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Mechanical metamaterials signify a groundbreaking leap in material science and engineering. The intricate and 
experience-dependent design process poses a challenge in uncovering architectural material sequences with 
exceptional mechanical properties. This study introduces inverse-designed 3D sequential metamaterials with 
outstanding mechanical attributes, achieved through a novel computational framework. The explored sequences 
based on Schoen’s I-graph–wrapped package (IWP) and Schwarz Primitive (Schwarz P) surpass the Hashin-

Shtrikman upper bound of Young’s modulus at relative densities of 0.24 and 0.43, outperforming previous 
records. Optimized Body-Centered-Cubic (BCC) truss-based sets outperform traditional ones by 72.7%. This 
innovative approach can be extended for metamaterial customization, involving the optimization of multi-

directional Young’s modulus, total stiffness, and the addition of isotropy constraints. The paper explores 
the characteristics and implications of this innovation, emphasizing the impact of geometric and topological 
variations on mechanical performance. These metamaterial sequences offer unparalleled adaptability, and 
hold significant potential in structural engineering and adaptive mechanical systems, opening avenues for 
technological advancements.
1. Introduction

Mechanical metamaterials are engineered to exhibit specific and 
unconventional mechanical behaviors. They are highly adaptable and 
exhibit exceptional mechanical properties, such as ultralight weight 
[1,2], high strength [3,4], and excellent energy absorption [5,6]. Their 
performance can also be customized through mechanical symmetries 
[7,8], buckling resistance [9,10], and other advanced structural be-

haviors. Moreover, nature has served as a key inspiration for mechan-

ical metamaterial designs, such as those derived from bamboo [11]

and deep-sea sponges [12], resulting in optimized, hierarchical archi-

tectures. Two-dimensional (2D) mechanical metamaterials have been 
widely explored until now [13–16], but there is an increasing demand 
for three-dimensional (3D) metamaterials in the real world. For metama-

terials, both customization properties [17,18], enabling the generation 
of desired properties, and sequential metamaterials [19–21], ensuring 
the controllability of properties, are critical aspects. Moreover, explor-

ing materials at their mechanical limits [22–24] is also highly important 
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because of the potential for structures to achieve extreme stiffness, al-

lowing them to be exceptionally stiff while also being lightweight.

Despite the critical applications and great potential of 3D meta-

materials, designing metamaterials that meet the above requirements 
(customized, sequential, and achieving extreme mechanical proper-

ties) still faces a significant challenge. For metamaterials design, ex-

isting approaches involve empirical design [25–27], nature inspired 
methods [28–33], theoretical design [2,22,34], and topology optimiza-

tion [35,36]. Empirical and nature-inspired design methods involve ex-

tensive observation and iterative refinement, often resulting in lengthy 
design cycles. The theoretical design method [2,22,34] offers assurance 
of theoretical validity but provides limited geometric and topological 
information. In contrast, topology optimization [37–43] serves as an 
inverse design approach capable of addressing the aforementioned is-
sues. Topology optimization can also be extended to 3D metamaterials 
but faces a trade-off between computational efficiency and calculation 
accuracy. Despite this, work [44] developed a large-scale metamate-

rial design framework. Recently, artificial intelligence (AI), particularly 
deep learning, has emerged as a powerful tool in 3D metamaterial de-
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sign [45,46]. AI can replace parts of traditional finite element calcula-

tions, significantly accelerating the simulation of physical properties and 
the inverse optimization process [47]. Furthermore, generative models 
enable the creation of mechanical metamaterial designs that meet spe-

cific performance criteria, offering a faster and more efficient approach 
to developing high-performance structures [48,49]. However, previ-

ous studies [2,4,22,23,26,27,34,50–52] have primarily emphasized the 
characteristics of individual metamaterials, with limited discussion on 
the consistency of geometric and physical properties in 3D sequential 
metamaterials.

