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Electromagnetic fields carry a linear and an angular momentum, the first being responsible for the
existence of the radiation pressure and the second for the transfer of torque from electromagnetic radiation
to matter. The angular momentum is considered to have two components, one due to the polarization state
of the field, usually called spin angular momentum (SAM), and one due to the existence of topological
azimuthal charges in the field phase profile, which leads to the orbital angular momentum (OAM). These
two contributions to the total angular momentum of an electromagnetic field appear, however, to not be
independent of each other, something which is described as spin-orbit coupling. Understanding the physics
of this coupling has kept scientists busy for decades. Very recently it has been shown that electromagnetic
fields necessarily carry also invariant radial charges that, as discussed in this Letter, play a key role in the
angular momentum. Here we show that the total angular momentum consists in fact of three components:
one component only dependent on the spin of the field, another dependent on the azimuthal charges carried
by the field, and a third component dependent on the spin and the radial charges contained in the field. By
properly controlling the number and coupling among these radial charges it is possible to design
electromagnetic fields with a desired total angular momentum. Remarkably, we also discover fields with no
orbital angular momentum and a spin angular momentum typical of spin-3/2 objects, irrespective of the

fact that photons are spin-1 particles.

DOI: 10.1103/PhysRevLett.121.123202

Electromagnetic fields carry a linear and angular momen-
tum, the first being responsible for the existence of the
radiation pressure and the second for the transfer of torque
from light to matter. Originally, most of the studies on this
topic were concerned with linear momentum. After the work
by Allen et al. [1], the interest on the angular momentum of
light, its origin and effect on matter, has gradually grown
through the years and currently represents an active area of
investigation, especially in view of possible applications to
high-capacity optical communications, novel metrology
techniques, and classical and quantum imaging [2—6]. The
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nature, and the origin, of the total angular momentum (TAM)
for electromagnetic fields have been widely investigated and
itis common opinion that there are essentially two sources for
it: one due to the polarization state of the field (spin angular
momentum or SAM, for short) and the other due to the
presence of a helical wave front in the electromagnetic field
(orbital angular momentum or OAM) [7]. The search for two
such contributions has been mostly guided by analogies with
mechanics and by the fact that the governing equation for
monochromatic electromagnetic fields, under the paraxial
regime, is formally equivalent to the Schrodinger equation
for a quantum particle confined on a plane which is known to
carry both types of angular momenta. Whether such formal
division also applies to nonparaxial fields, i.e., to true
solutions of Maxwell’s equations, is still the subject
of scientific investigation and debate. It could be that
spin-orbit coupling is an inherent property of

Published by the American Physical Society
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electromagnetic fields. After all, the governing equations for
electromagnetism and quantum mechanics are in fact of
fundamental different nature. This Letter intends to contrib-
ute to understanding the physics of this fundamental issue.
More specifically, we make use of a recently introduced
representation of a field in terms of Helmholtz natural modes,
which allows us to identify two types of topological charges
in a field: an azimuthal charge and a radial charge. As we are
going to show in this Letter, radial topological charges are the
physical objects that couple to the spin of the field. Once the
main mechanism behind the generation of the total angular
momentum (TAM) of a field is clear, we can show the
existence of fields endowed with only a SAM contribution,
which however corresponds to spin-3 /2 particles, something
surprising when dealing with electromagnetic fields.

In order to proceed, we need first to fix the notation used
throughout the Letter. First of all, all fields depend on time by
the factor exp(—iwt) where @ > 0. This factor is omitted from
all formulae. As will be clear later on, it iS convenient to
express a generic monochromatic electromagnetic field, which
propagates in the positive z direction of a Cartesian reference
frame, in terms of s and p polarized plane waves expansion
as E(r) = [ [[A, + A ], (€)p(€)] exp (ik - r)d?E, and

