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a b s t r a c t 

A universal numerical model based on the particle size distribution (PSD) approach has been developed 

for the simulation of precipitation kinetics in multicomponent alloys during isothermal ageing. Nucleation 

was implemented utilizing the classical nucleation theory (CNT). Growth and coarsening were modeled 

by a single growth kinetics equation, which is constructed based on the interfacial diffusion flux balance 

and the capillarity effect. Only partial off-diagonal terms in the diffusion matrix (diffusion of individual 

components in the matrix) were taken into account in the calculations to minimize the computational 

cost while coupling with CALPHAD to extract thermodynamics equilibrium around the interface. A new 

feature of the model is the incorporation of a more realistic spatial site distribution via a Voronoi con- 

struction in the characteristic cell, for the purpose of modifying the diffusion distance. Computational 

predictions of the precipitate dimensions and the precipitation kinetics were compared with the atom 

probe tomography (APT) measurements on ternary Ni-Al-Cr alloys isothermally aged at 873 K. It is found 

that the temporal evolution of the dimensions and composition of the precipitates is well captured, as 

is the dependence on changes in the alloy composition. The new modification with Voronoi construction 

demonstrates that the overall precipitation kinetics depends on the density and the spatial site distribu- 

tion of precipitates. The ability to handle sophisticated alloy chemistries by quantitative equations, the 

compositional sensitivity of microstructural characteristics emerging from the simulation results, and the 

ability to visualize the spatial distribution of precipitates make the work very promising for multicompo- 

nent alloy design and optimization. 

© 2022 Published by Elsevier Ltd on behalf of The editorial office of Journal of Materials Science & 

Technology. 
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. Introduction 

Accurate and versatile models for the precipitation kinetics in 

ulticomponent metallic alloys are of vital importance for opti- 

izing the composition-microstructure-mechanical properties re- 

ationship in commercialized alloys. Various approaches based on 

he Ab initio modelling [1] , the phase-field method [2] , and the 

umerical particle size distribution (PSD) approach [ 3 , 4 ] have been 

pplied successfully to capture the precipitation kinetics in multi- 

omponent alloys. Out of the reported models, the PSD approach 

s the most widely used because it can easily be coupled to 

ALPHAD-linked thermodynamics databases and is based on solid 

ell-established physical principles. The numerical model in this 
∗ Corresponding authors at: Institute of Metal Research Chinese Academy of Sci- 

nces, China. 
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ork is also based on this approach but adds a new topological 

eature not present in the existing models. 

Kampmann and Wagner [5] were the first to propose the 

SD model (or Kampmann and Wagner numerical (KWN) model), 

hich relies on the full evolution of particle size distribution and 

ccounts for the simultaneous nucleation, growth, and coarsening 

f precipitates in dilute binary alloys. In such models, the initial 

umber density and size of the precipitates in each newly created 

lass are computed using classical nucleation theory (CNT). Gov- 

rned by a growth kinetics equation and accounting for the cap- 

llarity effect, the precipitates in PSD classes will grow and shrink 

epending on their interface curvatures. Later modifications of the 

rowth kinetics equation made the PSD approach applicable to a 

ide range of multicomponent non-dilute alloy systems includ- 

ng Ni-based alloys, Fe-based alloys, and Al-based alloys [ 3 , 6 , 7 ]. It

as been shown that nucleation, growth, and coarsening regimes 

merge naturally without making any arbitrary separation, but fol- 
Materials Science & Technology. 
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ow from the statistical analysis of the average size, the total num- 

er density, and the volume fraction of precipitates over all classes. 

he PSD implementation can be dealt with in the Lagrange-like 

r Euler-like approach. The first approach creates number density 

lasses by nucleation and deals with the average size evolution in 

ach class while the second approach predefines the average size 

lasses and deals with number density evolution in each class. The 

quivalence of both approaches has been demonstrated by Perez 

t al. [8] . 

One difficulty in modelling multicomponent precipitation kinet- 

cs is to establish a quantitative growth kinetics formulation that 

s capable of coping with complicated alloy chemistry while keep- 

ng a good computational efficiency, especially when the model is 

oupled with CALPHAD to extract thermodynamics and mobility 

atabases. Chen et al. [9] , Rougier et al. [4] , and Bonvalet et al.

3] proposed growth rate equations that take into account all off- 

iagonal terms (i.e., cross-diffusion terms) in the diffusivity matrix. 

hile very accurate, these models are computationally demand- 

ng in the case of a high-dimensional diffusivity matrix. In addi- 

ion, because of the coexistence of positive precipitation and nega- 

ive precipitation in multicomponent systems [10] , it is difficult to 

haracterize the driving force of interface advancement in compo- 

itional concentration gradients of individual components directly. 

nother challenge is associated with the setting of diffusion dis- 

ance in growth kinetics formulation. Traditionally, this quantita- 

ive value is set as its own radius for a specific precipitate class in

he PSD approach [ 3 , 4 , 5 ]. However, due to the effect of spatial site

istribution of precipitates on the diffusion kinetics, this simple as- 

umption is not valid in reality. 

