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We present a distributed Nash equilibrium seeking method based on the Bregman forward-backward
splitting, which allows us to have a mirror mapping instead of the standard projection as the backward
operator. Our main technical contribution is to show convergence to a Nash equilibrium when the game
has cocoercive pseudogradient mapping. Furthermore, when the feasible sets of the agents are simplices,
a suitable choice of a Legendre function results in an exponentiated pseudogradient method, which, in
our numerical experience, performs out the standard projected pseudogradient and dual averaging meth-
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1. Introduction

Game theory has been widely used in analyzing and computing
solutions of prominent problems not only in economics but also
in engineering domains, such as traffic flow networks [1,17], power
systems [20], and energy management systems [2,7,19,24], since it
deals with optimization problems of multi-agent systems, where
the objective function of each agent is coupled through the deci-
sion variables of other agents. In such decision-making problems, a
Nash equilibrium (NE) is a collective decision where no agent has
an incentive to unilaterally deviate.

A considerable effort has been given to designing distributed
NE seeking algorithms, e.g. [9,13,14,18,23,25]. Typically, these algo-
rithms perform a Euclidean projection at each iteration to ensure
the feasibility of decisions with respect to their local constraints,
usually assumed to be compact and convex. In practice, a projec-
tion step requires each agent to solve a convex programming prob-
lem.

The main research question studied in this paper is on how
to exploit the structure of the feasible sets in order to reduce
the computational effort of performing the projection step. In ad-
dressing this question, we turn our attention to the mirror de-
scent approach for convex optimization, pioneered by Nemirovski
and Yudin [6,15]. In this method, the gradient step is mapped onto
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the feasible set via a so-called mirror mapping, which is based on
the Bregman distance of a well-behaved function. In fact, mirror
mappings are a generalization of the Euclidean projection. An ap-
plication of this approach to convex optimization problems with
simplex feasible sets is studied in [6], where the negative entropy
function is exploited to obtain a mirror map onto a simplex in a
closed-form.

A generalization of the mirror descent method for monotone
inclusion problems is presented in [10], which proposes the Breg-
man forward-backward (B-FB) splitting. In fact, the B-FB subsumes
the standard forward-backward (FB) splitting [5, Section 26.5] and
provides an extra degree of freedom, that is the choice of the
regularizer function used to define the Bregman distance, which
closely relates to the (possibly non-Euclidean) projection step. On
the other hand, a mirror-based approach to solve NE problems has
also been proposed in [15], with a method based on the dual av-
eraging (DA) [16], also called the lazy mirror descent (technically,
not a special instance of the B-FB).

In this paper, we propose a distributed implementation of the
B-FB splitting method suitable to compute an NE of cocoercive
games, which include strongly monotone games as special cases
[9,18,23]. In particular, when the feasible sets of the agents are
simplices, e.g., in a Nash-Cournot market [25], an atomic splittable
congestion game [1,17], or a peer-to-peer energy market [24], we
can obtain an exponentiated pseudogradient algorithm, which has a
closed-form non-Euclidean projection onto simplices. In Section 4,
we provide a numerical simulation study to illustrate the benefits
of our algorithm.
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1.1. Notation and definitions

The set of real numbers is denoted by R whereas that of the
extended real numbers is denoted by R :=R U {+oco}. The vector
of all 1 (or 0) with dimension n is denoted by 1, (0,). We omit
the subscript when the dimension is clear from the context. The
operator col(-) stacks the arguments column-wise. The cardinal-
ity of a set is denoted by |-|. The interior and relative interior
of a set are denoted by int and rint, respectively. Let P~ 0 be
symmetric. For x,y € R", (x,y)p = (x, Py) and ||x||p denote the P-
weighted Euclidean inner product and norm, respectively. The op-
erator proj, : R" — A is the Euclidean projection onto a closed
convex set A € R", i.e., proj 4(x) := argminy, 4 ||y —x||%.

