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Abstract

As machine learning algorithms become increasingly complex, the need for transparent and inter-
pretable models grows more critical. Shapley values, a local explanation method derived from co-
operative game theory, is an explanatory method that describes the feature attribution of machine
learning models. This is defined by the contribution a feature has to one single prediction. In this thesis
the Shapley value formula is detailed, along with its properties. Three different ways to approximate
the Shapley values are then introduced: Monte Carlo method for value function, Monte Carlo method
through permutations and Kernel SHAP. Implementation of these methods using different datasets re-
veals that while both methods produce nearly identical Shapley values, Kernel SHAP is significantly
faster. This research contributes to the field by demonstrating the advantages of integrating Shapley
values into machine learning models, to enhance model transparency and trustworthiness.

M.E. Pietersma
Delft, July 2024
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1
Introduction

Statistical models are getting more and more complex. They use complicated methods to come to a
certain conclusion, which are getting less and less understandable for humans. For example a neural
network bases its predictions on connections that are made between data, however these steps can
not be seen, so it feels as if the prediction comes out of nowhere. Such a model, with no transparency,
is called a black box model. Interpretability is a desirable aspect that scores a certain model on how
easily the predictions can be explained. In practice, it often follows that the more accurate a model is,
the less interpretable it is. This is because an accurate model, for example a neural network, is often
more complex and thus it is less easy to explain the predictions.

An interesting question one could ask is: if a model is accurate why is it not possible to trust the model
and why is interpretability needed? There are several reasons why interpretability is essential.

One of the reasons humans need interpretability is to establish trust in a model. In order to feel com-
fortable in deploying a model in the real-world it helps to see what variables a model bases its decision
on, and check that it does not make mistakes in this aspect. Also, if a prediction is made without an
explanation, humans are often inclined to make their own assumptions or find their own reasons for
why a model makes a specific explanation.

Another reason is that a model could make unnoticed biases. Since a model is built on certain training
data, which may already include biases, these can be carried through in the model. For example
COMPAS (Northpointe, 2013; Rudin et al., 2020) a machine learning model built to predict the chance
that criminals will re-offend, turned out to have a racial bias, meaning that the model gave numerous
criminals a higher score based on their race. An explanation method could be able to identify this bias,
and thus ensure that the model is changed to not incorporate this bias.

Additionally, interpretability is crucial for regulatory compliance and accountability. In many industries,
such as finance, healthcare, and criminal justice, there are legal and ethical standards that require
decision-making processes to be transparent and justifiable. In practice, explanation methods enable
organizations to demonstrate that their models are making decisions based on valid and lawful criteria,
helping to meet regulatory requirements and avoid legal repercussions.

In order to still keep using complex and accurate models but also get explanations for predictions,
interpretability methods were developed. One of these methods are the so-called SHAP (Shapley
Additive Explanations) values. The goal of these SHAP values is to describe a single instance or
prediction by assigning contributions to each of the features that was involved in that prediction.

By using SHAP values, insights can be gained in the inner workings of a machine learning model,
how each feature influences specific predictions. This facilitates better trust accountability and fair-
ness in model applications. Furthermore, this also facilitates a better balance between complexity and
interpretability, which is crucial for the use of advanced machine learning models in various domains.

The goal of this thesis is to explain the concept of these SHAP values and introduce different ways to
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2 1. Introduction

calculate these SHAP values and evaluate these different methods. To achieve this goal, first of all,
a small background in machine learning is given in Chapter 2. Then, in Chapter 3 the Shapley value
formula is introduced, including its properties, and its application to linear regression. Subsequently
in Chapter 4, two additional ways to calculate SHAP values are discussed, using machine learning
techniques. Finally, in Chapter 5 these different methods will be compared and evaluated on different
datasets, and a conclusion will be made on the effectiveness of the different calculation methods.



2
Machine Learning

In theory, at the heart of each statistical model lies a function 𝑓 on a high dimensional space. This
function 𝑓 can be seen as a representation of the relationship between the inputs, also known as the
features, and the outputs, or the target variable. Assuming that 𝑥1, ..., 𝑥𝑛 are the individual features, this
function can be formulated as:

𝑓(x) = 𝑓(𝑥1, 𝑥2, ..., 𝑥𝑛).

To understand this better, imagine one would want to predict the price of a house. Input features could
be: size of the house, number of bedrooms, location, proximity to a park etc. Each of these features
then represents a dimension in the high dimensional space of 𝑓. This function 𝑓 then takes these
features, and produces an output, in this case the predicted house price.

This function 𝑓 can be estimated through supervised machine learning. The goal of this type of machine
learning is to start with a dataset for which the outcome of interest is already known and then learn
from this dataset to predict a new outcome. There are two types of supervised machine learning:
classification and regression. In classification, the output is a category, for example if a loan is accepted
or rejected. Regression has a continuous output, for instance predicting the price of a house based
on its features. Mathematically, the difference between the two can be expressed as the function
𝑓 ∶ ℝ𝑛 → {1, 2, ..., 𝑘} for classification tasks and 𝑓 ∶ ℝ𝑛 → ℝ for regression tasks. ℝ𝑛 represents an
n-dimensional feature space, with each dimension corresponding to a different feature.

The process of machine learning consists of a number of steps, the first of which is the collection of
data. In order to build an accurate model usually the more data one can use, the better. This gives
the model enough material to base new predictions on. For example, in the housing price question this
would be a dataset of recent house sales and the features of each of these houses.

The next step is to select the type of model that is to be used in the machine learning task. These
models can be easily interpretable, such as linear regression or decision trees, or more difficult to
interpret such as neural networks [1].

After the model selection, this model is then applied to the data. In practice, this is done by splitting the
data into a training set and a test set. The idea behind this is that the training set is used to train the
model (i.e. determine the parameters), and the test set is needed to evaluate the model performance
on unseen data. This split is necessary, because when building a model based on the whole dataset,
this model tends to overfit the data and gives predictions closer to the observed value than one would
expect on unseen data. The goal is to find the parameters for the model such that the accuracy of the
model applied to the test set is optimal.

Finally, when the model has been learned, it can be applied to a new instance. This instance becomes
the input in the machine learning model, and the output is the prediction corresponding to this instance.

3



4 2. Machine Learning

Ultimately, machine learning provides a process to accurately discover the function 𝑓 from the data.
By using the power of certain models, it is possible to uncover complex high-dimensional relationships,
and thus make accurate predictions.

