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CONICAL SQUARE FUNCTION ESTIMATES AND FUNCTIONAL
CALCULI FOR PERTURBED HODGE-DIRAC OPERATORS IN L7

DOROTHEE FREY, ALAN MCINTOSH, AND PIERRE PORTAL

ABSTRACT. Perturbed Hodge-Dirac operators and their holomorphic functional calculi,
as investigated in the papers by Axelsson, Keith and the second author, provided insight
into the solution of the Kato square-root problem for elliptic operators in L? spaces, and
allowed for an extension of these estimates to other systems with applications to non-
smooth boundary value problems. In this paper, we determine conditions under which
such operators satisfy conical square function estimates in a range of LP spaces, thus
allowing us to apply the theory of Hardy spaces associated with an operator, to prove
that they have a bounded holomorphic functional calculus in those LP spaces. We also
obtain functional calculi results for restrictions to certain subspaces, for a larger range of
p. This provides a framework for obtaining LP results on perturbed Hodge Laplacians,
generalising known Riesz transform bounds for an elliptic operator L with bounded mea-
surable coefficients, one Sobolev exponent below the Hodge exponent, and L? bounds on
the square-root of L by the gradient, two Sobolev exponents below the Hodge exponent.
Our proof shows that the heart of the harmonic analysis in L? extends to LP for all
p € (1,00), while the restrictions in p come from the operator-theoretic part of the L>
proof. In the course of our work, we obtain some results of independent interest about
singular integral operators on tent spaces, and about the relationship between conical
and vertical square functions.
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CONTENTS

[L.__Introduction

(1.1.  Acknowledgments|
[2.__Preliminaries|

2.1, Notationl

[2.2. Holomorphic functional calculus|
[2.3.  Oft-diagonal bounds|

[2.4.  Tent spaces|

[2.5. Hardy spaces associated with bisectorial operators|
[2.6. Hodge-Dirac operators|

3. Main results|

[4. Consequences|

4.1, Differential forms.|

[4.2. Second order elliptic operators|

[4.3.  First order systems of the form D Al

Date: February 1, 2016.

© 00 O U = = 1N

O R NN =
NG ey e



2 DOROTHEE FREY, ALAN MCINTOSH, AND PIERRE PORTAL

5. Low frequency estimates: The Carleson measure argument| 25
6. High frequency estimates for p € (2,, 2| 28
7. LP-L° off-diagonal bounds| 29
8. Estimating conical square functions by vertical square functions| 31
9. High frequency estimates for p € (max{1, (pg).}, 2| 38
10. Appendix: Schur estimates in tent spaces| 41
References| 44

1. INTRODUCTION

In , Axelsson, Keith, and the second author introduced a general framework to study
various harmonic analytic problems, such as boundedness of Riesz transforms or the con-
struction of solutions to boundary value problems, through the holomorphic functional
calculus of certain first order differential operators that generalise the Hodge-Dirac oper-
ator d + d* (where d is the exterior derivative) of Riemannian geometry. By proving that
such Hodge-Dirac operators have a bounded holomorphic functional calculus in L?, they
recover, in particular, the solution of Kato’s square root problem obtained by Auscher,
Hofmann, Lacey, McIntosh and Tchamitchian in . Their results also provide the har-
monic analytic foundation to new approaches to problems in PDE (see e.g. ) and

geometry (see e.g. [16]).

The main result in [19] is of a perturbative nature. Informally speaking, it states that the
functional calculus of the standard Hodge-Dirac operator in L? is stable under perturba-
tion by rough coefficients. It is natural, and important in applications, to know whether
or not such a result also holds in L? for p € (1,00). There are two main approaches to this
question. The first one uses the extrapolation method pioneered by Blunck and Kunst-
mann in , and developed by Auscher in [4] (see also [31]) to show that the relevant L?
bounds remain valid in certain intervals (p_,py) about 2 which depend on the operator
involved. This approach has been mostly developed to study second order differential op-
erators, but has also been adapted to first order operators by Ajiev |1| and by Auscher and
Stahlhut in ,. The other approach to L” estimates for the holomorphic functional
calculus of Hodge-Dirac operators consists in adapting the entire machinery of to LP.
This was done in the series of papers [34-36] by the second and third authors, together
with Hytonen, using ideas from (UMD) Banach space valued harmonic analysis.

At the technical level, all these results are fundamentally perturbation results for square
function estimates. In L?, the heart of is an estimate of the form

([ [ e u@pSht s (f [ em) u@pth e R,

0 Rn» 0 R

where IT =T + I'* is a first order differential (Hodge-Dirac) operator with constant coef-
ficients, and Ilg = I' + B1I'* By is a perturbation by L coefficients B;, Bs. See Section
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for precise definitions. In L?, the papers [34/-36| establish analogues of the form

I/ (4 202 aOP D S I 00+ 2T RS, Y € RAD)

While these (vertical) LP square function estimates are traditionally used to establish the
boundedness of the holomorphic functional calculus (see e.g. [25]), the same result could
also be obtained using the conical LP square function estimates:

(¢, 2) = (T 5(T+*T153) )M u(@)||ree S ||t ) = FII T DM u(@)||rpe Vu € R(D),

where M is a suitably large integer and 77?2 is one of Coifman-Meyer-Stein’s tent spaces
(see [23] and Section [2| for precise definitions). This fact has been noticed in the de-
velopment of a Hardy space theory associated with bisectorial operators (starting with
[16,26,32], see also |37, Theorem 7.10]).

In this paper, we prove such conical LP square function estimates for the Hodge-Dirac
operators introduced in [19]. This allows us to strengthen the results from [34-36] (in
the scalar-valued setting) by eliminating the R-boundedness assumptions. Similar results
have been independently obtained in [18| as a further development of the extrapolation
method. Here we aim, as in [34-36], to obtain not just L? results, but L? analogues of the
techniques of [19]. Instead of relying on the probabilistic/dyadic methods of [35/36], we
use the more flexible theory of Hardy spaces associated with operators, and recent results
about integral operators on tent spaces. Our proof then exhibits an interesting phenome-
non. As in [19] and other papers on functional calculus of Hodge-Dirac operators or Kato
square root estimates, we consider separately the “high frequency" part of the estimate
(involving ||(t, z) — (tI15(I+t*115*) )M (I +2112)"M)u(x)||1».2), and the “low frequency"
part (involving ||(¢,z) ~ (tIIg(1 + %) "M (I — (I + 2T1?)"M)u(2)|pe2). In L? the
proof of the high frequency estimate is purely operator theoretic, while the low frequency
requires the techniques from real analysis used in the solution of the Kato square root
problem. In the approach to the LP case given in [34-36|, the same is true, but both the
high and the low frequency estimate use an extra assumption: the R-bisectoriality of Il
in LP. With the approach through conical square function given here, we obtain the low
frequency estimate for all p € (1, 00) without any assumption on the L” behaviour of the
operator I1g. Restrictions in p, and appropriate assumptions (which are necessary, as can
be seen in |4]), are needed for the high frequency part. We believe that this will be helpful
in future projects, as the theory moves away from the Euclidean setting (see e.g. the work
of Morris [43|, Bandara and the second author [20]). Dealing with a specific Hodge-Dirac
operator in a geometric context, one can hope to prove sharp high frequency estimates
using methods specific to the context at hand, and combine them with the harmonic an-
alytic machinery developed here to get the full square function estimates, and hence the
functional calculus result.

Another feature of the approach given here is that we obtain, from L? assumptions, not
just functional calculus results in LP, but also functional calculus results on some sub-
spaces of L? for certain ¢ < p. In particular, we obtain Riesz transform estimates for
q € (ps, 2], and reverse Riesz transform estimates for ¢ € (p.,2]. Here p, and p,. denote
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the first and second Sobolev exponents below p. This can also be relevant in geometric
settings, where one expects the results to depend not only on the geometry, but on the
different levels of forms.

The paper is organised as follows. In Section [2) we give the relevant definitions and recall
the main results from the theories that this paper builds upon. In Section [3| we state our
main results - relevant high and low frequency square function estimates - and establish
their functional calculus consequences as corollaries in Section [d] In Section [5, we prove
low frequency estimates by developing LP conical square function versions of the tools
used in [19]. In Section [6] we prove high frequency estimates for p € (max(1,2,),2]. In
this range, the proof is straightforward, and does not require any LP assumption. In di-
mensions 1 and 2 this already gives the result for all p € (1, 00). In Section 7] we establish
the relevant LP-L? off-diagonal bounds for the resolvents of our Hodge-Dirac operator. In
Section [§, we use them to bound a conical square function by a vertical square function
related to the functional calculus of our Hodge-Dirac operator. In Section [9] we use these
off-diagonal bounds to prove the high frequency estimates. This uses singular integral
operator theory on tent spaces, and, in particular, Schur-type extrapolation results estab-
lished in Section [I0} We believe the latter results are of independent interest.

1.1. Acknowledgments. All three authors gratefully acknowledge support from the Aus-
tralian Research Council through the Discovery Project DP120103692. This work is a
key outcome of DP120103692. Frey and Mclntosh also acknowledge support from ARC
DP110102488. Portal is further supported by the ARC through the Future Fellowship
FT130100607. The authors thank Pascal Auscher and Sylvie Monniaux for stimulating
discussions, and Pascal Auscher in particular for keeping us aware of the progress of his
student Sebastian Stahlhut on related questions. We are also grateful to the anonymous
referee for giving us the opportunity to correct a mistake in the original manuscript, and
for several other useful suggestions.

2. PRELIMINARIES

2.1. Notation. Throughout the paper n and N denote two fixed positive natural num-
bers. We express inequalities “up to a constant" between two positive quantities a, b with
the notation a < b. By this we mean that there exists a constant C' > 0, independent of
all relevant quantities in the statement, such that a < Cb. If a < b and b < a, we write
a = b.

We denote R* = R\ {0}. For a Banach space X, we write £(X) for the set of all bounded
linear operators on X.

For p € (1,00) and an unbounded linear operator A on LP(R"™;C"), we denote by
Dy(A), Ry(A),N,(A) its domain, range and null space, respectively.

We use upper and lower stars to denote Sobolev exponents: For p € [1,00), we denote
Dy = n"—fp and p* = n"—_";}, with the convention p* = oo for p > n.

For a ball (resp. cube) B C R™ with radius (resp. side length) > 0 and given o > 0, we
write aB for the ball (resp. the cube) with the same centre and radius (resp. side length)
ar. We define dyadic shells by S1(B) := 4B and S;(B) := 2"'B\ 2/B for j > 2.
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2.2. Holomorphic functional calculus. This paper deals with the holomorphic func-
tional calculus of certain bisectorial first order differential operators. The fundamental
results concerning this calculus have been developed in [15,2539/41]. References for this
theory include the lecture notes [2] and [40|, and the book [28].

Definition 2.1. Let 0 < w < pu < 7. Define closed and open sectors and double sectors
i the complex plane by

S+ ={z2€C : |argz| <w} U{0}, Sw— = —Suts
Spy={2€C: 2#0, |argz| < u}, R
Sy = Sur US,_, Sp=S,USh_.

Denote by H(S;) the space of all holomorphic functions on S;,. Let further
H>=(S)) == A{¢ € H(S)) : [¥llzee(sy) < oo},
W2(Se) == {ep € H(S9) : 3C > 0: [(2)] < Cl2|(1 + [2]°*7) ™ vz € S}

for every a, 8 > 0, and set U(S}) := U, g0 WH(S3). We say that ¢ € W(S9) is non-
degenerate if neither of the restrictions 1| S0, vanishes identically.

™

Definition 2.2. Let 0 < w < 5. A closed operator D acting on a Banach space X is
called w-bisectorial if o(D) C Sy, and for all 0 € (w,F) there exists Cy > 0 such that

||)\(/\] — D)_1||£(X) <(Cyp VYAeC \ Sp.

We say that D is bisectorial if it is w-bisectorial for some w € [0, 7).
For D bisectorial with angle w € [0,7) and ¥ € W¥(S7) for p € (w, ), we define ¥(D)
through the Cauchy integral

w(D) =5 [ W@ eI - D)

where v denotes the boundary of Sy for some 6 € (w, i), oriented counter-clockwise.

Definition 2.3. Let 0 <w < § and i € (w, 5). An w-bisectorial operator D, acting on a
Banach space X, is said to have a bounded H*® functional calculus with angle u if there
exists C' > 0 such that for all ¢ € V(S))

[9(D)l ey < Clllloe-

For such an operator, the functional calculus extends to a bounded algebra homomorphism
from H*(S7) to L(X). More precisely, for all bounded functions f : S;, U {0} — C which
are holomorphic on Sj}, one can define a bounded operator f (D) by

f(D)u = f(O)PN(D)U + li_}rn Yn(D)u, ue X,
where Pys(p) denotes the bounded projection onto N(D) with null space R(D), and the
functions 1, € V(S7) are uniformly bounded and tend locally uniformly to f on S7; see
[2,25]. The definition is independent of the choice of the approximating sequence (¢, )nen-
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2.3. Off-diagonal bounds. The operator theoretic property that captures the relevant
aspect of the differential nature of our operators, is the following notion of off-diagonal
bounds. This notion plays a central role in many current developments of singular integral
operator theory. We refer to [4] for more information and references.