The graph of an operator A:R" = R" is denoted by gph(A).
zer(A) defines the set of zeros of operator A, i.e. zer(A) ={x¢
dom(A) | 0 € A(x)}. An operator A:R" = R" is £-strongly mono-
tone if, for any (x,y) € gph(A) and (¥',y’) e gph(A), (y -y . x—
x') = E|lx —x'||? 5, Def. 22.1.e]. Moreover, an operator A : R" — R"
is L-Lipschitz continuous if there exists a constant L > 0, such
that, for all x,x" € R", ||A(x) —AX)|| < L|lx—x'|| [5, Def. 1.47] and
A is B-cocoercive if there exists 8 > 0 such that for all x,x' e
R, (A(x) —ARX),x—x') = B||A(x) —AKX)||? [5, Def. 410]. A con-
tinuously differentiable function f:R" — R is &-strongly convex
with & >0, if, for all x,x' e dom(f), f(x') > f(x) +(Vf(x),x' —
X) + %le’ — x||2. Moreover, it also holds that (Vf(x') — Vf(x),x —
x) > £||x' — x||2. Additionally, f is convex if the two previous in-
equalities hold for £ = 0. For a nonempty convex set C, No denotes
its normal cone operator |5, Eq. (6.35)].

Definition 1 [3, Def. 3.1]. Let ¢ be a closed, convex, and
proper function on R" with intdom(¢) # 2, and differentiable on
intdom(g). The Bregman distance associated with ¢, denoted by
dist, : R" x intdom(¢) — R, is defined as

disty (x,y) = () =) — (Vo). x —-y).

Definition 2 ([From [3]). Let ¢ be a closed, convex, and proper
function on R". Then, ¢ is Legendre if

1. ¢ is essentially smooth, i.e., continuously differentiable on
intdom(g) [3, Def. 2.1];

2. ¢ is essentially strictly convey, i.e., strictly convex on every con-
vex subset of intdom(¢) [3, Def. 2.3].

2. Cocoercive Nash equilibrium problems
2.1. Nash equilibrium problems

Let 7:={1,2,...,N} denote the index set of agents playing a
game in the form:

VieZ: min Ji(x;,Xy;) (1)
XiekX;

where x; € R" denotes the decision variable of agent i whereas
Xy € R4 " denotes the collection of decision variables of a sub-
set of other agents A; € 7\{i}, which is called the set of neighbors
of agent i. We also denote by x = col({x;};cz) € R" the collection
of decision variables of all agents, where n = Y";_; n;. Furthermore,
the cost function of agent i is denoted by J;(-), which not only de-
pends on x; but also xy;, whereas &; C R" denotes the action space
of agent i and X = [[;.; &; denotes the overall action space.

We aim at computing an NE of the game in (1), which is for-
mally defined as follows.

Definition 3. A point * = col({x{};cz) € X is a Nash equilibrium if,
for each i e Z,

* ko 1 ko
Ji(x;, %) fylggiﬁ@, X
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Furthermore, we consider the following assumptions:

Assumption 1. The cost function J;(-, xx;) in (1), for each i € 7 and
for any x,;, is convex and continuously differentiable.

Assumption 2. For each i< Z, the set X; is nonempty, compact,
and convex.

Assumption 3. The pseudogradient mapping,
F(x) := col({ViJi (%i, 23D i), (2)
is B-cocoercive, for some 8 > 0.

Under Assumptions 1 and 2, an NE of the game in (1), &%,
exists [12, Cor. 2.2.5], and it is a solution to the variational in-
equality VI(F, X), i.e., it holds that (F(x*),x —&*) >0, forallx e X
[12, Prop. 1.4.2]. While cocoercivity is stronger than monotonicity,
Assumption 3 is the weakest assumption for FB splitting methods
[10], [5, Thm. 26.14].

Remark 1. If F is £-strongly monotone and L-Lipschitz continuous,
then F is (&/L2)-cocoercive [12, page 164]. Strong monotonicity of
F in (2) is assumed in [9,23,25].

As a motivation of this work, we consider games with a special
structure of its local feasible sets &;, namely simplex sets, which
satisfy Assumption 2.

