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Abstract
Atomic frequency comb (AFC) quantum memory is a favorable protocol in long distance quantum
communication. Putting the AFC inside an asymmetric optical cavity enhances the storage
efficiency but makes the measurement of the comb properties challenging. We develop a theoretical
model for cavity-enhanced AFC quantummemory that includes the effects of dispersion, and show
a close alignment of the model with our own experimental results. Providing semi-quantitative
agreement for estimating the efficiency and a good description of how the efficiency changes as a
function of detuning, it also captures certain qualitative features of the experimental reflectivity.
For comparison, we show that a theoretical model without dispersion fails dramatically to predict
the correct efficiencies. Our model is a step forward to accurately estimating the created comb
properties, such as the optical depth inside the cavity, and so being able to make precise predictions
of the performance of the prepared cavity-enhanced AFC quantum memory.

1. Introduction

Optical quantum memory with the ability to store and recall on-demand quantum states of light with high
efficiency and fidelity [1–3] is one of the essential elements for long-distance quantum communication based
on quantum repeaters [4, 5]. It also has several applications in linear-optical quantum computation,
single-photon detection, quantum metrology, and tests of the foundations of quantum physics [6].

Atomic frequency comb (AFC) quantum memory [7, 8] is a promising candidate in quantum repeater
applications because of the capability to simultaneously store and read out multiple temporal and spectral
modes that could enhance the performance of the quantum repeater via faster entanglement generation
[9–15]. Also, as opposed to other quantum memory protocols, with the AFC technique, the number of
temporal modes stored in a sample is independent of the optical depth of the storage medium [7].

To implement AFC quantum memory, rare-earth-ion doped crystals are particularly suitable due to the
long coherence times of their optical 4f–4f transitions at cryogenic temperature [16, 17]. Long optical storage
time has been demonstrated in rare-earth ion-doped crystal-based AFC quantum memory by using
dynamical decoupling techniques to increase the spin coherence time [18–20].

The efficiency of the AFC quantum memory was improved by enhancing the preparation procedure of
the AFC. These include optimization of the comb shape in Tm:YAG crystal [21] where some improvement in
the efficiency has been demonstrated compared to the initial preparation procedure of the AFC [8, 22], and
creation of high resolution (large finesse) AFCs by optimizing the pulse sequence which has been
demonstrated in Er:YSO using hyperfine levels [23] leading to improvement in the AFC quantum memory
efficiency.

© 2024 The Author(s). Published by IOP Publishing Ltd
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To achieve high efficiency in quantum memories, a large optical depth in the storage material is typically
needed. However, in practice, simultaneously achieving high optical depth and long coherence times is
difficult [24]. This trade-off is exemplified by the observation that the coherence time is usually inversely
dependent on the doping concentration. So, to have high coherence times, it is preferable to work with lower
optical depth (OD) rare-earth doped crystals. To overcome this limitation, it was proposed to incorporate
the storage medium in an asymmetric optical cavity. By applying the impedance matching condition, unit
efficiency can, in principle, be obtained with an effective OD of only one [25, 26]. In this situation, the
memory efficiency is only limited by intrinsic atomic dephasing.

So far, several experiments have been carried out based on the impedance matching proposal [25, 26]
using the AFC technique [27–32]. To date, the best efficiencies obtained are 62% [32] for the storage time of
2µs, 56% [27] for the storage time of 1.1µs and 53% [28] for the storage time of 2µs. Based on the
experimental results, between 12–20 fold enhancement in the storage efficiency has been obtained by putting
the AFC memory in an impedance-matched optical cavity compared to the no cavity case. However, it has
been experimentally difficult to measure the AFC properties, e.g. OD within the impedance-matched cavity
[27, 30, 31] because it is no longer straightforward to determine it from the measured frequency-dependent
transmission using Beers law, as is the case for a crystal without a cavity. The fact that no detailed general
theoretical model for cavity-enhanced AFC quantum memory exists, makes it difficult to compare
experiments to theory, and hence also to infer the system parameters from experiments. The original
proposal [25, 26] assumed a memory bandwidth significantly smaller than the cavity bandwidth to satisfy
the resonance condition, and so did not discuss the combs that are created at frequencies detuned from the
cavity resonance. Also, the background absorption due to imperfect optical pumping used to create the comb
shape was ignored. Although, authors in [33, 34] have investigated the role of dispersion in AFC as a protocol
closely associated to the slow-light-based storage protocols, so far there has not been a theoretical model for
cavity-enhanced AFC quantum memory that includes the dispersion originating from the absorption
engineering of ions to create the comb inside the cavity.

