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Linear Time-Varying Parameter Estimation:
Maximum A Posteriori Approach via

Semidefinite Programming
Sasan Vakili , Mohammad Khosravi , Peyman Mohajerin Esfahani ,

and Manuel Mazo Jr. , Senior Member, IEEE

Abstract—We study the problem of identifying a linear
time-varying output map from measurements and linear
time-varying system states, which are perturbed with
Gaussian observation noise and process uncertainty,
respectively. Employing a stochastic model as prior knowl-
edge for the parameters of the unknown output map,
we reconstruct their estimates from input/output pairs via
a Bayesian approach to optimize the posterior probabil-
ity density of the output map parameters. The resulting
problem is a non-convex optimization, for which we pro-
pose a tractable linear matrix inequalities approximation to
warm-start a first-order subsequent method. The efficacy
of our algorithm is shown experimentally against classi-
cal Expectation Maximization and Dual Kalman Smoother
approaches.

Index Terms—Estimation, identification, semidefinite
programming, linear matrix inequalities, optimization.

I. INTRODUCTION

BAYESIAN approaches for estimating characteristics of
dynamical systems have been a subject of studies for

decades and have recently received extensive attention [1], [2].
In systems theory, the significance of the Bayesian approach is
highlighted in state estimation of dynamical systems [3], [4],
e.g., through the celebrated recursive Kalman filter. The
Rauch-Tung-Striebel (RTS) Smoother counterparts [4], on the
other hand, are (offline) iterative non-causal algorithms incor-
porating future measurements into the current state estimation.

An alternative to Bayesian estimation, which requires a
prior distribution of the parameters of interest, is the min-
imax estimation approach, assuming instead the knowledge
of ambiguity sets. The least favourable uncertainty model
from this ambiguity set is then used for estimation [5], [6],
[7], [8]. Here, we focus instead on designing a classical

Manuscript received 15 September 2023; revised 24 November 2023;
accepted 11 December 2023. Date of publication 25 December 2023;
date of current version 22 January 2024. This work was supported by the
European Union’s Horizon 2020 Research and Innovation Programme
through the Marie Skłodowska-Curie Grant under Agreement 956200.
Recommended by Senior Editor V. Ugrinovskii. (Corresponding author:
Sasan Vakili.)

The authors are with the Delft Center for Systems and Control,
Delft University of Technology, 2628 CN Delft, The Netherlands
(e-mail: S.Vakili@tudelft.nl; Mohammad.Khosravi@tudelft.nl;
P.MohajerinEsfahani@tudelft.nl; M.Mazo@tudelft.nl).

Digital Object Identifier 10.1109/LCSYS.2023.3347198

smoother for a different problem: system parameters estima-
tion from input/output measurements via Bayesian estimation.
This problem arises in, e.g., robot mapping in unknown envi-
ronments, such as Autonomous Underwater Vehicles operating
in the deep sea where global positioning is expensive due to
low visibility and lack of radio communications.

Given unknown parameters with random states, applying
a Bayesian estimation framework leads to severe non-
convexities in the resulting optimization problem. As such,
iterative schemes are typically employed to overcome these
non-convexities. Assuming the parameters also follow a sta-
tistical formulation, two main types of smoother approaches,
Dual Kalman Smoother (DKS) and Expectation Maximization
(EM), are available in the literature [9].

Dual Kalman Smoothers (and filters) attempt to maximize
the joint probability space of parameters and state (conditioned
on input and output observations), iterating between estimating
the system states using the last parameters’ estimates followed
by estimating the parameters from the currently estimated
states. Although DKS is computationally efficient according
to its recursive structure, its estimation performance can be
significantly suboptimal due to the bilinearity between the
parameters and states. Unlike DKS, Expectation Maximization
learns the parameters of statistical models by maximizing the
posterior distribution of the parameters from the observed
data and their prior density function when incomplete data or
hidden variables exist [10], [11], [12].

Considering the states of a dynamical system as hidden
variables [13], [14], [15], EM estimates the parameters of a
dynamical system in two steps by integrating all possible
values of the states in which the model could have generated
the observations. The distribution over hidden variables is
maximized in the E-Step using the parameters estimates from
the previous iteration. Subsequently, the M-Step maximizes a
lower bound of the original cost by fixing the hidden variables
distribution to the one optimized in the E-Step. A closed-
form solution of the M-Step is provided in [14] for estimating
the parameters of linear time-invariant dynamical systems and
in [9, Ch. 6] for estimating the parameters of a Gaussian radial
basis function (RBF) approximator. Both solutions consider
the maximum likelihood case, where no prior exists for the
parameters.