Assumption 4. For each i € Z, the set ] is defined as

Xii={yeRl [1Ty=1}. 3)

In the following, let us provide some examples of cocoercive
games with such feasible sets.

2.2. Nash-Cournot market with production constraint

In a Nash-Cournot market [25], a set of producers (agents) 7
supplies (divisible) commodities to a set of markets M. Let us
suppose that agent i distributes its product to a subset M; € M
and the total production output, denoted by g; is fixed. There-
fore, the decision variable of agent i is x; := col({x"}meaq;), Where
x" € [0, 1] denotes the proportion of the total product distributed
to market m € M;, i.e, agent i sells x["g; quantity to market m.
Given a fixed production, then it must hold that x; € &;, where &;
satisfies Assumption 4. The cost function of each agent i is defined
by [25, Eq. (36)]:

Ji@®) =cix) = Y pm(®)gxf",
meM,;

where c¢;(x;) is a strongly convex production cost with Lipschitz
continuous gradient and pp,(x) is the unit price function of mar-
ket m which follows a linear inverse demand function, i.e.,

> g, VmeM,

i€ s.t. meM;

Pm(X) = Ppm — dm

where pm,dn> 0 are the price parameters. As shown in [25, Sec-
tion 7.1], the pseudogradient F (2) of this game is strongly mono-
tone and Lipschitz continuous. Thus, by Remark 1, it satisfies
Assumption 3.

2.3. Atomic splittable congestion game

An atomic splittable congestion game is a non-cooperative
model of agents routing flow in a network (e.g. communication
network) [17], [15, Ex. 2.3]. In this game, a set of agents Z uses a
network with a common source node, a common sink node, and a
set of parallel communication links connecting the nodes, denoted
by L. Each agent i € Z transports its demand, denoted by d; > 0
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from the source to the sink by splitting it and by using a subset of
available links denoted by £; € £. The decision variable of agent i
is x; = col({x},c,), where x| € [0, 1] denotes the demand distribu-
tion for link I € £;. Thus, it must hold that Ylec; x;d; = d;. In other
words, x; € X;, where A is as in Assumption 4.

For each agent i, the cost of using the links is defined as

Ji@®) =cp(x;) + dedq (%),

leL;

where cf(x;) = —alog(x; +d), for some positive a and d, is a
strongly convex utility function, and c¢;(x) denotes the unit price
function of using link (edge) | € £ and depends on the decisions of
the other agents that use the same link. Specifically, following [1,
Eq. (1)], for all I € £, we define

Z dell»)p’ +blv

ieZ s.t. leL;

a®)=gq

where a;, b, p; > 0 are cost parameters for link I. Theorem 1 in
[1] shows that if p; < p*, where p* = (3N —1)/(N—1), then the
terms 3. d,-xfc, (x) in J;, for all i € Z, generate a strictly monotone
pseudogradient. Since ¢y (x;) is strongly convex, the pseudogradient
F (2) of this game is strongly monotone and Lipschitz continuous,
thus satisfying Assumption 3.

2.4. Peer-to-peer energy market

High penetration of distributed power generation units incites
the concept of direct trading between consumers and small-scale
producers (a peer-to-peer energy market) [24]. In several pilot
projects, consumers are allowed to choose their own energy pro-
ducers, denoted by the set P;, among a pool of producers, de-
noted by P, i.e., P;  P. Assuming that energy production of each
producer p € P is large enough to meet their consumers, a non-
cooperative game from the consumer side can be obtained by con-
sidering the decision of agent i as x; = col({xf}pgpi), where xf’li is
the load proportion of agent i (I;) that is met by buying energy
from producer p € P;. Therefore, it must hold that x; € &;, with &;
as defined in (3). Furthermore, the cost of electricity of each agent
can be defined by

Ji(x) = Zcp(ep) , VieT,

liX?
peP; ep

where ej, denotes the total energy generated by producer p, i.e.,

€p = Z liX,P,

ieZ s.t. peP;

and cp(ep) denotes the cost function of generating power by pro-
ducer p, which is typically assumed to be a quadratic function, i.e.,
Cp= d,,e%, for some positive scalar d, [2]. The pseudogradient F
(2) of this game can be written as F(x) = Qx, for some symmetric
and positive semi-definite matrix Q, implying that F is cocoercive
[12, Section 1.5.2].

