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Calculating S-Parameters and Uncertainties of
Coaxial Air-Dielectric Transmission Lines

Faisal Ali Mubarak , Member, IEEE, Vincenzo Mascolo , Faizan Hussain ,
and Gert Rietveld , Senior Member, IEEE

Abstract— Closed-form solutions are presented for calculat-
ing the reflection coefficient with corresponding uncertainty of
metrology-grade 3.5 mm air-dielectric coaxial transmission lines
for use as reference standards in S-parameter measurements up
to 33 GHz. The closed-form solutions allow the calculation of the
sensitivity coefficients required for calculating the propagation
of uncertainties from the material and mechanical parameters
of the transmission line toward its reflection coefficient uncer-
tainties. The presented uncertainty framework evaluates every
uncertainty source’s contribution, with uncertainties in reflection
coefficient ranging from 1 · 10−3 up to 6 · 10−3. The approach
is validated up to 33 GHz via a comprehensive measurement
comparison of the reflection coefficient parameter for three
3.5 mm transmission lines with 16, 60, and 150 mm lengths.
The values obtained by the proposed model agree well within
the measurement uncertainties with known traceable calibration
results of the transmission lines.

Index Terms— Coaxial transmission line, precision air line,
S-parameters, vector network analyzer (VNA), VNA traceability.

I. INTRODUCTION

COAXIAL air-dielectric transmission lines are widely used
as the basis for traceable S-parameter measurements [1],

[2], [3], [4], [5]. The characteristic impedance and propagation
constant of the transmission line are the principal properties
used in vector network analyzer (VNA) calibrations. The
measurement accuracy of such line-based calibration meth-
ods is fundamentally set by the behavioral model of the
transmission line and its ability to account for transmission
line imperfections, i.e., the nonuniform diameter of the outer
and inner conductors, the losses, the imperfect connectors,
and the applied mounting techniques [6], [7], [8]. Taking
the uncertainties caused by these error sources correctly into
account is of absolute importance for achieving metrology-
grade S-parameter measurements.

Identifying imperfections of coaxial connectors formed a
significant milestone in coaxial S-parameter metrology and
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led to higher accuracy measurements. Several researchers
identified connector pin-gap errors and investigated the impact
of these errors on S-parameter measurements [8], [9], [10].
Advanced mounting methods to control the center conductor
position are needed to avoid connector errors with coaxial
air-dielectric transmission lines [8].

Over the decades, many works have developed behavior
models for estimating transmission line S-parameters, inter-
connecting high-frequency electrical properties to geometrical
and material parameters of the transmission line [11], [12],
[13]. Here, [11] reported distributed circuit component values
for transmission lines with nominal dimensions. However, the
method does not directly account for nonideal transmission
line properties, so electrical measurements-based techniques
were suggested to estimate measurement residuals caused by
conductor losses and nonideal connections. This approach is
not sufficient for reaching present state-of-the-art S-parameter
measurement accuracy. In [12], a behavioral model for coaxial
transmission lines using generalized telegraphist equations was
proposed. An equivalent circuit model accounting for inner
conductor eccentricity, diameter variations, and propagation
losses was proposed by [13]. The latter also included a sen-
sitivity analysis of the transmission line propagation constant
and characteristic impedance for various uncertainty sources.
Whereas most behavior models for evaluating S-parameters of
coaxial air-dielectric transmission lines account for the nonuni-
form diameter of the outer conductor, inner conductor, and the
losses, they have not provided the techniques to account for
the connector reflection and mounting effects. This imposes
a significant drawback in implementing the aforementioned
models and can result in substantial systematic measurement
errors. Furthermore, none of the existing behavior models
provide a detailed uncertainty framework for the propagation
of uncertainties from the identified error sources toward the
transmission line S-parameters.

This article aims to fill this gap by developing behavioral
models of connectors and the transmission line segment,
thereby covering all relevant influence factors for transmission
line S-parameters. The models only require users to provide
certain transmission line parameters for calculating the corre-
sponding S-parameters and uncertainties up to 33 GHz. The
behavioral model is based on closed-form solutions for prop-
agating uncertainties of all relevant parameters of a coaxial
transmission line to the corresponding S-parameters uncer-
tainty and thus is able to identify the dominant uncertainty
contributors. The proposed linear covariance-based uncertainty
propagation method is also fully compatible with the widely
used software VNA Tools II [14] developed by METAS,
the Swiss National Metrology Institute, and the FAME VNA
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software by VSL for evaluating S-parameter measurement
uncertainties.