Finding a closed-form expression for the parameters update
in the M-Step of a Maximum A Posteriori (MAP) smoothing
problem when the parameters are time-varying and in the pres-
ence of a priori knowledge is non-trivial. This challenge leads
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to a slow convergence of the EM algorithm utilizing com-
putationally demanding approaches to solve the optimization
in M-step, e.g., first-order methods. The slow convergence
of EM is shown experimentally in [16], and further analyses
in [17], [18] demonstrate the slow convergence rate of the
gradient variant of the EM algorithm for Gaussian Mixture
Models.

Alternatives to the iterative schemes can be found in the
parameter estimation problem of an elliptically contoured
distribution [19, P. 107], employing recent Conic Geometric
Optimization methods [20]. These methods, however, require
reformulating the MAP problem via techniques, such as those
proposed in [21, Sec. 3], which result in losing the output
map’s original structure. Retaining such a structure to leverage
the available a priori knowledge is essential to our problem.

In this letter, we consider systems with known linear
time-varying dynamics affected by process and measurement
Gaussian noise but with unknown time-varying output maps.
We propose a method to estimate the unknown parameters of
the output map having as a priori information a linear stochas-
tic system encoding the evolution of the parameters. We derive
an optimization problem applying a fully Bayesian approach,
maximizing the exact posterior distribution of the parameters
when unfolded over the whole time horizon. A tractable con-
servative approximation to the resulting optimization problem
is derived via semidefinite programming (SDP) using linear
matrix inequalities (LMIs) techniques. The solution from
this approximation then provides a warm-start for a first-
order quasi-Newton algorithm that enjoys a locally superlinear
convergence rate. This combination allows us to enjoy both the
computational advantage of DKS and outperform the statistical
performance of EM. We illustrate the efficacy and performance
of our proposed method in comparison with DKS and EM
through a Monte Carlo experiment with different signal-to-
noise ratios (SNRs) in Section V.

Notation: Throughout this letter, Z+, R and R
n×m denote

the set of positive integers, real numbers, and n by m real
matrices, respectively. We indicate diag(A1, . . . , Ak) as a
block diagonal matrix with diagonal entries of given matrices
A1, . . . , Ak. The symbol I denotes the identity matrix, and
tr is the trace operator. Given A ∈ R

m×n, a matrix with
columns a1, . . . , an ∈ R

m, we define vec(A) as the vector
[aT

1 , . . . , aT
n ]T ∈ R

mn. For a positive symmetric matrix A ∈
R

n×n, �(A) := (λi(A))n
i=1 indicates the vector of eigenvalues

of A in descending order, i.e., λi(A) is the ith largest eigenvalue
of A. A multivariate normal (Gaussian) distribution with mean
μ and covariance matrix � is denoted by N (μ,�), and the
symbol ∼ stands for “distributed according to”.

II. PROBLEM DEFINITION

Consider a discrete-time linear time-varying dynamical
system described by the process model:

xk+1 = Akxk + Bkuk + wk, k ∈ Z+, (1)

where k denotes the time index, xk ∈ R
nx is the vector of state

variables, Ak ∈ R
nx×nx is the state transition matrix, uk ∈ R

nu

is the vector of inputs, Bk ∈ R
nx×nu is the input matrix, and

wk ∈ R
nx is an independent realization at time k of the process

noise with Gaussian distribution N (0, �wk). The initial state
of system (1), denoted by x0, is also assumed to be drawn
from a Gaussian distribution N (μx0 , �x0). For k ∈ Z+, the

state of the system is observed at time instant k through a
perturbed linear time-varying map:

yk = Ckxk + vk, k ∈ Z+, (2)

where yk ∈ R
ny denotes the output measurements, Ck ∈

R
ny×nx is an unknown time-varying observation matrix, and

vk ∈ R
ny is the vector of measurement noise signals with

Gaussian distribution N (0, �vk). Let θk be the vector of all
parameters at each time index k:

θk := vec
(
CT

k

)
, (3)

which implies that Ck and θk uniquely characterize each other.
We introduce the following assumption, providing a form of
a priori information. This plays a role akin to that of a
regularizer in non-Bayesian techniques, such as in Supervised
Learning, where algorithms without such regularizers are
prone to overfitting.