Remark 2. The game in (1) can also describe an economic dis-
patch problem for microgrids that have multiple distributed gen-
eration units with convex quadratic cost functions and sufficiently
large production capacity [19, pp. 83-86].

3. Nash equilibrium seeking based on distributed Bregman
forward-backward

In this section, we discuss how we can compute an NE of the
game in (1) via a splitting method, namely the B-FB splitting, re-
cently introduced in [10].

European Journal of Control 68 (2022) 100686
3.1. Distributed Bregman forward-backward splitting

The B-FB aims at solving the following inclusion problem:
find x s.t. 0 € (A+B)(x), (4)

for maximally monotone A and cocoercive B with the following it-
eration:

Xl (Vo + ]/A)’1 (V(p(x(")) _ ]/B(X(k))), (5)

where ¢ is a Legendre function and y > 0 is the step size. We note
that the main advantage of the B-FB compared to the standard FB
splitting [5, Section 26.5] is the extra degree of freedom on the
choice of ¢. Indeed, the standard FB is recovered when we choose
the Legendre function ¢ : R" — R : X %||x||2.

By Definition 3 and (2), an NE x* satisfies the following inclu-
sion:

0 € Nx(¥*) + F(x*). (6)

By Assumption 2, Nj is maximally monotone [5, Ex. 20.23],
whereas Assumption 3 states that F is S-cocoercive. Based on this
observation, the B-FB splitting can indeed solve the above inclusion
problem.

Now, we provide a distributed implementation of (5), which is
not discussed in [10]. In our problem setup, not only x is com-
posed by the decision variable of each agent i, x;, but the operator
A is also decomposable, ie, x> A(X) : X~ A1 (x1) x --- x Ay(xn),
where A; = Ny, for each ieZ. In this regard, we choose a sepa-
rable Legendre function in the form

Q@) =) @i(x), (7)
ieT

where ¢; : R"™ — R, for each ieZ, is also separable, ie., ¢;:=
Z;"Zl (pij(x{). with x{ denoting the j-th component of x; and (pij :
R — R being Legendre (Definition 2). Furthermore, instead of us-
ing a global step-size y as in (5), we allow each agent i to
choose its own step size, denoted by y; > 0. Thus, by letting I" =
diag({¥iln,}icz), the distributed B-FB is compactly written as

Xk = (Vo + TA) (Vo — TB) (x¥), (8)

where ¢ is defined in (7) and I is a positive definite and diagonal
step-size matrix, i.e.,, I' > 0. Our first result is the convergence of
the B-FB with step-size matrix I', as formally stated next.

Theorem 1. Let A be a maximally monotone separable operator,
ie, x> A(X) : x> A;(x1) x --- x Ay(xy), where dom(A;) € R™, for
all ieZ, and B be B-cocoercive, for some B > 0. Let ¢ be de-
fined as in (7), with Legendre function ¢; that is &,,-strongly convex
on intdom(¢;) Ndom(4;), for each i € Z. Suppose that zer(A+ B) N
intdom(g) # @, y; € (0,2B&,,), for all i € 7, and ¥© < intdom(g).
Then, the sequence (x®)),. generated by (8) is well defined in
intdom(¢) Ndom(A) and converges to a point in zer(A+B)nN
intdom(g).