Sequential metamaterials can be crafted with tunable properties, 
enabling meticulous control of their behavior. The tunable character-

istics of metamaterial sequences manifest in certain physical properties, 
including density, Young’s modulus, and others. Specifically, metamate-

rial sequences exhibit an increasing Young’s modulus. The generation of 
microstructure sequences can be categorized into non-uniform deforma-

tion methods [33,53,54] and geometric interpolation methods [55,56]. 
These algorithms focus on ensuring connectivity between neighboring 
microstructures. Other relevant methods [57,58] not only consider mi-

crostructure connectivity but also emphasize the compatibility of phys-

ical properties, aiming to generate sequences that closely approach the 
theoretical upper limit. However, they perform discrete interpolation 
and do not allow for generating a continuous microstructure sequence. 
In comparison, this paper aims to delve into geometric connectivity and 
physical compatibility while aspiring to generate a continuous 3D mi-

crostructure sequence to ensure meticulous material fine-tuning.

The design of metamaterials, particularly those aimed at achiev-

ing extreme mechanical properties, represents a crucial yet challeng-

ing avenue in mechanics research. The Hashin-Shtrikman (HS) upper 
bounds [59] play a pivotal role in composite materials, establishing 
theoretical limits on stiffness for isotropic material design. By employ-

ing heuristic approaches and both qualitative and quantitative analyses, 
an isotropic plate lattice composed of closed-cell cubic foam and octet 
foam is found to attain the HS upper bounds [22]. The introduction of 
a plate-lattice structure between two adjacent trusses, known as octet-

plate structures, demonstrated closer proximity to the HS upper bound, 
compared to octet-truss structures [23]. However, due to the closed-cell 
nature of plate lattices, manufacturing challenges exist. Inspired by sur-

face curvature-driven strategies observed in natural soap films and by 
mimicking the expanding soap film concept for the natural occupation 
of periodic volumes, shell-based mechanical metamaterials overcome 
production challenges, although there still exists a 6% gap from the HS 
upper bound at medium densities [33]. Microlattices based on IWP and 
Neovius topologies, while exhibiting superior modulus and strength, but 
lack customization and tunability [4]. Despite numerous design prin-

ciples and strategies emerging from current research, only a limited 
number of materials capable of reaching high-stiffness limits, especially 
those featuring customized and tunable sequences, have been identified.

This paper proposes a comprehensive framework designed for gen-

erating metamaterial sequences while approaching extreme stiffness. 
Various classes of metamaterial sequences, including shell, truss, and 
plate architectures, are constructed for three key features: customiza-

tion, tunability, and extremely high stiffness. Our findings indicate that 
IWP-based metamaterial sequences can surpass the HS upper bound 
of Young’s modulus at a relative density of 0.24. Furthermore, we 
have identified a series of continuously evolving metamaterials, start-

ing with the Schwarz P structure, that outperform the HS upper bound 
of Young’s modulus at the relative density of 0.43. The sequences 
generated by our framework exhibit enhanced properties, with BCC 
truss-based metamaterial sequences experiencing the most substantial 
improvement up to 72.7% than those obtained by traditional offset oper-

ations. The enhancement of shell-based structures is primarily observed 
in reaching the HS upper bound of Young’s modulus at the low rela-

tive density. All the data referenced in this paper can be downloaded 
from https://github .com /JiachengHan1025 /Inverse3Dmetamaterials. 
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This paper elucidates the framework by characterizing the optimiza-
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tion process as a non-uniform heat diffusion process, as shown in Fig. 1, 
with the candidate cell as the heat source. The proposed framework 
can also customize the mechanical behavior of a structure by chang-

ing the objective function. Rigorous simulations and experimental tests 
are conducted to validate and demonstrate the efficacy of the proposed 
framework.