Assumption 1 (Output Map Dynamics): The dynamics of
the output map are governed by the difference equation

θk+1 = θk + ηk, k ∈ Z+, (4)

where k denotes the time index, θk ∈ R
nynx is the vector of

parameters driven by the vector of process noise ηk ∈ R
nynx

with Gaussian distribution N (μηk , �ηk). Further, assume that
the initial parameter of system (4), denoted by θ0, is drawn
from the normal distribution N (μθ0 , �θ0).

Assumption 1 imposes a Gaussian random walk dynamics
on the evolution of the parameters, which is the minimal
structure and assumption on the variations of the parameters
because of the maximum entropy feature of the Gaussian
distributions. This assumption allows us to employ a stochastic
belief of a deterministic reality in the Bayesian viewpoint.

Let the inputs and outputs of system (1)-(2) be measured for
k = 0, . . . , nT , where (nT +1) ∈ Z+ denotes the length of the
measurement data. More precisely, the input-output trajectory
data is given by D = {(uk, yk) | k = 0, . . . , nT }. Additionally,
we assume:

Assumption 2 (Noise): The process, measurement, and out-
put map noise realizations, i.e., wk, vk and ηk, respectively, for
all k ∈ {0, . . . , nT }, are independent. Furthermore, the means
μx0 , μθ0 , μηk , and covariance matrices �x0 , �wk , �Vk, �θ0
and �ηk , for k ∈ {0, . . . , nT }, are known.

Remark 1 (A Priori Knowledge): While we assume μθ0 ,
μηk , �θ0 , and �ηk to be readily known, in practical applica-
tions, these parameters can be obtained through various means
depending on the context, e.g., employing prior knowledge of
the nominal model, empirically from previous experiments’
data, or employing a suitable hyperparameter estimation
method when μηk = μθ0 and �ηk = �θ0 , for k ∈ Z+.

Ultimately, the question is whether the observation
model (2) could be estimated. More precisely, we would like
to address the following problem:

Problem 1: Given the process and observation models (1)
and (2), input-output measurement data D, and under
Assumptions 1 and 2, estimate the unknown time-varying
observation matrices Ck in an efficient and tractable way.

To address the problem 1, we develop a MAP approach in
the next section, followed by a tractable reformulation using
LMI techniques in Section IV.

III. MAXIMUM A POSTERIORI ESTIMATION

In this section, we propose a Bayesian method for estimat-
ing the unknown observation matrices C0, . . . , CnT . The three
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main elements in Bayesian estimation methods are a prior
density function, an observation model, and a loss function,
which we briefly explain for solving our problem with the
MAP approach.

A. Lifted Process and Observation Model
Let us represent the process model (1) in the following lifted

matrix form:

x = A(u + wx), (5)

where x = [
xT

0 , . . . , xT
nT

]T includes the system states
over the entire horizon up to time nT , while the input
vector is modified to include the initial state u =[
μT

x0
, (B0u0)

T , . . . , (BnT −1unT −1)
T
]T

, and the noise vector
consists of the uncertainty of the initial state and process
noises wx = [

wT
x0

, wT
0 , . . . , wT

nT −1

]T
with wx0 ∼ N (0, �x0).

Given that the process noises and initial state uncertainty
are uncorrelated from Assumption 2, we can specify wx in
terms of a multivariate normal distribution N (0, �wx) in which
�wx = diag(�x0, �w0 , . . . , �wnT −1). The lifted transition
matrix A has the lower triangular form:

A =

⎡

⎢⎢⎢⎢
⎣

I

A0 I

A1A0 A1 I

...
...

. . .
. . .

AnT −1 . . . A0 AnT −1 . . . A1 . . . AnT −1 I

⎤

⎥⎥⎥⎥
⎦

.

Similarly, the observation model (2) for the entire trajectory
can be expressed as:

y = Cx + v, (6)

where y = [
yT

0 , . . . , yT
nT

]T is the vector of all measurements,
v ∼ N (0, �v) is the vector of all measurement noise
realizations with �v = diag(�v0, �v1 , . . . , �vnT

), and C is the
lifted observation matrix:

C = diag
(
C0, C1, . . . , CnT

)
.

