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Abstract

In the present paper, we endow the logics of topological quasi Boolean algebras, topological quasi Boolean
algebras 5, intermediate algebras of types 1-3, and pre-rough algebras with proper multi-type display calculi
which are sound, complete, conservative, and enjoy cut elimination and subformula property. Our proposal
builds on an algebraic analysis and applies the principles of the multi-type methodology in the design of
display calculi.

Keywords: Rough sets, topological quasi Boolean algebras, topological quasi Boolean algebras 5,
pre-rough algebras, intermediate algebras, canonical extensions, multi-type calculi, proper display calculi.

1 Introduction

Rough algebras and related structures arise in tight connection with formal models
of imperfect information [24], and have been investigated for more than twenty
years using techniques from universal algebra and algebraic logic, giving rise to a
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rich theory which develops the algebraic semantics, duality, representation and proof
theory of their associated logics (cf. e.g. [1,20.4,25.26]). In particular, sound and
complete sequent calculi have been introduced for these logics in [25,26]. However,
the cut rule in these calculi is not eliminable. Very recently, sequent calculi with cut
elimination and a non-standard version of subformula property have been introduced
in [22] for some of these logics, but not for the logic of the so-called intermediate
algebras of type 3 (cf. [25], Definition 2.11). In these calculi, the subformula property
is non-standard because each logical connective has four introduction rules, two of
which are non-standard and introduce the given logical connective under the scope
of negation.

In the present paper, we introduce a family of proper display calculi for the
logics associated with the classes of ‘rough algebras'” discussed in [25]; namely,
topological quasi Boolean algebras (tqBa), topological quasi Boolean algebras 5
(tqBab), intermediate algebras of types 1-3 (IA1, IA2, IA3), and pre-rough algebras
(pra) (cf. Definition 2.1).

We apply the methodology of multi-type calculi, the main feature of which is the
systematic use of notions and insights from algebraic logic, duality and representa-
tion to solve problems in structural proof theory. Multi-type calculi are introduced
in [10,8,9], motivated by [14,11], and have proven effective in endowing a wide range
of diverse and differently motivated logical systems, spanning from basic lattice logic
(18] to inquisitive logic [12], with calculi for which soundness, completeness, con-
servativity, cut elimination and subformula property are guaranteed uniformly by
the general theory. This methodology has contributed to create an overarching en-
vironment in which the algebraic proof theory of paraconsistent logics such as semi
De Morgan logic [15] and bilattice logic [16,21] can be studied in connection with
very well known and well behaved logics such as linear logic [19] and first order logic
[27]. Multi-type calculi also allow to capture a wide class of axiomatic extensions
of given logics [17], and therefore provide a powerful and flexible environment for
the design of new families of logics, such as those introduced in [2] to reason about
agents’ resources and capabilities, which pave the way to novel applications of alge-
braic and proof-theoretic methods in non-classical logics to formalization problems
in fields ranging from artificial intelligence to the social sciences.

The first contribution of the present paper is an equivalent presentation of rough
algebras, based on so-called heterogeneous algebras [3]. Intuitively, heterogeneous
algebras are algebras with more than one domain, and their operations might span
across different domains. The classes of heterogeneous algebras corresponding to
rough algebras have three domains, respectively corresponding to (abstract repre-
sentations of) gemeral sets and upper and lower definable sets of an approximation
space. Each of these three domains corresponds to a distinct type. The modal op-
erators capturing the lower and upper definable approximations of a general set are
then modeled as heterogeneous maps from the general type to one of the two de-
finable types. The equivalent heterogeneous presentations of rough algebras come

2 Although the name ‘rough algebras’ has a specific meaning in this literature (reported in Definition 2.1),
in the present paper we find it convenient to use it as the generic name for the class of topological quasi
Boolean algebras and its subclasses.
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naturally equipped with a multi-type logical language, and are characterized by
axiomatizations which can be readily recognized to be analytic inductive (cf. [17,
Definition 55]), and hence, by the general theory of multi-type calculi, can be ef-
fectively captured by proper multi-type display calculi which are sound, complete,
conservative, and enjoy cut elimination and standard subformula property, given
that the introduction rules for all connectives are standard. The introduction of
these calculi is the second contribution of the present paper.

Compared with [22], the multi-type methodology allows for more modularity,
which not only has made it possible to account for the logic of IA3 (which could not
be encoded in an analytic rule otherwise, see Footnote 6), but will also make it pos-
sible to extend the present theory so as to cover weaker versions of rough algebras
based on e.g. semi De Morgan algebras [15], or even general lattices [5,13], which
will account for the proof-theoretic aspects of the logics of rough concepts. More
generally, thanks to the multi-type methodology, the logics of rough algebras have
been embedded into the wider context of the logics which are properly displayable.
Properly displayable logics are studied as a class, and several metatheoretic results,
such as semantic cut elimination, finite embeddability property, finite model prop-
erty, can be given uniformly for large subclasses. Moreover, the modularity of the
proof theoretic environment of properly displayable logics makes it possible to make
different logics interact in a systematic way, so as to obtain e.g. dynamic epistemic
logics based on the logics of rough algebras. This opens new interesting possibilities
to enrich the theory of the logics of rough algebras.

2 Preliminaries

2.1 Varieties of rough algebras
Definition 2.1 (cf. Section 2 [26]) T = (L,]) is a topological quasi-Boolean algebra
(tqBa) if L = (L,V,A,~,T,1) is a De Morgan algebra and for all a,b €L,

T1. I(aAb)=lanlb, T2. lla=la, T3.la<a, T4 IT=T.