2.1. California Housing Dataset
As mentioned in the previous section, in order to build a machine learning model an extensive dataset
is needed. In this thesis, the California Housing dataset will be used. The machine learning model will
aim to predict the median house value of California districts, expressed in hundreds of thousands of
dollars ($100,000). This target variable has 8 features, given in table 2.1.

MedInc Median income in block group
HouseAge Median house age in block group
AveRooms Average number of rooms per household
AveBedrms Average number of bedrooms per household
Population Block group population
AveOccup Average number of household members
Latitude Block group latitude
Longitude Block group longitude

Table 2.1: Features of California housing dataset

Figure 2.1: Histogram of target variable (20000 houses)

In order to visualize this data a histogram of the target variable is produced in figure 2.1. This histogram
shows a long right tail, and an exceptional number of extreme values, making the data hard to model.
In 2.2 a correlation heatmap is shown of the features. Especially interesting here is that the feature
MedInc has a high correlation with the target variable MedHouseVal. From this, one could assume that
the feature MedInc has a high importance in determining the median house value.

As seen in Figure 2.1, the distribution of this data is far from standard, and thus a complex model is
chosen to optimally produce predictions. The machine learning model that was chosen to model this



2.2. Explanation methods 5

Figure 2.2: Correlation of the features

data is a random forest [2], since this is a relatively fast model, but is not easily interpretable. This is
a machine learning technique that constructs an ensemble of decision trees. Each tree is trained on
a subset of data, with random subsets of features considered at each split. This promotes diversity
among the different trees. The prediction is then procured by averaging the result of all these decision
trees. This approach is used to create a more stable prediction and reduce variance in a noisy set.

Furthermore, in order to build a machine learning model, the data has to be split into a training set and
a test set.There are multiple theories on the optimal train-test split of data. A commonly used ratio is
80:20%, which draws its justification from the Pareto distribution i.e. that 80% of the outcomes are due
to 20% of the causes. However there are multiple papers claiming different optimal splits, in particular,
50-75% for the training set [3] and 50% [4]. Since there does not seem to be agreement on the optimal
split, for this dataset a split of 70:30% will be used.

2.2. Explanation methods
The process of machine learning has a wide range of applications, and its strength lies in the machines
ability to learn from the data. However, the interpretability of the model can differ a lot depending on
the type of model chosen. Namely for linear regression and decision trees it is quite transparent what
happens to the data, and which features are the most important. On the contrary for models such as
random forests or neural networks, that are based on the premise of mimicking the processes in the
human brain, it is not clear what goes on inside the model, a so-called black box model. Since for these
models it is hard to see what the predictions are based on, it is important to find a way to also make
these models interpretable.

An explanation tries to relate the feature values of an instance to the model prediction in a humanly
understandable way. There are certain desirable properties that make a good explanation. Molnar [5]
has compiled an extensive list of these properties, here is a small summary:

• Fidelity: the measure of how well the explanation approximates the prediction of the model. This
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is important because an explanation with low fidelity is does not do a good job in explaining the
machine learning model.

• Consistency: themeasure of howmuch the explanation remains unchanged if themodel is slightly
changed. For example, if two different models are trained, a high consistency would mean that
the two explanations are similar.

• Stability: the measure of how much the explanation changes when a similar instance is used.
When two instances are almost the same, an explanation is stable if the two explanations are
also similar.

• Comprehensibility: how well humans are able to understand the explanations. An example could
be how many features are used in the explanation.

• Certainty: Most statistical methods also provide confidence intervals. When a model generates
predictions with wide intervals, it indicates that themodel is uncertain about the input. This reveals
potential weaknesses the model has in handling that specific instance. In contrast, most machine
learning models do not create confidence intervals. Thus, an additional desirable property for an
explanation method is how well an explanation reflects the certainty the model has in a prediction.

These properties are what categorize a good explanation method. In the next chapter one of these
explanation methods is discussed.



3
Shapley values

In chapter 2 it was shown that a machine learning model can be represented by a function 𝑓 on a
high dimensional space ℝ𝑛. One of the possible explanation methods for this function are the Shapley
values. This is a technique used to interpret the model predictions of machine learning model 𝑓 for
individual instances. As seen in Chapter 2, this function 𝑓 maps inputs x ∈ ℝ𝑛 to the target variable 𝑦.
The Shapley values aim to explain how 𝑓 produces this particular output, for a specific x. Thus these
explanations do not focus on explaining the whole model. Rather, they zoom in on a single instance
and explain how a model has come to that specific prediction. This is called a local explanation method.

The theory behind the Shapley values stems from cooperative game theory. These values were devised
to calculate the contribution of each player, to the value of a game in order to distribute a fair payout.
This can be applied to machine learning by viewing the features as the players and the value of the
game is the output of the machine learning model.

Applying this to a concrete example is done by looking at a prediction for a fixed x and trying to explain
how each feature value contributes for this specific x. The value in this case is the difference between
the prediction for the fixed x and a sensible prediction in case x were unknown. For example in house
pricing, a house is predicted to have a value of 300 000, given that the average house price is 310 000.
Then the Shapley values would have to explain a difference in price of -10 000, as our predicted house
is worth 10 000 less than the expected, or average, house price.

For our fixed x we could have the feature values that the house is 50𝑚2 which contributes -30 000, that
it is an apartment which contributes -20 000, and that it has a park nearby which contributes 40 000,
then the total sum is:

300000 − 310000 = −30000 − 20000 + 40000 = −10000.

This could be one explanation for the predicted value, but how to choose the contributions, as there
are many available? One answer to this question was found in 1985 by Lloyd Shapley, who derived
the following formula [6]:

𝜙𝑖 = ∑
𝑆⊆𝑁⧵{𝑖}

|𝑆|!(|𝑁| − |𝑆| − 1)!
|𝑁|! (𝑣𝑥(𝑆 ∪ {𝑖}) − 𝑣𝑥(𝑆))

This formula represents the Shapley value, for a fixed 𝕩, for one feature, and is given by the weighted
average of the contributions to all possible subsets of features. This formula looks quite complex, but
it can be broken down into more understandable pieces:

• 𝑣𝑥(𝑆 ∪ {𝑖}) − 𝑣𝑥(𝑆): This term represents the difference between including feature 𝑖 in a certain
subset and not yet including it, in other words the marginal contribution that a feature 𝑖 has to a
subset of features. This is done by applying the previously defined model function 𝑓 to the subset
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8 3. Shapley values

𝑆 of features, plus feature 𝑖, and subtracting this from applying the model to just the features in
𝑆. The idea behind the function 𝑣𝑥 is to first transform the subset of features to the feature space
of all features. Then the machine learning function 𝑓 is applied. There are multiple ways this
transformation can be defined, and two different ways to define this value function will be given
in section 3.2.1.