Considering the aforementioned problems, this work presents 

 universal multicomponent growth rate equation, which deals 

ith off-diagonal diffusion partially (i.e., diffusion of individual 

omponents in the matrix phase) and whose driving force is 

erely determined by thermodynamics quantities (i.e., composi- 

ional concentration and chemical potential distribution in ma- 

rix/precipitate) of the diffusion field surrounding the interface 

hile assuming local equilibrium, to maintain computational effi- 

iency and accuracy. Voronoi construction was introduced to pic- 

ure the spatial distribution of precipitates in a characteristic cell, 

nd then to introduce the diffusion distance in the growth rate 

quation for each specific precipitate. Firstly, the equation’s capa- 

ility of predicting precipitation pathways in complex multicom- 

onent alloys was demonstrated using the most used Lagrange- 

ike PSD approach. Subsequently, the modified version based on 

he Voronoi construction was implemented to highlight the impor- 

ance of modifying local diffusion distances in a controlled manner. 

. Model 

.1. Nucleation equation 

The classical nucleation theory (CNT) [11] is taken to calculate 

he nucleation rate of precipitates, I (m 

–3 s –1 ): 

 = N 0 

(
1 − f γ ′ )Z β∗exp 

(
−�G 

∗

k B T 

)
(1) 

here N 0 (m 

–3 ) is the number density of potential nucleation sites, 

f γ ′ is the volume fraction of precipitates, Z is the Zeldovich factor 

hat accounts for the decay of partial supercritical clusters, β∗ is 

he condensation rate of solute atoms on a cluster with a critical 

adius r ∗ (s –1 ), �G 

∗ is the nucleation barrier (J), k B is the Boltz- 

ann constant (J K 

–1 ), and T is the temperature (K). Assuming a 

pherical nucleus, Z and β∗ can be written as: 

 = 

V a �G 

γ ′ 
V 

2 

8 π
√ 

σ 3 k B T 
(2) 
99 
∗ = 

4 πr ∗

a 4 

( 

C ∑ 

i =1 

1 

D i x 
γ
i 

) −1 

(3) 

here V a is the atomic volume (m 

3 ) of matrix and precipitate (as- 

umed to be equal), �G 

γ ′ 
V 

is the chemical driving force for nu- 

leation or precipitation (J m 

–3 ) (and will emerge naturally from 

rowth kinetics equation deduction), π has its usual meaning, σ
s the interfacial energy between matrix and precipitate (J m 

–2 ), a 

s the lattice parameter of precipitate (m), and D i and x 
γ
i 

are the 

iffusion coefficient (m 

2 s –1 ) and atom concentration (at.%) of el- 

ment i in the matrix. r ∗ and �G 

∗ for nucleation may be written 

s: 

 

∗ = 

2 σ

�G 

γ ′ 
V 

(4) 

G 

∗ = 

16 π

3 

σ 3 

�G 

γ ′ 
V 

2 
(5) 

Nuclei are assumed to be stabilized numerically only beyond 

he effective radius, r eff (m), which accounts for the size fluctua- 

ions of critical clusters [3] : 

 eff = r ∗ + 

1 

2 

√ 

k B T 

πσ
(6) 

.2. Growth kinetics equation 

The growth rate for a precipitate is controlled by its radius, the 

egree of supersaturation in the matrix, and the interfacial com- 

osition distribution. Following the mean-field approximation, the 

lement concentrations in the matrix are assumed to be uniform. 

he definition of the diffusion flux used in the present work is in- 

pired by Ref. [12] . Neglecting the concentration gradient in the 

recipitate itself and assuming that molar volumes of matrix and 

recipitate are equal, the diffusion flux in the matrix and the flux 

alance of growing precipitate at the interface for element i could 

e written separately as: 

 

γ
i 

= − D i x 
γ /γ ′ 
i 

R g T V 

γ ′ 
m 

∂μγ
i 

∂r 
(7) 

J 
γ /γ ′ 
i 

= 

1 

V 

γ ′ 
m 

d R 

d t 
( x 

γ ′ 
i 

− x 
γ /γ ′ 
i 

) (8) 

here x 
γ /γ ′ 
i 

is the atom concentration of element i at the inter- 

ace, R g is the gas constant, V 
γ ′ 
m 

is the molar volume of precipitate, 

 μγ
i 
/∂ r is the chemical potential gradient of element i between 

ar-field matrix and interface, ∂r is the diffusion distance, R is the 

adius of precipitate, d R/ d t is the growth rate of precipitate, and 

 