Proof. See Appendix A. O

3.2. Exponentiated gradient method for Nash equilibrium problems
with simplex feasible sets

As discussed in [12, Section 12.1], for the game (1) that satisfies
Assumptions 1-3, the projected pseudogradient method, which is
an instance of the standard FB splitting:

XD = proj, (¢ — ¥ Vi Ji(xP. x)). VieT, 9)

with sufficiently small step sizes y;, for all i € Z, generates a se-
quence that converges to an NE. We can also immediately see this
from Theorem 1. Specifically, with A = Ny, B=F, and the Legendre
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function @(x) = 1|x||2, the B-FB iteration (8) reads as in (9). In
view of Theorem 1, since ¢(x) = %||;\:||2 is 1-strongly convex, we
recover the sufficient condition of the step sizes y;’s of the stan-
dard FB [5, Thm. 26.14], i.e., y; € (0,28), for all i € 7.
However, for the particular case of A; with simplicial structure
(see Assumption 4), we may choose a different Legendre function.
Specifically, inspired by the entropic descent algorithm [6], for each
i € Z, we consider the Legendre function in (7) with ¢;(x;) being
the negative entropy [21], i.e., ¢; : R’l"o - R,
nl . .

@i(x;) =Y _xlIn(x), (10)
j=1

where we follow the convention 0In(0) = 0. This Legendre func-

tion leads to Algorithm 1, which is an exponentiated pseudogradi-
ent method, as formally stated in the next proposition.

Algorithm 1 NE seeking algorithm via exponentiated pseudogra-
dient.

Initialization:For i e Z, set x\ e rint(X;).
Iteration until convergence
Each agentic 7 :

1. Receives xz? from j e \;.
2. Updates xi(k”) = ((X:])(kﬂ)v (X?i)(l<+1)) by

) ® exp(=yi Vi (. &)

KU ’ (11)
| 60 exp (Vg 40)
for j=1,....n;.
end

Proposition 1. Let Assumptions 1, 3, and 4 hold. Algorithm 1 is
equivalent to the B-FB iteration in (8) where A=Ny, B=F, F is as
in (2), and ¢ (x) is as in (7) and (10).

Proof. See Appendix B. O

Remark 3. Algorithm 1 falls into the class of distributed algo-
rithms under full information, i.e., each agent receives the updated
decisions of its neighbors in N; (see step 1), necessary to evaluate
the pseudogradient VyJ;(x;, Xx;). Therefore, a local communication
network is implicitly required by Algorithm 1.

With sufficiently small but not necessarily uniform step sizes,
Algorithm 1 generates a sequence that converges to an NE of the
game in (1) as formalized next.

Corollary 1. Let Assumptions 1, 3, and 4 hold. Let X* denote the NE
set of the game in (1). If X*NR", # @, then the sequence (x®))
generated by Algorithm 1 with step sizes y; € (0,28), for all ie T,
converges to some NE, X* € X*.

Proof. Assumptions 1,3, and 4 imply that &x* =zer(Ny +F).
Proposition 1 shows that Algorithm 1 is the B-FB algorithm ap-
plied to the monotone inclusion (6) with the Legendre function de-
fined in (7) and (10). Furthermore, Ny is maximally monotone, F is
B-cocoercive, and zer(Ny + F) # o (Assumptions 3-4). Moreover,
@; in (10), for each ie Z, is 1-strongly convex on intdom(gp;) N
dom(Ny,) = rint(&;), with &; satisfying Assumption 4 [21, Ex. 2.5].
Therefore, by Theorem 1, the sequence (x0), . generated by
Algorithm 1 with y; € (0,28), for all i € Z, converges to a point
XeXx*. O

The choice of the Legendre function in (7) defines the mirror
map of the gradient descent step onto the feasible set X. We have
shown that the squared 2-norm results in the Euclidean projection.
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Fig. 1. The total computational time of Algorithm 1 and the standard projected
pseudogradient (9) when the number of agents N varies (top plot) and the num-
ber of producers |P| varies (bottom plot). Each data point is the average of 100
simulations.

Meanwhile, the negative entropy function (10) leads to a map-
ping onto a simplex with a closed-form formula (11) as shown in
Proposition 1.