Finally, we describe the dynamics of the output map parame-
ters θ for the entire trajectory as:

θ = μθ + wθ , (7)

where θ = [
θT

0 , . . . , θT
nT

]T , and μθ results from the summa-
tion of the biases of the initial parameter and the noise: μθ =[
μT

θ0
, μT

θ0
+ μT

η0
, . . . , μT

θ0
+∑nT −1

i=0 μT
ηi

]T
. Similarly, the noise

signal wθ results from the integration over the entire horizon
including the uncertainty of the initial parameter as: wθ = Dη,
where η = [

ηT
θ0

, ηT
0 , . . . , ηT

nT −1

]T
and ηθ0 ∼ N (0, �θ0), with

D =

⎡

⎢⎢
⎣

I

I I

...
...

. . .

I I . . . I

⎤

⎥⎥
⎦.

Since the parameters are assumed to be independent
(Assumption 2), we have wθ ∼ N (0, �wθ ), �wθ =
D�ηDT, with �η = diag(�θ0, �η0 , . . . , �ηnT −1). Ultimately,
the model (7) is used to specify the prior density function.

In what follows, we represent C as C(θ) to emphasize
the dependence of C on θ according to (3). Consequently,
substituting x in (6) with the expression from (5) results in

the observation model, with unknown C(θ), describing the
measurements y as a function of the applied inputs u:

y = C(θ)Au + wy(θ), (8)

where wy(θ) = C(θ)Awx + v. Also, from Assumption 2:

wy(θ)|θ ∼ N
(
0, �wy(θ)

)
,

where �wy(θ) = C(θ)A�wxAT C(θ)T + �v. This model
is used later to specify the conditional probability density
function of the measurements. Note that wy(θ)|θ is conditioned
on knowing the parameters and remains Gaussian with the
derived covariance since both noise sources, wx and v, are
Gaussian and independent.

B. MAP Loss Function
In MAP estimation, one aims to find an estimate θ̂ for

the parameters by minimizing the cost function [22]: E[1 −
1

θ :
∥
∥∥θ−θ̂

∥
∥∥∞≤ε

(θ)], where θ is the vector of random variables,

1(.) is an indicator function, and ε is a small scalar. It is further
shown in [23, Chapter 4] that minimizing the expectation
of such a loss function implies maximizing the conditional
probability density of θ given the vector of observations and
inputs, i.e.,

θ̂ = argmaxθ p(θ |y, u), (9)

where θ̂ is the estimate of the true parameter θ . The following
lemma formalizes this first step to compute the MAP estima-
tion.

Lemma 1 (MAP Optimization Problem): Let us define the
function J : Rnynx(nT +1) → R as

J (θ) := logdet
(
�wy(θ)

)

+∥∥y − C(θ)Au
∥∥2

�−1
wy (θ)

+ ∥∥θ − μθ

∥∥2
�−1

wθ

.(10)

The MAP estimation (9) is equivalent to:

θ̂ = argmin
θ

J (θ). (11)

Proof: Using Bayes’ rule, the MAP estimation (9) can be
reformulated as

max
θ

p(θ |y, u) = max
θ

p(y|θ, u)p(θ |u)

p(y|u)
. (12)

We first note that the denominator of (12) does not depend
on θ and, hence, can be neglected without changing the
optimizer. Moreover, we note that the dynamics of θ in (4)
(or equivalently in the lifted form in (7)) do not depend on
the input sequence of u (i.e., p(θ |u) = p(θ)). Next, using a
straightforward computation, one can derive the probability
density functions p(θ) and p(y|θ, u). Specifically, from (7),
we know that the variable θ is Gaussian with the probability
density function

p(θ) =
exp

(
− 1

2 (θ − μθ)
T �−1

wθ
(θ − μθ)

)

√
(2π)(nT +1)nynx det

(
�wθ

) .

Similarly, we know from (8) that given θ and the input
sequence u, the output sequence y is also Gaussian with the
conditional probability density function

p(y|θ, u) =
exp

(
− 1

2 (y − C(θ)Au)T �−1
wy

(θ)(y − C(θ)Au)
)

√
(2π)(nT +1)ny det

(
�wy(θ)

) .
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Finally, applying the monotonically increasing function log
and observing that all terms in the denominators except
det(�wy(θ)) are constant, we arrive at the minimization
problem of the function J defined in (11).

In the next section, we propose a tractable conservative
approximation using LMI techniques to tackle the non-convex
objective function J (θ) defined in (10).