The article is organized as follows. Section II outlines the
traceability path for coaxial air-dielectric transmission lines
at VSL. Then, Section III describes the proposed behavioral
model for the line section of coaxial transmission lines, allow-
ing the computation of the S-parameters and uncertainties of
the line section. Section IV details the behavioral model for the
coaxial connectors for calculating the S-parameter uncertainty
resulting from the connector pin-gap in precision coaxial
connectors of pin and socket type. Finally, in Section V, three
3.5 mm transmission lines are used for an extensive mea-
surement comparison up to 33 GHz of the S-parameters and
uncertainties are determined using the proposed approach and
those from a traceable calibration. This comparison provides a
detailed validation of the new approach of coaxial transmission
line reflection coefficient S-parameters with uncertainties up
to 33 GHz.

II. PATH TO TRACEABILITY

Fig. 1 shows how traceable characterization of 3.5 mm
coaxial air-dielectric transmission lines is realized with the
proposed behavior models of the line segment and the coaxial
connectors of the transmission line. Table I identifies the
coaxial transmission line parameters required for traceable
evaluation of their characteristic impedance [3], [6], whilst
Fig. 1 indicates the techniques for experimentally determining
these parameters. Only Table I parameters shown in bold are
required to solve the proposed closed-form solutions. The
remaining parameters are used to develop the proposed models
as described in Sections III and IV. The remainder of this
section describes how the values of the different parameters
can be determined.

The outer- and inner conductor diameters do and di
are fundamental in calculating the characteristic impedance
of a coaxial transmission line [11], [12]. Both are mea-
sured along the length of the transmission line with an
air gauge measurement system (AGMS) at VSL, a method
also employed by [6]. See Section III-C1 for further details.
The eccentricity ei of the center conductor also affects the
characteristic impedance of a transmission line and is pri-
marily set by the eccentricity of both test-port connectors
eTP1 and eTP2. A calibrated microscope combined with an
image-based eccentricity measurement (IEM) algorithm esti-
mates the eccentricity parameter, detailed in Section III-C3.

Another major parameter affecting the reflection coefficient
is the length of the transmission line. The length of the outer
conductor lo is measured with a 3-D coordinate measuring
machine (3DCMM) at VSL, whilst the inner conductor length
li is measured with coaxial mechanical gauge blocks (MGBs).
Both measurement methods are explained in Section III-C2.
Subsequently, the transmission line inner conductor recession
for both connectors (pin-gaps) pg1 and pg2 can be estimated
using the measured lo and li values. The mounting method of
an air dielectric transmission line deals with controlling the
position of the inner conductor at the reference plane position
using dedicated Kapton offset disks as demonstrated in [5].
Furthermore, the inner conductor recession of both test-port
connectors is also measured with the MGB setup.

Fig. 1. Traceability chart of 3.5 mm coaxial air dielectric transmission lines
at VSL.

Several methods have been developed for characterizing the
attenuation and phase constant, also known as the propagation
constant, of transmission lines [15], [16], [17]. We estimated
the propagation constant by combining results from two
independent measurements as in [6]. First, a calibrated VNA
measurement provides the broadband transmission param-
eter of the line. Subsequently, the power ratio technique
(PRT) is employed to acquire the transmission line loss at
selected frequencies. Whereas the VNA measurement provides
broadband data with relatively higher uncertainties, the PRT
method delivers better measurement accuracy but at limited
frequency points. Combining both measurement results pro-
vides sufficient information on the propagation constant for
this application.

The metrology-grade transmission lines used at VSL consist
of a Beryllium Copper (BeCu) composition with gold plating,
and its corresponding conductivity is listed in Table I. Other
relevant constants for air dielectric transmission lines are
the relative permeability of the air and the permeability of
free space. This table also lists the dielectric constants for
air and vacuum, where the temperature in the laboratory
is maintained at 23 ◦C. The three metrology-grade coaxial
3.5 mm air-dielectric transmission lines used as validation
artifacts are shown in Fig. 2. All three transmission lines
undergo traceable characterization of all identified parameters

Authorized licensed use limited to: TU Delft Library. Downloaded on January 10,2024 at 12:43:46 UTC from IEEE Xplore.  Restrictions apply. 
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TABLE I
OVERVIEW OF THE PARAMETERS NEEDED FOR CALCULATING

THE S-PARAMETERS OF 3.5 MM COAXIAL AIR DIELECTRIC
TRANSMISSION LINES. THE FIRST 14 PARAMETERS DENOTED IN

BOLD ARE ESTIMATED VIA TRACEABLE MEASUREMENTS AND
ARE INPUTS FOR THE PROPOSED MODELS. ALL OTHER

PARAMETERS ARE USED FOR THE DEVELOPMENT
OF THE PROPOSED BEHAVIORAL MODELS. THE

LINE-DEPENDENT PARAMETER VALUES ARE
DENOTED WITH LD IN THE THIRD COLUMN

to estimate the corresponding S-parameters and uncertainties
up to 33 GHz.

