
 
 

Delft University of Technology

Scenario-Game ADMM
A Parallelized Scenario-Based Solver for Stochastic Noncooperative Games
Li, Jingqi; Chiu, Chih Yuan; Peters, Lasse; Palafox, Fernando; Karabag, Mustafa; Alonso-Mora, Javier;
Sojoudi, Somayeh; Tomlin, Claire; Fridovich-Keil, David
DOI
10.1109/CDC49753.2023.10383423
Publication date
2023
Document Version
Final published version
Published in
Proceedings of the 62nd IEEE Conference on Decision and Control (CDC 2023)

Citation (APA)
Li, J., Chiu, C. Y., Peters, L., Palafox, F., Karabag, M., Alonso-Mora, J., Sojoudi, S., Tomlin, C., & Fridovich-
Keil, D. (2023). Scenario-Game ADMM: A Parallelized Scenario-Based Solver for Stochastic
Noncooperative Games. In Proceedings of the 62nd IEEE Conference on Decision and Control (CDC 2023)
(pp. 8093-8099). (Proceedings of the IEEE Conference on Decision and Control). IEEE.
https://doi.org/10.1109/CDC49753.2023.10383423
Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without the consent
of the author(s) and/or copyright holder(s), unless the work is under an open content license such as Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.

This work is downloaded from Delft University of Technology.
For technical reasons the number of authors shown on this cover page is limited to a maximum of 10.

https://doi.org/10.1109/CDC49753.2023.10383423
https://doi.org/10.1109/CDC49753.2023.10383423


Green Open Access added to TU Delft Institutional Repository 

'You share, we take care!' - Taverne project  
 

https://www.openaccess.nl/en/you-share-we-take-care 

Otherwise as indicated in the copyright section: the publisher 
is the copyright holder of this work and the author uses the 
Dutch legislation to make this work public. 

 
 



Scenario-Game ADMM: A Parallelized Scenario-Based Solver for
Stochastic Noncooperative Games

Jingqi Li1, Chih-Yuan Chiu1, Lasse Peters2, Fernando Palafox∗3, Mustafa Karabag∗3,
Javier Alonso-Mora2, Somayeh Sojoudi1, Claire Tomlin1, and David Fridovich-Keil3

Abstract— Decision-making in multi-player games can be
extremely challenging, particularly under uncertainty. In this
work, we propose a new sample-based approximation to a
class of stochastic, general-sum, pure Nash games, where
each player has an expected-value objective and a set of
chance constraints. This new approximation scheme inherits
the accuracy of objective approximation from the established
sample average approximation (SAA) method and enjoys a
feasibility guarantee derived from the scenario optimization
literature. We characterize the sample complexity of this
new game-theoretic approximation scheme, and observe that
high accuracy usually requires a large number of samples,
which results in a large number of sampled constraints. To
accommodate this, we decompose the approximated game into
a set of smaller games with few constraints for each sampled
scenario, and propose a decentralized, consensus-based ADMM
algorithm to efficiently compute a generalized Nash equilibrium
(GNE) of the approximated game. We prove the convergence of
our algorithm to a GNE and empirically demonstrate superior
performance relative to a recent baseline algorithm based on
ADMM and interior point method.

I. INTRODUCTION

Stochastic game theory [1] provides a principled mathe-
matical foundation for modeling interactions between multi-
ple self-interested players in uncertain environments, and has
applications in traffic control [2], multi-robot coordination
[3], and human-robot interaction [4]. In this framework, each
player selects actions to optimize their own objective, obey
a set of constraints, and reason about the strategic response
of other players. Uncertainty in the players’ potentially
conflicting objectives and coupled constraints makes these
problems extremely challenging to solve.

Classical results in stochastic games are often derived
under strong assumptions regarding the problem structure
and the distribution of the underlying random process. In
the class of linear quadratic Gaussian games, necessary and
sufficient conditions for the existence of Nash equilibria are
characterized in [5]. It is also shown that in N -player nonco-
operative stochastic games, the convexity of player-specific
objectives and convex, compact strategy sets are sufficient
for the existence of the Nash equilibria [6]. However, for
general stochastic games, it is NP-hard to determine the
existence of Nash equilibria [7]. Moreover, computing a
Nash equilibrium can also be a hard problem [8], partially
due to the complexity of solving the nonlinear equations
induced by the Nash equilibrium condition.