γ ′ 
i 

is the atom concentration of element i in the precipitate. Re- 

rranging Eq. (7) , multiplying by ( x 
γ ′ 
i 

− x 
γ /γ ′ 
i 

) , and summing up to 

verall element i yields: 

C 
 

i =1 

(
J 
γ
i 

D i x 
γ /γ ′ 
i 

R g T V 

γ ′ 
m 

+ 

∂μγ
i 

∂r 

)
(x 

γ ′ 
i 

− x 
γ /γ ′ 
i 

) = 0 (9) 

Assume that J 
γ /γ ′ 
i 

= J 
γ
i 

, and insert Eq. (8) into Eq. (9) , then the

rowth rate is obtained: 

d R 

d t 
= 

∑ C 
i =1 

∂μγ
i 

∂r 
( x 

γ ′ 
i 

− x 
γ /γ ′ 
i 

) ∑ C 
i =1 

( x 
γ ′ 
i 

−x 
γ /γ ′ 
i 

) 
2 

x 
γ /γ ′ 
i 

D i /R g T 

(10) 
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Due to the Gibbs–Duhem equation: 

C 
 

i =1 

∂μγ
i 

∂r 
x 
γ /γ ′ 
i 

= 0 (11) 

Eq. (10) may be written as: 

d R 

d t 
= 

∑ C 
i =1 

∂μγ
i 

∂r 
x 
γ ′ 
i ∑ C 

i =1 

( x 
γ ′ 
i 

−x 
γ /γ ′ 
i 

) 
2 

x 
γ /γ ′ 
i 

D i /R g T 

(12) 

The chemical potential difference between far-field matrix and 

nterface for element ∂ i, μγ
i 

, is then estimated with the following 

quation: 

 μi = μ̄γ
i 

− μγ /γ ′ 
i ( R ) 

(13) 

here μ̄γ
i 

and μγ /γ ′ 
i ( R ) 

are the chemical potentials in the far-field 

atrix (i.e., supersaturation) and at the interface of precipitate 

ith radius R for element i . The modified capillarity effect is intro- 

uced to account for the effect of interfacial energy and precipitate 

ize on the interfacial composition: 

γ /γ ′ 
i ( R ) 

= μγ
i 

+ 

2 σ ˙ V 

γ ′ 
m i 

R 

(14) 

here μγ
i 

is the local equilibrium chemical potential of element i 

ear to the interface in the matrix (equal to the equilibrium chem- 

cal potential of element i in the precipitate, μγ ′ 
i 

), ˙ V 
γ ′ 
m i 

is the partial 

olar volume of precipitate and follows the relationship: 

C ∑ 

 = 1 
x 
γ ′ 
i 

˙ V 

γ ′ 
m i 

= V 

γ ′ 
m 

(15) 

Inserting Eq. (13 –15 ) into Eq. (12) , and taking ∂r as precipitate 

adius R in terms of the traditional way, Eq. (12) may be rewritten 

s: 

d R 

d t 
= 

∑ C 
i =1 ( ̄μ

γ
i 

− μγ
i 
) x 

γ ′ 
i 

− 2 σV 
γ ′ 

m 

R ∑ C 
i =1 

( x 
γ ′ 
i 

−x 
γ /γ ′ 
i 

) 
2 

x 
γ /γ ′ 
i 

D i / R g T 

1 

R 

(16) 

Because the chosen strategy in this work is to decompose the 

recipitation behavior into successive kinetics steps, whose ther- 

odynamics parameters are at local equilibrium near to interface, 
γ
i 

and x 
γ /γ ′ 
i 

are set as μγ ′ 
i 

and x 
γ
i 

(local equilibrium atom con- 

entration of element i near to the interface in the matrix), sepa- 

ately. This simplification offers the advantages of higher numerical 

tability and lower computational cost. Eventually, the growth rate 

f a precipitate with radius R can be given by: 

d R 

d t 
= 

∑ C 
i =1 ( ̄μ

γ
i 

− μγ ′ 
i 

) x 
γ ′ 
i 

− 2 σV 
γ ′ 

m 

R ∑ C 
i =1 

( x 
γ ′ 
i 

−x 
γ
i 
) 

2 

x 
γ
i 

D i / R g T 

1 

R 

(17) 

The precipitate will grow or shrink accordingly when its R is 

arger or smaller than the critical radius, R C , defined by d R/d t = 0 :

 C = 

2 σV 

γ ′ 
m ∑ C 

i = 1 ( ̄μ
γ
i 

− μγ ′ 
i 

) x 
γ ′ 
i 

(18) 

One should notice that R C is equal to the r ∗ for nucleation, and 

hat 
C ∑ 

i = 1 
( ̄μγ

i 
− μγ ′ 

i 
) x 

γ ′ 
i 

/V 
γ ′ 

m 

is also the �G 

γ ′ 
V 

for nucleation exactly 

13] , which means that the model can account for the coexistence 

f nucleation, growth, and coarsening physically and numerically. 

lternatively, Eq. (17) may be written as: 

d R 

d t 
= 

�G 

γ ′ 
m 

− 2 σV 
γ ′ 

m 

R ∑ C 
i =1 

( x 
γ ′ 
i 

−x 
γ
i 
) 

2 

x 
γ

D i / R g T 

1 

R 

(19) 
i 

100 
As shown in Eq. (19) , since the competition between the pre- 

ipitation driving force and the capillarity effect emerges naturally, 

he model can be also called “competitive growth” [14] . 