For any a €T, let Ca:= —=I-a. We consider the subclasses of tqBas defined as in the
following table.

tqBa
Algebras Acronyms Axioms +
topological quasi Boolean algebra 5 tqBab T5: Cla=la thaS
intermediate algebra of type 1 IA1 T5, T6: lav-la=T ¢ 4N
intermediate algebra of type 2 IA2 T5, T7: IavIb=1(aVb) IAI\]?Z/]A:i
intermediate algebra of type 3 IA3 T5, T8: Ia<Ib and Ca<Ch imply a<b pre—ruugh
pre-rough algebra pra T5, T6, T7, T8. 4
rough

A rough algebra is a complete and completely distributive pre-rough algebra.
Lemma 2.2 Any tqBa T =(L,V,A,—,1,T, 1) satisfies the following equalities:
(i) I{aV Ib) = IlaV Ib (i) C(CaANCb)=CaACb.

Proof. (i) I(IaVv Ib) < IaVIb is a straightforward consequence of T3. As to the
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converse direction, it is enough to show that la < I(IaV Ib) and Ib < I(laV Ib). Let
us show the first of these inequalities. From T1 it immediately follows that I is
monotone. Hence la < laV Ib implies Ila < I(IaV Ib). Hence, by T2, la < Ila <
I(IaV Ib). Analogously one proves Ib < I(IaV Ib). The proof for (ii) is dual. m]

Below, we use the abbreviated names of the algebras written in “blackboard
bold” (e.g. TQBA, etc.) to indicate their corresponding classes. When it is unam-
biguous, we will use rough algebras as the generic name for these classes.

2.2 The logics of rough algebras

Fix a denumerable set Atprop of propositional variables, let p denote an element
in Atprop. The logics of rough algebras share the language £ which is defined
recursively as follows:

Au=p|T|L|-A|IA|CA|ANA|AVA.

Definition 2.3 The logic H-TQBA of the class TQBA is defined by adding the
following axioms to De Morgan logic:

IA+A, TAv-IIA, I(AANB)FIAANIB, [AANIBFIAAB), TFrIT
CA+ —I-A, —-I-A+CA, -C-ArIA, IA+-C-A.

We consider the following extensions of H.TQBA corresponding to the subclasses of
TQBA reported above:

Class of algebras name of logic Axioms/Rules
TQBAS H.TQBAS 1: CIA+IA
TA1 H.IA1 1,2: TrIAV-IA
IA2 H.IA2 1, 3: I(AVB) + IAVIB
IA v IB CA+CB
IA3 H.IA3 1, 4: T B
PRA H.PRA 1,2, 3,4

Let H denote any of the logics in the table above (second column), and A denote
its corresponding class of algebras in the table above (first column, same row as H).

Theorem 2.4 (Completeness) H is sound and complete with respect to A, that
18, if A+ B is an L-sequent, then A+ B is derivable in H iff h(A) < h(B) for all Te A
and every interpretation h: L — T.

3 Towards a multi-type presentation: algebraic analysis

In this section, we equivalently represent rough algebras as heterogeneous algebras.

3.1 The kernels of rough algebras

For any tqBa T (cf. Definition 2.1), we let K; :={la|a €L} and K¢ :={Ca|a €L},
and let ¢ : L - K; and v : L — K¢ be defined by the assignments a — Ila and a — Ca,
respectively. Let e;: Ky = L and ec : K¢ = L denote the natural embeddings.
Axioms T1, T2, and T3 imply that /: L — L is an interior operator and C:L —» L



G. Greco et al. / Electronic Notes in Theoretical Computer Science 344 (2019) 101-118 105

is a closure operator on L seen as a poset. Hence, by general order-theoretic facts
(cf. [7, Chapter 7]), e; (resp. ec) is the left (resp. right) adjoint of ¢ (resp. y), in
symbols: e; 4t and y 4 ec, i.e. for any a € K;, €€ Ke and a€ L,

eja<a iff a<uw vé<a iff  é<eca. (1)

The following equations are straightforward consequences of the definitions of the
maps and (1):

ej@) =« e(ta)=1a ylecé) =& ec(ya) = Ca. (2)

Definition 3.1 For any tqBa T = (L,V,A,I,-,T,L1), the left-kernel K; =
(K7,U,n,1;,07) and the right-kernel Ke = (Ke,U,M,1¢,0¢) are such that, for all
a,Be€ Ky, and all &,y € K¢,

Kl. aUB:=weja)Vve) K3. 1;:=.T K'l. éuy:=vylecéVecy) K’'3. lc:=yT
K2. anB:=uejaneip) K4. 07:=¢L K'2. ény:=vylecénecy) K4, Oc=yL

If T is a tqBab, we define ~: K; — K; and —: K¢ — K¢ by the following equation:

K5, ~a:i=1-ea K'5. —¢&:=vy-ecé

The next lemma captures the relationship between a tqBa and its kernels via
the properties of their connecting maps:

Lemma 3.2 For any tqBa T,

1. t: T>»K; and y: T » K¢ are surjective maps which satisfy the following equa-
tions: for all a,beL,
(a) tanb =uanb), (T =1y, 1L =0g;
(b) yauyb=vy(aVvb), yT=1¢, yL=0c.