Here we develop a more general model that addresses all of these points. We extend the
impedance-matched model beyond the resonance condition by including the round-trip phase shifts of light
as travelling inside the cavity in the initial proposal [25] making it valid for any AFC bandwidth with a
background absorption, and created at any detuning with respect to the cavity resonance. We show that,
including dispersion, our developed model closely aligns with our own experimental results, and in
particular enables prediction of the experimental memory efficiency at any detuning with respect to the
cavity resonance. The paper is organized as follows: In sections 2 and 3 the theoretical model and the
experiment performed are discussed. In section 4 the method to predict the cavity-enhanced AFC quantum
memory reflectivity and efficiency is explained. Furthermore, we show results from the theory and compare
them to the experimental data. In section 5 we elaborate on a comparison to a theoretical model without
dispersion, and the conclusion and outlook are given in section 6.

2. Theoretical model for cavity-enhanced AFC quantummemory

An AFC quantum memory consists of an ensemble of inhomogeneously broadened atoms engineered as
periodically comb-like peaks in frequency domain (see figure 1), which is realized through
frequency-selective optical pumping of atoms from the ground state to a metastable state, e.g. a hyperfine
state. A resonant input pulse with the bandwidth that matches the comb bandwidth is collectively absorbed.
After absorption of the light, the collective excitation initially starts dephasing; however, after a time t= 1/∆,
(∆ is the spectral distance between the peaks in Hz), due to the periodic structure of the comb, the excitation
will be in phase again which leads to the echo pulse [7].

We consider an AFC quantum memory with OD contrast dc and a background absorption OD d0 inside
a general asymmetric cavity with mirror reflectivities R1 and R2 where R1 < R2 ≈ 1 (see figure 1) and apply
the ‘sum over all round-trips’ approach of a Fabry–Perot cavity. We include absorption factors both for the
frequency comb and the background due to additional background absorption to obtain the reflected
intensity from the cavity. Furthermore, to extend the impedance-matched proposal for off-resonant combs
with an arbitrary bandwidth, we include the phases associated with each path in the sum over all round trips
(compared to the on resonance equation (11) in [25]). The reflected amplitude (Eout/Ein) from the cavity
[35, 36] can be written as

Eout
Ein

=
−
√
R1 +

√
R2e−d(ν)e−iΦ(ν)

1−
√
R1R2e−d(ν)e−iΦ(ν)

, (1)

2
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Figure 1. (a) Crystal inside a general asymmetric cavity with mirror reflectivities R1 and R2 where R1 < R2 ≈ 1. (b) The natural
inhomogeneously broadened absorption profile of the medium (Tm:YAG in this paper) is shaped into a comb structure where the
peaks are separated by∆ and have a width (FWHM) of γ as shown on the right. The finesse of the comb is defined as F= ∆

γ
.

Note FWHM peak width γ is related to the peak width γ̃ through γ =
√
8 ln2 γ̃. Due to the comb structure, there will be a

coherent re-emission after a time 1
∆
.

where L is the length of the crystal, d(ν) = α(ν)L is the OD, and α(ν) is the frequency-dependent

absorption coefficient. In addition, the total round-trip phase is Φ = 2KL, where K= 2π n(ν)
λ is the

wavenumber, and n(ν) is the real refractive index of the matter inside the cavity. Φ(ν) can be written as

Φ(ν) = 4π
n(ν) νL

c
, (2)

where c is the speed of light in the vacuum.
Equation (1) for the reflected amplitude can be interpreted as the response function of the cavity. We will

refer to both terms interchangeably. Since Eout contains terms which depend on the OD and the phases
associated with each path in the sum over all round-trips, the reflectivity of the cavity will become frequency
dependent over the comb bandwidth. Equation (1) is a general version of equation (11) in [25] and can be
applied to both on-resonance and off-resonance conditions. In section 4, we use equation (1) to simulate the
reflectivity of the cavity and compare it with the experimental data.