- m ff{ g (&) A, (ERE)exp ik r)aE)
with k =27 X + 278y —|— k2, r=xx+y+2zZ, k,=
(K2 — 472+ &)]V2, and K = [422(&+ &)+ k2]
47%/2%, A being the wavelength. The functions A,(€) and
A, (&) are the s and p components of the angular spectrum,
respectively, and & = &% + &,9 is the transverse spatial
frequency vector. The unit vectors §(§) and p(€) are
given by [&,, =&, 0](&3 + &)/ and [~¢ k. /k, —&k./k,
2n(E 4+ &) /k)(& + )12, respectlvely. Since we will
only consider propagating fields, we neglect any contribution
of evanescent waves to the field E(r); hence we have
47%(E + &) < k*. From now on, we will be particularly
interested in studying the properties of TAM in optical beams,
paraxial or not, for which a mean direction of propagation,
coinciding with the z axis of a Cartesian reference frame, can
still be identified. The time-averaged TAM can be written in
the following way [8,9]:

J= %Re(/ [rx (E x H*)]dr) (1)

where the * symbol stands for complex conjugation. The
majority of analyses and applications of SAM and OAM has
always considered Laguerre-Gauss beams or other known
solutions of the paraxial wave equation. The works which have
addressed the case of nonparaxial fields suggested that for
Maxwell fields the separation in SAM and OAM components
in not possible [10-19]. This is the case, for instance, for
tightly focused fields, or for light scattered by small objects.
The reader interested in knowing more about the different

scenarios where spin-orbit coupling plays a role is referred to
the recent review work by Bliokh ez al. [20]. In this Letter, we
are not going to discuss the different physical interactions that
can lead to a spin-orbit conversion, but we intend to investigate
the physical origin behind such coupling. In order to do so, we
will follow the common procedure of considering the angular
momentum, and later on the energy, per unit length for a field
propagating along the z direction. This quantity reads

3. = %R {/ It x (E x H*)]dedy}

- %%Re{ / [(E.H* — E H?)

— W(E,H: —EZH;ndxdy}. (2)
Equation (2) can be put into a different, more insightful
form by expressing it in Fourier space and in terms of polar

coordinates, p and ¢ say, such that £ = pcos¢ and
¢, = psing. This gives

LOA, L 0A,
“—R{zzw/ KA dp Aw)

20T 2 .2
_( k) 'Z— ;Ap]pdpdq)}. (3)
Z

Equation (3) is an expression for the total angular
momentum of surprising elegance and represents the first
important result of this Letter. It shows that the TAM can in
fact be expressed in terms of the sum of a s-polarized
contribution (which we will call S-TAM), a p-polarized
contribution (which we will denote as P-TAM) and a s-p
cross term (which we can denote as SP-TAM). Such a
generic expression for the TAM of an electromagnetic
field will now allow us to further investigate how spin and
orbit couple to each other. In order to do this, we will use two
main ingredients. First, we will decompose a generic field,
solution of the scalar Helmholtz equation, in terms of
Helmholtz natural modes (HNMs). Second, we will con-
struct a solution of Maxwell’s equations from a scalar
solution of Helmholtz equation. Let us suppose we have a
solution of the scalar Helmholtz equation V2U(x,y,z) +
KU(x,y,z) =0 where k=2x/1 and U(x,y,z) =
J JA(ELEy) exp [i2n(Ex + &,y)] exp (ik,z)dé dE,. Since
we do not consider evanescent waves in the field, we can
decompose the scalar angular spectrum A (&, &,) atz = 0 in
terms of orthogonal and propagation invariant modes, the
Helmholtz natural modes [21], as

exp (i2ﬂm/1
=T

A(p,@:Zcm,n[ ~ )expun(m], 4)
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with m, n integers in the range (—o0, o0). The resulting
expression for the field U(x, y, z) is