Remark 2 (Robust Estimation): Alternatively, a robust min-
imax estimation formulation similar to [8] could be employed.
This approach, however, requires finding an ambiguity set to
approximate non-Gaussian observation uncertainties due to the
multiplication of Gaussian variables in wy(θ).

IV. PROPOSED SOLUTION

The optimization problem (11) is non-convex not only
because of the weight �−1

wy
(θ), being quadratic in the

parameters θ , in the second term but also because of the
log-determinant operator in the first term. A typical approach
is to use first-order algorithms to find a solution due to
the mentioned non-convexities. These algorithms, however,
only guarantee convergence to a local optimum. Therefore,
selecting an appropriate initial starting point is crucial to the
obtained quality of the solution. We propose to solve the
problem in two steps: first, we perform a convex relaxation
of (11) into a set of LMIs, which we use to compute an initial
approximate minimizer; next, we employ this approximate
minimizer to initialize (warm-start) a first-order optimization
method, e.g., steepest descent [24] or quasi-Newton algo-
rithms [25], to solve (11) thus refining our initial minimizer
estimate.

Theorem 1 (LMI Conservative Approximation): Consider
the following LMIs:

min
S,θ,γ,β

tr(S − I) + γ + β

s.t.

[−�−1
wx

AT C(θ)T

C(θ)A �v − S

]
� 0,

[ −S (y − C(θ)Au)

(y − C(θ)Au)T − γ

]
� 0,

[ −�wθ (θ − μθ)

(θ − μθ)
T − β

]
� 0. (13)

Then, the optimal value of the nonlinear program (11) is
upper bounded by J∗ +‖y−C(θ∗)Au‖2

�−1
wy (θ∗)−S∗−1 , where J∗

and (S∗, θ∗) are the optimal value and the optimizer of (13),
respectively.

Proof: Consider a matrix S � 0 upper bounding the
covariance matrix �wy(θ) � 0 as

�wy(θ) = C(θ)A�wxAT C(θ)T + �v � S. (14)

Thus, λi(�wy(θ)) ≤ λi(S), for i = 1, . . . , ny(nT + 1), which
implies that

logdet
(
�wy(θ)

) ≤ logdet(S).

Since logdet(S) = ∑ny(nT +1)

i=1 log λi(S) and tr(S) =
∑ny(nT +1)

i=1 λi(S), we also have

logdet
(
�wy(θ)

) ≤ logdet(S) ≤ tr(S − I).

Using the Schur complement, one can see that (14) is equiv-
alent to the following linear matrix inequality

⎡

⎣
−�−1

wx
AT C(θ)T

C(θ)A �v − S

⎤

⎦ � 0.

Similarly, considering γ ≥ 0 and β ≥ 0 such that

(y − C(θ)Au)T S−1(y − C(θ)Au)

≤ (y − C(θ)Au)T �wy(θ)−1(y − C(θ)Au) ≤ γ, (15)

and

(θ − μθ)
T �−1

wθ
(θ − μθ) ≤ β, (16)

we can apply again the Schur complement to the inequalities
in (15) and (16) to obtain the last two LMIs in (13). Finally,
replacing the terms in the cost function J (θ) in (10) with their
bounds and including the corresponding LMIs as constraints
arrives at the LMIs (13). Note further that by definition,
we have

J∗ + ∥∥y − C
(
θ∗)Au

∥∥2
�−1

wy (θ∗)−S∗−1

= J
(
θ∗)+ tr

(
S∗ − I

)− logdet
(
�wy(θ

∗)
) ≥ J

(
θ∗), (17)

where the function J (θ∗) is defined in (10), and the last
inequality follows from (14).

The tightness of the inequality in (17) mainly depends on
the gap between log det(S) and tr(S − I) since log det(S) is
bounded from above by tr(S − I), which is negligible when
λi(S) ≈ 1, for i = 1, . . . , ny(nT + 1). One may employ
a suitable matrix W to scale the eigenvalues of S, replace
log det(S) with log det(WSW)−2 log det(W) and approximate
log det(WSW) with tr(WSW − I). Furthermore, the closeness
of J∗ and J (θ∗) in (17) is proportional to the fitness quality
of the measurements and whether S∗ is close to the covariance
matrix accordingly.