III. LINE SECTION

The proposed behavior model of the transmission line
assumes the line section as a cascade of multiple (N ) smaller
line segments of 100 µm length as depicted in Fig. 3.
Each smaller line segment is considered by a unique two-
port S-parameter network denoted with [L]s . Consequently,
the two-port S-parameters of the complete transmission line
are determined by cascading the N two-port S-parameter
networks.

A. Proposed Behavioral Model
This section describes the proposed method for calculating

line-section S-parameters with corresponding uncertainties.
The behavioral response between the line section’s reflec-
tion coefficient (Sxx ) and the do, di , and ei parameters
is investigated through finite-element electromagnetic-field
(EM) simulations, an approach widely used in high-frequency

Fig. 2. Photograph of the three metrology-grade 3.5 mm coaxial air-dielectric
transmission lines used for validation of the proposed method up to 33 GHz.
Here, Line-C and Line-B are 150 and 50 mm in length (manufactured by
Maury Microwave), and Line-A is 16 mm in length (manufactured by Keysight
Technologies).1

Fig. 3. Transmission line segment as a cascade of multiple (N ) smaller line
segments of 100 µm length each.

metrology [10]. First, the sensitivity of line sections Sxx for
each parameter is investigated with EM simulations of a
parameterized structure. For this, a 3-D model of a 3.5 mm
coaxial transmission line with 100 µm length is designed in
CST-microwave studio software and forms the basis for the
EM simulations. The offsets for the do, di , and ei parameters
are sequentially altered from their respective nominal values
in steps of 1 µm, ranging between +50 and −50 µm.
Furthermore, air is used as line dielectric material, and BeCu is
used to form the inner and outer conductor of the line section
with Gold plating of 1 µm, both with material properties as
given in Table I. All EM simulations are conducted using
frequency domain solvers for frequencies up to 33 GHz.

Fig. 4 shows a subset of the dataset, providing the sensitivity
of Sxx for do, di , and ei offsets. Subsequently, we calculate
the fits for each of the three sensitivity parameters leading to
the closed-form equations (1)–(3), depicted with solid lines
in Fig 4. The exact values of the polynomial coefficients are
provided in Table II.

ζ (do, f ) =

1∑
v=0

dv
o ·

3∑
w=0

kw,v · f w

+ · · · + j
1∑

v=0

dv
o ·

3∑
w=0

lw,v · f w (1)

1The manufacturers and instrumentation mentioned in this article do not
indicate any preference by the authors, nor do they indicate that these are the
best available for the application discussed.
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Fig. 4. Simulation results (markers) and polynomial fits (lines) for Sxx real
and imaginary parts at three different frequencies as a function of (a) and (b)
do, (c) and (d) di , and (e) and (f) ei offsets from the nominal values listed in
Table I.

TABLE II
POLYNOMIAL COEFFICIENTS FOR LINE MODEL

1(di , f ) =

1∑
v=0

dv
i ·

3∑
w=0

kw,v · f w

+ · · · + j
1∑

v=0

dv
i ·

3∑
w=0

lw,v · f w (2)

2(ei , f ) =

2∑
v=0

ev
i ·

3∑
w=0

kw,v · f w

+ · · · + j
2∑

v=0

ev
i ·

3∑
w=0

lw,v · f w. (3)

The fitting errors for (1)–(3) are computed and compared
with the uncertainty contribution caused by the corresponding
parameter offset as detailed in Section V. These are considered

to be negligible as the fitting errors are orders of magnitude
smaller than the uncertainties due to the do, di , and ei offsets.

Using (1)–(3), the reflection coefficient of the transmission
line section can be computed as follows:

Sxx (do, di , ei , f ) = ζ (do, f ) + 1(di , f ) + 2(ei , f ). (4)

The proposed model is validated by comparing EM simu-
lation and (4) values acquired for various do, di , and ei offset
configurations. The differences collected from the comparison
were negligible compared to the S11 uncertainty evaluated in
Section V.

The inner conductor offset di has the most dominant effect
on the line reflection coefficient, about twice as much as the
impact of the outer conductor offset do, as evident from Fig 4.
The sensitivity toward inner conductor eccentricity is hardly
noticeable and almost negligible for offsets up to 50 µm,
a finding confirmed in [13]. Precision test-port adapters and
coaxial transmission lines have inner conductor eccentricity
offsets substantially smaller than 50 µm; hence, this uncer-
tainty source can be considered negligible for metrology-grade
transmission lines [13].

