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The existence of magnetostatic surface spin waves in ferromagnets, known as the Damon-Eshbach mode, was
recently demonstrated to originate from the topology of the dipole-dipole interaction. In this work, we study
the topological characteristics of magnons in easy-axis antiferromagnets with uniaxial anisotropy. The dipolar
spin waves are found to be, driven by the dipole-dipole interaction, in a topological nodal-line semimetal phase,
which hosts Damon-Eshbach-type surface modes due to the bulk-edge correspondence. The long-wavelength
character of dipolar spin waves makes our proposal valid for any natural uniaxial easy-axis antiferromagnet and,
thus, enriches the candidates of topological magnonic materials. In contrast to the nonreciprocal property in the
ferromagnetic case, surface modes with opposite momentum coexist at each surface, but with different chiralities.
Such chirality-momentum or spin-momentum locking, similar to that of electronic surface states in topological
insulators, offers the opportunity to design novel chirality-based magnonic devices in antiferromagnets.

DOI: 10.1103/PhysRevResearch.2.023282

I. INTRODUCTION

Topological materials have attracted great interest in the
past decade due to their intriguing fundamental properties
and promising applications. Related concepts, such as topo-
logical insulators [1,2] and Weyl semimetals [3], in elec-
tronic materials have recently been introduced into magnonic
systems [4–22]. Most of these proposals are based on quite
selective materials with special crystal structures, such as
pyrochlore [6–11], honeycomb [12–16], and Kagome [17–19]
lattices, and usually require a Dzyaloshinskii-Moriya inter-
action [8–13,17–20], which supplies an effective spin-orbit
interaction to magnons. While topological magnons due to
the dipole-dipole interaction, another interaction involving
both spin and orbit degrees of freedom, have also been
predicted in artificial magnonic crystals [4,5], the dipolar-
induced topology in natural materials, especially those with-
out Dzyaloshinskii-Moriya interactions, is of particular inter-
est and yet to be clarified.

As one of the most striking characteristics of topological
materials, topologically protected surface states appear at their
boundaries. Among the dipolar spin waves in ferromagnets
(FMs), on the other hand, there is also a special mode, called
the Damon-Eshbach mode [23], with a very similar property
of localization near the surface. This spin-wave mode has
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recently attracted rising attention and is expected to be a use-
ful ingredient for future magnonic devices [24,25]. Although
the Damon-Eshbach mode was discovered more than half a
century ago, its topological origin was not demonstrated until
very recently by Yamamoto et al., who analyzed the bulk-edge
correspondence from the topology of the dipolar interaction
[26] and thus brought the concept of topology into spin waves
and their quanta, i.e., magnons, in all ferromagnetic materials.

For magnons in FMs, however, only one spin state is
allowed, which prevents the magnons from exhibiting desir-
able electronlike spin-orbit phenomena. The latter perform an
essential role in modern condensed matter physics. In con-
trast, antiferromagnets (AFMs) can host magnons polarized
in two opposite directions as well as their superposition and,
therefore, activate the spin degree of freedom, suggesting that
AFMs might be a suitable platform for study of magnonic
spin-orbit phenomena. Effective spin-orbit coupling due to the
dipole-dipole interaction and its consequences, such as the
D’yakonov-Perel’-type magnon spin relaxation mechanism
and the intrinsic magnon (inverse) spin Hall effect, have been
predicted very recently [27].

In this paper, we show that dipolar spin waves in uniaxial
easy-axis AFMs are naturally in a topological nodal-line
semimetal phase. More interestingly, the topological surface
modes, residing in the dipolar-induced gap between the bulk
bands, display a chirality-momentum locking, which is ex-
pected to be a useful property for applications. Since the
dipolar spin waves addressed here lie in the long-wavelength
regime and therefore are insensitive to the details of the crystal
lattices, our results are valid for any natural easy-axis AFMs
with uniaxial anisotropy. Based on the outstanding properties
of the surface modes, we propose a magnonic device to
manipulate their chiralities through a magnetic field gradient.