In addition, Theorem 1 provides an approximation of (11),
producing an initial near-optimal solution. As indicated earlier,
we propose to employ this solution to warm-start a local (non-
convex) optimizer. Due to its fast convergence, we propose
to employ, as a refining optimizer, the BFGS algorithm [25,
Ch. 6], a variant of quasi-Newton methods. The BFGS algo-
rithm approximates the Hessian matrix for its search directions
relying on an analytical expression of the gradient ∇θJ (θ).
The gradient of the cost function (10) with respect to the
parameters θ

∇θJ (θ) =
[

∂J
∂θ1

, . . . ,
∂J

∂θnynx(nT +1)

]T

(18)

can be easily derived applying the chain rule:

∂J
∂θijk

= 2tr
[(

A�wx AT C(θ)T �wy(θ)−1
)

Cij
k (θ)

−
(

A�wx AT C(θ)T �wy(θ)−1

× (y − C(θ)Au)(y − C(θ)Au)T �wy(θ)−1
)

Cij
k (θ)

−
(

Au(y − C(θ)Au)T �wy(θ)−1
)

Cij
k (θ)

+
(
(θ − μθ)

T �−1
wθ

)
θ ijk
]
,

where Cij
k (θ) is the single-entry matrix of C(θ) with the block

matrix of Ck(θ) having 1 at index (i, j) and zero elsewhere,
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and θ ijk is the single-entry vector of θ with 1 at index ijk and
zero elsewhere.

The LMIs (13) initializes the original non-convex problem
with a locally optimal solution. Thus, the computational
complexity of the proposed method consists of the well-known
computational complexity of solving the SDP problems [26],
i.e., a one-time solution of (13), and the computation of the
gradient (18) per iteration of the first-order method:

O
(

n3
x(nT + 1)3 + n2

x(nT + 1)2

2
+ nyn2

x(nT + 1)2

+nxn2
y(nT + 1)3 + (

ny

)3
(nT + 1)3

)

,

which is O(n3
T ) when nx, ny � nT .

V. NUMERICAL EXAMPLE

In this section, we provide a numerical example to verify the
efficacy and performance of the proposed method: employing
the LMIs (13) to warm-start the solution of (11) via the BFGS
optimizer. Additionally, we compare the resulting solution
with the estimates obtained from EM and DKS algorithms.
To have a fair comparison, we also employ the same BFGS
optimizer for the M-Step of the EM estimation.

We demonstrate our solution on the following system:

xk+1 =
[

0.7 0.25 0
0 0.5 0
0 0.25 0.7

]

xk +
[

0
1
1

]

(3.5 + cos(2k)) + wk,

with μx0 = [
1, 0.5, 2

]T . The observation is a
two-dimensional model, i.e., the number of measurements
per time instant is ny = 2. The system has sampled input
and measurement pairs in D every 100 milliseconds for 10
seconds, i.e., nT = 100. Thus, the number of parameters to
be estimated is nynx(nT + 1) = 606. The noise covariance of
process, observation and output map dynamics, �wk , �vk and
�ηk , are assumed to remain constant across the entire horizon.
Moreover, the initial state and parameter noise covariance are
similar to the noise covariance of process and output map
dynamics, respectively (i.e., �x0 = �wk and �θ0 = �ηk).
The output map noise biases μηk are generated such that
μ1,ηk = 5 + e−0.6k cos(0.4k), μ2,ηk = 1.5 + e−0.6k sin(0.025k),
μ3,ηk = 2, μ4,ηk = 5 + e−0.6k cos(0.4k), μ5,ηk = 1.5 +
e−0.6k sin(0.025k), and μ6,ηk = 2. The initial parameter bias,
μθ0 , is derived from μη0 by setting k = 0, and the DKS
and EM algorithms’ initialization is according to these noise
bias values. We examine the performance of our algorithm,
SDP-GD, compared with EM and DKS on four scenarios
generated by employing High/Low SNRs for the process and
observation noise, particularly 30 and 10 dB, and High/Low
parameter variation of:

High : �ηk = diag(2.17, 0.076, 1.19, 1.38, 0.87, 1.27)

Low : �ηk = diag(6.9, 0.2, 3.8, 4.4, 2.8, 4) · 10−2.

Combined results from 100 experiments for each of the four
scenarios, keeping the same ground-truth realization in each
scenario, are illustrated in Figures 1 and 2. The figures
demonstrate the median (vertical dotted lines) and distribution
across experiments based on the mean squared error (MSE),
i.e., MSE = 1

nT +1

∑nT
k=0 ‖θk − θ̂k‖2

2. One can observe how the
DKS underperforms compared to the EM and our SDP-GD

Fig. 1. The Mean Squared Error of the three methods in high noise of
�η and two different SNRs for 100 experiments.