The propagation constant is directly related to the line
section’s transmission coefficient (S21). For this reason,
the propagation constant is experimentally quantified [3],
as described in Section III-C4. For a complete line section,
subdivided into N equivalent length smaller lines, the trans-
mission parameter Sxy of each section can be calculated as
follows:

Sxy =
N
√

| S21 | · e j ·̸ S21/N . (5)

This approach is beneficial as it accounts for frequency depen-
dence in the attenuation and phase constants. As the section of
the line is much shorter than the total line length, the two-port
S-parameter network of the section is considered symmetrical
(Sxx = S11 = S22 and Sxy = S12 = S21)

[L]s =

[
Sxx Sxy
Sxy Sxx

]
. (6)

With the above, all parameters affecting the characteris-
tic impedance of a coaxial transmission line shown in
Table I are interlinked to the corresponding S-parameters.
Equations (1)–(6) provide the basis for the S-parameter
uncertainty calculation method outlined in Section III-B.

B. Uncertainty Analysis

The proposed method for uncertainty evaluation of the trans-
mission line’s S-parameters uses covariance-based uncertainty
propagation [18], [19]. The Jacobian matrices necessary for the
uncertainty propagation are determined using the closed-form
solutions presented in Section III-A. The following steps detail
the uncertainty calculation process.

First, the uncertainty assessment corresponding to Sxx of a
small line segment shown in Fig. 3 is done. As shown in (4),
Sxx is determined using do, di , ei , and frequency parameters.
Hence, the uncertainties of do, di , ei , and f are grouped in the

Authorized licensed use limited to: TU Delft Library. Downloaded on January 10,2024 at 12:43:46 UTC from IEEE Xplore.  Restrictions apply. 
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covariance matrix 6Li

6Li =


σ 2

do
σ 2

di
σ 2

ei

σ 2
f

. (7)

The partial derivatives necessary for propagation of uncertain-
ties from 6Li to Sxx are grouped in the Jacobian matrix JL
and is calculated based on (4) as follows:

JL=



∂ℜ(Sxx)

∂(do)

∂ℜ(Sxx)

∂(di)

∂ℜ(Sxx)

∂(ei)

∂ℜ(Sxx)

∂( f )
∂ℑ(Sxx)

∂(do)

∂ℑ(Sxx)

∂(di)

∂ℑ(Sxx)

∂(ei)

∂ℑ(Sxx)

∂( f )

∂ℜ
(
Sxy

)
∂(do)

∂ℜ
(
Sxy

)
∂(di)

∂ℜ
(
Sxy

)
∂(ei)

∂ℜ
(
Sxy

)
∂( f )

...
...

...
...

∂ℑ(Sxx)

∂(do)

∂ℑ(Sxx)

∂(di)

∂ℑ(Sxx)

∂(ei)

∂ℑ(Sxx)

∂( f )



.

(8)

The outputs are organized in the following order:
(Sxx , Sxy, Sxy, Sxx ). Finally, the covariance matrix 6L
corresponding to the line segment can be determined with

6L = JL · 6Li · J T
L . (9)

The propagation constant is measured for the complete line
section. Hence, the corresponding uncertainty is included in
the calculation after cascading all smaller line segments. The
next objective is to propagate uncertainties of N smaller
line segments 6Ln=N to the two-port network of a complete
transmission line. It is realized by sequentially propagating
uncertainties of two adjacent networks. The cascade C of two
adjacent line segments A and B is demonstrated. First, the
covariance 6AB of networks A and B is structured as shown
below

6AB =

[
6L ,A

6L ,B

]
. (10)

Using 6AB, the covariance 6C of the C network is determined
using the Jacobian JAB

JAB =



∂ℜ(S11C)

∂ℜ(S11A)

∂ℜ(S11C)

∂ℑ(S11A)
. . .

∂ℜ(S11C)

∂ℑ(S22B)
∂ℑ(S11C)

∂ℜ(S11A)

∂ℑ(S11C)

∂ℑ(S11A)
. . .

∂ℑ(S11C)

∂ℑ(S22B)
...

. . .
...

∂ℑ(S22C)

∂ℜ(S11A)

∂ℑ(S22C)

∂ℑ(S11A)
. . .

∂ℑ(S22C)

∂ℑ(S22B)


(11)

whereas the inputs are organized in the following order:
(S11A, S21A, S12A, S22A, S11B, S21B, S12B, S22B) and the
output variables are structured as follows:

Fig. 5. Overview of the AGMS system to measure the line-section do and
di diameters employing an air-floating top fixture.

(S11C , S21C , S12C , S22C). With 6AB and JAB, the covariance
6C of the C network is determined using

6C = JAB · 6AB · J T
AB. (12)

Equations (10)–(12) can be used to propagate uncertainties
of N cascaded two-port line segments to form a covariance
matrix 6L of the complete transmission line.