2. Methods

To formulate a collection of 3D metamaterials, we introduce a 
methodology characterized by non-uniform heat diffusion. The process 
begins with selecting a voxel-based structure as a candidate cell, des-

ignated as the heat source for heat diffusion. Varying heat diffusion 
coefficients 𝛼 yield distinct temperature fields 𝑇 . By extracting iso-

surfaces of temperature field at a specific value and considering voxels 
with temperatures less than or equal to that value as solid, each iso-

surface corresponds to a microstructure. By adjusting this value, we 
can decode a sequence of microstructures from the temperature field. 
As candidate cells, we have chosen microstructures based on shells, 
plates, and trusses, as illustrated in Fig. 1. Three elastic moduli, namely 
Young’s modulus (𝐸), bulk modulus (𝐾), and shear modulus (𝐺), serve 
as the objective functions for optimization. In the following sections, the 
sequence obtained through optimization, with structure 𝑆 as the candi-

date cell and modulus 𝑀 as the objective function, is designated as the 
Opt 𝑆 −𝑀 sequence.

Given the design domain Ω = [0, 1]3 and a candidate cell 𝜌0, a heat 
diffusion coefficient field 𝜶 need be optimized targeting at different 
objectives. We utilize 𝜌0 as a constant temperature heat source for op-

timized heat diffusion, which leads to a continuous temperature field 
𝝉 . By taking different iso-surfaces of 𝝉 , we can obtain a microstruc-

ture sequence that is geometrically continuous. Changing 𝜶 correspond-

ingly induces changes in the microstructure sequences. To obtain a 
microstructure sequence with extreme mechanical properties, we use 
topology optimization based on finite element discretization to solve 
the microstructure sequence optimization problem. The corresponding 
optimization process can be seen in Fig. S1.

2.1. Formulation

𝜌0 is represented as a binary field, meaning that for ∀𝑥 ∈Ω, 𝜌0(𝑥) ∈
{0, 1}. We discretize Ω into 𝑁 elements, with each element 𝑒 with a 
volume fraction of 𝑣𝑒. We assign a heat diffusion coefficient 𝛼𝑒 to each 
element 𝑒, and by sampling the iso-surfaces of the temperature field, we 
obtain 𝑀 distinct key microstructures 𝜌1, ⋯ , 𝜌𝑀 . We use the mechani-

cal properties of these 𝑀 microstructures as our optimization objectives. 
The optimization model is as follows:

max
𝜶

𝐽 (𝜶) =
∑𝑀

𝑚=1 𝑓
(
𝐸𝐻 (𝜌𝑚)

)
,

s.t. 𝐴(𝜶)𝑇 = 𝑇0,

𝑉 (𝜌𝑚) =
∑𝑁

𝑛=1 𝑣𝑒𝜌
𝑚
𝑒|Ω| ≤ 𝑉 𝑚, 𝑚 = 1,⋯ ,𝑀 ;

0 ≤ 𝛼𝑒 ≤ 1, ∀ 𝑒;

where 𝑓
(
𝐸𝐻 (𝜌)

)
represents the mechanical properties determined by 

the effective elastic tensor 𝐸𝐻 (𝜌) of the structure 𝜌. The effective 
elastic tensor is calculated by the numerical homogenization method. 
𝐴(𝜶)𝑇 = 𝑇0 represents the discretized state equation for the heat diffu-

sion equation. 𝑉 𝑚 corresponds to the preset volume constraint for the 
𝑚-th key microstructure.

2.2. Solving heat diffusion equation

The 3D heat diffusion equation is shown in the following:

𝜕
(

𝜕𝑇
)

𝜕
(

𝜕𝑇
)

𝜕
(

𝜕𝑇
)

𝜕𝑇
𝜕𝑥
𝛼

𝜕𝑥
+

𝜕𝑦
𝛼

𝜕𝑦
+

𝜕𝑧
𝛼

𝜕𝑧
=

𝜕𝑡
, (𝑥, 𝑦, 𝑧) ∈ Ω;
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Fig. 1. Illustration of the optimization framework. As a candidate cell, the BCC truss is the heat source for heat diffusion. The obtained temperature field can decode 
a sequential microstructure. After conducting mechanical analysis on the sequential microstructure, the heat diffusion coefficient can be optimized to maximize 
the objective function (top left). Decoding a sequential microstructure from the temperature field involves specifying a value, extracting the iso-surface from the 
temperature field, and considering voxels below that value as the corresponding microstructure (top right). The candidate cell can be arbitrarily chosen, such as 
truss, plate, or shell structures (bottom left). The objective function 𝑓 can be selected as bulk modulus, shear modulus, Young’s modulus, and the optimized sequence 
varies accordingly (bottom right).
The left-hand side of the equation is discretized using finite element 
methods, while the right-hand side is discretized using finite difference 
methods, yielding the discretized heat diffusion equation:

𝐾ℎ𝑒𝑎𝑡(𝛼)𝑇Δ𝑡 =
𝑇Δ𝑡 − 𝑇0

Δ𝑡
,

where 𝑇0 represents the temperature field at the initial time, 𝑇Δ𝑡 rep-

resents the temperature field at time Δ𝑡, and 𝐾ℎ𝑒𝑎𝑡(𝜶) is the stiffness 
matrix of the heat diffusion equation, which can be assembled from the 
matrix of element 𝐾ℎ𝑒𝑎𝑡

𝑒
.

𝐾ℎ𝑒𝑎𝑡(𝛼) =
∑

𝑒

𝛼𝑒𝐾
ℎ𝑒𝑎𝑡
𝑒

⟶ (𝐼 −Δ𝑡𝐾ℎ𝑒𝑎𝑡(𝛼))𝑇Δ𝑡 = 𝑇0.

We can obtain the temperature field 𝑇 = 𝑇Δ𝑡 on the nodes, and get 
𝐴(𝜶) = (𝐼 −Δ𝑡𝐾ℎ𝑒𝑎𝑡(𝜶))𝑇Δ𝑡. For the temperature values 𝑇̄𝑒 on element 
𝑒, we calculate it by averaging the temperature values of the eight nodes 
of the element:

𝑇̄𝑒 =
1
8

∑
𝑛𝑜𝑑𝑒∈𝑒

𝑇̃𝑛𝑜𝑑𝑒.

This allows us to obtain the temperature field 𝑇̄ on the elements. We 
can express the above transformation in a linear form as follows:

𝑇̄ = 𝐺 ⋅ 𝑇̃ .

Subsequently, we use 𝑇̄ to generate microstructure sequence and key 
3

microstructures.
2.3. Homogenization method

The effective mechanical properties of microstructure can be calcu-

lated by the homogenization method. Considering a structure 𝜌 on the 
domain Ω, the effective elastic tensor 𝐸𝐻

𝑖𝑗𝑘𝑙
of the microstructure which 

is obtained by periodically tiling it, can be calculated using the follow-

ing formula:

𝐸𝐻
𝑖𝑗𝑘𝑙

= 1|Ω| ∫
Ω

(
𝜀0(𝑖𝑗)

𝑝𝑞
− 𝜀(𝑖𝑗)

𝑝𝑞

)
𝐸𝑝𝑞𝑟𝑠

(
𝜀0(𝑘𝑙)

𝑟𝑠
− 𝜀(𝑘𝑙)

𝑟𝑠

)
dΩ,

where 𝜀0
𝑖𝑗

represents the unit test strain fields, and 𝜀𝑖𝑗 represents the pe-

riodic fluctuation fields, which can be obtained by solving the following 
elastic equation:

∫
Ω

𝐸𝑖𝑗𝑝𝑞𝜀
(𝑘𝑙)
𝑝𝑞

𝜕𝑣𝑖

𝜕𝑦𝑖

𝑑𝑌 = ∫
Ω

𝐸𝑖𝑗𝑝𝑞𝜀
0(𝑘𝑙)
𝑝𝑞

𝜕𝑣𝑖

𝜕𝑦𝑖

𝑑Ω,

where 𝑣 is a virtual displacement field. Using the finite element method, 
we discretize Ω into 𝑁 elements, and the corresponding element stiff-

ness matrix is given by 𝐾𝑒 = 𝐸𝑒(𝜌𝑒)𝐾0. For grayscale elements, we uti-

lize the SIMP interpolation method:

𝐸𝑒

(
𝜌𝑒

)
= 𝐸min + 𝜌𝑝

𝑒

(
𝐸0 −𝐸min

)
.