Definition 2.4. Let p € [1,2]. A family of operators {U; ; t € R*} C L(L*(R™;CY)) is
said to have LP-L* off-diagonal bounds of order M > 0 if there exists Cyy > 0 such that
for all t € R*, all Borel sets E, F C R™ and all u € LP(R™; CV) with suppu C F, we have

(L1 dist(E, F)\ "
(2.1) Uil 2y < Colt] ™52 <1+$) [ull e r),

where dist(E, F) = inf{|x — y|; x € E,y € F}.

We also use the following variant, where, given a ball B, W%p (R™; C"V) denotes the space
Wé’p(R”;CN) = {u € W'P(R";C");suppu € B} when taken with the norm ||Vul,.
These spaces interpolate in the complex method with respect to p € (1,00), as they can
be identified with W,*(B) through extension and restriction.

We also use the homogeneous spaces lep(R”;CN ) of distributions modulo constants,
taken with the norm ||[Vu|,.

Definition 2.5. Let p € [1,2]. A family of operators {U; ; t € R*} C L(L*(R™;CN)) is
said to have WYP-L? off-diagonal bounds of order M > 0 on balls, if there exists Cyy > 0
such that for all t € R*, all balls B of radius |t|, all j € N, and all u € Wé’p(R”; CN) we
have

(i Ly
(2.2) Vsl cags, oy < el "5~ D279 |V,

The following properties of off-diagonal bounds with respect to composition and interpo-
lation are essentially known (see [13]). We nonetheless include some proofs.

Lemma 2.6. Let p € (1,2]. Let {T; ; t € R*} C L(L*(R™;C")) have L?-L? off-diagonal
bounds of every order, {V; ; t € R*} C L(L*(R™;C")) have L?-L* off-diagonal bounds of
order M>0, {U, ; t € R*} ¢ L(L*(R™;CN)) have W'2-L? off-diagonal bounds of every
order on balls, {Z, ; t € R*} € L(L*(R™; CN)) have W'P-L? off-diagonal bounds of every
order on balls, and {S; ; t € R*} C L(L*(R™;CY)) have LP-L* off-diagonal bounds of
order M, Then

(1) 1If tSuRp H|tln(%_%)TtH£(Lp,L2) < oo, then for all q € (p,2], {T; ; t € R*} has LI-L*
e *

off-diagonal bounds of every order.

(2) If sup %1(13‘ ) H|t‘n(%_%)UtH£(W%p7L2) < o0, then for all ¢ € (p,2], {U; ; t € R*}
€R* B=B(xz,|t

has WH1-L2 off-diagonal bounds of every order on balls.
(3) If {T; ; t € R*} has LP-L? off-diagonal bounds of every order for some q € [p, 2],
then sup || T3 || z(zry < 00.
teR*

(4) {ViSi ; t € R*} has LP-L?* off-diagonal bounds of order M, and {T;Z; ; t € R*}
has WYP-L? off-diagonal bounds of every order on balls.
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(5) For allt € R*, T; extends to an operator T, : L>°(R™;CY) — L _(R™; CV) with

ITiloeomy < 113 lulloe Y € 2R CY), 20 € R

Proof. For (1), use Stein’s interpolation [45, Theorem 1] for the analytic family of operators
11 : ,
{jt|"e =27 (1 4 BUEENMA=2)) o710 2 € S}, where S = {z € C; Re(z) € [0,1]} and

[¢]
11
M’ € N. For q € [p, 2], this gives L?-L? off-diagonal bounds of order max(0, M'(1—4+-+)),
2
which implies the result by choosing M' large enough. A similar proof gives (2), this time
using the fact that the spaces Wé’p (R™; CY) interpolate in p by the complex method.

We refer to [4, Lemma 3.3] for a proof of (3).

We now turn to (4). Let E, F' C R" be two Borel sets, and t € R*. Set § = dist(£, F) and
G = {z € R"; dist(z, F) < &}. Then dist(E,G) > £ and dist(R" \ G, F) > 2. Observe
that the assumptions on V; and S; in particular imply that sup,cp- ||Vi||zz2) < oo and
SUD;cp+ |t|"(%_%)StHL(Lp,Lz) < oo (taking E = F = R" in the definition of off-diagonal
bounds). We have the following for all u € L”:
|1EViSidpuls < [[1gVilaSidpulls + [[1gVilrmeSilpulls
dist(E, G)
g

V)

< (1+

~Y

)M 1eSApullz + [ 1rmeSilpull2

dist(E, G) ) dist(R" \ G, F)

m(l_1 _
SPGB+ S 1 SEEAST 1
(i 1 dist(E, F') . _
S P SR

This proves (4) for {V,.S, ; t € R*}. For {T;Z, ; t € R*}, a ball B of radius [t[, j € N, and
u € W%p, we have, for all N € N, that

I 1s;3) Ty Zyull2 < Z | 1s; 3y Ti s, () Zeull2 S Z 27 THNTD 1 g 5y Zyul |

k=1 k=1
o
< J¢ G2 Y o iR D=k gy | < e G227 [T
k=1

(5) The extension T} : L>®(R"™;CV) — L3

loc

Lo(Tw) = lim Y~ do(Ty(1xu)),

p—00
REAM

dist(Q,R)<p

(R™; CN) can be defined as

where u € L®(R";C"), and Q € Ay a dyadic cube in R™ (see the beginning of Section
for a definition of Ayy). It is shown in [19, Corollary 5.3 that the limit exists and the
extension is well-defined. O

The next lemma was shown in [37, Lemma 7.3| (as in |16, Lemma 3.6]).
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Lemma 2.7. Suppose M >0, 0 <w <0 <p<7F. Let D be an w-bisectorial operator in
LA(R"™;CY) such that {z(2I — D)™'; z € C\ Sp} has L*-L? off diagonal bounds of order
M in the sense that

12(2 — D) ullp2m) < Car (1 + |2] dist(E, )N w2

for all z € C\ Sy, all Borel subsets E, F CR", and all u € L*(R"; CN) with suppu C F.
If Y € W3(SY9) for >0, 3> M, then {{(tD) ; t € R*} has L*-L* off-diagonal bounds
of order M.

2.4. Tent spaces. Let p,q € [1,00]. Recall that the tent space TP4(R'™), first in-
troduced by Coifman, Meyer, and Stein in [23], is the space of measurable functions
F R’}fl — C such that the following norm is finite:

dydt . »
e = ([ [ 1P 22 @,

R™ 0 B(z,t)

I dydt
[Flose= s @ [ [ (R 20,
(r,x)€R4+ xR™ 0 JB(zr)
for g € (1, 00).

For p € [1,00), we define TP as the space of measurable functions F : R — C such
that the following norm is finite:

[F 7000 = [l = esssup{|F'(t,y)| ; (t,y) € RY™ + |y — 2| < t}|Lo.

for p,q € [1, 00),

Q=

Note that, contrary to 23|, we do not impose continuity of the functions in 77*°, and thus
use an essential supremum rather than a supremum. See |3| for a theory of T?> spaces
defined in this way. We use the facts that the tent spaces interpolate by the complex

method, in the sense that [T?02 TP12], = TPe2 for § € [0,1] and 1 = p_o p%. We also

use that, for p, ¢ € (1,00), the space C°(RM) is dense in TP9. We recall a basic result
about tent spaces, and another about operators acting on them.

Lemma 2.8. [5/ Let p € [1,00), a > 1 and TP*(R"™) denote the completion of C°(RTH)
with respect to the norm

dydt 1
nmw%—//‘/ ) )8 do)i.

R™ 0 B(z,at)

Then TP2(R') = TPA(RTY) with the equivalence of norms
|Fllrse < |Fllgpe S a2 |Fllpse VF € TPAREY).

Lemma 2.9. [37, Theorem 5.2] Let p € (1,00). Let {T};}i~0 be a family of operators
acting on L*(R™) with L*-L* off-diagonal bounds of order M > mm{ 57 Then there exists

C' > 0 such that for all F € TP2(R)
I(t,2) = TE®R, ) (@)]lree < Cl[F|[v2,
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in the sense that the operator T, initially defined for F € C(R) by T(F) : (t,z) —
TF(t, .)(x) in L} (RTT), extends to a bounded operator on TP2.

loc

2.5. Hardy spaces associated with bisectorial operators. We consider Hardy spaces
associated with bisectorial operators. We refer to [162630,32,33,37] and the references
therein for more details about such spaces, and just recall here the main definition and
result.

Let 0 <w < p < %, and D be an w-bisectorial operator in L?*(R™; CY) such that {(I +
itD)~'; t € R\ {0}} has L?-L? off-diagonal bounds of order M > 2. Assume further that
D has a bounded H*> functional calculus with angle 6 € (w, ). Given u € L?(R";CY)
and ¢ € W(Sy), write

Quu(x,t) == Y(tD)u(z), xeR" t>0.

Definition 2.10. Let p € [1,00), let ¢ € W(S}) be non-degenerate. The Hardy space
Hgﬂp(]R”; CN) associated with D and 1) is the completion of the space

{u € Ry(D) : Quu € TP*(RT;CN)}
with respect to the norm
lullig, . = I Qutllgwe

Let us also recall |37, Theorem 7.10]:
Theorem 2.11. Let ¢ > 0. Let p € (1,2] and v, € \D§+E(SZ), orp € [2,00) and
RTINS \IJ%JFE(SZ), where > w and both ¢ and ¥ are non-degenerate. Then

(1) Hp, (R CY) = HY, (R':CY) = Hp (R C);

(2) For allu € HY(R";CY), and all f € W(SY), we have

1t ) = (D) f(D)u(e)lze2 S [ flloolleell 2,
In particular, D has a bounded H* functional calculus on HY(R™; CV).

2.6. Hodge-Dirac operators. Throughout the paper, we work with the following class
of Hodge-Dirac operators. It is a slight modification of the classes considered in |19] and
[36].

Definition 2.12. A Hodge-Dirac operator with constant coefficients is an operator of the
form Il =T + T, where I' = —i Z?Zl I';0; is a Fourier multiplier with symbol defined by

F=T@)=) Iy VeRr"
j=1

with T; € Z(CN), the operator T is nilpotent, i.e. T(€)2 = 0 for all ¢ € R™, and there
exists k > 0 such that
(I11) klEllw] < T w|  Vw € R(TI(€)), V¢ € R™.

We list some results about these operators.
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Proposition 2.13. Suppose p € (1,00).

(1) The operator identity I1 = T + T'* holds in LP(R™;CY), in the sense that D,(II) =
D,(I') N D,(I'*) and Tu = T'u + I'u for all u € D,(II).

(2) There holds N,(IT) = N,(I') NN, (T™*).

(3) 11 Hodge decomposes LP(R™; CN) in the sense that

LP(R™; CN) = NP(H) ® Ry(I') & Rp(I™) ,

or equivalently, LP = N,(I') @ R,(I'*) and L = N,(I'*) @ R,(T).

(4) Np(I'), Np(T*), R,(T') and R,(I'*) each form complex interpolation scales, p € (1, 00).
(5) Hodge-Dirac operators with constant coefficients have a bounded H* functional calcu-
lus in LP(R™;CV).

(6) There holds ||V @ ull, < ||Hull, for all u € D,y(II) N R, (II).

(7) There exists a bounded potential map Sr : R,(T') — W'P(R™;CN) such that T'Sp = I
on R,(T); and there exists a bounded potential map Sp : R,(T*) — WP(R™;CN) such

that T*Sp« = I on R,(T™).

Proof. See [36], Lemma 5.3, Proposition 5.4. For (4), see [34]. Part (5) is proven in
[36, Theorem 3.6]. Part (6) is a consequence of (II1)), as shown in [36, Proposition 5.2].

To prove part (7) for T, first note that, for all v € R,(I'), u = limy_,o ['w; where
wy, = k*T*(I + k*11?)u, so that ||V ® wgl, < |lull, by (6),

and further (wy)ren is a Cauchy sequence in lep(]R”; C"). Define Sru = limy_,o wy, in
Whe(R™; CV), and we obtain I'Spu = u, since I is a bounded operator from W?(R™; CV)
to LP. The same proof applies to I'*. 0

We now consider perturbed Hodge-Dirac operators.
Definition 2.14. A perturbed Hodge-Dirac operator is an operator of the form
g =T +T%:=1T+ BBy,

where I = T' + I 4is a Hodge-Dirac operator with constant coefficients, and By, By are
multiplication operators by L*°(R™; £ (CN)) functions which satisfy

[*ByBiI'* =0 in the sense that Ra(BoBiI'™) C No(T™);
I'BiBI' =0 in the sense that Ra(ByBel') C Na(T);

Re(BiT*u, T*u) > ki ||T*ul)3, YVu € Dy(T™) and
Re(Bolu, Tw) > ko Tul|3, Yu € Dy(T)

for some k1, ko > 0. Let the angles of accretivity be

wp = sup |arg(Biu,u)| < E,
weR(*)\{0} 2
wy = sup |arg(Bau,u)| < E,
weR()\{0} 2

and set w = % (w1 + ws).
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Such operators satisfy the invertibility properties (denoting z% =1- %)

(Is(p)) ||u||p < CpHBlu”p Vu € Rp(r*) and HUHP/ < Cp’”B?*U”p/ Vo € Rp/(r)
when p = 2.

In many cases they satisfy ([Ig(p)|) for all p € (1,00), for example if B; and B; are in-
vertible in L*°, though in general all we can say is that the set of p for which (llg(p)))
holds is open in (1,00). This follows on applying the extrapolation result of Kalton

and Mitrea (38|, Theorem 2.5) to the interpolation families B; : R,(I'*) — LP(R") and
By* : Ry(T) — LP (R™).

