R)I3(r3R3)+(rR)I4 (3-13)

(r1d1r2 + r2d2r3) R2 + (Sr1 + r3T )R = c ∗ (STd1d2) (3-14)

Layer 1 The first layer is a normal 2D CNN layer. The first layer has the same number of
input channels as the original CNN (S), the number of output channels is equal to the first
rank (R1) and the kernel has size 1x1. This gives the amount of memory given in Equation
3-15 and the number of MAC operations as given in Equation 3-16.

MT T _L1_input = S ∗ H ∗ W (3-15a)
MT T _L1_kernel = S ∗ R1 ∗ 1 ∗ 1 (3-15b)
MT T _L1_output = R1 ∗ H ∗ W (3-15c)

where MT T _L1_input gives the number of memory elements the input images needs,
MT T _L1_kernel gives the the number of memory elements the kernel needs and MT T _L1_output

gives the amount of memory elements the output image needs for this layer.

OT T _L1 = S ∗ R1 ∗ 1 ∗ 1 ∗ H ∗ W (3-16)

where OT T _L1 gives the number of MAC operations that are required to do a forward pass
with this layer.
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Layer 2 The second layer is also a normal 2D CNN layer. This differs from the CP-CNN
where this is a grouped layer. The number of input channels is equal to rank 1 (R1), the
number of output channels is equal to rank 2 (R2) and the kernel has shape d1 ∗ 1. This will
do the vertical part of the kernel. The amount of memory elements and the MAC operations
are given by Equation 3-17 and Equation 3-18 respectively.

MT T _L2_input = R1 ∗ H ∗ W (3-17a)
MT T _L2_kernel = R1 ∗ R2 ∗ d1 ∗ 1 (3-17b)
MT T _L2_output = R1 ∗ H ′ ∗ W (3-17c)

where MT T _L2_input gives the number of memory elements the input images needs,
MT T _L2_kernel gives the the number of memory elements the kernel needs and MT T _L2_output

gives the amount of memory elements the output image needs for this layer.

OT T _L2 = R1 ∗ R2 ∗ d1 ∗ 1 ∗ H ′ ∗ W (3-18)

where OT T _L2 gives the number of MAC operations that are required to do a forward pass
with this layer.

Layer 3 Layer three is quite similar to layer 2, but just as with the CP-CNN now the
horizontal action will be done instead of the vertical one. For this layer the number of input
channels is R2, the number of output channels is (R3) and the kernel is 1 ∗ d2. This gives the
number of memory elements and MAC operations as given in Equation 3-19 and Equation 3-20
respectively.

MT T _L3_input = R2 ∗ H ′ ∗ W (3-19a)
MT T _L3_kernel = R2 ∗ R3 ∗ 1 ∗ d2 (3-19b)
MT T _L3_output = R3 ∗ H ′ ∗ W ′ (3-19c)

where MT T _L3_input gives the number of memory elements the input images needs,
MT T _L3_kernel gives the the number of memory elements the kernel needs and MT T _L3_output

gives the amount of memory elements the output image needs for this layer.

OT T _L3 = R2 ∗ R3 ∗ 1 ∗ d2 ∗ H ′ ∗ W ′ (3-20)

where OT T _L3 gives the number of MAC operations that are required to do a forward pass
with this layer.
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Layer 4 Finally, in the last layer, the rank in the last output image will be transformed to
the number of output channels of the original system, just like the last layer in the CP-CNN
did. For this layer the amount of input channels is R3, the amount of output channels is T
and the kernel has size 1x1. This gives the number of memory elements and MAC operations
as given in Equation 3-21 and Equation 3-22 respectively.

MT T _L4_input = R3 ∗ H ′ ∗ W ′ (3-21a)
MT T _L4_input = R3 ∗ T ∗ 1 ∗ 1 (3-21b)
MT T _L4_input = T ∗ H ′ ∗ W ′ (3-21c)

where MT T _L4_input gives the number of memory elements the input images needs,
MT T _L4_kernel gives the the number of memory elements the kernel needs and MT T _L4_output

gives the amount of memory elements the output image needs for this layer.

OT T _L4 = R2 ∗ R3 ∗ 1 ∗ d2 ∗ H ′ ∗ W ′ (3-22)

where OT T _L4 gives the number of MAC operations that are required to do a forward pass
with this layer.

3-1-4 Implications for these different CNNs

In the last three subsections the amount of memory and MAC operations is given for each
layer of the regular CNN, CP-CNN and the TT-CNN. It should be highlighted that to
calculate the total amount of memory required, the output image of one layer is the input
image of the layer after it and does not need to be taken twice. An overview of the amount
of memory elements and MAC operations is given in Table 3-1.

Table 3-1: Table showing the number of memory elements from different origins for different
CNN’s

Memory elements of Reglular CNN CP-CNN TT-CNN
Input image S ∗ H ∗ W S ∗ H ∗ W S ∗ H ∗ W

Output image T ∗ H ′ ∗ W ′ T ∗ H ′ ∗ W ′ T ∗ H ′ ∗ W ′

In between images - R ∗ (HW + H ′W +
H ′W ′)

(R1HW + R2H ′W +
R3H ′W ′)

Kernel S ∗ T ∗ d1 ∗ d2 R ∗ (S + T + d1 + d2) R1 ∗ S + R2(R1d1 +
R3d3) + R4T

MAC operations Reglular CNN CP-CNN TT-CNN
Total for all layers S ∗ T ∗ d1 ∗ d2 R ∗ (S + T + d1 + d2) R1 ∗ S + R2(R1d1 +

R3d3) + R4T

From Table 3-1, it can be seen that if for the CP-CNN and TT-CNN, when R (or R1, R2 and
R3) are in the order of magnitude of S and T the memory for the total images increase by a
factor of upto 2.5x, which increases the amount of memory required, despite the number of
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parameters decreases. Additionally, Table 3-1 shows the total number of MAC operations is
equal to the total number of memory elements needed to store the kernel.

To analyse whether this could be problematic. The number of memory elements is worked
out for four different systems.

All systems will have a kernel of size 3 × 3, a padding of 1. Further, there are no tweaks
with stride and dilation, so they are also set to 1. This configuration with the kernel, stride,
padding and dilation gives an output image equal to the input image. The four systems will
differ for number of input channels, output channels and image size. An overview is given
in Table 3-2. In this table, all four systems have a compression c of 0.1. This means that
for each system the number of MAC operations for the CP-CNN and TT-CNN is reduced by
10 times, since the amount of MAC operations is equal to the size of the kernel as shown in
Table 3-1.

Table 3-2: Four configurations for the theoretical analysis

Input channels Output channel Image size Compression
ratio c

Configuration 1 16 16 16x16 0.1
Configuration 2 256 256 16x16 0.1
Configuration 3 16 16 256x256 0.1
Configuration 4 256 256 256x256 0.1

Configuration 1 For the first configuration, the CP-CNN and TT-CNN were calculated
using Equation 3-4 and Equation 3-14 respectively. This gave a R = 6 for the CP-CNN and
R1 = 5, R2 = 2 and R3 = 5 for the TT-CNN. The resulting amount of memory elements
are shown in Table 3-3. This table shows that the amount of memory elements required is
the lowest for the CNN and that CP-CNN and TT-CNN require 1.2x and 1.1x more memory
elements respectively.