∗Equal contribution. The authors are with: 1University of California,
Berkeley, 2Delft University of Technology, 3University of Texas, Austin.
Correspondence to jingqili@berkeley.edu.

Several recent efforts provide computationally efficient,
approximate solutions to stochastic games with coupled
constraints. Two lines of work provide high probability
guarantees of both optimality and feasibility. The first [9–11]
approximates the players’ expected value objectives and
constraints with sample average approximations. The sec-
ond [12–14] follows the idea of scenario programming and
approximates the objectives and constraints using worst-case
samples. The former approach enjoys low sample complexity
under certain distributional assumptions [15]. However, when
the sample size is finite, this method may lead to situations
in which the optimal solution is infeasible for the original
chance constraint. The latter technique does not require
strong distributional assumptions and returns conservative
feasible solutions with high probability, but may require a
large number of samples. In our work, we combine the
benefits of the two approaches such that we obtain accurate
approximations for the objectives and maintain the high
probability feasibility guarantee.

Our contributions are threefold: (1) We first propose a
new sample-based approximation to the constrained stochas-
tic game problem. In this framework, we approximate the
expected objectives using a sample average approximation
and ensure the feasibility of the original chance constraints
by considering a large number of sampled constraints. We
validate this scenario-game approximation by characterizing
its sample complexity, and we show how the sample com-
plexity can be improved by using problem structure. (2) To
overcome the computational burden induced by the sam-
pled constraints, we decompose the approximated game into
smaller games with few constraints per scenario, and propose
a decentralized ADMM algorithm to compute the joint Nash
equilibrium solution in parallel. (3) We prove the conver-
gence of our method to a generalized Nash equilibrium of
the approximated constrained game. Empirical results show
that our method can handle a large number of constraints
with faster convergence than a state-of-the-art baseline.

II. RELATED WORK

A. Stochastic Games

Originally due to Shapley [1], the field of stochastic game
theory has expanded to model uncertainties in players’ objec-
tives [16], constraints [17], and in the case of dynamic games,
underlying state dynamics [18–20]. Exact generalized Nash
equilibrium solutions to stochastic constrained games can
be obtained by solving their equivalent stochastic variational
inequality problems [11, 21]. Under an appropriate constraint
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qualification, the well-known Karush–Kuhn–Tucker (KKT)
conditions must be satisfied for all players at a generalized
Nash equilibrium [21, 22]. We focus on games with mono-
tone objective pseudogradients [23] and convex constraints,
where solutions can be found in polynomial time [24].

B. ADMM for Games

We are ultimately interested in decentralized methods [25,
26] for identifying generalized Nash equilibria, because they
can often exploit computational parallelism for efficiency
gains compared with centralized method. In particular, the
alternating direction method of multipliers (ADMM) [27,
28] is an appealing approach for efficient decentralized
computation. The ADMM enjoys convergence guarantees
for convex problems [29, 30], convex-concave saddle point
problems [31, 32] and monotone variational inequality prob-
lems [33, 34]. Recent work [34] has adopted an interior-point
method to ensure constraint feasibility, thereby outperform-
ing projection-based consensus ADMM methods [35–37].

Our algorithm differs from prior work [38–40] in that we
decompose the objective and constraints over scenarios. For
each scenario, we solve an N -player game with relatively
few constraints, and then synchronize across scenarios via
ADMM. Unlike prior methods, we do not require constraint
projection or an interior-point method in the consensus step.
Moreover, we can handle nonlinear coupled constraints,
while prior works [23, 41] consider affine constraints.

C. Approximation Methods for Stochastic Optimization

The sample average approximation (SAA) method [42] is
a well-known technique for solving stochastic optimization
problems via Monte Carlo simulation [43]. This method
approximates the objectives and constraints of the original
problem using sample averages, and has been shown to be
able to recover original optimal solutions, as the sample
size grows to infinity [9–11]. Another approach for approx-
imating the stochastic optimization problem is the scenario
optimization approach [44, 45], where the original chance
constraints are replaced with a large number of sampled
constraints [46]. This method has been extensively studied,
and subsequent work has characterized its sample complexity
and feasibility guarantees [47]. Moreover, it is recently
extended to constrained variational inequality problems [12].
Our approach approximates the expected value objective by
a sample average, and replaces the chance constraint with a
large number of sampled constraints.