The discretized calculation of 𝐸𝐻 is given by:

𝐸𝐻
𝑖𝑗𝑘𝑙

= 1|Ω|
𝑁∑

𝑒=1

(
𝐮0(𝑖𝑗)

𝑒
− 𝐮(𝑖𝑗)

𝑒

)𝑇
𝐾𝑒

(
𝐮0(𝑘𝑙)

𝑒
− 𝐮(𝑘𝑙)

𝑒

)
.

The corresponding sensitivity analysis is as follows:
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𝜕𝐸𝐻
𝑖𝑗𝑘𝑙

𝜕𝜌𝑒

= 1|Ω|𝑝 ⋅ 𝜌𝑝−1
𝑒

(
𝐸0 −𝐸min

)(
𝐮0(𝑖𝑗)

𝑒
− 𝐮(𝑖𝑗)

𝑒

)𝑇
𝐾𝑒

(
𝐮0(𝑘𝑙)

𝑒
− 𝐮(𝑘𝑙)

𝑒

)
.

2.3.1. Calculation details

Filtering We filter the heat diffusion coefficient before heat diffusion 
to obtain the filtered heat diffusion coefficient field 𝜶̃, which helps pre-

vent the checkerboard pattern. The filter process is carried out using a 
common density formula in topology optimization, as follows:

𝛼̃𝑒 =
∑

𝑖∈𝑁𝑒
𝜔𝑒

(
𝑥𝑖, 𝑟

)
𝑣𝑖𝛼𝑖∑

𝑖∈𝑁𝑒
𝜔𝑒

(
𝑥𝑖, 𝑟

)
𝑣𝑖

,

Here, 𝑟 is the filtering radius, 𝑁𝑒 represents the neighboring elements of 
𝑒, defined as 𝑁𝑒 =

{
𝑖 ∣ ‖‖𝑥𝑖 − 𝑥𝑒

‖‖ ≤ 𝑟
}

, and the filtering weight is given 
by 𝜔𝑒

(
𝑥𝑖, 𝑟

)
= 𝑟 − ‖‖𝑥𝑖 − 𝑥𝑒

‖‖. Because 𝜶̃ and 𝜶 have a linear transfor-

mation relationship, the transformation between them can be expressed 
as:

𝜶̃ = 𝐻 ⋅ 𝜶,

Correspondingly, the discretized state equation for the heat diffusion 
equation becomes

𝐴(𝜶̃)𝑇 = 𝑇0.

Iso-surface sampling After obtaining the filtered heat diffusion coeffi-

cient field 𝜶̃ and solving the heat diffusion using the method in Sec-

tion 2, we obtain the temperature field 𝑇̄ . If we want to associate the 
density field with the extracted 𝜇-iso-surfaces of the temperature field, 
we can employ a smoothing projection technique. For instance, with a 
given truncation threshold 𝜇 ∈ [0, 1], when the temperature 𝑇̄𝑒 ≥ 𝜇, we 
set the density 𝜌𝑒 to 0; when the temperature 𝑇̄𝑒 < 𝜇, we set the density 
𝜌𝑒 to 1. However, this projection method isn’t convenient for the sen-

sitivity analysis. Through the following smooth projection function, we 
can project the temperature 𝑇𝑒 on element 𝑒 to the density 𝜌𝑒:

𝜌𝑒 = 𝐏
(
𝛽,𝜇, 𝑇𝑒

)
=

tanh (𝛽𝜇) + tanh
(
𝛽
(
𝑇𝑒 − 𝜇

))
tanh (𝛽𝜇) + tanh (𝛽 (1 − 𝜇))

,

here, 𝛽 is the projection coefficient. A larger 𝛽 makes the projected 
density field 𝜌 approach binary values more closely. By providing 𝑀
projection thresholds 𝜇1, … , 𝜇𝑀 , we can use the projection function to 
obtain the corresponding 𝑀 key microstructures 𝜌1, … , 𝜌𝑀 . To make 
iterations stable, we initialize 𝛽 with a small value, such as 16. Subse-

quently, we double its value every 50 iterations.