.3. Lagrange like PSD implementation 

At each time step, a new nuclei class, whose number density 

nd critical radius are both a function of the transient matrix su- 

ersaturation, is created by the nucleation rate equation ( Eq. (1) ). 

he earlier generated classes in the PSD along with the new nu- 

lei class evolve together during the same time step, following the 

rowth rate equation and current matrix supersaturation. If the 

recipitate size is reduced to zero due to the capillarity effect, the 

orresponding class will be erased in the PSD. The total number 

ensity and the total volume fraction were calculated by summing 

hose of each class, and meanwhile, the average radius and the 

verage concentration in precipitates were calculated by averaging 

oncentrations over all classes in the system. The left matrix super- 

aturation for element i may be calculated using the mass balance 

quation: 

¯
 

γ
i 

= 

x 
γ
0 

− x̄ 
γ ′ 
i 

f 
γ ′ 
n 

1 − f 
γ ′ 
n 

(20) 

here x 
γ
0 

is the initial matrix supersaturation, x̄ 
γ ′ 
i 

is the average 

tom concentration in precipitates at time step n , and f 
γ ′ 

n is the 

otal volume fraction of precipitates at time step n . 

.4. Modification based on Voronoi construction 

The Voronoi construction is taken as a microstructurally de- 

endable optimization strategy to modify the diffusion distance in 

rowth kinetics equation for a specific particle. The whole precip- 

tation kinetics is still divided into multiple time steps. Firstly, the 

recipitates are confined artificially in a 100 nm × 100 nm × 100 

m characteristic cell in order to keep computational efficiency of 

uilding Voronoi cells. The number density and critical radius of 

recipitates are still determined by the nucleation rate equation 

Eq. (1)) based on the volume of characteristic cell, however, the 

ompartmentalization and sites of particle distribution follow the 

efinition of Voronoi construction and meet the criteria that each 

article is within one independent Voronoi cell. The specific math- 

matical procedure is to generate the coordinates of particles ran- 

omly, and meanwhile make sure that, for any two particles in PSD 

f the characteristic cell, their radii are smaller than the half of the 

enter to center distance. The integral Voronoi cells can thus be 

onstructed graphically according to the coordinate array of PSD 

n the characteristic cell, using Multi-Parametric Toolbox in Mat- 

ab environment [15] . The diffusion field of each particle is seen 

ithin the corresponding Voronoi cell at each time step. The dif- 

usion distance for one specific particle could be thus set as R V - 

 ( R V is the average distance between the center and vertices in 

ne Voronoi cell, and R is the radius of particle). It should be em- 

hasized that, unlike the appraoch in the Lagrange-like PSD imple- 

entation, each particle is assumed to be one class under this case 

nd will evolve separately at each time step, according to its own 

ize and diffusion distance. However, the statistical computation 

f the dimensional properties of entire precipitates, the composi- 

ional properties in precipitates and the left matrix supersaturation 

s still based on methods in section 2.3 . When each new time step 

tarts, the spatial distribution of precipitates and the Voronoi con- 

truction in the characteristic cell will be reconstructed in order to 

emonstrate randomness. Thermodynamics quantities emerged in 

he growth rate equation are extracted by coupling with the TQ- 

nterface in Thermo-Calc. The framework is written in Fortran en- 

ironment. The construction of Voronoi cells are achieved through 
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Fig. 1. Temporal evolution of (a) and (b) number density, N t , (c) and (d) average radius, R avg , and (e) and (f) volume fraction, f 
γ ′ 

t , of γ ′ precipitates in alloys (A) Ni-7.5Al-8.5Cr 

at.% and (B) Ni-5.2Al-14.2Cr at.% at 873 K isothermal ageing. The black dots correspond to the experimental data of Booth-Morrison et al. [16] . 

Table 1 

Input parameters for alloys (A) Ni-7.5Al-8.5Cr at.% and (B) Ni-5.2Al-14.2Cr at.%. 