As noted in [36], it is a consequence of ([Tz(p)]) that ' is a closed operator in LP with ad-
joint (I'g)* = By*I'By* acting in ¥, that R,(I';) = B1R,(I'*), and that R, (By" T B,*) =
By*R,(I'). Moreover, if (lIz(p)) holds for all p in a subinterval of (1, c0), then the spaces

R,(I'%;) interpolate for those p also.

Definition 2.15. A perturbed Hodge-Dirac operator 11z Hodge decomposes LP(R™; CY)
for some p € (1,00), if (LLg(p)) holds and there is a splitting into complemented subspaces

LP(R";CY) = N, (1) ® R,(Tp) = N,(Ilp) @ R, () & R, (T'y).
It is proved in |19, Proposition 2.2| that Iz Hodge decomposes L*(R™; CV).

In investigating the property of Hodge Decomposition, let PP, denote the bounded pro-

jection of LI(R™; CY) onto R,(I™*) with nullspace N,(T'), and let Q, denote the bounded
projection of LI(R™; CY) onto R,(I') with nullspace NV,(T*) (1 < ¢ < o). When Il
Hodge decomposes LP(R™; CY), we denote by P i,y the projection of LP(R™; CY) onto

R,(I1g) with nullspace N, (I1g).

Proposition 2.16. Let Il be a perturbed Hodge-Dirac operator, and let p € (1,00). Then
(i) Iz Hodge decomposes LP(R™; CN) if and only if both (A) and (B) hold, where

(A)  ully S IBrull, YueR,(T*) and LP(R™CY) = N,(T') & BiR,(I") ;

B)  vlly SIBvlly YoeRy(T) and LR CY) =Ny(I") @ By Ry (T) .
(ii) Moreover (A) is equivalent to (A’), and (B) is equivalent to (B’) where
(A7) P,B; : R,(I'*) — R,(I'*) is an isomophism ;

(B) QyBy" : Ry(I') = Ry (L) is an isomophism .
Proof. (i) Under the invertibility assumption ([Iz(p))), Iz Hodge decomposes LP(R™; CN)

if and only if both LP(R"™; CN) = N,(T) @R, (%) and LP(R™; CV) = N, (I';) ®R,(T') hold,
i.e. if and only if LP?(R"; CV) = N,(I')@® B R,(I'*) and LY (R™; CV) = Ny (T*) @ By* Ry (T)
[36, Lemmas 6.1, 6.2]. This gives the proof of (i).
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(i) (A) implies (A’): Let u € R,(T'*). Then P,Byu = —(I — P,)Byu + Byu with, by (A),
|P,Biull, = ||(I —P,)Byul|, + HBlqu, so that ||u|l, < [|Biull, S [|PpBiullp. It remains to

prove surjectivity. Let v € R,(I'*). By (A), there exist w € N,(T') and u € R,(I"*) such
that v = w + Byu, and hence v = P,v = P,Bu as claimed.

(A’) implies (A): First we have that if u € R,(T*), then |lull, < [[PpBiull, < || Biull,-
Next we show that N,(I') N B;R,(T*) = {0}. Indeed if u € N,(T), and v = Byv with
v € R,(T*), then P,Byv = P,u =0, so by (A’), v = 0 and thus u = 0. Now we show that
every element u € LP(R™; CY) can be decomposed as stated. Let u € LP(R";C"). Then

u=I—-Pyu+Pyu
= —-P)u+P,Biv  for some v € R,(I'*) (by (A”))
= (I =Py)(u—Bv) + B
eN,(T) + BiR,T¥)

with || By, S lvllp S IPyullp, S [Jull,- This gives the claimed direct sum decomposition.

The proof that (B) is equivalent to (B’) follows the same lines, with p,T", By replaced by
p,7 F*a B2*~ ]

Proposition 2.17. The set of all p for which Ilz Hodge decomposes LP(R™;CN), is an
open interval (py, p™), where 1 < py < 2 < pf! < o0.

Proof. By the interpolation properties of R,(I'*), the set of p for which (A’) holds, is an
open interval which contains 2, and the same can be said about (B’). So the set of all p for
which 11z Hodge decomposes LP(R™; C) is the intersection of these two intervals, and thus
is itself an open interval which we denote by (pg,p™), with 1 <py <2 <pf <oco. O

An investigation of IIp involves the related operator Ilp = I'* + BoI'B;, which is also a
perturbed Hodge-Dirac operator with (I, T, By, By) replaced by (I'*,T', By, By), and for
it we need the invertibility properties

Op(@) lull, < CollBoull, YueRy(T) and |vlly < CyllBivlly o€ Ry(I¥) .

The formulae connecting Ilp and Ilg are, for 0 € (w, 3), f € H*(S§) and u € Dy(I™),
f(Ip)(I™u) = By f(Ilg) (B u), when f is odd,

(2.3) Big(Ilp)(IMu) = g(p)(B1I™u), when ¢ is even.

Proposition 2.18. Suppose Ilg is a perturbed Hodge-Dirac operator which Hodge decom-
poses LP(R™; CN) for all p € (py, p™). Then:
(1) " =T*+ By*I'B;™ is a perturbed Hodge-Dirac operator which Hodge decomposes
LY(R™;,CN) for all g € (p"), (pu)'), i.e. (Ilp(q)) holds and

LYR™ CY) = N,(Ilp") & R, (T*) & Ry (BT B;) .
(2) The perturbed Hodge-Dirac operator Il Hodge decomposes LP(R™; CN) for all p €
(pw, p™), i.e. (Up(p)) holds and

LR CY) = N, (1) @ Ry (1) © Ry(Bal B -
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(3) If, for some p € (pu,p™), Il is w-bisectorial in LP(R™;C"), then Ilg is also
w-bisectorial in LP(R™; CN),

Proof. (1) First note that the invertibility condition (lIz(p)|) for Il is the same as the
invertibility condition (IIg*(p')) for lIg* = I'* + By"I'B;*. Using this, it is proved in [36],
Lemma 6.3 that the Hodge decomposition for IIz* in L (R";C") is equivalent to the
Hodge decomposition for IIp in LP(R"™; CV).

(2) On applying Proposition m, 115 Hodge decomposes LP(R"; CV) if and only if

(A”) QpBy : Ry(I') = R,(I') is an isomophism and

(B”) PyBi* : Ry (I'*) - Ry(I'*) is an isomophism .

Using the Hodge decompositions for the unperturbed operators to identify the dual of
R,(I'*) with R,/ (I'*), we find by duality that (A’) is equivalent to (B”) and (B’) is equiv-
alent to (A”). This proves (2).

(3) This is essentially proved in [36], Lemma 6.4. O

Remark 2.19. We are not saying that (I1g(p)) is equivalent to (I1p(p)) for general p.

We now define the operators

R .= (I +itllg)™', teR,

1
PP = (I + 5% = 5(RtB + RP)=RPRE,, t>0,
1
QF = tlp(I +*11p*) ' = Q—i(—RtB +RE), t>o.
In the unperturbed case By = By = I, we write R;, P, and Q; for R?, PP and QP,
respectively. If we replace Ilp by Iz, we replace R, PP and Qf by R, PP and QF,
respectively.

We state some basic results for the unperturbed operator II, noting that when we apply
[36], we do not make use of the probabilistic/dyadic methods developed there.

Proposition 2.20. Let M € 2N be such that M > n + 4.

(1) For all p € (1,2], the family {s"(%fé)(Rs)MIP’W ; s € R} is uniformly bounded
in L(LP,L?), and the family {(Qs)™ ; s € R*} has LP-L* off-diagonal bounds of
every order.

(2) Forallp € (1,00), the family {Ps ; s € R*} has LP-LP off-diagonal bounds of every
order.

(3) For all p € (1,00),

(s, 2) = Q™ u()||rw = [Jull, Vu € Ry(IT).
(4) For all p € (max{2,,1},2],

It 2) = Quu(z)|lze2 ~ |lull, Vu € Ry(ID).
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Proof. (1) Let s > 0. By |36, Proposition 4.8], (R,)™ is a Fourier multiplier with bounded
symbol & — m(s€). We also have that IIM'R;™ is a Fourier multiplier with bounded
symbol 7 : & — TI(E)M~1m(¢). Since [€M " m(w| < [m(&)w] for every £ € R™ and
every w € R(II(€)) (by (IT1))), we have that

sup [€[" M m(§w| < 17|
gern\{0)

For u € R(II) N L', this implies
Is% Ry ullz < lls2m(s ) alle S lfalleo < Nl
Since ]P)W is a Fourier multiplier of weak type 1-1 by [36, Proposition 4.4|, we have by

interpolation that, for all p € (1, 2], the family {5"(%_%)(RS)M]P’W ; s € R*} is uniformly

bounded in £(L?, L?). This implies that {s”(%fé)(Qs)M ; s € R*} is uniformly bounded in
L(LP, L*). Using Lemmal2.6]to interpolate this uniform bound with the L2-L? off-diagonal
bounds for {(Qs) ; s € R*} gives the second part of (1).

(2) By Proposition m (5), IT is bisectorial in LP(R™;C"), p € (1,00). Then the proof of
[19, Proposition 5.2|, showing off-diagonal estimates in L?, carries over to p € (1, 00).

(3) Let p € (1,00). By [36, Corollary 4.10], Q¥ is a Fourier multiplier satisfying the
assumptions of Mihlin’s multiplier theorem uniformly in s. Moreover

(s, z) — QsMu(x)HTz,z ~ ||lu|lrz Yu € Ro(II),

by |36, Theorem 5.1]. Therefore, the conditions of |29, Theorem 4.4 and Example 2| are
satisfied, and the operator Q defined by

Qu(tv :B) = QtMu(:B),

extends to a bounded operator from L to T?2. The norm equivalence follows by Calderén
reproducing formula and tent space duality as follows. For u € R,(II) and v € L¥ | we

have that
|/ m%//ua 2)(Q)") ()| e

S I z) = (Qt)MU(fr)llwll(tax) (@) v(@)llzp 2
S (@) = (@)Y u(@)[lrwz[vlly-

(4) For p € (max(1,2,),00) and v € LP N L?,

nmeQmwmw5meH/@@@ﬂw>@hw
0

We estimate the right hand side using Corollary of the Appendix. (Note that this
Appendix does not rely on Sections 2-9.)
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(I-P)P, if0<s<t,

(I— PP, if0<t< we consider the integral operator de-
— 14s t 1 s S,

Noting that Q:Qs = {
fined by

@ |+ o+ |®

S

o d
TKF(t,J:):/min(—,g)K(t,s)F(s,x)—S V>0 VreR"
S S

0

(I-P)P, if0<s<t,

([ PP, if0<t<s oreverye>0 theintegral
— Ls)lt < s.

for F '€ C*(R}™) and K (¢, s) = {

(e e}

operator defined by TxF(t,z) = [min(L, $)°K(t,s)F(s,2)%, for F € C®(R}H!) and all
0

t >0, z € R", extends to a bounded operator on T?%? by Schur’s lemma. Using (2), the
result thus follows by Corollary and (3). O

We conclude the section by recalling the main result of Axelsson, Keith and the second
author in [19]. Note that perturbed Hodge-Dirac operators satisfy the assumptions of

[19] and [36]. In particular, |V @ ully < [[TIul|y for all u € Dy(II) N Ry(II) as stated in
Proposition [2.13| (6).

Theorem 2.21. Suppose llg is a perturbed Hodge-Dirac operator with angles of accretivity
as specified in Definition |2.14. Then:

(1) Tg is an w-bisectorial operator in L?(R™; CV).

(2) The family {RE ; t € R} has L*-L? off-diagonal bounds of every order.

(3) g satisfies the quadratic estimate

I(t,2) = Q7 u(2) 22 = [[ull 2

for all u € Ry(Ilp) C L*(R™; CY).
(4) For all i > w, I has a bounded H>® functional calculus with angle p in L*(R™; CV).

3. MAIN RESULTS

The main results in this paper are conical square function estimates for Hodge-Dirac op-
erators on the ranges of I' and I'*, and corollaries concerning the functional calculus of
II1g. The fundamental estimates required for the proofs of these square function estimates
will be obtained in Sections 5-9. In this section, we state the main results, and show how
their corollaries can be deduced.

Our main theorem gives the equivalence of the Hardy space Hf (R"; CVN) with the L?

closure of R,(Ilz) whenever p € (pg,p™), and corresponding results restricted to the
ranges of ' and '} for p below py. We recall that (TIz(p)) always holds for p € (pg, p™).

Theorem 3.1. Suppose Il is a perturbed Hodge-Dirac operator. Suppose that ji € (w, ),
and that ¢ € W5(S9) is non-degenerate with

eitherp € (1,2}, and a > 0,8 > 5; orp € [2,00), and a > 5,3 > 0.
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(1) Let p € (max{1, (pg)«},p™). Then
I(t, ) = (g u(x)|lre2 = |ull, Yu e R,(T) and
12, 2) = (tlp)u(z)|| 102 = [Jull, Vu € Rpy(I™).
In particular, R,(T') C Hf (R* CY) and R,(T*) C HE (R™CV).
(2) Let p € (max{1, (px).},p™) and suppose that m ) holds. Then
I(t,2) = w(tlp)u(z)llrre = Jull, Vu € R,(TE).
In particular, m C Hp, (R CM).
(3) Let p € (pw,p™). Then
I(t, ) = e(tlp)u(@) e = |lull, Yu € R,(Ip).