C. Measurements of Line Section Parameters

1) Measurement of Line Diameters: The line-section do and
di diameters are measured with VSL’s AGMS, a measure-
ment technique previously employed in [6]. Fig. 5 shows a
system-level overview of the AGMS system at VSL. The top
fixture carrying the line outer or inner conductor floats on
a so-called air buffer. This method allows the line outer or
inner conductor to align accurately with the air gauge probe
during the diameter measurement, minimizing the forces in
the radial and circumferential axes. Furthermore, a 3DCMM
system provides the traceable characterization of the pin and
ring reference gauges used to calibrate the AGMS system.
As a result, the VSL AGMS system delivers a combined
measurement uncertainty of 4 µm with 95% coverage factor.
Fig. 6 shows the do and di measurement results acquired along
the length of the transmission lines. The starting position of
the measurement, measurement position 0 in Fig. 6, was at the
socket connector side of the transmission line. These measure-
ments are conducted for all three coaxial 3.5 mm air-dielectric
transmission lines used in this study. A drawback of the AGMS
is the inability to measure diameters at both ends of the line
sections. Therefore, the line section is mounted with precision
adapters at both ends to allow the diameter measurements up
to the closest possible vicinity of the line ends. The 3DCMM
system provided additional diameter measurements at both
ends of the line to validate our approach.

2) Measurement of Transmission Line Length: The length
of the line outer conductor is measured with the 3DCMM
system, shown in Fig. 7, with a combined measurement
uncertainty of 0.5 µm with 95% coverage factor.

Authorized licensed use limited to: TU Delft Library. Downloaded on January 10,2024 at 12:43:46 UTC from IEEE Xplore.  Restrictions apply. 



8000511 IEEE TRANSACTIONS ON INSTRUMENTATION AND MEASUREMENT, VOL. 73, 2024

Fig. 6. Outer conductor inner diameter do and the center conductor outer
diameter di measurement offsets from nominal values acquired with the
VSL AGMS system for the three coaxial 3.5 mm metrology-grade precision
air-dielectric transmission lines, with (a)–(c) depicting results for Line-A,
Line-B, and Line-C, respectively. The diameter values are acquired along
the length of the transmission line as shown in Fig. 3; measurement position
0 mm is at the socket connector side.

Fig. 7. 3DCMM system at VSL measuring the length of a coaxial 3.5 mm
metrology-grade precision air-dielectric transmission line outer conductor.

Once the outer conductor length is known, a mechanical
connector gauge gives the inner conductor length by mounting
both conductors and using a substitute method. The esti-
mated combined uncertainty of the inner conductor length
measurement is less than 2.0 µm. Table III shows the length
measurement results for all three coaxial 3.5 mm transmission
lines.

3) Measurement of Inner Conductor Eccentricity: The inner
conductor eccentricity of test-port connectors primarily deter-
mines the line inner conductor eccentricity [6]. An IEM gives
eccentricity characteristics for precision coaxial connectors.
Here, a calibrated microscope acquires images of the coax-
ial connector. Subsequently, an image processing algorithm
estimates the exact position of the inner and outer conductors,

Fig. 8. Top-view images of 3.5 mm coaxial socket (left) and pin (right) type
test-port connectors acquired with the IEM system.

providing the inner conductor’s eccentricity displacement com-
pared to that of the outer conductor. The expanded uncertainty
of this method with a confidence level of 95% is estimated to
be 10 µm.

Fig. 8 shows an image of 3.5 mm pin- and socket test-port
adapters used for S-parameter measurements at VSL.

4) Measurement of Propagation Constant: Two inde-
pendent measurement techniques are used to estimate the
transmission line propagation constant. The first method
characterizes the transmission line propagation constant by
measurement of two-port S-parameters. A VNA calibrated
with the thru-reflect-line (TRL) method [20] gives a reason-
able estimate for the transmission parameter measurements
if the transmission line has a sufficiently low reflection at
both ports (0 < 0.010) [3], [21]. This assumption holds
for metrology-grade coaxial air-dielectric transmission lines.
Another advantage of this method is that it allows for acquiring
measurement data for the entire supported frequency range of
the transmission line. However, the disadvantage of TRL-based
characterization of the line propagation constant is the signif-
icant measurement uncertainty. The combined measurement
uncertainty with a coverage factor of 95% for the insertion loss
ranges from 0.04 to 0.10 dB. The uncertainty for the phase
component is estimated between 0.6◦ and 1.2◦ throughout the
operational frequency range.