N 0 (m 

–3 ) σ (mJ m 

–2 ) V a (m 

3 ) V 
γ ′ 

m (m 

3 mol –1 ) a (m) 

(A) 3 × 10 27 28.5 1.09 × 10 –29 6.59 × 10 –6 3.4 × 10 –10 

(B) 8 × 10 27 30 1.09 × 10 –29 6.59 × 10 –6 3.4 × 10 –10 
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he hybrid programming of Multi-Parametric Toolbox of Matlab in 

he Fortran framework. 

. Results and discussion 

.1. Capability of numerical model 

To demonstrate the capability of the model, the kinetics equa- 

ions in sections 2.1 and 2.2 were applied to simulating the tem- 

oral evolution of the dimensional and compositional properties 

f the precipitates in a set of ternary Ni-Al-Cr alloys during 1024 

 isothermal ageing at 873 K. The experimental data for valida- 

ion were extracted from two-atom probe tomography (APT) stud- 

es performed by either Booth-Morrison et al. [16] or Mao et al. 

17] . It is noteworthy that the morphology of γ ′ precipitates are 

rregular and quasi-spherical in these two Ni-Al-Cr alloys, so we 

ssume the isotropic scenario and ignore the effect of mismatch 

train field between γ and γ ′ on the morphology transformation 

rom spherical to cuboidal, which is common in the complicated 

i-based superalloys. Initially, the alloys were assumed to be fully 

ustenitic without any γ ′ precipitates. The potential nucleation site 
101
ensity N 0 for homogeneous nucleation theory and the interfacial 

nergy σ are taken as fitting parameters so that to get the best 

tting results for the two alloys in this work. The actual values 

or the two alloys are listed in Table 1 . Subsequently, a sensitiv- 

ty analysis of compositional changes in the temporal evolution of 

imensional properties was presented to demonstrate the prospect 

f applying the model for compositional optimization of multicom- 

onent alloys. 

.1.1. Temporal evolution of dimensional and compositional properties 

As shown in Fig. 1 , it is found that the simulated temporal evo-

ution of N t , R avg , and f 
γ ′ 
t during 1024 h isothermal ageing at 873

 fits well the APT data for alloys (A) Ni-7.5Al-8.5Cr at.% and (B) 

i-5.2Al-14.2Cr at.%. Owing to the similarity of the evolutional fea- 

ures of N t , R avg , and f 
γ ′ 
t , in both alloys, the simulation results will

nly be discussed in detail for alloy (A) Ni-7.5Al-8.5Cr at.%. Nat- 

rally, the overall precipitation kinetics can be divided into three 

egimes showing the typical characteristics of nucleation, growth, 

nd coarsening, without making arbitrary separations. During the 

rst regime corresponding to the nucleation of γ ′ precipitates ( t < 

00 s), the number density increases dramatically, whilst the aver- 

ge radius and the total volume fraction remain close to zero be- 

ause of the tiny size of the precipitates. As shown in Fig. 1 (a),

n the time interval 500 < t < 10 4 s, the nucleation rate dimin- 

shes gradually until the maximum number density is reached, in- 

icating that the matrix supersaturation has nearly come to an 

nd due to the massive precipitation of γ ′ precipitates during this 

eriod. Fig. 1 (c, e) shows that the average radius and the total 

olume fraction of precipitates increase concurrently because the 
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Fig. 2. Temporal evolution of the relationship between average radius, R avg , and ef- 

fective radius, r eff (which can be seen equally as critical radius, r ∗), in the alloy (A) 

Ni-7.5Al-8.5Cr at.% at 873 K isothermal ageing. 
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Fig. 4. Compositional trajectories of γ matrix and γ ′ phase for alloys (A) Ni-7.5Al- 

8.5Cr at.% (red line) and (B) Ni-5.2Al-14.2Cr at.% (blue line) during isothermal age- 

ing, in a partial Ni-Al-Cr ternary phase diagram at 873K, calculated by Thermo-Calc, 

employing the TCNi8 database. Two types of drawn equilibrium solvus curves are 

determined by Thermo-Calc utilizing databases from Saunders [28] (black dash line) 

and Dupin and Sundman [29] (gray line), respectively. The experimental APT data of 

compositional evolution in the γ matrix and γ ′ phase for alloys (A) Ni-7.5Al-8.5Cr 

at.% (open red circles) and (B) Ni-5.2Al-14.2Cr at.% (open blue circles) are extracted 

from the work of Booth-Morrison et al. [16] . 
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iffusion-controlled growth becomes dominant. As the matrix su- 

ersaturation continues to decrease, the capillarity effect will have 

 larger effect on the evolution of number density, average radius, 

nd volume fraction of γ ′ precipitates. The appearance of coars- 

ning characteristics can be better recognized from the evolution 

f the relationship between R avg and r eff displayed in Fig. 2 . After 

bout 10 4 s, the value of r eff starts to exceed that of R avg but in a

entle way until these two values become almost equal. This re- 

ult indicates that the sizes of quite a few precipitate classes are 

ower than the critical radius during this regime, and thus, quan- 

ities of relatively smaller precipitates are shrinking accompanied 

y the growth of larger precipitates, i.e., larger precipitates grow at 

he expense of smaller ones. The time dependencies of N t and R avg 

n alloy (A) Ni-7.5Al-8.5Cr at.% after 10 4 s are illustrated further by 

otted curves in Fig. 3 . Evidently, the alloy system is in the quasi-

tationary stage after long-time ageing and follows the classical Lif- 

hitz and Slyozov, Wagner (LSW) theory (i.e. N t 
–1 ∼ t and R avg 

3 ∼ t ) 