III. PRELIMINARIES

We begin by introducing a deterministic, general-sum
static game played among N players. Concretely, each player
i (Pi) seeks to solve a problem of the form:

x∗
i ∈ argmin

xi

fi(x) (1a)

s.t. hi(x) ≤ 0 , (1b)

where xi ∈ Xi ⊆ Rn, for each i ∈ [N ] := {1, 2, . . . , N}, Xi

is the domain of xi and x := (x1, . . . , xN ) ∈ RNn. Let the
joint decision space be denoted by X := X1×· · ·×XN , and

let each player i’s constraint be denoted by hi(x) : X →
Rℓ. Observe that players’ problems are coupled, both in the
objectives and the constraints. We are interested in finding
unilaterally optimal strategies for all players in this setting,
i.e., the generalized Nash equilibria.

Definition 1 ([48]): A point x∗ ∈ RNn is a generalized
Nash equilibrium (GNE) if for all i ∈ [N ], hi(x

∗) ≤ 0, and
fi(xi,x

∗
−i) ≥ fi(x

∗), for each xi satisfying hi(xi,x
∗
−i) ≤ 0.

IV. SCENARIO GAME PROBLEM

In this work, we focus our attention on constrained
stochastic general-sum games, in which both the objective
and constraints are subject to uncertainty and parameterized
by the random vector θ, i.e. fi(x; θ) and hi(x; θ). Let the
random vector of parameters θ ∈ Θ ⊆ Rd be drawn from
a probability distribution pθ that is unknown to all players.
We denote player i’s decision problem as:

x∗
i ∈ argmin

xi

E [fi(x; θ)] (2a)

s.t. Pθ

(
hi(x; θ) ≤ 0

)
≥ 1− ϵ . (2b)

Note that we have replaced Pi’s objective with its expectation
under distribution pθ, and likewise we have replaced the de-
terministic constraint hi(x; θ) ≤ 0 with the chance constraint
Pθ (hi(x; θ) ≤ 0) ≥ 1− ϵ, with ϵ ∈ (0, 1) as the probability
of failure. In full generality—i.e., without making further
assumptions about the distribution pθ, such as normality—it
is intractable to find a generalized Nash equilibrium for (2).
In the sequel, we will construct a sampled approximation to
(2) which is amenable to both theoretical complexity analysis
and efficient, parallel implementation.

Drawing upon ideas developed in the stochastic optimiza-
tion [44, 46] and model predictive control [45, 49, 50]
communities, we approximate the stochastic game (2) with
the following deterministic problem:

x∗
i ∈ argmin

xi

1

S

S∑
j=1

fi(x; θ
j) (3a)

s.t. hi(x; θ
j) ≤ 0, ∀j ∈ {1, . . . , S} , (3b)

in which each so-called scenario θj is sampled independently
from the probability distribution pθ. In (3), we have replaced
the expected value of the objective from (2) with its empirical
mean, and enforced the original constraint in (1) for all of the
scenarios {θj}Sj=1. We propose to compute the generalized
Nash equilibrium of (3), which always exists if the following
assumption holds true [51].

Assumption 1: For each player i ∈ [N ], the constraint
hi(x; θ) is convex in x and satisfies Slater’s condition [30].
The objective function of each player is upper bounded,
i.e. supθ∈Θ,x∈X ∥fi(x; θ)∥∞ ≤ D, for some finite D ∈ R.
The pseudogradient F (x; θ) := [∇xi

fi(x; θ)]
N
i=1, where

∇xi
fi(x; θ) denotes the gradient of fi with respect to

xi, is a continuous and monotone operator of x, i.e.,
(x− y)⊤(F (x; θ)− F (y; θ)) ≥ 0,∀x,y ∈ RNn. □

Assumption 1 implies that the objective of each player is
convex with respect to its own decision variable, a standard
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assumption in variational inequality problems [34]. It is
shown in [52] that a convex-concave saddle point problem
can be reformulated to satisfy Assumption 1. Note also
that Assumption 1 allows nonconvex objectives for each
player. An example is a two-player game, with the objectives
f1(x1, x2) = x1 − x2

2 and f2(x1, x2) = x2 − x2
1.