In particular, Hfy (R";CN) = R,(Ilp).

Remark 3.2. In Theorem (2), one has in fact Hfj (R";CY) =R,(I') ® R,(I'y), for
p € (max{1, (py)«},p™). This follows from the fact that the Hodge projections preserve
Hardy spaces, as can be seen by considering their actions on HﬁB molecules (as defined in

124)).
Remark 3.3. An inspection of our proof shows that we are actually proving that

[ullmg,  ~ llullag Ve Ra(I) N Hy -

When p > 1, we then use that ||u|ge ~ ||lul[r». The proof still works if (pm). < 1 and
p = 1. In this case we get that

lulle, = llullm, Vo€ Ro(T) N Hyy .
As 11 is a Fourier multiplier one can then relate the H}; norm to the classical H' norm.:
lullmy = llullgr@ncvy Yu € Hy; .
This can be done, for instance, by using the molecular theory presented in [14).
As a consequence of Theorem [3.I} we obtain functional calculus results for IIp.

Theorem 3.4. Suppose lp is a perturbed Hodge-Dirac operator. Suppose ju € (w, F).
(1) Let p € (max{1, (py).},p"). Then for all f € W(SY),

1f(g)ull, < CprHooHUHp Vu € Ry(I).
(2) Let p € (max{1, (py).},p) and suppose ) holds. Then for all f € W(SY),
1F(g)ull, < CprHooHqu u € Ry(Tp).

(3) Let p € (py,p™). Then Ilp is w-bisectorial, and has a bounded H> functional
calculus with angle pu in LP(R™; CN).

The derivation of Theorem [3.4] from Theorem [3.1] will be given later in this section.
The proof of Theoremrelies on two kinds (reverse and direct) of conical square function
estimates. We first prove the reverse ones, before discussing the key direct estimates.



CONICAL SQUARE FUNCTION ESTIMATES FOR DIRAC OPERATORS 17
Proposition 3.5. Suppose Il is a perturbed Hodge-Dirac operator. For all p € [2,00]
and all M € N, we have
(31 It 2) = (@) M u(@)llree < Cyllull, Vu e LR CY) N LP(R™ CY).
Consequently, for all p € (1,2] and all M € N, we have

lully < Cyll(t, ) = (Q7)u(x)llrnz Vu € Ry(Ilp) N LP(R™ CY).

Proof. The result for p = 2 holds by Theorem . We show that u — (QF)™u maps
L>® to T°*2. The claim for p € (2,00) then follows by interpolation. The argument goes
back to Fefferman and Stein [27], and was used in a similar context in e.g. |11, Section
3.2]. Fix a cube @ in R™ and split v € L>®(R™;CY) into u = ulyg + ulg). Recall
S;(Q) = 271Q\2’Q for all j > 2. Theorem m gives

1 1@ dxdt 1
(o) ] @n el % < 1@ gl £

On the other hand, L?-L? off-diagonal bounds for (Q7)" of order N’ > % yield

1 i@ dzdt . 1
o) [ en g S0}

1M B , dadt s
Stg ), [ 1en sau@r G

> N 1 Z(Q) t dt 1
< 9N —/ My+0u 2 U|so-

Consider now p € (1,2). Let u € Ry(Ilg)NLP(R™;CN) and v € LP (R™; CN)NL*(R"™; CN).
We apply the above result to Il in LY (R™ CN ), noting that ITj; Hodge decomposes L? for
all ¢ € ((p), (pu)') by Proposition ﬁ By Calderon reproducing formula, tent space
duality and the argument above, we have that

‘/ z)da] <//| Q) Mu(x)[|((Q7))M ($)|%dac

S It 2) = (Qt )MU(CE)HW It 2) = ((QF)) (@)l
SN 2) = Q7)) u(@)[rszllvll,y-

This gives the assertion. 0

Remark 3.6. Note that for the proof of (B-1), we only use that (QF)M)i=o satisfies L*-
L? off-diagonal bounds of order N' > 2 5, and defines a bounded mapping from L? to T?2.
In particular, we do not use any assumptz’ons on Ilg in LP for p # 2. The proof gives a
way to define a bounded extension from LP to TP? of this mapping. In the case p = oo,
the above result shows that for every u € L*(R™;CN), |(QF)Mu(z)|* L is a Carleson
measure. We will make use of this fact in Proposition [5.5. Moreover, we can replace
(Q2)M by another operator of the form ¢(tIlg) for ¢ € U(S,) and p € (w,5), as long as
(V(tIg))is0 satisfies L*-L* off-diagonal bounds of order N' > %.
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We now state our main estimates.

Proposition 3.7. Suppose llg is a perturbed Hodge-Dirac operator.
Given p € (max{1l, (pg)«}, o0), we have

It 2) = (@) u(@) Iz < Cyllull, Vu € Ry(T) and
(£, 2) — (Q_lj‘/g)]\/[“(x)“TP’2 < Gpllull, Vu e Ry(I),
where M € N if p > 2, and M € N with M > 3 if p < 2.

Let us consider the first estimate in Proposition 3.7 Its proof splits into low and high
frequency conical square function estimates via the operators P,V and (I — PN ) where N
is a large natural number, say N = 10n. The low frequency estimate is an L? version of
the low frequency estimate in the main result of [19], Theorem 2.7 (and hence captures
the harmonic analytic part of the proof of the Kato square root problem).

Proposition 3.8. Suppose Ilg is a perturbed Hodge-Dirac operator. Suppose M € N and
p € (1,00). Then

I(t, ) = (QEYM P Nu(@)|lre < Cyllull, Vu € R,(II).

This result is proven in Section [5]

The high frequency conical square function estimate is an L? version of the high frequency
estimate |19, Proposition 4.8, part (i)]. Note that this operator theoretic part of the proof
in the case p = 2, is the part that does not necessarily hold for all p € (1, 00).

Proposition 3.9. Suppose Ilg is a perturbed Hodge-Dirac operator. Suppose M = 10n
and p € (max{1, (pg)+},2]. Then

I(t,2) = (@)™ (I = PMu(@) ez < Cyllull, Vu € Ry(T).
This result is proven in Sections [6] [7] and [0

We now show how to prove Proposition [3.7 from Propositions 3.8/ and [3.9] Notice that the
large (and somewhat arbitrary) value of M appearing in Proposition is appropriately
reduced as part of this proof.

Proof of Proposition[3.7 from Propositions and[3.9 For p € (2,00), the claim
has been shown in Proposition [3.5] From now on, suppose p € (max{1, (py)},2]. With-
out loss of generality, we can assume that M = 10n. Indeed, the result for M > & will
then follow by Theorem [2.11, Combining Proposition and Proposition |3.9, we have
that

It 2) = (QF) M u(@)llree < ull, Vu € R,(T).
Applying the same results to Ilp gives

It 2) = QY)Y w(@) 7w < llull,  Vu € Ry(T*).

0

We next show that Theorems [3.1] and [3.4] follow from Proposition [3.7]and Proposition [3.5]
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Proof of Theorem from Propositions and 3.5 By Theorem[2.11] it suffices to show
(8, 2) = (QF) M u(@) 2wz = [lully,

and the corresponding equivalence for (QP)M in case (1), for M = 10n and u as given

in (1), (2) or (3). First suppose p € (max{1l,(py).},2]. Combining Proposition
and Proposition |3.5| gives the equivalence for (QP)M and all u € Ry(T") N LP(R™; CV).
The same reasoning applies to (QP)M and u € Ry(T*) N LP(R™;CY). Now note that

NL(T*) N LA(R™; CN) C No(T7), and the same holds with p and 2 interchanged. Using the
Hodge decomposition for the unperturbed operator II, we therefore have

LPR™ CY) N LAR™ CY) = [N,(I) N N2(T)] & [R,(T) N Ra(T))-

Since this space is dense in LP(R"; C), the space Ro(T") N LP(R™; CV) is dense in R,(T).
This gives the above equivalence on R,(T'), and, similarly, for (QF)" on R,(T*). As
stated before Definition [2.15, we have R,(T) = BiR,(I'*) under ([I5(p)). Using that
M is even, the identity (2.3), ||Bil|ec < o0, and that ([Iz(p)) holds by assumption, we
therefore deduce from the above that, for u = B1I™Byv € R,(I'%),
It 2) = Q) u(@)[lve = [|(t,2) = (QF)" BiL" Byv(z) ||
— [(f2) = Bu(Q) T Bav(a) s 5 1[(2) = (QF)T Bav(a) v
S T Bavlly S flullp-

This gives (2). In the case p € (pu, 2|, Iz Hodge decomposes LP. This yields the result
on R,(IIz). The case p € [2,p) follows by duality, cf. the proof of Theorem . O

Proof of Theorem [3.]] from Theorem[3.1 First suppose p € (max{1, (pg).},2]. Let M =
10n, and p € (w,5). Let f € W(S,) and u € R,(I'). Using Theorem and Theorem

2.11] we have that
1f Wp)ully S 11t 2) = (QF)™ f (ILp)u(z) 7
S Il 2) = (@) M u(@)lzne S 1 lloollull-

The same reasoning applies to u € R,(I'%;), assuming (LIz(p)). Now let p € (pm,2]. Since
[T Hodge decomposes LP, we have that, for all f € W(S}),

1 (Ms)ully S MIfllscllull, Vu € LP(R™CY).

This implies that Ilg is w-bisectorial and has a bounded H*° functional calculus in LP.
Finally, we consider the case p € [2,pf). We apply the above result to IT%, which Hodge
decomposes L1 for all ¢ € ((p), (px)’) by Proposition Hence, II% has a bounded
H*> functional calculus in L? for all ¢ € ((p”),2]. By duality, IIz has a bounded H>
functional calculus in L? for all p € [2, p). U

We conclude this section by showing that in certain situations the results can be improved
when restricted to subspaces of the form LP(R"™; W), where W is a subspace of CV. The
proof given depends on Corollary [9.3] as well as the preceding material.
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Theorem 3.10. Suppose HB s a perturbed Hodge Dirac operator. Let W be a subspace
of CN that is stable under F*(S)F(f) and I‘(f) (&) for all £ € R™.

(1) Let p € (max{1,r.},2] for some r € (1,2), and M € 2N with M > 10n. Suppose
further that (Ilg(r)) holds, {tUPPPy ; t € R*} and {tT PPPy ; t € R*} are uniformly
bounded in L(L"), and that {(RZ)= 2T'Py ; t € R*} and {(RB)Z 2B, T*Py ; t € R*}
have Wir-L2 off-diagonal bounds of every order on balls, where Py, denotes the projection
from L™(R™;CY) onto L"(R™; W) induced by the orthogonal projection of CN onto W.
Then, for u € (w,5), we have

(i) 1) Cully S I flloclTull, Vf € H*(S]) Vu € Dy(I') N LAR™ W).

Moreover, Ry(T|rnwy) € Hfp, (R™; CV) with

(i) [ollag, =Nl Yo € Rp(Tlio@nw)).

(2) If LA (R™; W) C Ra(T%), (pu)« > 1, and ((r)) holds for all v € ((px)«, 2], then the
hypotheses and conclusions of (1) hold for all p € (max{1l, (py)s},2]. In particular,

(i) I(E2)2ully < [IPull, Y € Dy(I) N LAR™ W).

Proof. (1) (i) The hypotheses of Corollary are satisfied by assumption. We therefore
obtain, for all p € (max{1,r,},2],

I8, 2) = (QP)M(I = PM)T0(@) ez S [Toll, Vv € D(T) N IP(R™ W),
Combined with Proposition [3.8] this gives
(3.2) I(t,2) = (@) Tw(@) vz S [Tvll, Vo € Dy(T) N LI(R™; W).
Therefore we have, for all f € U(S7), v € D,(T") N LP(R™; W), that (i) holds:
1F (@Wp)Toll, < NIt 2) = (@)Y F(p)Tv(@) [ 2n2 ~ | f ()Tl
STl ~ It 2) = (@) Tu()|we < [Toll,,

where we have used Proposition , Theorem and . The estimate holds for all
f € H*(S;) on taking limits as usual.

(ii) This follows from and the reverse inequality shown in Proposition .

(2) Let ¢ > py with ¢, > 1 and r € (¢gs, ¢]. By Lemma , and the fact that L*(R™; W) C
Ry (I'%) by assumption, we have that

15D RPu|, < |l por oy VE >0 Yu € LAR™ W) N L& (R™ W),

Iterating, and interpolating with L% L? off-diagonal bounds (see Lemma [2.6), we get
that {(R?)22; ¢t > 0} has L"(R™; W)-L? off-diagonal bounds of every order and that
{RP ; t > 0} has L"(R"; W)-L" off- diagonal bounds of every order for some 7 € (r,2].
The former implies that both {(RB)Z 2I'Py : t € R*} and {(R2)% 2B, I*Py, ; t € R*}
have Whr-L? off-diagonal bounds of every order on balls, while the latter implies that
{tLPPPy ; t € R*} = {QFPw ; t € R*} = {5(R5, — RP)Pw ; t € R*} is uniformly
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bounded in £(L"), by Lemma . This yields the hypotheses and hence the conclusions
of (1). To obtain (iii), apply (i) with f(z) = sgn(2):

||(HBQ)1/QU||ZJ = || sgn(Ilp)Mpull, = || sgn(llp)Tull, < CylITull, Yu € Dy(T) N LAR™; W),

noting that u € Ro(I'%) by assumption. O

4. CONSEQUENCES

4.1. Differential forms. The motivating example for our formalism is perturbed differ-
ential forms, where CV = A = ®7_,A* = AcR", the complex exterior algebra over R",
and I’ = d, the exterior derivative, acting in LP(R™; A) = @?_,LP(R™; A¥). If the multipli-
cation operators By, By satisfy the conditions of Definition [2.14] then I1z = d 4+ B1d* B
is a perturbed Hodge-Dirac operator, and it is from here that it gets its name. The LP
results stated in Section |3| all apply to this operator.