We assume an AFC with an engineered OD d(ν) of a series of Gaussian peaks with identical amplitudes
(dc), spacing (∆), width (γ̃), and a constant d0 which is the OD associated with the background absorption.
The AFC OD d(ν) can be written as

d(ν) =
9∑

k=1

dc e
− (ν−bk)

2

2γ̃2 + d0 , (3)

where the number 9 in the summation is the number of created teeth in the experiment, bk is the center of
each Gaussian function (each AFC tooth) and bk − bk−1 =∆ (see figure 1). The OD of the crystal defines the
initial α(ν), and optical pumping to define the comb reshapes the natural absorption profile. The resulting
profile can be described using d0 for residual unaffected absorption, and d(ν) for the total absorption
corresponding to the newly shaped comb features.

By including the dispersion originating from the atomic absorption in the model there is a
frequency-dependent refractive index n(ν) in the phase Φ. The complex refractive index ñ(ν) can be written
as ñ(ν) = n(ν)+ ik(ν). The real part of the complex refractive index n(ν) is responsible for the change in the
phase of light (see equation (2)). The imaginary part of the complex refractive index k(ν) is related to the
absorption coefficient as,

k(ν) =
α(ν) c

4πν
. (4)

The real and imaginary parts of the complex refractive index ñ(ν) are connected through the
Kramers–Kronig relations, through the real χr(ν) and imaginary χi(ν) parts of the susceptibility of a
medium [37–41]

χr (ν) =
2

π
P
ˆ ∞

0

ν ′χi (ν
′)

ν ′2 − ν2
dν ′ ,

χi (ν) =
2

π
P
ˆ ∞

0

νχr (ν
′)

ν2 − ν ′2 dν
′ (5)

where P symbolizes the Cauchy principal value. Note that in these equations ν is the absolute frequency,
whereas we show the detuning in most of the rest of the paper. Thus, a frequency-dependent absorption

3



Quantum Sci. Technol. 9 (2024) 035049 S Taherizadegan et al

Figure 2. (a) The natural inhomogeneously broadened optical depth of Tm:YAG crystal with the comb-shape engineered optical
depth for the comb at−2.7720GHz detuning with respect to the center of the inhomogeneous broadening embedded into that.
(Inset) The created comb-shaped optical depth over the comb bandwidth. (b) The calculated real refractive index n(ν) over the
entire frequency range for the optical depth shown in (a). (Inset) n(ν) over the comb width.

coefficient results in a frequency-dependent k(ν) and it affects the real refractive index n(ν). Using the
Kramers–Kronig relations (equation (5)) we can write the the real part of the complex refractive
index n(ν) as

n(ν) = n+
2

π
P
ˆ ∞

0

ν ′k(ν ′)

ν ′2 − ν2
dν ′ , (6)

n is the constant real refractive index of the host crystal (YAG in this paper) [42, 43]. Putting the obtained
n(ν) for the comb in equation (2), the change in phase of light Φ is calculated and one can write the equation
for Φ as

Φ(ν) = 4π
νL

c

(
n+

2

π
P
ˆ ∞

0

ν ′k(ν ′)

ν ′2 − ν2
dν ′

)
(7)

Note that to calculate the real refractive index n(ν) at each frequency the absorption coefficient must be
defined over the entire frequency range. Figure 2(a) shows an example of the employed OD for a comb
created close to the cavity resonance. Employing such an absorption coefficient allows us to calculate the real
refractive index n(ν) over the comb. Figure 2(b) shows the calculated real refractive index n(ν) for the comb
shown in figure 2(a). Using equation (7) for Φ, one can calculate the reflectivity of the cavity-enhanced AFC
quantum memory as a function of frequency which will be done in section 4.

3. Experiment

We have performed our experiments in a 0.1% thulium-doped Y3Al5O12 (Tm:YAG) crystal cavity, the same
as used in [31]. The optical transition wavelength of Tm3+ is well suited for free-space quantum
communication, making it attractive for ground-to-satellite communication, for example, for Canada’s
QEYSSat satellite mission [44–47]. Furthermore, its wavelength is compatible with quantummemories based
on rubidium gas, allowing the possibility of designing hybrid platforms [48, 49]. Tm:YAG has wide
inhomogeneous broadening (∼20 GHz) and narrow homogeneous linewidth (∼10 KHz) [50], in principle,
permitting broadband, multimode, and long-lived quantum memories.