Table 3-3: Result for theoretical analysis of configuration 1

Regular CNN CP-CNN TT-CNN
Input image + Output image 8,192 8,192 8,192
Kernel size 2304 228 220
In between images - 4,608 3,072
Total 10,496 13,028 11,484

Configuration 2 The second configuration has a large kernel size than the first option fur-
thermore the input and output image size are the same. For the same compression ratio of
c = 0.1, this does give a larger rank for both the CP-CNN and the TT-CNN. The ranks
are R = 114 for the CP-CNN and R1 = 112, R2 = 3 and R3 = 112. The amount of memory
elements can be seen in Table 3-4 . This Table shows that the regular CNN uses the most
memory elements and that the CP-CNN and TT-CNN require 0.4x and 0.3x that amount of
memory elements respectively.

J.A. Klip Master of Science Thesis



3-1 Determining the theoretical amount of memory used 29

Table 3-4: Result for theoretical analysis of configuration 2

Regular CNN CP-CNN TT-CNN
Input image + Output image 131,072 131,072 131,072
Kernel size 589,824 59,052 59,360
In between images - 87,552 58,112
Total 720,896 277,676 248,544

Configuration 3 The third is a bit the other way around. It does have the same kernel size
as configuration 1 but for this measurement the image size has been increased from 16 × 16
to 256 × 256. For the same compression ratio of c = 0.1, gives the same rank as configuration
1 for both decomposed CNNs. The amount of memory elements can be seen in Table 3-5.
Table 3-5 show that the CNN requires the least number of memory elements and that the
CP-CNN and TT-CNN require 1.6x and 1.4x that amount of memory.

Table 3-5: Result for theoretical analysis of configuration 3

Regular CNN CP-CNN TT-CNN
Input image + Output image 2,097,152 2,097,152 2,097,152
Kernel size 2,304 228 220
In between images - 1,179,648 786,432
Total 2,099,456 3,277,028 2,883,804

Configuration 4 The final combination is a mix of configuration 2 and 3, because it has
the larger kernel size from configuration 2 and the larger image size from configuration 3.
Since the kernel size and compression ratio are the same as in configuration 2, the ranks
are the same as in configuration 2 for both the CP-CNN and the TT-CNN. The amount of
memory elements can be seen in Table 3-6. Table 3-6 shows that the regular CNN uses the
least number of memory elements and that the CP-CNN and TT-CNN use 1.6x and 1.4 the
amount of memory elements respectively.

Table 3-6: Result for theoretical analysis of configuration 4

Regular CNN CP-CNN TT-CNN
Input image + Output image 33,554,432 33,554,432 33,554,432
Kernel size 589,824 59,052 59,360
In between images - 22,413,312 14,876,672
Total 34,144,256 56,026,796 48,490,464

Summarizing It can be seen that the CP-CNN and TT-CNN both needed more memory for
the configurations where the image size compared to the kernel is as large or larger. Only for
the case where the kernel size is substantially larger than the input and output image, the
regular CNN consumed more memory. This gives a trade off because in the cases where the
regular CNN consumes more memory it should perform worse as it also does 10x more MAC
operations. For the other cases, no conclusion can be based on this analysis, because despite
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the regular CNN having a lot more operations, memory handling also takes time can cause
delays within a computing system. Therefore, an real life experiment has to be setup. This
will be done in the following two sections.

3-2 Determine the actual amount of memory used.

To make a fair comparison between the decomposed and non-decomposed CNNs, first, the
exact amount of memory has to be determined. Therefore, a model will be created which
determines the amount of memory used for every possible layer layout. This gives further
insight into a possible gap between theory and practice, which gives further insight into the
problem. Additionally, later an experiment will be done on the prediction of the inference time
as well. For that prediction model, it is also necessary to determine the memory consumption
correctly as well. The model which will be made in this model will only be tested for a
stride and dilation of 1 and for padding such that the input and output image have the same
dimensions.
For this experiment, the default PyTorch settings are taken regarding models. This means
that PyTorch may opt to choose the IntelMKL backend since that is available on the test PC.
Additionally, the MKL may also have been enabled in the CPU case of Demi’s thesis [7] as
there is no mention in code of the MKL turning off and she was running her CPU experiment
on a laptop with an Intel CPU as well.

3-2-1 Tools used to determine the actual model and make an estimation of the
realistically used amount of memory

To make a model some tools are used. First, an overview is made of these tools, and after
this, a summary is given on how these tools could lead to a model predicting the allocated
memory of the different CNN models.

PyTorch sourcecode First, PyTorch source code was analysed to get some hints. Not
much information was found about the native setting of PyTorch but a file was found which
determined whether Intel MKL was used [4, aten/src/ATen/native/Convolution.cpp]. This
was a first start of the model and raised the question of how much memory is required in
these models.

Using the standard output of the built-in profiler Since the documentation of PyTorch
gives no information about actual memory allocations, using this was not an option. Despite
this, PyTorch does provide tools which can be used to measure memory. The first and
most obvious seems to be the built-in profiler. However, this tool did provide the desired
information, because it gives table where each row is a function in the PyTorch environment.
Then for each row the self-memory and the memory is shown. In this, the self-memory is the
difference between the allocated and deallocated memory during that function. The memory
that is given, is the difference between all allocated and deallocated during the function call
and all child functions.
There are three big caveats with using this technique that could lead to incomplete results:
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1. If one were to do all calculations in one function without passing on anything to child
functions. No memory would be detected as the sum of allocated and deallocated
memory is zero. Maybe the only measured result is the output image when that is
returned. Hence, in this way allocated memory could remain undetected.

2. If one were to use a child function or program which is not from PyTorch itself. Memory
could be allocated and deallocated outside the scope of the profiler and thus remain
undetected. (This occurs when using an external linear algebra package such as intel
MKL)

3. If memory is allocated in a grandchild function, the memory could be measured multiple
times. This results in too much memory being detected. (Because the child function
reports a positive sum and the function itself reports positive memory.)

All three options seemed to occur in the PyTorch system. Therefore, this method is not
considered a valid option and the data it outputs is considered meaningless to our scope.

Using the chrome trace of the profiler The built-in PyTorch profiler also has a chrome
trace function. This function is intended so that the user can see an overview of all memory
and function calls using Google Chrome. The function exports a JSON file which exports
all memory data and the function calls with the corresponding time. This function seems to
report all the memory allocations including an address and a moment when the memory is
allocated. Additionally, it did seem to include all memory that is allocated by software outside
the PyTorch scope i.e. IntelMKL. An example of a user_annotation and a memory_event is
shown in Listing 3.1. The first array is the user annotation which is annotated by the cat and
has the given name input image. "ts" shows the time the user_annotation was made. Finally,
"dur" shows the duration. In this way the different parts (e.g. inference layer 1, inference
layer 2, creating the input image) of the convolution are separated.