2643-1564/2020/2(2)/023282(7) 023282-1 Published by the American Physical Society

https://orcid.org/0000-0002-1309-390X
https://orcid.org/0000-0002-5037-4217
https://orcid.org/0000-0002-0842-5711
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevResearch.2.023282&domain=pdf&date_stamp=2020-06-04
https://doi.org/10.1103/PhysRevResearch.2.023282
https://creativecommons.org/licenses/by/4.0/


JIE LIU, LIN WANG, AND KA SHEN PHYSICAL REVIEW RESEARCH 2, 023282 (2020)

II. TOPOLOGICAL ANALYSIS

In the presence of an external magnetic field along the easy
axis, the magnons in an AFM with uniaxial anisotropy can be
described by an effective two-band model under a circularly
polarized basis or spin basis, α and β, as [27]

H eff (k) = h̄ω̃k + (
h̄ωH ẑ + �soc

k

) · σ, (1)

with h̄ωH = γμ0H and �soc
k representing the Zeeman energy

due to the external field and the effective magnon spin-
orbit coupling from the dipolar interaction. As the precise
dipolar field can be calculated from the lattice model (see
Appendix A), in the long-wavelength limit, it can be well
described by �soc

k = �k sin2 θk(cos 2φk, sin 2φk, 0) [27] with
�k = h̄γkωanωm/(2ω̃k) and

ω̃k =
√

ω2
0 + 2ωanAk + (

1 − γ 2
k

)
(ωex + Ak)2. (2)

Here, ω0 = √
ωan(ωan + 2ωex) and Ak = (ωm/2) sin2 θk, with

ωex, ωan, and ωm representing the frequency scales of the
exchange, anisotropy, and dipolar interactions, respectively.
θk corresponds to the polar angle of the wave vector k with
respect to the easy axis along the z direction and φk stands
for the azimuthal angle in the x-y plane. The form factor
γk = (1/Z )

∑
δ exp(iδ · k) averages the phase factor over all

coordination atoms.
Taking γk ∼ 1 near the zone center and assuming the

dipolar interaction and the Zeeman term to be much smaller
than ω0, the dispersion relations of the two magnon bulk bands
can be calculated by diagonalizing Hamiltonian (1), leading to(

ωbulk
±

)2 = ω2
0 + ωanωm sin2 θk

±
√

4ω2
H

(
ω2

0 + ωanωm sin2 θk
) + ω2

anω
2
m sin4 θk,

(3)

which are indicated by the red curves in Fig. 1. In the absence
of an external field, the bulk gap closes (ωbulk

+ = ωbulk
− ) at

θk = 0, forming a nodal line along (0, 0, kz ). Note that more
nodal lines may appear in the Brillouin zone. For example, the
lattice model in a simple cubic lattice gives another nodal line
along (π/a0, π/a0, kz ) as shown in Appendix B. Although
the specific crystal lattice may change the details of these
additional nodal lines, it will not affect the long-wavelength
dipolar spin waves discussed in the present work.

By discarding the constant term ω̃k around k � 0 [26],
Hamiltonian (1) reduces to

H eff (k) � �k sin2 θk(cos 2φkσx + sin 2φkσy) (4)

for a vanishing magnetic field. This three-dimensional Hamil-
tonian has time-reversal symmetry (TRS) TH eff (k)T−1 =
H eff (−k), particle-hole-like symmetry [28] PH eff (k)P−1 =
−H eff (−k), and therefore chiral symmetry CH eff (k)C−1 =
−H eff (k). Here, T = σxK, P = σyK, and C = σz, with K
being the complex conjugation operator [26]. A gapped sys-
tem of three dimensions satisfying such a symmetry property
belongs to the topologically nontrivial class of CI [29]. The
present case is, however, gapless with nodal lines, therefore
one has to reduce the three-dimensional Brillouin zone to
one-dimensional (1D) subsystems for topological classifica-
tion [30,31]. The one-dimensional subsystem only has chiral

FIG. 1. Spin-wave spectra without (a–d) and with (e–h) an exter-
nal field for θk = 0, π/6, π/3, and π/2. Red curves correspond to
the frequency of the bulk modes given by Eq. (3). The parameters
in MnF2 [33] are adopted in the calculation, with ωex = 1529 GHz,
ωan = 21.96 GHz, and ωm = 20.85 GHz, giving ω0 � 260.06 GHz.
And ωH = 0.836 GHz for an external magnetic field μ0H = 0.03 T.

symmetry in general [29] and therefore is in class AIII, which
can be characterized by the winding number W (k1, k2) =
(1/2π i)

∫
(1D)BZ dζ (k3)/ζ (k3). Here, k1,2,3 are three orthog-

onal directions in momentum space and the integration for
fixed k1,2 is performed over a closed loop formed by the
one-dimensional Brillouin zone along k3. Specifically for the
present case, we have ζ (k3) = e−2iφk and therefore the re-
duced one-dimensional Hamiltonian is topologically nontriv-
ial unless k3 is taken along the easy axis, in which W (kx, ky) ≡
0 because of the fact that φk is independent of kz. As shown
in Appendix B, the winding number can also be directly
read from the variation of the spin-orbit field in momentum
space, where its values around the two nodal lines (0, 0, kz )
and (π/a0, π/a0, kz ) in a simple cubic lattice are −2 and 2,
respectively.

