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Abstract

This thesis analyzes the occurence of the quantum Zeno effect in a qubit in different situations.
A system with a particle with spin 1/2, which represents a qubit, and detector is considered.
The detector is modeled by a coordinate ¢, which has a Gaussian distribution with dispersion o.
There is the free evolution of the qubit and the interaction with the detector. Moreover, there
are calculated algebraic expressions for the probabilities of the qubit to be in one of its states at
certain moments in time by considering the wave function and density matrix at that time and
consequently tracing out the detector coordinate ¢q. Furthermore, there is done an analysis using
plots of the evolution of these probabilities in time for different situations.

In the situation with one continuous measurement and no free evolution, the qubit remains in its
initial state, as expected.

In the situation where periods of only free evolution and only measurements alternate, the proba-
bilities keep the same value during the measurement, so then the evolution of the system freezes,
and the probabilities evolve in a sine form during the free evolution, in line with the expectation.
To neglect free evolution during the measurement, t,, < t, is assumed, so there are no series of
fast subsequent measurements or a continuous measurement. In this case, the quantum Zeno effect
does not occur.

Furthermore, we consider the situation where periods of only free evolution and periods with a
measurement during free evolution alternate. Now the oscillations continue in time, due to the
ongoing free evolution. The larger the influence of the interaction between the qubit and detector
during the measurement and the smaller the influence of the magnetic field of the free evolution,
the higher the equilibirium position of the oscillations of the probability for the qubit to remain in
its initial state is in time. Moreover, the amplitude of these oscillations is smaller. However, due
to the free evolution the qubit always has a probability to undergo a transition to its other state.
The continuous measurement does not freeze the evolution of the system totally. The quantum
Zeno effect does not occur.

In the situation where the dispersion o of the detector coordinate ¢ goes to 0, there is a per-
fect measurement. The larger o, the larger the measurement error in the detector resulting in
dissipation of the system. The oscillations of the probabilities damp in time.

Recommendations for further research include plotting the evolution of the probabilities for a
longer period in time with another integration tool. Also, it would be interesting to work out the
assumptions done in this analysis to more realistic conditions. Furthermore, another distribution
of the detector coordinate g and other qubit states might be interesting to work out in follow-up
research.
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1 Introduction

The quantum Zeno effect is a phenomenon known from the quantum optics. The first general
derivation of the effect was presented in 1974 [4] and the comparison with Zeno’s paradox has been
done in 1977 [7]. Since this moment, the effect has been observed a few times in different settings,
like on ions in a two level quantum system [12], in an unstable quantum system [10] and as the
modulation of the rate of quantum tunnelling in an ultra-cold lattice gas by the intensity of light
used to image the atoms [9]. It is an interesting tool in the field of quantum information processing.
There are lots of promising applications, like in error-correcting codes, entanglement production
and state preparation. It is also used in commercial atomic magnetometers [6]. However, there is
still a lot to be learned as well. This report will give theoretical insight in the quantum Zeno effect
in qubits.

The purpose of this research is to see if the quantum Zeno effect appears in a qubit in a specific
initial state. A system with a particle with spin 1/2, which represents a qubit, and detector with
coordinate ¢ and Gaussian initial state, is considered. There is the free evolution of the qubit,
described by Hy = Bo,, with B the magnetic field, and the interaction with a detector, described
by Hint = g(t)qo, with g(t) the interaction strength between the qubit and detector.

The evolution of the wave function of the system is determined by applying the Schrédinger
equation. We consider two different situations. First, there has been taken into account a time
interval of only free evolution alternated with a time interval of only measurement. Subsequently,
we consider a time interval of only free evolution alternated with a time interval of measurement
during free evolution. These two cases have first been analyzed by assuming the dispersion o — 0
and then without this assumption. Moreover, the density matrix has been determined and traced
out over the detector coordinate. Consequently, the probabilities that the qubit remains in its
initial state or undergoes a transition to its other state have been calculated for different settings
of parameters. Finally, the quantum Zeno effect is analyzed.

Chapter 2 of this report discusses the theoretical background. This is followed by a description
of the calculations and a discussion of the results in chapter 3. The conclusions drawn from
these results as well as recommendations for comparable and follow-up research, follow in chapter
4.



2 Theoretical background

In order to better understand the quantum Zeno effect in qubits that is treated in this report,
it is useful to have an overview of the theory behind this. This theory includes a description
of the evolution of a system in time, the time ordering operator, qubits, the density matrix and
trace, the Rabi frequency, the collapse of the wavefunction and something about the quantum Zeno
effect.

2.1 System evolution

The evolution of a system in time is described by the time-dependent Schrédinger equation

[5]

. d -
i 0(1)) = HIv(0). (2.1.1)

with ¢ the imaginary unit, & the reduced Planck constant, v the state vector of the quantum
system, ¢ the time and H the Hamiltonian operator. If the initial state is known, there are two
ways to solve this differential equation.

Solving this differential equation directly gives

(t)) = TeXp(/Ot —ifdt’) 14(0)) (2.1.2)

with T the time ordering operator, discussed in the next subsection.

Working out the exponential gives the evolution of a system in time.
Another way [2] is to calculate the eigenstates 11, ¥a,..., 1, with corresponding eigenvalues A1,
Ao,..., Ap of the Hamiltonian. The solution of 2.1.1 is of the form

[1h(t)) = crexp(Ait)vr + caexp(Agt)ths + ... + cpexp(Ant)ty (2.1.3)

with ¢1, ¢, ... , ¢, constants. These constants are calculated by filling in the state at different
moments in time.
A physical realizable state has to be normalized, so 1 has to satisfy the following equation

/ij [¥(z,t)Pdz =1 (2.1.4)

—00

where x is the position of the system at time ¢.

2.2 Time ordering operator

The time ordering operator T is defined as follows

AWBW), ift<t
NA() it <t

with A and B time dependent operators [13].
Let C be another time dependent operator. T works a lot on integrals in exponentials in this
article. Then it gives, approaching the integral by a sum,

Texp (1 /0 t C(t)dt) ~ Texp (1; C’(tn)) = expiC(t))exp(iC(t2))exp(iC(t3))... (2.2.1)

with t1 <ty <it3 < ...



2.3 Qubits

A classical bit has the two possible states 0 and 1. Two possible states for a qubit are \0> and |1>7
but it can also be in a superposition of these two states, namely

) = al0) + BI1) (2.3.1)

with WJ> the state of the qubit and « and 8 complex numbers. The qubit states are normalized
so the complex numbers satisfy the relation |a|? + |8]? = 1. So in general a qubit’s state is a unit
vector in a two-dimensional complex vector space. When we measure a qubit, we get either the
result |0) with probability |a|? or the result 1) with probability [3]? [8].

2.4 Density matrix and trace

The density matrix p of a quantum system with a mixture of states \1/12> with respective probabilities
p; is given by [11]

p= Zpi|¢i><¢i|- (2.4.1)

All the postulates of quantum mechanics can be reformulated in terms of the density matrix. It
is most commonly used for the description of quantum systems whose state is not known and the
description of subsystems of a composite quantum system.

The diagonal elements p,,, of p give the probability of occupying a quantum state \n> The off-
diagonal elements are complex and have a time dependent phase factor that describes the evolution
of coherent superpositions.

Let p be a two dimensional density matrix. Since p is hermitian, we have pio* = pa;.

The equation of motion for the density matrix follows from the definition of p and the time
dependent Schrodinger equation. This results in the Von Neumann equation

ap i

— = —=[H,p]. 2.4.2

LY (242)
The probability p; to find the system with density matrix p in state v; is given by the following

equation

pi = (Yilplei). (2.4.3)

These states |1/)1> are orthogonal.

Let p = (pii pij).
Pji Pjj
1
. o ] o o
Consider a qubit with two states; [0) = VGl (1> and |1) = 7 (
that the probability that the qubit is in state |O> is given by

1

1). With equation 2.4.3 follows

1 /1 i T Pij + Pji + Pjj
p(i (1))29 pJng Pii (2.4.4)

and the probability that the qubit is in |1> is given by

1 /1 _ Ppii — Pij — Pji + Pjj
p(ﬁ (_1>) - > . (2.4.5)




The trace of a matrix plays an important role when working with the density matrix. It is defined
as follows for matrix A,

tr(A) = A (2.4.6)

The expectation value of an observable M is easy to calculate using the trace, when the density
matrix p is known. The following equation is valid

(M) = tr(pM). (2.4.7)

Another important equation which is valid for the density matrix is

tr(p) = 1. (2.4.8)

Consider two physical systems A and B, whose state is described by a density matrix pZ. The
reduced density operator p# for system A is defined by

pt = trp(ptB). (2.4.9)

with trp the partial trace over system B. This is defined by

tT’B(pAB) = trB(\a1><a2| & ‘b1><b2|) = |a1><a2|tr(|b1>(b2|) = |a1><a2|<b2|b1> (2410)

with |a1> and |a2> in the state space of system A and \b1> and |b2> in the state space of system
B. The ® symbol denotes the tensor product of state spaces of component physical systems. The
partial trace trp maps the density matrix pAf on a composite space H4 @ HZ onto the density
matrix p4 on HA.

2.5 Rabi frequency

Consider a 2-level system undergoing a free evolution driven by a magnetic field. It will begin
to oscillate between its two states. The continual change between this states is known as Rabi
oscillation and the frequency that this occurs is called the Rabi frequency. An application of this
frequency can be found in subsection 3.2.

2.6 Collapse of the wavefunction

When a wave function is initially in a superposition of several eigenstates, it reduces to a single
eigenstate of the observable due to interaction with the external world. This is the collapse of the
wave function. A quantum system evolves in time by continuous evolution and by collapse of the
wave function. Observables represent classical variables. The observer measures the classical value
of the observable. This is the eigenvalue of the eigenstate to which the wave function collapses.
The wave function collapses to an eigenstate of the observable with a certain probability.

2.7 Quantum Zeno effect

The quantum Zeno effect is the inhibition of transitions between quantum states by frequent
measurements [5]. So an unstable particle which is continuously observed will never decay. Consider
a system starting in the excited state 5. Take the ground state ¥;. An obervation that the state
has not decayed causes a collapse of the wavefunction to 5. The probability that the state decays
after this collapse grows quadratically in time for short enough time, so we can say pas_ = at?
with « a constant. If we observe the system at n regular time intervals, from ¢t = 0 to ¢t =T, the

n
probability that the system is still in state 1o after n measurements is (1 — a(T)2> ~1-— %Tz.

n



For n — oo this probability becomes 1. This suggests that a continuously observed unstable system
never decays at all. This is known as the quantum Zeno effect.

Misra and Sudarshan [7] were the first to call the effect by that name. In their article they gave
a proof of their theorem. However, they assumed ideal measurements and continuous obervations
and recommended to do more research on the collapse of the state vector and the outcomes of
successive measurements.

Cook [3] proposed the following experiment on a trapped ion to demonstrate the quantum Zeno
effect on an induced transition. Consider three energy levels of the ion. The level structure is
shown in the following figure.

Figure 1. Energy-level diagram of the ion in Cook’s proposed demonstration of the quantum Zeno effect.

Assume that spontaneous emission is negligible during the experiment. The state of the two level
system formed by level 1 and 2 can be measured by use of level 3. This level has a strong optical
transition to level 1 and can only decay to level 1. The state measurement is made by applying an
optical pulse to the 1 — 3 transition. If the ion is in level 1 at the start of the pulse, it is promoted
to level 3, from which it decays to level 1 by sending scattered photons. If the ion is in level 2, it
scatters no photons.

The ion starts in level 1. Cook proposed to drive the 1 — 2 transition with an on-resonance 7
pulse (a square pulse of duration 7' = & with €2 the Rabi frequency) while simultaneously applying
n short measurement pulses, each pulse applied at times 7 = kTT Each measurement pulse set the
coherences p12 and p21 on 0, because the wave function was reduced. The emission of a photon
constitutes a measurement, so the pulse length has to be long enough so that when the system is
in level 1, the probability to emit at least one photon is high. After n measurements he found the
probability that the ion starting in level 1 was in level 2 was

1) = L1 —exp(- 1)) (27.1)
=-(1—exp(—=—)). 7.
b2 2 P on

This probability goes to 0 when n — oco. Then the quantum Zeno effect appears.

However, spontaneous emission can only be ignored for sufficiently short time intervals between
measurements. Otherwise there would be no quantum Zeno effect.

In 1989, Itano et al. [12] observed the quantum Zeno effect for a two-level atomic system. They did
an experiment very similar to the proposed experiment of Cook. This was done with approximately
5000 9Be+ ions. These were cooled to below 250 mK. A resonant radiofrequent pulse was applied,
which, if applied alone, would cause all the ions in the ground state to go to an excited state.
After the pulse was applied, they measured whether the ions emitted photons or not. Those



measurements suppressed the evolution of the system into the excited state. They found for the
probability that the ion starting in level 1 was in level 2

1 0
T =7(1— ”f). 2.7.2
pa(T) = 5 (1 - o5 (272)
Their results are shown in figure 2a and 2b. Equation 2.7.1 was in agreement with the probabil-
ities they found by measurements. The decrease of the transition probabilities with increasing n
demonstrates the quantum Zeno effect.
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(a) Graph of the experimental and calculated 1 — 2
transition probabilities as a function of the number of
measurement pulses n found by Itano et al.

(b) Graph of the experimental and calculated 2 — 1
transition probabilities as a function of the number of
measurement pulses n found by Itano et al.

Figure 2.

There are more experiments done where the quantum Zeno effect is observed.

In 2001, Mark G. Raizen et al. [10] observed the quantum Zeno effect for an unstable quantum
system. This was done how it originally was proposed by Sudarshan and Misra. Cold sodium atoms
were trapped in an accelerating optical lattice. For a large acceleration the atoms could escape the
trapping potential via tunneling. The number of atoms remaining trapped during the initial period
of non-exponential decay was measured repeatedly. Depending on the frequency of measurements,
there was observed a decay, suppressed as compared to the unperturbed system.

In 2015, Mukund Vengalattore et al. [9] demonstrated a quantum Zeno effect as the modulation of
the rate of quantum tunnelling in an ultra-cold lattice gas by the intensity of light used to image
the atoms.



3 Results and discussion

3.1 Definition of variables and parameters

Consider a system, a particle with spin 1/2, and a detector with coordinate ¢, which we assume to
be continuous, and momentum p. The particle with spin 1/2 represents a qubit. The system evolves
under the Hamiltonian Hy = Bo, !, with B a magnetic field and o, a Pauli spin matrix, so there is
the free evolution of spin. A measurement is done by measuring the x-component of the spin and
the measurement reading on the detector is the shift of momentum p. The interaction Hamiltonian
is given by H,y = g(t)qo., with g(t) the interaction strength between the system and detector and
o, a Pauli spin matrix. The detector coordinate ¢ is taken dimensionless, so ¢g(t) has the dimension

of energy. The initial state of the detector is taken Gaussian, |¢)(O)> X exp (f %), with ¢ the

detector coordinate, gy the mean of the detector coordinate ¢ and o the dispersion.

There follow subsections in which the system evolves under only Hy, H;,: or a combination of these
Hamiltonians. We define certain dimensionless parameters and variables in each subsection, in
which we can express all the probabilities, wave functions and density matrices. These parameters
and variables are defined as follows.

In subsection 3.2, the system evolves only under Hy. In this case, we define the dimensionless
parameter o = %, with t., the duration of one period of free evolution.

In subsection 3.3, the system evolves only under H;,;. In this case, we define two variables, ¢’ = —1

and ¢, = \;1;70_ The parameter % is dimensionless, so these variables are dimensionless.

s

In subsection 3.4, the system alternately evolves under Hy during t., and H;,: during t,,.

In the case of ¢ — 0, we define two dimensionless parameters o and § and together with the
dimensionless variables ¢ and g9, we can express all the calculated probabilities, wave functions
and density matrices in these parameters and variables. Set o = % and = gthm.

In the case of o0 4 0, we define two dimensionless parameters a and S together with two dimen-

sionless variables ¢’ and ¢. We can express all the calculated probabilities, wave functions and

density matrices in these parameters and variables. Set a = %, B = gtT V29 and define two
variables, ¢ = 7as and g = o= e parameter —— is dimensionless, so these variables are
bl ! 4 d ¢} 9 Th t 1 d 1 th bl

dimensionless.

In subsection 3.5 there is always free evolution, also during measurements. The system alternately
evolves under Hy during t., and H = Hg + H;,; during t,,.

In the case of 0 — 0, we define four dimensionless parameters, from which three dependent on the
variable ¢, so «, 8(q), 7(q) and §(q). Together with the dimensionless variables ¢ and g, we can
express all the calculated probabilities, wave functions and density matrices in these parameters

‘ables _ Btey _ tmVB?tg?q? - __B - 91
and variables. Set o = =, B(q) = - , v(q) = Wi and 6(q) = Wi
The following restrictions are valid for v(¢) and 6(q): v(q)? + d(¢)? = 1 and 0 < v(q) < 1 and
0<d(q) <1.

In the case of o 4 0, we have again the dimensionless variables ¢’ = \/% and ¢ = 2. We define

V2o’
four dimensionless parameters, from which three dependent on the variable ¢', so «, 8(q’), v(¢')
: tm B2+2 2472 /
and 6(¢'). Set a = Blev B(¢/) = V22T E (') = ——L— and §(¢) = L2

VB2 +20g%¢'2 - V/B242002¢2
The following restrictions are valid for vy(q’) and d(q’): v(¢')? + §(¢')?> =1 and 0 < v(¢’) < 1 and
0<4d(q)<1.

The values of the parameters will be mentioned at every plot. All the plots in this thesis are made
in Python [1].

1B includes here the Bohr magneton pp so B has the dimension of energy.



3.2 System evolution of free spin

In this section, we study a qubit which freely evolves under influence of a magnetic field. We will
demonstrate how the probabilities of the qubit to be in one of its states develop in time.

Consider a system, a particle with spin 1/2, which represents a qubit, that can be in two states:

and \1> = % . The system evolves under the Hamiltonian Hy = Bo,, with B

1
0) =5 <1 1
a magnetic field and o, a Pauli spin matrix, so there is the free evolution of spin. Take the initial

state of the spin an eigenstate of the spin in the z-direction

[¥(0)) = \% G) : (3.2.1)

so in qubit terms the initial state of the qubit is |0>
The free evolution of the qubit is calculated by solving Schrédingers equation 2.1.1. This gives

ot
i
[(t)) = exp ( - / Bazdt’) 1(0)). (3.2.2)
0
Since B and o, do not depend on time, we set & = —7Bt The Taylor series of the exponential
function give
& Ot(TZ & & & 2n+1
A = 3.2.3
explar) = 3 0 3 G5 G (323
. 1 O . 2 2 2 +1 .
Since o, = 0 _1) We notice that o7 = I. As a result, 0. = [ and o;"" = o,. This
gives
o0 d2n e &271—&-1
hoy) =1 . —_— 3.2.4
exp(acs) ;_O(gn)! te RZ:O(QnJrl)! (3:24)

and with the Taylor series of the hyperbolic cosine and hyperbolic sine, this gives

. . o cosh(&) + sinh(&) 0 exp(&) 0
exp(@o,) = I cosh(&)+o, sinh(a) = ( 0 cosh(d) — sinh(d)) = < % exp!