2. e/ : Ky > T and ec : K¢ = T are injective maps which satisfy the following
equations:
(a) eqaneB=e(@anP), eaVePB=e(aUp);
(b) ecé Necxy =ec(éMy),  ecéVecy =ecEUy);
(C) erl;=T, 6101=J_, eclc=T, ecOc = 1.

Proof. We only prove 1(a) and 2(a), the arguments for 1(b) and 2(b) being dual.
The identities in 2(c) easily follow using K3, K4, K’3, K’4 and the definition of T.
The surjectivity of ¢ is an immediate consequence of the definition of K; (cf. begin-
ning of Section 3.1). In what follows, we show that ¢ satisfies 1(a).

wan w(eta A eth) K2

= wlanlb) (2)
= d(anb) T1
= tel(a A b) (2)
= wanb) (2)

The remaining identities in 1(a) can be shown analogously using K3 and K4.
Let us show that e; satisfies 2(a) and 2(c). For any «,B € Kj, let a,b € L be such
that @ =wa and B =b.
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e(@np) = e(tantb) (@=1a, B=1b) e(@Up) = e(taUb) (@=1a, B=1b)
= ew(eta A eth) K2 = ew(etaV eb) by K1
= I(anIb) (2) = I(avIb) (2)
= HanIIb T1 = IavIb Corollary 2.2
= Ianib T2 = ewaVeth (2)
= ewa A eth (2) = eaVep (@=1a, B=1b)
= ea Aef (@=1a, B=1b)

O

The next propositions and lemmas provide a ‘multi-type’ characterization of
defining properties of axiomatic extensions of tqBas in terms of additional properties
of the kernels or of their connecting maps:

Proposition 3.3 If T is a tqBas, then K; = K.

Proof. Let f: K; — K¢ be defined as f :=vye;. To show that f is surjective, let
&€ Ke, and let & =ya for some a€ L,

ya = yecya adjunction
= Ca (2)
= yICa T5
= verecya (2)
= yepecé (é=va)
= fiecé (f :=ver)

Since both y and e; are monotone, so is f := ye;. To finish the proof, we need
to show that for all a,8 € Kj, if yej(@) < ye;(B), then a <. Since ec is an order
embedding, the assumption can be equivalently rewritten as ecyer(@) < ecyer(8), Let
a,b € L such that @ =ta and 8 =1b. Then we can equivalently rewrite the assumption
as ecyejta < ecyeyth. Since I :=ejt and C := ecy, we can again equivalently rewrite
the assumption as Cla < CIb, and hence, by T5, as Ia < Ib, that is, ejta < epth. Since
ey is an order-embedding, this yields wa <tb, that is, @ <, as required. This finishes
the proof that K; = K¢ as lattices. Finally, we need to show that f(~ @)= —f(a) for
any a € K;. For such an a, let a€ L s.t. a = (a).

fee = yeea “fa = yecfa
_ yer ~1a = yoecyera
= yepimeya - yrecyena
_ Yeinla = y-Cejia
_ Jinla = y—Cla
_ YIC-a = yl-la
_ Cna = yIC-a

= yC-a

O

By the proposition above, we can drop the subscripts in K; (or K¢) and in e; and
ec, and refer to K as the kernel of T. The following lemma has a straightforward
proof which uses Kb5:

Lemma 3.4 (1) If T is a tqBa), then e~a = —ea;
(2) If T is an IA1, then «(aV b) =waUwb.

Proposition 3.5 If T is a tqBa5, then K is a De Morgan algebra. Moreover, if T
is an IA1, then K is a Boolean algebra.

Proof. For any «,8 € Ky, let a,b € L such that @ =twa and 8 =1b. Let us show that
~~a=a and ~(@UB) =~an ~pL.
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~~ = 1met—eq K5 ~(@up) = tme(aUpB) K5
= metmeta (i) = mew(ea V ef) K1
= =I-la (2) = 1—eu(etaV eth) (@ =1a, B=1b)
= (Cla C=-l- = =I(avib) (2)
B a T5 = t=(la Vv Ib) Lemma 2.2
= teta (2) = u~lan—Ib) definition of L
@ (2) = (C-anC-b) C ==I- and definition of L
= a (i) = W(IC-a A IC-b) T5, C=-I- and definition of L
= wI-=Ia A I-1b) C === and definition of L

= w(et—eta A etmeth) (2)
= w(etmea A etmef) (a=ua), B=ub))
= e~ahe~p) K5
= ~an~p K2

Using K5, K3, (2) and T7, one can show the identities ~ 1; =t=el; ==t T ==IT =
t1 =0;. The argument for ~0; = 1; can be given dually. Hence, K; is a De Morgan
algebra. If T is an IA1, in order to show that K; is a Boolean algebra, we only need
to show ~aUa =1;.

~aUa = tmeaUa K5
= etmea V ea) K1
= et=eaV ea) (i)
wI-IaV Ia) (2)
= u~=ClaV Ia) C=~I~
= w~IaV la) T5
= T T6
= 17 K3

3.2 Heterogeneous rough algebras

In the present subsection, we show that the properties that we have verified to hold
for rough algebras, their kernels and connecting maps yield an equivalent presenta-
tion of rough algebras

Definition 3.6 A heterogeneous tqBa (htqBa) is a tuple H = (D,Ly,L¢, er,ec,t,y)

such that:
H1 D=(D,V,A,—,T,1) is a De Morgan algebra;
H2 Li=L,u,N,~,04,1;) and L¢ = (Le, W, M,—,0¢, 1¢) are bounded distributive lattices;
H3 ¢;:Lj— D and ec : Lc < D are lattice homomorphisms;
H4 ¢:D—L; and y: D — L¢ satisfy the following identities:

tanb)=wanib (T=1 1L =0 y(aVv b)=yalyb yT=1 vyl =0;

H5 e;+:¢ vHec teja =« yecé = &;°
H6 ecya = —epa.