The second part shows an array of a memory event, which can be seen by the name "[memory]".
For this event it also shows the starting time, based on this time the function in which it is
called can be determined as the function stack with start times and duration is also available
(not shown in this snippet, but is similar to the user_annotation). Additionally, by the
amount of bytes it can be determined whether it is an allocation or deallocation (deallocations
show an negative number of bytes) and how much memory is allocation. Using this file, an
accurate measurement for the total allocated memory can be realised.

{
"ph" : "X" , "cat" : "user_annotation" , "name" : "Input_image" , "pid"

: 14280 , "tid" : 29644 ,
"ts" : 1842655666342.350 , "dur" : 3916 .000 ,
"args" : {

"External id" : 1 , "Record function id" : 0 , "Ev Idx" : 0
}

}
{

"ph" : "i" , "cat" : "cpu_instant_event" , "s" : "t" , "name" : "[memory
]" ,

"pid" : 14280 , "tid" : 29644 ,
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"ts" : 1842655693015.550 ,
"args" : {
"Device Type" : 0 , "Ev Idx" : 179 , "Bytes" : 972800 , "Device Id" :

−1, "Addr" : 3261479256320 , "Total Allocated" : 5031872 , "Total
Reserved" : 0

}
}

Listing 3.1: Listing of a user label and memory event

The Intel MKLDNN documentation It was noted that there were two kinds of calculation
events: native and MKL. Therefore, also the intel MKLDNN documentation was consulted
as it may provide information on how it performs linear algebraic calculations and thus the
memory that is allocated in doing so [17]

Intel MKL verbosity Aside from the intel MKL documentation, it could also be set to
verbose. With this function, some information could be obtained with the documentation.
It shows clearly which indices gets truncated to the Singe Instruction Multiple Data (SIMD)
width, which is 8 in most cases. This mainly shows when memory is reordered and how the
indicees are truncated.

3-2-2 Creating the model

Creating the model will be done in 3 steps. This first step is to determine which backend
is used. This will be done by using the source code of PyTorch [4]. A deterministic way of
deciding which backend is used is found in the code. Secondly, for each type of kernel and
each backend (grouped or not grouped), it will be determined, how much memory is required.

Determining the use of native PyTorch or Intel MKL Determining the actual memory
consumption was done by applying the following code, which is taken from here [4].

( input . device ( ) . is_cpu ( ) &&
input . scalar_type ( ) == kFloat && // only on CPU Float Tensors
// For 1x1 filters , MKLDNN is faster than THNN when multi -threaded

,
// but THNN is faster when single -threaded.
( is_strided ( ) | | is_dilated ( ) | | at : : symint : : size<T>(input , 0) >=

16 | |
at : : symint : : size<T>(weight , −1) != 1 | | at : : symint : : size<T>(

weight , −2) != 1 | | at : : get_num_threads ( ) > 1) &&
( groups > 1

| | ( at : : symint : : size<T>(weight , −1) > 3 && at : : symint : : size<T>(
weight , −2) > 3)

| | at : : symint : : size<T>(input , 0) > 1
| | at : : symint : : size<T>(input , 0) ∗at : : symint : : size<T>(input , 1) ∗at

: : symint : : size<T>(input , 2) ∗at : : symint : : size<T>(input , 3) >
20480) // for some case, native is faster
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) ;
Listing 3.2: PyTorch decision tree on whether MKLDNN is suitable

If this function output to true, then IntelMKL is used. Since there is no other eligible backend
available for the test PC. Therefore in all other cases, the native PyTorch backend is used.
Preceding this piece of code, there are some additional conditions which state that:

• Intel MKL should be enabled

• Intel MKL is not used, when the convolution is transposed and the output padding is
big.

• Intel MKL should be used for the bf16 and float16 type, if the calculations are done on
a Central Processing Unit (CPU)

• The input is an Intel_mkldnn tensor type.

For this thesis, these constraints do not seem to be relevant because Intel MKL is always
enabled, the float32 numeric type is used and no transposed convolutions are used (The
latter is also not further discussed, but it is the reversed version of the normal convolution).
Finally, all inputs are given as a PyTorch tensor and not stored as an Intel_MKLDNN tensor.
The rest of the decision tree (which is for this thesis the relevant part) is summarized in
Figure 3-1. This tree is also implemented in the code to estimate the expected amount of
memory.

is_strided is_dilated input ch >= 16 threads > 1

groups > 1 d1 > 3 d2 > 3
batch > 1

(not
discussed)

Use IntelMKL

Input

batch * input
channel *

height* width
> 20480

Yes Yes Yes Yes

No No No

No Yes No

No

Yes

Use native
PyTorch

Yes Yes

No

No

Yes

Figure 3-1: Decision tree of choosing PyTorch native or IntelMKL as mathematical backend

Determining the memory used by native PyTorch kernels. To get the amount of memory
for the PyTorch native kernels. The chrome trace was used with the theoretical amount of
memory required for the size of the input image, the output image and the kernel. There it
was found that for the native PyTorch backend only the size of the output image was required
for the amount of memory the output image takes. This is only valid for non-grouped kernels
because those are the only ones that were tested as grouped kernels are always handled by
the IntelMKL as can be seen by the decision tree given in Figure 3-1.
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Determining the memory used by Intel MKL kernels For Intel MKL, there are two different
types grouped and non-grouped. Both grouped and non-grouped kernels use SIMD instruc-
tions. As described in Section 2-4, these operations act on a data vector instead of a single
element. For many home desktops or laptops having the AVX2 instruction set extention, this
is 8 operations. Some newer home desktop CPUs and High performance computing (HPC)
CPUs, which have the AVX512 instruction set extension, also have widths of 16. To make
use of these instructions the memory has to be reordered physically. Therefore IntelMKL
contributes to a lot more memory operations. Despite this, it is more time-efficient to use
these operations, since the gains of doing 8 operations concurrently outweigh the loss in time
to do the memory operations [26].

For MKL kernels and native PyTorch kernels the model is shown in Figure 3-2.
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mem = S! * H * W+
S! * d1 * d2 +
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No

Figure 3-2: Overview of memory consumption per layer. Note that this image goes once for the
regular layer and once for each layer of CP-CNN and TT-CNN, see Figure 2-8. A question mark
means that the value should be rounded upwards to to SIMD size (often 8 or 16)

Conclusive In this subsection a model has been created to estimate the actual amount of
memory a regular CNN, CP-CNN and TT-CNN consume. In the next section, a verification
experiment will be setup to verifiy this model.

3-2-3 Verifying the memory model

To validate the model which gives the expected total amount of memory. Two different tests
are set up. Which are given below. The first test aims to see how the system behaves under
varying size systems. The goal of the second test is to see whether the system behaves properly
under different kernel sizes. Both factors influence the amount of memory and may influence
the behaviour of the actual amount of memory.