(3.2.5)

With the initial state given as in equation 3.2.1 and substituting & = f%Bt, the system evolves
as follows in time,

W(t)) = % (i‘fﬁg&ﬁ?} . (3.2.6)

The density matrix of this system is given by

1 1 exp(—2£ Bt)
=3 (eXp(ZFiLBt) 1 (3.2.7)

using equation 2.4.1.

)



At t = 0 the qubit is in state |0> = % (1) The probability that the qubit is in this state at time

t is, using equation 2.4.4, given by
1 1
Py(t) = = + = cos(=Bt) (3.2.8)
and the probability that the qubit is in state % (11> is, using equation 2.4.5, given by

Put) = % - %cos(%Bt). (3.2.9)

The corresponding plot of Py and P; against time is shown in figure 3. The dimensionless parameter
is @« = w. The Rabi frequency is given by f = %

Free evolution; P and Py vs {

08

06

02
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Figure 3. Graph of the probability of being in state 0 Py (continuous line) or in state 1 P; (dashed line) as
function of % with t the time.

3.3 Measurement of a system neglecting free evolution

In this section, we study a qubit, which only evolves under the influence of a detector. We will

demonstrate how the probabilities of the qubit to be in one of its states develop in time.

Consider a system, a particle with spin 1/2, and a detector with coordinate ¢ and momentum p.
. . . . . . 1

The particle with spin 1/2 represents the qubit, which can be in two states: |0> = % (1> and

|1> = % <1> . Take the initial state of the spin an eigenstate of the spin in the x-direction

[¥(0)) = % G) : (3.3.1)

so in qubit terms the initial state of the qubit is |O> Take the initial state of the detector Gaus-
sian

2

q— 4o

16(0)) o exp ( - (27)) (3.3.2)
o

with ¢ the detector coordinate which is assumed to be continuous, gg the mean of the detector co-

ordinate ¢ and o the dispersion. The initial state is the product state [®(0)) = [1(0))]¢(0)).

Neglect the free evolution of the system. One continuous measurement is done by measuring the
x-component, of the spin. So the system evolves only under the interaction Hamiltonian, given by
H;pne = g(t)qo,, with g(t) the interaction strength between the system and the detector which is



non-zero during a long period of time, g the detector coordinate and o, a Pauli spin matrix. When
doing a measurement, the wave function will collapse to an eigenstate of the observable, in this

case 0. These eigenstates are f G) and % (_11>

The system evolves as follows in time, denoted by ¢,

ot
1B(t)) = exp(— 1/ Hmtdt’)|<1>(0)>. (3.3.3)
h Jo
Assuming g(¢) to be independent in time, we get
i
2(1)) = exp(— g9 1) 2(0)). (3:3.4)

Take 3 = —7gqt

The Taylor series of the exponential function give

. 0 2 n 2n+1
exp(Bo,) = Z% (ﬂ‘;”!”) = z% ﬁ"”” - Z %. (3.3.5)

Since 0, = <(1) é), we notice that 02 = I. As aresult, 02" = I and 02"! = ¢,. This gives

3271 s B2n+1

exp(fo,) = InZ::O @n)! + o, :Om

(3.3.6)

and with the Taylor series of the hyperbolic cosine and hyperbolic sine, this gives

A . 1A LA Cosh(B) sinh(B)
exp(fo,) = I cosh(B) 4+ o, sinh(B) = (smh(m cosh(B)) . (3.3.7)
Substituting /3’ = —7gqt in equation 3.3.7, this results in
5 [ cos(tgqt) —isin(+gqt)
exp(Bo) = (—Z’ sin?%gqt) cos(%th) ) ' (3.3.8)

We find using equation 3.3.4 and the initial state, the following normalized state

2}/% exp (- W) exp(—%qgt) G) . (3.3.9)

The density matrix p is calculated by the following equation

(1)) =

p= |<I>(t)>q<<1>(t)\qt. (3.3.10)

Set ¢ = ¢', since ¢ is a real observable coordinate. The density matrix is then given by

p= % exp ( - @) G D . (3.3.11)

Now the dectector coordinate ¢ is traced out by taking the partial trace over g in order to get the
density matrix only dependent on the qubit coordinates i = |0> and j = |1> This is given by equa-
tion 2.4.6 and this gives, the sum approached by an integral since ¢ is a continuous variable,

10



©_1 (2 —a0)*\ (1 1
Pii,ij,5i,55 :tT'qP:/ﬂo 2 /ro eXP(*T) 11 dg. (3.3.12)

Working out this integral for p;; gives

e [T (- w?y, _ [T 1
p“—t7"qp—/7C>O 2\/Wigexp(— - )dq— 1 = . (3.3.13)

— 00

The same calculation is done for p;j, pj; and pj;. At t = 0 the qubit is in state |0> = % (1) . The

probability that the qubit is in this state at time t is, using equation 2.4.4, given by

Po(t) =1 (3.3.14)

and the probability that the qubit is in state % (_11> is, using equation 2.4.5, given by

Py(t) =0. (3.3.15)

So the qubit will remain in its initial state and will not undergo a transition to another state. This
is in line with the expectation, since the initial state of the qubit is % 1> and when doing an

instant measurement of the observable o, on the qubit, it will remain with probability 1 in the
eigenstate of this observable, so its initial state. The wavefunction will collapse to state |O> This
is also in line with the quantum Zeno effect. Since we do a continuous measurement, the qubit will
never undergo a transition to another state.

The corresponding plot for Py and P; against time is given in figure 4.

Free evolution; P and Py vs {

08

06

04

02

0.0

0 1 2 3 4 5 6

¢
3

Figure 4. Graph of the probability of being in state 0 Py (continuous line) or state 1 P; (dashed line) as function
of % with ¢ the time.

3.4 System evolution of a series of measurements alternated with free
evolution of the spin

In this section, we study a qubit, which alternately evolves under influence of a magnetic field 2
and a detector . We will demonstrate how the probabilities of the qubit to be in one of its states
develop in time and see if the quantum Zeno effect can be observed.

2This represents the free evolution of the qubit.
3This represents a measurement done on the qubit.
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Consider the same system as in subsection 3.3, so a particle with spin 1/2, and a detector with
coordinate ¢ and momentum p. The particle with spin 1/2 represents the qubit, which can be in

2 \1
Hy = Bo,, with B a magnetic field and o, a Pauli spin matrix, so there is the free evolution of
spin. Take again the initial state of the spin an eigenstate of the spin in the z-direction

two states: |0> = 1. (1) and |1> = % 11>. Now the system evolves also under the Hamiltonian

[4(0)) = \% G) : (3.4.1)

and the initial state of the detector Gaussian

2

q— 4o

6(0)) o exp ( B Chl (Vi 5 ) ) (3.4.2)
o

with ¢ the detector coordinate which is assumed to be continuous, ¢y the mean of the detector

coordinate g and o the dispersion. The initial state of the system is the product state \<I>(0)> =

¥(0))]6(0)).

Consider a series of measurements. Each measurement is performed at time t; = ’%T during
tm under the Hamiltonian H;,;. Assume T to be finite. The system evolves under Hy during
tey, between the measurements, so then there is only free evolution. We take ¢, < t., so that
we can neglect the Hamiltonian Hy during the measurements. So during the free evolution we
have g(t) = 0 and during the measurement we have B = 0. The periods of free evolution and
measurement alternate. The wavefunction evolves during t., + t,, as

R i tevtim i tew
|B(tey + 1)) = Texp ( -3 / Hmtdt’> exp ( - /0 Hodt’) 13(0)) (3.4.3)
tev

with 7" the time ordering operator.

3.4.1 Situation ¢ — 0

In this subsection, the wavefunctions, density matrices and probabilities are expressed in the
following dimensionless terms: %Btm,, %gqtm and %gqotm. These can be expressed as follows

in the parameters o = Bf{“ and 5 = gtT’" and the dimensionless variables ¢ and ¢p. %Btw = q,
+9qtm = Bq and +gqotm = Bqo-

First, there is a period of length ¢.,, of free evolution of the system. We already derived in subsection
3.2 the following result

tew

i (i Bg) (P EBta) 0
exp( n ), Hodt) = exp( hBtevaz) = ( 0 exp(iBto)) (3.4.4)

With the initial state given, we solve Schrodingers equation and derive that the system is in the
following normalized state after time t.,,

1D (ten)) = ;exp<f

=)ty (0 (~#Bte)
2/

20 exp (%Btw) (3:45)

So this is the state after time t.,. Now there will be done a measurement during t,,,. The system
evolves as follows under the interaction Hamiltonian,

i tevttm
|D(ter + tm)> = exp ( % / Hmtdt) @(tev». (3.4.6)
t

Lev

12



Assume g(t) to be independent in time.* We find using equations 3.3.8, 3.4.5 and 3.4.6, the
following normalized state at time t,, + tey,

1

o tev + t’rn = T
[ )> 2\/To

exp(—

(4— qO)2> cos (Lgqtm — L Btey) —isin (Lggtm + L Bte,
20 cos

%gqtm + %Btev — isin %gqtm - %Btev
(3.4.7)

So the evolution of the wave function at discrete moments in time k(tey, + t,,) with k an integer is
given by applying the matrix

i frevttm i [l exp(—LBte,)cos(Lgqt,,)  —iexp(iBte,)sin(Lgqt,,)
_ v ) v _ B tev i \#n ev i m
4 eXp( h /t Hmtdt) eXp( h o HOdt) < ' n(+gqtm)  exp(4Btey)cos(3gqty,)

—iexp(— ¢ Btey) sin

ev

(3.4.8)

a number of times on the initial wave function for each time period consisting of a period of free
evolution followed by a period of a measurement. After each measurement, the probability that
the qubit is in its initial state \0> and the probability that the qubit is in its other state |1> is
calculated using the density matrix.

The density matrix p at time t., + t,, is calculated by the following equation

pltev +tm) = |P(tew + tm)) (Pt + tm)lgr- (3.4.9)

Set ¢ = ¢f. 5 The density matrix ¢ is then given by

pltes +tm) = (- M) <d(tev +tm)

a 'S/(tev + tm)

S

i) s

1
2/mo xp

with &(tey + tm) = cos? (%gqtm — %Btw) + sin? (%gqtm + %Btw ,
B(tev + ty) = cos (%gqtm + %Btev> cos (%gqtm — lBtm>

+ sin (%gqtm + %Btev) sin (%gqtm Btev) + z(cos (hgqt Btev> sin (hgqt %Btev)
— cos (%gqtm + %Btev) sin (%gqtm + ﬁBtev)),

A(tew + tm) = cos (%gqtm + %Btev) cos (%gqtm — %Btev)

+ sin (%gqtm + %Btev) sin (%gqtm — %Btev> + i(cos (%gqtm + %Btev) sin (%gqtm + %Btev)
— cos (%gqtm - %Btev> sin (%gqtm - %Btev))

and 6 (tey + tm) = cos? (%gqtm + %Btev) + sin® (%gqtm - %Btm,)

N—

Now the dectector coordinate ¢ is traced out by taking the partial trace over ¢ in order to get the
density matrix only dependent on the qubit coordinates ¢ = |0> and j = |1> This is given by equa-
tion 2.4.6 and this gives, the sum approached by an integral since ¢ is a continuous variable,

S
Pii.ijjijj(tev + tm) = trgp(tev + tm) = /,oo 2/mo P ( -

’Y(t(i’l} + t’ﬁl) (t(i’U + tm)

(3.4.11)

g

4The evolution of the wave function at discrete moments in time for g(t) time dependent is given in the appendix
in subsection 5.3.1.

5This assumption is made at every moment in time and it will not be noticed anymore.

61ndeed tr(p) =1 and p12* = p21. These conditions are valid for every density matrix in this report.
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In this subsection, we consider the case where 0 — 0. Consequently, the exponential approaches

(¢—q0)*®

the Dirac delta function around qg, so exp ( -
3.4.11

) — 0(q — qo). This gives in equation

d(tev +tm7q0) @
6

. (Feo + tm, q°)> (3.4.12)
"Y(tev + tm; q0) t

1
Pii,ijjijj (tev + tm, Qo) = 3 ( (few + £ G0)
ev m

with &(tey + tm,qo) = cos? (%gqotm — %Btev) + sin? (%gqotm + %Bteu),

B(tey + tm, o) = cos (%gqotm + %Btev) cos (%gqotm — %Btev)

+ sin (%gqotm + %Btev> sin (%gqotm — %Btev> + Z'(cos (%gqotm — %Btw) sin (%gqotm — %Btw)
— cos (%gqotm + %Btev) sin (%Q(Jotm + %Btev))7

Y(tew + tm,qo) = cos (%QQOtm + %Btev) cos (%QQOtm - %Bfev>

+ sin (%gqotm + %Bt6v> sin (%gqotm — %Btev) +i<cos (%gqotm + %Btw) sin (%gqotm + %Btw)
— cos (%gqotm — %Btev) sin (%gqotm — %Btev)) and

S(tev + tm, Qo) = cos? (%gqotm + %Btev> + sin? (%gqotm - %Btey).

At t = 0 the qubit is in state |O> = % (1) The probability that the qubit is still in this state at

tm + tey 18, using equation 2.4.4, given by

1 1 2
Py(tm + tev,q0) = = + = cos (the,,) (3.4.13)
2 2 h
and the probability that the qubit is in its other state |1> = % (_11> is, using equation 2.4.5,
given by
1 1 2
Py (ty, + tew, q0) = 573 cos (%Btev) (3.4.14)

As eXpeCteda PO(tm + tem QO) + Pl (tm + teua 110) =1 7

Now the second period, consisting of a period of free evolution and a measurement, takes place.
The state after ¢ = 2t., + 2t,, is given by applying two times matrix A, calculated in equation
3.4.8, on the initial state. This gives

|D(2ter + 2t)) = A%|D(0)) = \/21% exp ( — %) (gﬂ) (3.4.15)

with ®; = exp(—2 Bt,,,) cos?(+ gqt,)—i(1+exp( 2 Bte,)) sin(+ gqtm ) cos(# gqtm)—sin’ (+ gqt,,) and
®; = exp(Z Bt,,) cos®(£gqtm) — i(1+exp(—2Z Bt.,)) sin( gqt,,) cos( 2 gqt,,) —sin® (3 gqt,,).-
The density matrix at 2t., + 2t,, is given by

P(2tev+2tm) = [®(2ter+2tm) ) (P(2tep+2tm )| = : o= q0)2> (d(%ev o) ?g%v ! 2tm)>

o /mo P (* o (2en + 2tm)  8(2ten + 2tm)
(3.4.16)

“For every moment in time Py + P; = 1 is valid.
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with @(2te, + 2t,,) = % exp(—4%Bteq,)( -2 exp(8%BteU) sin(%gqtm) + 2 exp(2%BteU) sin(%gqtm)

—24 exp(G%Btm,) sin(%gqtm)fi exp(8%Btev) sin(%gqtm)JrS exp(4%Btm,)+2i sin(%gqtm)Jri sin(%gqtm)> ,

3(2t5v+2tm) = 7% exp(f4%Btev) (4 exp(4%Btw) Cos(%gqtm)fQ exp(?%Btw) cos(%gqtm)+2 exp(G%Btw) Cos(%gqtm)
+ exp(8%Btev) cos(%gqtm) + 2exp(2%Btev) - 4exp(4%Bt6v) — 2exp(6%Btev) — exp(S%Btw)

— 4cos(%gqtm) — cos(%gqtm) — 3),

A2t ey +2t,) = % exp(—4%Btev) (—4 exp(4%Btev) cos(%gqtm)—&—ﬁl exp(S%Btev) cos(%gqtm)—2 exp(Q%Btev) cos(%gqtm)
+2 eXp(G%Btev) cos(%gqtm)—&-exp(S%Btev) cos(%gqtm)—i—Q eXp(Z%Btev)—l—él exp(4%Btev)—2 exp(6%Btev)

+ 3exp(8+ Btey) — cos(29qty) + 1) and

5(2t6v+2tm) = % exp(—4%Btev) (2@' exp(S%Btev) sin(%gqtm)—% eXp(2%Btev) sin(%gqtm)—i—% exp(6%Btev) sin(%gqtm)
+ i exp(8+ Btey) sin(4gqty,) + 8exp(44 Btey) — 2isin(2gqt,,) — isin(%gqtm)).

Again we take the partial trace over the detector coordinate ¢ in order to get the density matrix
only dependent on the qubit coordinates i = |O> and j = |1>

o0 1 €xXp ( — M) (d(2tev + 2tm) B(Ztev + th))

Piisig,iji (2tev + 2tm) = trep(2te, + 2ty) = /

oo 2\/TO o F(2tey + 2ty)  0(2tey + 2tm)
(3.4.17)
In this case o — 0, so again exp ( — @) — d(q¢ — qo). This gives in equation 3.4.17
1 (&(2tey + 2tm, q0)  B(2tev + 2tm, o)
iisig.gigi (2tev + 2tm,y qo) = S | - ’ < ’ 3.4.18
Pitis s J]( * qO) 2 (7(2tev + tha QO) 6(2tev + thv QO) ( )

with & (2tey+2tm, qo) = & exp(—44 Btey) (721' exp(8£ Bte,) sin(2 gqotm)+2i exp(24 Bt.,) sin( 4 gqoty,)
—2i exp(64 Btey) sin(#9gotm) —i exp(8% Btey) sin(39qotm)+8 exp(44 Btey)+2i sin(£ ggotym ) +i Sin(%gqotm)> :

B(2tey + 2tm, qo) = — L exp(—4£Bte,) (4 exp(4+£ Btey) cos(2gqotm) — 2exp(2+ Bte,) cos(3 gqotm)

+2 eXp(G%Btev) cos(%gqotm)—&—exp(S%Btev) cos(%gqotm)—I—Z exp(Q%Btev)—él exp(4%Bt€v)—2 eXp(6%Btev)

— exp(84% Btey) — 4¢0s(39qotm) — cos(79qotm) — 3),

¥(2tew + 2tm, qo) = %exp(—zl%Btev)( — 4exp(4f Btey) cos(gqotm) + 4 exp(8F Btey) cos(% gqotm)
—2exp(24 Btey) cos(£9qotm)+2 exp(64 Btey) cos( gqotm ) +exp(8+ Btey) cos(3 gqotm)+2 exp(24 Btey)

+ 4eXp(4%Btev) — 2exp(6%Btev) + 3exp(8%Bt€v) — cos(%gqotm) + 1) and

5(2tev + 2tm, qo) = é eXp(—4%Btev) (22' exp(8%Bt€U) sin(%gqotm) -2 exp(2%Btw) sin(%gqotm)

+24 exp(G%Btev) sin(%gqotm)—l-i exp(S%Btev) sin(%gqotm)—i-S exp(4%Btw)—2i sin(%gqotm)—i sin(%gqotm)> )

The probability that the qubit is in state |O> after 2t.,+2t,, is, using equation 2.4.4, given by

3 1 2 1 4 1 4 2
Py(2tm, + 2tey, qo) = 11 cos(ﬁgqotm) + 1 cos(ﬁBtev) + 1 cos(ﬁBtev) cos(ﬁgqotm) (3.4.19)

and the probability that the qubit is in state \1> is, using equation 2.4.5, given by

1 1 2 1 4 1 4 2
Py (2t + 2tey, go) = 11 cos(ﬁgqotm) ~1 cos(%BteU) ~1 cos(%Btw) cos(ﬁgqotm). (3.4.20)
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The calculations of the probabilities at ¢t = 3t¢, + 3t,,, and at t = 4t, + 4t,, have been done in the
same way and are given in the appendix in subsection 5.1.1.