18] , which means that coarsening has become the dominant 

rocess. 

One can also note that f 
γ ′ 
t still keeps increasing at a very slow 

ate after 10 4 s, then the equilibrium value is reached according 

o Fig. 1 (e, f). This phenomenon indicates that coarsening is not 

he only mechanism functioning here. As a matter of fact, because 

f the effect of residual supersaturation in the matrix, the fresh 

′ phase is still precipitating after 10 4 s by the overlap between 

rowth and coarsening [ 4 , 19 ]. The traditional viewpoint about ex- 

licit isolation between growth and coarsening is not fully appro- 
Fig. 3. Time dependencies of (a) number density, N t , and (b) average radius, R a

102 
riate in this case. Indeed, the foundation of LSW theory is based 

n the assumption of an ideal dilute solution (i.e. the effect of vol- 

me fraction is not incorporated) and thus is more suitable for the 

ure equilibrium state [ 18 , 20 , 21 ]. 

Fig. 4 shows the comparison between simulated compositional 

rajectories of the γ matrix and the γ ′ phase and the measured 

ne during 1024 h isothermal ageing at 873 K in alloys (A) Ni- 

.5Al-8.5Cr at.% and (B) Ni-5.2Al-14.2Cr at.%. It is clear that the 

ompositional evolution of the γ matrix is well predicted by the 

umerical model as the final concentrations lie on the equilib- 

ium solvus values, whereas the simulated compositional evolution 

n the γ ′ phase does not superimpose exactly with the measured 

ne. The reason why this occurs is that the simulated composi- 

ional evolution in the γ ′ phase and final equilibrium composition 

f the γ ′ phase are mainly determined by the accuracy of the ther- 

odynamics database (i.e., equilibrium composition prediction in 

he γ ′ phase under different supersaturation), owing to the local 

quilibrium assumption used for diffusion field and the method of 

ecomposing overall precipitation into equilibrium kinetics steps. 

evertheless, the compositional evolution in the γ matrix (i.e. 

verall precipitation kinetics) can be easily controlled by adjusting 

arameters like N 0 and σ in the numerical model [ 22 , 23 ], in spite

f the thermodynamics database shortcomings. The specific tem- 
vg , in alloy (A) Ni-7.5Al-8.5Cr at.% at 873 K isothermal ageing, after 10 4 s. 
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Fig. 5. Temporal evolution of compositions in γ matrix and γ ′ phase for alloys (A) Ni-7.5Al-8.5Cr at.% (red line) and (B) Ni-5.2Al-14.2Cr at.% (blue line) at 873 K isothermal 

ageing. The equilibrium compositions at 873K for alloys (A) Ni-7.5Al-8.5Cr at.% (red short dash line) and (B) Ni-5.2Al-14.2Cr at.% (blue short dash line) are calculated by 

Thermo-Calc and TCNi8 database. 
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Fig. 6. Influence of compositional variation of Al on (a) number density, N t , (b) 

average radius, R avg , and (c) volume fraction, f 
γ ′ 
t , of γ ′ precipitates as a function of 

time in the alloy (A) Ni-7.5Al-8.5Cr at. % at 873 K isothermal ageing. 
oral evolution of compositions in the γ matrix and γ ′ phase for 

lloys (A) Ni-7.5Al-8.5Cr at. % and (B) Ni-5.2Al-14.2Cr at. % during 

024 h isothermal ageing at 873 K is shown in Fig. 5 . As shown in

ig. 5 (a, b), compositions in the γ matrix evolve from the nomi- 

al alloy compositions to the equilibrium values given by Thermo- 

alc and TCNi8 database. However, for the temporal evolution of 

ompositions in the γ ′ phase in Fig. 5 (c, d), the initial setting of 

ritical nucleus compositions during nucleation would also signif- 

cantly influence the trend and values of compositional evolution. 

he critical nucleus composition is reported to be related to the 

referential segregation in the cluster, the chemical fluctuation in 

he matrix, and the internal stress [ 24 , 25 , 26 , 27 ], which are diffi-

ult to calculate by CALPHAD. Here, to satisfy the compositional 

volution trend measured by Booth-Morrison et al. [16] (i.e., com- 

ositions of Al and Cr in the γ ′ phase decrease with time), the 
′ phase compositions that can give one of the maximum pre- 

ipitation driving force values and meanwhile are higher than the 

quilibrium values are taken as the critical nucleus compositions in 

his work for two alloys. Although simulated compositional trajec- 

ories of the γ ′ phase deviate slightly from the experimental one 

umerically in Fig. 4 , the overall compositional evolution trend of 

he γ matrix and γ ′ phase in Fig. 5 fits the measurement of Booth- 

orrison et al. [16] rather well. 