Running Example: We consider a simplified spacecraft
rendezvous problem, where two spacecraft approach each
other at a predefined rendezvous point in space. We model
this problem as a two player general-sum game with a plan-
ning horizon T . At time t ∈ {0, 1, . . . , T}, each spacecraft
has a state vector ξi(t) = [ξxi (t), ξ

vx
i (t), ξyi (t), ξ

vy
i (t)] ∈ R4,

where [ξxi (t), ξ
y
i (t)] is the position of the spacecraft in the

rendezvous hyperplane and [ξvxi , ξ
vy
i ] is the velocity vector.

It also has a control vector ui(t) = [ux
i (t), u

y
i (t)] ∈ R2

representing the x- and y-axis acceleration. The dynamics of
each spacecraft is approximated as a double integrator for
simplicity [53],

ξi(t+1) =


1 ∆t 0 0
0 1 0 0
0 0 1 ∆t
0 0 0 1


︸ ︷︷ ︸

A

ξi(t)+


1
2∆t2 0
∆t 0
0 1

2∆t2

0 ∆t


︸ ︷︷ ︸

B

ui(t)

(4)
where ∆t > 0 is the time discretization constant. We assume
the initial state ξi(0) is drawn from a known distribution
pξ. We concatenate all the random parameters into a vector
θ ∈ Rd, and assume it follows a distribution θ ∼ pθ. As
such, the general-sum game that each player considers can
be summarized as follows,

min
{ui(t)}T−1

t=0

1

T

T∑
t=0

Eθ

[
1

2
ξi(t)

⊤Qθ
i ξi(t) +

1

2
ui(t)

⊤ui(t)

]
s.t. Pθ

( [
ξx1 (t)−ξx2 (t)

ξy1 (t)−ξy2 (t)

]
− bθi ≤ 0, ∥ui(t)∥∞ ≤ 1,∥∥∥[ ξx1 (t)−ξx2 (t)

ξy1 (t)−ξy2 (t)

]∥∥∥2
2
≤ 1,∀t ∈ [T ]

)
≥ 0.95

(5)

where ξi(t + 1) = Aξi(t) + Bui(t), ∀i ∈ {1, 2}, ∀t ∈
{0, 1, . . . , T −1}, and bθi parameterizes an inequality chance
constraint ensuring no hard contact between two spacecraft
with high probability. Note that each player’s feasible set
depends upon the decisions of the other player. Hence, this
is a generalized Nash equilibrium problem. In the following
sections, we will discuss how many samples are required
such that we can approximate (5) well using (3), and de-
velop an efficient method for computing a generalized Nash
equilibrium of the sample-approximated game.

V. SAMPLE COMPLEXITY OF SCENARIO GAMES

One of the appealing aspects of scenario programming
[12, 47] is its generality with respect to the distribution of
parameter vector θ. Indeed, one can establish probabilistic
guarantees on the feasibility of the original chance constraint
without strong assumptions that pθ be, e.g. sub-Gaussian or
sub-exponential. We extend this result to the scenario game
problem, and characterize sample complexity as follows:

Proposition 1: Consider ϵ, δ ∈ (0, 1) and ϵ̃ > 0. Let
{θj}Sj=1 be i.i.d. samples of the random variable θ ∼ pθ.
Let S be the sample size. Define HS := {x ∈ RNn :
hi(x; θ

j) ≤ 0,∀i ∈ [N ], j ∈ [S]}. Suppose that HS is non-
empty, then under Assumption 1, the following statements
hold true simultaneously for each player i ∈ [N ],

1) ∥ 1S
∑S

j=1 fi(x; θ
j)−Eθ[fi(x; θ)]∥ ≤ ϵ̃, for all x ∈ HS

2) Pθ(hi(x; θ) ≤ 0) ≥ 1− ϵ, for all x ∈ HS

with probability at least 1 − δ, where δ := 2Ne−
Sϵ̃2

4D2 +∑Nn−1
ℓ=0

(
S
ℓ

)
ϵℓ(1− ϵ)S−ℓ.