Unfortunately, there is not a pattern in these calculated probabilities. Therefore, the next proba-
bilities are calculated numerically according to the same method as the algebraic expressions were
determined. The wavefunction at time t = kt, + kt,,, with k£ = 0,1,2,...,n is given by Ak|<1>(0)>
with A given in equation 3.4.8 and n < oo an integer. Consequently, the density matrix is calcu-
lated for each k and then the detector coordinate ¢ is traced out in order to get the density matrix
only dependent on qubit coordinates. This is done in the limit of ¢ — 0. From this resulting
matrix, the probabilities are calculated that the qubit is in state \0> and in state |1> The first
four numeric determined probabilities correspond with the values of the algebraic calculated prob-
abilities. In this way, the probabilities are known on discrete moments in time kt., + kt,, with
k=0,1,2,...,n.

We also want to know what the probabilities of the qubit states are during each period of time
evolution and during each period of measurement. Therefore, define matrix A., and A,, as fol-
lows.

Aeo(t) = exp ( — %Hot) = <eXp(_O%Bt) exp&Bt)> (3.4.21)

and

Am(t) = exp ( - %Hintt)

Il
/|\
<. O
=
St=Q

(=)

>

S~—

—i sin(%gqt))
. 3.4.22
gat)  cos(39qt) ( )

The time t is divided in small steps of length At. The wavefunction A§U|<I>(O)> with k. =0,1,2,....n
is calculated for each k during t.,, with t., = nAt and n < oo an integer. Then a measurement
is done during t,, and the wavefunction AL, A7, |®(0)) with { =0,1,2,...,m is calculated for each
| during t,,, with ¢,, = mAt and m < oo an integer. Then there is free evolution again and
the wavefunction A% A™ A" |®(0)) is calculated for each k during t.,. During the subsequent
measurement, the wavefunction Al A" A™A?, |®(0)) is calculated for each | during t,, etc. For
each time step, the density matrix is calculated using the wave function. The density matrix only
dependent on qubit coordinates \0> and |1> is determined by taking the partial trace over the
detector coordinate ¢ in the limit of ¢ — 0. From this matrix, the probabilities that the qubit
is in state |0) and in state |1) are determined. As a result, the behaviour of the probabilities
continuously in time is known by taking At — 0.

Since in this case ¢ — 0, the dispersion of the detector coordinate ¢ is zero so the detector

coordinate g has one value qo. ® There is a perfect measurement. When gy = 0, there is no

interaction between the detector and the qubit. H;,; = (8 8) in this case. There is only free

evolution so the probabilities will evolve in time as described in subsection 3.2.

A result of the first three periods of free evolution alternated with a measurement and of the first

40 points in time at kfeetim with k = 0,1, ..., 40 is seen in figure 5. The dimensionless parameters,
defined in subsection 3.1 7, are a = 7 and 8 = g5, so in the limit of ¢,,, < ey, and the dimensionless

variable gg = 1, so there is interaction between the detector and the qubit.

2
8exp < — WTq())) — 0(q — qo), so this is mathematically correct.

9Remember o = % and 8 = gthm )
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PrandPivifia=gandp=k B Poand Py vs fia=gandp= g

@ B

(a) Top graph: Graph of the probability of being in state (b) Graph of the probability of being in state \0> Py

|0) Po (continuous line) or state |1) Py (dashed line) as (circles) or state |1) Py (triangles) as function of £ with ¢

function of % with ¢ the time; a = & and 8 = 5. the time at discrete points; o = 5 and 8 = 5.

Bottom graph: Step function where 0 denotes a period of
free evolution and 1 a period of a measurement as
function of % with ¢ the time.

Figure 5.

When there is free evolution, the system evolves under the Hamiltonian Hy and as noticed in
subsection 3.2, the probabilities of the qubit to be in state |O> or |1> will evolve in time according
to a sine form between 0 and 1. When a measurement is done, the system evolves under H;,,;. The

eigenvectors of the observable o, in H;,; are % (D and % <_11>, so respectively |0> and |1>

In this situation with parameters a = § and 8 = g5, the measurement is done when the qubit is
with a probability 1 in one of its states. When doing a measurement at that moment, the wave
function will collapse to this state with probability 1 and the qubit will remain in this state. As
we can see in figure 5b, where the probabilities in which state the qubit is are plotted after each
measurement, the expected period of figure 5a will repeat like this in time. This is in line with the

expectation.

A stronger measurement results in the same plot. The interaction between the qubit and detector
becomes larger by increasing gqo. H;,: is directly proportional to gqg. However, since there is
only a measurement and no free evolution during the period of measurement, the evolution of the
probabilities will freeze during this period, regardless of the strength of the measurement.

Now we take other parameter values for a and 3, namely a = 7 and 8 = 5, so still in the limit
of t,, K tey. Again, g = 1.
Poand Py vs £ a= an Pyand Py vs fa=F and B fy
= = S = = £ = B o o e 7
(a) Top graph: Graph of the probability of being in state (b) Graph of the probability of being in state |0) P
|0) Po (continuous line) or state [1) Py (dashed line) as (circles) or state |1) Py (triangles) as function of £ with ¢
function of £ with ¢ the time; @ = § and 8 = ;. the time at discrete points; o = § and 8 = 5.

Bottom graph: Step function where 0 denotes a period of
free evolution and 1 a period of a measurement as
function of % with ¢ the time.

Figure 6.

As can be concluded from figure 6b, the sine pattern from figure 6a will repeat. Now the mea-
surement is done at moments in time when the qubit is with a probability of 1 or % in one of its
states. The wavefunction will collapse with a probability of 1 to the state where the qubit already
is in, when the measurement is done at a moment when the qubit is with a probability of 1 in one

of its states. When the measurement is done at the moment that the qubit is with a probability of
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% in one of its states, the wavefunction will collapse with a probability of % to one of those states

during the measurement. So during the measurement, these probabilities freeze. This is in line
with our expectation.

Again, a stronger measurement will result in the same plot.

3.4.2 Situation o A0

In this section, the wavefunctions, density matrices and probabilities are expressed in the following

dimensionless terms: %Btev, % 9qtm, %gqotm and (% gtm)?c. These can be expressed as follows in

gtm V20
h

the dimensionless parameters a = %, 8= . and the dimensionless variables, ¢’ = \/% and

2
q, = \;%. +Btey = o, +9qtm = B4, $990tm = Bqy and (3gtm )% = %2 The initial state of the
detector is expressed as follows in the dimensionless variables, [¢(0)) = exp ( — (¢' — g)?).

The integral in the expression by calculating the partial trace over the detector coordinate ¢ will
now be calculated without the assumption o — 0. Consider this case at ¢t = t¢,, + t,,,. The integral
from equation 3.4.11 is calculated for each matrix element, resulting in the following equations for
Piis Pij, pji and pj;. Equations 3.4.23 and 3.4.24 are worked out completely in appendix subsection
5.2.10

© 1 (¢ — (Jo)z) -
i (tew tm) = - tew tm d
pislles + tm) /,Oo s P (=5 Jaltes + )i

1 1, 1 1 1 1
=57t 2exp(—(ggtm) o) COS(ﬁgthO) Sln(ﬁgfm%) COS(gBte'u) Sln(ﬁBte'u)

(3.4.23)

) 1 _ 2,
Pij (tew + tm) :/ ﬁ exp ( - w)ﬁ(tev + tm)dq

_exp(=(ggtm)®0) ¢ 1 1 o] 1

=— 1 (z 51n(2(ﬁBtw + ﬁgtmqo)) + 28111(2(%3166@ - ﬁgtmqo))

— 2exp((3 910 cos(> Btes) )

(3.4.24)

<1

ii(few tm) =
pji(tev + tm) /_O<> o X
_exp(—(z9tm)*0)
4

1 2
+ 2exp((7-gtm)?0) cos(+Bt.)

p ( _ (g _UQO)Z

)’y(tev +tm)dg

sin(2( L 1 | 1
(z sin(2(F Bley + £9tnao)) +isin(2(5 Btey — - gtmdo)) (3.4.25)

<1
.. tev tm — R
Pij(tev + tm) /_OO N

1 1 1 1 1 1
=5 2 exp(—(ﬁgtm)%r) cos(ﬁgtmqo) sin(ﬁgtmqo) cos(ﬁBtev) sin(ﬁBtev)
(3.4.26)

exp ( — M)S(tev + tm)dg

g

pii(tev + tm) pij (tev + tm)
pji(tev + tm) Pij (tev + tm) ’

The probability that the qubit is still in state \0> at te, +ty, is, using equation 2.4.4, given by

So the result of equation 3.4.11 is pj; i5,ji,jj (tew + tm) = (

10All the other integrals in this subsection are calculated using the same sort of steps.
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1 1 2
Po(tm + tev) = 5 + 5 COS(ﬁBtGU) (3427)

and the probability that the qubit is in state \1) is, using equation 2.4.5, given by

1 1 2
P1 (tm + te’u) = 5 — 5 COS(ﬁBtev)- (3428)
Consider the general case of the partial trace at ¢t = 2t., + 2t,,. The integral from equation

3.4.17 is calculated for each matrix element at this moment in time, resulting in the following
equations

o0

_ 2
pii(2tev + th) :/ M

1
— 2ty + 2t )dg =
oo 2N/TO b ( o )a( + )dg

1 1 1 o1 1 1 1

3 +2 exp(—4(ﬁgtm)20) cos(ﬁgtmqo) sm(ﬁgtmqo) cos(ﬁBtev) s1n(ﬁBte,U) (2(2 cosQ(ﬁgtmqo)
1 1 1

+ exp(3(3-gtm)?0) — 1) cos(+-Btey) — exp(3(5 gtm)*0))

h
(3.4.29)

oo

1
o 2\/TO ¢

- ( (g *qu)2

Pij (2tev + 2tm) :/

)B(2tw + 2ty,)dg =
4
h

1 1 1 1 4 1
( - Z‘exp(_4(79tm)20) Sin( Bte, + 4ﬁgthO) -2 exp(_(ﬁgtm)za) Sin(ﬁBtev + QﬁgthO)

16 h
1

+20p(~(39tm)?0) c0s(3 Btey + 25 gtmao) — 260xp(~ (3 )20 sin( s Bt — 25 gtmao)

4 1 1 1
+ 2exp(—(ﬁgtm)2a) cos(ﬁBtev — Qﬁgtmqo) - 4exp(—(ﬁgtm)20) cos(2ﬁgtmqo)

1 4 1 1 2 1
- iexp(—4(ﬁgtm)20) Sin(ﬁBtev - 4ﬁgtmq0) -2 exp(_4(7gtm)2o') Sin(thev + 4ﬁgtmq0)

= | =

h h
1 2 1 4 4 2
-2 exp(—4(ﬁgtm)20) sin(ﬁBtev - 4ﬁgtmq0) -2 sin(ﬁBtev) +4 cos(ﬁBtev) + 4i sin(ﬁBtev) + 4)
(3.4.30)

> 1 (_(q—qo)2

g

(2t +2) = | ——
pji(2tev + )/_oo2\/7r7feXp

1 1 4 1 1 4 1
T (z exp(—4(ﬁgtm)20) sin(ﬁBtw + 4ﬁgtmq0) + 24 eXp(—(ﬁgtm)QU) sin(ﬁBtw + Zﬁgtmqo)
1

1 4 1 . 1 !
+ 2exp(—(ﬁgtm)20) Cos(%Btev + Qﬁgtmqo) 4 21 exp(—(ﬁgtm)QU) sm(ﬁBtw — Qﬁgtmqo)

1 4 1 1 1
+2 exp(f(ﬁgtm)Qa) cos(ﬁBteU - Qﬁgtmqo) - 4exp(f(ﬁgtm)20) cos(2ﬁgtmq0)

1 4 1 1 2 1
+i 6Xp(*4(ﬁgtm)20') Sin(ﬁBt(zv - 4ﬁgthO) +2i eXp(74(ﬁgtm)2a—) Sin(ﬁBtev + 4ﬁgtmq0)

+2i exp(f4(%gtm)2o) Sin(%Btw — 4%gtmqo) +2i sin(%Btw) +4 cos(%Btev) —4i sin(%Btcv) + 4)
(3.4.31)

)32t + 2tm)dg =
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oo

_ 2 .
pii (2tey + 2tm) =/ ( - @)5(2% 4 2t,)dg =

1
BTN

1 1 1 o1 1 o1 1
3 2 exp(—4(ﬁgtm)2a) cos(=gtmqo) sin(=gtmqo) cos(= Btey) sin(— Btey) (2(2 cos2(ﬁgtmqo)

h h h h
1 9 9,1 1 9
+ exp(3(5.9tn)?0) — 1) c08* (7 Blew) — exp(3(7 9tm)?7) )

(3.4.32)

Pii (2tev + 2tm) pij(QteU + th)
Pji(2tew + 2tm)  pjj(2tes + 2tm) )

The probability that the qubit is in state \0> after 2t., + 2t,, is given by

So the result of equation 3.4.17 18 ps; 45 ji,jj (2tev+2tm) = (

1 4 1 1 1
Py (2t + 2tey) _3 + = cos(=Btey) — — exp(—(=gtm)>0) cos(2=gtmaqo)

1 1 4 2
+ Zexp(*(ﬁgtm) ) COS(ﬁBteU)COS(ﬁgtqu)

and the probability that the qubit is in state \1) is given by

1

1
exp( (5 gtn)*) c05(2 gtmto)

1 1 4
Py (2t + 2tey) == — — cos(=Btey) + -

4 4 h

1
4 (3.4.34)
)

4 2
c08( =Bty )cos(=gtmqo)-

1 1
— ~exp(—(=gtm)*o - -

4 h
The calculations of the probabilities at ¢t = 3t., + 3t,, are done in the same way and given in the
appendix in subsection 5.1.2.

The general case for the probabilities at ¢ = 4t., + 4t,, was a really long expression, so those
calculations are not included. Unfortunately, again there is not a pattern in these calculated
probabilities. Therefore, the next steps are calculated numerically. This is done in the same
way as described at the end of subsection 3.4.1, but now the partial trace is calculated without
the simplification of ¢ — 0. An integration tool is used in Python [1]. The first three numeric
determined probabilities correspond with the values of the algebraic calculated probabilities.

We also calculated numerically the probabilities during the first three periods of time evolution
and measurement. This is done in the same way as described at the end of subsection 3.4.1 with
matrices A, and A,,, but now without the simplification of o — 0.

o indicates the degree of spread in the detector coordinate q. ¢ = 0 indicates a perfect measure-
ment. When o > 0, there is a measurement error in the detector. The larger o, the bigger the
error and the harder it is for the detector to do a proper measurement and to tell correctly in which
state the qubit is. This results in dissipation of the system. The oscillations in the probabilities
will damp.

When ¢ = 0 and ¢y = 0, we notice that the algebraic calculated probabilities at t,, + te, and
2t + 2te, correspond with the expressions of the probabilities when there is only evolution, as
expected. This is harder to notice in the calculated probabilities at 3t,, + 3t.,, but the values of
these probabilities are the same as the values during only free evolution at this moment.

When o > 0 and g9 = 0, there will be some interaction between the qubit and detector, since
there are values of ¢ which are unequal to 0. There is integrated from —oo to oo over ¢ by the
calculation of the partial trace over ¢ so these values are taken along in this calculation. Since
there is only a measurement and no free evolution during the period of measurement, the strength
of the measurement does not matter and the probabilities will freeze during this period.

When we compare the algebraic expressions of the probabilities at t,, + t¢, in the cases of ¢ — 0
and o > 0, we see no difference. When we compare the expressions at 2t,, + 2t.,, we notice that
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all the terms dependent on B¢ and also a term dependent on « are multiplied with exp(_T’Bz).
The expressions of the probabilities at 3t,, + 3t., are harder to compare since they are quite
different, but also at this moment in time we notice that all the terms dependent on B¢, and also

terms dependent on «, which represent the free evolution, are multiplied with exp( ﬂéﬁ 2) with n
an integer. So probably after t,, -+ t.,, there are exponentials dependent on 32 in the algebraic
expressions of the probabilities, which cause damping of the oscillations of the probabilities. The
larger (3, the larger o, so the faster the oscillations will damp. The dissipation of the system will
go faster.

So also in the algebraic expressions we see the damping of the oscillations of the probabilities,
caused by o.

A result of the first three periods of free evolution and measurement and the first 40 points in time
at kt”% with £ = 0,1, ...,40 is given in the following figure. The dimensionless parameters from

subsection 3.1 ! are a = % and = 75 and the variable ¢j = 1.

Prand Py vs fra

—gandp=3 Pyand Py vs fra=F and =g

w i

(a) Top graph: Graph of the probability of being in state (b) Graph of the probability of being in state |0) Py
|0) Po (continuous line) or state |1) Py (dashed line) as (circles) or state |1) Py (triangles) as function of £ with ¢
function of £ with ¢ the time; @ = 5 and 8 = ;. the time at discrete points; o = § and 8 = 5.

Bottom graph: Step function where 0 denotes a period of
free evolution and 1 a period of a measurement as
function of % with ¢ the time.

Figure 7.

These are the same plots as in figures 5a and 5b. So the simplification ¢ — 0 did not make any
difference for these parameter values. From equations 3.4.33 and 3.4.34 follows that for o = 7 the
exponentials dependent on 52 cancel to each other. This will probably happen to all the damping
terms at every moment in time with this value of «.

Now the plots are made for the parameters o = 7 and 8 = j5 and the variable g5 = 1. Now the

first 80 points in time at k% are plotted instead of the first 40 points.

w )

(a) Top graph: Graph of the probability of being in state (b) Graph of the probability of being in state [0) Py
|0) Po (continuous line) or state |1) Py (dashed line) as (circles) or state |1) Py (triangles) as function of £ with ¢
function of % with ¢ the time; a = § and 8 = f5. the time at discrete points; a = § and 8 = 5.

Bottom graph: Step function where 0 denotes a period of
free evolution and 1 a period of a measurement as
function of % with ¢t the time.