4. Numerical simulations

We perform a numerical study on Algorithm 1 by using the
peer-to-peer market model discussed in Section 2.4. First, we
compare the performance of Algorithm 1 with the standard
projected pseudogradient (9). To this end, in the first set of
simulations, we vary the number of agents (consumers), i.e.,
N € {100, 200, 300, 400, 500} and fix the number of producers, i.e.,
|P| = 40. Meanwhile, in the second set, we fix N = 100, and vary
|P| € {20, 30, 40, 50, 60}. Note that the dimensions of the agents’
decision variables grow as |P| increases. For each pair of (N, |P]),
we run 100 Monte-Carlo simulations, in which I, P; € P, for all
ieZ, and the cost parameters dp, for all pe P, are generated
randomly. We set the step sizes of both Algorithm 1 and (9) to
be equal since they have the same step-size upper bounds. The
stopping criterion of these simulations is [|x*+1) —x® ||, < 10-5.
Furthermore, we use two methods to perform the Euclidean
projection step of (9): (i) the O0SQP solver [22], which is one of the
fastest quadratic programming solvers available, with the absolute
and relative tolerance parameters being set to be 10~10 while the
maximum number of iterations being set to be 10°, and (ii) an
efficient Euclidean projection algorithm onto a simplex proposed
in [11, Fig. 1]. All the simulations are carried out in Matlab R2020a
on a computer with Intel Xeon E5-2637 processor and 128 GB
memory. Fig. 1 summarizes these simulation results and shows
that the average total computational time of Algorithm 1 is the
lowest due to the closed-form expression of the mirror mapping
onto a simplex in almost all cases. For relatively small game
instances, i.e., those where |P| =20 and N = 100 (see the bottom
plot of Fig. 1), the algorithm in [11], Fig. 1 is slightly more efficient
than Algorithm 1. Nevertheless, Algorithm 1 scales better with N
and |P|.

We also test Algorithm 1 against the DA method devised in [15].
We randomly generate a case, with N =30, |P|= 30, such that
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Fig. 2. Comparison between Algorithm 1 and the DA method [15] in terms of
2% — x| .

the pseudogradient F is strongly monotone to ensure the conver-
gence of the DA method. In this case, the cocoercivity constant of
F (2) is B =0.032. We run Algorithm 1 with uniform step sizes
y; = 0.063 < 2, for all i € Z, and non-uniform step sizes y;, which
are randomly taken from [0.032,0.063]. On the other hand, for the
DA method, we consider the global vanishing step-size rules y ®) =
2B/k% and y ®) = 1/k? for some o € (0, 1] [15, Rem. 4.1]. As shown
in Fig. 2, Algorithm 1 converges faster than the DA method since
its step sizes are constant. The choices of « for the DA method in
Fig. 2 represent the step-size rules with the best rate and accuracy
we have found. In addition, unlike Algorithm 1, we experienced a
numerical issue with the DA method. Specifically, if the score vari-
ables, which are exponentiated and normalized to update x; and
can grow due to the gradient descent update, became a too large
negative number, a computer with a limited numerical precision
considers their exponents to be zero, resulting in numerical errors
in the iterations.

5. Conclusion

The Bregman forward-backward splitting provides a framework
to solve cocoercive Nash equilibrium problems with special struc-
ture of the feasible sets, such as simplex sets, as it allows one
to exploit this structure. Our numerical study shows that the re-
sulting exponentiated gradient algorithm converges faster than the
standard projected pseudogradient methods. Finding other pairs of
compact convex set structures and their associated Legendre func-
tions and dealing with partial information scenarios are open re-
search avenues.
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Appendix A. Proof of Theorem 1

Well-defined iterates: Since A is maximally monotone, I'A is
maximally monotone in the I'~!-induced norm [5, Prop. 20.24].
Furthermore, since ¢ is a strictly convex function on intdom(¢)
and separable while I' is a positive diagonal matrix, V¢ is
strictly monotone in the I'"'-induced norm. Hence, (V¢ +T'A)
is also strictly monotone in the I'"!-induced norm. Now, we
suppose that (z,w) and (z,@’) belong to gph(Ve +TA)-L.
Then ze (Vo +TA)@w and ze (Vo +TA)@'. Since (z—z, @ —
®')p-1 =0 and (Vg +TA) is strictly monotone under the I'~1-
induced norm, it must hold that @ = ®’. Thus, we conclude
that (Vg +TA)~! is single-valued on ran(Vg +TA). More-
over, since ¢ is essentially smooth, it is continuously dif-
ferentiable on intdom(¢) and ran(Ve +T'A)~! =dom(Ve)n
dom(A) = intdom(gp) Ndom(A). Furthermore, since B is Lipschitz,
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Vo (x©) —TBx©®) is singleton. We deduce ¥V ¢ intdom(g) N
dom(A) is uniquely defined. Therefore, by induction we have that
x®), . € intdom(p) N dom(A).