Our crystal is approximately 4mm long and the AFCs are generated at a cryogenic temperature of 1.5 K.
The two ends of the crystal surface are reflection coated with approximate reflectivities R1 = 40% on the

4
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Figure 3. (a) Schematic of the experimental setup. A tunable external cavity diode laser serves as the light source. The first order
of the acousto-optic modulator (AOM) goes through a polarization controller (PC) before passing an electro-optic phase
modulator (PM). An arbitrary waveform generator (AWG) sends electrical signals to drive the AOM and the PM and control the
experimental sequence. The 50/50 beamsplitter ensures that the same optical fiber transmits light to the crystal and collects the
reflected light. The photodetector PD1 detects the back-reflected light from the crystal cavity whereas detector PD2 monitors the
input laser light intensity. The sample is kept inside an adiabatic demagnetization refrigerator (ADR) and another
superconducting magnet placed inside the cryostat applies a DC magnetic field to the crystal sample. (b) Energy level diagram of
Tm3+ ion. For optical pumping, the laser is tuned to the |g⟩ → |e⟩ transition. Under the application of an external magnetic field,
the ground state splits into Zeeman levels |g⟩ and |s⟩. The latter serves as the auxiliary level for the formation of the AFC. The
echo after the storage time is emitted at the |g⟩ → |e⟩ transition frequency.

front end and R2 = 99% on the back end [31] to satisfy the impedance matching condition. As a result, the
created asymmetric optical cavity has a finesse close to 7 and free spectral range close to 20GHz.

Figure 3(a) shows the experimental setup. Light near 793nm from an external cavity diode laser (ECDL)
passes through an acousto-optic modulator (AOM) driven at 400MHz. While the zeroth order of the AOM is
monitored on a wavemeter to measure the wavelength of the laser, the first diffracted order is directed to the
crystal in the cryostat after passing through a phase modulator (PM) and a 50/50 beamsplitter. The energy
level structure of Tm3+ ions is shown in figure 3(b). Under the application of an external magnetic field, the
ground state 3H6 splits into the Zeeman levels |g⟩ and |s⟩. The phase modulator is used to carve out the
combs by selectively pumping ions in the frequency domain from the ground state |g⟩ to the spin state |s⟩
[31], mediated by the excited state |e⟩. The 50/50 beamsplitter is employed to be able to send and receive
photons by back-reflection from the cavity using the same optical fiber. The optical fiber is terminated in a
ferrule, which is placed in front of a gradient index (GRIN) lens. Both the ferrule and lens are inserted in a
tight-fitting 50mm long capillary, which is fixed at one end to the crystal mount and at the other to a xyz
nano-positioning stage. In this way, movement of the nanopositioner will change the angle of the capillary,
and, thus, the enclosed fibre and GRIN lens, to the crystal surface allowing the input mode to be aligned to
the cavity mode.