Figure 8.
11Remember o = %, B = gtmT V29 and ah = %,
o
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There are differences between the results when ¢ — 0 and in this case when o 4 0 at these
parameter values. The probabilities now freeze at different values than 0, 0.5 or 1 at nt., + nt,,
with n = 2,3, ... in comparison to the case when o — 0 at these parameter values, shown in figure
6. As can be concluded from equations 3.4.27 and 3.4.28, there is no damping of the free evolution
at tey + t.,. However, in the expressions of the probabilities at 2t., + 2t,, and 3te, + 3t,,, the
exponential damping terms are present and the free evolution is damped. This will continue in
time, as we can see in figure 8b.

Now plots are made for a larger g1/o. So 8 increases while « and ¢} remain the same.

AAAAAAAA
AAAAAAAAAAA
......

(a) Top graph: Graph of the probability of being in state (b) Graph of the probability of being in state \O> Py
‘0> Py (continuous line) or state |1> P; (dashed line) as (circles) or state \1> P, (triangles) as function of % with ¢
function of % with t the time; « = % and 8 = 5. the time at discrete points; o = § and 8 = 5.

Bottom graph: Step function where 0 denotes a period of
free evolution and 1 a period of a measurement as
function of % with ¢ the time.

Figure 9.

As can be seen by comparison with figures 6 and 8, the larger 3 so g/, the faster the oscillations
caused by the free evolution will damp. Indeed, the larger o, the larger the measurement error in
the detector and the larger the dissipation of the system.

The quantum Zeno effect can occur when doing fast subsequent measurements or a continuous
measurement. In this subsection t,, < t., was assumed such that Hj could be neglected during
measurements. For fast subsequent measurements and a continuous measurement we want te, <
tm, SO this is not the right situation for the quantum Zeno effect to occur. However, when only a
measurement is done without evolution, the system freezes. The probabilities for the qubit to be
in one of its states remain the same. Since there is no free evolution during the measurement, this
is expected.

3.5 System evolution of a series of measurements during free evolution
of the spin alternated with only free evolution of the spin

In this section, we study the same system as in subsection 3.4, but in this subsection there is
during the measurement also free evolution. So periods of only free evolution and periods of
a measurement, executed by the detector under the same circumstances as before, during free
evolution alternate. Consequently, we will demonstrate how the probabilities of the qubit to be in
one of its states develop in time and see if the quantum Zeno effect can be observed.

Consider the same system as in subsection 3.4, so a particle with spin 1/2, and a detector with

. . o 1
coordinate ¢ and momentum p. The particle represents the qubit with the states |()> = % <1>

and |1> = % (_1). Take again the initial state of the spin an eigenstate of the spin in the

a-direction
1 /1
[¥(0)) = /2 <1) : (3.5.1)
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and the initial state of the detector Gaussian

(¢ — q)?

16(0)) o exp ( - 27) (3.5.2)
o

with ¢ the detector coordinate which is assumed to be continuous, ¢y the mean of the detector

coordinate ¢ and o the dispersion. The initial state of the system is again the product state

[2(0)) = [¢(0))]$(0)).

Now there is during the period of measurement also free evolution, so the Hamiltonian under which
the system evolves is in this case given by H = Ho + Hmt The wave function |¢(¢ > evolves in
this case as follows in time

9(0) =exp (¢ [ (Bo.+ gl )ac )t ) w(0)) (35.3)

We will write this exponential in matrix form and derive an expression for [¢(t)).

Assume that g(t) is time independent 2. We have H = (gB; _qu) Let & = —%t. The Taylor

series of the exponential function give

o0 /\

. & d & 2n+1
exp(aH) = Z = Z @n Z 2f+ i (3.5.4)

n=0

We notice that A2 = (B? + ¢%¢®)1. From this follows H?" = (B2 + ¢2¢*)"] and
A2+l — (B2 4 ¢2¢*)"H. This gives

(3.5.5)

and with the Taylor series of the hyperbolic cosine and sine, this gives

A R ~ sinh(ay/B? + g%¢?)
exp(&@H) = I cosh(av/B? 4+ ¢%¢®>) + H Ny (3.5.6)

Let 3 = +t1/B? + g2¢. This results in the following matrix

cosh(B) + \/%W sinh(—B) \/%W sinh(_B) 557
\/%Wsinh(—ﬁ) cosh() — ——L— sinh(—f) -

B%4g2q

With the initial state given as in equation 3.2.1 and using equation 3.5.3, the wavefunction evolves
as follows in time,

(3.5.8)

12The evolution of the wave function at discrete moments in time for g(t) time dependent is given in the appendix
in subsection 5.3.2.
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Series of measurements

Consider a series of measurements. Each measurement is performed at time t; = % during t,,
under the Hamiltonian H = H;,; + Hyp, so now there is always free evolution of the system, also
during the measurements. The system evolves under Hy during ¢, between the measurements, so
then there is only free evolution. Assume g to be time independent. The wavefunction evolves as
follows

N i tew+tm , 7 tew ,
1B(tey + tm)) = Texp ( - ﬁ/t (Hine + Ho)dt ) exp ( 5 ) Hode ) D(0))  (3.5.9)

with 7" the time ordering operator.

3.5.1 Situation ¢ — 0

In this section, the wavefunctions, density matrices and probabilities are expressed in the following

dimensionless terms or combinations of these terms: #Btey, +tm\/B? + ¢2¢2, +tm\/B? + 9243,
B B 99 and 990
\/B2+92q2’ \/Berngg’ \/B2+g2q2 \/BQ+g2q§
sionless parameters a, 5(q), v(¢q) and §(¢q) and the variables ¢ and ¢o, which are dimensionless:

#Btey = o, +tm\/ B>+ ¢2¢> = B(q), +tm /B2 + 9?3 = B(qo), ﬁ = (q),

(%) \/%gzqz =0(q) and \/%ﬁqg = 0(qo)-

The evolution of the wavefunction during t., is the same as described in equations 3.4.3, 3.4.4 and
3.4.5. The wavefunction after t., is given by

. These can be expressed as follows in the dime-

73 =
B2+g92q3

Y CH SN

D(tey)) = ——=exp | — , 3.5.10
| ( )> 2. /1o ( 20 exp (%Btw) ( )
Now [®(tey + b)) is given by
i tevt+tm
|®(tey + tm)) = exp ( - ﬁ/ (Hint (') + Ho(t’))dt’) |®(tew))- (3.5.11)
t

ev

Assume g to be time independent. The exponential is given in matrix form by equation 3.5.7 with
t the measuring time t,,.

Applying this matrix to [®(tc,)) gives

(q— q0)2> COS(B} exp(—a&) — i\/%g?q"‘ exp(—a) sin(,@’) — i\/%g?rf exp(&) sin(B)

|Cp(tev+tm)> = 2%

1
e (- o o
2\/mo cos(f) exp(&) + z\/%g?qz exp(&) sin() — z\/%w exp(—a) sin(f)
(3.5.12)
with & = %Btev and 3 = %tm B2 + ¢2¢2.

Moreover, the evolution of the wave function at discrete moments in time k(te, + t,,) with k =
0,1,2,...,n with n < oo an integer is given by applying the matrix

tev+tm

h tew

tew

C =exp ( - (Ho + Hm)dt) exp ( - % Hodt)

0
B exp(—a) (cos(B) — i\/%g%z sin(3)) ﬂ'\/%w exp(@) sin(B) (3.5.13)

_i\/%g%ﬁ exp(—a) sin(3) exp(éz)(cos(B) +i\/%g2qz sin(3))
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k times for each time period of time evolution and measurement on the initial wave function.

The density matrix p at time t., + t,, is given by

pltey + tm) = Z\ﬁ exp ( e _JQO)2> @g: if:; g((;:: i;:))> (3.5.14)
with &(tey +tm) =1+ # sin®(+t,m /B2 + g2q )(exp(——%Btev) + exp(Z Bt,))
+ \/%Wcos(h mV/ B?+ ¢%¢%) sin(3ty /B2 + g2q?) (i exp(=2 Btey) — i exp(3 Bley)),
Blteo +tm) = —exp(—3 Btev)wsm (3tmV/B? + g%¢%) +
exp(% Bte,) gl lrs s1n2( B2+ g%q )+exp( tBtey) cos®(tm/B? + g%¢?)
- 21’\/%922 exp(=2 Btev) cos(£tm/B? + ¢2¢?) sin(3t,m/B? + g%¢?),

~ . . 2 2 .
V(tm;"‘tm) = _eXp( Btev)m Sln2(%tm B2 + 92q2)+exp(_%Btev)Bzg+gzq2 Sln2(%tm B2 + 92(]2)
+ exp(% Btey) cos® (3 tm/ B? + g%¢%)

B 2i 1 21 2 2
Tszexp( 2 Btey) coS(#tm/B? 4+ ¢%¢) sin(3 ty /B2 + g2¢?) and
Otey +tm)=1— W 81112( B2 + g2q )(exp(%Btw) + exp(%Btav))

99
+ e cos(Etm
Consequently, the detector coordinate ¢ is traced out again in the same way as in subsection 3.4.1
in order to get the density matrix only dependent on the qubit coordinates i = |0> and j = |1>

B2 + g% )Sln(g mV/ B2 + g2¢%) (— iexp(Z2 Btey) + i exp(3 Btey)).

2
Equation 3.4.11 gives in this situation where o — 0, so exp ( - @) — 5(q — qo0),

s+t =3 (S Vi) G lm)  ea
with &(tey + tm, @0) = 1+ garaber sin (5tm /B + 923 (exp( 52 Btey) + exp(% Bteo))
+ \/%g%g cos(+tm/B? + ¢2¢2) sin( tm/B? + 2¢2) (i exp(=2 Btey) — i exp(% Bte,)),
Bltew + tm,q0) = fexp(fﬁBtm,)W sm2( B2+ ¢%¢3) +
exp(ﬁBtev)% sin®(+tm /B2 + g2¢2) + exp(=2 Bt.y) cos?(3tm /B2 + g2q2)
- 2i\/ﬁ exp(Z2 Btey) cos(ftm/B? + ¢2¢3) sin(3t,m /B> + g qO)
Y(tewttm, qo) = — exp(F Bte'[;)w sin®(+tm /B2 + 92q§)+exp(—%Btev)Tzq2 sin®(3tm /B2 + ¢2q2)
+ exp(3 Btey) cos?(+tm/B? + g242)
+ QZW exp(% Btev) cos(+tm/B? + ¢2¢3) sin(4 tm /B% + g2¢3) and

Otes +tm, o) = 1 — prie sin® (3t /B + g2q3) (exp( T Bley) + exp(3 Btey))
gd0 cos(ﬁ mvVB2+yg qo)sm(ﬁ mvVB2+g qo)(fzexp(%Btev) +iexp(%Btev)).

+ vV B2+g%q3

The probability that the qubit is in state |0> after t., +t,, is, using equation 2.4.4, given by

1 1. 1 / 2 2¢2 - B?
PO(tm+teU7QO) :§—|—§SIH2 (h m B2_|_g )COS(ﬁBtev)ngqz_W
0
B 2 1 1
2 in(Z n(=t /B2 + g242 2t /B2 1+ 0202
TR sm(hBtev)sm(htm B2+yg qo)cos(htm B2 + ¢2¢3)
1 2 <2 1 2 2,2
+ icos(ﬁBtev) COS (%tm B +g QO)

and the probability that the qubit is in state \1) is, using equation 2.4.5, given by

(3.5.16)
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L1 1 9 g2q2 — B2
Pl(tm + tev7q0) 25 - 5 Sln2 (ﬁtm B? + 92Q(2)) COS(ﬁBtev)m
T B sin(gBt )sin(lt B2 + ¢243) COS(lt B? + g%q)
32 n 92(](2) A ev 7 m 0 h m 0
1 2 1
-3 COS(ﬁBteU) cosz(ﬁtm B? + g%q3).

The calculations of the probabilities at t = 2t., + 2t,,, are done in the same way and given in the
appendix in subsection 5.1.3.

(3.5.17)

Unfortunately, there in not a pattern in these calculated probabilities. Therefore, the next prob-
abilities are calculated numerically. This is done in the same way as described at the end of
subsection 3.4.1., but now using matrix C, defined in equation 3.5.13, instead of A.

We also want to know what the probabilities of the qubit states are during each period of only free
evolution and during each period of free evolution and measurement. Therefore, define matrix C,
and Chey,

Ceu(t) =exp ( — %Hot) = (eXP(—O%Bt) eXp(%Bt)> (3.5.18)
and
Cmev(t) =exp ( - %(HO + Hznt)t) =
(cos(mq)) — il sin(Blg)  —id(q)sin(B(q)) ) (3.5.19)
—i6(q) sin(B(q)) cos(B(q)) + iv(q) sin(B(q))
with 8(q) = /B2 + ¢2¢%, 7(q) = —=E== and §(q) = =4

The time ¢ is divided in small steps of length At. The wavefunction C¥,|®(0)) with k =0,1,2,...,n
is calculated for each k during t.,, with t., = nAt and n < oo an integer. Then, with still the
free evolution ongoing, a measurement is done during t,, and the wavefunction C,,,C|®(0))
with [ = 0,1,2,...,m is calculated for each [ during t,,, with ¢, = mAt and m < oo an integer.
Then there is free evolution again and the wavefunction C¥,C™. C™ |®(0)) is calculated for each
k during t.,. During the subsequent measurement with ongoing evolution C, ., C?,Cm. C™,|®(0))
is calculated for each [ during t,,. For each time step At, the probabilities that the qubit is in state
|0) and in state |1) are determined from the wavefunction using the same method as before. As a

result, the behaviour of the probabilities continuously in time is known by taking At — 0.

Since in this case, 0 — 0, the dispersion of the detector coordinate ¢ is zero so the detector
coordinate ¢ has one value gg. There is a perfect measurement. When ¢y = 0, this results in

H;: = <8 8) so then there is no interaction between the detector and qubit. As a result, there

is only free evolution during all the periods since there is no measurement. The probabilities will
evolve in time as described in subsection 3.2.

When B = 0 during the period of free evolution and measurement, there is no free evolution and
only measurement during that period, so in that case we get the same result as shown in subsection
3.4. When v(qo) = 0 '3, we have B = 0 or ggo — oo during all periods. If B = 0, there is no free
evolution during all periods, so then there is only a measurement and we get the result as shown
in subsection 3.3. If gqy — oo, the interaction between the qubit and detector has much more
influence than the free evolution, resulting in plots as shown in subsection 3.4.

13 =5
Remember v(q) = N
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When 6(qo) = 0 '*, we have ggo = 0 or B — oo during all periods. When ggq = 0, there is
no measurement and only free evolution, resulting in the same results as in subsection 3.2. When
B — oo during all periods, the free evolution will have much more influence than the measurement,
also resulting in the plot shown in subsection 3.2.

In this subsection, the strength of the measurement influences the resulting evolution of the prob-
abilities in time during the period of measurement with now also free evolution. When increasing
9o, so increasing 3(qo) and d(qo), the interaction between the qubit and detector becomes larger,
since H;,; is directly proportional to ggo. As a result of an increasing 6(qo), v(go) will decrease
because of the restriction on these parameters, v(qo)? + d(go)?> = 1. The influence of the measure-
ment will be bigger than the influence of the free evolution. This will result in an attempt to freeze
the free evolution. The larger the influence of the measurement, the more the free evolution will
be suppressed during the period of measurement and evolution.

A result of the first three periods of free evolution and measurement alternated with only free
evolution is shown in the following figure. We use the same value for the parameters a and [(qp)
as in figure 5. The plots are made for different values of v(qo) and §(qo) *°.

14 — 99
Remember d(q) = “75t5—s -
Yo = LBtey, B(a) = Ltm/B? + 6282, 7(q) = \/ﬁ’ ) = s
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(b) Top graph: Graph of the probability of being in state
|0) Py (continuous line) or state |1) P; (dashed line) as
function of £ with ¢ the time; o« = %, B(qo0) = 5,

(a) Top graph: Graph of the probability of being in state
|0) Py (continuous line) or state [1) Py (dashed line) as
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(e) Top graph: Graph of the probability of being in state
|0) Py (continuous line) or state |1) Py (dashed line) as
function of £ with ¢ the time; o = %, B(qo0) = 35,

(f) Top graph: Graph of the probability of being in state
[0) Py (continuous line) or state |1) Py (dashed line) as
function of % with t the time; o = 5, B(qo) = 35,

_ 1 _ _3 . )
v(q0) = 1o and 6(qo) = VTR Bottom graph: Step Y(go) = 0 and §(go) = 1.Bottom graph: Step function
function where 0 denotes a period of free evolution where 0 denotes a period of free evolution without a

without a measurement and 1 a period of free evolution measurement and 1 a period of free evolution with a
with a measurement as function of £ with ¢ the time. measurement as function of £ with ¢ the time.
Figure 10.

Six cases for v(go) and d(go) are plotted. When v(go) = 0 and §(gq0) = 1, ggo — oo so the
interaction between the qubit and detector has much more influence than the free evolution. The
probabilities freeze during the period of free evolution and measurement, as expected. When
~¥(g0) = 1 and 6(go) = 0, ggo = 0 so there is only free evolution the whole time. The probabilities
keep oscillating in a sine form, as if there is no measurement, as expected. Furthermore, the bigger
0(qo) so the smaller v(qo), the more the free evolution is suppressed during the periods of free
evolution and measurement. When §(go) increases, gqo increases so the interaction between the
qubit and detector increases, since H;,; is directly proportional to gqg. The resulting plots are in
line with the expectation.
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These graphs will continue like this in time, oscillating between 0 and 1. The quantum Zeno effect
does not occur. In this case there are no series of fast subsequent measurements or a continuous

measurement.

Another result of the first three periods of free evolution and measurement is shown in the following

figure.

We now do not make the assumption of ¢, < te,, since Hp is not neglected during

measurements, so we can look to the case where t., < t,,. The dimensionless parameters are
given by a = &5 and B(qo) = m. The plots are made for different values of v(qo) and 6(qo)-
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(a) Top graph: Graph of the probability of being in state
|0) Py (continuous line) or state [1) Py (dashed line) as
function of £ with ¢ the time; o = g5, B(qo0) =,
v(go) = 1 and §(qo) = 0. Bottom graph: Step function
where 0 denotes a period of free evolution without a
measurement and 1 a period of free evolution with a
measurement as function of % with ¢ the time.
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(c) Top graph: Graph of the probability of being in state
|0) Py (continuous line) or state |1) Py (dashed line) as
function of % with t the time; a = g5, B(qo) = =,
v(qo0) = % and 6(qo) = % Bottom graph: Step
function where 0 denotes a period of free evolution
without a measurement and 1 a period of free evolution

with a measurement as function of % with ¢ the time.
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(e) Top graph: Graph of the probability of being in state
|O> Py (continuous line) or state \1> P, (dashed line) as
function of £ with ¢ the time; a = g5, B(q0) = T,

v(qo) = \/% and 6(qo) = \/% Bottom graph: Step

function where 0 denotes a period of free evolution
without a measurement and 1 a period of free evolution
with a measurement as function of % with t the time.
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(b) Top graph: Graph of the probability of being in state
|0) Py (continuous line) or state |1) Py (dashed line) as
function of £ with ¢ the time; a = g5, B(qo0) =,
¥(q0) = \/% and 6(qo) = ﬁ. Bottom graph: Step
function where 0 denotes a period of free evolution
without a measurement and 1 a period of free evolution
with a measurement as function of % with ¢ the time.
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(d) Top graph: Graph of the probability of being in state
|0) Py (continuous line) or state |1) Py (dashed line) as
function of % with t the time; a = g5, B(qo) = =,
v(qo0) = % and §(qo) = % Bottom graph: Step
function where 0 denotes a period of free evolution
without a measurement and 1 a period of free evolution

with a measurement as function of % with ¢ the time.
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(f) Top graph: Graph of the probability of being in state
|0) Py (continuous line) or state |1) Py (dashed line) as
function of % with ¢ the time; a = g5, B(qo) = 7,
v(qo) = 0 and §(qo) = 1. Bottom graph: Step function
where 0 denotes a period of free evolution without a
measurement and 1 a period of free evolution with a

measurement as function of % with ¢ the time.