Compared with the temporal evolution of dimensional proper- 

ies shown in Fig. 1 , a high synchronization of the temporal evo- 

ution of compositional properties is achieved as shown in Fig. 5 . 

or alloy (A) Ni-7.5Al-8.5Cr at.%, the compositions in the γ ma- 

rix and γ ′ phase during the nucleation regime ( t < 500 s) are 

he nominal alloy compositions and the calculated critical nucleus 

ompositions, respectively. When growth regime (500 < t < 10 4 s) 

ccurs, conspicuous compositional evolution in both γ matrix and 

′ phase is observed because of the extensive precipitation of γ ′ 
recipitates. After that ( t > 10 4 s), as reflected in the slight changes 

n volume fraction shown in Fig. 1 (e), the compositions in the γ
atrix and γ ′ phase still evolve at a very low rate until the equi- 

ibrium states are reached. This phenomenon indicates that the γ ′ 
103 
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Fig. 7. Influence of compositional variation of Al on (a) chemical driving force for 

precipitation, �G 
γ ′ 

V 
, (b) nucleation barrier, �G ∗ , and (c) nucleation rate, I , of γ ′ pre- 

cipitates as a function of time in the alloy (A) Ni-7.5Al-8.5Cr at.% at 873 K isother- 

mal ageing. The inserted zoom shows the time points when nucleation finish and 

their positions on chemical driving force curves, for different Al content. 
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Fig. 8. Influence of modifying diffusion distance on (a) number density, N t , (b) av- 

erage radius, R avg , and (c) volume fraction, f 
γ ′ 
t , of γ ′ precipitates as a function of 

time in the alloy (A) Ni-7.5Al-8.5Cr at.% at 873 K isothermal ageing (traditional dif- 

fusion distance setting, ∂r = R : red lines, modified diffusion distance, ∂r = R V – R : 

blue short dot lines). 
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hase is still precipitating, corresponding to the overlap between 

rowth and coarsening that we mentioned above. 

.1.2. Sensitivity analysis of compositional variation 

A plot of the simulated dimensional properties evolution as a 

unction of the change in Al concentration for alloy (A) Ni-7.5Al- 

.5Cr at.% at 873 K isothermal ageing is shown in Fig. 6 . As ex-

ected, as the Al content increases, the overall precipitation kinet- 

cs is accelerated. For a higher Al content, a higher number den- 

ity and a smaller average radius during the nucleation regime are 

hown in Fig. 6 (a, b), respectively. Fig. 6 (c) illustrates that the pre-

icted volume fraction of γ ′ precipitates is elevated because of the 

verall increment in supersaturation in the γ matrix, and as a re- 

ult, the increase of volume fraction of γ ′ precipitates is brought 

orward as well. To better explain these characteristics above, it is 

seful to primarily consider the effect of changes in the Al con- 

entration on the evolution of �G 

γ ′ 
V 

(the overall supersaturation 

n the γ matrix) of γ ′ precipitates during the precipitation pro- 

ess, i.e., Fig. 7 (a). For the case of the higher Al content, the smaller

verage radius during the nucleation regime can be easily under- 

tood by the numerical relationship shown in Eq. (4) , because the 

nitial �G 

γ ′ 
V 

is raised by the increment of Al content in the ternary 

i-Al-Cr alloy system, as shown in Fig. 7 (a). The appearance of 

igher number density during the nucleation regime can thus be 

scribed to the variation of nucleation rate correspondingly. Ac- 

ording to the internal correlation between Eqs. (1) and (5) , if the 

G 

γ ′ 
V 

is raised, the �G 

∗ will be decreased (which can also be seen 
104 
n Fig. 7 (b)), and hence the nucleation rate will be increased. In 

ddition to the change of nucleation kinetics, a faster growth rate 

quation, i.e., Eq. (19) , can also be acquired through the higher ini- 

ial �G 

γ ′ 
V 

, therefore speeding up the increment of volume fraction 

f γ ′ precipitates shown in Fig. 6 (c) and the decrease of �G 

γ ′ 
V 

(the 

epletion of supersaturation in the γ matrix) in Fig. 7 (a). 