Fig. 2. The Mean Squared Error of the three methods in low noise of
�η and two different SNRs for 100 experiments.

TABLE I
THE AVERAGE COMPUTATION PERFORMANCE
ON ALL SCENARIOS FOR 100 EXPERIMENTS

solutions in more challenging scenarios where the process-
observation model noise is high or in the presence of High
parameter variation.

The average and standard deviation of the computation time
of each method across 100 experiments are reported in Table I.
We performed all the experiments on a cluster node with
384G memory and 40 CPU cores (2 Intel Xeon Gold 6148 @
2.40GHz). The elapsed execution times confirm our hypothesis
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that EM is computationally more expensive than the other
alternatives.

The performance of EM and DKS algorithms highly
depends on the initialization, while in contrast, our proposed
solution takes advantage of a warm-start initializer obtained
from solving a convexified approximation of the original
optimization problem. This initialization helps converge to
a better local optimum faster than the EM algorithm. In
addition, the M-step of the EM algorithm, in this problem,
does not hold a closed-form solution, which results in utilizing
a first-order method. This gradient M-Step also plays a part
in the general slowness of the EM algorithm. Our algorithm,
however, requires a one-time execution of the set of LMIs
followed by an iterative quasi-Newton method with a super-
linear convergence rate. Hence, it provides the best of both
worlds, i.e., better estimations than EM and DKS with less
computation time than EM.

VI. CONCLUSION

We have introduced a method for estimating an unknown
output map of a linear time-varying system by employing
a stochastic characterization of the evolution of the output
map parameters, which serves as a priori information for
MAP estimation. The derived MAP optimization problem
is solved by relaxing the optimization as a set of LMIs,
whose solution provides a warm-start for a gradient descent
algorithm. Compared with standard approaches to solve this
problem, namely EM and DKS, we showed experimentally the
superiority of our method in estimation performance and lower
computational demands compared to EM. Future work will
explore the incorporation of other types of a priori knowledge
on the output map, the development of efficient causal filters
following similar approaches, the minimax formulation for
robust estimation, considering noise models with more general
structures, and introducing methods for efficient design of the
control input.

REFERENCES

[1] T. D. Barfoot, State Estimation for Robotics. Cambridge, U.K.:
Cambridge Univ. 2017.

[2] R. van de Schoot et al., “Bayesian statistics and modelling,” Nat. Rev.
Methods Primers, vol. 1, no. 1, p. 1, 2021.

[3] R. E. Kalman and R. S. Bucy, “New results in linear filtering and
prediction theory,” J. Basic Eng., vol. 83, no. 1, pp. 95–108, 1961.

[4] H. Rauch, “Solutions to the linear smoothing problem,” IEEE Trans.
Autom. Control, vol. 8, no. 4, pp. 371–372, Oct. 1963.

[5] S. Yi and M. Zorzi, “Robust Kalman filtering under model uncertainty:
The case of degenerate densities,” IEEE Trans. Autom. Control, vol. 67,
no. 7, pp. 3458–3471, Jul. 2022.

[6] S. Shafieezadeh-Abadeh, V. A. Nguyen, D. Kuhn, and
P. M. M. Esfahani, “Wasserstein distributionally robust Kalman
filtering,” in Proc. Adv. Neural Inf. Process. Syst., 2018,
pp. 8483–8492.

[7] V. A. Nguyen, S. Shafieezadeh-Abadeh, D. Kuhn, and P. M. Esfahani,
“Bridging Bayesian and minimax mean square error estimation via
Wasserstein distributionally robust optimization,” Math. Oper. Res.,
vol. 48, no. 1, pp. 1–37, 2023.

[8] S. Yi and M. Zorzi, “Robust fixed-lag smoothing under model pertur-
bations,” J. Frankl. Inst., vol. 360, no. 1, pp. 458–483, 2023.

[9] S. Haykin, Kalman Filtering and Neural Networks. Hoboken, NJ, USA:
Wiley, 2004.

[10] L. E. Baum and J. A. Eagon, “An inequality with applications to
statistical estimation for probabilistic functions of Markov processes
and to a model for ecology,” Bull. Amer. Math. Soc., vol. 73, no. 3,
pp. 360–363, 1967.