AFC combs are created at varying frequencies across the cavity spectrum by tuning the ECDL frequency.
For measurements of the cavity reflection spectrum, the ECDL frequency can also be continuously swept
across nearly 50GHz. The strength of the external magnetic field controls the Zeeman splitting between the
spin levels |g⟩ and |s⟩. We choose a magnetic field value close to 500Gauss such that during the optical
pumping in the AFC preparation, the atoms from the AFC troughs are almost all moved to the AFC peaks,
increasing their OD nearly by a factor of two [31]. This efficient AFC preparation ensures that almost all the
atoms participate in the absorption and re-emission process. An arbitrary waveform generator (AWG) drives
the AOM and the PM to create the experimental sequence for optical pumping and input pulse generation.
After 50ms optical pumping and 5ms wait time, we send in narrow-band input pulses generated by the
AOM. The back-reflected light, after passing through the beamsplitter, is collected on one of the
photodetectors (PD1 in figure 3(a)). We tune the laser to different wavelengths and record the AFC scans at
each wavelength. The scans are obtained with the help of a phase modulator, which generates a linear chirp
spanning the whole AFC width. The frequency spanned is 200MHz in 100µs. The photodetector PD1 detects
the chirped light after interacting with the AFC profiles and the AFC scans are obtained on an oscilloscope
connected to PD1. We repeat the experimental sequence 100 times with a 200ms interval between each
repetition to reduce the experimental noise and generate a steady AFC. We take the average of these 100 scans
on the oscilloscope to obtain the effective AFC trace. After the AFC trace is collected at a particular
wavelength, we send an input pulse centered at that wavelength. We observe the unabsorbed part of the pulse
and the echoes emitted on the oscilloscope connected to PD1. Similar to the AFC scans, we repeat the
experimental sequence 100 times and take the average to obtain the effective traces for the pulses and the
echoes. To obtain the input electric field (Ein) in equation (1), we go to an off-resonant frequency, greater
than 200GHz away from the center of the inhomogeneous broadening. Since almost no atoms interact with
the incident light at this wavelength, the AFC trace is close to a flat line. Also, virtually no part of the incident
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pulse is absorbed at this wavelength and no echoes are emitted. The unabsorbed part of the incident pulse is
now taken as the input pulse for calculating the memory efficiencies. We monitor the fluctuations in the
input power of the laser as we tune its wavelength by connecting the free port of the beamsplitter to another
photodetector (PD2) as shown in figure 3(a). We calculate the experimental efficiencies by dividing the area
of the first echo at each wavelength by the area of the input pulse. The maximum experimental efficiency is
obtained for the comb close to the cavity resonance frequency and at the detuning of−2.7720GHz from the
resonance frequency of the atoms (all the detunings in the present manuscript are with respect to the center
frequency of the inhomogeneously broadened atomic transition, unless otherwise mentioned).

Using the theory discussed in section 2 and this experimental setup we are able to extract some relevant
features of our memories and verify the performance of our new model in the following section.

4. Results and discussion

In this section, we show and analyze the experimental results. First, equation (1) is fitted with the
experimental data for the reflectivity of the crystal cavity with no comb carved into it and the values of the
crystal cavity properties are obtained as the fitting parameters in section 4.1. Note that equation (1) is for the
reflected amplitude and not the reflected power (|reflected amplitude|2 = reflected power). Next, the crystal
cavity with a spectral-shaped AFC is considered. By fitting the model to the measurement results for the
reflectivity and using the obtained fitting parameters for the crystal cavity properties from the previous step,
the shape and OD of the created combs are extracted as shown in section 4.2. The fitting scripts are all coded
in Matlab [51], and the curve fitting and optimization toolboxes are applied. Finally, the obtained comb
properties from the fitting are used to predict the efficiencies of the created cavity AFC quantummemories at
various frequency offsets across the cavity profile in section 4.3, and the predicted memory efficiencies are
compared to the experimental results.

4.1. Cavity reflectivity without comb
The reflected power at different frequencies for the crystal cavity with no AFC carved into it can be obtained
using equation (1). The values of the crystal cavity properties are obtained as the fitting parameters from
fitting equation (1) in the model with the experimental normalized reflected power for the Tm:YAG crystal
cavity with no comb engineered into it as measured in [31]. The real refractive index n(ν) in equation (2) is
frequency dependent and can be obtained using equation (6) (section 2). The inhomogeneously broadened
absorption spectrum of Tm in YAG is a Lorentzian function centered at ν0 = 377868GHz, with a FWHM of
Γin = 17GHz [52]. Figure 4 shows the data for the reflectivity of the cavity at different frequencies and the
fitted curve to the data. We see three cavity resonances in the figure. Near impedance-matching occurs at the
frequency offset of−3.19GHz. It should be noted that the impedance-matched point is close to the perfect
impedance-matching: theoretically 100% of the input light should be absorbed at the impedance-matched
frequency (zero reflection); however, the experimental value got close to 95% absorption. The obtained
impedance-matched frequency for the fitted curve is in good agreement with the experimental value of
−3.4 ± 0.5GHz where the uncertainty in the measured value comes from our optical wavemeter smallest
significant digit. The maximum value of the Lorentzian function of the absorption spectrum is also set as a
fitting parameter. This takes into account possible variations in crystal growth and sections of the boule from
which our sample was cut. Although the experimental cavity reflection data (figure 4) is measured through a
50/50 beamsplitter, the measured maximum reflectivity value of slightly more than 0.5 in figure 4 implies the
employed beamsplitter was not exactly a 50/50 one. To account for that there is a factor of s as a fitting
parameter so that (reflected power / s) is fitted to the experiment, with s= 2 corresponding to an ideal 50/50
beamsplitter. The obtained values for the crystal cavity parameters are shown in table 1. Also, the obtained
peak absorption coefficient (αpeak = 1.70 cm−1) is in good agreement with the measured value of between
1.9cm−1 to 2.3cm−1 [50, 52].