• ∑𝑆⊆𝑁⧵{𝑖}: This part represents the sum over all over all possible subsets of features (coalitions) 𝑆
without the feature 𝑖.

• |𝑆|!(|𝑁|−|𝑆|−1)!
|𝑁|! : This is the weight that each coalition is assigned, this weight is dependent on the

number of features in 𝑆 and is defined by the number of permutations of features that have 𝑖 on
the |𝑆|-th place. To ensure that the Shapley values sum up to 1, this weight is then divided by
|𝑁|!, a proof for this can be found in Appendix A. This implies that the coalitions: 𝑆 = {∅} and
𝑆 = 𝑁⧵{𝑖} get the greatest weight. The idea behind this is that if the subset is small, you can learn
a lot about the contribution of a feature in isolation. Furthermore if a subset is big it is possible to
learn a lot about the feature specific to the prediction. However if a subset only consists of half
of the features, less can be learned about the contribution of the feature, since there are many
different subsets consisting of half the features.

3.1. Properties
In Chapter 2 certain desirable properties were mentioned for an explanation method. This section
highlights properties that the Shapley values have, and how these properties combined can categorize
the Shapley values as ’fair’.

3.1.1. Local Accuracy
One of these properties is the local accuracy property, which coincides with the fidelity property in
chapter 2. This property states that the sum of all the Shapley values should be the total difference
between the expected value and the predicted value. This means that the explanation should always
match the prediction so the sum of the Shapley values for a fixed x, should be the difference between
the prediction for x and the average over all predictions of a dataset. Represented mathematically:

𝑛

∑
𝑖=1
𝜙𝑖 = 𝑓(x) − 𝔼[𝑓(𝑋)] = 𝑣𝑥(𝑁)

so, expanding the left term, this reads:

𝑛

∑
𝑖=1

∑
𝑆⊆𝑁⧵{𝑖}

|𝑆|!(|𝑁| − |𝑆| − 1)!
|𝑁|! (𝑣𝑥(𝑆 ∪ {𝑖}) − 𝑣𝑥(𝑆)) = 𝑣𝑥(𝑁)

Thus, the goal is to prove that the sum of all the Shapley values is equal to the value of 𝑣𝑥(𝑁). The first
step is to write the left side as a difference of two positive sums:

𝑛

∑
𝑖=1

∑
𝑆⊆|𝑁|⧵{𝑖}

|𝑆|!(|𝑁| − |𝑆| − 1)!
|𝑁|! 𝑣𝑥(𝑆 ∪ {𝑖}) −

𝑛

∑
𝑖=1

∑
𝑆⊆𝑁⧵{𝑖}

|𝑆|!(|𝑁| − |𝑆| − 1)!
|𝑁|! 𝑣𝑥(𝑆).

Observe that since there is a summation over all Shapley values almost all combinations of features
𝑆 occur on both the positive term and the negative term. Thus almost all terms cancel each other out
due to the symmetry of the positive and negative terms. Only 𝑣𝑥(𝑁) (only on the positive term when
𝑆 = 𝑁 ⧵ {𝑖}) and 𝑣𝑥(∅) (only on the negative term when 𝑆 = ∅) do not occur on both terms.

Now notice that a certain combination of features 𝑆 on the positive term appears |𝑆| times with the
coefficient:

(|𝑆| − 1)!(|𝑁| − |𝑆|)!
|𝑁|! ,
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(since the length is |𝑆|−1). Then observe that on the negative term this combination appears |𝑁|− |𝑆|
times with the coefficient:

|𝑆|!(|𝑁| − |𝑆| − 1)!
|𝑁|! .

Now comparing these two terms:

|𝑆| ⋅ (|𝑆| − 1)!(|𝑁| − |𝑆|)!|𝑁|! = |𝑆|!(|𝑁| − |𝑆|)!
|𝑁|!

(|𝑁| − |𝑆|) ⋅ |𝑆|!(|𝑁| − |𝑆| − 1)!|𝑁|! = |𝑆|!(|𝑁| − |𝑆|)!
|𝑁|! .

Since the coefficients are the same on both sides all these terms cancel out, leaving just the contribu-
tions of 𝑣(𝑁) and 𝑣(∅). Next it is possible to discern that:

𝑣𝑥(∅) = 𝔼[𝑋] − 𝔼[𝑋] = 0.

Since everything else cancels, all that remains is to calculate the contribution of 𝑣𝑥(𝑁):

𝑛

∑
𝑖=1

(|𝑁| − 1)!
|𝑁|! 𝑣𝑥(𝑁) =

𝑛

∑
𝑖=1

1
𝑛𝑣𝑥(𝑁) =

𝑛
𝑛𝑣𝑥(𝑁) = 𝑣𝑥(𝑁).

And thus the Shapley values satisfy the local accuracy property, proving that these values have a high
fidelity.

3.1.2. Missingness
The missingness property states that if a feature does not contribute in the prediction, i.e. it does not
contribute in any coalition, it should get a Shapley value of 0. Mathematically:

∀𝑆 ⊆ 𝑁 ⧵ {𝑖} ∶ 𝑣𝑥(𝑆 ∪ {𝑖}) = 𝑣𝑥(𝑆) ⟹ 𝜙𝑖 = 0

This property avoids giving importance to features that do not impact the machine learning function 𝑓,
which is important for fairness in explanations. This property is a direct consequence from the Shapley
value formula, and holds no matter which interpretation of the value function is taken.

3.1.3. Consistency
The consistency property states that if the machine learning function 𝑓 changes, and thus the value
function 𝑣𝑥 changes, then if a feature becomes more important in the changed model, its Shapley value
should also be higher. This ensures that the Shapley values provide a consistent explanation of the
behaviour of a feature, even if the architecture of a model changes.