In the following, we focus on a nontrivial configuration,
in which the surfaces of an antiferromagnetic film is set to
be normal to the y axis. Due to the chiral symmetry, all
the surface modes have well-defined chirality, equivalent to
the winding number W (kx, kz ) [30]. For each surface, the
two nodal lines divide W (kx, kz ) into two blocks with either
positive or negative kx. These two blocks thus have oppo-
site chiralities, i.e., W (kx, kz ) = sgn(kx ), indicating chirality-
momentum locking, similar to the spin-momentum locking in
topological insulators [1,2]. This is because the TRS operator
T anticommutes with the chiral operator C, i.e., {T ,C} = 0.
In addition, for a fixed momentum (kx, kz ), the chiralities of
the modes at two surfaces are also opposite. This results from

023282-2



DIPOLAR SPIN WAVES IN UNIAXIAL EASY-AXIS … PHYSICAL REVIEW RESEARCH 2, 023282 (2020)

{Mxz,C} = 0, with Mxz being the mirror symmetry about
the xz plane MxzH eff (y, kx, kz )M−1

xz = −H eff (−y, kx, kz ). A
similar analysis can be done for other configurations (see
Appendix C for the trivial case with surfaces normal to the
easy axis).

With the external field included, the bulk Hamiltonian
H eff (k) is gapped by the Zeeman term h̄ωHσz and only the
particle-hole-like symmetry P survives. As a result, H eff (k)
reduces to class C [29], which is topologically trivial in three
dimensions. The influence of the external field on surface
modes is rather interesting. The surface modes are eigenstates
with respect to the external field and their frequencies are
shifted up (down) with positive (negative) chirality.

III. RESULTS AND DISCUSSION

A. Spin-wave spectrum in an antiferromagnetic film

Now we move to the detailed properties of the spin waves,
of which the spectrum and wave functions can be derived
by extending the Damon-Eshbach approach [23] to AFMs.
Focusing on the dipolar spin-wave regime [32–37], the secular
equation reads [32–34]

[
(1 + κ )

ki
y

|k| cot
ki

yd

2
+ 1

][
(1 + κ )

ki
y

|k| tan
ki

yd

2
− 1

]

−ν2 sin2 θk = 0, (5)

where

(
ki

y

)2 = −1 + κ sin2 θk

1 + κ
k2, (6)

κ = 2ωmωan
( − ω2

H + ω2
0 − ω2

)
[(ωH + ω0)2 − ω2][(ωH − ω0)2 − ω2]

, (7)

ν = i4ωωHωmωan

[(ωH + ω0)2 − ω2][(ωH − ω0)2 − ω2]
, (8)

with d being the thickness of the film. The condition for the
magnetostatic surface spin waves (MSSWs) is then (ki

y)2 <

0, corresponding to a pure imaginary wave vector along the
thickness direction.

The entire spin-wave spectrum for an arbitrary θk can be
calculated numerically. The results for several typical angles
without and with an external field are plotted in Fig. 1.
The surface modes residing in the magnon gap (represented
by the red shading) are clearly shown, except for θk = 0 along
the nodal line. At vanishing field, the two surface modes
become degenerate at |k|d � 1 with the frequency

(ωMSSW
± )2||k|d�1 = ω2

0 + 2ωanωm
sin2 θk

1 + sin2 θk
, (9)

which explains well the angular dependence shown in Fig. 1.
The splitting between the two surface modes in the small-|k|d
regime results from the interplay of the two surfaces separated
by a finite thickness. Note that the dipolar interaction alone
can only lift the degeneracy of the upper set of the volume
modes, and not the lower set, which is of a fixed frequency
ω0 for any θk [see Figs. 1(a)–1(d)]. The inclusion of an
external field not only introduces splitting to the low set but
also pushes it into the bulk gap [see Figs. 1(e)–1(h)]. In the

following, we focus on the configuration with the largest bulk
gap at θk = π/2, commonly used in experiments on Damon-
Eshbach spin waves in FMs [24]. The two surface modes in
this configuration can be calculated analytically.