NN

L € D ) Le
ey ec

The heterogeneous algebras corresponding to the subclasses of tqBas considered in
Section 2.1 are defined as follows:

3 Condition H5 implies that ¢ is surjective and e is injective.
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Algebra Acronym Conditions
heterogeneous tqBab htgqBab H7: Ly =L¢c =L is a De Morgan algebra, ¢; =¢c =¢ is a De Morgan homomorphism
heterogeneous IA1 hIA1 H7, H8: L is a Boolean algebra
heterogeneous TA2 hIA2 H7, H9: «aVb)=wUib
heterogeneous IA3 hIA3 H7, H10: wa< and ya<yb imply a<b
heterogeneous pra hpra H7, H8, H9, H10

In what follows, we use the abbreviated names of the heterogeneous algebras
written in “blackboard bold” (e.g. HTQBA, etc.) to indicate their corresponding
classes. A heterogeneous algebra H is perfect if every lattice reduct in the signature
of H is perfect,* and every join (resp. meet) preserving (resp. reversing) map in the
signature of H is completely join (resp. meet) preserving (resp. reversing).

Definition 3.7 If T=(L,]) is a tqBa, we let T* := (L,Ky,Kc,e;,ec,t,y), where:
- Ky and K¢ are the left and right kernels of T (cf. Definition 3.1);

- e Ky > L and ec : Kc < L are defined as the embeddings of the domains of Kj
and K¢ into the domain of L;

- t:L—>Kjand y:L - K¢ are defined by t(a) = Ia and y(a) = Ca respectively.

If T=(L,I) is a tqBab, K; and K¢ can be identified and also e¢; and ec can, hence
we write T* := (L, K, e,t,7).

Definition 3.8 If H=(D,L;,L¢,er,ec,t,y) is an htqBa, we let H, := (D, 1,C) where
the unary operations I and C on D are defined by the assignments a — ejia and
a — ecya respectively.

Let A denote a class of rough algebras (cf. Section 2.1), and HA its corresponding
class of heterogeneous algebras.

Proposition 3.9 (i) If T€ A, then T e HA;
(ii) IfHeHA, then Hy € A;
(i) T=(TY, and H=(H,)"

3.8  Canonical extensions of heterogeneous algebras

As discussed in other papers adopting the multi-type methodology (cf. e.g. [15,19]),
canonicity in the multi-type environment serves both to provide complete semantics
for the analytic extensions of the basic logic (i.e. extensions obtained by adding
analytic inductive axioms) and to prove the conservativity of their associated display
calculi. In what follows, we let D°, L]I‘s, and L% denote the canonical extensions of
the algebras D, Ly, and L¢ respectively, and e‘IS, e‘é, /", and y" denote the extensions
of ej, ec, t, and y respectively.’

4 A distributive lattice is perfect if it is complete, completely distributive and completely join-generated by
the collection of its completely join-prime elements.

5 The order-theoretic properties of ej,ec, ¢ and y guarantee that they are smooth, that is, for each of them,
o-extension and m-extension coincide. However, the different notations in the superscripts are meant to
emphasize that while the smoothness of the embeddings is used in the canonicity proofs, it is not needed
in the case of /" and y“.
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Definition 3.10 If H = (D,L;,Lc,ej,ec,t,y) € HA is an htqBa, then the canonical
Jd 0 7

extension of H is the heterogeneous algebra H° = (D‘S,K](Is ,K%,el,eC,L 7).

The defining conditions of the heterogeneous algebras of Definition 3.6 can be
expressed as analytic inductive inequalities (cf. Definition 4.3), and each such in-
equality is canonical. Hence:

Proposition 3.11 If He HA, then H° is a perfect element of HA.

I Y

Ly C D b
ey ec

Fig. 1. Extending heterogeneous algebras to canonical extensions

In Section 6.1, soundness of each multi-type calculus will be proven w.r.t. perfect
HAs.

4 Multi-type language for heterogeneous rough alge-
bras

Heterogeneous algebras provide a natural interpretation for the following multi-type
language Lyt consisting of terms of types D, K| and K¢ (the kernel-type negations
apply to the language of H.TQBAS5 and its extensions).

DoAu=ploja|océ| T|LIAANA|AVA|-A
Kisa:=mA|1;|0;|aVa|anal|~a Kca&é:= @cA|lc|0c|éLééENE|-E

The logic H- TQBAS can be also captured in a simpler language consisting of the two
types D as above and K as follows:

Koa:=mA|ecA|1|0|~a|aVUa|lana.