Typically, but not necessarily, the operators B;, 7 = 1,2 split as B; = B;) ©---@ B}, where
BY € L**(R"; L(A*)), in which case Theorem (3.4 has a converse in the following sense (cf.
[16, Theorem 5.14] for an analogous result for Hodge-Dirac operators on Riemannian
manifolds).

Proposition 4.1. Suppose llg = d+ B1d* B, is a perturbed Hodge-Dirac operator as above,
with By, j = 1,2 splitting as B; = B) ®- --® B}, where Bj’? € L*(R™; L(A¥)), k=0,...,n.
Suppose that for some p € (1,00), (llg(p)) holds and Ilp is an w-bisectorial operator in
LP(R™; A) with a bounded H*® functional calculus in LP(R™; A). Then p € (pu, p?).

We do not know if this converse holds for all perturbed Hodge-Dirac operators. It does,
however, hold for all examples given in this section.

Proof. We need to show that I15 Hodge decomposes LP(R™; A), i.e. LP(R™;A) = N,(Ilp)®
R,(I) & R,(I%), where I' = d and I'}; = B1d*Bs. Since Ilp is bisectorial in LP(R™; A), we

know that LP(R™; A) = N,(Ilp) ® R,(Ilp). Therefore, it suffices to show that

ITullp + [[Tpull, = [[Mpull,  Vu € Dy(llp) = Dy(I') N Dy(I'p).

For k = 0,...,n and u € LP(R™ A), denote by u®¥) € LP(R™; A*) the k-th component
of u. Note that I' : LP(R"; A*) — LP(R™; AF+1), T« LP(R™; AP — LP(R™;AY), k =
0,...,n—1,and IIg* : L?(R™; AF) — LP(R™; AF), k = 0,...,n. Using that sgn(Ilz), where

1, if Rez >0,

sgn(z) = {_1’ if Res < 0. Vze S, \ {0} and sgn(0)=0,
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is bounded in LP(R™; A) since IIp has a bounded H* calculus, we therefore get for u €
Dp(HB)I

IPull, + IT5ull, ~ > 1), + 3 150,
= j

%Z(HFU(“HerHF*BU('“)Hp)%Z\\Hsu("“)llp ZH )2,
k=0

NZH )20) P, 2 (%) 2ull, = [Tpull,.
0

4.2. Second order elliptic operators. Let L denote the uniformly elliptic second order
operator defined by

Lf=—adivAVf=—a ) 0;(A;js0uf)
k=1
where a € L>®(R") with Re(a(z)) > k1 > 0 a.e. and A € L>*(R™; L(C™)) with Re(A(x)) >
kol > 0 a.e. Associated with L is the Hodge-Dirac operator

0 —adivA LA(R™)
Hp =T+ =T+BI"B; = {V 0 } acting in  L*(R™; (C'™")) = )
L*(R™;C")
where
0 0 « | 0 —div _|a O 100
R U R R L T
so that
, [L 0 . .
[p" = 0 i (where L =—VadivA).

As shown in [19] (and recalled in Theorem [2.21)), IIz is an w-bisectorial operator with
an H* functional calculus in L?, so that in particular sgn(Ilg) is a bounded operator on
L2 (Rn; Cl+n).

Using the expression

_ 0 —L 2qadivA
san(lts) = (102) 1= | o 0y T ,
on D(IIg), and the fact that (sgn(Ilg))?u = u for all u € Ry(Ilg) = L*(R"™) & Ro(V),
we find that ||VL™Y2g|ly = ||g|lz for all g € R(LY?), ie. ||[Vfllz &~ ||[LY?f|, for all
f € D(LY?) = W'2(R"), this being the Kato conjecture, previously solved in [10] (when
a=1).
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Turning now to LP, we see that by our hypotheses, ([I15(p)) holds for all p € (1,0), and
that

{0} {0} LP(R™)

N,(I) = @ , R,D)= & | R,y = &
Np(div A) Ry(V) {0}
Sop € (pu,p™), i.e. the Hodge decomposition LP(R™; (C'*™)) = N, (IIp)®R,(T)BR, (%)

holds, if and only if LP(R™; C") = N,(div A) ® R,(V).

Turning briefly to Hardy space theory, we have

L*R")  H? Hj
Hi, =Ro(llp)= & = & and Hyj =Hf .= ©
Ra(V) H H;

for all p € (1,00). We remark that L has a bounded H* functional calculus in H7, and
that sgn(Ilp) is an isomorphism interchanging Hy and H?.

We now state how the results of this section apply to Ilg, and have as consequences for
L and its Riesz transform, results which are known, at least when a = 1 (see [4] and
[33, Section 5]).

Corollary 4.2. Let L = —adiv AV be a uniformly elliptic operator as above. Then the
following hold:
(1) If pg < p < pH, then 1l is an w-bisectorial operator in LP(R™; C™) with a
bounded H* functional calculus.
(2) If max{1, (pu).} < p < p", then Hfy, = R,(Ilp) and Ilp is an w-bisectorial
operator in R,(Ilg) with a bounded H* functional calculus, so that L has a bounded
H> functional calculus in LP(R"), and D,(LY?) = W'P(R™) with ||LY2f]|, ~
Vil
(3) |]’f7“ Hep (1,2], max{1, min{r,, (pg)w}} < p < p1, M € N with M > 10n, and
{(I+2L)" 2Dt > 0} has L"(R")-L2(R") off-diagonal bounds of every order,
then HY = R,(V) and N2 1\, SNV Fll, for all f € WEYP(R™). Also g € HY if
and only if VL™'2g € LP(R™;C"), with ||g|lgp ~ [[VL™?g]|,.

We remark that the hypotheses of (3) can also be stated in terms of off-diagonal bounds
for the semigroup (e7'%);~.

Proof. As described above, Ilg is a perturbed Hodge-Dirac operator. (1) follows from
Theorem [3.4] (3). (2) follows from Theorem [3.1] (1) and (2), noting that in our situation,

the decomposition R,(II1g) = R,(I') & R,(I'%;) holds for all p € (1,00). (3) Set W = C.
As stated before, L*(R™; W) C Ry(I's) = L*(R") & {0}. For w € W and £ € C", we

have that f‘:(f)f(f)w = (i 1&;1*)w and f(f)ﬁ(g)w =0, so W is stable under f:(f)f(f)
j=1

and f(f)f‘:(f) If (py). > 1, we can therefore apply Theorem [3.10, which gives (3). If
(pu)s < 1, (3) follows from (2). 0
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Remark 4.3. If A= 1, one has (pg,p) = (1,00), so the estimates in C’omlla’ry hold
for allp € (1,00), in agreement with the results of [42] concerning L = —aA.

4.3. First order systems of the form DA. Results for operators of the form DA or
AD, used in studying boundary value problems as in [§], can be obtained in a similar way
to those in this paper, building on the L? theory in |9]. However they can also be obtained
as consequences of the results for IIg, as was shown in Section 3 of [19] when p = 2. Let
us briefly summarise this in the LP case.

Let D be a first order system which is self-adjoint in L*(R™; C"), and A € L®(R"; L(C"))
with Re(ADu, Du) > k|| Dul|,” for all u € Dy(D). Set

LQ(Rn;CN>
HBIFJFF*BIFJFBIF*BQ:“; AISA] acting in  L*(R"; C*N) = L0
L2(R"™; CN)

where
0 0 « |0 D A0 100
Lo o) rela v ][0 0] e 4]
Then I1g is a Hodge-Dirac operator, and so, by [19], has a bounded H* functional calcu-
lus in L?(R™; C*V).

Turning to p € (1, 00), we find that ([Iz(p)) holds if and only if

lullp < [[Aull,  YueRy(D)  and

[l S A%l Yo € Ry (D)

and that (lg(p))) is the same. Assuming this (in particular if A is invertible in L), we
find that

Np(D) {0} R,(AD)
Nl = @, Rl)= _8 , R(p= &
Np(DA) R,(D) {0}
and hence that Iz Hodge decomposes LP(R"™; C?V), i.e. p € (pg,p™), if and only if
(4.1) LP(R™; CN) = N,(DA) & R,(D).

This can be seen following the arguments in Proposition [2.16f Under ([1g(p))), (4.1)
holds if and only if L¥ (R"; CV) = N, (D) @& R, (A*D), i.e. if and only if LP(R™;CN) =

No(D) ® Ry(AD).

As in |19, Proof of Theorem 3.1] and [36, Corollary 8.17|, we compute that, when defined,

s =0 1] s 7 |u

so that results concerning DA having a bounded H* functional calculus in LP(R™; CV)
can be obtained from our results for g in LP(R™;C?"). Moreover results concerning

bounds on f(DA)u when v € R,(D) can be obtained from our results on f(Ilg)v when
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v € R,(I') and on f(Ilp)w when w € R,(I%).

We leave further details to the reader, as well as consideration of AD.

5. LOW FREQUENCY ESTIMATES: THE CARLESON MEASURE ARGUMENT

In this section, we prove the low frequency estimate, Proposition 3.8} By Lemma [2.9] and

Theorem [2.21], we have
It 2) = (QF) M PN u(@)llmwe S (It 2) = QF PN u()|| 7w
so it suffices to prove
(5.1) It 2) = QF PN u(@)|lmwe S [lull, Yu € Ry(ID).
According to Theorem and Lemma , the operator QP extends to an operator
QP : L*(R";CY) — L (R™ C") with

loc

(5.2) QP ull 2 (B@ow) St2llullee Vu € L*(R™CY), 2 € R, > 0.
We can therefore define
(5.3) Ye(z)w = (QPw)(x) vw e CY, z € R,

where, on the right-hand side, w is considered as the constant function defined by w(z) = w
for all z € R™. Note that the definition of ; is different from the one in |19} Definition 5.1].

In order to prove (j5.1)), we use the splitting
QfPtNU = [QfPtNU - %AtPtNU] + %AtPtNU,

and refer to A, P,"u as the principal part, and [QFPtN u — v APY u] as the principal
part approximation.

We use the following dyadic decomposition of R™. Let A = U;’i_oo Agj, where Ay =
{27(k+(0,1]") : k € Z"}. For a dyadic cube Q € Ay,;, denote by [(Q) = 27 its sidelength,
by |Q] = 2/™ its volume. We set A; = Ay, if 2771 < ¢ < 27, The dyadic averaging
operator A; : L2(R™;CV) — L*(R™;C") is defined by

1
Ayu(x) == —|Q T g

where (), ; is the unique dyadic cube in A; that contains =.

u(y) dy =: (w)q, ., Vu € L*(R™CY), z € R, t > 0,

Let us make the following simple observation: for all € > 0, there exists a constant C' > 0

such that for all ¢ > 0
. —(n+e)
QEA: ReA, t

We first consider the principal part approximation, similar to [19, Proposition 5.5].

Proposition 5.1. Suppose Ilp is a perturbed Hodge-Dirac operator. Suppose p € (1,00).
Then

It 2) = QF PN u(w) — 3(2) AP N u(w) |rva < Cyllull,  Vu € R, (TD).
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Proof. Fix x € R". For t > 0, we cover the ball B(z,t) by a finite number of cubes
Q € A;. According to Theorem [2.21, QF has L*-L? off-diagonal bounds of every order
N’ > 0. This, together with the Cauchy-Schwarz inequality and the Poincaré inequality
(see |19, Lemma 5.4]), yields the following for Q) € A

Y dydt . 1

/ / |Qt Pt %(?J)AtPtNu(y)|2 t,?irlt)z
Y Y dydt 1
([ /Q QF (P~ (B u)o) )P 220

o Y Y dt 1
<([ (X 1P La(PFu~ (PP )’
0 ReA;
0 dist(Q, R) . nro — « - dt
SO TCE s FEE Ry B gl )
ReA;
d1stQR) B dt
SO Y 0+ RS~ (R gl )
ReA:
dlst / N dydt . 1
/ [a+ Qy)) VBV u(y) B

YN N dydt 1
<3 / / 93N =2m) 7 ¥y ()2 20 1
]Z% 0 ) tn-i—l

By change of angle in tent spaces, see Lemma [2.8 we thus get

I8, 2) = QPPN u(w) = (@) AP N u(@) e S 22_1 2| (1, 2) s ¢V PN u(a )|z

< 32 sV TERT (8, 2) s 1V P u(@) e S NI(8 7)otV PN u(@) e,

J=0

choosing N' > 2n + mm{p 5 Since PtN is a Fourier multiplier, we have that, for u = Ilv
with v € Dy(Il), and all j =1, ..., n:

t@sztNu = Qt(ﬁxjv)

with Q, = tHPtN . Therefore, using Proposition and Theorem [2.11| (for p < 2), or
Proposition 3.5 (for p > 2) and Remark [3.6] along with Proposition 2.13](6), we have that

I(t,2) = VPN u(@)|lre2 S jDax [|(t,z) — Qu(02;0)(2) |02 S max 10, vll, S Jullp,

,,,,,,,,,,

which concludes the proof. U

Turning now to the estimate for the principal part, we first show that {7, A; };~0 defines a
bounded operator on TP for all p € (1,00). This is an analogue of [19, Proposition 5.7].