B. Chiral surface spin waves at θk = π/2

For this particular case, we derive the solutions of the two
surface modes from Eq. (5) as

(ωMSSW
± )2 = ω2

H + ω2
0 + ωanωm

±
√

4ω2
H (ω2

0 + ωanωm) + ω2
anω

2
me−2|k|d , (10)

which, in the limit of |k|d � 1, reduce to

(ωMSSW
± )2||k|d�1 = (√

ω2
0 + ωanωm ± ωH

)2
. (11)

The two surface modes are split only by a Zeeman term.
In the absence of an external field, the two modes become
degenerate, consistent with Eq. (9). In the opposite limit,
|k|d � 1, Eq. (10) becomes

(ωMSSW
± )2||k|d�1 = ω2

H + ω2
0 + ωanωm

±
√

4ω2
H

(
ω2

0 + ωanωm
) + ω2

anω
2
m, (12)

which approaches the frequencies of the bulk modes deter-
mined by Eq. (3).

The extension of Damon-Eshbach theory to AFMs also
gives the spatial profiles of the mode-dependent magneti-
zation dynamics [38,39]. In Fig. 2, we plot the trajectories
of the local magnetization dynamics across the film for the
two surface modes with different values of kd . The size and
color of the trajectories represent the amplitude and local
chirality, respectively. The results without an external field,
i.e., Figs. 2(a) and 2(b), can be expressed generally as a
combination of two chiral motions [40],

(mx, my)MSSW
± (y) = eky(1,−i) ∓ e−ky(1, i), (13)

with the relative magnitude of the (1,−i) (clockwise motion)
and (1, i) (counterclockwise motion) components weighted
by the blue and red colors in the figures. As shown in
Figs. 2(a) and 2(b), the top (bottom) surface is dominated
by clockwise (counterclockwise) motion for a positive k. The
rotation direction is reversed when the wave vector changes
to the opposite direction. And the amplitudes at the top
and bottom surfaces for each mode are always equal. These
properties are consistent with our symmetry analysis.

By introducing an external magnetic field to break the
TRS, one can make each surface mode localize individually
at only one surface as shown in Figs. 2(c) and 2(d). The
situation becomes quite similar to the Damon-Eshbach modes
in FMs, where the TRS is broken naturally. More interestingly,
in the homogeneous limit, i.e., k � 0, both surface modes
become almost linearly polarized, which results from the su-
perposition of the two dynamic components with comparable
magnitudes.

C. Device design

The features discussed above offer the opportunity to
introduce the chirality degree of freedom as an ingredient
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FIG. 2. Spatial distributions of the magnetization dynamics for
the surface modes at θk = π/2 without (a, b) and with (c, d) an
applied magnetic field (H > 0). Blue and red symbols characterize
the local dynamics of the clockwise and counterclockwise chiralities,
respectively. (a, c) ωMSSW

+ mode; (b, d) ωMSSW
− mode. The arrows in

each column show an instantaneous spin configuration of each mode.

of future antiferromagnetic magnonic devices. As an exam-
ple of potential applications, we propose a chirality inverter
with an in-plane easy-axis antiferromagnetic film [41,42],
as illustrated in Fig. 3, where a magnetic field gradient is
applied along the magnon propagating channel to establish
the spatial evolution of the dispersion. Such a spatial profile
of the external field can be realized experimentally by the
two oppositely oriented magnets at the two ends [43]. As
shown in Fig. 3(b), the chirality of the lower surface branch
at |k|d � 1 is reversed (from clockwise to counterclockwise)
when the magnetic field varies from negative to positive. Note
that the parabolic feature due to the exchange interaction,

FIG. 3. (a) Schematic of the chirality inverter controlled by a
magnetic field gradient. The periodically arranged ferromagnetic
bars form a momentum-selective spin-wave generator and the Pt
bars are detectors of the net local angular momentum. (b) Spin-wave
dispersion relations in different regimes. Solid and dashed curves
represent the surface spin-wave mode localized at the top and bottom
surfaces, respectively. Red and blue colors distinguish the chiralities.
(c) Trajectory of the surface spin-wave propagation.

which is neglected in the above calculations, has been taken
into account in the short-wavelength dispersion in Fig. 3(b).