Figure 11.

There is now a long period of free evolution with measurement, alternated with a very short period



of free evolution without measurement. Again six cases for y(qo) and d(qo) are plotted. When
v(go) = 0 and d(qp) = 1, ggo — o0, so the interaction between the qubit and detector has much
more influence than the free evolution during the period of measurement and free evolution. The
probabilities freeze during this period. In the very short period of free evolution, the probabilities
evolve according to a sine form. When v(qp) = 1 and §(go) = 0, ggo = 0 so there is only free
evolution the whole time. The probabilities keep oscillating in a sine form between 0 and 1, as
if there is no measurement, as expected. Furthermore, the bigger d(qo) so the smaller v(qo), the
more the free evolution is suppressed during the period of free evolution and measurement, as can
be seen in the plots. The amplitude of the oscillations due to free evolution is smaller by a bigger
0(qo)- There is also a short period with only free evolution, in which the system evolves only under
Hy, resulting in a part of a sine oscillation.

In the following figure the first 160 points at k% with £ =0,1,...,160 are plotted. As can be
concluded from this plot, the same cycle will start after a number of alternating periods.
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Figure 12. Graph of the probability of being in state |0) Py (circles) or state |1) Py (triangles) as function of %
with ¢ the time at discrete points; o = g5, 8(go) = 7, ¥(go) = 1 and 6(go) = 0.

In this case there are series of fast subsequent long measurements. The stronger the measurement,
the longer the probability for the qubit to remain in its initial state stays high in time. However,
the measurement does not freeze the evolution of the system totally. The quantum Zeno effect
does not occur.

3.5.2 Situation o 4 0

In this section, the integrals which appear when taking the partial trace to trace out the detector
coordinate g were too difficult to calculate algebraically, so there are no algebraic expressions for
the probabilities at a certain moment in time. Since ¢ is unequal to 0, we define the following

dimensionless variables 10 ¢/ = - and ¢}, = -2 . Furthermore, we define four dimensionless pa-

V20 V20

rameters, from which three dependent on the variable ¢, so «, 8(¢), 7(¢') and 6(¢’). Set o = %7

N _ tmy/B2+20g2¢’? no_ B no_ 99’20
B(d') = 3 () = B2 120927 and 0(q') = VB 12097¢
are valid for v(¢') and 6(¢'): v(¢')?> +6(¢')> =1 and 0 < y(¢’) <1 and 0 < §(¢') < 1. Probably,
based on the former algebraic expressions, the wavefunctions, density matrices and probabilities
will be expressed in the following dimensionless terms or combinations of these terms: %Btm,,
1. /B2 2,2 1 2 212 B B V20494’ V20gq)
htm B + 20’9 q , htm B + 20’9 9o » \/BQ+20g2q/27 \/B2+20g2q()27 \/Bz+20'g2q/27 \/B2+2ag2q(’)2
and (%tm)Q(B2 +20¢3%¢ 2). These can be expressed as follows in the dimensionless parameters «,
B(q"), v(¢") and &(¢") and the variables ¢’ and ¢, which are dimensionless:

%Btev = q, %tm B2 +20g%¢° = B(q), %tm\/32+2092%2 = B(qo) \/ﬁ = v(d),

16T hese variables are based on the initial state of the detector.

The following restrictions
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In this section we study again alternating periods of only free evolution and of a measurement
during free evolution, but now without the simplification of ¢ — 0. The integrals which appear
when taking the partial trace to trace out the detector coordinate ¢ were too difficult to calculate
algebraically. Therefore, first of all the probabilities at k% with £ =0,1,2,3,...n were deter-
mined numerically with the integrator tool in Python [1]. This is done in the same way as described
at the end of subsection 3.5.1, but now the partial trace is calculated without the simplification of
oc—0.

We also calculated numerically the probabilities during the first three periods of only free evolution
alternated with the first three periods of a measurement during free evolution to know the behaviour
of the probabilities continuously during these periods. This is done in the same way as described
at the end of subsection 3.5.1, so by using C, and Cj,e,, but now without the simplification of
o — 0.

Since this is the most complete case, without the simplification of ¢ — 0 and with also free
evolution during the measurement, we will discuss this case extensively.

First of all, the case that no measurement is done is analyzed. This is the case when §(g)) = 0
so gqy = 0, so the system only evolves under Hy. There is only free evolution, resulting in the
same results found in subsection 3.2. The dimensionless parameters are given as follows, a = 7,
B(qh) = 0, v(qj) = 1 and d(qj) = 0. The first three periods of free evolution are seen in figure
13.

¢
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Figure 13. Graph of the probability of being in state |0) Py (continuous line) or state [1) P; (dashed line) as
function of % with ¢ the time; o = 7, 8(q(,) = 0, v(qp) = 1 and &(g,) = 0.

This will continue like this in time, in line with the expectation. The Rabi frequency is in this case
=t

Now the situation is analyzed when B = 0 at every moment in time, so a = 0 and y(g()) = 0. In this
case there is only a measurement without free evolution. This results in the following plot.
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Figure 14. Graph of the probability of being in state [0) Py (continuous line) or state [1) P (dashed line) as
function of % with ¢ the time; oo = 0, 8(g() = 7, ¥(q)) = 0 and d(q()) = 1.

This is in line with our expectation. There is one continuous measurement, so the qubit remains
in its initial state, since this is an eigenstate of Hj;,; under which the system evolves during the

measurement.

Now the situation is analyzed in which ¢., = 0, so there is one ongoing measurement during free
evolution. This is done for several values of y(g}) and §(gh) 17 under their restriction. The resulting

plots are given below.

Poand Py vs £ a =0, Blas) = ylas) = L and olai) = £

(a) Graph of the probability of being in state [0) P
(continuous line) or state |[1) Py (dashed line) as function
of £ with t the time; o = 0, B(q)) = 7, v(q) = == and

, NG
5(q0) = %

Poand Py vs £ =0, 8(gs) = Wai) = & and 6(0) = L.

Poand Py vs {5 =0, Blas) =m ylai) = & and 0lag) =

(b) Graph of the probability of being in state |0) P
(continuous line) or state |[1) Py (dashed line) as function
of £ with t the time; o = 0, B(q)) = 7, v(qy) = == and

V2
— 1

d(q) = vz

Y

(¢) Graph of the probability of being in state \0> Py
(continuous line) or state |1) Py (dashed line) as function
of £ with t the time; o = 0, 8(q)) = 7, Y(qp) = % and

8(ap) = =

Figure 15.

5

When v(g)) = 1 and d(gj)) = 0, there is only free evolution and no measurement. This was analyzed

£ and §(qp) =

\/B2+420g2q)?

"Remember (g)) =

vV 20‘gq6

\/B2+20g2q)?

32



in figure 13. When 7(¢}) = 0 and 6(q)) = 1, there is one continuous measurement and no free
evolution, what was analyzed in figure 14.

Furthermore, plots are made for intermediary situations. Then we notice that the larger 6(q(),
so the smaller v(q()), the smaller the amplitude of the oscillations and the higher the equilibrium
position of Py, so the lower the equilibirium position of P;. When doing a measurement during
free evolution, the wave function will evolve in time according to equation 3.5.9. This is a linear
combination of eigenvectors from the total Hamiltonian H with time dependent exponentials.
The qubit states are eigenvectors from H;,;. As a result, when doing a measurement during free
evolution with a higher 6(g(), so a stronger interaction between the qubit and detector and a bigger
part of H;,; in H, the probability for the qubit to be in its initial state |0> will be in a higher
range, and the probability for the qubit to be in state |1> will be in a lower range. Furthermore,
when the part of H;,; in H is bigger, the amplitude of the oscillations will be smaller since the
free evolution will have less influence.

Moreover, the oscillations damp. For larger §(q(), so larger gg(+/o this damping goes faster. There
are probably terms dependent on ¢ in the expressions of the probabilities, like in the situation of
subsection 3.4.2, which cause this damping. This is in contrast to the case where ¢ — 0. Then
the probabilities did not damp and there were no damping terms in the algebraic expressions. o
indicates a measurement error in the detector. The larger o, the bigger the error and the harder
it is for the detector to tell in which state the qubit is, resulting in dissipation of the system. As
a result, the oscillations of the probabilities will damp.

The quantum Zeno effect states that a continuously observed system never decays at all. The
continuous measurement freezes the free evolution. When there is no free evolution, the system
freezes, as expected. However, when there is free evolution present, the wavefunction will decay to
a certain eigenstate of the Hamiltonian H = Hy + H;,;, which is not a qubit state. Therefore, due
to the free evolution, the probabilities for the qubit to be in one of its states will keep oscillating,
but in a smaller range due to the continuous measurement. The value around the probabilities
oscillate is dependent on the strength of the magnetic field and the strength of the interaction
between the qubit and detector. The stronger the interaction between the qubit and detector and
the weaker the magnetic field, the smaller the probability is that the qubit undergoes a transition
to its other state. The quantum Zeno effect does not occur since the free evolution does not freeze
totally.

Now we look to the situation where ¢, < t.,. We take the same value for o and 3(q}) 18 as in
figure 10. The values of the dimensionless parameters v(gf)) and §(q)) ° are changed. This results

in the following plots.
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(a) Top graph: Graph of the probability of being in state (b) Top graph: Graph of the probability of being in state
|0) Py (continuous line) or state [1) Py (dashed line) as |0) Py (continuous line) or state |1) Py (dashed line) as
fur}ction of % with t/the tirile; a=7Z, B(qp) = 255 fu/nction of % with t/the tirlne; a=7Z, Blqg) = 255
v(qp) = \/% and §(q)) = ivd Bottom graph: Step v(qp) = ﬁ and §(q)) = \/%4 Bottom graph: Step
function where 0 denotes a period of free evolution function where 0 denotes a period of free evolution
without a measurement and 1 a period of free evolution without a measurement and 1 a period of free evolution
with a measurement as function of % with ¢ the time. with a measurement as function of % with ¢ the time.
Figure 16.

18Remember o = % and B(g}) = %tm B2 + 209211(’)2.

2 nd 8(gy) = 22t

19R /Y —
emember v(g)) = ——=—— a ——c
0 \/B2+2092q)? V/B2+2092q)>
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In figure 16a, we set ) = 1 (¢o = 4 and ¢ = 8) and in figure 16b ¢ = % (go = 2 and o = 3).
As can be seen, the higher o, the stronger the damping of the oscillations, so in this case the
dissipation of the system is indeed stronger. The higher §(q(), so gq(, the stronger the interaction
between the qubit and detector, so the more influence the measurement has during the period of
the measurement during free evolution. This can be seen in figure 16b, since there the probabilities
freeze more than in figure 16a during this period. The difference in this case with figure 10 is that
there is now dissipation of the system, caused by terms dependent on o.

In this case there is no quantum Zeno effect, since t,,, < t.,. There is no series of fast subsequent
measurements or a continuous measurement.

Now we will look to the case where t., < t,,. We consider fast subsequent measurements while
there is always free evolution. First, the parameters are taken as follows, a = 75 and ((q) = 7.
~v(qf) and §(q)) are changed under their restriction. This gives the following result for the first

three periods.

Poand Py vs £ a= % Blai) =, ¥(as) =1 and 6(as) = 1 Poand Py vs i a= % Bla) =1, v(ds) = 1 and 6(as) = 2

(a) Top graph: Graph of the probability of being in state (b) Top graph: Graph of the probability of being in state
|0) Py (continuous line) or state [1) Py (dashed line) as |0) Py (continuous line) or state |1) Pi (dashed line) as
function of % with ¢ the time; a = 5, B(ay) = Z function of % with ¢ the time; a = 5, B(ap) = Z
v(qp) = % and §(q)) = % Bottom graph: Step v(qp) = % and §(q)) = % Bottom graph: Step
function where 0 denotes a period of free evolution function where 0 denotes a period of free evolution
without a measurement and 1 a period of free evolution without a measurement and 1 a period of free evolution
with a measurement as function of % with ¢ the time. with a measurement as function of % with ¢ the time.
Figure 17.

Here are the results in this same sitution for the first 40 points in time at kfefe with k& =
0,1,.... 40.

a raph of the probability of being in state 0 raph of the probability of being in state 0
Graph of thi babili f bei i 0) P b) Graph of th babili f bei i 0) P
circles) or state 1 (triangles) as function of = with ¢ circles) or state 1 (triangles) as function of = with ¢
ircl 1) P i 1 fi i f ;L ith ircl 1) P i 1 f i f ; ith
the time; o = 25, B(a)) = F, 7(g)) = <5 and the time; o = 5, 8(a)) = F, 7(g)) = < and
8(a0) = J5- 8(ap) = -
Figure 18.

From these plots can be concluded like before that the stronger the interaction between the detector
and qubit and the smaller the influence of the free evolution, the higher the equilibrium position of
P, and the smaller the amplitude of the oscillations. The initial state of the qubit is |O> and this
is an eigenstate of H;,;. The first measurement takes place when the qubit has a big probability
to be in this state, so the probability will stay high to be in this state, so Py will oscillate around
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a higher value than P;.

Moreover, the oscillations of the probabilities damp, due to damping terms dependent on o. Since
the periods of measurements are longer than the periods with only free evolution, the oscillations
damp out quite fast. From figure 18 can be concluded that the oscillations go further in time
and damp more. The discrete points are also in oscillating damping sine wave forms, since the
points are plotted every % The free evolution determines the period of the continuous sine
waves, SO %" causes a shift, resulting in these sine patterns in the plots of these discrete points in
time.

Finally, we take the same parameters as in figure 11. This gives the following results.
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(a) Top graph: Graph of the probability of being in state (b) Graph of the probability of being in state \0> Py

|0) Po (continuous line) or state [1) Py (dashed line) as (circles) or state |1) Py (triangles) as function of £ with ¢
function of £ with ¢ the time; a = &, B(q)) = 7, the time at discrete points; a = g5, 8(qg) = T,
v(qp) = % and §(q)) = % Bottom graph: Step v(g0) = % and 6(qp) = \}5

function where 0 denotes a period of free evolution
without a measurement and 1 a period of free evolution
with a measurement as function of % with ¢ the time.
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(c) Top graph: Graph of the probability of being in state (d) Graph of the probability of being in state [0) Py
|0) Py (continuous line) or state [1) Py (dashed line) as (circles) or state [1) Py (triangles) as function of £ with ¢
function of £ with ¢ the time; a = g5, 8(qp) = 7, the time at discrete points; a = g5, B(qp) =,
/Ny = L Iy = 2 .
v(q)) = = and 8(q)) = vk Bottom graph: Step v(gh) = % and 6(g}) = 55

function where 0 denotes a period of free evolution
without a measurement and 1 a period of free evolution
with a measurement as function of % with t the time.

Figure 19.

The cases where v(g(,) = 0 or §(gj;) = 0 are the same as in the cases analyzed before and not shown
again.

In this case there are series of long fast subsequent measurements with ongoing evolution. The
probabilities damp, probably caused by a damping term in the expression of the probabilities de-
pendent on o. Again when d(g) is increased and ~y(¢()) decreased, the amplitude of the oscillations
is smaller and the equilibrium position of P, is higher.

We can conclude from the first 100 discrete points plotted on k@ with £ = 0,1,...,100 that
the oscillations will keep going in time. There is a vague sine form in these plots. This is caused
by the &= term in kfeflm | since = determines the period of the sine waves. There is now a
longer period of measurement and free evolution and a shorter period of only free evolution which
alternate than in the case analyzed before. The biggest difference between figure 18a and 19b,
and 18b and 19d is that there are bigger oscillations in figure 18a and 18b. In figure 19b and 19d
there is noticed a really small oscillation. Moreover, the bigger d(¢j), the smaller this oscillation.
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There is plotted a value of Py and P; every %, so after each period of only free evolution of

duration t., and of a measurement during free evolution of duration t,,. In the case of figure 19,
the period of measurement and free evolution is longer and the period of only free evolution shorter,
so the measurement is present during a longer period in time. This results in smaller oscillation
of the probabilities plotted every ==t since the measurement suppresses the free evolution and
consequently also the oscillations. Furthermore, the larger §(q() so the stronger the measurement,
the smaller the amplitudes of the oscillations will be, since the free evolution is suppressed more
by the stronger measurement.

In figure 19 a few points deviate from the pattern. This is probably caused by an error in the

integrator used in Python [1].

In these cases we analyzed t., < t,,, so a series of fast subsequent long measurement were executed.
The measurement does not freeze the free evolution of the system totally, so the quantum Zeno
effect does not occur.
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4 Conclusions and recommendations

In this thesis, the quantum Zeno effect is analyzed in a qubit in different situations. For nearly
every situation, we determined algebraic expressions of the probabilities of the qubit to be in one
of its states at certain moments in time. This is done by calculating the wave function and density
matrix at that time and consequently tracing out the detector coordinate. Furthermore, we did
an analysis using plots of the evolution of these probabilities for each situation.

Conclusions

In the situation with only free evolution, the system evolves only under the Hamiltonian Hj and
formulas are derived for the evolution of the probabilities of the qubit states in time. These oscillate
in time in a sine form in line with our expectation.

In the situation with one continuous measurement, the system evolves only under the Hamil-
tonian H;,; and the qubit remains in its initial state. Since there is no free evolution, this is
expected.

Moreover, we considered the situation where periods of only free evolution and only measurement
alternated. To neglect the free evolution during the measurement, t¢,, < t., was assumed. First,
we made a simplification where the dispersion of the detector coordinate ¢ — 0 and then the
situation was analyzed without this simplification. In both situations, the probabilities had the
same value during the measurement and evolved in a sine form during the free evolution. The
difference between both situations was that the oscillations damped in the situation where o 4 0,
caused by exponential terms dependent on ¢ in the algebraic expressions of these probabilities.
The larger o, the larger the measurement error in the detector, so the faster the oscillations damp,
since the dissipation of the system is larger. In the situation where o — 0, the oscillations did not
damp.

In this situation t,, < te,, so there are no series of fast subsequent measurements or a continuous
measurement. The quantum Zeno effect did not occur.