Lemma 5.2. Suppose llg is a perturbed Hodge-Dirac operator. Suppose p € (1,00). Then
It 2) = () AF () (@) Iz < Cpl|Fllawe VF € TP*REFHCY).



CONICAL SQUARE FUNCTION ESTIMATES FOR DIRAC OPERATORS 27

Proof. First observe that, given z € R™ and ¢t > 0,

[AF(E, )o@y = sup |AF(t y)| = sup [ 1I/ (t, 2) dz|
yEB(z,t)
(:pt)mQ;«é(/J
_1 n
< sup QI 2IF (¢, Ilr2@en) ST 2IEFE l2mecn),

[SYAV
B(z,t)NQ#0

for some constant C' > 0 depending only on the dimension n. According to (5.2), we have
on the other hand ||v||r2(p(s) S ¢2, and consequently

dydt 1 dydt 1
2
/ / B(z,t) |’Yt At <t Y | tn+1 2 / / xC’t) et )2.

Taking the L” norm with respect to z € R" then yields the assertion. 0

The corresponding estimate for the principal part %(:zc)AtPtN relies on the following fac-
torisation result for tent spaces:

Theorem 5.3 (|22|, Theorem 1.1). Let p,q € (1,00). If F € TP=(R";CN) and G €
TR CN), then FG € TPA(RT; CN) and

|- Gllrra < C||F||7p.00|| G110,

with a constant C' which is independent of F' and G.

This plays the role of the LP vertical square function version of Carleson’s inequality
proven in |35, Lemma 8.1|. Note that this conical version is substantially simpler than its
vertical counterpart. Note also that the fact that we use an essential supremum in our
definition of TP does not affect the proof of the above result.

We also use the following conical maximal function estimate for operators with L9-L9
off-diagonal bounds.

Lemma 5.4. Let ¢ € [1,2] and p € (1,00) with ¢ < p. Let {T;}1=0 be a family of

operators in L(LI(R™;CN)), such that for all t > 0, Ty has L1-L9 off-diagonal bounds of
order N' > %. Then

I(t,2) = ATou(@)lrne < Cyllull, Vu € LR CN) N LP(RCY),

Proof. Let u € LY(R"™; CN)NLP(R"™; C"). Using Holder’s inequality and L?-L? off-diagonal
bounds for T}, we obtain, given € R", the pointwise estimate
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esssup |A;Tyu(y)| < sup (t”/ |Tiu(z)| dz)
Q

(y,t)EF(CC) (y7t)er(x) Yy,t

< sup Yo / T s,y ul2)|? d)
w.DET (=) 5, Qy,t

S sw 32 Y ulneig,)
(y,t)EF(.'E) j:O

o0

< sup ZQ_j(N,_%)(th)_§||UHL‘1(2J'Qy,t)
(y7t)er(x) ]:0
1 1
Ssu—/ w(2)|%dz)e =: M, u(x).
B ) M= M)

B(z,R)

Since ¢ < p, the boundedness of the Hardy-Littlewood maximal operator in La implies
that the maximal operator M, is bounded in LP(R"; C"). Thus,

I8, 2) = ATiu(@)[[zree S [ Mgullp S Jlullp.

U

The estimate for the principal part is a direct consequence of the results above, together
with the Carleson measure estimate for |7, (z)[*4.

Proposition 5.5. Suppose Ilg is a perturbed Hodge-Dirac operator. Let (t,z) — ~,(z) be
defined as in (5.3). Suppose p € (1,00). Then

1(t,2) = () AP u(@) | me < Cyllull,  Vu € Ry(TI).
Proof. Since A? = A;, Theorem yields
I(t, @) = (@) A PN u(@) | we S |t x) = APNu(@)|mwes - [|(E,2) = 7o(@)||goee.

The boundedness of the last factor is shown in Proposition [3.5] and noted in Remark [3.6]
as a consequence of the L? theory for Il established in [19], cf. Theorem [2.21] The
first factor is bounded by a constant times ||u||, as an application of Lemma [5.4} take

T, = PtN and notice that, for all ¢ > 0, and every ¢ € (1,2], PN satisfies L-L9 off-
diagonal bounds of every order by Proposition m This completes the proof of (5.1]) and
hence of Proposition [3.8] O

6. HIGH FREQUENCY ESTIMATES FOR p € (2., 2]

In this section, we give a proof of Proposition for the case 2, < pg < 2. In particular,
this gives a proof for n € {1,2}, a case we have to exclude in Section [7| below for technical
reasons. The proof is similar to the corresponding proof in L? in [19], and is less technically
involved than the case pg < 2, considered in the next sections.
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Proposition 6.1. Suppose Ilg is a perturbed Hodge-Dirac operator. Suppose M € N and
p € (2.,2]. Then

It ) = (@Y (I — PV Yu(@)lgme < Cyllull, Vu € Rall) N PR CY).

Proof of Proposition[6.1] Let p € (2,,2], M € N, and u € Ro(I") N LP(R™; CY). Lemma
2.9 and Lemma [6.2] below yield

) N-
I(t,2) = (@)™ (I = P u(@) zne = ||(t,2) = QT Z )Qeu() 702
k=0

S H(t,l’) = Qtu( )HT@B-
The assertion then follows from Proposition [2.20} ]

We use the following lemma in the proof of Proposition above. The result and its
proof are a slight modification of [19 Proposition 5.2|.

Lemma 6.2. The families {tI"5QP ; t € R} and {tT'QP ; t € R} have L*-L? off-diagonal
bounds of every order.

Proof. We prove the result for {t{T"5QP ; t € R}. The result for {tTQP ; t € R} then
follows, given that for all ¢t € R,

trQ; = (I - P%) —tIpQy)
and {PP ; t € R} has L%-L? off-diagonal bounds of every order by Theorem [2.21} By
Theorem [2.21} we also have that the family {tI'5Q; ; t € R} = {Pry(1 — PB); t e R}

is uniformly bounded in L?. Let E,F C R" be two Borel sets, u € L?(R";CY), and
t € R. As in |19, Proposition 5.2|, let  be a Lipschitz function supported in E = {z €
R™ ; dist(z, E) < 3dist(z, F)}, constantly equal to 1 on E, and such that |[Vr|ls <
. We have the following;:

1T 5Q7 ull 2y < ImTEQ ullz < I, T 51QF ullz + [T EnQ  ull-

To estimate the first term, we use that [nl,tI';] = tBi[nl, [*]| By is a multiplication oper-
ator with norm bounded by #||V7]|w, together with the off-diagonal bounds for Q7. For
the second term, observe that, since IIz Hodge decomposes L? according to Proposition

2.17, we have that

T EnQ7 ulle S 1tTenQp ulla < [IIn1, (15]QF ullz + IntIEQy ull..

Here, we use that the commutator in the first part of the sum is again a multiplication
operator. For the second part, we use that tIlzQP = I — PP, which satisfies L2-L?
off-diagonal bounds. O

dlst(E F)

7. LP-L? OFF-DIAGONAL BOUNDS
We assume n > 3 throughout this section.
In this section, we show how to deduce LP*-LP bounds from LP bisectoriality via a Sobolev

inequality. We then use this result to establish appropriate W' — L2 off-diagonal bounds
on balls, when p, > py.
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Lemma 7.1. Suppose n > 3. Suppose llg is a perturbed Hodge-Dirac operator. Suppose
p € (1,2] with p, > 1, and assume that p > py and that I is bisectorial in LP(R™;CV).
Then

(7.1) sup [|[tRPull, < Vu € R, ().
teR

Moreover, if (I1g(ps)) holds, then

(7.2) Sup [ER ull, < llullp,  Vu € Ry, (Tp)-

Proof. To prove (7.1)), we use the potential map Sp : R, () — W+ (R*CV) —
LP(R™;CY) defined in Proposition m<7) Then, for all u € R, (T'),
[tRFull, = [[t(P7 — Q7 )T Srull, < 0P Srull, + [[fTEQ7 Srull,
S Q7 Srull, + (I = PP)Srull,  (since p > pir)
S |[Srul[,  (using bisectoriality)

S [1Srullyie. pe = |

Y
as claimed.

By (Lz(p.)), (7-2) follows from
s [(REBuol, < ol Vo € Ry (7).

This is proven in the same way as (7.1]), using Il instead of IIp, and remarking that
tReBiv = t(PP —iQ7)Bil*Sr+v = t By PPT* Spev — it BQ T*Sp-v (by (2.3)).
O

We use the following induction argument in which P (p ) €5 and

p@ =p,
M;,(p) is the smallest natural number such that p ) > 2. A simple induction argument

gives p*M) = woor for all M € N, so that M,(p) = n(% - 1.

*(Ms(p)

Proposition 7.2. Suppose n > 3. Suppose llg is a perturbed Hodge-Dirac operator.
Suppose p € (pg, 2] with p, > 1. Assume that 11y is bisectorial in LP(R™;CN). Assume
further that for all M € N such that M > My(p) and all v € (p,2] (withr =2 if p=2),
{|t["G—2 (RB)MIP’RT(HB) t € R*} is bounded from L"(R™;CN) to L?*(R™; CN) uniformly
m t.

(1) Given q € (p«,2] and M € N such that M > M(p), we have

sup "2 (RE)Mulls < lully Yu € RyT).

Moreover, assuming (I1g(p.)) holds when q < py, we have

Sup [t @2 (REYM |y < Jfull, Yu € Ra(T) N LYR™Y; CV).
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(2) Given q € (max{py,p«},2] and M € N such that M > M(p), we have
n(i-1 n
sup [t (RE) Prgyulls S flully Vo € LR CY).

Moreover {(REYMT ; t € R*} and {(RP)MBI™* ; t € R*} have W™-L? off-
diagonal bounds of every order on balls.

Proof. (1) By assumption, we have for all r € (p,2] and all M € N such that M > M,(p)
11 -
Stlellg |||t|"(r 2)(R1§B)MPWUH2 S ||U||7~ Yu € L (R ;CN)_

Combining this with Lemma [7.1] gives the assertion for g = r,.
(2) For ¢ > py, Ilp Hodge decomposes L(R"™; CV) by assumption. We therefore get the
first estimate in (2) as a direct consequence of (1).

Since [[Twl||, + |Bil*w|, S [[Vw]||, for all balls B and all w € qu, with constants

: n(l_1
independent of the ball B, we have that sup  sup I [¢]" e 2)(RtB)MF||L(W%q’L2) < 00
ER* B=B(x,|t|)
and that sup  sup H|t|"(%_%)(Rf)MB1F*||£(W1,q 12y < 00. Moreover {(REYMT ; t e R*}
teR* B=B(z,lt|) B’
and {(RBYM B, T* ; t € R*} have W12 L2 off-diagonal bounds of every order on balls, since
{(RPYM ; t € R*} has L?-L? off-diagonal bounds of every order. The result then follows

from Lemma [2.6]2).
U

8. ESTIMATING CONICAL SQUARE FUNCTIONS BY VERTICAL SQUARE FUNCTIONS

While vertical and conical square functions look similar, the conical square functions are
applied quite differently here compared with the way the vertical square functions are
used in [35]. Nevertheless, as is the case classically (see e.g. [46]), there are relationships
between conical and vertical square functions, as Auscher, Hofmann, and Martell have
already pointed out in [11]. Here we prove a new comparison theorem that exploits
WP-L? off-diagonal bounds on balls. The proof is based on some unpublished work of
Auscher, Duong and the second author, where a similar result was obtained for operators
with pointwise Gaussian bounds.

Theorem 8.1. Let p € (1,2], and M € 2N with M > 10n. Let I1g be a perturbed Hodge
Dirac operator, and assume that (I1g(p)) holds. Assume that {(RB)= 2" ; ¢t € R*} and
{(RBY22B\I* ; t € R*} have WP-L? off-diagonal bounds of every order on balls. Then

(51) I(t.2) = (@62, (@) awa < Gl [ 166 )P

for all G € LP(R™; L*(Ry, %;CN)) such that either G(t,.) € R,(T') or G(t,.) € R,(I'})
for almost every t > 0. If, in addition, p > pyg, then the result holds for all G €
LP(R™; LRy, %5 CV)).

Proof. We use a variant of the Blunck-Kunstmann extrapolation method established by
Auscher in [4, Theorem 1.1|, combined with Auscher’s Calderon-Zygmund decomposition
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for Sobolev spaces [4, Lemma 4.12]. As pointed out in [4] both results hold in Hilbert
space valued LP spaces. Let us therefore consider Hy = L*(Ry, %;CV), H, = L*(R; x
R", 44z CN), and an operator T" defined by

T(G) o [(ty) = Lo (0)(Q)MG(t, ) ()],
for G € L*(R™; Hy). Since I1p is bisectorial in L? T is a bounded operator from L*(R"™; H;)
< 1
to L*(R"; Hy). Indeed || T(G)| L2 ~ (Of I@AMG(t, )IEE)? S NGllr2qm)-
We are going to show the weak type estimate: For all o > 0,

(8.2) {z e R": [TG(2)]|m, > a}| S || GIF.

The strong type estimate will then follow by interpolation for every g € (p, 2].