Represented mathematically: imagine there are two models, with corresponding value functions 𝑣 and
𝑣∗. If for every subset 𝑆 ⊆ 𝑁 holds:

𝑣𝑥(𝑆 ∪ {𝑖}) − 𝑣𝑥(𝑆) ≥ 𝑣∗𝑥(𝑆 ∪ {𝑖}) − 𝑣∗𝑥(𝑆)

then
𝜙𝑖(𝑁, 𝑣) ≥ 𝜙∗𝑖 (𝑁, 𝑣)

This property also follows directly from the Shapley value formula. Thus the Shapley values have
three desirable properties. According to Shapley [6], these three properties provide a fair interpretable
method for distributing contributions among features.
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3.2. Value function
An essential part of the Shapley formula is the value function. As mentioned before, using a machine
learning model for only a subset of features is not possible. In order to combat this, the value function
𝑣𝑥 contains a transformation of 𝑆 to the feature space of ℝ𝑛. After this transformation the machine
learning function 𝑓 can be applied. There are different ways to define this transformation, both of which
lead to different definitions of the value function.

First of all, note that in the case that 𝑆 = 𝑁, no transformation is needed, and thus this can be directly
defined as:

𝑣𝑥(𝑁) = 𝑓(𝑥) − 𝔼[𝑓(𝑋)].

Note that since the Shapley values are calculated by examining the difference with the expected value,
this needs to be subtracted in the value function. Furthermore, in the case where 𝑆 = ∅ there are no
features, and thus the value function can be defined as:

𝑣𝑥({∅}) = 𝔼[𝑓(𝑋)] − 𝔼[𝑓(𝑋)] = 0.

These two values do not use a transformation, and thus are always the same. However, for the other
subsets this is not the case.

3.2.1. Value function by distribution
The first way to define the value function, is by integrating over the unknown values by using the
distribution of 𝑋:

𝑣𝑥(𝑆) = ∫𝑓(𝑥1, 𝑥2, ..., 𝑥𝑛) dℙ𝑥∉𝑆 − 𝔼[𝑓(𝑋)].

In words, in order to cope with the problem that we only want to insert the actual 𝑥-components cor-
responding to the index set 𝑆, the features not in S should be integrated over their distribution to find
the partial expected value with respect to those features. Thus the transformation in this case is to
integrate 𝑓 over the distribution for the features not in 𝑆.

The problem in the machine learning world is that the distribution of features is unknown or difficult to
approximate. So it is not possible to integrate over the distribution of a certain feature, since only the
data actually obtained are known.

3.2.2. Monte Carlo Method
Fortunately there exists a way to let computers approximate an integral without having access to the
distributions, namely by Monte Carlo integration. This theory can be applied to calculating Shapley
values by taking random instances out of the data, since these data are available.

In order to calculate this through Monte Carlo, the machine learning function 𝑓, the instance to be
explained, a fixed 𝑥, and access to the data is needed. From this data a random instance, or row, 𝑧
is taken. Then, in order to cope with the problem that we only want to insert the actual 𝑥-components
corresponding to the subset of features 𝑆, a combination is made between the fixed 𝑥, and the random
instance 𝑧.

Then to find the value function of a certain subset 𝑆 we make a combination between the instance to
be explained and the random prediction 𝑧. Namely for all the features in the coalition 𝑆, take the value
from 𝑥, and all the features not in the coalition 𝑆 take the value from 𝑧. The value function then comes
from averaging all the values that come from taking different data points 𝑧.

For example assume that a model uses four features for a prediction, and we want to determine the
value function of 𝑆 = {1, 3}, this gives:

̂𝑓𝑚({1, 3}) = ̂𝑓(𝑥1, 𝑧2, 𝑥3, 𝑧4),
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where each 𝑚 is given by a different random data instance 𝑧. Now we take 𝑀 different instances from
the data 𝑧, and calculate the average to find the value function for 𝑆 = {1, 3}:

𝑣({1, 3}) = 1
𝑀

𝑀

∑
𝑚=1

̂𝑓𝑚({1, 3}) − 𝔼[𝑓(𝑋)].

Note that, as before, the expected value is subtracted from this average. This is because the Shapley
values attempt to explain the feature importance by looking at the difference between the predicted
output and the expected output, so this always needs to be subtracted. It may seem logical to also
approximate this term 𝔼[𝑓(𝑋)] by an average, however this is unnecessary since to calculate Shapley
values, two value functions are subtracted from each other. This causes the expectation term to cancel
out.

With this definition the first implementation in Python of the Shapley values can be given. Using the
data from Section 2.1, the Shapley values can be used to analyse the predictions of a random forest
model predicting the median house value of a block.

Figure 3.1 represents a waterfall plot of the Shapley values for a certain instance where the predicted
median house value is $274,300, and the expected house price is $207,200. The bottom of a waterfall
plot starts as the expected value of themodel output, this is approximated by the average of all predicted
house prices. Then each row shows how the negative (blue) or positive (red) contribution of each
feature moves the value from the expected model output to the model output for this instance. On the
left side the features are given with the corresponding feature values for this instance 𝑥. These Shapley
values have been calculated based on 100 different random data instances 𝑧 per coalition, so in this
case 𝑀 = 100.

The biggest result of this waterfall plot is that MedInc seems to be the most important feature, after
that Latitude and Longitude also play a, albeit a lot smaller, role. Here Longitude affects the prediction
positively and Latitude negatively according to the calculated Shapley values. The other features seem
less important for this prediction, according to this explanation.

Figure 3.1: Waterfall plot of Shapley values using Monte Carlo Method



12 3. Shapley values

3.3. Shapley values for Linear Regression
SHAP is a model-agnostic method, meaning it can be applied to any type of machine learning model.
In order to get a better feeling for the Shapley values, the first step is to show how these values are
calculated using an interpretable model, namely linear regression. Given the function for linear regres-
sion:

𝑦 = 𝑏0 + 𝑏1𝑥1 + ... + 𝑏𝑛𝑥𝑛
how can the Shapley value formula:

𝜙𝑖 = ∑
𝑆⊆𝑁⧵{𝑖}

|𝑆|!(|𝑁| − |𝑆| − 1)!
|𝑁|! (𝑣𝑥(𝑆 ∪ {𝑖}) − 𝑣𝑥(𝑆))

be applied to this function?