Finally, we considered the situation where periods of only free evolution and periods with a mea-
surement during free evolution alternated. Again, we first made a simplification of ¢ — 0 and then
the situation was analyzed without this simplification. Now there was also free evolution during
the measurement, so the oscillations of the probabilities continued during this period. The larger
the influence of the interaction between the qubit and detector and the smaller the influence of
the magnetic field, the higher the equilibrium position of the probability for the qubit to remain
in its initial state and the smaller the oscillations of the probabilities. Again, in the case where
o — 0 the probabilities did not damp, in contrast to the case where o 4 0. The larger o, the
faster the oscillations damp. This is probably again caused by exponential terms dependent on o
which occur in this case and cause dissipation of the system.

When there is free evolution during the measurement, the probabilities keep oscillating. The mea-
surement does not freeze the evolution of the system totally, so the quantum Zeno effect does not
occur. However, the oscillations due to free evolution are smaller and the equilibrium position is
higher, when there is a strong continuous measurement.

Recommendations

In this report several assumptions are made. One of the recommendations for follow-up research
would be to work out this assumptions for more realistic conditions.

First of all, the interaction strength between the qubit and detector g is taken time indepedent in
this report and depends on the precise measurement setup. It would be interesting to see what
happens when g changes in time. Furthermore, we assumed the initial state of the detector to be
Gaussian. It might be interesting to take another initial state instead of a Gaussian. Moreover,
the dispersion o was not related to spin. It would be interesting to see what happens when this
parameter becomes related to spin.

In this report, the alternating time intervals of in one case free evolution and measurement and
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in the other case free evolution without measurement and free evolution with measurement had
alternating the same length. It might be interesting to change the length of these intervals, so for
example first have a long period of free evolution without measurement, than have a short period
of free evolution with measurement, then a short period of free evolution without measurement,
etc.

It would be interesting to look to other qubit states and another initial state of the qubit. Now

eigenstates of H;,; were taken. It could be interesting to look for example to (é) and (?) .

It might be interesting to see what happens when the free evolution is restricted, for example to
add an extra term in this Hamiltonian, Hy. Furthermore, there could be done research to the
situation of no perfect decay of the wave function.

It would sometimes be interesting to look how the probabilities continuously evolve over a longer
period in time. However, the plots were made in Python 3.6.5. When attempting to calculate
the evolution of the probabilities further in time, the maximum number of subdivisions of the
integrator had been achieved. As a result, the error in these calculated probabilities became too
big. Perhaps an other integrator could be used or there could be done a numeric approach on these
integrals.
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5 Appendix

5.1 Algebraic expressions of probabilities further in time

We also determined algebraic expressions of the probabilities of the qubit states at moments fur-
ther in time than given in section 3.4 and 3.5.

In subsection 3.4, where the system alternately evolves under Hy and H;,:, there are also expres-
sions of the probabilities at t = 3t., + 3t,, and at t = 4t., + 4t,, for the case of ¢ — 0 and at
t = 3tey + 3t,, for the case of o 4 0.

In subsection 3.5, where the system alternately evolves under Hy and H = Hy + H;,;, there are
also expressions of the probabilities at t = 2t.,, + 2t,, for the case of o — 0.

These calculations are given in the following subsections 5.1.1, 5.1.2. and 5.1.3.

5.1.1 Series of measurements alternated with free evolution of the spin; o — 0

The calculations of the algebraic expressions of the probabilities at t = 3t., +3t,, and t = 4te, +4t,,
are given below.

The state of the qubit after t = 3t, + 3t,, is given by applying three times matrix A from equation
3.4.8 on the initial state. This gives

|®(3tey + 3tm)) = A%|D(0)) = 21/7?0_ exp ( - W) (ij) (5.1.1)

with @; = exp(—3 Bley) cos®(§9qtm) — 2exp(— Btey) sin® (594t ) cos(5:9qtm)
—exp(%Btev)siHQ(%gqtm)cos(%gqt) iexp(— % ev)sin(%gqtm)COSQ(%gqtm)

—q exp(%Btev) sin(%gqtm) cosQ(%gqtm)—z exp(%B ev) sin(%gqtm) COSQ(%gqtm)-i-’L' exp(%Btev) siHS(%gqtm)

and @; = exp(%Btev) cos3(%gqtm) -2 exp(%Btev)'smz(%gqtm) cos(%gqtm)
—exp(—7 Btey) sin2(%gqtm) cos(%gqtm) —iexp(—3 Btey) Sin(%gqtm) 0052(%gqtm)

—iexp(# Btey) sin( 9qtym) cos®(§gqtm)—i exp(—3 Bty ) sin(+ gqtm) cos?(+ gqtm )+iexp(—+ Bty ) sin® (3 gqt,, ).

The corresponding density matrix is given by

P(tey+3tn) = [®(3tey+3tn,) ) (P(3tey+3tm)| =

1
2/mo eXp (_ o Y(3tew + 3tim)

(5.1.2)
with &(3te, + 3tim) = cos® (£ gqtm) + sin®(+ gqtn) + sin(+ gqtn, ) cos® (3 gqt,, ) (i exp(— S Bt.,)

—q exp( % Bt )+i eXp(—%Btev)—i exp(%Btev)—l—i exp(—%Btev)—z’ eXp(%Btw))—i—i’) sinz(%gqtm) cos4(%gqtm)

+sin (4hg1th) cos3(%glqtm)(73i exp;(; 4 Btey) +31i exp(E Btey) — %i{exp(f%Btw) +22i exp(% Btey))
+ 3sin® (+ 9qty) cos? (£ 9qtm) + sin®(§ 9qtn, ) cos(3 gqtm)(2i exp(— 2 Btey) — 2i exp (3 Btey)),

B(Stev+3tm) = exp(2i%BteU) sinG(%gqtm)+e?<p(—6i%3tev) cosﬁ(%gqtm)—i—bln (hgqt ) co 4(%
+2exp(4i+ Btey)+3 exp(% Btey)+2—exp(— 2 Bt, ) —4 exp(f4i%Btw))+sm (+9qtm) cos®(+gqt
+ 2 — exp(2i Bte,) — 2exp(4i} Bley)),

(q— QO)Q) (d(3teu +3tm)  B(3tew + 3tm)
5 3(3ten + 3tm)

)(exp(6i+ Btey)

)(4 exp(f%Btev)

A(Btey+3ty) = eXp(—Qz%Btev) siHG(%gqtm)—kexp(Gi%Btw) COSG(%gqtm)—‘rSin (hgqt ) c054(%gqtm)(exp(—Gz%Btev)
N 4
79

+2 exp(—4i+ Btey)+3 exp(— 2 Bty ) +2—exp(Z Bt.,)—4 exp(4i+ Bt., ) )+sin (£ ggt,,) cos?(
+ 2 — exp(—2i} Bte,) — 2 exp(—4iz Bt,,)) and

0(Btey + 3tm) = cos® (L gqtm) + sin® (L ggtm) + sin(:gqtim) cos® (£ gqt,,) (i exp( S Bt.,)

—iexp(— S Bty )+iexp( 3 Btey)—i exp(— 2 Bty )+i exp(% Bte, ) —i exp(— 1Btev))—|—?>sin2( gqtm)cos‘l(1

+sin3(%gqtm)cosB(%gqtm)(Zﬁ exp(— 3 Btey) — 3i exp(F Btey) + 2i exp(— 2 Ble,,) — 2i exp(% Bt.,))
+ 3sin* (3 gqt,,) cos? (3 gqty) + sin® (£ gt ) cos(£ gty ) (2i exp(2 Bte,) — 2@ exp(— 21Bte7j))
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Again we take the partial trace over the detector coordinate ¢ and this gives, the sum approached by
an integral, the density matrix only dependent on the qubit coordinates ¢ = |0> and j = |1>

1 (@ —q0)\ [(@(3tey + 3tm) B(3tey + 3tm)
iiggi g (tew + 3tm) = trap(3tey + 3tm) = (_7) Wtey & 5tm) - PlStew +5tm ) ) 4
pi i34 (Blew + 3tm) = trgp(Stes + 3tm) /, MO - 3(3tew + 3tm)  3(3tey + 3tm) )
(5.1.3)
Again o — 0, so this gives in equation 5.1.3
1 (&(3tey + 3tm,q0)  B(3tew + 3tm, q0)
iivig.gigi (Stev + 3tm,yqo) = < | - < ’ 5.1.4
Pii,ijjiis ( =+ q0) 5 (’7(3tev+3tm7QO) 5(3tew + 3tm, o) ( )

with &(3tey + 3tm, qo) = COSG(%qutm) + Sinﬁ(%gqotm) + sin(%gqotm) cos5(%gqotm)(i exp(—%Btev)

—q exp(%Btev)—H’ exp(—%Btev)—i exp(%Btev)—l—i exp(—%Btev)—i exp(%Btw))—i—?’ SinQ(%qutm) cos4(%gqotm)
+sin® (£ 9qot ) cos® (2 gqotm ) (—3i exp(— % Bte,)+3i exp( 4L Bt,,,)—2i exp(— 2 Bt,,,)+2i exp(Z Bt.,))

+ 3sin* ($ ggotim) cos (£ gqotim) + sin® (£gqotm ) cos(3 gqotim ) (2i exp(—2 Bt.,) — 2i exp(Z Bt.,)),

B(3tey+3tm, qo) = exp(2i} Btey) sin6(%gq0t7,L)+exp(—6i%Btw) posﬁ(%gqotm)+sin2(%gqotm) cos* (+9qotm)
(exp(6i3 Bte,) + 2exp(4if Bte,) + 3 exp(%Btev) +2 — exp(—% Bt.,) — 4 exp(—4i} Bte,))
+ sin (+ gqotim) cos? (£ gqotm ) (dexp(—Z Bt,,) + 2 — exp(2i+ Bte,) — 2exp(4i: Bt,,)),

¥(Btev+3tm, o) = exp(—Zi%Btev) sin6(%gqotm)—kexp(&%Btev) 0056(%gqotm)—l—sinQ(%qutm) cos4(%gqotm)
(exp(—6i4 Btey) + 2exp(—4if Btey,) + 3exp(— 2 Btey) + 2 — exp(% Btey) — 4 exp(4if Btey))

+sin’ (§gqotm) cos® (7 gdotm) (4 exp(F Bteo)

+ 2 — exp(—2i} Bte,) — 2exp(—4iz+ Bt,,)) and

0(3tey + Btm, qo) = cos®(Egqotim) + sin®(Lgqot,) + sin(E gqotim) cos® (£ ggotm ) (i exp( S Bte,)

—iexp(—§ Btey)+iexp(3 Bley) —i exp(— 7 Bley)+i exp(F Bley)—i exp(— % Bley))+3sin® (£ 9gotm) cos* (+.9qotm)
+sin’ (3 9q0tm) cos® (1} gqotm) (3i exp(— 3 Btey) —3i exp( 3 Btey) +2i exp(— 3 Bte,) — 2i exp(3 Bty))

+3sin* (+ggotm) cos? (£ gqot)+sin® (3 ggotm) cos(+gqotsy, ) (2i exp(Z Bt.,)—2i exp(—Z Bt,,)).

The probability that the qubit is in state \0> after 3t., + 3t,, is given by

1 1 2 1 1 6 1
Py(3ty, + 3tew, q0) == + = cos(—Btey) sinﬁ(ﬁgqotm) + = cos(—=Btey) COSG(ﬁgqotm)

2 2 h 2 h
1 1 1 6 2 4
+ sin2(ﬁgqotm) cos4(ﬁgq0tm)(l + 3 cos(ﬁBtev) + cos(ﬁBtev) — cos(ﬁBtev))
1 1 3 2 4
g4l 2L B Zz _ =
450 gaotin) o 3 gt ) (1 o con( 2 Btew) — cos(x Bieu))
(5.1.5)
and the probability that the qubit is in state \1> is given by
1 1 2 1 1 6 1
Py (3t + 3tew, o) =373 cos(ﬁBtev) sinG(ﬁgqotm) ~5 cos(ﬁBtev) cos6(ﬁgq0tm)
1 1 1 6 2 4
. 2 4
_q — 57 (— 1 — s(=B (=B ) — s(=B ev
SHL (hg‘JOtm) COS (hQQOtm)( + 2 COb(h tev) + COb(h te1) COb(h t ))
. 1 1 3 2 4
- Sln4(ﬁ9¢]0fm) COSQ(ﬁg(JOfm)(l T3 Cos(ﬁBtev) - COS(ﬁBtev))' 516

The state after t = 4t., + 4t,, is given by applying four times matrix A from equation 3.4.8 on the
initial state. This gives
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_ 2 )
|P(4tey + Aty)) = A*|D(0)) = Qj/ﬁ exp ( - %) @]) (5.1.7)

with ®; = exp(f%Btm,) cos*(£gqtm) + sin® (£ gqtm) — 2sin®(
—3exp(—2 Bte,) sin (£9qtm) cos? (£ gqtm)—exp(Z Bt., ) sin®(
+2i exp( % Bt,,) sin’ (hgqt ) cos(3 gqtm)—isin(gqty, ) cos®(+
+ exp(‘“Btev))

and ®; = exp(F Btey) cos* (+9qtm) + sin4(%gqt ) — 2sin (%gqt )COS2(%gqtm)

—3exp(Z Bt,,) sin® (£ gqt,,) cos? (£ gqtm)—exp(— 2 Bt,) sin® (3 gqt,,) cos® (£ gqtym)+2isin® (+ gqt ) cos(3 gqtm)
+2i exp(— % Btey) sing(%gqtm) cos(F9qty)—i sin(hgqt ) co8® (3 gqtm)(1+exp(—% Btey)+exp(% Bte,)

+ eXp(_%Btev))‘

The corresponding density matrix is given by

F94tm) cos®(+9qtm)
790tm) 05> (£:9qtm)+2i5in’ (3 9qtm ) cos(.9qtm)
9qtm)(1+exp(— %Btev)—kexp(%Btev)

P4ty +4t ) = [®(4bey+4t ) ) (P (4t ey +4tm)| = — QO)Q) (&(4tev i ?(4% ! 4tm))

1
o/mo P ( E F(Aew + At)  8(4tey + Aty)
(5.1.8)

with

(At ey +Atm) = cos®(3 gty )+sin® (3 gqtn, ) +sin(F gqtm) cos” (3 gqtm ) (—i exp(% Bte,)+iexp(— 3 Bty )
—iexp(% Bty ) +iexp(— 2 Bt,, ) —i exp(8 Bt,, ) +i exp(— S Bt ) —i exp(3 Bt ) +i exp(— 3 Bt,,))
+45in° (£ 9qtm) cos® (£ gqtm)+sin® (£ gqtym) cos® (3 gqtym ) (6i exp(E Bte,) —6i exp( =2 Bty )+3i exp(% Bt,.,)
— 3i exp(—% Btey) + 5i exp(§ Bteo) — 5iexp(—% Bley)) + 6sin’ (§9qtm) cos* (59qtm)

—&—sins(%gqtm) cos3(%gqtm)( 84 exp(QFL tey)+8iexp( h22 Btey)—Ti eXp(%Btw) 471 exp(—%Btev))

+4 sin6(%gqtm) cosQ(%gqtm) + sin (ﬁ tim) cos(ﬁgqtm)(Qi exp(%BteU) — 2 exp(f%Bteu)),

B(4tev+4tm) = cos®(+gqtm) exp(— 3 Bt, )+sin8(%gqtm)+sin2(%gqt )cosﬁ(hgqt )(exp(% Btey)
+2exp( % Btey) + 3exp(F Btey) + 4 exp(3 Ble,) +3—3exp(*74lBtev> 6 exp( 72 Btey))

+ sin (+gqtm) cos (3 gqtm)(—4 exp( S Bt,,) — 7exp(%Btev) — 4exp(#Btev) +2 +8ex_p(_r12’Bteu)
+11 exp(5 Btey))+sin®(+ gqty,) cos® (%g tm) (4 exp(F Btey)+6 exp(% Bte,)—6 exp(— 2 Bt.y)),

(4t ey + 4t,,) = cos (ﬁgqtm) exp(%Btev) + Sin8(%gqtm) + sinz(%gqtm) cos6(%gqtm)(exp(f%8tev)
+ QGXp(f%Btev) + 36Xp(*%Btev) + 4€Xp(*%Btev) +3- Sexp(%Btev) - 6exp(%Btev))
+Sin4(%gqﬁm) COS4(%géjtm)(—4 exp(—%Btev)—7exp(—%Btev)—4exp(f%Btey)+2+8 QXp(%Btev)
+11exp($ Btey))+sin’ (£ 9qtm) cos? (+ gqtm) (4 exp(— 2 Bt e, )+6 exp(— 3 Bt o, ) —6 exp( 2 Bte,))

and

(At ey +4ty) = cos®(Lgqt,n)+sin® (L ggt,,)+sin(Lgqty) cos™ (£ gqty)(—iexp(— 2 Bt oy,)+i exp(Z Bte,)

—i exp(——Btev)Hexp( ¥ Btey)—iexp(— ZBtev)Hexp(&Btev) i exp(—% Btey)+iexp(§ Bey))

+45in* (3 gqtm ) cos® (3 gqty,)+sin® (3 gqt,,) cos® (3 gqty, ) (61 exp(— % Bte,)—6i exp( 4L Bte,)+3i exp(— 2 Bt,,)
— 3iexp(% Bte,) + 5iexp(— 5 Bte,) — 5iexp(§ Btey)) + 631n4(%gqtm) cos* (+9qtm)

+ sin° (+ gqtm) cos® (3 gqtm ) (8i exp(Z Bt.,) — 8i exp( =2 Btey) + Ti exp(4 Bt,,,) — Ti exp(— % Btey))
+4sin°(+gqt,) cos?(+gqty)+sin” (£9qtm) cos(+gqtym ) (2i exp(—Z Bte, ) +2i exp(— 2 Bt., ).