4.1  Analytic inductive Lyir-inequalities

In the present section, we specialize the definition of analytic inductive inequalities
(cf. [17, Definition 55]) to the multi-type language Lyr. This definition also applies
to the algebraic language of htqBas that interprets it, so that we will talk about
analytic inductive term-inequalities. We will make use of the following auxiliary
definition: an order-type over n € N is an n-tuple € € {1,0}". For every order type
€, we denote its opposite order type by €, that is, €2(i) = 1 iff €(i) = d for every
1 <i<n. The connectives of the language above are grouped into the following
families ¥ := Fp U Fmt U Fk, U Fk, and G := Gp UGmT UGk, UGK:
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Fp:={T,A,7} Tk = {15,0,~} Gp :={L,V,~} Gk, :=1{01,U,~}
Fwmr = {®7,9c,01,0c}  Frg :={lc,M, -} Gwmr = (M, 8¢, o5,0c} Gk :={0c,U, -}
For any fe€F (resp. g€ G), we let ny € N (resp. ng € N) denote the arity of

f (resp. g), and the order-type €, (resp. €) on ny (resp. ng) indicate whether the
ith coordinate of f (resp. g) is positive (e7(i) =1, €(i) = 1) or negative (e7(i) =9,
(i) = d). The order-theoretic motivation for this grouping is that the algebraic
interpretations of #-connectives (resp. G-connectives) preserve finite joins (resp.
meets) in each positive coordinate and reverse finite meets (resp. joins) in each
negative coordinate. For any term s(pi,...pn), any order type € over n, and any
1 <i<n, an e-critical node in a signed generation tree of s is a leaf node +p; with
€(d) =1 or —p; with €(i) =0d. An e-critical branch in the tree is a branch ending in
an e-critical node. For any term s(pi,...p,) and any order type € over n, we say
that +s (resp. —s) agrees with €, and write e(+s) (resp. €(—s)), if every leaf in the
signed generation tree of +s (resp. —s) is e-critical. We will also write +s’ < s (resp.
—s' < xs) to indicate that the subterm s inherits the positive (resp. negative) sign
from the signed generation tree *s. Finally, we will write €(s”) < %s (resp. el(s') < %)
to indicate that the signed subtree s’, with the sign inherited from *s, agrees with
€ (resp. with €7).

Definition 4.1 [Signed Generation Tree| The positive (resp. negative) genera-
tion tree of any Lyr-term s is defined by labelling the root node of the generation
tree of s with the sign + (resp. —), and then propagating the labelling on each re-
maining node as follows: For any node labelled with £ € ¥ UG of arity n, > 1, and
for any 1<i<ng, assign the same (resp. the opposite) sign to its ith child node
if €(i) =1 (resp. if (i) = d). Nodes in signed generation trees are positive (resp.
negative) if are signed + (resp. —).

Definition 4.2 [Good branch| Nodes in signed generation trees are called A-
adjoints, syntactically left residual (SLR), syntactically right residual (SRR), and
syntactically right adjoints (SRA), according to the specification given in Table 1.
A branch in a signed generation tree s, with = € {+,—}, is a good branch if it is the
concatenation of two paths P; and P;, one of which may possibly be of length 0,
such that P; is a path from the leaf consisting (apart from variable nodes) only of
PIA-nodes (for explanations on terminology, we refer to [23, Remark 3.24]), and P,
consists (apart from variable nodes) only of Skeleton-nodes.

Skeleton PIA
A-adjoints{+ v U u 1L 0 0c SRA{Jr 1 0, Oc ANTMofocmy ~~ —
- AN 0Tl - T 17 l¢ VUU©o oc #c =~ —
SLR{+ T 1y Ic A N Mojoc #c =~ — SRR{Jr vV U u
- L 0, Oc V U U o oc mg =~ — _ an
+ < —
Skeleton Skeleton
LAY [\ L P
+p S1 +p



G. Greco et al. / Electronic Notes in Theoretical Computer Science 344 (2019) 101-118 111

Definition 4.3 [Analytic inductive inequalities, cf. [17, Definition 55]] For
any order type € and any irreflexive and transitive relation <q on pi,...p,, the
signed generation tree xs (x € {—,+}) of a term s(p1,...py) is analytic (Q, €)-inductive
if

(i) every branch of =s is good (cf. Definition 4.2);

(ii) for all 1 <i<n, every m-ary SRR-node occurring in any e-critical branch with
leaf p; is of the form &(sy,...,s;-1,6,5j+1-..,5x), where for any h€{l,...,m}\ j:
(a) €(sp) < *s (cf. discussion before Definition 4.2), and
b) pir <q pi for every p; occurring in s, and for every 1 <k <n.
y y

An inequality s <t is analytic (Q,€)-inductive if the signed generation trees +s
and —t are analytic (Q,€)-inductive. An inequality s <t is analytic inductive if is
analytic (Q, €)-inductive for some Q and e.

In each setting in which they are defined, analytic inductive inequalities are a
subclass of inductive inequalities (cf. [17]). In their turn, inductive inequalities are
canonical (that is, preserved under canonical extensions, as defined in each setting,
cf. [6]). Hence, the following is an immediate consequence of the general canonicity
of inductive inequalities.

Theorem 4.4 Analytic inductive Lyr-inequalities are canonical.

4.2 Translating the original language of rough algebras into the multi-type language

The toggle between the single-type algebras and their corresponding heterogeneous
algebras is reflected syntactically by the translation (-)' : £ — Lyr defined as follows:

P = p 1! = 1 T = T (=AY —-A!

(AANB) = A'AB (AVB) = A'VB (TA)' = ocm; A’ (CA)Y = oj@cA’

Recall that T* denotes the heterogeneous algebra associated with the given algebra
T (cf. Definition 3.7). The following proposition is proved by a routine induction
on L-formulas.

Proposition 4.5 For all L-formulas A and B and every L-algebra T, TE A <
B iff T*EA"<B.