Proof: Refer to the extended technical report [54].
Note that we have not made strong assumptions on the

distribution pθ; the bound can be improved if more prior
knowledge about the problem structure and distribution pθ is
available. For example, if each player’s constraint hi(x; θ) ≤
0 only depends on its own decision variable xi, then the
constraint hi(x; θ) can be simplified as hi(xi; θ) ≤ 0, where
the decision variable xi ∈ Rn has a lower dimension than
the original decision variable x ∈ RNn. This dimension re-
duction simplifies the sample complexity for approximating
each constraint. By combining this simplification with the
union bound, we can improve the sample complexity result
of Proposition 1, as shown in the following result.

Proposition 2: Under the same assumptions of Proposi-
tion 1, suppose that HS is non-empty and each player’s
constraint hi(x; θ

j) ≤ 0 only depends on xi, ∀j ∈ [S]. Then,
the following statements hold true simultaneously for each
player i ∈ [N ],

1) ∥ 1S
∑S

j=1 fi(x; θ
j)−Eθ[fi(x; θ)]∥ ≤ ϵ̃, for all x ∈ HS

2) Pθ(hi(x; θ) ≤ 0) ≥ 1− ϵ, for all x ∈ HS

with probability at least 1 − δ, where δ := 2Ne−
Sϵ̃2

4D2 +
N
∑n−1

ℓ=0

(
S
ℓ

)
ϵℓ(1− ϵ)S−ℓ.

Proof: Refer to the extended technical report [54].
The above characterization of sample complexity suggests

that a sufficient number of samples leads to an accurate
estimation of the objective and ensures the feasibility of the
chance constraint with high probability. However, solving
a constrained game with a large number of sampled con-
straints presents a significant computational challenge. This
motivates the following algorithmic development.

VI. SCENARIO GAMES VIA DECENTRALIZED ADMM

A. Decentralized ADMM

In the scenario game (3), both the objective and constraints
involve significantly more terms than in (1). When S is
large, therefore, it can be computationally demanding to
find a generalized Nash equilibrium. Therefore, we propose
the following splitting method to enable parallel—and hence
more efficient—computation of equilibrium solutions. This
technique is an analog of the well-known ADMM algorithm
tailored to generalized Nash equilibrium problems, and is
summarized in Algorithm 1.

In order to develop this technique, we shall begin by
introducing auxiliary decision variables {wj

i }Sj=1 for each
player Pi, and employing the shorthand wi := (w1

i , . . . , w
S
i )
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Algorithm 1: Scenario-Game ADMM (SG-ADMM)
1 Input: Initialization {w(0),x(0),λ(0)}, convergence

tolerance ϵ > 0.
2 for k = 0, 1, 2, · · · do
3 for scenarios j = 1, . . . , S in parallel do

4

wj
i (k + 1)← argmin

w
j
i

Lj
i (w

j ,x(k),λi(k))

s.t. hi(w
j ; θj) ≤ 0

5 Update {xi(k + 1)}Ni=1: ∀i ∈ [N ],
xi(k + 1)← 1

S

∑S
j=1(

1
ρ
λj
i (k) + wj

i (k + 1))

6 Update {λj
i (k + 1)}N,S

i=1,j=1: ∀i ∈ [N ], j ∈ [S],
λj
i (k + 1)← λj

i (k) + ρ(wj
i (k + 1)− xi(k + 1))

7 If ∥w(k + 1)−Mx(k)∥2 ≤ ϵ, return {xi(k + 1)}Ni=1

for the decision variables of player i across scenarios j = 1
to j = S, wj := (wj

1, . . . , w
j
N ) for the decision variables

of players i = 1 to i = N in the jth scenario, and w :=
(w1, . . . ,wN ) for all the decision variables. We will later
use the same shorthand (λi,λ

j ,λ) for Lagrange multipliers
for the constraints (6c):

x∗
i ,w

∗
i ∈ arg min

xi,wi

1

S

S∑
j=1

fi(w
j ; θj) (6a)

s.t. hi(w
j ; θj) ≤ 0, ∀j ∈ {1, . . . , S} (6b)

wj
i − xi = 0, ∀j ∈ {1, . . . , S}. (6c)

In (6), Pi evaluates its objective and constraints for sce-
nario j using only the auxiliary variables wj . However, in
the end, each player must select a single decision variable;
hence, we also enforce the consensus constraints in (6c).
These constraints effectively couple S games which would
otherwise be entirely independent. To facilitate such a de-
composition, we construct a partial augmented Lagrangian
for each player, in which only (6c) have been dualized:

Li(w,x,λi) :=

S∑
j=1

Lj
i (w

j ,x,λi), (7)

Lj
i (w

j ,x,λi) :=
fi(w

j ; θj)

S
+ λj⊤

i δji +
ρ

2
∥δji ∥

2
2 .