In proving bounds on LP(R™; H,), we use the fact that the lifting S — S from £(LP(R™; CN))
to L(LP(R™; Hy)) is bounded, where (SG)(t,.) = S(G(t,.)) for almost every ¢t > 0. This

is a classical consequence of Khintchine-Kahane’s inequalities (see [40, Section 2|) for dis-

crete square functions, that extends to continuous square functions using a decomposition

in an orthonormal basis of H;. When p > pg, we can apply this to the Hodge projections,

and obtain the Hodge decomposition in LP(R"; H;):

G = P11 G + PG + PG = Go + G1 + Gy

with (|G|, ~ [|Goll, + |Gyl + |Gall,-

Since T'(Gy) = 0 for all Gy such that Gy(t,.) € N,(Ilp) for almost every ¢t > 0, we only
have to prove the result for Gy (¢,.) € R,(I') or Ga(t,.) € R,(I'%;) for almost every ¢ > 0.
In the first case, one can use the lifted potential map Sp : R,(T') — WHP(R"; H,) to write
G\ = T5G, = If where f = $rGy € W#(R™; Hy) with [V @ fl, ~ |Gill, < |Gl

We thus only have to prove the following weak type estimate: For all a > 0,

(8.3) {z e R": |[TCy(2)][m, > a}[ S 7PV & fI}.

for Gy = 'f and f € W'“(R™; H;).
According to [4, Lemma 4.12|, given a > 0, there exists a collection of cubes (@;) and
functions g, b; such that f =g + Zj b; with suppb; C Q; and

(8.4) Gy =Tf=Tg+» Tb,
J
satisfying
(8.5) g€ WWA(H) NW(Hy),  |[Vglls S o> PV |
(8.6) by € WoP(Qs, Hy),  ||Vbjll, S o Qs1M7;
(8.7) D 1R S IV AL

J
(8.8) D 1o, <N.
J
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Applying this decomposition, we have

{z € R": ITGi (@)l > o} S [{w € R" ¢ |TTg(a) |, > o/3}+
o € B | ST = AT (@) s, > 3+ e € B | D T(A, )T @)]la, > ).

J
By (8.5) and the L? estimate, we have
{z e R": |TTg(x)|m, > a/3} S a”?|Tgly S a PV}

so we turn our attention to the functions b;.
Define

o(p)=1—(1— (PO Vvt>0

and set A,, = ¢,,(Ilp) where r; is the diameter of Q;.

We will establish, in Lemma below, the following two off-diagonal bound conditions,
similar to those of [4, Theorem 1.1|. Let B C R" be a ball of radius » > 0, k € N, and
fe Wé’p (R™; Hy). The two conditions are, in our setting,

S =

(3.9) <ﬁ / 16n(Ts)T £ 912, d)* < g()(IBI™! / IV 7)),

Sk(B)

for £ > 1, and
1 _ 1
310) (g [ 170 =0 Ma)TAClndn)t S g (BI [ IVl )
Sk(B) B
for k > 2, with g(k) satisfying >_ . g(k)2"* < oc.

Let us assume these for the moment. Then

[{z € R™: || D T(I = A )Tb;(2) [, > @/3}]

J

SY1Qi a1 Y L T(I — AThyl3,
j j

and the first term is bounded by a7?||V f||? according to (8.7). To bound the second
term, let w € L*(H,y) with |julj; = 1. Use Hélder’s inequality in the first step, (8.10]) in
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the second step, Zkg(k)Qk” < 00 and in the third step to obtain

ZMQ T(I — A,,)Tbj(x))| dz

1/2 1/2
<ZZ</ Ja( >H%12dx> ( [ HT(I—ATJ.)rbj(ww%de)

S ZZIT“QJ /2 Jnf Ma(llulli)(v)g (K128 Q1@ V7 ITbs 1l

<aZ Ml dy e Mallul)0) dy
Uij

where M, is the maximal operator defined in the proof of Lemma By Kolmogorov’s
lemma and (8.7)), the last line is bounded by

ol [JQsI"llullz S Z QN2 < PRV,
J

which gives the desired estimate.
It remains to consider the last part

{z e R | Y TA T (@)lm, > a/3} S a1 Y TATb|[Fa )
J J
We again dualise with u € L*(H,), ||ullz = 1, now using LP-L? off-diagonal bounds for

Ay, on R,(I'). With similar arguments as before, but now including the on-diagonal term,
using and using that T' € L£(L?(H,), L*(H,)) by assumption, one obtains

ZTA Tb;) |<2J:Z (/ | Tu()|1%, dx)l/z (L(Qﬂ

S aMa(|Tullm)(y) dy S alTull2(Y_ Q)2 S o' 72V fI122.

J

1/2
A, T ) 3, dx)

This establishes (8.3)) for Gy =T'f.

In the case where G(t,.) € R,(I';) for almost every ¢ > 0, we replace (QF)Mu for u €
R,(T%), by (QF)Mv for v € R,(T'*), as in the proof of Theorem , and then proceed as
above. o O

Lemma 8.2. Suppose p € (py,2] and M € 2N with M > n + 4.

Assume that {(RE)2~'T ; t € R*} and {(RB)2 1B, ; t € R*} have W'P-L2 off-
diagonal bounds of every order on balls. Then and hold for all balls B C R
of radius r > 0, and all f € Wé’p(R"; Hy).

Proof. We write ¢(2) = ¢(2)(1 + 22)! for z € Sy and 0 € (0, %), and notice that ¢ €
H®(Sy). Moreover ¢ is a sum and product of functions of the form z +— (1 4 iz)™*
Therefore {¢(rllg) ; r > 0} has L*-L? off-diagonal bounds of every order. Combining
this with the W'?-L? off-diagonal bounds assumption and using Lemma we have that
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{p(rTIg)T ; r > 0} has W'P-L? off-diagonal bounds of every order on balls. This gives
the following:

: =2 dydt . 1
/ 6 (Ts)TF (- 9) [, dy)= = 27750 / / 00 (T (1) P24

5]
S;(B) 0 S;(B)
1 . n 1
S 27900 B / IV IR S 2B [ vy Py
—j n — dt P 1 _ n _ 1
20 (B [( / VIt )P ) = 2051 195wl d)
B 0 B
This establishes .

The proof will thus be complete once we have established (8.10). To do so, we first use
the straightforward integration lemma |23, Lemma 1] (an application of Fubini’s theorem),
and obtain that for j > 2

(T / T~ 6 ()0 () 3, )

S5
dydt . 1
S (5 / [ 1@y - st
0 R(S;(B))
dydt 1
< (g7 / [ 1@ = o.mare s
0 @By
dydt 1
|23+1B| / / (@)Y (I — ¢ ()L f(t,y)P——)2 =t [ + I,
212y 2i-1B
where R(S;(B)) = U {(t,y) € Ry xR"; |y—=z| < t}. Let us first estimate I. Notice
€S, (B)

that
(@F)(1 = 6.(T1p)) = ()M (EMET +£T15) Mo(TTp)  Vir >0,

- ) M
for ¢(z) = (%) , and that {(#*11%)M (I +¢211%)~™ ; t > 0} has L*-L? off-diagonal

bounds. In order to show that {¢(rIlz) ; = > 0} has W'P-L? off-diagonal bounds of
order N > % on balls, write ¢(z) = (1 + 222 1¢(2)(1 + 22)~(2~Y. By Lemma ,
{(1 + r2I1%) 2 L¢(rllp) : r > 0} has L2-L? off-diagonal estimates of every order. On
the other hand, {(I +r211%)~(2 =D : » € R*} has WP-L? off-diagonal bounds of every
order on balls. Combining the two families of operators gives the statement (see Lemma
. Thus {(z)"(%_%)(tzﬂ?g)M(l + t2113) " M(rIlg)L ; t > 0} has W'P-L? off-diagonal

t
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bounds of order N' >

[ () (1 — @(HB))Hc wrr) S (G)ME572), for M= M —n(% -
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2 on balls, again by Lemma whenever 0 < r < t. In particular,

1). This gives

1 T dydt 1
L= (g | / T — 6 ()T 1, ) P20
2i-2p 2i-1B
dt . 1
-3) t 277V5
S (o / DI, )50
2i—2p
< Jo\— 2 Myp—n(:-1) dt 1
S ((27") 2( TRV ) ) )
2i=2p
We can estimate the above by
F(M+2) th 1 p P
277 IIVf ME=)E <2 e [V y)lPdyll:

2/\

We now estimate

A / [ 1@ - amsrs P

0 (2-1B)c

1 i B\M
(g / / QY (I = 6o (TR)Tf (2, )

r (2jle)c

For J;, we use that for 0 <t < r,
{@2)MTf 5 ¢ > 0} and {(Q7)"¢,(Ip)0

of every order on balls (since (QFZ)

|B|/\|Vf DIy

2 dydt

= (I — PBY5 (PB)% and {P5 ;

D=

dydt 1
) 2

)2

DT> ()} have W'P-L? off-diagonal bounds

t > 0} has L*-L2
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off-diagonal bounds of every order). Thus,

dydt 1
2J+1B|/ / (QF)(I = 6, (TLa)T (1))}
0 (20-1B)°
dydt 1 dudt
|2f+1Br/ A i y2a+1B|/ | 1@ o mars e P
(29-1B)e 0 (2i-1p)e
- ’ dt . 1 1 Cnn dt 1
|23+1B|/ P 2D 90D + / (v P+22‘3N||Vf(t7.)||p)27t)2

n n

< 279, <§> TV )P )R 2 / IVt )lp)°

0
—i(zgnry, L
2 [ IV d)
B

S =

Turning to Jo, we now use that {(%)”(%_%)(FHZB)M(I + 210%) " M@(rIip)T ; ¢ > 0} has
WP-L? off-diagonal bounds of order N’ > 5, which gives

|2J+lB|/ (/B (@)1~ 6. M) TSt 9) P!
. (7 ’”((2%)3(9%_”(;_% B9 5 )l

“]o (@) H ISV A !
S’2_]'7’”"_7;(2/““5>A~4<¥>’”"’“;‘%”||v,f< P+ 2 / IV £ o)l d)?
S @D 2 Z,B‘/HW D))’

Combining all the estimates gives
1 1 .y— i min n oN/yn _ 1
(m / T (I=¢r ()T f (., 9) I3, dy)> S j27 e NFs)(|p) 1/IIVf(.,y)||’1’q,1dy)p,
5j(B) B

which shows (8.10)), given that M > % and N’ > 7. O
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9. HIGH FREQUENCY ESTIMATES FOR p € (max{l, (pm).},2]

In this section, we finally prove Proposition in the case p € (max{1, (py)«},2|.

The idea of the proof is to show, using Corollary [10.2] that the integral operator defined

by
/ K(t,s)F )E

with K(t,s) := (QBYM(I — P, )QSQN and M sufficiently large, extends to a bounded
operator on tent spaces. The square function estimate of Proposition [3.9 is then reduced
to the square function estimate for the unperturbed operator shown in Proposition [2.20}

Theorem 9.1. Let M be even and such that M > 10n, and let p € (1,2]. Suppose g is
a perturbed Hodge-Dirac operator, such that (Ig(p)) holds. Assume that {tT PP ; t € R*}

and {tT%PB ; t € R*} are uniformly bounded in L(LP) and that {(RE)= 2" ; t € R*}
and {(RB)22B,T* ; t € R*} have W'P-L? off-diagonal bounds of every order on balls.
Then, for all ¢ € (max{1,p.},?2],

I(t,2) = (QFY(I = PV Yul(a)llzaz < Cyllull, Vu € Ry(T).
Proof. Let p € (1,2]. Let u € R,(Ilg). By Theorem [2.21] Lemma [2.9) and using the

reproducing formula v = C' f QSQN u% for some constant C', we have that:
4.2 H/@t (1 = PEQ (@) 1w £ [(8.2) H/I P)Q u(@)
= |t z) me (@)llze2,

for (2) = (1 — (1 +22) V) [(527)?V . Therefore

14+(zs)?

It ) o / (@Y~ PM)Q2Nu(r)Z e < ol

by Theorem and Proposition , since 9 € \Ilév Now let ¢ € (max{1,p.},2]. For
u € Ro(T) N LI(R™; (CN) we have that
o7 ds
|(t,z) — [ (QPYM(I - P, )Q u(x )—Hqu
s . .
= (t.2) / CHP@PY (T~ PF)P.Q Q. u(r) D s
0

Slta) = (@21 - RNPQT Q. (@) ruo
0



CONICAL SQUARE FUNCTION ESTIMATES FOR DIRAC OPERATORS 39

where in the last step we have used Lemma [6.2] and Lemma 2.9, We now consider the
integral operator T with kernel

K(t,8) = Lo (t — 8)(QF)M2(1 — PY)P,QN L.

Using the results of Section , we aim to show that TKT extends to a bounded operator
on T%2. The result then follows from Proposition [2.20]

From our assumption, we have that {(P2)% 2I' ; ¢t € R*} and {(PP)? 2B,I" ; ¢ €
R*} have W'P-L? off-diagonal bounds of every order on balls. Since (QF)M~* = (I —
PtB)%_Q.(PtB)%_2 and {PP ; t € R} has L*-L? off-diagonal bounds of every order, we
have that {(QP)MT ; t € R*} and {(QP)M 4B, ; t € R*} have W'?-L? off-diagonal
bounds of every order on balls. This gives, for u € L2,

HQP)YM=2(I — BY)P.QN " ull,
< (Q@PYM3LSHI PP (I — PYPQN s + [[(QP)M 3BT SpetT* By PE(I — PY)P,QN
S PP — PY)P.QN1ull, + t0* By PP (I — PN)P.Q.N "l
S Mlully + BT By PP (I = PYYPQN " ull, S Jull,,

where we have used the bisectoriality of the unperturbed operator in L? (see Proposition
2.20), the assumption that {tT" PP ; t € R*} and {tT'P? ; ¢ € R*} are uniformly bounded
in £(L?), and the properties of the potential maps (see Proposition [2.13)).