We are now in a position to translate the axioms and rules of any logic H defined
in Section 2.2 into Lyr.
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original language translation interpretation

IA+ A ~ oymjAt+ A ~ epta<a (i)

THIT > TFomT > T<enT (ii)

I(AAB) + IANIB ~ o/m;(AAB) v oymjAAo/m B > erlaNb) <epaheth (iii)
IANIB + I(AAB) ~ o/mjANom; B+ oym;(AAB) > epahertb < ej(aNb) (iv)

IA v 1IA ~ o/MjA‘ ojmyo M A ~ epa <ejeqia (v)

CIA v IA > oc®c orMjA F oymjA > ecyepa<eqa (vi)

I(AVB) + IAVIB ~ o/m;(AVB) v o;mjAVo;m B > erl(aVb) <epaVeh (vii)
IAVIB + I(AVB) ~ o/mjAVo/m;B+ oym;(AVB) o epaVepb <ej(aVb) (viii)

T rIAV-IA ~ TFomAV-o;mA > T <epaV-epa (ix)

IA + IB CA+ CB
A+ B ~> o/mjAF oyl B and oc#cA + oc #c B implies A + B
> eqa<epb and ecya<ecyb implies a<b (x)

Since e; and ec are order-embeddings, eji(a) < eju(b) and ecy(a) < ecy(b) are
respectively equivalent to t(a) < «(b) and y(a) < y(b), and hence the quasi-inequality
(x) can be equivalently rewritten as the following quasi-inequality, which defines the
class HIA3:

t(a) < ub) and y(a) < y(b) implies a < b.

By applying adjunction, the inequalities in the antecedent can be equivalently
rewritten as a = ec(y(b)) Aa and b = bV ej(t(a)). Hence, the initial quasi-inequality
can be equivalently rewritten as the following Lyr-inequality:

aNecy(b) <ep(a)Vb. (3)

The inequality above is analytic inductive ® , and hence it can be used, together with
the other axioms of heterogeneous algebras, which, as observed in Section 3.3, are
analytic inductive, to generate the analytic structural rules of the calculi introduced
in Section 5, with a methodology analogous to the one introduced in [17]. As we
will discuss in Section 6.2, the inequalities (i)-(ix) are derivable in the appropriate
calculi obtained in this way.

5 Proper display calculi for the logics of rough algebras

In this section, we introduce proper multi-type display calculi D.A for the logics
associated with each class of algebras A mentioned in Section 2.1. The language
of these calculi has types D and K; and K¢, and is built up from structural and
operational (aka logical) connectives. Heterogeneous connectives oy, oc,m;, #¢ are
interpreted as ej,ec,t,y in heterogeneous algebras respectively. Each structural con-
nective is denoted by decorating its corresponding logical connective with ~ (resp. ~
or 7). Below, we adopt the convention that unary connectives bind more strongly
than binary ones.

5.1 Language
¢ Structural and operational terms:

6 Notice that applying similar steps in the single-type environment would give rise to the inequality

AANC'CB<BVI'IB (where ct and I’ respectively denote the right adjoint of C and the left adjoint of I)
which is inductive but not analytic.
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D Au=p|T|L|oja|océ|-A|ANA|AVA
Xu=A|L|T|8c| 8 T|2X|XAX|XVX|XZX|XSX

K @ m A0 lena|aVa|(~a)
| ~ PN A v ~ «
IFu=a| iy X| 4;X|0;]1;|TAT|TUT|T3-T'|T-5T| (< T)

K = @cAllc [0 [€NENELETN(=E)
M= &| écX | e X |0c | i [TIAT IO -9 [ TS| (2¢)

The formulas and structures in brackets in the table above pertain to the language
of D.TQBAS and its extensions.
* Interpretation of structural connectives as their logical counterparts’

(i) structural and operational pure D-type connectives:

structural operations T I A v B P =

logical operations T s A \ - (>) (=)

(ii) structural and operational pure K-type and Kg-type connectives:

structural operations 17 07 A v} 3= -5 ic Oc 0 al il 4

logical operations 1y 0; n U (>-) () Ic Oc u n (—2) (=)

(iii) As mentioned above, the language of D.TQBAS and its extensions includes the
following structural and operational pure K|-type and Kg-type connectives:

structural operations < =

logical operations ~ -

(iv) structural and operational multi-type connectives, and their algebraic counter-

parts:
types D- K D - K¢ Ki—»D Kec—-D
structural operations Y [ 1% & uc 3y 3¢
logical operations (&) [ 13 L 2o} (mc) or °c
algebraic counterparts 4 I v v e‘; e‘é
5.2 Rules

In what follows, we will use X,Y,W,Z as structural D-variables, I',A, A as structural
Kj-variables, and I1,X,Q as structural Ke-variables. The proper multi-type display
calculus D.TQBA includes the following axiom and rules: ®

¢ Identity and Cut:

1dp s X}—AXFyAl—Y Cutp FFanAnrA CWK| — CMIKC
e Pure D-type display rules:
resp XAY+Z X+YVZ resp gtllD X EY X+ AY glllD
YrX=>Z YSX+Z YR X Y+ 35X
* Pure K|-type and Kg-type display rules:
resk, TAA A '+ AUA resg, resig NIz + Q e IUQ reskg
A+ T-5A AT +A T+ II-90Q T30 FQ

e Multi-type display rules:

7 In the synoptic table, the operational symbols which occur only at the structural level will appear between
round brackets.