Here, δji := wj
i−xi, and λj

i may be interpreted as an estimate
of the Lagrange multiplier corresponding to the jth instance
of (6c) in Pi’s problem. Thus equipped, we develop the key
steps of Algorithm 1, a decentralized technique for solving
(3) via (6). To do so, we re-express (6) in terms of the
augmented Lagrangians (7):

x∗
i ,w

∗
i ∈ arg min

xi,wi

Li(w,x,λi) (8a)

s.t. hi(w
j ; θj) ≤ 0,∀j ∈ {1, . . . , S} . (8b)

1) Solving for auxiliary variable, w: Holding x and λ
constant, each player’s problem (8) is convex in the decision
variable wi due to Assumption 1. Thus, we can be assured
that any point w∗

i which satisfies the KKT conditions for all
players simultaneously is a generalized Nash equilibrium.
Such a point may be identified by, e.g., reformulating the

joint KKT conditions as a mixed complementarity pro-
gram (MCP) [55] and invoking a standard solution method,
e.g. PATH [56].

Remark 1: This equilibrium problem may be separated
into S independent problems, involving distinct variables
{wj}Sj=1, objectives, and constraints. Consequently, if par-
allel computation is available, these games may be solved in
separate computational threads or on separate computer pro-
cessors; therefore, Algorithm 1 may still operate efficiently
and converge even when many scenarios are required, as
shown in Theorem 1.

2) Solving for consensus variables, x: Holding w and λ
fixed, player i’s problem (8) may be simplified to take the
following form:

xi = argmin
x̃i

S∑
j=1

(
λj⊤
i (wj

i − x̃i) +
ρ

2
∥wj

i − x̃i∥22
)
. (9)

Because ρ > 0, we readily identify the global solution to (9)
for each player as

xi ←
1

S

S∑
j=1

(
1

ρ
λj
i + wj

i

)
. (10)

3) Updating dual variables, λ: In order to choose new
values of the dual variables which account for the solutions
to the previous subproblems, we first examine player i’s
vanishing gradient condition. We find:

0 = ∂wj
i
(Lj

i (w
j ,x,λi) + Ihi(wj ;θj)(w

j)) (11)

=
∇wj

i
fi(w

j ; θj)

S
+ ∂wj

i
Ihi(wj ;θj)(w

j) + λj
i + ρ(wj

i − xi),

where Ih(x;θ)(x) : RNn → {0,∞} and Ih(x;θ)(x) = 0 if and
only if h(x; θ) ≤ 0. Following well-established reasoning for
augmented Lagrangian methods [57, Ch. 17], we recognize
the latter two terms as the (unique) value of the Lagrange
multiplier for the original constraint (6c) which satisfies the
vanishing gradient optimality condition. Therefore, we set:

λj
i ← λj

i + ρ(wj
i − xi) . (12)

The above update rule is formalized in Algorithm 1.

B. Convergence of Scenario-Game ADMM

In this section, we first characterize the optimality condi-
tion of the general-sum game problem. We then show that
the special structure of the consensus constraint allows us
to measure convergence by monitoring the residual of the
consensus constraint. Building upon this result, we prove the
convergence of Algorithm 1.

Similar to standard, single-objective optimization prob-
lems, under an appropriate constraint qualification the KKT
conditions must be satisfied at solutions to the variational
inequality problem [21]. From the KKT conditions, an opti-
mal solution z∗ := (w∗,x∗,λ∗) should satisfy the following
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Fig. 1: The convergence of Scenario-Game ADMM under different
numbers of sampled scenarios in running example (5). With only 10
samples, we have no binding constraint, and we converge exponen-
tially fast. With 50 and 100 samples, we suffer binding constraints,
and the primal residual ρ∥M(x(k)−x∗)∥2 oscillates. However, the
Lyapunov function, which is defined as the sum of primal residual
and dual residual 1

ρ
∥λ(k)− λ∗∥2, decays monotonically.