To give a feeling how this works, it is possible to zoom in on the marginal contribution: 𝑣(𝑆∪{𝑖})−𝑣(𝑆).
Take for example 𝑆 = ∅, then this difference becomes:

𝑣𝑥({𝑖}) − 𝑣𝑥({∅}) = 𝑏0 + 𝑏1𝔼[𝑋1] + ... + 𝑏𝑖𝑥𝑖 + ... + 𝔼[𝑋𝑛]
− (𝑏0 + 𝑏1𝔼[𝑋1] + ... + 𝑏𝑖𝔼[𝑋𝑖] + ... + 𝑏𝑛𝔼[𝑋𝑛])
= 𝑏𝑖(𝑥𝑖 − 𝔼[𝑋𝑖])

(3.1)

Thus the marginal contribution in this case is 𝑏𝑖(𝑥𝑖 − 𝔼[𝑋𝑖]). Now note that since the linear regression
equation is linear, the marginal contribution for an arbitrary set 𝑆 becomes:

𝑣𝑥(𝑆 ∪ {𝑖}) − 𝑣𝑥(𝑆) = 𝑣𝑥(𝑆) + 𝑣𝑥({𝑖}) − 𝑣𝑥(𝑆) = 𝑣𝑥({𝑖}) − 𝑣𝑥({∅}),

since as seen in section 3.2.1 𝑣𝑥({∅}) and thus the difference seen in equation 3.1 holds for every set
𝑆. Thus the Shapley formula becomes:

𝜙𝑖 = ∑
𝑆⊆𝑁⧵{𝑖}

|𝑆|!(|𝑁| − |𝑆| − 1)!
|𝑁|! 𝑏𝑖(𝑥𝑖 − 𝔼[𝑋𝑖])

= 𝑏𝑖(𝑥𝑖 − 𝔼[𝑋𝑖]) ∑
𝑆⊆𝑁⧵{𝑖}

|𝑆|!(|𝑁| − |𝑆| − 1)!
|𝑁|!

= 𝑏𝑖(𝑥𝑖 − 𝔼[𝑋𝑖]).

Proof that the sum: ∑𝑆⊆𝑁⧵{𝑖}
|𝑆|!(|𝑁|−|𝑆|−1)!

|𝑁|! is indeed 1, can be found in Appendix A.

Consequently for linear regression a quick way is found to calculate the Shapley values for each feature.
However, this only works because the model is linear but for other models, different techniques need
to be used to find the Shapley values.



4
SHAP

In chapter 3 the formula for Shapley values was introduced, with certain properties. SHAP (Shap-
ley Additive Explanations) focuses on the application of Shapley values to machine learning. To be
clear, there is no big difference to SHAP and Shapley values, SHAP just brings new and more modern
techniques in order to calculate the Shapley values quicker. In this chapter two different methods are
introduced that were developed specifically to calculate Shapley values.

4.1. Monte Carlo Method by Permutation
As seen in section 3.2.2, the value function can be approximated through a Monte Carlo method. How-
ever, as the number of features increases, the number of possible subsets also increases exponentially.
This leads to longer running times to calculate all the value functions for each subset, increasing expo-
nentially with each additional feature. In order to combat this a second type of Monte Carlo estimation
can be used.

One could assume that in order to utilize less coalitions, it is possible to take random subsets of features.
However, in practice, then applying the Shapley weights to these random subsets is not trivial, since
one of the useful identities of using all possible coalitions is that the weights sum up to 1. By picking a
limited amount of coalitions, this identity is lost and the requirements of Shapley values are not fulfilled.

A different way to approximate the Shapley values through Monte Carlo estimation was defined by
Strumbelj et al.[7], using permutations. Going back to the game theoretical definition of Shapley values,
these weights can be derived by looking at all possible permutations. Then coalitions can be formed
by looking at a specific feature in this permutation, and including all features before this feature in the
coalition, and the other features are not in the coalition. Since in a coalition the order does not matter,
some coalitions occur more often than others, and this distribution is the same as with the Shapley
weights.

The Monte Carlo process of finding the Shapley value of feature 𝑖 of instance 𝑥, given the machine
learning model 𝑓 and the number of iterations 𝑀, is applied using the following steps:

1. Draw a random instance, or row, 𝑧 from the data.

2. With 𝑁 the number of features, choose a random permutation 𝑜, and order both 𝑥 and 𝑧 accord-
ingly:

- 𝑥0 = (𝑥1, ..., 𝑥𝑖 , ..., 𝑥𝑁)
- 𝑧0 = (𝑧1, ..., 𝑧𝑖 , ..., 𝑧𝑁)

Thus the coalition consists of the features 𝑥1 until 𝑥𝑖.
3. Construct two new instances, this is the same principle as the Monte Carlo estimation for the

value function, for every feature in the coalition keep the value of 𝑥, and every feature not in the

13
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coalition use the value of 𝑧. Since the goal is to find the contribution of feature 𝑖, construct two
new instances, one with the value of 𝑥 for feature 𝑖, and the other without:

- 𝑥+𝑖 = (𝑥1, ..., 𝑥𝑖−1, 𝑥𝑖 , 𝑧𝑖+1, ..., 𝑧𝑁)

- 𝑥−𝑖 = (𝑥1, ..., 𝑥𝑖−1, 𝑧𝑖 , 𝑧𝑖+1, ..., 𝑧𝑁)

4. Reorder the two instances according to the original feature order, apply the machine learning
function to the two instances, and find the marginal contribution by subtracting them:

𝜙𝑚𝑖 = 𝑓(𝑥+𝑖) − 𝑓(𝑥−𝑖)

5. Approximate the Shapley value by computing the average over all marginal contributions:

𝜙𝑖 =
1
𝑀

𝑀

∑
𝑚=1

𝜙𝑚𝑖

The biggest difference between this method and the previously explained Monte Carlo method in Sec-
tion 3.2.2, is that this one does not need all subsets of features, and thus defines a more efficient way
of calculating Shapley values.

Using the same instance as in Section 3.2.2, using this Monte Carlo algorithm yields the following
Shapley values in Figure 4.1.

Figure 4.1: Waterfall plot of Shapley values using second Monte Carlo Method.

While it has slightly different values, the waterfall plot in Figure 4.1, does seemmostly similar to the one
created in Figure 3.1. For example the most important feature by far is still MedInc, and after that a lot
less important are Latitude and Longitude. The differences are mostly in the less important features,
according to this calculation of Shapley values. These Shapley values have been calculated using
10,000 total iterations.
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4.2. Kernel SHAP
This thesis has already detailed that Shapley values can be approximated via two different Monte Carlo
methods. However, Shapley values can also be approximated by using different machine learning
techniques, one of these techniques results in Kernel SHAP. This method combines the Shapley values
theory with linear regression.