Using Lemma 2.6 we thus get that K satisfies with max{t, s} =t for all r € (p,2].
To conclude the proof using Corollary [10.2] we thus only have to show that

sup|| T+ |lerey <oo Ve>0 Vre (p, 2]
’YER ety

To do so we use Lemma [2.9) Lemma 2.7, and Theorem [8.1], and obtain the following, for
e>0,r€(p?2], Fe€T"? and v € R (with implicit constants independent of F and ~):

¢
S, B & - ds
s, Fllree = lt.2) = [(@Y (1 = ROPQSF(sa)
0

t
S5\ e v 7o ds
Slta) = [ G = AOPQSF(60) S oot
0

~ 5y, Fllrnaaqom,

where K(t,s) = (I — B")P,Q,"N"'. Since the unperturbed operator II has a bounded
H® functional calculus in L", the family {K(t,s) ; t,s > 0} is R-bounded in L" by
[39, Theorem 5.3|. Indeed, a product of finitely many R-bounded families is R-bounded.
Moreover P, and @), are given by the H* functional calculus of II. Therefore, one can
use a theorem of Kalton and Weis that states, that, in L" (or more generally in a Banach
space with Pisier’s property («), see e.g. |39, Section 3| and the references therein), any
such family is automatically R-bounded. This is proven in |39, Theorem 5.3] (1).
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Therefore, Lemma gives
e <
||TKE++”F||T 2 ||F||Lr(Rn;L2((0,oo),%))-

We conclude the proof using [11, Proposition 2.1] to get that |||, gn.r2((0.00)dty) S
’ )
| E||7r2- O

Corollary 9.2. Suppose Ilg is a perturbed Hodge-Dirac operator. Supposep € (max{1, (py)«},2]
and M € N with M > 10n. Then

It 2) = (QF)(I = P )ul@)llrwz < Cyllull, Y € o) N LP(R™CY).

Proof. For p = 2, I is bisectorial in L2(R"; CN) by Theorem [2.21] and {(RE)= 2T ; t €
R*} and {(RB)22B,I* ; t € R*} have W'2-L2 off-diagonal bounds of every order on
balls, since { R ; t € R*} has L2-L? off-diagonal bounds of every order. Therefore for all
q € (2,2],

I(t,2) = Q)M (I = P )u(@)llgae < Collully  Vu € Ry(T),
by Theorem Combined with Proposition [3.8] this gives
I(t,2) = (@) u(@)llraz < Cllully Y € Ry(T).
Since the same holds for Il instead of IIz, we have, as in the proof of Theorem ,

that Hf,, = R,(Ilp) for all r € (max(py,2.),2]. In particular, IIz is bisectorial in
L".  Moreover, applying Proposition , we have that {(RE)22I' ; ¢t € R*} and
{(RB)*2B,T* ; t € R*} have W"2L? off-diagonal bounds of every order on balls.
The assumptions of Theorem and Proposition are now satisfied in L". Note that
(ITz(r)) holds as long as r > py by Proposition . We can repeat the argument finitely
many times until we reach a value of p such that p, < py. O

If we restrict the off-diagonal bound assumptions to certain subspaces, the following re-
stricted version of the theorem remains valid.

Corollary 9.3. Let p € (1,2), M € N be even and such that M > 10n, and let Tlg be a
perturbed Hodge-Dirac operator such that (Ilg(p)) holds. Let W be a subspace of CV that
is stable under ﬁ(f)f(f) and f(f)f:(f) for all € € R™. Assume that {tU PPPy, ; t € R*}
{tT, PPPy ; t € R*} are uniformly bounded in L(LP), and that {(RE)= 2I'Py ; t € R*}
and {(RB)Z 2B, T*Py, ; t € R*} have W'“P-L? off-diagonal bounds of every order on
balls, where Py, denotes the projection from LP(R™;CN) onto LP(R™; W).

Then, for all ¢ € (max{1,p.},?2],

1(t,2) = (QEYM(I — P)Tw(x) lraz < Cl|T0ll, Yo € Dy(T) N LIR™ W).
Proof. Let p € (1,2), v € S(R™; W), and s > 0. Notice that, for all £ € R",
STE) (T + s*T2(€)) 7' T(€)D(€) = sTH(ET(E) (I + s*TH(E)T(€))'5(¢) € W,

since f(ﬁ) is nilpotent, and W is stable under ﬁ(ﬁ)f(f ). We thus have that Q,I'v belongs
to LP(R™; W). The same reasoning also gives that (I — P,Y)P,Q*N~'T'v € LP(R™; W) for
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all t,s > 0. Therefore we have that, for all £ > 0 and x € R",

0
t

— )@ Pull - PFIPQS Q. o)

0

This allows us to use the proof of Theorem , replacing the kernel K by K (t,s) =
L0.00) (t — 8)(QPYM=2Py, (I — BY)P,QN Y, for all ¢, s > 0. O

10. APPENDIX: SCHUR ESTIMATES IN TENT SPACES

In this section, we establish boundedness results for singular integral operators with
operator-valued kernels acting on tent spaces. These are general results of independent
interest that do not rely on the specific theory of Dirac operators developed in the rest of
the paper.

We consider integral operators of the form

TxF(t,x) = /K(t, S)F(s,.)(:ﬁ)% VF € TP (R CN),
0

where {K(t,s) ; t,s > 0} is a uniformly bounded family of bounded linear operators
acting on L2(R™ C"), and (t,s) — K(t,s) is strongly measurable. We initially define
these operators for F € C°(R"), and consider T F(t,.) as a Bochner integral in L?(R")
for all t > 0. We then write Tx € L(T??) to mean that the operator extends to a bounded
operator on 172,

We are interested here in Schur type estimates, i.e. estimates for integral operators with
kernels satisfying size conditions of the form ||K(t,s)|| < min(%,2)* for some o > 0.
The proofs are similar to those developed in [12] to treat singular integral operators with
kernels satisfying size conditions of the form ||K (¢, s)|| < |t — s|~'. The appropriate off-
diagonal bound assumptions are as follows.

Let p € [1,2]. Let {K(t,s), s,t > 0} be a uniformly bounded family of bounded linear
operators acting on L*(R"; C") that satisfies LP-L? off-diagonal bounds of the following
form: there exists C' > 0, N’ > 0, such that for all Borel sets £, ' C R™ and all s, > 0

dist(E, F))‘N'

10.1 1K (t, $)1p| prr2 < C tsh 62 (1
(10.1) UK (t, 8)Lpllzosrz < Cmaxt, s} " max{t, s}

Given a kernel K, we also consider

K (t5) = Lo (t = 9)(5)°K(E, 5),

» |+ +| W

K7 (t,s) =1e)(s —t)(=)°K(t,s), Vt,s € (0,00), VzeC.



42 DOROTHEE FREY, ALAN MCINTOSH, AND PIERRE PORTAL

We then obtain the following result on T%2(R’*; CV), which is a refined version of the
arguments in |16, Theorem 4.9].

Proposition 10.1. Suppose K satisfies for some N' > % and p € [1,2]. Then the
following holds.
(1) Given o € (0,00), we have Ty— € L(TY*(R}H; CV)).
(2) Given B € (3;,00) and vy € R, we have TK[LM € LTV (R CN)) with
sup ||TK+ HC(TLQ) < 0Q.
~€eR

Corollary 10.2. Suppose K satisfies for some N' > % and p € [1,2]. Suppose

q € [17p]; o c (0700)7 and ﬁ € (n(é - %)700) [f sSup |’TK+||E(TP’2) < 00, then TK_—&—K; S
YER e “
(TR, CY)).

Proof of Corollary[10.9 This follows from Proposition [I0.1] by applying Stein’s interpo-
lation [45, Theorem 1] to the analytic family of operators {T}- ; Re(z) € [0,1]}. We

choose the spaces TP2 and T2 as endpoints, and set % = =0 ‘9 + 9 for 6 € [0,1]. This gives
_ ol 1 " ng (1 1
0 = p'(; — ;) and thus the condition § > %6 = n(; — ). O
We now turn to the proof of Proposition [10.1] which follows the one of |16, Theorem 4.9].
Proof of Proposition|10.1. Let a > 0, 8 > 1%. It suffices to show that
|’TK(;+K2'+MFHT1’2 <C

uniformly for all atoms F' in T%? and all v € R.
Let F be a T%? atom associated with a ball B C R" of radius » > 0. Then

I, Fe e <18,

where T'(B) = (0,7) x B. Set K = K + K;m, F:=Tg(F), and Fy := Flyug), Iy, =

F Lp@raipprern), k= 2. We show that there exists ¢ > 0, independent of v, such that
~ dxdt
[ 1Btenp S 2o

Let £ = 1. Observe that for every € > 0, fo min (5 t)e % < C, uniformly in ¢ > 0. Using
Minkowski’s inequality and the assumption on K, we obtain

dadt (“4B) ds , dxdt
// tx|2x—</ / / min(, L) K (1 5) (s, ()] ©)2
T(4B) t s t
(4B) st ds. o dt
< [ min Ly, 76, Dl 4

s t Jmin(o ds ., dt

/ ([ minG, eI E G, i S

t
< ds -1
S HF( s, iz — < 1Bl
0 S
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For k > 2, we cover T'(2*"1B)\ T'(2* B) with the two parts (0,2 1r) x 281 B\ 21 B and
(2F=1p, 28 F1y) x 281 B Via Minkowski’s inequality, we have

. dxdt
Jf Bt )
T(2k+1 B)\T'(2k B)

[NIES

r 2k—1p
PR AU dt, ds
< / ( / ()2, YK ) F (s, ) o prae ) )t 2
0 0 S t t S
r k41,

S dt. 1 ds

s [ GPIRE PG, e

0o Jok-1p §

= [1 -+ [2.
For I, the fact that s < ¢ and the assumed LP-L? boundedness of K (t,s) yield

r ok+1,
S dt 1 ds
I < / ( / CYAIK(E ) (s, g T L

k—1p t t S
2k+1
n(i-1 dt 1 ds
S [ G IRG, Dl P
ok—1p S

C(i_1y pl_1 ds
s [ Gy <2’fr> GG R (s, sy &
0 T

k(Ban(L_1 ds 1 ds. 1
SaHomGb [ %/ LORAREE

Since, by assumption, § > n(1 — —) this yields the desired estimate for .
We split the term [; into the two parts

TSt N dt. 1 ds
s [ ORIRC PG g DS

S
r ok—1p
S dt 1 ds
[ ORGP
=: D1+ 1.

For I ,, we have t < s. The assumed LP-1? off-diagonal bounds and the fact that N’ >
11y o
n(z — 3) yield

p
"ot (it dist(B,281B) dt. 1 ds
s ([ (Gramtba s S >N\|F<s,->||m<3>>2—>2;
Ca(i_1y, S A 1ds
S [ 1P Mz DGV ([ S
S2M (1P, Dl TN (G d—)
0 S

r

N|=

< 27N B|m2 < 2V R) |9k Bl s,

Since N’ > %, this yields the assertion for Iy ;.
For I, 5, we have s < t. According to our assumptions, there exist 5" € (0, min(8, N' —
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n(zl7 —3))) and N > 0 with 5 < N < min(N’, 5 + n(%} —3)). Using the LP-L? off-diagonal
bounds, we get

2k=1p

" 11 2k y
hes [ @GS has DV IRG e’
/ T / t / 1_1 dt 1
<o kN/ F(s ) / Sy28' (LyaN=2n(g-3) 20y 1
I1F(s, )l z2m)( ) (t) (7,) t)
k=1,
_ S t (-1 dt. 1 ds
42 kN/ HF |L2 (/ (¥>25(T)2N 2 ( )_)2 _
_ ’ dS
szW/<ww<nm

N ’ d d N, n
STW/ ﬂsian a2y < 2D,

which completes the proof.

~
»

We conclude this section by pointing out that such estimates are much simpler in the con-
text of vertical, rather than conical, square functions. In particular we have the following
lemma (see |44} Section 5| for the relevant information regarding R-boundedness).

Lemma 10.3. Suppose p € (1,00) and ¢ > 0. If {K(t,s) ; t,s > 0} is a R-bounded
family of bounded operators on LP(R™), then Tyt , - € L(LP(R™; L*(Ry; %))).

Proof. Let F € LP(R™; L*(R; 4)). By Kalton-Weis’ y-multiplier theorem (see [44, The-
orem 5.2|), we have the following:

1

ds
1 Thcs Fll ooy sty < /SEH(%J) = K(t,tS)F(ﬂ%t3)||Lp(Rn;L2(R+;%))?

0
1

ds
S [t = P ts) e, s
0
1
. ds _
= [ sll(2,1) = F(%ﬂ”mmn;p(&;%))? ~ ||F||Lp(Rn;L2(R+;%))-
0
The same reasoning applies to Ty . 0
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