conditions,
(p− wj∗

i )⊤(∇wj∗
i
fi(w

j∗; θj) + ∂wj∗
i
Ihi(wj∗;θj)(w

j∗)

+ λ∗) ≥ 0,∀p ∈ Rn,∀i ∈ [N ], j ∈ [S]

w∗ −Mx = 0

hi(w
j∗; θj) ≤ 0,∀i ∈ [N ],∀j ∈ [S]

(13)
where we represent the consensus constraint (6c) compactly
as w −Mx = 0 by introducing a constant matrix M :=
1N⊗In. Let F (w) := [∇wj

i
fi(w

j ; θj)]N,S
i=1,j=1 and H(w) :=

[∂wj
i
Ihi(wj ;θj)(w

j)]N,S
i=1,j=1. We can also represent the above

optimality condition as the variational inequality problem:

(z− z∗)⊤Q(z∗) ≥ 0,∀z ∈ RSNn × RNn × RNm, (14)

z =

wx
λ

 , Q(z) =

F (w) +H(w) + λ
−M⊤λ
w −Mx

 . (15)

Observing that the M matrix in the consensus constraint
has full column rank, we see that it must have trivial null
space. Consequently, we can show in the following lemma
that an optimal solution is reached when the consensus
constraint residual is zero.

Lemma 1: Suppose w(k+1)−Mx(k) = 0, then (w(k+
1),x(k + 1),λ(k + 1)) is an optimal solution to the VI
problem (14).

Proof: Refer to the extended technical report [54].
Building upon this result, we show in the following

theorem that a Lyapunov function, defined by the Lagrange
multiplier error and the consensus constraint’s residual, is
monotonically decreasing with each iteration of Algorithm 1.

Theorem 1: Under Assumption 1, let z∗ = (w∗,x∗,λ∗)
be an optimal solution of (14). Define V (k) := (1/ρ)∥λ(k)−
λ∗∥2 + ρ∥M(x(k)− x∗)∥2. We have

V (k + 1) ≤ V (k)− ρ∥w(k + 1)−Mx(k)∥2 , (16)

and limk→∞ V (k) = 0.
Proof: Refer to the extended technical report [54].

Theorem 1 establishes the asymptotic convergence of
Algorithm 1, by showing that V (k) → 0 as k → ∞; thus,
for any convergence tolerance ϵ > 0, there exists some
sufficiently large k > 0 such that ∥w(k+1)−Mx(k)∥2 ≤ ϵ.
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Fig. 2: Comparison of the CPU time under different numbers of
sampled scenarios. The solid blue curves represent the implementa-
tion of Scenario-Game ADMM which solves step 3 of Algorithm 1
sequentially, i.e., one scenario by one scenario. The dashed blue
curves represent the expected computation time when we implement
step 3 of Algorithm 1 in parallel. This expected computation time
is derived by dividing the computation time of the blue solid curves
by the number of scenarios. In both cases, Scenario-Game ADMM
converges faster than ACVI. For each sampled scenario, we have
20 dimensional decision variables, and 35 constraints. When the
number of sampled scenarios is 1000, there are 1000×35 = 35000
constraints. ACVI fails to compile due to the scale of problem. With
1000 samples, our algorithm converges even when we replace the
linear dynamics in (5) with the nonlinear unicycle dynamics in [22],
as shown in Fig.2d.

When the players’ objectives satisfy the following assump-
tion, we can strengthen the convergence result in Theorem 2.

Assumption 2 ([23]): For each player i ∈ [N ], the ob-
jective fi(x; θ) is differentiable. The function F (w) =
[∇wj

i
fi(w

j ; θj)]N,S
i=1,j=1 is L-Lipschitz continuous and is an

m-strongly monotone operator, i.e., (w − w̃)⊤(F (w) −
F (w̃)) ≥ m∥w − w̃∥22,∀w, w̃ ∈ RSNn.

Theorem 2: Under Assumptions 1 and 2, let z∗ =
(w∗,x∗,λ∗) be an optimal solution of (14). Define V (k)
as in Theorem 1. At the k-th iteration, we have:

1) If there is no binding constraint at w(k), i.e.,
hi(x(k); θ

j) < 0, ∀i ∈ [N ], ∀j ∈ [S], then:

V (k) ≤

(
1− 1

2κ
0.5+|ϵ|
f

)
V (k − 1)

where κf = L/m and ϵ = logκf
(ρ/
√
mL);

2) Otherwise, V (k) ≤ V (k−1)−ρ∥w(k)−Mx(k−1)∥2.
Proof: Refer to the extended technical report [54].