By [5, Lem. 2.46], we need to show that the sequence (x%)),
is bounded and has a unique cluster point.

Boundedness of iterates: By premultiplying both sides of the
equality in (8) with (V¢ +T'A) and then rearranging the terms,
we have that

0eVo KM ATAERMD)—Ve(x®)+T'B(x®). (A1)

Then, we multiply by I'-! and rearrange the inclusion to obtain
that

(x4 P (Vo (k) -V (x6)) -B(x®)) egph(d).  (A2)

Moreover, let us consider x € zer(A + B) nintdom(g), which im-
plies (x, —B(x)) € gph(A) and recall that (), € dom(A). By
the monotonicity of A and considering the pair (x, —B(x)) and that
in (A.2), we have that

0 < (A(X) —A(x("“)),X—x("“))
= (Vox* ) _Ve(x®), x—x*D) . (B(x®)
—B(x), x—x*+D), (A3)

Since I' is a positive definite and diagonal matrix, so
does I'1:= diag({y;llni},zez). Therefore, the function @(x) :=
Yier ylf](pi(xi) is a Legendre function with dom(¢) = dom(g) [3,
Thm. 5.12], and with gradient V@ = I' -1V . Thus, the first addend
on the right-hand side of the equality in (A.3) can be written as:

(Voa®D) - Vo (x®), x —x* D),
= (Vo@*D) - Ve x®), x — xkD)
= dist, (x, x®) —dist, (x, x*+1) —dist,, (x <D, x®©)),

by applying the three-point identity of Bregman distances [4,
Prop. 2.3.(ii)]. Moreover, we rewrite the second addend as

(B(x") — B(x),x — xD)
=(B(x"®)—B(x), O —x*+D) 1 (B(x0) _B(x), x—x V).
Therefore, (A.3) can be written as
0 < dist, (%, %)) —dist, (x, x*D)—dist, (x <D x0))
+ (B(x®)—B(x), x® —_x*+1) 1 (B(x®)—B(x), x—xV).  (A4)

By the Cauchy-Schwarz inequality, the elementary inequality
lalllIbll < X (llal|> + ||bl|?), and the cocoercivity of B, it holds that

(B(X(k)) — B(x), x _ x(k+l)>
< ﬁx@ ~ 2 D1/2BBEY) ~ B@)|
< 251~ 2SI £ BIBGY) - B

< 35 I =X 4 (B) B0, 2~ ),

Then, by using this upperbound in (A.4), we have that
0 < dist, (x, %) —dist, (x, D) —dist,; (x 1) x0))
+ #”x(k) _ x(k+l)”2
< dist, (x, x®)—dist, (x, x*+1))
_ %Hx(kﬂ) —X(k) |2 + # ||X(k) _x(k+1) ”2

&r-1

= dist, (%, x0)) —dist, (x, x<D) L xk+D) _ x® )2 (A5)
where © =EI'! - ﬁ[ and E = diag({&yIn }icr). The sec-
ond inequality holds because (x*)), y € intdom(g)ndom(A),
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disty (%, X') = Y ;o; v, 'disty, (x;.x)) [3, Prop. 3.5], and, for each
ieZ, ¢ is 1-strongly convex on intdom(g;) Ndom(4;), thus
implying dist, (x*+1, x®)) > J[lakeD) —x®r2

By rearranging (A.5) and summming over k, we obtain that

k
. 1 .
dist, (x, x("“))+j > (|2 — 2O <dist, (x, X ).
=0

(A.6)

Due to the step size rule, ie., y; € (0,2B8&,,), for all ieZ, © =
ar-1- ﬁl > 0, implying that the second addend on the left-
hand side is a sum of non-negative terms. Combining the fact
that distg (x, xK+1) > J||lx*D —x||2 | and (A.6), we infer that
|+ — |12, <disty(x, @) < +oo, for all k e N, implying that
the sequence (x0),_y is bounded.