4.2.1. LIME
In order to further explain Kernel SHAP, first we take a step back and look at a very similar method
in Machine Learning: LIME (Local Interpretable Model-Agnostic Explanations) [8]. The idea behind
LIME is to create an interpretable model to explain how a non-interpretable model comes to each
explanation 𝑥. This is a version of a surrogate model, which is a model that uses interpretable models
to approximate black box models. LIME does this locally, thus just like the Shapley values, it creates a
different surrogate model for each explanation of the data. Examples of interpretable models could be
linear regression, or decision trees.

LIME attempts to find these surrogate models by looking at how differences in data affect the prediction.
The method behind this is: start only with the instance 𝑥 to be predicted, and the black box function
𝑓. Then it is possible to input different data points into the black box model, and LIME tests what
happens when variations of data are given into this model. This creates a new dataset, with different
perturbations of data leading to different predictions. Then each perturbation is weighted, based on
the distance between this perturbation, and the instance to be explained 𝑥. Then, based on this new
dataset a weighted interpretable model can be trained. The final step is to explain the prediction by
interpreting the model.

Mathematically this model is created by minimizing:

�̂�(𝑥) = arg min𝑔∈𝒢𝐿(𝑓, 𝑔, 𝜋𝑥) + Ω(𝑔).

As seen by this formula the goal of LIME is to find the explanation function 𝑔, this 𝑔 represents an
interpretable model, for example a linear regression model or decision tree. 𝒢 is a collection of all
interpretable models. The goal of the explanation function 𝑔 is to minimize the loss, which measures
how close the explanation of 𝑔 is to the prediction from the black box model. 𝑓 is the black box model,
and 𝜋𝑥 is the weight given to each variation or perturbation of data, depending on the distance to 𝑥.
Ω(𝑔) is a penalty given to the model complexity of 𝑔, for example it is often preferred to have fewer
features in an explanation model, so Ω would be lower in this case.

In particular, if a linear regression model is chosen as the explanation function 𝑔, then the LIME model
would be a form of:

𝑓(𝑥) ≈ 𝑔(𝑧′) = 𝑏0 +
𝑀

∑
𝑖=1
𝑏𝑖𝑧′𝑖 .

In this formula 𝑧′ is a vector of indicators in {0, 1}𝑀, which indicates if a feature is used in the explanation
model, and M is the total number of features. 𝑏𝑖 is the weight given to each feature included in the
explanation model.

The biggest question in the LIME model, is how to weight the different variations or perturbations of the
data. For example, it seems logical to give a high weight to the variations that are close to the fixed
instance to be explained 𝑥.

4.2.2. Kernel SHAP
Kernel SHAP [9] gives an answer to the last question from LIME. Namely, Kernel SHAP proposes to use
weighted linear regression as an explanation function. The weights associated with this weighted linear
regression were still unclear in the LIME model from the previous section, but Kernel SHAP proposes
to give the Shapley weight distribution to the different variations or perturbations of the data. The theory
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behind this is that solving this specific LIMEmodel gives us a new, and quicker way to calculate Shapley
values, as linear regression is applied to find Shapley values. The model then becomes:

𝑔(𝑧′) = 𝜙0 +
𝑁

∑
𝑖=1
𝜙𝑖𝑧′𝑖 ,

where 𝜙𝑖 is the Shapley value of feature 𝑖. In order to find these 𝜙’s we apply the following method:

1. First, sample random 𝑧′𝑘 ∈ {0, 1}𝑁 with 𝑘 ∈ {1, ..., 𝐾}. Thus sampling 𝐾 random coalitions of
features, where a 1 indicates the feature is used and for 0 it is not. This is random in such a way
that each feature has a 50% chance of being included.

2. Then convert the 𝑧′𝑘 to the original feature space by taking ℎ𝑥(𝑧′𝑘). This is done by mapping the 1’s
to the corresponding feature value in 𝑥 and mapping the 0’s to a random value from the marginal
distribution.

3. Now apply the machine learning model 𝑓(ℎ𝑥(𝑧′𝑘)).
4. Lastly, compute the weight of 𝑧′𝑘 by using the SHAP kernel. This results in the following weight

based on the number of 1’s in 𝑧′𝑘, also the 𝐿1-norm of 𝑧′𝑘:

𝜋(𝑧′) = (𝑁 − 1)
( 𝑁|𝑧′|)|𝑧

′|(𝑁 − |𝑧′|)

After following this algorithm n times, a dataset can be created with the different perturbations of data,
their predictions and the corresponding weights. Then it is possible to apply the linear regression model
to that dataset by minimizing the following loss:

𝐿(𝑓, 𝑔, 𝜋) = ∑
𝑧′∈𝑍

[𝑓(ℎ𝑥(𝑧′)) − 𝑔(𝑧′)]2𝜋(𝑧′)

where 𝑔(𝑧′) = 𝜙0 + ∑
𝑁
𝑖=1 𝜙𝑖𝑧′𝑖 .

4.2.3. Shapley Weights
As mentioned before Kernel SHAP uses a weighted linear regression, with the following weights rep-
resenting the Shapley weights:

𝜋(𝑧′) = (𝑁 − 1)
( 𝑁|𝑧′|)|𝑧

′|(𝑁 − |𝑧′|)
.

However, with these weights taking |𝑧′| = 0 or |𝑧′| = 𝑀, results in this weight being infinite. Since
infinite weights can not be applied in machine learning, these weights are applied by adding two extra
constraints to the model:

1. The first constraint describes what happens when |𝑧′| = 𝑁 and states that the local accuracy still
holds:

𝑓(𝑥) =
𝑛

∑
𝑖=1
𝜙𝑖 .

2. The second constraint describes what happens when |𝑧′| = 0 and states that:

𝜙0 = 𝔼[𝑓(𝑋)]

Instead of adding these constraints,in a machine learning setting it is also possible to, in case of infinite
weights, make the weights arbitrarily high. Ensuring that by default these constraints are implied.
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Figure 4.2: Waterfall plot of Shapley values using Kernel SHAP Method.

4.2.4. Implementation in Python
Applying the Kernel SHAP algorithm in Python yields a waterfall plot that can be seen in Figure 4.2.
This figure again uses the same fixed instance 𝑥 as in Figure 3.1 and Figure 4.1. Again, while the
values are not completely the same, the features that are the most important are consistent with earlier
results.