Different system sizes For the first test different system sizes were taken. The test consisted
of four different input and output channel combinations and four different image sizes, which
are shown in Table 3-7. This test was mainly executed to see the different influences for
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the native PyTorch and IntelMKL models. The outcome of this test will be the ratio of
the measured total amount of allocated memory and the expected total amount of allocated
memory.

Table 3-7: Overview of different measurements for different system sizes. The input channels
will be set equal to the output channels

Input channels =
output channels

[4,16,128,512] Stride [1,1]

Image sizes [[4,4], [16,16],
[128,128], [512,512]]

Padding [1,1]

Kernel size [3,3] Dilation [1,1]

Different kernel sizes The test of kernel sizes was conducted to see whether different kernel
sizes would influence the model. This is to ensure that any given kernel size would be modelled
correctly. This test is conducted for four different kernel sizes ranging from 1 to 7. The
padding is each time set such that the input image has the same dimensions as the output
image i.e. the padding is (kernel size - 1)/2. Finally, for the input image size, number of input
channels and number of output channels four different sets were made. These are summarized
in Table 3-8.

Table 3-8: Overview of different measurements for different kernel sizes and padding. The input
channels will be set equal to the output channels

Input channels =
output channels

[4,16,128,512] Stride [1,1]

Image sizes [128,128] Padding [(kernel size-1)/2,
(kernel size-1)/2]

Kernel size [[1,1], [3,3], [5,5], [7,7]] Dilation [1,1]

3-3 Collect time measurements

To link time and memory consumption, a test to measure inference time and memory con-
sumption was also carried out. In the first part of this section, it will be explained how the
measurement was done exactly. In the second part, it will be explained what exact measure-
ments are performed and why.

3-3-1 Method to do inference time measurements

To measure the inference time, a measurement runner was created which did a couple of
things.

Preliminaries This whole system was just one inference of one of the three models. It could
be run for multiple epochs which essentially means that this whole procedure is run multiple
times.
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The first thing that is done is setting the no_grad function in PyTorch. This is done because
for the scope of this thesis, the focus lies solely on inference time and taking gradients for
backtracking is thus not deemed necessary.

For this procedure, the MKLDNN package could be set to verbose. This offers insightful
information on the sizes and the copies that were made, but this functionality was off during
inference time measurements to make sure that it does not distort the measurements.

Contrarily, the PyTorch built-in profiler was active, because the PyTorch profiler was used to
measure all memory allocations and deallocations. This is done with the same chrome trace
method described in Section 3-2. For these tests, it was such that it only records memory
(setting which has to be set to true) besides the function stack. Other functionalities such
as record shapes or modules are turned off to distort the measurements as little as possible.
This is because all measurements which are not necessary but still performed also take time
for the CPU and do take time.

Finally, for each epoch, before a measurement is made, an input image with a flag for the
profiler is created such that the size of the input image can be traced back. Additionally, a
deep copy of the model is made i.e. PyTorch is forced to make a copy of the model. This is
done to also track the size of the model. The model was created beforehand (as it is outside
the scope of an inference time test) but by just making a copy it could also be recorded by the
PyTorch trace profiler and thus made visible in analysis afterwards and because it is made
before the start of time measurement it should not affect the inference time.

Measuring inference time Finally, the inference time is measured. This is done by starting
a counter before performing one inference of the chosen model and measuring the time after
one measurement is taken. This is done by inputting the input image into the model. After
this is finished the time is again registered and the start time is subtracted from the end time.
This results in the wall time it took to perform the inference. Additionally, the input, model
and output are explicitly deallocated. This is done so that it can be assured all memory
allocated is also deallocated and thus all memory is accounted for.

After inference Finally, after each inference, the chrome trace is exported by the profiler
just as described in Section 3-2-1. This data is saved. Once all epochs are done for a certain
set of hyperparameters, all Chrome traces are then further processed to store only the parts
that may be interesting for further analysis.

3-3-2 Inference time measurements

To see whether a relation between inference time and memory exists, it was chosen to do many
measurements with a smaller epoch. A benefit of this method is that it eases the analysis on
whether a measurement may be an outlier, because when multiple measurements with similar
hyperparameters also have a high inference time one can take a closer look at a particular
set. A disadvantage of this method is that regardless of the amount of post-processing, the
chances of having an outlier increase because fewer measurements are done. Despite this
disadvantage, it is still chosen to take a large hyperparameter set as one could always do

J.A. Klip Master of Science Thesis



3-3 Collect time measurements 37

extra tests in case and it might provide more insight into the relation between memory and
inference time.

An overview of the hyperparameters can be seen in Table 3-9.

Table 3-9: Overview of hyperparameters for the inference time measurement

In channels [4, 8, 16, 32, 64, 96, 128, 192, 256] Kernel size
[Hight,
Width]

[[3,3]]

Outchannels [4, 8, 16, 32, 64, 96, 128, 192, 256] Padding [1]
Images [Hight,
Width]

[[4,4], [8.8], [16,16], [32,32], [64,64],
[96,96], [128,128], [192,192], [256,256]

Stride [1]

Compression
ratios (only for
TT/CP CNN)

[0.01, 0.05, 0.1, 0.25, 0.5, 1.0] Dilation [1]

Table 3-9 shows a lot of different sets. For sets with multiple possibilities, all possible combi-
nations of these sets are run. Additionally, it can be seen that 256 is chosen as the maximum
for the number of input channels, output channels and image size. This was because, for the
CP-CNN decompositions, the largest model would get close to 3 GB of RAM. It was chosen
not to do tests consuming more memory, because if to much memory would be allocated on
the PC it would start paging, i.e. expanding the total amount of RAM by taking hard disk
space. Since this is not the situation that was desired to be measured, it was decided that
this was the limit.

Furthermore, the kernel and padding were taken as a constant. This was done because a
kernel size of 3x3 with padding seemed to be a popular kernel size. Additionally, the thesis
of Demi [7] and the expected RAM vs measured RAM model from Section 3-2 showed that
the amount of RAM for larger kernels increased very fast. Similar to setting the maximum
number of input channels, output channels and image size to 256, it was chosen not to increase
the kernel size because of reaching the maximum RAM of the laptop, penalizing large models
unfairly.

Additionally, no different values were chosen for stride and dilation. This is done because these
are more advanced CNN techniques and are not necessary to for every CNN. Additionally,
they bring extra complexity making harder it to analysis the results fairly. In the discussion,
Section 5-2, the possible implications will be hypothesised.

Finally, the compression ratio where chosen such that a broad spectrum of options could be
analysed. It should be understood that for some very small systems, some of these compression
ratios generate the same experiment. This is because in small systems (input channels max
16, output channels max 16) the kernel can only be compressed until the (for CP-CNN) or all
(for TT-CNN) rank(s) are 1 because when the rank is zero there is nothing left of the kernel.
Furthermore, because the ranks are rounded to whole integers (one cannot take a rank with
decimals) two different compression ratios are approximated best by the same rank. For larger
systems, this is less of a problem.
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3-4 Model the amount of time required for each layer

In this section, it will be explained, which models are chosen for to make a regression model.
Additionally, it is explained how the models were created. In this section for each regression
model, two fits will be done. The first fit will be for the dataset containing the data points
from the regular CNN dataset. The other will be made from both the CP-CNN and TT-CNN
this was done because from earlier tests it seemed that they could be united into one regression
model. This option was thus explored as this would make a more general model.