In the next step the obtained fitting parameters for the crystal cavity properties are used to analyze the
experimental reflectivity of the cavity-enhanced AFC quantum memory.

4.2. Cavity reflectivity with comb
In this section the experimental data for the reflected power of the cavity-enhanced AFC quantum memories
created at different detunings are analyzed to extract the combs’ features. As stated in the section 2 it is
assumed the AFC is a series of Gaussian functions with the same amplitude (dc), spacing (∆), width (γ̃), and
with a constant background absorption d0 (see equation (3)). We use equation (7) to calculate the phase Φ.
Then equation (1) is fitted to the experimental data for the reflected power of each of the memories at
different wavelengths and the comb parameters dc,∆, γ̃, and d0 are extracted as the fitting parameters. The
fitted curves to the experimental reflected power using the model equations are shown in figure 5 and the
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Figure 4. Experimental cavity reflectivity and the fitted curve from the model.

Table 1. Obtained parameters for crystal cavity properties from cavity reflectivity without comb (see figure 4).

Crystal cavity properties

Peak absorption coefficient αpeak (cm
−1) 1.70

Front mirror reflection r1 =
√
R1 0.6927

Back mirror reflection r2 =
√
R2 0.9999

Constant refractive index n 1.799 972
Cavity/crystal length L (cm) 0.4350
Beam-splitter ratio s 1.7142

Table 2. Obtained comb parameters for cavity-enhanced AFC quantum memories created at different detunings across the cavity profile
(see figure 5).

Comb properties Comb a Comb b Comb c

dc 1.5260 1.4867 1.4261
∆(MHz) 23.4598 23.8160 24.3382
γ̃ (MHz) 3.6063 2.9755 3.4462
d0 0.2008 0.0526 0.0254

extracted fitting parameters are shown in table 2 for three AFCs created at three critical regions across the
cavity features (see figure 5(d)). The first one is the AFC created far from the cavity resonance at the detuning
of 2.2765GHz with respect to the resonance frequency of the atoms (see figure 5(a)). The second one is close
to the impedance-matched frequency at the detuning of−2.7720GHz (see figure 5(b)). The third comb is in
an intermediate regime, and on the other side of the cavity resonance at the detuning of−3.8675GHz (see
figure 5(c)).

Figures 5(a) and (c) show there is an asymmetry (skewness) at the bottom of the experimental data for
the reflectivity of the combs created at 2.2765GHz and−3.8675GHz, which is captured in the fitted curves
obtained from the model. In figure 5 for the shown combs, the skewness at the bottom of the reflected power
data changes direction as one moves from one side to the other side of the cavity resonance, which is also
true for all the other combs that are not shown, and is captured by the model. Also, for the comb created at
−3.8675GHz detuning (see figure 5(c)) there is an skewness around its lowest point at the bottom of the
experimental data for all of the teeth in the comb captured to some extent in the model (for most of the teeth
in the comb). Moreover, note the shapes at the top of the comb created close to the impedance-matched
point at−2.7720GHz frequency offset, and the fact that the maximum of the experimental reflectivity is
lower as compared to the other two combs. As one can see in figure 5(b), relatively similar features are
obtained by the model.

Discussing the obtained fitting parameters for the comb properties in the model, the spacing (∆)
between the teeth, which is related to the storage time of the AFC quantum memory, is very similar amongst
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Figure 5. Experimental cavity-enhanced AFC quantum memory reflectivity and the fitted curves for three combs created at three
critical regions across the cavity features. (a) shows a comb far from the impedance-matched frequency (at the detuning of
2.2765GHz). (b) shows a comb close to the impedance-matched frequency (at the detuning of−2.7720GHz). (c) shows a comb
in an intermediate regime (at the detuning of−3.8675GHz). (d) The inhomogeneously broadened absorption spectrum of
(Tm:YAG) crystal and the reflectivity of the (Tm:YAG) crystal cavity over a smaller range (the range of the created combs). The
locations of the above combs are labeled a, b, and c corresponding to the combs in subfigures (a)–(c).