Cluster point is a solution: Let X be an arbitrary cluster point of
the bounded sequence (x(K)_y. Next, we show that & is contained
in zer(A + B) nintdom(¢). We know that the sequence (x)),y is
contained in intdom(¢). The inequality (A.6) implies that, for any
fixed point & € zer(A + B) nint(9), the sequence (dist; (%, X)),
is bounded. Due to this fact, essential smoothness of ¢, and the
fact that & € intdom(¢), every cluster point belongs to intdom(g)
[3, Thm. 3.8(ii)]. Since we assume that zer(A + B) Nnintdom(gp) #
@, it remains to show that 0 € (A+ B)(&). From the inclusion in
(A1), we have that

I 1(Vea®) - Vo*m)) — a®)
+ B(x**1) ¢ (A + B) (1), (A7)

for all k > 0. Since A and B are maximally monotone and dom(B) =
R", (A+B) is maximally monotone [5, Cor. 25.5]. Therefore,
gph(A + B) is closed [5, Prop. 20.38]. Additionally, B is continuous
and Vo(.) is also continuous on intdom(¢). Therefore, by taking
the limit along a subsequence of (%)) that converges to & in (A.7),
the limit of the left-hand side term of the inclusion (A.7) is 0, and
indeed 0 € (A + B)(%).

Uniqueness of cluster point: Finally, we need to show that the
cluster point set of (x®)),y is a singleton. First, for any arbi-
trary cluster point %, dist, (& x®) converges due to the inequal-
ity (A.5) and [5, Lem. 5.31]. Then, we take two subsequences x(kn)
and x() and let their cluster points be denoted by %; and &,.
Therefore, the sequence ({(%; —&;, V@ (x®)) — V@ (&2)))eny» Which
is equal to (dist,(&;. x%)) + disty (&, &;) — dist, (&, 89))), .y by
[4, Prop. 2.3.(ii)], converges. Taking the subsequence x(n) and
using the continuity of @, we obtain that 7 =limg,_ (% —
X, VO@&I)) — V@(Ry)) = (R — &y, V@ (R3) — V@(R,)) = 0. By the
continuity of ¢ and considering the subsequence xn), we also
have that limy, (% — &, V@(x¥n)) — V@(&;y)) = 1. Since n=
0, we obtain that limy, . (8 — & V@@x*n)) —V@(&y)) = (% —
X, V@P(&) — V@ (X)) =0. However, ¢ is essentially strictly con-
vex. Hence, the preceding equality holds only if & = &, implying
the uniqueness of the cluster point.

Appendix B. Proof of Proposition 1
The B-FB update in (8) applied to A= Ny and B=F can be
rewritten as
0e Vo @*D)+TNx ** )~ (Vo @®)-T (F(xV))
© 0 d(P+x) ®*T)-0 (VP @P)—(F(x®)), x*D),
where tyx denotes the indicator function of X [5], Eq. (1.41), im-

plying that

x4 — argmin(p ) — (Vo(x¥).y) + (F®).9)r )

yeX

— argmin (distw ¥, x0) + (F(x®), y)r), (B.1)

yeX
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since I' is a diagonal matrix, ¢ is separable and strongly con-
vex, F(x) is a stacked of VyJi(x;,xy;), for all ieZ, disty (¥, x) =
Y iz disty; (x], x;) by [3, Prop. 3.5], and X = [];.; &;. The minimiza-
tion in (B.1) is decomposable, i.e., for each i € Z,

X1 — argmin( disty, 0. X) + ¥ (Ve (€).9)).
yedi

which has a closed-form expression for ¢; defined in (10) and A;
defined in (3) as given by (11) [8, Ex. 4.2].
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