The second method employs the PRT for the measurement
of transmission line insertion loss as demonstrated in [22].
Unlike the VNA-based measurement, this method provides
measurement only at selective frequencies but with a combined
measurement uncertainty of 0.01 dB, which is substantially
more accurate than the VNA-based results. Fig. 9 shows the
measurement results acquired with both methods for the three
coaxial transmission lines used in this study.

IV. COAXIAL CONNECTORS

Next to a description of the main line section, a behavior
model is needed of the 3.5 mm coaxial connectors termi-
nating the line section, in order to be able to calculate the
reflection coefficient and corresponding uncertainty caused by
the center conductor recession, more commonly known as
the connector pin-gap [9], [23], [24], [25]. The fundamental
parameters affecting the reflection coefficient of the pin and
socket connectors were identified in [24] and are depicted in
Fig. 10. The identified parameters are measured using cali-
brated microscopes, and the nominal values are summarized
in Table I.
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Fig. 9. Measurement results of the propagation constant for the three
transmission lines shown in Fig. 2 for respectively (a) attenuation constant
and (b) phase constant. (c) Resistivity results for the three transmission lines
are acquired with methods outlined in [3].

Fig. 10. Parameterization models for 3.5 mm coaxial (a) socket- and
(b) pin-type connectors [24]. The parameters are measured with calibrated
microscopes, with (c) showing an image of a socket-type connector and
(d) depicting a part of a pin-type connector.

A. Behavioral Model

The 3-D model for finite element EM simulations (CST
studio software) is designed using the nominal values listed
in Table I corresponding to pin- and socket-type connectors.
During the simulation exercise, the pin-gap parameter is swept
from 0 to 50 µm recession, and the S-parameter datasets were
collected.

The CST simulation environment was identical to that used
in the transmission line simulations. The dataset provides
the sensitivity of the connector reflection coefficient (0pg) to
the pin-gap value. Subsequently, the fits of the S-parameter

Fig. 11. Comparison of 3.5 mm connector reflection coefficient at 33 GHz
caused by connector pin-gap estimated with the METAS VNA II Tools
software (markers) and results from the proposed model results (dotted lines).
The uncertainty contribution originating from a pin-gap uncertainty of 4 µm
is illustrated with colored areas.

results are calculated, leading to the closed-form equation (13).
The exact values of the polynomial coefficients for the pin
and socket connectors (slotless and slotted) are provided in
Table IV

0pg(pg, f ) =

1∑
v=0

pgv
·

3∑
w=0

mw,v · f w

+ · · · + j
1∑

v=0

pgv
·

3∑
w=0

nw,v · f w. (13)

The transmission coefficient of the pin-gap is determined with
the following:

Sxy = e j · θ(S21)·pg
lo . (14)

The two-port S-parameter network of the connector with
pin-gap can now be defined with the following:

[PG]s =

[
0pg Sxy
Sxy 0pg

]
. (15)

B. Uncertainty Calculation
To calculate the contribution of the pin-gap to the

uncertainty in the transmission line S-parameters, first, the
covariance matrix specifying the uncertainty of the pin-gap
measurements is determined with

6pg =

[
σ 2

pg
σ 2

f

]
. (16)

Then, the Jacobian matrix identifying the relation between
the connector reflection coefficient and pin-gap uncertainty is
determined via

Jpg =


∂ℜ

(
0pg

)
∂pg

∂ℜ
(
0pg

)
∂( f )

∂ℑ
(
0pg

)
∂(pg)

∂ℑ
(
0pg

)
∂( f )

. (17)

The Jacobian matrix outputs are organized in the following
order (0pg, Sxy, Sxy, 0pg). Subsequently, the covariance
matrix of the connector pin-gap can be calculated with

6pg = Jpg · 6pg · J T
pg. (18)
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Fig. 12. S11 reflection coefficient uncertainty evaluation with the proposed method for the three 3.5 mm coaxial air-dielectric transmission lines used in this
study. (a)–(c) Uncertainties corresponding to the real component of S11 and (d)–(f) depict the uncertainties corresponding to the imaginary component of S11.

C. Comparison

The connector pin-gap reflection values computed with the
proposed closed-form solutions are validated by comparison
with the estimates from the METAS VNA tools II software
[14]. Fig. 11 shows the resulting reflection coefficients and
uncertainties for pin and socket connectors with pin-gap values
from 5 to 50 µm, demonstrating a strong agreement of the two
approaches, well within the reflection coefficient uncertainty
corresponding to a pin-gap uncertainty of 4 µm with 95%
coverage factor.

V. MEASUREMENT EXPERIMENT AND DISCUSSION

To validate our approach, the S-parameters and uncertainties
evaluated with the proposed methods are compared with
traceable measurement results and uncertainties determined
using METAS VNA Tools II software.