Zcmnexp (inf)
s [2e0ma + /3=
X i"/ =
0

(%2 _ p2)1/4
x J,(2zpry )pdp, (5)

xyZ

where x = r, cos6, y = r, sin@ and the coefficients ¢, ,
are computed as

y) /2;1/1//1 A(p’(/)) .
Coun = = T _exp (—ing
22 )0 Jo (E-p)* p(~ing)
1 1/2
X exp {—iZﬂml <i_2 - p2> ]pdpdqa. (6)

HNMs are orthogonal with respect to the scalar product
and it is important to point out how each of the modes in a
HNMs decomposition has finite energy and carries an
azimuthal charge and a radial charge. Azimuthal charges
appear in the form of a helical wave front and are due to the
phase term exp (ing) in Eq. (4). Since the phase is not
defined at the center of the coordinate system, the name of
phase singularity is also a common way to refer to such phase
profile. Azimuthal charges are responsible for the presence of
an orbital angular momentum of light. Radial charges, in
turn, appear in the form of Fresnel zones-like functional
dependencies for the angular spectrum and are characterized
by the phase profile exp (i2zmA\/(1/4%) — p?). The exist-
ence of a radial charge, preserved under free-space propa-
gation, seems to have remained unnoticed until very recently
[21,22]. The fundamental modes in real space consist of
vortices in the azimuthal variable 6 and integrals of Bessel
functions in the radial variable r | . The reader should notice
that the only contribution to the field U(x, y, z) on the optical
axis (r; = 0) comes from the coefficients c,, (, as expected.
In fact, all the other terms would lead to an undefined phase at
the points (0,0,z), due to the presence of the vortex
exp (in@) in the phase profile, which would be not physical.
In addition to that, we would also like to stress how, for any
value of n # 0, the point p = 0 in the integrand in Eq. (5)
does not contribute to the value of the field U(x, y, z) due to
the presence of a zero of the J,(2zpr ) at p =0. As to a
general procedure to build a vector field that is solution of
Maxwell’s equations from a scalar field U solution of
Helmbholtz equation, a way is to combine two independent
vectorial solutions of Maxwell’s equations, namely M =
V x (vU) and N = 1/kV x M, where v is a constant vector
[23]. The field obtained in this way has, generally speaking, a
position dependent polarization state, also sometimes
denoted as local polarization state. In our case, we prefer
to work with a field endowed with a global polarization

state such that the state of polarization of the field compo-
nents transverse to the mean direction of propagation
is unequivocally defined. Such a field can be generated if
one takes only the M-type solution and further sets v =
1/k[—ia,exp (ia),ia;,0], where a;, a,, and a are real-
valued constants that set the polarization state of the field.
The resulting field reads

k,
/ (&.8y) {al x—f—azexp(za)?

gl askexplio)] fexp ik -r)ds, e, ()

It can be checked that the field in Eq. (7) satisfies the
transversality condition V - E = 0. Furthermore, it is easy
to see that the transverse field E,(r)% + E,(r)j is ellipti-
cally polarized, independently of position r [24]. In
particular, if we set a; = a, and a =0, the transverse
field component on the x, y plane will be linearly polarized,
while for a; = a, and @ = +x/2, it is circularly polarized.
The field is also linearly polarized if a; =0 or a, = 0. In
the most general case (a; # a,, a # 0, x/2), the field is
elliptically polarized. From now on, we will consider the
case of circular polarization, namely we will set a; = a, =
1 and a = +7/2.

We have previously proven [see Eq. (3)] that the TAM
can be expressed in terms of s and p components of the
angular spectrum. For the field in Eq. (7), we can easily
determine the expressions for A(€) and A, (€), which read

A6 g) =
AI) (ng éy)

Ax cfy)

= —A(&,.¢,)[cos ¢ + exp (ia) sin ). (8)

= [sin @ — exp (i) cos @]

By inserting the expressions from Eq. (8) in Eq. (3), and
further setting a = +x/2, we obtain

2z 1/2
{ / / |:<10'ZA|2 + A* 3A>
2iw

k2 2
X (1 +k2> + ( k]? ic.p |A|2}pdpd(p} (9)