Volume constraint Assuming the maximum volume for the key mi-

crostructures is 𝑉 𝑚𝑎𝑥, we uniformly sample between the candidate cell’s 
volume 𝑉 (𝜌0) and 𝑉 𝑚𝑎𝑥. In other words:

𝑉 𝑚 = 𝑉 (𝜌0) + 𝑉 𝑚𝑎𝑥 − 𝑉 (𝜌0)
𝑀

𝑚, 𝑚 = 1,⋯ ,𝑀 ;

The projection threshold 𝜇𝑚 is related to 𝑉 𝑚 through the following lin-

ear relationship:

𝜇𝑚 = 𝑉 𝑚 − 𝑉 (𝜌0)
1 − 𝑉 (𝜌0)

.

Cubic symmetry To ensure the resulting sequence possesses cubic sym-

metry, the candidate cell, denoted as 𝜌0, should inherently be cubic 
symmetry. Additionally, following each iterative update, we perform 
symmetrical operations on the heat diffusion coefficient field 𝜶. Specif-

ically, we extract the heat diffusion coefficient field 𝜶𝑝𝑎𝑟𝑡 from the 1
48

tetrahedra contained within the cube Ω and subject it to symmetrical 
transformations across nine planes. This process ensures that the tem-

perature field obtained during each iteration exhibits symmetry across 
these nine planes. Consequently, the resulting microstructure sequence 
4

possesses cubic symmetry.
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Isotropy constraints To ensure that the generated microstructure se-

quence is as isotropic as possible, we apply isotropy constraints to the 
key microstructures. Assuming the zener ratio of the key microstructure 
𝜌𝑚 is 𝜉𝑚, and given an isotropy control threshold of 𝜀𝑖𝑠𝑜 , the correspond-

ing optimization model becomes:

max
𝜶

𝐽 (𝜶) =
∑𝑀

𝑚=1 𝑓
(
𝐸𝐻 (𝜌𝑚)

)
,

s.t. 𝐴(𝜶̃)𝑇 = 𝑇0,
𝜉𝑚 ≤ 𝜀𝑖𝑠𝑜 𝑚 = 1,⋯ ,𝑀 ;

𝑉 (𝜌𝑚) =
∑𝑁

𝑛=1 𝑣𝑒𝜌
𝑚
𝑒|Ω| ≤ 𝑉 𝑚 𝑚 = 1,⋯ ,𝑀 ;

0 ≤ 𝛼𝑒 ≤ 1, ∀ 𝑒.

Channel constraints If we intend to preserve the open-cell nature of 
the generated sequence, channel constraints can be added at potential 
closed-cell locations. This entails setting the heat diffusion coefficient 
of the voxels within the channels to 0 and, likewise, setting the corre-

sponding derivatives to 0 during sensitivity analysis.

2.3.2. Sensitivity analysis

In general, considering a function ℎ(𝜌), according to the chain rule, 
we have:

𝜕ℎ

𝜕𝛼𝑒

=
∑

𝑗∈𝑁𝑒

𝜕ℎ

𝜕𝜌
⋅

𝜕𝜌

𝜕𝑇̄
⋅

𝜕𝑇̄

𝜕𝑇̃
⋅

𝜕𝑇̃

𝜕𝛼̃𝑗

⋅
𝜕𝛼̃𝑗

𝜕𝛼𝑒

,

𝜕𝜌

𝜕𝑇̄
can be derived from the projection function formula, while 𝜕𝑇̄

𝜕𝑇̃
and 

𝜕𝛼̃𝑗

𝜕𝛼𝑒
can be obtained from the respective linear transformation formulas.