Again we take the partial trace over the detector coordinate ¢ and this gives, the sum approached by

an integral, the density matrix only dependent on the qubit coordinates i = |O> and j = |1>

|
Piiyiggi.ji(Atev + 4tm) = trop(4te, + 4ty,) = /_ e exp ( -

(0= q0)?\ ((@(4tey +4ty)  B(4tey, + 4ty,)
o : ) (1(4% +4ty)  6(4tey + 4tm)> d
(5.1.9)

Again o — 0, so this gives in equation 5.1.9

42



1 (G(4tey + 4tm, q0)  B(dtey + 4, g
it ig.ji.gs (Atev + Atm, G0) & 5 <ﬁ((4t +4t qgs 5((4t + 4t q;))) (5.1.10)

with

a(4tey + 4tm, qo) = cos%(Fgqotm) + sin® (£ gqotm)

+ sin($ gqotm) cos” (+9qotm ) (—iexp(3 Btey) + i exp(— 2 Bt,,) — i exp(3 Btey) + i exp(— % Bley)

— iexp(¥ Btey) +iexp(—% Btey) — i exp(3 Btey) + i exp(— 3 Btey))

+ 4sin® (3 gqotm) cos (£ gqotm) + sin®(£gqotm) cos® (3 gqotm ) (6i exp(5 Bte,) — 6iexp(F Bte,) +
3iexp(% Btcy)

— 3iexp(—% Bt.,) + 5iexp(§ Btey) — 5iexp(— 5 Bt,,)) + 6 sin4(%gqotm) cos*(£9qotm)
+sin® (£ gqot ) cos® (% gqotm ) (—8i exp(Z Bt )+8i exp( =2 Btey) —Ti exp(E Bty )+7i exp(— 3 Bt.,))
+45in® (£ ggotym) cos?(+ gqotm)+sin” (£ gqotm) cos( £ gqotm ) (2 exp(Z Bte,)—2i exp(— 2 Bt,,)),

B(4t6y+4tm, Q) = cosg(%gqotm) exp(—%B}fev)+sin8(%gqotm)+s;n2(%gqotm) COSG(%qutm)(eXp(%Btev)
+2exp(¥ Btey) + 3exp(E Btey) + 4 exp(3 Btey) + 3 — 3exp( 2 Btey) — 6 exp(52 Btey))
+sin4(%gq0¢m) 0054(%gzotm)(—4 exp(% Bte,) — 7exp(%3tev) — 4exp(%thev) +2+8exp(%3tev)
+11 exp(‘T‘“Btw))+sin (%gqotm)cosz(%gqgtm)(4exp(%Btev)+6exp(%Btev)fGexp(f%Btw)),

’?(4teu+4tmv q0) = COSS(%QQotm) eXP(%Btev)‘FSinB(%QQOtm)‘FSinQ(%Q_QO%) COSG(%gqotm)(eXp(_%Btev)
+ QQXP(—%Btev) + ?’exp(_%Btev> + 4eXp(_%Btev) +3- Sexp(%Btev) - 6eXp(%Bt6v>)
+Sin4(%ggptm) cos4(%%qoltm)(—4 exp(—l%Bteu)—7 eXp(Z‘%Btev)_ll exp(;%Btw)Jr?Jr%% ixp(%Btw)
+11 exp(#Btev))+Sin (ﬁqutm) COSQ(ﬁqutm) (4 EXp(*#Btev%FG exp(fﬁthev)*G eXp(%Btev))
and

0(4tey + 4tm, qo) = cos®(jrgqotm) + sin® (3940t m) , _ _

+ Sm(%QQOtm) COS?(%QQOtm)(_i eXp(_%Btev) + iexp(%Btev) - iexp(_%Btev) + iexp(%Btev)

— iexp(—%Btw) + iexp(%Btw) — iexp(—%Btev) 41 eXp(%Btev))

+4 sin2(%gq0tm) cos6(%gq0tm) + sin?’(%gqotm) cos5(%gq0tm)(Gj exp(f%Btw) — 61 exp(%Btm,)

+3i exp(—%Btev)—i’)i exp(%Btev)—HSi exp(—%Btev)—E)i exp(%Btev))-i-G Sin4(%gq0tm) cos‘%%gqotm)
+sin5(%gqotm) cos3(%gq0tm)(8i exp(%Btev) —8i eXp(%Btev) 474 exp(%Btev) -7 exp(—%Btev))
+45in° (5 9g0tm) c05? (§990tm)+sin” (1 9qotm) cos(gdotm) (21 exp(— 3 Btey)+2i exp(—F Btey)).

The probability that the qubit is in the state |0> at 4te, + 4t,, is given by

11 1 1 1
Po(4tm + 4tep, qo) == + = SiHS(ﬁQQOtm) + - COS(§Btm}) coss(ﬁgqotm)

2 2 2 h
+ sinz(%gqotm) cosG(%qutm)(% + %COS(%Btev) - 2cos(%Btey) + 2005(%Bt6v))
+ sin4(lgq0tm) cos4(lgq0tm)(1 + ZCOS(thw) + 2cos(éBtev) — 2cos(§Btev))
R R h R R
+2 COS(%Btev) siDG(%gqotm) cosQ(%gqotm)
(5.1.11)

and the probability that the qubit is in the state |1> is given by
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1 1 1 1 8 1
Py (4 + 4tey, qo) == — = sing(fgqotm) — —cos(=Btey) cosg(fgqotm)

2 2 h 2 h h
- sinz(%gqotm) cosﬁ(%gqotm)(% + % COS(%Btev) - 2008(%Bt€v) + QCOS(%Bﬁev))
— sin4(lgq0tm) cos4(lgqotm)(1 + 2COS(thev) + ZCOS(éBtev) - QCOS(QBteU))
h h h h h
-2 cos(%Btw) sinG(%gqotm) cos2(%gqotm).
(5.1.12)

5.1.2 Series of measurements alternated with free evolution of the spin; 0 4 0

The calculations of the algebraic expressions of the probabilities at ¢ = 3t., + 3t,, are given
below.

The integral from equation 5.1.3 is calculated for each matrix element at this moment in time,
with as result the following equations.

_ [ (4~ a0)* - _
pii(Btew + 3tm) = [ i (= =25 ) (Bt + 3tm)dg =
1 1 1 5 1 1
§<exp(—9(ﬁgtm) o) (((64 cos (ﬁgtmqo)—i—cos (ﬁgtmqo)(64exp(5(ﬁgtm) o) —64)
1 1 1 1 1
+ (20 exp(8(ggtm)20) — 32 exp(5(%gtm)2o) +12) cos(ﬁgtmqo)) sin(£gtmq0) cos5(%Btev)
1 1 1
+ ((24 exp(B(ﬁgtm)Qa) —24 exp(g(ﬁgtm)QU)) COS(ﬁgthO)
1 1 1 1
— 48 exp(5(7 gtm)?0) cos’ (= gtmao)) sin( 3 gtmgo) cos’ (- Btey)
h h R I
+ 8exP(8( 91)70) cOS(3 9t1n0) SIn( 1 ) 05 Bley)) sin( Bteo) + exp(91(3 91,)°0)) )
exp hg m) 0)COS FLg m{qo) S Fbg m{o) COS A ev))S A ev exp FLg m) O

(5.1.13)
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<1

J— 2 ~
pij (3t + 3tn) = / 37ms P (- ) 3t + ) =

1 1 , 1 1 , 1 .
-3 ( eXp(—9(ﬁgtm)20) (((644 COSG(ﬁgtqu) + COS4(ﬁgthO)(64Z exp(5(ﬁgtm)20) — 961)

1 1 1
+ (28i exp(8(ﬁgtm)20) — 64 exp(5(ﬁgtm)20) + 361) COSZ(ﬁgtqu)
+ 8i exp(9(%gtm)20) — 144 exp(S(%gtm)za) + 8i exp(5(%gtm)2cr) — 2i) cos5(%Btev)

1 1 1 1 1
+ (481 exp(5(5-gtm)*0) cos' (£ gtmao) + (481 exp(5( 7 gtm)*0) — 32i exp(8(5 gtm)*7)) cos™ (- gtmo)

1 1 1 1
— 104 exp(Q(ﬁgtm)Qa) + 167 exp(8( = gtm)?0) — 6iexp(5(=gtm)?0)) cos3(ﬁBtev)

I R
1 1 1
+ (81 exp(8(5-gtm)*0) cos” (5-gtmao) + 2i exp(9(5 gtm)*0)
. 1 1 1
—4i exp(S(ﬁgtm)Qo)) cos(ﬁBtev)) Sln(ﬁBtev)

1 1 1 1 1
+ (_32 exp(5(ﬁgtm)20) 0054(591%610) + (32 exp(5(ﬁgtm)20) —32 exp(S(ﬁgtm)20)) COSQ(ﬁgthO)

1 1 1 1
—12 eXp(Q(ﬁgtm)za) + 16 exp(S(ﬁgtm)QU) - 4exp(5(ﬁgtm)20)) cos6(ﬁBtey)

1 1 1 1 1
+ (32 exp(5(ﬁgtm)20) cos4(ﬁgtmqo) + (48 eXp(S(ﬁgtm)QU) —32 exp(5(ﬁgtm)20)) cosz(ggtmqo)

1 1 1 1
+20 eXp(Q(ﬁgtm)za) —24 eXp(S(ﬁgtm)QU) + 4exp(5(ﬁgtm)20)) cos4(ﬁBt€U)

1 1 1 1 1
(—16 eXp(S(ﬁgtm)Qo) cos2(ﬁgtmqo) —10 eXp(Q(ﬁgtm)QU) + 8exp(8(ﬁgtm)20)) cosz(ﬁBtw)

+ exp(9(%gtm)20’)))
(5.1.14)
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<1

2
p;i(Btey + Btm) = / ( - (qqu))ﬁ(Stw + 3t,)dg =

oo 2T P

1 1 . 1 1 . 1 .
5 (exp(—9(ﬁgtm)20) (((64i cos6(ﬁgtmqo) + cos4(ﬁgtmqo)(64z exp(5(ﬁgtm)2a) — 96i)

1 1 1
+ (28i exp(8(ﬁgtm)20) — 64 exp(5(ﬁgtm)20) + 361) COSZ(ﬁgtqu)
+ 8i exp(9(%gtm)20) — 144 exp(S(%gtm)za) + 8i exp(5(%gtm)2cr) — 2i) cos5(%Btev)

1 1 1 1 1
+ (481 exp(5(5-gtm)*0) cos' (£ gtmao) + (481 exp(5( 7 gtm)*0) — 32i exp(8(5 gtm)*7)) cos™ (- gtmo)

1 1 1 1
— 104 exp(Q(ﬁgtm)Qa) + 167 exp(8( = gtm)?0) — 6iexp(5(=gtm)?0)) cos3(ﬁBtev)

I R
1 1 1
+ (81 exp(8(5-gtm)*0) cos” (5-gtmao) + 2i exp(9(5 gtm)*0)
. 1 1 1
—4i exp(S(ﬁgtm)Qo)) cos(ﬁBtev)) Sln(ﬁBtev)

1 1 1 1 1
+ (32exp(5(5-9tm)?0) cos™ (3 gtmao) + (=32 exp(5(5-gtm)?0) + 32 exp(8(5 gtm)* 7)) c0s* (+ gtmdo)

1 1 1 1
+12 eXp(Q(ﬁgtm)za) —16 exp(S(ﬁgtm)QU) +4 eXp(5(ﬁgtm)20)) cos6(ﬁBtey)

1 1 1 1 1
+ (—32 exp(5(ﬁgtm)20) cos4(ﬁgtmqo) + (—48 exp(S(ggtm)za) + 32 exp(5(ﬁgtm)20)) cosz(ﬁgtmqo)

1 1 1 1
—20 eXp(Q(ﬁgtm)za) +24 exp(S(ﬁgtm)QU) - 4exp(5(ﬁgtm)20)) cos4(ﬁBt€U)

1 1 1 1 1
(16 exp(8(5gtm)?0) cos® (£ gtmqo) + 10exp(9(5 gtm)*0) — 8exp(8(5 gtm)?0)) cos® (= Bley)

h h h h h
— exp(9(7 gtm)’))
h m
(5.1.15)
(1 (¢ —q0)*\ _
93 (Btes + Bt) = [ = (= =053t + 1) =
1 1 1 5 1 1
-3 (exp(—9(£gtm) o) (((64 cos (ﬁgtmqo) + cos (ﬁgtmqo)(64exp(5(ﬁgtm) o) —64)
1 1 1 1 1
+ (20 exp(S(ﬁgtm)za) —32 exp(5(ﬁgtm)20) +12) cos(ﬁgtmqo)) sin(ﬁgtmqo) coss(ﬁBtev)
1 1 1
+(24exp(5(3gtim)?0) — 20e5D(8( 3 1)) €05 (3 gt
1 1 1 1
—48 eXP(5(ﬁ9tm)20) Coss(ﬁgtm%)) Sln(ﬁgtm%) COS?’(ﬁBtev)
1, 1 1 1 1 1,
+ 86Xp(8(ﬁgtm) o) cos(ﬁgtmqo) sm(ﬁgtmqo) cos(ﬁBtev)) sm(ﬁBtev) —(eSXf(196()hgtm) U)))

So the result of equation 5.1.3 1S pj; 4j ji,jj (3tev+3tm) = (p”(?’tev +3tm)  pij(3tes + 3tm)> .

pji(Btev + 3tm) 5 (3tew + 3tm)
The probability that the qubit is in state |0> after 3te, +3t,, is, using equation 2.4.4, given by
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1 1 1 1 1
Py(3ty, + 3tey) =(16 eXp(—4(%gtm)20) cos4(ﬁgtmq0) + (16 exp(—(ggtm)za) — 16 exp(—4(ﬁgtm)20)) COSQ(ﬁgtqu)

1 1 1
+6— Sexp(—(ﬁgtm)Qa) + 2exp(—4(+gtm)?0)) cosﬁ(ﬁBtev)

h
+(—16 exp(—4(%gtm)20) c0s4(%gtmq0) + (—24exp(—(%gtm)2o)

4 16exp(—4(%gtm)20)) COSQ(%gtmqo)

—10+12 exp(—(%gtm)Qa) - 26Xp(—4(%gtm)20)) cos4(%Btw)

+ (8exp(~(19tm)?0) o8 (3 gtmo) +5 — 4exp(~( gtm)?0)) c05” (3 Bii)

(5.1.17)
and the probability that the qubit is in state \1) is, using equation 2.4.5, given by

Py (3t + 3tey) =1 — (16 exp(—4(%gtm)2a) cos4(%

1 1 1
+ (16exp(— (1 9tm)2) — 16 exp(~4(5 gtn)*0)) €02 (3 gtmao)

gthIo)

1 1 1
+6 — 8exp(— (3 gtm)*0) + 2exp(—4(5-gtm)?0)) cos” (- Btey)

1 1 1
—(-16 eXp(—4(ﬁgtm)20) cos* (= gtmqo) + (—24exp(—(ﬁgtm)20)

h
1 9 9,1
+16exp(—4(%gtm) o)) cos (ﬁgtmqo)

1 1 1
—10+12 exp(—(%gtmya) -2 exp(—4(%gtm)20)) cos4(ﬁBteU)

1
gtm)20) cos?(—

~ Bexp(~( ;

1 1
B gthO) +5— 4exp(_(ﬁgtm)2‘7)) COS2(ﬁBt6v)'

(5.1.18)
5.1.3 Series of measurements during free evolution alternated with only free evolu-
tion of the spin; ¢ — 0

The calculations of the algebraic expressions of the probabilities at t = 2t., + 2t,, are given
below.

The state of the qubit after t = 2t.,, + 2t,, is given by applying two times matrix C from equation
3.5.13 on the initial state. This gives

1 — qo)* ;

|D(2t ey + 2t,,)) = C?®(0)) = WoN exp ( - %) @J) (5.1.19)
with ®; = exp(—% Btey) cos?(§tm/B? + g2q3)+sin(3tm+/ B? + g243) cos(+tim/ B2 + g%¢3) (—i \/%gzqz
— it oxp(R Blew) — 21 s exp(—%Btev))
+ sin ( B? + g%q )(_Bfkggng B B2gjgzq2 + BQﬁ%quZ eXp(&Btev) B"‘Jr 2q2 exp(——Btev))
and ®; = exp(thm,) cos? (:tm /B2 + 9200 Fsin(gitm /B2 + g%65) cos(gtm /B2 + 9205 (—i s
- i\/%gw exp(—2 Bte,) + ZZﬁ exp(3:Btey))
+sin®(Ftm/B? +g qo)(32+g%qz - ngjgiqz Bz+g2 > exp(Z Bt,,)— #922(12 exp(—Z Bt,,)).

The density matrix is given by
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P(2tep+2tm) = [®(2tep+2tm) ) (P (2t er+2tm)| = — QO)Q) (d(%w o ?((2::% N 2tm>>

1
2/ mo exp( o

A (2tey + 2ti,) 2tey + 2t,,)
(5.1.20)
with @(2te, + 2t,,) = cos (Lt BQ+gq)+sm( BQ+gq)(%
+ e 2k 2 g = Ao~ )~ b .0
+ sin® (3t /B2 + g2q%) cos(£tm /B2 + g%q )((Bz+gzq§)\‘732+g2q2 (i exp(% Btey) — i exp(— 2 Bley)
= Biexp(—3 Btey) + 3iexp(§ Bter)) + L @Bugz (i exp(Z% Bte,) — i exp(— 2 Bt.y)))
+sm( B2—|—gq)cos(tm B2+gq)(2B2+gq2+232+gq

+ W(exp(%Btev) + exp(— 2 Btey) + 3exp(E Bte,) + 3exp(— 4 Btey))

+sin (3t /B2 + g2q?) cos® (Ftn\/B? + 92(12)(—1'\/%%2 exp(%Btw)—H\/%g%2 exp(—2 Bte,)
- i\/ﬁ exp(§ Btey) + Z\/ﬁ exp( T Blew)),

B(2tey + 2tm) = cos*(+tm/B? + g2¢?) exp(— 3 Btcy)

. 8 4
+sin’ (5 tm/B? + g% )cos(ﬁ m\/ B? +g2q2)(4Z(Bz+92q2;3\/B2+g2q2 exp( " Beo)

T qﬁg’\sz+ 5 (=20 4 i exp( 2 Btey) + 2i exp(§ Bte))

+ sin ( B+ %) c0s? (Ftm /B2 + 92 0%) ( — 6 5ns exp(52 Btey)
+ B2+ 742 (1 + eXp(MBtev) 2eXp(;2iBte'u) + QGXP(&Bteu)))
741\/%@@( ¥ Btey) sin(4tm/B? + g2¢2) cos® (3 tm /B2 + g2¢?),
Y(2tey + 2tm) = cost(+tm/B? + g2¢?) exp(3 Btey)

+ sin ( B? + g%q )cos( B2+ g2¢%)( — 4i (B2+g2q2])3\/B2+g2q2 exp(E Btey)

T f;)?jmﬂz _ (20 — 4i exp(%Bte,,,) — 2iexp(— % Bt.,)))

+8i0% (Lt /B2 + g2¢2) cos* (+tm/B? + 02¢%) ( — 6 grlorzz exp(4 B,y
+ W(l + eXp(—%Btev) — Zexp(ﬁBtev) + 2exp(—ﬁBtev)))

—&-41'\/%92(12 exp($ Btey) sin(3 tm /B2 + g2¢%) cos®(+tm /B2 + g%¢?)

and

94

O(2tev + 2tm ):COS“(ltm B2 + g2¢%) + sin® (3t BHg%ﬂ(%
2 2

4 4 3 3.3 .
T (132+g 7 T 2(Bz-irg 2¢4?)? +2(Bz+g Py T (13’2-5-9(1«12)2 exp(—73 Bte”) + WGXP( lBte“))

+sin ( B? + ¢2¢?) cos(+tm/B? + g%q )((B2+g2qf)\9/‘132+g2q2 (—iexp(2 Btey)+iexp(—2 Bte,)

3i exp(_%Btev) —3i exp(ﬁBtev)) (B2+4? qq)f/BQ_i_gg > (Z exp(_%Btev) - iexp(%Btev)))

. 2 2
+sm2(1tm B2+ %) cos? (jtm /B2 + 926) (2 ptlgegs + 25yt
+ Bz+g = (= exp(% Bt.,) — exp(—2 Bt,) — 3exp({ Bte,) — 3exp(— % Bt.,))

st sin( /B2 ) 05 (/B2 PP i expl(3 Bile,) — i exp(— 3 B
+ Z\/%W GXP(#Btev) - Z\/Bzgi% eXp( Btev))

Again we trace out the detector coordinate ¢ in the limit of ¢ — 0 in order to get the density
matrix only dependent on the qubit coordinates i = |O> and j = |1> Equation 3.4.17 gives

1 (a(%ev + 2, q0)  B(2ten + 2tm,qo)> (5.1.21)
’ 1.