the created AFCs as expected, and approximately the same as the model. Considering the storage time of
42ns for the memories, one can obtain∆= 23.81MHz, which is in good agreement with the extracted∆

values in table 2. Thus, the challenges to understand the comb features are mainly focused on achieving the
true values for the atomic absorption depth and the width of the related combs. The obtained value of γ̃ in
the model for each comb shown in figure 5 does not change a lot within different combs resulting in nearly
the same values for the finesse of different combs as expected from the experiment. Considering the
pumping procedure (section 3) and the inhomogeneous broadening in the absorption spectrum of Tm:YAG
crystal, we expect somewhat lower dc values compared to the ones obtained from the model. This leads to a
difference between the theoretical and experimental efficiency which is discussed in the next section.

4.3. Memory efficiency
We now calculate the efficiencies of the created cavity-enhanced AFC quantum memories numerically taking
the following steps. First, we take the Fourier transform (FT) of the input pulse sent for storage to the
memory. Then by multiplying the input pulse in the frequency domain by the response function of the cavity
(which contains the phase information), the output from the cavity AFC quantum memory is obtained in
the frequency domain. Finally, the numerical inverse FT results in the output in the time domain. Calculating
the square of the absolute value of the output to obtain the output intensity and then plotting the output
intensity with respect to time one can obtain the cavity-enhanced AFC quantum memory efficiency by
calculating the area under the first echo, i.e. the pulse that occurs after the storage time of the memory, and
dividing it by the integrated input intensity. The obtained value is the calculated numerical efficiency of the
cavity-enhanced AFC quantum memory. The numerical calculation is performed by coding in Matlab and
using the Fast FT (FFT) algorithm.

Figure 6 shows the obtained output pulses with respect to time from the model for a cavity-enhanced
AFC quantum memory created near the impedance-matched frequency. In the obtained output we see
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Figure 6. The output pulses obtained theoretically for a comb close to the impedance-matched frequency. Memory storage time
of 42ns is visible which is the difference between the occurrence time of the reflected part of the input pulse (not being absorbed
and stored) and the first recalled (echo) pulse.

Figure 7. The measured experimental efficiency for the created combs and the theoretical efficiency obtained from the model. The
blue points show a zoomed-in view of the crystal cavity reflectivity (figure 4) over the created combs’ frequency range. Memory
efficiencies neglecting the dispersion effect are shown for comparison (see text for more details).

several pulses where the first one is part of the input pulse reflected from the cavity, and the other remaining
pulses are the echo pulses in a decreasing order.

The calculated efficiencies for all the combs created at different detunings across the cavity features are
shown in figure 7 along with the measured experimental memory efficiencies. Based on the experimental
data the maximum echo emission (efficiency) occurs for the AFC created close to the impedance-matched
frequency. The obtained efficiency trend in the model is the same as the experiment, with the maximum
efficiency for the comb created near the impedance-matched frequency.

The model still does not capture all features of the experimental reflectivity. For example, there is an
asymmetry over the comb bandwidth in the fitted curve in figure 5(c), which is not exactly the same as the
experiment. Also, for the comb created close to the impedance-matched point (figure 5(b)) we do not
perfectly capture the features at the top of the experimental curve. Indeed, for different combs, these features
appear differently. This leads to an inaccurate estimation of the combs’ features and likely to an
overestimation of the calculated memory efficiencies. These facts suggest that although the skewness in the
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data may not seem that important at first look, it is important for being able to predict the combs’ features
precisely, and, so, to predict efficiencies close to the experimental values.

5. Comparison to a theoretical model without dispersion

It is worth investigating the effect of neglecting dispersion due to the atomic absorption, leading to a
constant real refractive index n in equation (2) for the YAG crystal [42, 43]. One can do the process of fitting
equation (1) to the experimental data for the cavity reflectivity without and with comb the same as
sections 4.1 and 4.2 and extract the comb parameters as the fitting parameters. Doing so the skewness at the
bottom of the experimental reflected power data for the combs created far from the impedance-matched
frequency (figure 5(a)), and in an intermediate regime (figure 5(c)), and also the shapes at the top of the
comb created close to the impedance-matched point (figure 5(b)) are not captured in the fitted curves.