8 For the sake of conciseness, we adopt the convention that the position of the name of rules — on the left or
on the right of the inference line — is relevant to correctly identify each given rule. For instance, the name
of each logical rule is placed on the right or on the left of the inference line, depending on whether the given
rule is a right- or a left-introduction rule. Some structural rules have a double inference line, meaning that
the rule is an abbreviation of two rules (one to be read top-down and the other bottom-up). In this case,
we use one and the same name for both rules.
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adpg,

5T rY

Y&l

TrmyY

&Y T

adpy,

Y+ ocll

ScX k1T
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adDKC cY 1l
c

adpkg

X+ mcll

* Pure-type structural rules: these include standard Weakening (W), Contraction
(C), Commutativity (E) and Associativity (A) in each type. We do not report

on them.?

XrY N X+Y XrY
———— cont T == —
2YF aX XAt LY Xryvi
~ TrA TrA v N mr X Iz «
— — le = —
Al + A I'r AUO; Orlec +r X I+ Z00c¢
e Multi-type structural rules:
oA TrYy reml . . ecTrI Xr 1 . x
o1l =— = T ocT — —— &¢0c
sl rY T+ 0 icr1I X+ 3c0c
. STk A scll k3¢ . cX+ WY & Xy
o O
"~ tva Mmrx ¢ ¢cuc XrY XrY 4 n
X+ o may X F3cme Y Scec XFY G 45X Y
ic a —— JC cI
X+ 250 4cY X+ 55,87 Zs mXrY Z5cMeX F Y

¢ Logical rules: those for the pure-type connectives are standard and omitted; those
for multi-type connectives:

$AFT
* ——
®AFT
ScArIl
o —
ecA+ Il

I'rA

T oA

IIrA
Scll - ocA

&c

Sra + X

X Foja

oja + X

XF+ 1a
— 1 o

ArT T+ WA Scér X

| 1] — )i oc —=>

A WT T'rmA oct F X
I+ mcA Xk 3cé

me —AF <~ mc __ oc
mCA - HcTl IT+mcA X F océ

The calculus D.TQBAS is obtained by adding the following rules to D.TQBA:

e Display rules:

galk,

I'rA Irr =

“IIrX IT +

=2

¢ Pure Ki-type and Kg-type structural rules:

e Multi-type structural rules:

X
X

e Logical rules for ~ and —:

A
— —— galy galk, — — galk,
ArT Avr =T =X+l T+ =1
T'rA Irx
conty contc
<A AT ZXk =
o mY . X+ =T Xr3c =1l -
o m 3y < 5~ =
F5c MY rE X+ a3l X+ 23cI0 ¢
ZatrT I'r <a _ Saré mr =& B
~a+T T'r~a —aré or -¢

The proper display calculi for the axiomatic extensions of HTQBAS discussed
in Section 2.2 are obtained by adding the analytic structural rules indicated in
the following table to the calculus D.TQBAS5.

Name of logic Display Calculus Rules
HIAIL DIAI cgri TAAFA Nz r Q cgri
A+ STUA T ITMIUQ
N ScXAY)r 1T T+ @ (XVY) L.
H.IA2 D.IA2 ®c 1 — - _ WU
SCcXPdcY H T Fr XUy
XrY WerZ i3
A3 . PO . ia
HIA DIA3 XAsc ®cW r 8, W YVZ
H.PRA D.PRA cgri, c 1, WV, id3.

° In what follows, we use subscripts (indicating the type) to distinguish the rules for lattice operators in

different type rules.
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6 Properties

Throughout this section, we let H denote any of the logics defined in Section 2.2;
let A and HA denote its corresponding class of single-type and heterogeneous al-
gebras, respectively, and let D.A denote the display calculus for H. The verifica-
tion of the properties of every D.A follows very closely those of analogous proper-
ties of other calculi designed using the general methodology of multi-type calculi
(cf. e.g. [19,15,18,16]). For this reason, we only sketch them.

6.1 Soundness on perfect HA algebras

In the present subsection, we outline the verification of the soundness of the rules
of D.A w.r.t. the semantics of perfect elements of HA (see Definition 3.6). The
first step consists in interpreting structural symbols as logical symbols according
to their (precedent or succedent) position, as indicated at the beginning of Section
5. This makes it possible to interpret sequents as inequalities, and rules as quasi-
inequalities. For example, the rules on the left-hand side below are interpreted as
the quasi-inequalities on the right-hand side:
XrY WrZ
XA ®cWr 5, mYVZ

ia3 ~> YaV¥b¥ceVd[(a<c & b<d)=aAecyb) <epn(c)Vd].

The verification of the soundness of the rules of D.A then consists in verifying
the validity of their corresponding quasi-inequalities in any perfect element of HA.
The verification of the soundness of pure-type rules and of the introduction rules
following this procedure is routine, and is omitted. The soundness of the rule ia3
above is verified by the following ALBA-reduction, which shows that the quasi-
inequality above is equivalent to the inequality (3), which, as discussed in Section
4, is valid on every H € HIA3.

Yp¥qlp Aecy(q) < ep(p) V4l
iff Vp¥q¥a¥b¥cVd[(a<p & b<q & p<c & g<d)=aNecy(b) <ej(c)Vd]
iff VYa¥b¥cVd[(a<c & b<d)=aAlecyb) <ep(c)Vvd].
The validity of the quasi-inequalities corresponding to the remaining structural

rules follows in an analogous way.