2t} 2t , ~ — -
p“JJ,JZ,J]( “ N " QO) 2 7(2te'u + 2tma (Jo) (2te'u + tha (Zo)
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4

with d( ev + 2tm, qo) = cos4( B2 + g2q2) + sin*(+t,,\/B2 + gzqg)((wfw

g*q B?%g Bg®q) Bg®q) 4i Bg®q 4i

+ ey + 2y +2 (Bz+g233>2 ~ TErear efp<‘ﬁthev) ~ Trgtee P (5 Bley))

+ sin® (Fty/B? + ¢2¢2) cos(+ /B2 + g2q8)((32+92£ i’;‘]’32+g2q2 (i exp(2: Bte,) — i exp(— 3 Btey)
0

, 4i , 4i g°ad 2i , 2i

— 3iexp(—3 Btey) + 3iexp(F Btey)) + (B2+g2q2)\;32+g2 s (iexp(F Btey) — zexp(f#Btev)))
2 2

+ sin ( B? + ¢ qO)COSQ( B? + g%q )(232+gzq2 +2329+Z%q(2)

+ Bﬁfgng (ex p( ! Btey) + exp(—%Btev) + 3exp(%Bt6v) + 3exp(—%Btev))

+sin (3t /B2 + g2q2) cos® (Ftn /B + gzqg)(—i\/%gzq% eXP(%Btw)‘*‘i\/%gzqg exp(—% Btey)
—44
Bz XP (5 Blew) + iy exp(5 Blew),
B(Ztev + 2tm7q0) = COs (ﬁtm 32 + g qg) eXp(_%Btev)

371 2 (1 2 ; B? —4i
+sin”(5tm/ B2 + 9%q5) cos(5tm B2+QQqO)(4Z(B2+g2qg)\/B2+g2qg exp( =+ Bey)

242 . . —92 . i
(B2+g2:23]\;B2+ P (—2i + 4i exp(Z2 Btey) + 2i exp( Btev)))

+sin ( B2 + g%q3) cos*(5tm/B% + ¢%¢5) ( — 6@ exp( T Btev)
+ B2+92 5 (1 + eXp(“Btev) 2exp(_—2iBtev) + Qexp(&Btev)))
- 42$ exp(— 3 Btey) sin(gtm/B? + g%q3) cos® (tm/ B? + ¢2¢3),

¥(2ter + 2tmqo) = cos4(%tm B2+ ¢%¢}) exp(%Btev)

+ sin® (3t /B2 + g22) cos(£tm/B? + ¢%@3) (— 4i(B2+g q2)\/B2+q2qg exp(E Btey)
(32+g2q€-§i;iz+gz (2i — diexp(Z Bt,,) — 2 exp(— 4 Bt.,)))

+ sin ( B2 + g2 qO)Cos2( B2 + g2q, )(—6%;2(13 eXp(%Btev)

+ #g%qg(l + exp(— 3 Btey) — 2exp(%3tw) + 2exp(—% Btey)))

+ 41‘7ﬁig2qg exp(3 Btey) sin(3 tm /B2 + g22) cos®(+tm /B2 + g%q})

and

5(2tey + 2tmy o) = 08* (tm/B? + ¢2q3) + sin* (bt /B2 + °0) (gemaaye

+ ey + Yy +2(B2B+gg§q?>2 + (B2B+;3:2)2 exp(—§ Bten) + (5t gty p(§ Bteo)

+sin®(Ftp /B2 + 62¢2) cos(+ /B2 + g qO)((Bz+g2[f%)z;‘;32+g2qg (—iexp(3 Btey)+iexp(—2 Bte,)

3iexp(— 3 Btey) — 3i exp(%Btw)) + (B2+g2q§;§32+ ey (i exp(— 3. Bte,) — iexp(% Btey)))

+ sin ( B2 + g2q3) cos? (£ tm\/B? + ¢2¢3) (2 BQ+g2 > + 2Bz‘q_ig§q3

- Bffgng (—exp(% Btey) — exp(—ﬁBtev) — 3exp(gBtev) = 3exp(—%Btey))

st/ B 48 o5t B Pl g ) — i (Bt

+ i\/%g@qg exp(% Btey) — i\/%gzz exp(FE Bley)).

The probability that the qubit is in the state |0> after 2t., + 2t,, is, using equation 2.4.4, given
by
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1 1 1 4
Py(2t, + 2tew, q0) =5 + 3 cos4(ﬁtm\/32 + g%q?) cos(ﬁBtev)
1 1 B3 4
+ sin® —tmr/ B2 + g2q3) cos(—tmy/ B2 + g%q?)(2 sin( = Btey

Bg*q} 2 Bton) By’q3 A )

2 sin(— - sin(
(B> + g*@3)\ /B> + g>¢3 I (B2 +g%@3)\/B*+ g3 h

. 1 1 B? 4
+sm2(ﬁtm\/32 + g2q3) cos® (h tmy/B? + ¢?@3) ( — SW cos(ﬁBtw)

1 5a 4 1 g°ad
2 B2 + g2¢2 cos(y, Blen) 5 52 + gzqz)
B 4 1 1
9P Gn(Z ; /B2 /B2 & o242
2 e sm(hBtev)sm(h B2 + ¢2¢2) cos® (h B2 + ¢2¢F)

(5.1.22)
and the probability that the qubit is, using equation 2.4.5, in its other state |1> is given by

1 1 1 / 4
Pl(th + 2tev; QO) :5 - 5 COS4(%tm 32 + gzqg) COS(ﬁBtev)
1 1 B3 4
. 3 .
—sin®(=tmy/ B2 + g2¢3) cos(=tm/ B2 + g2¢2) (2 sin(—=Btey

2 2 2 2
(TN ey M v e A )

— sinQ(;L my/ B2 + g2¢3) cos? (; m\/ B2+ ¢*@) (- 382f2g22 cos(hBtev)

+2\/%g225m(23tw)sin(; tmy/ B2 + g2¢}) cos® (;L tmy/B? + ¢°¢}).

(5.1.23)

5.2 Partial trace integral calculations

The integrals for the partial trace when o /4 0 are all the same sort of integrals. The same steps are
used for each integral. The integrals in equations 3.4.23 and 3.4.24 are worked out in detail.

Equation 3.4.23

o0 1 _
pii(tev + tm) :/ eXp ( - w)d(tev + tm)dq

oo 2y/TO
* 1 (¢ — %)2 2 (1 1 Lo (1 1
= _— = tm - *Btey) (* tm *Bte'u))d
/_OO 2\/mo P ( o ) (COS (hgq h +sin hgq + h q
(5.2.1)

Let x=q,a=qy,b=0,c= %gtm and d = %Btev.
This gives
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Pii(tey +tm) :/00 L ( — (- a)2> cos? ((cx — d) + sin?(cx + d))dac

- 27\/% exXp b
:/:XJ %mexp ( - (@ —ba)Q) cos? (cx — d)da: + /jo 2\}%exp ( - (@ —ba)z) sin? (Ca: + d)dl“
(5.2.2)

First we will solve

/00 exp ( — @) sin?(cz 4 d)dx

; _ i 2 _ (@=a)?

oo (exp(i(cz + d)) — exp(—i(cz + d))? exp 5
= [w — ) dx

o  exp ( — =0 4 9(Qicx + 2id) — iex — Qid) exp ( R 2id) exp ( _ @)
:/ - - + dx

. 4 4 2

_exp(2id) [~ , (x —a)?
i — N exp (Q’LC.’L‘ 2 )dx

exp(—2id) [*° _ (x —a)? 1 /= (x —a)?

— 1 n exp ( 2icx 5 )dx + 2 ) exp ( — )dx

(5.2.3)

We are going to solve this in parts. Set u = W so dz = \/bdu.
2

/OO exp (22’01:— (x;ay)dx: /jo exp (— (i — \/5(22'04— 27“)>2 + b(2ic + %)2 — aZ)da:

—o0 0o Vb 2 4 b
. ) Vrvbexp (b(ic_|_ ay2 _ a;) ., )
Vrvbexp (b(ic +9)2 ab"‘> . 2
= [ B) el"f(u)l . = VmVbexp (b(ic + %)2 - C;))
N (5.2.4)

Now set v = W so dz = Vbdu.
2

/OO exp(—%cw— (x_a)Q)dx: /OO exp (— (i — Vb(=2ic + %a)f + b(=2ic + 27‘1)2 — Lﬁ)dw

-0 b —00 \/E 2 4 b
o Vavbexp (b(ic — %)2 — “;) .

:[ Vbexp (— u? + b(ic — %)2 - Cf)dm = 5 L 2eXI\)/(;U2)du
Vavbexp (b(ic — %)2 — ‘f) - i

—l 5 erf(u)] = VmVbexp (b(ic — %)2 — ab)

(5.2.5)

Now set u = x\;ga so dz = Vbdu.
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/Z exp ( @)dﬂf = fb /Z Qexi)/(%_uz)d“ = Vb (5.2.6)

Now we are going to solve the other part.

/O:O exp ( — @) cos? (cx — d)dx

/ = (expli(ce — d) + exp(—i(cr — d)exp (— 2527 d

. 1 v

exp (= @D 4 95er — 2id)  exp | — 5 — iz + 2id _ (@
/oo 5 9] 5 1CT + 21 exp 5 p

- 4 N 4 + 2 *
_exp(—2id) [ ) (x — a)?
== N exp (220:1: T) dz
exp(2id) [ ) (x —a)? 1 /= (x —a)?
—|—74 _Ooexp(—chx—ib )dac—|—2 _ooexp(—ib )dm

(5.2.7)
These integrals are solved in equations 5.2.4, 5.2.5 and 5.2.6. Taking everything together gives

pii(tew +tm) :% + 2exp(—bc?) cos(ac) sin(ac) cos(d) sin(d)
1 1 1 ) ) ) (5.2.8)
_ (= 2 - in(— _ in( =
4 205p(~ (] 01)%0) 08 gm0 Sin( gy) c05(1 Bhy) sin s B

Equation 3.4.23

o] _ 20 _
pij(tev + t’m) :/_ 2\/17_(_70_ €xp ( - w)ﬁ(tev + tm)dq

1 (q— %)2) (1 1 1 1
— _— T tm 7Bte1;) (7 tm - *Bt(’v>
/,oo 2\/mo P ( o oS\ p9e + ploter) COS \ddim =y Bte
1

1 1 1 1 1 1 1
+ sin <fgqtm + thev) sin (fgqtm — thev) + i(cos <fgqtm — thev> sin (fgqtm — —Bt.,

>t

h h h h h h

1 1 at 1
— cos (ﬁgqtm + ﬁBtqu sin (ﬁgqtm + hBtev))> dq
(5.2.9)
Let x=q,a=qy,b=0,c= %gtm and d = %Btw.
This gives
(tew + tm) /OO ! e ( (z - a)Q) cos(cx + d) cos(cx — d) + sin(cx + d) sin(cx — d)
ij \lev m) — X e — - -
Pis —c0 2V mh P b
+1 ( cos(cx — d) sin(cx — d) — cos(cx + d) sin(cx + d))) dzx
(5.2.10)

We will solve it in parts. First we will use partial integration:

52

h

)



/OO exp | — (z = a)2> sin(cx + d) sin(cx — d)dx

/N

e b
B l\/ﬂ'berf(””\;g“) sin(ca — d) sin(cx +d) ] (5:2.11)
= 5 2.
—00
— / erf(L\}ba) (cos(cx — d) sin(cx + d) + sin(ca — d) cos(cz + d))dx
oo )2
/ exp ( - %) cos(cx + d) cos(cx — d)dx
B \/%erf(m\;ga) cos(cx — d) cos(cx +d) ]~ (5.2.12)
= 5 2.
+ / erf(ﬂ) (cos(cz — d)sin(cx + d) + sin(ca — d) cos(cz + d))dx
oo Vb
So
o] _ 2
/ exp ( @ ba) ) (sin(cz + d) sin(cz — d) + cos(cx + d) cos(cx — d))dx
—00
v ﬂberf(z\;g“) cos(cx — d) cos(cx + d) \/wberf(w\;ga) sin(cx — d) sin(cz 4+ d) 1™ (5.2.13)
B 2 N 2
Now we solve another part. First we write everything in exponentials and use linearity.
oo 2
/ exp ( _@-a) ) sin(cz + d) cos(cx + d)dx
o b
_ —iexp(2id) [ ) (x —a)? iexp(—2id) [ ) (x —a)?
== N exp (22037 5 )dx + 1 n exp ( 2icr 5 )dx
(5.2.14)
We already solved these equations in 5.2.4 and 5.2.5.
In the same way we solve the following integral
oo )2
/ exp ( _le—a) ) sin(cx — d) cos(cx — d)dx
oo b
—iexp(—2id) [ —a)? exp(2id) [ —a)?y
:prZl(Z)/_OOeXp (Qicx — (z ba) )da: + zexp4( id) /_OO exp ( — 2icx — (z ba) )da:
(5.2.15)

Taking everything together gives

B exp(—bc?)

i (Few tm) =
PJ( +tm) 4

(i sin(2(cz 4+ d)) — isin(2(cx — d)) — 2 exp(bc?) cos(Qd))

_exp(—(ggtm)?0) . o1 1 1 1
=— 4 (z 81n(2(ﬁBtw + ﬁgtmqo)) + zsm(2(ﬁBtev - ﬁgtmqo))
1, 2
— 2exp((5.gtm)*0) cos( 5 Bt..))

(5.2.16)
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5.3 Interaction strength g(t)

In this report we made the assumption that g(¢) was time independent. We also worked out the
situation in which this is not the case. First for the situation where series of measurements were
alternated with free evolution of the spin (subsection 5.3.1) and consequently for the situation
where series of measurements during free evolution were alternated with only free evolution of the
spin (subsection 5.3.2).

5.3.1 Series of measurements alternated with free evolution of the spin

Assume ¢(t) is time dependent. This gives

i evtim
|®(tew + tm)) = exp ( - %qam/t g(t)dt) |D(tew))- (5.3.1)

ev

Take B(tev; m = _ﬁq ftev_Hm

The Taylor series of the exponentlal function give

(oo} oo (oo}
_ (ﬂ(tev, tev, tm)0z)>" (B(tev: tm)ow)"
and equivalent to equation 3.3.6, this gives
/3 €evy m ﬂ €V m 2n+1
exp(B(tev, tm)oz) = I Z " to Z TEEVE (5.3.3)

With the Taylor series of the hyperbolic cosine and sine, this exponential results in

exp(ﬁ(tev,tm)ax) _ ICOSh(B(tev,tm))+Uz sinh(ﬂ(temtm)) _ (COSh(ﬁ(tev,tm)) Sinh(ﬁ(tev,tm)))

Sinh(ﬂ(tev,tm)) COSh(ﬂ( evs tm )

Substituting B(tey, tm) = f%q fttf”ﬂ’" g(t)dt in 5.3.4, we find using equations 3.4.5 and 5.3.1,

1 feotm g(t)d lBteU —isin

1D (tew+tm)) = eV

eXp (‘ feutitm

tew

20 g(t)dt + Bt ) —isin

1
(q— QO)Q) cos (54 [,
cos (£q [,
So in fact the evolution of the wave function at discrete moments in time k is now given

by applying the following matrix k times on the initial state for each time period consisting of a
period of free evolution followed by a measurement.

tey+lm
h

i tev+im i tew
AQ:exp(fﬁ/ Hip(t )dt)exp(fﬁ
tew 0
tev+tm teu-+tm (5.3.6)
_ ( exp(— Btev) cos hqft g(t)dt)  —i exp( Btev)sm Fa gl )dt))

Hodt)

—iexp(—4 Btey) sin( ft”H g(t)dt)  exp(# Btey) cos( ft"H g(t)dt)
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5.3.2 Series of measurements during free evolution alternated with only free evolu-
tion of the spin

Assume that g(t) is time dependent. We have H(t) = <g£)q g_(%q)' The evolution of the

wavefunction is given by equation 3.5.3 and we can write this as

9(0)) = exp ( — =+ (Bowt + o / g(t)dt') (0)) (5.3.7)
|w(t)>:exp( ' <qf Bt » qfo_gg;)dt'>)|¢(o)>. 5.55)

/
Take X = ( f Bt )t qfO Bt dt) and set & = f%. The Taylor series of the exponential
q 0 -

function give

oo oo oo
A n d 2n (&X)Qn—o—l
v X) - 5.3.9
xpl& Z Z Gl T2 @ 1) (5:3.9)
We notice that X2 = (B2t2+q fo (#)dt')?)I. From this follows X 2" = (BQt2+q2(f(fg(t’)dt’)2)"I
and X2t = (B%? + ¢? fo dt")?)"X. This gives
e’} t n d2n 0 t N d2n+1
WX) =1y (B2 4 ¢ / t)dr)?) +X Y (B¢ / ) s
exp(aX) nz;o () a)dr)") G gﬁ () 9Wd)") Gy
(5.3.10)
and with the Taylor series of the hyperbolic cosine and sine, and substituting & = —%, this
gives

sinh ( - %\/BQt2 + qQ(fOt g(t’)dt’)Q)
\/B2t2 + q2(fg g(t’)dt’)2

. . t
exp(—%X) = I cosh < - ;L\/BQt2 + q2(/ g(t’)dt’)2> +X
0

(5.3.11)
We find the following matrix with 4 = %\/BQtQ +¢2( [y g(t’)dt’)2
COSh(’?) + Bt - Sinh(—’?) aJs 9@t 2 Sinh(_f?)
VBee a2 (g atyar) s (£ )
q Jg g(t')dt’  sinh(—7) cosh (%) — Bt = sinh(—%)
\/B2t2+q2 ( IN g(t’)dt’) \/thz+q2 ( Iy g(t’)dt’)
(5.3.12)

With the initial state given as in equation 3.2.1 and using equation 5.3.8, the wavefunction evolves
as follows in time,
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cos (/B2 42 J o)) ) = i 2O i (31202 4 2 J g0
_ 1 22 q? (g 9()ar)

V2 cos (%\/thz + qz(fotg(t’)dt')z) _;__—Btta Jo g(")dt’ _sin (%\/B%Q n q2(f0tg(t’)dt’)2)
\/B2t2+q2(f0t g(t’)dt’)

[W(t))

(5.3.13)
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