For 𝜕ℎ

𝜕𝛼̃𝑗
, we can solve it using the adjoint method. Given an arbitrary 

vector 𝜆, we have ℎ = ℎ + 𝜆𝑇 (𝐴(𝛼̃)𝑇̃ − 𝑇0), and as a result:

𝜕ℎ

𝜕𝛼̃𝑗

= 𝜕ℎ

𝜕𝛼̃𝑗

+ 𝜆𝑇

(
𝜕𝐴(𝛼̃)
𝜕𝛼𝑗

𝑇̃ +𝐴(𝛼̃) 𝜕𝑇̃

𝜕𝛼̃𝑗

)

= 𝜕ℎ

𝜕𝑇̃

𝜕𝑇̃

𝜕𝛼̃𝑗

+ 𝜆𝑇

(
𝜕𝐴(𝛼̃)
𝜕𝛼𝑗

𝑇̃ +𝐴(𝛼̃) 𝜕𝑇̃

𝜕𝛼̃𝑗

)

=
(

𝜕ℎ

𝜕𝑇̃
+ 𝜆𝑇 𝐴(𝛼̃)

)
𝜕𝑇̃

𝜕𝛼̃𝑗

+ 𝜆𝑇 𝜕𝐴(𝛼̃)
𝜕𝛼̃𝑗

𝑇̃ .

By setting 𝜕ℎ

𝜕𝑇̃
+ 𝜆𝑇 𝐴(𝛼̃) = 0 and solving for the corresponding 𝜆, we 

obtain:

𝜕ℎ

𝜕𝛼̃𝑗

= 𝜆𝑇 𝜕𝐴(𝛼̃)
𝜕𝛼̃𝑗

𝑇̃ ,

where

𝜕𝐴(𝛼̃)
𝜕𝛼̃𝑗

= −Δ𝑡
𝜕𝐾(𝛼̃)
𝜕𝛼̃𝑗

= −Δ𝑡𝐾𝑒.

In our model, 𝜕𝑓
(
𝐸𝐻 (𝜌𝑚)

)
𝜕𝜌𝑚

can be calculated using the inverse homog-

enization formula, and the components of 𝜕𝑉 (𝜌𝑚)
𝜕𝜌𝑚

can be computed as 
𝜕𝑉 (𝜌𝑛)

𝜕𝜌𝑛
𝑒

= 𝑣𝑒|Ω| .
2.4. Optimization process

We utilize the MMA (Moving Asymptotes Method) for iterative op-

timization of the model. The procedure for each iteration is as follows:

(1) Using the candidate cell 𝜌0 and the heat diffusion coefficient field 
𝜶, the temperature field 𝑇̄ on the elements is obtained.

(2) By sampling 𝑇̄ , we obtain M distinct key microstructures, denoted 
as 𝜌1, … , 𝜌𝑚.

(3) We calculate the volume of the key microstructures and determine 
their target mechanical properties using the homogenization method.

(4) Through sensitivity analysis, we compute 𝜕𝐽 (𝜶)
𝜕𝛼𝑒

and 𝜕𝑉 (𝜌𝑚)
𝜕𝛼𝑒

.

(5) We use the MMA method to iteratively update 𝜶.
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Fig. 2. Illustration and optimization results of the non-uniform deformation algorithm based on heat diffusion. Using Schwarz P (A), IWP (B), and BCC truss (C) 
as candidate cells and Young’s modulus as the objective function, we compare Young’s modulus of the optimized sequences with those obtained directly from the 

uniform thickness offset.

3. Results

3.1. Achieving extreme stiffness

This study presents several 3D sequential metamaterials with ex-

treme stiffness, which have seldom been reported in previous studies of 
metamaterial topology optimization or cell-based optimization. Due to 
the inherently high stiffness of plate structures, the optimization space 
is limited. Therefore, truss and shell-based structures are chosen as can-

didate cells for optimization to demonstrate the superiority of our algo-

rithm. The proposed metamaterial sequences, optimized based on the 
Schwarz P, IWP, BCC truss, and Simple-Cubic (SC) truss structures, ex-

hibit obvious improvement in various elastic moduli compared to their 
counterparts generated by direct uniform offset operations. The initial 
Schwarz P and IWP are generated through Surface Evolver software [60]

and subsequent voxelization.