We consider the spin-wave propagation excited by the
dipolar field of a ferromagnetic nanowire array associated
with a microwave [44]. The wavelength and the frequency of
the active spin wave should match the period of the nanowires
and the selected frequency of the driving microwave, respec-
tively [44,45]. For a driving microwave lying in the frequency
window between ω1 and ω2, the excited spin wave labeled by
the yellow dot in the left dispersion in Fig. 3(b) is assumed
to present pure clockwise magnetization rotation localized
near the top surface. As the spin wave propagates from left
to right, owing to its positive group velocity, its wave vector
is modified but its frequency remains unchanged. In the area
of nearly zero magnetic field, as shown by the yellow dot in
the middle dispersion in Fig. 3(b), the spin wave adiabatically
evolves to be a mixture of clockwise and counterclockwise
rotations. This state is no longer restricted near the top surface
but extends across the entire thickness, as shown in Fig. 2.
When the spin wave propagates further to the positive field
regime, it shrinks again to one of the surfaces, but to the
bottom one instead of back to the top one. In the meantime,
the rotation direction of the magnetization and therefore the
chiral current are reversed, as shown in Fig. 3(c). In contrast,
if the driving frequency is tuned to be between ω2 and ω3,
the excited spin wave, represented by the light-blue dot in
the dispersion figures, is not able to flip its polarization and,
therefore, cannot transmit to the positive magnetic field side
because of the increasing potential barrier. As a result, the spin
wave goes through the thickness to the bottom surface and
reflects back to the left side, as illustrated in Fig. 3(c). Since
the propagating direction is reversed while the polarization
remains the same, the chiral current is also reversed.

To experimentally test our proposal, the inverse spin Hall
effect of heavy metals, which can translate the magnon spin
polarization into an electric signal, might be a promising way
[46]. Specifically, the DC inverse spin Hall voltages Vt , Vb,
and Vr of the three Pt bars in Fig. 3(a) are expected to display
distinguishable behaviors. For ω1 < ω < ω2, Vb would be of
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a much higher amplitude than Vr and Vt . As the frequency
increases to the window ω2 < ω < ω3, the reflection process
becomes dominant, making Vr of the largest magnitude. In
addition, Vr and Vb should have opposite signs.

IV. SUMMARY

We have analyzed the topological nature of magnons in
an easy-axis antiferromagnet with uniaxial anisotropy, which
is recognized as a topological nodal-line semimetal driven
by the dipolar interaction. We find spin-momentum locking
of the surface modes, which not only reveals the topological
protection of these modes, but also paves the way to the design
of novel AFM-based devices. Since the chirality degree of
freedom addressed can convert to the spin polarization of
mobile electrons in a neighboring metal, the physics discussed
in the present work may play a notable role in the spin
transport and dynamics in heterostructures consisting of anti-
ferromagnetic insulators and heavy metals [41,42]. A proposal
for an experimental setup to generate, manipulate, and detect
chiral current is addressed. Finally, we want to point out that
the qualitative features of the dipolar spin waves discussed
here are expected to be robust against thermal fluctuation
and magnon-magnon interactions, just like the situation in
ferromagnets.
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APPENDIX A: CALCULATION OF DIPOLAR-INDUCED
SPLITTING FROM A LATTICE MODEL

We consider the simple cubic lattice illustrated in Fig. 4,
where all nearest-neighboring spins are antiparallel. The
Hamiltonian of the dipole-dipole interaction reads

HDDI = μ0(gμB)2

2

∑
l 	=l ′

|Rll ′ |2Sl · Sl ′ − 3(Rll ′ · Sl )(Rll ′ · Sl ′ )

|Rll ′ |5 ,

(A1)
which includes contributions from any spin pairs. By apply-
ing the Holstein-Primakoff transformation to the two spin
sublattices,

Sz
a = S − a†a, S+

a =
√

2S − a†aa,

Sz
d = −S + d†d, S+

d = d†
√

2S − d†d, (A2)

we can rewrite Eq. (A1) in the momentum space under the
basis of (ak, dk, a†

−k, d†
−k )T as

Hk,−k =

⎛
⎜⎜⎜⎜⎝

Aaa
k Bad∗

−k Baa∗
k Aad∗

k

Bad
−k Add

k Aad
k Bdd

k

Baa
k Aad∗

k Aaa
k Bad

k

Aad
k Bdd∗

k Bad∗
k Add

k

⎞
⎟⎟⎟⎟⎠, (A3)
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FIG. 4. (a) Simple cubic lattice with all nearest-neighboring
magnetic atoms of opposite spin orientation. The translation vec-
tors are defined as v1 = a0(1, 1, 0), v2 = a0(1, 0, 1), and v3 =
a0(0, 1, 1), with a0 being the lattice constant. (b) Dipolar-induced
splitting (background color) and its effective spin-orbit field (arrows)
in momentum space in a simple cubic lattice at kz = 0.2π/a0. The
size of the arrows represents the strength of the field. The light-blue
square represents the boundary of the first Brillouin zone. The phase
change for the two opposite winding loops around the two nodal lines
(0, 0, kz ) and (π/a0, π/a0, kz ) are both 4π , indicating their winding
number W = ∓2.