10'5 (£7/2) —

where, depending on the handedness of the polarization
state, 6, = £1 denotes the component of the spin along the
propagation direction. The energy per unit length W of the
field, W=ey/2 [ [[|A;(€)|*+|A,, (€)|*]d*E, can be expressed
in terms of the scalar spectrum in the following way:

/i K2
WE/2) go// |A2< )pdpd(p (10)

The ratio y = §,*#/2)/W(*7/2) between the TAM and
the energy, per unit length, is
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. 1 I @2
o, Re(g fi" A 32 +@)pdpdy}
f H 1/ HAP(L + B)pdpdo
Re{%L [2= [/ p? [APpdpdp}

fz”fl” ARG+ )

The key step now to gain full insight on what controls
each term in Eq. (11) is to expand A(p, ) in terms of
Helmholtz natural modes, as in Eq. (4). This gives

kz)pdpdfp

1 Re{Zm n%n|cm n|2 +Zm.m’.nnc:n/ 2Cm, nf(m,m')}
Zm "3|Cm ”|2+Z'"m/”cm’ncm nf(m m )
5VRC{Zm,n%k‘m,n'Z_Z;z;::’fc;/’ncmﬂf(m,ml)}

+ 4
@ Zm,n%|cm,n|2 +Z’,,;;”,/,,'?C:n',nCM,nf(mvml)

o
7/:—
@

(12)

where we defined the coupling function as

Fm.m') = [ 1 :

2rn(m —m') i 27 (m —m')

z] (13)

Eq. (12) is the second fundamental result of this work.
It shows that for the class of electromagnetic fields derived by

(a) |coupling radial charges|
0.16- () @
0.14 |-
0.12|-
0.1|-
0.08 |- @ @
0.06 |-

0.04|-

0.02

zero-th order radial charge

FIG. 1.

a scalar angular spectrum A(p, @), as in Eq. (7), with
a;=a,=1 and a ==+x/2, the TAM has three main
contributions: a first term only dependent on the spin o, a
second one dependent on the azimuthal charges n present in
the field (the orbital part), and a last term dependent on the
spin o, and the radial charges m contained in the field [25].
3:/W can be interpreted as if each photon in the field
contributes to the angular momentum through a term ¢,/ due
to its spin, a term n# due to its orbital angular momentum,
and a third term, again proportional to the spin ¢, and
function of the radial charges carried by the field. The last
contribution, which is absent within the paraxial regime, is a
special trait of the electromagnetic theory. If we look at the
coupling function f(m, m’) in Eq. (13), we see it has a local
form, since each individual radial charge effectively couples
to only a limited number of neighboring charges, having
radial indices m not too different from each other and
corresponding to the same azimuthal charge n. The local
nature of the coupling can be better appreciated by looking at
panel (a) of Fig. 1, where it is clear how each radial charge of
radial index m 1is effectively able to couple with few
neighboring radial charges only. Since the mechanism
behind the coupling is now clear, one can predict when it
is relevant for applications and even properly design fields to
obtain a specific value of the TAM. More importantly, if a
field has only one radial charge m for every single azimuthal
charge n (namely it is always ¢}, ¢, , = 0 when m' # m),

(b) ()

15 -10 -5 0 5 10 15

Panel (a): Absolute value of the coupling function f(m,m') = 1/[2iz(m —m')] + 1/[2z*(m — m')?] among neighboring

radial modes. The curve refers to the coupling of the zeroth order radial charge (shown close to the origin of the x axis in the graph) with
the neighboring radial charges, of order m € [—5, 5]. On the x axis the order of each charge is reported, while the phase profile of each
charge is used as marker on the curve. Only radial charges corresponding to HNMs of same azimuthal charge n can couple to each other.
Panels (b), (c), (d), and (e): Example of spin-3/2 electromagnetic field. The field is derived by a scalar angular spectrum