VII. EXPERIMENTS

In this section, we continue the running example (5).
We characterize the sample complexity and the empirical
performance of the Scenario-Game ADMM. The details of
the experiment parameters are included in the Appendix.
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By Proposition 1, if the sample size is S = 1000, then for
each player i ∈ {1, 2}, P(∥ 1S

∑S
j=1 fi(x; θ

j)− E[fi(x)]∥ ≤
0.5) ≥ 1 − 4.0 × 10−3, and P(P(hi(x; θ) ≤ 0) ≥ 0.95) ≥
1−2.9×10−7. Therefore, by having 1000 sampled scenarios,
we are able to obtain a reasonable approximation (3) of the
stochastic game problem (5).

We proceed to apply Scenario-Game ADMM to solve the
sample-approximated game problem (3). We first validate the
convergence of Scenario-Game ADMM in Fig. 1. As proven
in Theorem 1, the Lyapunov function decays monotonically
in Fig. 1a. Note that the primal residual ρ∥M(x(k)−x∗)∥2
may still oscillate due to the existence of binding constraints,
as shown in Theorem 2 and Fig. 1b.

We then compare the performance of Scenario-Game
ADMM with the baseline method. Since prior works [23, 41]
do not consider coupled nonlinear constraints among players,
we compare Scenario-Game ADMM with the state-of-the-
art ADMM-based constrained variational inequality solver
(ACVI) [34]. As shown in Fig. 2, Scenario-Game ADMM
converges faster than ACVI across different scenario sizes. In
particular, when we have 1000 sampled scenarios, Scenario-
Game ADMM converges, but ACVI fails to compile due
to the scale of the problem, where we have 35000 coupled
inequality constraints in total. This experiment suggests that
Scenario-Game ADMM can solve game problems with a
large number of constraints within a reasonable amount of
time.

As an additional ablation, we also compare our method’s
computation time to the centralized PATH solver that our
method uses at the inner loop [56]; c.f. appendix. While
PATH is competitive, in particular for small-scale problems,
we observe that the parallelized version of our method is still
more than 2x faster for scenario sizes S ∈ [10, 100]. Finally,
as with ACVI, the scenario-number-dependent compilation
overhead of this centralized approach precludes application
to larger problems.

VIII. CONCLUSION AND FUTURE WORK

In this work, we introduced a new sample-based approx-
imation for stochastic games. We characterized the sample
complexity and the feasibility guarantees of this approxima-
tion scheme. We proposed a decentralized ADMM solver
and characterized its convergence. We empirically validated
the performance of this algorithm in a stochastic game with
a large number of sampled constraints. Future work should
extend our results on sample complexity and analyze how
well equilibria of the scenario game approximate solutions
to the original chance-constrained stochastic game.
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APPENDIX

Experiment Details. The random cost matrix Qθ
i is parame-

terized as Qθ
i = I4+P θ⊤

i P θ
i , where each entry of P θ

i ∈ R4×4

is uniformly sampled from [0, 1]. Each entry of the constraint
parameter bθi is sampled from [0, 0.01]. ξx1 (0) and ξy1 (0) are
uniformly sampled from [−0.15, 0.0]. ξx2 (0) and ξy2 (0) are
uniformally sampled from [0.0, 0.15]. Both players have zero
initial velocity. We can verify that an upper bound of the cost
function in (5) for all feasible control inputs is D = 3. The
decision variable of each player is its control input. For each
sampled scenario, the total dimension of decision variables
is T×N×q = 20, where T = 5 is the horizon, N = 2 is the
number of players, and q = 2 is the control input dimension
of one player at each time instance t ∈ [T ]. We pick ρ = 5.
We use PATH [56] to compute the inner MCP problems in
Scenario-Game ADMM and ACVI. For ACVI, we adopt the
best parameters we found: the log-penalty coefficients µt are
defined as µt = ( 12 )

tµ0, where t is the outer iteration number
of the interior point method [34] and µ0 = 10−4.
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