[11] S. Liu, X. Zhang, L. Xu, and F. Ding, “Expectation–maximization
algorithm for bilinear systems by using the Rauch–Tung–Striebel
smoother,” Automatica, vol. 142, Aug. 2022, Art. no. 110365.

[12] M. Zheng and Y. Ohta, “Bayesian positive system identification:
Truncated gaussian prior and hyperparameter estimation,” Syst. Control
Lett., vol. 148, Feb. 2021, Art. no. 104857.

[13] T. B. Schön, A. Wills, and B. Ninness, “System identification of
nonlinear state-space models,” Automatica, vol. 47, no. 1, pp. 39–49,
2011.

[14] Z. Ghahramani and G. E. Hinton, “Parameter estimation for lin-
ear dynamical systems,” Dept. Comput. Sci., Toronto, ON, Canada,
Rep. TR-96-2, 1996.

[15] N. Sammaknejad, Y. Zhao, and B. Huang, “A review of the expectation
maximization algorithm in data-driven process identification,” J. Process
Control, vol. 73, pp. 123–136, Jan. 2019.

[16] I. Naim and D. Gildea, “Convergence of the EM algorithm for Gaussian
mixtures with unbalanced mixing coefficients,” 2012, arXiv:1206.6427.

[17] S. Balakrishnan, M. J. Wainwright, and B. Yu, “Statistical guarantees
for the EM algorithm: From population to sample-based analysis,” Ann.
Statist., vol. 45, no. 1, pp. 77–120, 2017.

[18] B. Yan, M. Yin, and P. Sarkar, “Convergence of gradient EM on multi-
component mixture of Gaussians,” in Proc. Adv. Neural Inf. Process.
Syst., 2017, pp. 6959–6969.

[19] M. E. Johnson, Multivariate Statistical Simulation: A Guide to Selecting
and Generating Continuous Multivariate Distributions. vol. 192.
Hoboken, NJ, USA: Wiley, 1987,

[20] S. Sra and R. Hosseini, “Conic geometric optimization on the man-
ifold of positive definite matrices,” SIAM J. Optim., vol. 25, no. 1,
pp. 713–739, 2015.

[21] R. Hosseini and S. Sra, “An alternative to EM for Gaussian mixture mod-
els: Batch and stochastic Riemannian optimization,” Math. Program.,
vol. 181, no. 1, pp. 187–223, 2020.

[22] Z. Chen, “Bayesian filtering: From Kalman filters to particle filters, and
beyond,” Statistics, vol. 182, no. 1, pp. 1–69, 2003.

[23] B. C. Levy, Principles of Signal Detection and Parameter Estimation.
Berlin, Germany: Springer, 2008.

[24] D. G. Luenberger, Optimization by Vector Space Methods. Hoboken, NJ,
USA: Wiley, 1997.

[25] J. Nocedal and S. J. Wright, Numerical Optimization, 2nd ed., New York,
NY, USA: Springer, 2006.

[26] Y. Nesterov and A. Nemirovskii, Interior-Point Polynomial Algorithms
in Convex Programming. Philadelphia, PA, USA: Soc. Ind. Appl. Math.,
1994.

Authorized licensed use limited to: TU Delft Library. Downloaded on February 16,2024 at 09:47:22 UTC from IEEE Xplore.  Restrictions apply. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Helvetica
    /Helvetica-Bold
    /HelveticaBolditalic-BoldOblique
    /Helvetica-BoldOblique
    /Helvetica-Condensed-Bold
    /Helvetica-LightOblique
    /HelveticaNeue-Bold
    /HelveticaNeue-BoldItalic
    /HelveticaNeue-Condensed
    /HelveticaNeue-CondensedObl
    /HelveticaNeue-Italic
    /HelveticaNeueLightcon-LightCond
    /HelveticaNeue-MediumCond
    /HelveticaNeue-MediumCondObl
    /HelveticaNeue-Roman
    /HelveticaNeue-ThinCond
    /Helvetica-Oblique
    /HelvetisADF-Bold
    /HelvetisADF-BoldItalic
    /HelvetisADFCd-Bold
    /HelvetisADFCd-BoldItalic
    /HelvetisADFCd-Italic
    /HelvetisADFCd-Regular
    /HelvetisADFEx-Bold
    /HelvetisADFEx-BoldItalic
    /HelvetisADFEx-Italic
    /HelvetisADFEx-Regular
    /HelvetisADF-Italic
    /HelvetisADF-Regular
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryITCbyBT-MediumItal
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Recommended"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