For the case of the lower Al content, i.e., alloy Ni-7.25Al-8.5Cr 

t.%, there are pronounced plateaus in the number density and the 

verage radius of about 70 0 0 s, as shown in Fig. 6 (a, b), indicating

hat there is a gap between the termination of nucleation and the 

nset of coarsening. As shown in the inserted zoom in Fig. 7 (a), the

ime point when nucleation stops lies within the stage in which 

he �G 

γ ′ 
V 

curve has not turned obviously into coarsening for al- 

oy Ni-7.25Al-8.5Cr at.%. This means that nucleation has terminated 

efore the massive coarsening becomes dominant, therefore show- 

ng the interim period accompanied by the number density plateau 

23] . The average radius plateau can therefore be explained as a 

umerical issue that the growth of large particles compensates for 

nd even exceeds the shrinkage of small particles while the small 

articles are not fully dissolved. 

.2. Importance of modifying diffusion distance 

The influence of modifying the local diffusion distance with the 

oronoi construction on the temporal evolution of N t , R avg , and f 
γ ′ 
t 

n the alloy (A) Ni-7.5Al-8.5Cr at.% at 873 K isothermal ageing is il- 
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Fig. 9. Spatial distribution of precipitates and Voronoi cells within a 100 nm × 100 nm × 100 nm characteristic cell at different time points in the alloy (A) Ni-7.5Al-8.5Cr 

at.% at 873 K isothermal ageing (the compartmentalization of particle distribution can meet the criteria that each particle is within one Voronoi cell). 
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ustrated in Fig. 8 . It is worth noting that the kinetics steps are

et short enough to keep precipitates from growing beyond corre- 

ponding Voronoi cells. So, interactions among neighboring parti- 

les are ignored here. Compared with simulated results based on 

raditional diffusion distance setting ( ∂r = R ), the simulated precip- 

tation pathways ( ∂r = R V – R ) fit better with the APT experimental

ata, especially for the evolution of R avg and f 
γ ′ 
t shown in Fig. 8 (b,

). As a matter of fact, due to the influence of modified non-equal 

iffusion distance on the growth kinetics equation, the overall pre- 

ipitation kinetics decelerates. This can be understood qualitatively 

s follows. As shown in Fig. 9 , the average modified diffusion dis- 

ance, ( R V – R ) avg , is much higher than the average traditional dif-

usion distance, R avg , during the overall precipitation process. Con- 

equently, the growth rate is reduced, leading to lower values for 

 avg and f 
γ ′ 
t . The higher N t can thus be ascribed to the higher nu-

leation kinetics induced by the higher degree of supersaturation 

n the matrix. It is also worth mentioning that the average diffu- 

ion distance given by the Voronoi construction is in accordance 

ith the reported fact that Al is not likely to diffuse more than 10

m in the γ matrix when annealing below 873 K [30] . 

One possible source of error between the simulation and the 

xperiment is the local equilibrium assumption used for the dif- 

usion field, which does not take into account soft impingement 

the overlap of diffusion fields of neighboring precipitates) [ 31 , 32 ], 

ard impingement (the coalescence or coagulation caused by direct 

ontacts between precipitates) [ 33 , 34 ], and the physical geometry 

shape anisotropy) [35] . Apart from blaming the simplifications in 

he model, another possible error source may be ascribed to the 

ncertainties in APT experiments, especially for the volume frac- 

ion measurement at longer time ageing. Indeed, as we can see 

n Fig. 8 (b), the size of measured γ ′ precipitates has been very 

lose to the sectional area of conventional APT analysis after 10 6 

 [ 16 , 36 ]. In spite of these limitations above, the overall precipi-

ation kinetics (the temporal evolution of number density, average 

adius, and volume fraction of γ ′ precipitates) are well predicted. 

. Conclusions 

A successful universal multicomponent precipitation kinetics 

odel, based on the classical KWN model and highly coupled with 

ALPHAD, was proposed. The growth kinetics equation which only 

ncorporates partial off-diagonal diffusion (diffusion of individual 

omponents in the matrix) shows very good computational effi- 
105 
iency and accuracy when predicting the temporal evolution of 

imensional and compositional properties of multicomponent al- 

oys during isothermal ageing. Voronoi construction is taken as a 

ew optimization to picture the spatial distribution of precipitates 

nd modify the local diffusion distance. It is shown that the sim- 

lation with modified diffusion distance fits the experimental APT 

ata better. More importantly, the low computational cost reflected 

rom simple kinetics equations, the compositional sensitivity of 

icrostructural characteristics, and the visualization of the spatial 

istribution of precipitates may highlight the models’ capability in 

he area of materials optimization and design. The source code and 

nstruction are available at http://github.com/KeXuMSE/Voronoi- 

onstruction- based- Kampmann- and- Wagner- numerical- model . 
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