First, the S-parameters and corresponding uncertainties of
the three precision 3.5 mm coaxial air-dielectric transmission
lines shown in Fig. 2 are calculated using the proposed
method, detailed in Section III-A, with measurement results
of all relevant line parameters as detailed in Section III-C.
Besides the combined uncertainty contribution accounting
for all parameter uncertainties, we also estimate the uncer-
tainty contribution of each uncertainty source individually (see
Fig. 12). Here, the uncertainties are estimated for the real and
imaginary values corresponding to the port-1 reflection coef-
ficient S11. For brevity, we omit the port-2 (S22) uncertainties
as they are comparable to the S11 uncertainties.

Subsequently, a Keysight PNA 5225A is used for
S-parameter measurements from 3 up to 33 GHz with a
500 MHz step size, with test-port power and IF bandwidth
set at −10 dBm and 7 Hz, respectively. Dedicated test-port
cables and adapters are combined with VSL-designed test-
port fixtures to accurately control test-port cable movements

[26]. The port-1 cable was kept fixed during all measurements,
while the port-2 cable was moved to minimize RF cable
uncertainties.

Before the measurements, the PNA is calibrated using a
3.5 mm precision calibration kit using the SOLT method. The
calibration kit reference data are acquired through a traceable
calibration by METAS and accounts for connector effects
and imperfect test-port adapters [10], [27]. The electrical
characteristics of the transmission line are also subject to
proper mounting practices. Inaccurate alignment of the center
and outer conductor reference planes leads to significant
measurement errors [8]. Kapton offset disks are used to accu-
rately position the inner conductors at the correct reference
plane to avoid pin-gap errors, a method detailed in [5]. For
this, the thickness of the Kapton offset disks is optimized
to match the pin-gap of the test-port adapters. The METAS
VNA Tools II software computes uncertainties of coaxial
S-parameter measurements and uses the METAS UncLib for
the linear covariance-based propagation of uncertainties. All
uncertainties are linearly propagated through the measurement
model, taking correlation into account. The uncertainty anal-
ysis accounts for various error sources, including VNA noise
and linearity error, drift effects, cable instability, connector
repeatability, and calibration standard uncertainties.

The Line-A center conductor length is 7 µm smaller than
the outer conductor length, as evident from Table III. The
S-parameters of line-A are acquired with a measurement
system fit with a 20 µm recessed pin-type test-port adapter
on port-1 of the VNA, whereas port-2 is equipped with a
socket-type test-port adapter. A Kapton offset disk with 25 µm
thickness is mounted on a pin-type test-port adapter, leaving
5 µm recession on the port-1 socket-type connector of line-A.
As a result, 2 µm recession remains on the port-2 pin-type
connector of line-A. The left column of Fig. 13 shows the
S-parameter measurement results of line-A.
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Fig. 13. Measurement results for the three 3.5 mm coaxial air-dielectric transmission lines used in this study. (a)–(c) Real component and (d)–(f) imaginary
component of S11 measurement results illustrated with red lines and those acquired with the proposed model displayed with blue lines. The differences between
the measurement and proposed model results for S11 real and imaginary components are shown in (g)–(i) and (j)–(l), respectively. The blue areas indicate
the S11 uncertainty values with 95% confidence interval estimated with the proposed model, whereas the red bars correspond to the uncertainties with 95%
confidence interval computed with VNA tools corresponding to the traceable measurements.

The S-parameters of Line-B and Line-C were acquired
using a system mounted with a 13 µm recessed socket-type
test-port adapter on port-1 of the VNA, whereas port-2 is
equipped with a pin-type test-port adapter. Here, a Kapton
offset disk with 12.5 µm thickness is mounted on a pin-type
connector of both lines, leaving almost zero recession on the
port-1 connector of line-B and line-C. As the line-B center
conductor length is 3 µm smaller than the outer conductor
length (Table III), it leaves a 3 µm recession on the port-2
connector of line-B. The center conductor of Line-C is 4 µm
longer than the outer conductor. Hence, when mounted with a
12.5 µm thick offset disk on port-1, it leaves the port-2 center
conductor pushing 4 µm into the port-2 test-port connector.
We account for this effect by deembedding S-parameters of
4 µm recessed pin-type connector on port-2 of Line-C.

Fig. 12 shows the calculated uncertainties using the
proposed methods for Line-A, Line-B, and Line-C. The
uncertainties for the real and imaginary components of S11
corresponding to the port-1 reflection coefficient are shown in
Fig. 12. These results show that the center conductor’s outer
diameter is the most dominant uncertainty contribution, fol-
lowed by the outer conductor’s inner diameter. Subsequently,
the uncertainties corresponding to the pin-gaps of port-1 and
port-2 connectors are comparable contributors. Other uncer-
tainty sources are much smaller or even negligible, such as

the center conductor eccentricity and propagation constant
uncertainties. Furthermore, the line length also affects the
uncertainty contribution. An increased transmission line length
also leads to larger uncertainties, as visible for the combined
uncertainties corresponding to Line-A, Line-B, and Line-C.