3-4-1 Data preprocessing

The data from the former section (Section 3-3) will also be used in this section because it
seems to be useful for this test as well. However, it will be preprocessed before the model is
trained.

Filtering compression 0.5 and 1.0 For the CP-CNN and TT-CNN models the higher com-
pressions of 0.5 and 1.0 are filtered out because they do not seem to provide usefulness in a
real scenario as they use considerably more memory than the regular CNN model and use
(almost) the same amount of operations. This could distort the result of interest.

Taking the median The first step will be to take the median of the 10 epochs from the
former set. This is done mostly because it filters for outliers and it should take a sample
half of the noise distribution of the sampling. This is brought up because when measuring
inference time one cannot assume zero mean Gaussian noise or even Gaussian noise. This
is because speed-ups do not exist, but a slowdown due to another process in the PC is still
possible. Therefore, by taking the mean of the 10 samples one would include a possible bias
of a single sample which experienced a heavy slowdown, while there is no process to mitigate
these effects. This could degenerate the quality of the model.

A 80/20 training-validation split Another reason to include one inference time value per
hyperparameter set is that when making a training-validation split a set of hyperparameters
does not occur in both sets. The training-validation split is made so that the quality of the
model can be assessed on values it is not trained on, improving the validation quality.

3-4-2 Regression models that will be fitted

Four different regression models will be fitted for the regular CNN dataset and the CP/TT
dataset. The four different models are described here below.

Linear: Memory only The first model is a linear regression model and would only fit the
memory. This was done to check whether the system would be memory-bound as when it is
memory-bound it would scale with the inference duration time. For this model, the expected
memory is determined in Section 3-2. The predictor function is given by Equation 3-23
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inf. time = a ∗ mem. + b (3-23)

Linear: Operations only The second model is similar to the former model. In this model,
only the theoretical number of MAC operations are taken. These are determined in Section 3-
1. For this, the theoretical number of MAC operations is taken as the sole input. The predictor
function is given in Equation 3-24.

inf. time = a ∗ MAC + b (3-24)

Linear: Memory and MAC operations After the first test was done, further improvements
of the model would be given by a linear model consisting of both the expected amount of
memory and the theoretical number of MAC operations. The regression model that is fitted
for the predictor function is given in Equation 3-25.

inf. time = a ∗ MAC + b ∗ mem. + c (3-25)

Quadratic: Memory and MAC operations Finally, a quadratic model was given. This is
an extension to a linear polynomial containing both MAC operations and expected memory.
This polynomial also adds a second degree and a cross term consisting of the number of MAC
operations times the amount of expected memory. The predictor function can be seen in
Equation 3-26.

inf. time = a ∗ MAC + b ∗ mem. + c ∗ MAC ∗ mem. + d ∗ MAC2 + e ∗ mem.2 + f (3-26)

3-4-3 Validation criteria

To quantify the quality of the models, the quality of the models will be determined by three
prediction criteria:

Root Mean Squared Error (RMSE) The RMSE is the root of the sum of all errors
squared. This metric has the same unit as the value that is predicted. The lower
the RMSE, the lower the errors. Hence, a lower RMSE indicates a better model.

Variance accounted for (VAF) The VAF indicates what part of the variance of the pre-
dicted model is present in the original model. A 100% score indicates that the prediction
is perfect. The worst obtainable score is − inf indicating that the results are random
[35, 39, 40].

R squared In this thesis the term R squared is used for the Coefficient of Determination
(COD). This metric indicates something about the predicated variance compared to
the total variance [35].
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Chapter 4

Results

This chapter will discuss the results of the last three sections of the former chapter. First, the
model for the amount of actual memory necessary to run the Convolutional Neural Networks
(CNN)s will be discussed. In the second section, the inference time will be measured and, in
the last section, the results of the predictive model using linear regression will be discussed.

4-1 Experiment 1: Verifying the memory allocation model

In this section, the model which approximates the expected amount of memory in a real
scenario will be tested.

4-1-1 Verifying the actual memory usage

To verify that the memory usage could be estimated. The tests were conducted as described
in Section 3-2 to verify whether the amount of memory that would happen in practice could
later be verified.

Different system sizes For the first test, many parameters were altered simultaneously. For
this test the input channels were equal to the amount of output channels for this parameter
there was a set of four values. Additionally, for the image size four different values were taken.
The results of this test are shown in Figure 4-1.

Figure 4-1 shows that for all these points the expected amount of memory is within 5%. This
means that most of the memory can be explained by the model. It shows some error for the
system with image size 4 × 4. This is probably because, for these kinds of measurements,
all numeric values are quite small (in the order of bytes to kilobytes), which means that it is
susceptible to small overheads. For the larger models, it shows very little, this is because the
dots overlap in 1, which means that the expected value is as large as the measured memory
value.
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Figure 4-1: Plot showing the ratio of the expected memory size divided by the measured memory
size for different systems.
In these systems the number of input channels is equal to the number of output channels
In the legend, regular/tt/cp define CNN-type used. The number defines the compression ratio c
used.

Different kernel sizes Secondly the model is shown for different kernel sizes. The padding is
adjusted such that the input image of the model has the same shape as the output image. For
this model the image size was fixed to 128 × 128. The number of input and output channels
was kept equal but varied. The results for this test can be seen in Figure 4-2.

Figure 4-2 shows that there is not too much deviation for this model. Only when the image
kernel is small and even then it remains within the 5% range. Therefore it is assumed that
the model is also correct for different kernel sizes and all memory can be predicted with a
certain accuracy.

Conclusive It can be seen that the model is correct up to 5%. Most errors occur when the
images are small (the 4x4 case). This indicates that not all memory is exactly captured, but
a very good indication of the actual memory usage. Therefore, it is assumed that the model
captures most if not all of the most imported sources for memory usage.
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Figure 4-2: Plot showing the ratio of the expected memory size divided by the measured memory
size for different systems.
In these systems the number of input channels is equal to the number of output channels
In the legend, regular/tt/cp define CNN-type used. The number defines the compression ratio c
used.

4-1-2 Comparing actual memory usage to theoretical memory usage

In this final section a comparison is made between the theoretical analysis and the measure-
ments. This is done in order to see how well the actual amount of memory can be predicted
using the theoretical analysis. Figure 4-3 (on next page) shows the ratio of the expected
amount of memory divided by the theoretical amount of memory. The figure shows that the
point are consistently above 1, which means that actual memory usage is consistently higher
than the amount which was calculated theoretically using the method of Section 3-1.