4.2.5. Regularization
Since Kernel SHAP is in a linear regression setting, it is possible to use different adaptations that can
also be applied to linear regression, such as regularization. In this case, it is possible to regularize the
least squares solution through Lasso:

𝐿( ̂𝑓, 𝑔, 𝜋) = ∑
𝑧′∈𝑍

[ ̂𝑓(ℎ𝑥(𝑧′)) − 𝑔(𝑧′)]2𝜋(𝑧′) + 𝜆
𝑀

∑
𝑖=1
|𝜙𝑖|

This signifies that a penalty parameter 𝜆 is added to the loss function for all coefficients. Therefore
given that the penalty term (𝜆) is high enough, coefficients can become 0, and the explanations are
more interpretable. When a model consists of a lot of features this is especially useful, since the least
important features are eliminated, making the model more interpretable. The parameter 𝜆 controls the
strength of the regularizing effect, and can be tuned by cross-validation.

The Kernel SHAP method in Python also has built-in Lasso regularization, thus an explanation can
also be made using only four features as shown in Figure 4.3. The biggest difference between this
regularized explanation and the explanation in Figure 4.2, is that this explanation only consists of four
features, instead of 8. The values of the 4 most important features are almost the same as in Figure
4.2.
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Figure 4.3: Waterfall plot of Shapley values using Kernel SHAP Method with Regularization



5
Implementation

In previous chapters three different methods have been introduced to approximate Shapley values: two
different Monte Carlo methods and Kernel SHAP. A summary of applying these three methods to the
same instance can be seen in Figure 5.1. At first glance, these three waterfall plots look quite similar.
All of them place the highest importance on the features MedInc, Longitude and Latitude.

(a) Monte Carlo Value Distribution (b) Monte Carlo through Permutation

(c) Kernel SHAP

Figure 5.1: Results of three different ways to calculate Shapley values for the same instance

However, there are still differences between the three figures, for example the exact Shapley value of
MedInc, or the order of the smaller Shapley values. When working with Monte Carlo methods, a way
to increase the accuracy could be to increase the number of iterations. However, while the results do
become slightly more stable, since the Monte Carlo methods are less efficient, the computation times
also rise drastically.

19
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Furthermore, even though the Monte Carlo results become more stable they do not necessarily con-
verge exactly to the Kernel SHAP calculation. Still, while the values may not agree exactly, in broad
terms the explanations are still very similar. Also, since all three are valid explanations, it is difficult to
check which explanation is the best. Nevertheless, one would assume that with a very high number of
iterations, the explanation would resemble the true Shapley values the closest.

Monte Carlo Value Distribution 1165 seconds
Monte Carlo through Permutations 1045 seconds

Kernel SHAP 18.31 seconds

Table 5.1: Computation times of the three methods

In table 5.1 the computation times are given that were needed to produce the figures in Figure 5.1.
This table shows that Kernel SHAP is by far the quickest computation method (more than 50 times
quicker). Furthermore, there is not a big difference between the Monte Carlo methods, but this could
be due to the fact that the California dataset only has 8 features. Therefore, the amount of coalitions is
still feasible, and thus the amount of iterations for both Monte Carlo Methods can be similar. However,
since this is quite a small dataset with a limited amount of features, it is also interesting to see the
performance of these methods on a bigger dataset with more features. The main goal of applying
the Shapley techniques to a bigger dataset is to see if the three methods are still feasible, and again
produce similar results.

5.1. Ames Housing Data
To see how the Shapley values behave with more features, a different model is used: the Ames housing
dataset. This dataset consists of detailed information about residential properties in Ames, Iowa. The
dataset is a widely-used dataset in data science and machine learning, mainly because of its many
features. It includes over 80 attributes that describe various aspects of the houses such as size, number
of rooms, neighborhood, year built, and other physical attributes. The target variable corresponding to
these features is the Sale Price.

Figure 5.2: Histogram of target variable Sale Price
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In order to get a better feeling for the data some visualizations were made. In Figure 5.2 a histogram
is shown of the target variable Sale Price. This histogram has a heavy right tail, showing that there are
many high outliers in this dataset. Furthermore, Figure 5.3 shows the relationship between Sale Price
and a single feature: the living area above ground (GrLivArea). This scatterplot confirms the findings of
the histogram, with two very high outliers, and most of the data concentrated on the lower Sale Price.
Interesting to note is that the more the above ground living area increases, the farther the data points
are spread out.

Figure 5.3: Scatterplot of relation between Sale Price and Above Ground Living Area

One of the reasons why the random forest is so efficient for this data is because they are well-suited for
high dimensional data. Random forests do not require extensive preprocessing or feature selection to
capture complex interactions among many features. Random forests also have an outlier robustness,
meaning they maintain performance, even in a dataset with outliers. Furthermore, they are able to
handle non-linear relationships. Since this data contains outliers, has many features and seems to
behave non-linearly again, a random forest is chosen to model this data.

As this dataset consists of real data a cleaned/preprocessed dataset will be used in this thesis. The
process of cleaning a dataset can consist of removing/replacing missing values, removing duplicates,
removing irrelevant features and encoding categorical variables. Since this dataset also has a lot of
categorical variables, many dummy variables need to be created. Thus after the cleaning process, the
dataset consists of 302 variables.

5.1.1. Monte Carlo Value Function
The first problem with calculating SHAP values for this dataset arises when trying to use the Monte
Carlo value function method. For this method, all combinations need to be considered. However, for
the Ames housing dataset, 302 features means 2302 possible coalitions. It would take too long for a
computer to be able to calculate the value function for all these coalitions, and thus this method is not
feasible for this amount of features.
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5.1.2. Monte Carlo through Permutations
Exactly for this reason, a second Monte Carlo method was developed. This method can still function
despite the many features, since only the number of iterations is required, and it does not have to make
these iterations for every coalition of features.

However, since this dataset contains more features, our machine learning function 𝑓 is more compli-
cated, and thus the model takes longer to execute. Since the main part of the Monte Carlo method
consists of applying the machine learning function to different subsets or permutations of data, the
computation times will also rise. In practice this means that if 1000 iterations are taken, calculating the
Monte Carlo Shapley values takes around 5069 seconds. Effectively, this is around 50 times slower
than for the previous dataset, since for the California dataset 10 000 iterations were taken.

One could argue that since there are more features, and thus more possible permutations, it would
be necessary to have more iterations. In theory, more iterations would then be able to better capture
relationships between features and produce more accurate Shapley values. Even so, 1000 iterations
already takes more than an hour to compute, so the increase in accuracy of the Shapley values would
be insignificant compared to the increase in computation time. Thus the number of iterations was
chosen to remain 1000.