Finally, Fig. 13 shows the measurement results for Line-
A, Line-B, and Line-C. In Fig. 13(a)–(f), the calibration
measurement results for the real and imaginary components
of S11 are depicted with a red line, and those calculated
using the proposed method are illustrated with a blue line.
The differences between the calibrated measurements and
model-based values for the real part of S11 are given in
Fig. 13(g)–(i), whereas the differences between the measure-
ment and model-based imaginary values of S11 are shown
in Fig. 13(j)–(l). For brevity, S22 results are not included
since they are comparable to those of S11. Furthermore, the
blue areas shown represent the estimated uncertainty for S11
with 95% confidence interval estimated for the model-based
values using the techniques outlined in Section III-B. The red
bars correspond to the calibrated measurement uncertainties
computed with VNA tools and account for calibration standard
uncertainties, VNA noise and linearity, connector repeatability,
and cable flexure uncertainties.

It is clear from Fig. 13 that the proposed model accurately
predicts the S11 values, since the differences with the METAS
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TABLE III
TRANSMISSION LINE LENGTH MEASUREMENT RESULTS

TABLE IV
POLYNOMIAL COEFFICIENTS FOR PIN GAP MODEL

measurement results for all three lines are less than the calcu-
lated and measurement uncertainties. While the differences for
Line-B are also partially within the estimated uncertainties, the
results shown in Fig. 13(h) and (k) display some inconsistent
behavior, showing the differences for the real and imaginary
components of S11.

The estimated uncertainties are also proportional to the
frequency, and the comparisons below 5 GHz show larger
relative differences compared to frequencies above 5 GHz.
Whereas the calculated uncertainties for the proposed model
below 5 GHz seem small, the uncertainties corresponding to
the measurement results are more considerable as they also
account for many error sources residing from the VNA test
bench, such as calibration standards, cable movement, and
connector repeatability.

The differences between the proposed method and measure-
ment values of S-parameters and the estimated uncertainties
increase proportionally for longer lines. As the estimated
model uncertainties are found in agreement with the behavior
of the differences, they illustrate higher confidence in the
proposed model’s accuracy.

VI. CONCLUSION

Closed-form solutions are derived for calculating the reflec-
tion coefficient and uncertainty of precision 3.5 mm coaxial
air-dielectric transmission lines up to 33 GHz, based on the
material and mechanical parameters of the transmission lines.
A main advantage of the proposed approach is its ability
to determine the sensitivity coefficients of the uncertainties
in the mechanical characterization, needed for propagating
these uncertainties into the final reflection coefficient values
of the transmission line. A detailed uncertainty evaluation
demonstrates that the inner conductor diameter is the most
dominant source of uncertainty, followed by the transmission
line’s outer conductor diameter and connectors. The eccentric-
ity and propagation constant provide a negligible uncertainty

contribution to the transmission line’s reflection coefficient
uncertainty.

To validate the proposed approach, three transmission lines
with lengths of 16, 60, and 150 mm were used as verification
devices. A comprehensive measurement comparison provides
a detailed validation of the transmission line’s reflection coef-
ficient parameter up to 33 GHz. The difference between the
METAS measurement results and the values obtained by the
proposed model are less than the 1 ·10−3–6 ·10−3 uncertainties
of the computed reflection coefficients. The validation results
clearly prove that the proposed method is suitable for traceable
calibration or validation of S-parameters at the best accuracy
levels.

VII. LIMITATIONS AND FUTURE WORK

The presented method is suitable for 3.5 mm coaxial preci-
sion air-dielectric transmission lines with nominal parameters,
as listed in Table I. Furthermore, the model is suited for trans-
mission lines with the center conductor and outer conductor
diameter offsets smaller than 50 µm, a requirement easily met
for metrology-grade transmission lines. This is also evident
from di and do measurement results shown in Fig. 6. The
model is unsuitable for transmission lines with fixed center
conductors using dielectric beads, as it does not account for
dielectric beads, which can result in significant measurement
errors.

Our future work aims to extend the proposed model to
other coaxial connector interfaces, such as the 7 mm Type-N,
2.92 mm, and 2.4 mm connector interfaces for S-parameter
measurements up to 50 GHz. Also, a similar approach will
be used to develop behavioral models for coaxial short and
offset short terminations. Such short terminations together with
transmission lines are used as reference standards for traceable
S-parameter calibration and uncertainty estimation.
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