Conclusive The theoretical amount of memory calculated using the method of Section 3-1
is too optimistic as the real memory consumption is consistently the memory theorised.
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Figure 4-3: Ratio between actual and theoretical memory usage
In the legend, regular/tt/cp define CNN-type used. The number defines the compression ratio c
used.

4-2 Experiment 2: Measure the inference time

In this chapter, the inference time will be measured. To do this the test described in Section 3-
3 will be done. In these tests, many measurements were taken with different numbers of input
channels, output channels, and image sizes.

4-2-1 Comparing memory directly to inference time

To get an insight into the data the plot of Figure 4-4 (which is shown on page 46) was
created. In this plot four subplots are visible. All four plots show the results for the reg-
ular CNN and the results of the Tensor Train Convolutional Neural Network (TT-CNN)
and Canonical Polyadic-Convolutional Neural Network (CP-CNN) with a compression of
c in {0.01, 0.05, 0.1, 0.25}. Despite c in {0.5, 1.0} being also measured, they are left out be-
cause they performed badly concerning inference time, which was expected. They both do
not seem useful in a practical because they do not compress (much), using a lot more memory.
Therefore, taking more inference time compared to the regular CNN.

CPU or memory boundedness The results can be seen in Figure 4-4 and from this plot,
some results can be interpreted. First Figure 4-4a and Figure 4-4c are discussed. In these
plots the memory consumption is plot against time. It can be seen that all results not
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coloured blue (which are the results for the CP-CNN and TT-CNN)seem to have a somewhat
linear relationship with memory and time. This relationship is more clear from 0 MB up to
approximately 200 MB, but for higher memory values it seems that a linear relation seem
to be followed. In Figure 4-4a and Figure 4-4c, it seems that the blue dots (which is the
regular CNN) do follow a linear trend but this trend is a lot steeper and do seem to show
more variance.

Figure 4-4b and 4-4d show the amount of Multiply-Accumulate (MAC) operations over time.
In these two plots reverse effect can be seen although it is not as pronounced. In Figure 4-4b
and 4-4d the blue dots do seem to follow a rough linear pattern. In this plot the non-blue
dots, which represents the decomposed systems do seem to have a steeper increase. Also this
relation seem to be somewhat linear, but only for the systems having more than 2e9 MAC
operations.

Combining the last two paragraphs indicates that certainly for small systems. The regular
CNN is bound by the amount of MAC operations and the CP-CNN and TT-CNN by their
memory usage.

Extremely small systems Additionally if one looks at the far left lower side of Figure 4-4c
and/or Figure 4-4d, one can see a high spread in time is present and that the points are
above the blue line. This indicates that the CP-CNN and TT-CNN do have a small bias
compared to the regular CNN. This could be explained by the fact that more layers require
extra initialization time which can not be explained by either the amount of memory used or
the number of MAC operations.

Conclusive Where it can be seen that regular CNNs are affected by the amount of memory
allocated. There does not seem to be a clear relation between memory consumption and
inference time and therefore they do not seem to be memory bound. For CP-CNN and
TT-CNNs this is different, because the amount of time it does take to do an inference for
some data does seem to increase with memory. In the next section closer look is taken at this
using a linear regression model.
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Figure 4-4: Results of 2nd experiment for regular CNN and, CP-CNN and TT-CNN
c in {0.01, 0.05, 0.1, 0.25}
Note that the lower two figures are zoomed in versions of the upper to figures.
In the legend, regular/tt/cp define CNN-type used. The number defines the compression ratio c
used.
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4-2-2 Comparing various systems for memory and time

Additionally, as a second part of this experiment, the data was filtered and plotted differently
compared to the plot in the previous section. For this plot only the compression ratio 0.1
and 0.01 are shown for the CP-CNN and TT-CNN. To give a better insight on highly
compressed kernels and to see whether a biased in initialization time seems to exist for the
CP-CNN and TT-CNN. Additionally, this plot makes subplots of different configurations
for which the number of input and output channels and, the image size increases. In each
subplot, two ratio’s are shown. First the ratio between the inference time of the regular and
decomposed CNN this is done such that the inference time of all five systems is divided by
the inference time of the regular CNN. The other ratio shown in the subplot is the amount
of memory for each system, this is done in the same way as the time. This is done to get
a normalized overview of the difference in time and memory between the three decomposed
CNN for different hyperparameter choices.

This is shown in Figure 4-5 and two conclusions are drawn from this figure:

Smaller systems In systems with a small kernel (left column and top row of Figure 4-5, it
can be seen that the total memory consumption for the CP-CNN and TT-CNN is lower than
or approximately the same as the regular CNN. Despite this, the inference time is larger
relative to the regular CNN. This indicates that memory is not the reason that the inference
time is longer, but there is some other source which gives a higher inference time.

Larger systems For the systems which have more than four input and output channels,
four or a larger image size than 4x4. Two gradual trends can be seen. The first trend is
that the relative amount of memory consumption starts to increase. Secondly, the inference
time gradually decreases with a larger image size and/or kernel. From this, two things are
remarked. The first remark is that there is some negative bias in terms of inference time to-
wards these larger systems regardless of the amount of memory used. Secondly, it is remarked
that memory is not necessarily devastating for the performance, at least not for this system.
The MAC operations savings do provide better performance.

Summarizing There does not seem to be a relation between the relative amount of memory
used and the relative performance of the CP-CNN and TT-CNN this indicates that there are
also other factors at play. These other factors seem to have the most influence on systems
with either a small image size or a small kernel size.
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Figure 4-5: Ratio for inference time and memory usage between regular CNN and some CNN
types
In the legend, regular/tt/cp define CNN-type used. The number defines the compression ratio c
used.

4-3 Experiment 3: Verify the time model

Finally, regression models were made for one the regular CNN and one for the CP-CNN and
TT-CNN combined. For the latter results from both the CP-CNN and the TT-CNN were
put into one model. This was first tried as it would more generalize the model which would
be seen as an advantage. The quality of the models can be seen in Table 4-1. First the
results will be discussed for the linear models consisting of only the amount of memory and
the number of MAC operations. After this the results of the models which consists of both
the amount of memory and MAC operations will be discussed.

The MAC operations and memory only models For the MAC operations and memory
only models. Two things draw attention. First of all, for the TT/CP models the amount of
memory used can quite well predict the inference time with a Variance accounted for (VAF)
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of 93.32 in the validation run. On the other hand, it can also be seen that the regular CNN
shows a quite good correlation with the number of operations that have to be done, which can
be seen by the VAF of 96.69 in the validation run. From this it is concluded that the Tensor
Train (TT)/Canoncial Polyadic Decomposition (CPD) decomposed CNNs are memory bound
and the regular CNN appears to be compute bound.

The models with both memory and MAC operations For the other two models it can
be seen that adding extra parameters to the regression model gives better results, because
the VAF increases compared to the models of the former paragraph as the minimum VAF
for these higher order is 97.64 compared to the maximum VAF of 96.69 for the valiation set
using just one linear parameter. Therefore it is concluded if information from the amount of
memory and the amount of MAC operations is included.