Figure 5.4: Waterfall plot of Shapley values for Ames housing data through Monte Carlo calculation

Taking a specific instance 𝑥 and calculating the Shapley values through Monte Carlo yields Figure
5.4. The average predicted sale price for this dataset is 181412, and this specific house is predicted
to be 214224. Since there are 302 features that contribute in this prediction, the top six features are
chosen to be presented in this plot, and the other features are grouped together. The two main features
contributing to this prediction are GrLivArea (above ground living area), and OverallQual (quality score
of the house based on a score from 1 to 10).

The above ground living area of 2360 contributes the most positively. Checking with the scatterplot in
Figure 5.3 this makes sense, since looking at the houses with a sale price of 214,000 this living area
does seem quite big. Additionally, the the quality of the house (6) contributes the most negatively. This
means that this is quite a low score for this house, and thus affects the sale price negatively.

Then, there are three more features that impact this house positively, namely: LotShape-Reg (this is
a dummy variable and is 0, meaning the house has an irregular shape), LotArea (18450 square feet),
and the porch area (265 square feet). The final feature in this waterfall plot that impacts the sale price
of this house negatively is the square feet of the basement, namely 187 square feet.
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5.1.3. Kernel SHAP
Shapley values for the Ames housing dataset can also be calculated through the Kernel SHAPmethod.
Calculating the Shapley values for a single instance using this method takes around 50 seconds. Figure
5.5 shows the waterfall plot of the Shapley values applied to the same instance as in the previous
section.

Figure 5.5: Waterfall plot of Shapley values for Ames housing data through Kernel SHAP

While there are some small differences, this figure exhibits mostly similarities with the previous finding.
For instance, the same six features are found to be the most important. Small differences include the
order of the most important features, and the Shapley values are not exactly the same, however in
broad terms the values do tend to agree.

5.2. Comparisons
The main goal of applying the Shapley techniques to the Ames housing dataset was to see if the three
methods are still feasible, and again produce similar results. While the amount of features was too
much for the first Monte Carlo method to handle, for the other two methods, the results were indeed
similar, as was also the case with the smaller dataset.

However, a significant difference lies in the computational efficiency of the two methods. The Kernel
SHAP method was markedly faster than the Monte Carlo method for both datasets. This difference
in speed becomes particularly important when dealing with datasets with more features and more in-
stances. After evaluating the results, the two datasets can be compared.

California Housing Dataset: This dataset has fewer features compared to the Ames Housing dataset.
Both Monte Carlo and Kernel SHAPmethods perform efficiently, but Kernel SHAP was still a lot quicker,
making it a preferable choice even for datasets with a low number of features.

Ames Housing Dataset: The Ames Housing dataset contains a larger number of features, which in-
creases the computational benefits of Kernel SHAP. The Monte Carlo method’s performance signifi-
cantly slowed as the number of features increased, while Kernel SHAP maintained its efficiency, com-
pleting the calculations much faster.

In summary, while both methods provide accurate Shapley values, Kernel SHAP’s superior speed,
especially with larger datasets like Ames Housing, makes it a more practical choice for real-world
applications where computational resources and time are critical considerations.





6
Conclusion and discussion

In this thesis, the application of Shapley values as a method for interpreting machine learning models
was explored, delving into their mathematical foundation, computation methods, and practical imple-
mentation. When machine learning models are applied, an explanation can be extracted via multiple
explanatory methods. The Shapley values method seems to be the most suitable method because this
method has a strong theoretic base with desirable properties.

Based on this theory three methods were introduced to calculate Shapley values, two Monte Carlo
methods and Kernel SHAP. These methods were then applied to two different datasets: California
housing dataset and Ames housing dataset. Analyzing confirmed that both methods yield similar re-
sults, validating the correctness of the Shapley values. However, Kernel SHAP was significantly faster,
highlighting its practical advantage in real-world applications where computational efficiency is impor-
tant.

While Shapley values have a strong theoretical base and constitute a comprehensive approach to
model interpretability, several limitations have to be acknowledged.

One of these limitations is the computational complexity of the Shapley values. The exact computation
of Shapley values is often infeasible for models with many features due to the increase in the number
of permutations. Approximate methods like Monte Carlo and Kernel SHAP can work around this, but
can also still be hard to compute for large datasets and complex models.

Another limitation is that feature dependence is not considered when calculating Shapley values. By
replacing feature values with values from random instances, the marginal distribution is sampled. How-
ever, if features are correlated, this leads to putting too much weight on unlikely instances.

An additional limitation is that Shapley values do not provide insight in the inner workings of a black
box model. They explain the output in terms of feature contributions but do not explain the internal
structure of the model, keeping its black-box nature.

Future research can address these limitations by exploring different approaches to overcome these
shortcomings. Some options are: research into more efficient algorithms for Shapley value approxi-
mation, methods for handling feature correlations, and techniques to enhance the insights derived from
Shapley values. These options can all improve the usefulness of Shapley values in practical applica-
tions.

In conclusion, Shapley values are a powerful tool for interpreting machine learning models. They have
a strong theoretical foundation and are easy to understand. The analysis comparing Monte Carlo and
Kernel SHAP methods shows that Shapley values can be integrated into machine learning processes,
with Kernel SHAP being much faster. For future research, by handling the limitations of Shapley values,
it is possible to make machine learning models more transparent and trustworthy.
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A
Summation of Shapley weights

Proof that the sum of Shapley weights is 1:

∑
𝑆⊆𝑁⧵{𝑖}

|𝑆|!(𝑁 − |𝑆| − 1)!
𝑁! =

𝑛

∑
𝑘=1

∑
𝑆⊆𝑁⧵{𝑖}

𝑘!(𝑁 − 𝑘 − 1)!
𝑁!

=
𝑛

∑
𝑘=1

𝑘!(𝑁 − 𝑘 − 1)!
𝑁! ⋅ (𝑁 − 1𝑘 )

=
𝑛

∑
𝑘=1

𝑘!(𝑁 − 𝑘 − 1)!
𝑁! ⋅ (𝑁 − 1)!

𝑘!(𝑁 − 𝑘 − 1)!

=
𝑛

∑
𝑘=1

1
𝑁 = 1.

29





B
Code

For the implementation of the random forest to the dataset the following code was used:
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32 B. Code

For the Monte Carlo value function method the following code was used:
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34 B. Code

For the Monte Carlo method through permutations the following code was used:
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36 B. Code

For the Kernel SHAP method the following code was used:
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