where the matrix elements are defined as

Ai j
k = −S

μ0(gμB)2

2

∑
∣∣ri j

mnl

∣∣ 	=0

∣∣ri j
mnl

∣∣2 − 3
(
zi j

mnl

)2

∣∣ri j
mnl

∣∣5 e−ik·ri j
mnl , (A4)

Bi j
k = −3S

μ0(gμB)2

2

∑
∣∣ri j

mnl

∣∣	=0

(
xi j

mnl − iyi j
mnl

)2

(
ri j

mnl

)5 eik·ri j
mnl , (A5)

where the superscripts i, j = a, d , raa
mnl = rdd

mnl = mv1 +
nv2 + lv3, and rad

mnl = raa
mnl + (a0, 0, 0). For a simple lattice,

one can take the approximations Aad
k ≈ γkAaa

k and Bad
k ≈

γkBaa
k in the long-wavelength regime, the dipolar Hamilto-

nian, (A3), thus reduces to Eq. (8) in Ref. [27].
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FIG. 5. Qualitative comparison of the dipolar spin-wave spectra
in thin films of (a) FMs, (b) AFMs, and (c) AFMs with an external
magnetic field along the uniaxial easy axis. Red curves represent the
frequencies in bulk systems, while blue curves stand for the MSSWs
in thin films. The distributions of the volume modes are illustrated
by the blue shading.

The Hamiltonian due to the exchange and anisotropy reads
[27]

H0
k,−k =

⎛
⎜⎜⎝
A 0 0 Bk

0 A Bk 0
0 Bk A 0
Bk 0 0 A

⎞
⎟⎟⎠. (A6)

Here, A/h̄ = ωex + ωan and Bk/h̄ = ωexγk. The form fac-
tor γk = [cos(kxa0) + cos(kya0) + cos(kza0)]/3. Hamiltonian
(A6) gives a degenerate magnon dispersion,

ωk =
√

ωan(ωan + 2ωex) + (
1 − γ 2

k

)
ω2

ex. (A7)

By combining the two Hamiltonians, (A3) and (A6), we
calculate the bulk magnon spectrum. The dipolar-induced
splitting due to the dipolar interaction in the (kx, ky) plane
is plotted in Fig. 4, which shows two gapless points, at (0,0)
and (π/a0, π/a0). The appearance and the locations of these
gapless points are independent of the value of kz, meaning that

in three dimensions (0, 0, kz ) and (π/a0, π/a0, kz ) are two
nodal lines.

APPENDIX B: WINDING NUMBER FOR A
ONE-DIMENSIONAL SUBSYSTEM ALONG kz

For the real-space termination in the z direction, the chi-
rality of surface modes W (kx, ky) is always 0, suggesting
its trivial topology. This can be understood as follows. For
each surface, W (kx, ky) = −W (−kx,−ky) due to {T ,C} = 0.
In addition, the mirror symmetry both about the y-z plane
Myz and about the x-z plane Mxz anticommute with the chi-
ral operator, with MyzH eff (z, kx, ky)M−1

yz = H eff (z,−kx, ky)
and MxzH eff (z, kx, ky)M−1

xz = −H eff (z, kx,−ky ). This leads to
W (kx, ky) = −W (−kx, ky) and W (kx, ky) = −W (kx,−ky ). As
a result, W (kx, ky ) ≡ 0.

APPENDIX C: QUALITATIVE COMPARISON OF THE
SPIN-WAVE SPECTRA

Figure 5 illustrates qualitatively the differences between
the spin-wave spectra in FMs and uniaxial easy-axis AFMs,
for a finite angle between the wave vector k and the magneti-
zation direction at equilibrium.

For FMs, the frequency of the bulk mode represented

by the red curve reads ωbulk =
√

ω2
H + ωHωM sin2 θk, whose

values at θk = 0 and π/2 give ωdown = ωH and ωup =√
ω2

H + ωHωM , respectively.
For AFMs, the frequencies of the two bulk modes in

Eq. (3) give constant values for the lower mode, ωbulk
− =√

ωan(ωan + 2ωex), and the upper bound of the other mode,
ωup = √

ωan(ωan + 2ωex + 2ωm), in the absence of an exter-
nal magnetic field.
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