Conclusive This test indicates that the inference time can be well predicted for these types
of CNN problems with good accuracy. This makes it a useful method to first acquire data of
the device on which the inference is run and see whether it is useful to use TT-CNNs and/or
CP-CNNs instead of regular CNNs only.

Table 4-1: Results of polynomial regression fitting

Model Training Validation
RMSE VAF R squared RMSE VAF R squared

TT/CP memory
degree 1

1.16 ∗ 10−3 94.77 0.947 1.34 ∗ 10−3 93.32 0.933

Regular memory
degree 1

6.64 ∗ 10−3 75.25 0.753 6.64 ∗ 10−3 75.31 0.752

TT/CP MAC
degree 1

1.84 ∗ 10−3 86.85 0.868 2.09 ∗ 10−3 83.73 0.837

Regular MAC
degree 1

2.25 ∗ 10−3 97.28 0.972 2.44 ∗ 10−3 96.69 0.996

TT/CP memory
+ MAC degree 1

5.31 ∗ 10−4 98.91 0.981 5.49 ∗ 10−4 98.88 0.989

Regular memory
+ MAC degree 1

1.82 ∗ 10−3 98.21 0.982 2.05 ∗ 10−3 97.64 0.976

TT/CP memory
+ MAC degree 2

4.77 ∗ 10−4 99.11 0.991 5.05 ∗ 10−4 99.05 0.991

Regular memory
+ MAC degree 2

1.51 ∗ 10−3 98.78 0.988 1.85 ∗ 103 98.05 0.980
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Chapter 5

Conclusion

In this chapter, first, the subresearch questions will be answered after which the main research
question will follow. In the second section, a discussion will be given about the achieved results
after which future research directions will be laid out.

5-1 Conclusion

Subquestion 1 The first subquestion states: Can we derive the theoretical memory usage
of a decomposed Convolutional Neural Networks (CNN) and a non-decomposed (or ’regular’)
CNN?

Looking at the results of Section 3-1 it can be seen that a theoretical derivation can be made.
It can also be seen that there are certain situations in which the amount of memory for a
Canonical Polyadic-Convolutional Neural Network (CP-CNN) or Tensor Train Convolutional
Neural Network (TT-CNN) can be higher. In the test case is was up to 1.6 times.

Subquestion 2 The second subquestion states: How does the theoretical analysis compare
to a real-life scenario and can we see an influence of memory usage on the inference time?

In the results of Section 4-1 it can be seen that the amount of memory in a real-life scenario
can be up to 5.5 times more than what was theorised in Section 3-1. Hence, the theoretical
analysis gives a bit of a rosy view of the memory used. Furthermore, Section 4-2 shows that
memory usage greatly influences the amount of inference time. However, this may not always
lead to a lower inference time. This analysis shows that memory is not the main bottleneck
in terms of inference time for the tested system. Despite this, it does show that the CP-CNN
and TT-CNN do use more memory for larger CNNs.

Subquestion 3 The last subquestion states: Can we predict when it is more advantageous
in terms of inference time to use a decomposed CNN or a regular CNN?
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The results shown in Section 4-3 show that the amount of inference can be predicted very
accurately for the given system. A Variance accounted for (VAF) of ranging from 93.32 up
to 96.69 could be achieved on the verification data by using one parameters (either Multiply-
Accumulate (MAC) or memory usage). Using both memory usage and the number of MAC
operations, the prediction VAF could be improved to 99.05 for the decomposed CNN and
98.05 for the regular CNN. These prediction shows a very close correlation to the actual
measured time. Therefore, it is concluded that a predicting whether a CP-CNN or TT-CNN
is more advantageous in terms of inference time compared to a regular CNN can be made.

Main research question Finally, the main research question states: How does memory usage
influence the inference time for Canonocial Polyadic decomposed or Tensor Train decomposed
CNN layers compared to non-decomposed CNN layers?

During this thesis, it is shown that during inference on a CP-CNN or TT-CNN model, more
memory may be required then when using a regular CNN. However, this does not necessarily
lead to a longer inference time. For small systems, the results suggest that some other force
acts on the inference time. For larger systems the CP-CNN and TT-CNN do seem to reduce
inference time.

5-2 Discussion

In this section, some aspects of this research are placed in a larger perspective.

Accuracy of CP-CNN and TT-CNN models While the influence on the tensor decom-
positions on inference times are measured for certain hyper parameters. The accuracy of
the decomposed kernels is not tested. Due to the compression provided by the CP-CNN
and TT-CNN future research may investigate the effects of compression on accuracy. While
[10, 25, 27], do give insights on the effect of accuracy using the CP-CNN and TT-CNN for
their model, no rules of tumb do seem to exists.

What could be the reason that for smaller systems a larger inference time is seen? It
seems that for smaller systems some bias effect is at play. When one zooms really well into
Figure 4-4d. It can be seen that for most no MAC operations, still, a lot of time is needed for
the decomposed CNNs. Therefore, it seems that some time is required to initialize and that
this is more significant for these smaller problems. It is theorized that maybe the fact that
the CP-CNN and TT-CNN consist of multiple layers could lead to longer initialization times.
This initialization time could originate from for instance the action of allocating memory,
thread creation and al sort of CPU process creation tasks. In future research, it may be
interesting to test how much time is spend initializing the models. As it seems that for the
smaller kernel in this thesis i.e. 4x4x3x3 and 8x8x3x3 initialization time seems to account for
a great portion of the inference time.

What could the influence on GPU systems be? Graphics Processing Unit (GPU)s do seem
to provide a lot more computational power and have separate memory for these calculations.
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Based on this thesis it is not easy to predict what would happen, but GPUs are often more
parallelized. Hence, it could be that the bias seen in this Central Processing Unit (CPU)
case is more prominent for GPUs. Additionally, it could be that the problem for each layer
must be large enough to benefit optimally from the GPUs parallel capacities. Giving the
decomposed CNN a disadvantage by having four sequential layers instead of 1. Therefore, for
GPU it would be interesting to see what happens, but it is expected that the system must
be even larger compared to the CPU to benefit from the MAC operation saving.

How does this relate to energy? It would be very interesting to see if Artificial Intelligence
(AI) can really be made greener in some cases. Since memory, compute time and energy
are strongly related for some lower-level languages [33], it would be interesting to see if the
inference time found in this research relates to energy consumption. Demi’s [7] thesis does of
course, give an insight into this, but the hyperparameters she chose (mainly small image size)
did also not perform well in this thesis as well. Maybe that decomposed CNNs become more
performant relative to the CNN in larger scale systems as the negative effect of sequential
operations vanish.

Could disabling the IntelMKL reduce inference time? The IntelMKL seem to provide a
lot of memory overhead for this system. It may be interesting to see if this leads to worse
performance. It seems that it is most efficient to convert the input at once to the MKLDNN
format and keep it in this format. This may be more optimal than constantly switching format
which Tensorly-Torch does now. If this change in format does reduce memory reordering it
may provide a benefit. If the same amount of reordering operations will remain necessary for
the IntelMKL case then it would be interesting to see if it provides any benefit at all.