6.2 Completeness

Let A" + BT be the translation of any £-sequent A + B into the language of D.A which
composes the translation introduced in Section 4 with the correspondence between
algebraic operations and logical connectives indicated in table (iv) of Section 5.1.

Proposition 6.1 For every H-derivable sequent A + B, the sequent AT + B" is deriv-
able in D.A.

We only show the derivations of rule T8, axioms T6, and one direction of axiom
T7.

T8. IA+rIBand CA+CBimply A+ B ~» omA+ o;m;B and oc®cA + o¢
&cBimply A+ B
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o/mjA F oym; B

_ _ccecArocecB Ldpy+m; +of +Cutpy
Idp + ec + oc + Curp T amAr S B
Rt TT I s
. ScecAr3cecB ! mAr W B
¢ — adpy) ——————
cAr+ ocB ArA B+ B . SymjA+ B
adpy — = " . ia3 of ————
AtrScecB | AAGc écB ' 3 M AVB oymjA+ B B+ B
———9°c - v
ArA A+ ocecB R A+ Vi o/mjAVB+ BVB
c AAA - AnocecB ANoc#cBr ojmAVB omAVEr B b
_— ut|
b A AnocecB ANocecBF B b
Cutp
A+ B
T6. TrIAV-IA ~» Ttro/mAV-o/mA T7. I(AVB)4+IAVIB ~v»
o/m;(AVB)4-o/m;AVom B
AFA
A A v Ard Br B
mAFEA Al n AVB+ AVB
wAnt, e ma L ) m(AVB) - W (AVB) a0
- . cgn AU N
- Ij F ~mAUmA mAVE r WAV B resg,
o —/———————— W AS-m; (AVB) + u/B

5707 F 3(SmAUmA)
- — == M, A5-m;(AVB) + m;B
5; + adp + W + C + &, —— resy,
,,,,,,,,,,,,, m;(AVB) - m;AUm B

5l 57 <mpAV 5 mA - Ex
PRI TORT resp W (AVB) + m;BU A re;K
°1Nl1A>°1{1 ko mA o; m;B5-m;(AVB) - WA !
5 <mAS 31 oymA “m BS-m (AVE) - mA
1 7 ~IAI ~l ~I _ resp m;B>-m;(AVB) - mjA resg,
Syl r 57 <mAV orm A m;(AVB) - m;BUm; A
— — Ep ——————— E
spip FomAV S SmA 1 m;(AVB) - m;AUm; B
- a—— orly 1 -
T romAYy SmA SmAVE) - % AT m B
T koM AV S WA resp 5 + adpxi + W + C + &
erm AT A AV E) Ao
ormA>TT ¥ ;6’.’VA resp _ _resot SIFE
T emAYormA IR AV ) - orm AV o B

T+ o/mjAV-o A
In between the dashed inference lines we list the names of all the rules needed to
reconstruct the entire derivation.

6.3 Conservativity

To argue that D.A is conservative w.r.t. H we follow the standard proof strategy
discussed in [17,14]. Let g denote the syntactic consequence relation correspond-
ing to H and s denote the semantic consequence relation arising from (perfect)
heterogeneous algebras in HA. We need to show that, for all £-formulas A and B,
if AT+ BT is a D.A-derivable sequent, then A + B is derivable in H. This claim can
be proved using the following facts: (a) The rules of D.A are sound w.r.t. perfect
members of HA (cf. Section 6.1); (b) H is complete w.r.t. the class of perfect algebras
in A (cf. Proposition 2.4); (c) A perfect element of A is equivalently presented as a
perfect member of HA so that the semantic consequence relations arising from each
type of structures preserve and reflect the translation (cf. Proposition 4.5). Let A, B
be L-formulas. If A"+ BT is D.A-derivable, then by (a), Ema A" F B". By (c), this
implies that Fa A + B, where |E4 denotes the semantic consequence relation arising
from the perfect members of class A. By (b), this implies that A + B is derivable in
H, as required.
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6.4 Cut elimination and subformula property

In the present section, we briefly sketch the proof of cut elimination and subformula
property for D.A. As hinted to earlier on, proper display calculi have been designed
so that the cut elimination and subformula property can be inferred from a meta-
theorem, following the strategy introduced by Belnap for display calculi. The meta-
theorem to which we will appeal for each D.A was proved in [9].

All conditions in [9, Theorem 4.1] except Cg are readily satisfied by inspecting
the rules. Condition Cg requires to check that reduction steps are available for
every application of the cut rule in which both cut-formulas are principal, which
either remove the original cut altogether or replace it by one or more cuts on for-
mulas of strictly lower complexity. In what follows, we only show Cg for the unary
connectives.

Pure D-type connectives:

;7 1M SARY X+ 34
galp galp
X+ =A __SArY SYFA Ar 2X Cun
Xr A “ArY SYF X P
Cutp —F cont
X+rY ~> X+rY

The cases for ~a and — ¢ of D.TQBAS5 and its extensions are standard and similar
to the one above.

Multi-type connectives:

:
4 T - mA 2
dp,
'+ mA . ArY 5;T'FA ArY
/s
TrmA mAFNY 5T+Y
adpy
'rmY > 'rmY
7 i m
: . XF 3 ~
e m — e adpy adp, 7OIQFIC
XF 3 SrarY *X+a at+ WY
X+ o ! ! oja +Y & X uy
XrY ~ XrY T8

The cases for ¢cA and o¢é are analogous.
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