Alp, @) = sin 2zmir/(1/2%) — p> + ne)/[(1/4%) — p?]'/4. The absolute value, and phase, of the corresponding scalar field
U(x,y,z),at z =0, is given in panels (b) and (©), respectively. Panels (d) and (e) show the amplitude and phase of the corresponding
scalar spectrum, A, within the circle of radius 1/4 in Fourier space. The example corresponds to m =3 and n = 2. The full
electromagnetic field E associated to the angular spectrum A is obtained through Eq. (7). More generally, any electromagnetic field
carrying HNMs with no azimuthal charge (i.e., n = 0) will give a y = 30,/(2w).
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then there is no coupling among radial charges at all. In this
specific case, Eq. (12) takes the remarkable form

36./2 15, nlcmal?
302 1 Sparlen

w w Zm.n|cm,n|2 ,

(14)

which shows a SAM typical of a spin-3 /2 particle, something
surprising when dealing with spin-1 particles, such as
photons. Notice that the 3/2 SAM is independent of the
weighting coefficients ¢, ,, and arises solely from the
polarization state of the field. In addition, if the field does
not have azimuthal charges (i.e., n = 0 for all HNMs carried
by the field), Eq. (14) gives y = 36./(2w), which corre-
sponds to the existence of electromagnetic fields only
carrying a spin-3/2 angular momentum. Very recently, the
possibility to generate light beams with half quantization of a
total optical angular momentum has been discussed and
experimentally tested within the paraxial regime [26]. The
results obtained in the present work apply to electromagnetic
fields, which are solutions of Maxwell’s equations and stem
from the coupling between radial charge and spin that takes
place in the full nonparaxial regime. These results indicate
that fractional-spin properties of light are of a much more
fundamental nature and a direct consequence of the electro-
magnetic theory. As an example of an electromagnetic field
that shows this unexpected spin-3/2 angular momentum, we
consider the field with the following scalar angular spectrum

sin [2zmA, /55 — p* + ng)
&=

Alp.9) = (15)

The decomposition in HNMs of the angular spectrum in
Eq. (15) only presents two terms different from zero, with
coefficients c¢,,, = 1/(2i) and c_,_, =—-1/(2i) [27].
Once this scalar spectrum is used to construct an electro-
magnetic field by using the recipe given in Eq. (8), one
obtains exactly y = 36./(2w). This is simple to see if one
realizes that all products C;I,’ncm,,, are zero, given that for
different m’ and m there are no common azimuthal indices
n. Additionally, it is important to point out that, although
two azimuthal charges are present in the field, their
contributions to the orbital angular momentum cancel with
each other, leading to a field only carrying a spin angular
momentum. In Figs. 1(b), 1(c), 1(d), and 1(e), we show
amplitude and phase for the scalar angular spectrum A for
this field, along with amplitude and phase profiles, at z = 0,
of the corresponding scalar field U. To summarize, in this
work we unfolded the different contributions to the total
angular momentum of electromagnetic fields and showed
how there are three main contributions: one due to spin, one
due to the azimuthal charge carried by a field, and one
which depends on the spin and the radial charges carried
by the field. All this suggests that instead of talking of

spin-orbit coupling, it would be more appropriate to
consider coupling between spin, azimuthal charges, and
radial charges in the field. A useful form for the total
angular momentum has been obtained in terms of
Helmholtz natural modes, which led to the discovery of
fields for which only a spin-3/2 angular momentum exists.
This is a surprising result, considering the quanta in an
electromagnetic field, photons, are spin-1 particles. On an
application perspective, the results presented here open
novel routes to the control of light-matter interaction,
optical metrology based on total angular momentum trans-
fer and optical communications.

This work was partly funded through the Projects
No. 14INDQ9 and No. 16ENGO03 [European Metrology
Programme for Innovation and Research (EMPIR)]. The
EMPIR initiative is cofunded by the European Union
Horizon 2020 research and innovation programme and
the EMPIR participating States.
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