Using other number representations than float32 A smaller number representation (e.g.
NvideaTensorfloat32, bfloat16 or int8) should benefit the decomposed CNNs. For tested
system, it seemed that the models are primarily memory bound, decreaseing the size of the
elements could reduce the memory bound effects. The regular CNN should also benefit but
relatively less as it also seems to be compute-bound.

What would happen to other types of CNNs? For this thesis a bound has been set on
2D-CNNs, and the stride and dilation were fixed. First, if the dimension for the kernel is
changed, the amount of in between images changes. Hence, one would use relatively more
memory for the CP-CNN case, as one gets an extra image with the output size times R).
Just as with the 2D-case, this effect would be less strong for the TT-CNN as the in-between
image would again be taken with a very low-rank term. This means that both would consume
more memory, but this would be more significant for the CP-CNN. The opposite is true for
the 1D case. Secondly, both stride and dilation would cause a negative effect as for both
stride and dilation about the same memory needs to be read, but fewer operations would be
done. This benefits the regular CNN more as it is more CPUbound. Thus both a higher
stride and dilation will not affect the decomposed CNNs much but it does for the regular
CNN. Finally, it would be interesting to see happen when the spatial dimensions (d1 and
d2) are not decomposed. This will reduce the amount of layers by 1 and eliminate one of the
in between images and possibly reducing the inference time. Certainly for the CP-CNN this
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will save a lot off memory as it will reduce one of the output images. For the TT-CNN the
image multiplied by R2 will be eliminated, posing less of a gain because this image is often
very small as R2 is often very small. For the CP-CNN this method is implemented by [5].
However, in this paper it is compared to another decomposed type of CNN not discussed in
this paper, making it hard to compare.

5-3 Further research

The results for this system are only tested for inference time and on a CPU. It would be good
to use this insight to see what the effects would be on energy consumption certainly for larger
CNNs as there seems to be no work available on that. Secondly, it may be insightful full
what the effect will be on GPUs since GPUs are often used for training and do inference on
CNNs. Another useful thing may be to investigate whether initialization time poses a thread
to decomposed CNNs in terms of energy consumption and inference time. Finally, the effects
of different numerical representations such as float16, bfloat16 and int8 could be investigated
as this could ease the memory burden the decomposed CNN pose.
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Appendix A

CPD and TT algorithm

This Appendix provides an algorithm to obtain both the Canoncial Polyadic Decomposition
(CPD) and Tensor Train (TT) tensor decompositions from a single kernel.

A-1 Preliminaries

Some operations are required to obtain get the decompositions, which are not mention in the
rest of the thesis. They are mentioned here.

Tensor operations

Khatri-Rao product For matrices, the Khatri-Rao product, also known as the column-wise
Kronecker product is denoted by C = A⊙B for A ∈ RI×K , B ∈ RJ×K and C ∈ RIJ×K .
The result C is defined in Equation A-1 [9, 22]. A general tensor definition is given in
[9].

C = A ⊙ B =
[
a1 ⊗ b1 a2 ⊗ b2 a3 ⊗ b3 . . . aK ⊗ bK

]
(A-1)

A-2 CPD

The Alternating Least Squares (ALS) algorithm used to find the CPD is shown in Algorithm 1
on the next page. This is an iterative process which fixes, for each factor matrix for each
iteration, one factor matrix. Then it calculates the value the factor matrix should have. In
each iteration, after all factor matrices have been updated, all factor matrices are normalized
and the norms are stored in Λ. The operations stops when the algorithm has converged or a
set number of iterations has been used.
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Algorithm 1 Canoncial Polyadic Decomposition [9, 22]
Input: A The input tensor with N indices
Output: B(n) N factor matrices

Λ scalar coefficients
1: ∀Bn initialize Bn ∈ RIn×R

2: repeat
3: for i = 1:N do
4: B(n) = An

(
B(N) ⊙ . . . ⊙ B(n−1) ⊙ B(n−1) ⊙ . . . B(1)

)
†

5: normalize B(n), store norms in Λ
6: end for
7: until (iteration == iteration limit || converged)

A-3 TT

To find a Tensor Train decompositions, two algorithm blocks are used. The first algorithm
is truncated Singular Value Decomposition (SVD), which is an algorithm that does an SVD
and then eliminates a part of the matrices to create a smaller matrices with some error. A
benefit of this method is that the amount of error which is created can be determined and
hence given as an input. The amount of error is the squared of the magnitude of the singular
values which will be removed (together with there accompanying rows and columns in the
left and right singular matrices) divided by the total magnitude of all singular values.

To obtain a TT decomposition, the algorithm is executed N −1 times where N is the number
of indices. Each iteration, the truncated SVD algorithm will be used. From this SVD, the left
singular matrix U is reshaped to form a core and the singular values times the right singular
matrix S ∗ V ⊤, goes further to the next iteration. After the final iteration the remainder is
reshaped into the last core.

The algorithm is also shown in the algorithm blocks below and on the next page.

Algorithm 2 truncated_svd [9, 30]
Input: A The matrix on which the SVD and truncation is done

δ The maximum truncation error
Output: U The first n left orthogonal vectors

S A matrix containing the n singular values
V The first n right orthogonal vectors

1: [U,S,V] = SVD(A)
2: i = length(S); e = 0
3: while

√
(e + Si) < δ do

4: e = e + Si

5: i = i − 1
6: end while
7: U = reshape(:, 1:i); S = reshape(1:i,1:i); V = reshape(1:i,:)
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Algorithm 3 TT-SVD [9, 30]
Input: A The input tensor with N indices

δ The maximum approximation error
Output: Gn The N cores of the tensor train decomposition

1: δ = ϵ√
N−1 ||A||F

2: r0 = 1
3: for i = 1:N-1 do
4: A =reshape

(
A,
[
rk−1, nk, numel(C)

rk−1nk

])
5: [U, S, V ] = truncated_svd(C, δ) (see Algorithm 2)
6: Gi = reshape(U, [rk−1, nk, rk])
7: A = SV ⊤

8: end for
9: GN = A
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Glossary

List of Acronyms

SIMD Singe Instruction Multiple Data
CNN Convolutional Neural Networks
SVD Singular Value Decomposition
CPD Canoncial Polyadic Decomposition
ALS Alternating Least Squares
MALS Modified Alternating Least Squares
TT Tensor Train
MPS Matrix Product State
CP-CNN Canonical Polyadic-Convolutional Neural Network
TT-CNN Tensor Train Convolutional Neural Network
MAC Multiply-Accumulate
VAF Variance accounted for
RMSE Root Mean Squared Error
COD Coefficient of Determination
AI Artificial Intelligence
CPU Central Processing Unit
GPU Graphics Processing Unit
HPC High performance computing
BLAS Basic Linear Algebra Subprograms
IntelMKL Intel Math Kernel Library
AOCL AMD Optimizing CPU Libraries
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