Talking about the obtained fitting parameters, although for each comb the obtained values of∆, and d0
remain relatively the same as before and there is a small change in the obtained value of γ̃, considering the
pumping procedure (section 3) there is a noticeable misestimation in the obtained dc values of the created
combs. Our model lets us obtain more reasonable dc values for the created combs.

Employing the same steps as section 4.3, we can calculate the efficiencies of the created AFCs at different
detunings across the cavity profile. Figure 7 shows that the calculated efficiency for all the created combs is
lower than the experimental results. Far from the cavity resonance there is only slight disagreement between
the theoretical and experimental efficiencies, but as one gets closer to the cavity resonance the disagreement
becomes much more prominent. This suggests that dispersion becomes more important for the combs
created closer to the impedance-matched frequency (cavity resonance).

Note that the underestimation of the efficiency in the absence of dispersion is not purely due to the
misestimation of dc. Using the refractive index (n) as a fitting parameter, it is possible to obtain reasonable
values for dc even in the absence of dispersion, but the predicted efficiencies are still much too low. The
underestimation of the efficiency is also due to the violation of causality in the absence of dispersion, which
leads to an unphysical echo occurring before the input pulse associated with a reduction of the physical echos.

6. Conclusion and outlook

In summary, we have developed a model for cavity-enhanced AFC quantum memory, which helps to address
the challenges of the measurement of comb properties inside the cavity. Employing the experimental cavity
reflectivity, our model allows us to estimate the comb properties and the efficiency of the cavity-enhanced
AFC quantum memory with a background absorption and arbitrary bandwidth created at any frequency
offset with respect to the cavity resonance. Using the model, one obtains realistic values for the OD, as well as
the correct trend for the efficiencies (they are maximum near resonance). Furthermore, the predicted values
are in semi-quantitative agreement with the experimental ones. For comparison, we have also shown that a
model without including dispersion completely fails to predict the memory efficiencies. Our results confirm
the important role of dispersion effects in successfully modeling cavity-enhanced AFC quantum memories.

The model still does not capture all the features, which may be related to the fact that predicted
efficiencies are somewhat higher than those achieved in experiments. This discrepancy is likely related to a
number of points. First, the shape of the individual created teeth is not a perfect match to that of the model;
they are closer to a rectangular shape rather than the assumed Gaussian shape. Second, residual reflectivity
from the lenses causes some additional modulation on the transmitted intensity—due to a cavity being
formed between the lens and the crystal—which affects the obtained parameters for the cavity. Third,
averaging the experimental runs for each output trace can influence the experimental efficiency if some of
the contributing runs featured lower efficiencies, e.g. from occasional laser instability.

Going forward, to upgrade AFC memory from predetermined storage time to on-demand readout, one
can transfer the coherent excitation to a long-lived ground state spin coherence using optical control pulses
which produce noise in the system [7, 10, 53–56]. Employing the Stark effect, it is possible to have an
on-demand AFC quantum memory without the need for applying optical pulses and as a result being noise
free [57].

Recently, a chip-integrated AFC quantum memory has been demonstrated using a thin-film lithium
niobate waveguide doped with thulium (Tm3+) rare-earth ions. Thin-film lithium niobate offers a more
compact device structure compared to bulk material and is compatible with wafer-scale fabrication [58]. It
would be interesting to adapt our theoretical model to a cavity with a waveguide crystal instead of a bulk
crystal. Considering the new fabrication techniques for the waveguides and photonic materials being
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available [59], compared to the older, lossy diffusion waveguides [60], an integrated cavity platform should
be feasible experimentally. Advancement in nanofabricated rare-earth ion doped crystals platforms may
enable arbitrary-scale arrays of quantum memories for multiplexed quantum repeaters [61].

This work is focused on the impedance-matched weak coupling regime. There are some works more
focused on the strong coupling regime [62, 63] which have the potential advantage of faster and more
efficient memory preparation by Purcell enhancing the spontaneous decay rate [61]. One potential future
direction is to investigate the effect of going into strong light-matter coupling regime on the memory storage
and retrieval process, where new phenomena may arise [64].

In sum, we anticipate that this work can further inform the next generation of cavity-enhanced quantum
memories leading to more rapid progress towards their application in quantum networks.
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