In Fig. 2A-C, the Opt IWP-Young’s sequence reached the HS upper 
bound at a relative density of 𝜌∗ = 0.24, while Opt Schwarz P-Young’s se-

quence reached the HS upper bound at a relative density of 𝜌∗ = 0.43. In 
the optimization process of the IWP here, channel constraints have been 
introduced to ensure open-cell characteristics, as illustrated by the IWP 
with constraint 1 in Fig. S3A. This operation facilitates subsequent man-

ufacturing, as demonstrated in the simulation and verification section. 
In Fig. 3A, we have identified several metamaterials approaching the ex-

treme Young’s modulus. Fig. 3B depicts the temperature field 𝑇 obtained 
by optimizing the IWP and Schwarz P as the candidate cells; the differ-

ent colors in the figure represent the iso-surfaces of the temperature 
field. In Fig. 3C-H, our algorithm significantly enhances various elastic 
moduli with increasing 𝜌∗. The Young’s modulus of the Opt BCC truss-

Young’s sequence can be improved by 72.7% compared with that of 
the sequence obtained by the traditional uniform offset operation. Fur-

thermore, it is worth noting that all optimized sequences possess cubic 
symmetry and exhibit identical bulk moduli along different directions. 
Therefore, they cannot surpass the HS upper bounds of bulk modulus 
for isotropic elastic solids (Fig. 3E). In contrast, lattices with cubic sym-

metry generally possess anisotropic Young’s and shear moduli, and can 
surpass the HS upper bounds of Young’s and shear moduli through the 
appropriate design of internal microarchitectures (Fig. 3C,D). The opti-

mized sequences and the corresponding temperature fields from Fig. 4

are provided in Figs. S4-S6.

3.2. Simulation and verification

To further demonstrate the stiffness of the structure, simulations 
and manufacturing validation were conducted using the Opt Schwarz 
P-Young’s sequence (Fig. 4A) and Opt IWP-Young’s sequence (Fig. 4B) 
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as examples.
Fabrication The dimensions of all fabricated samples are 15 mm ×
15 mm × 15 mm. A laser powder bed fusion printer, Han’s Laser M100, 
equipped with a 500 W IPG fiber laser with a beam diameter of 25 μm 
was used for metallic lattice manufacturing. SS316L stainless steel pow-

der with a size range of 5 to 23 μm and an average particle size of 15 μm 
(D50=15 μm) was used. Nitrogen inert gas was used to maintain the 
oxygen concentration below 500 ppm. The processing settings are con-

figured as follows: a laser power of 50 W, a hatch spacing of 50 μm, a 
scanning speed of 1000 mm/s, and a layer thickness of 10 μm. The com-

mercial software Materialise Magics was used to process the models and 
generate toolpaths.

Simulation The structure based on voxel representation is first trans-

formed into a smooth mesh. For each model, the ratio of the average 
mesh edge length to the unit cell edge length is approximately 0.025. 
The STL files used for the simulations are provided in the supplemen-

tary files. Subsequently, the mesh underwent tetrahedralization and dis-

cretization into C3D10M elements. Finally, the mesh was imported into 
Abaqus for finite element simulation, where the periodic boundary con-

ditions for the unit cell were applied using the EasyPBC [61] plugin.

Experiments The elastic modulus was evaluated by a loading-unloading 
compressive test within the linear elastic range using an MTS810 uni-

versal test machine. The displacement of the compression head was 
measured by Crack Opening Displacement (COD) gauges, and the nom-

inal strain rate was set as 10−3∕𝑠.

Fig. 4C illustrates the strain energy distribution for the Opt Schwarz 
P-Young’s sequence with periodic boundary condition (PBC) of uniax-

ial compression. As the relative density increases, more strain energy is 
stored in the middle part of the Opt Schwarz P-Young’s sequence, which 
corresponds to the zoomed-in part in Fig. 4C. This is because, through 
our framework’s optimization of Young’s modulus in the vertical direc-

tion, the structure tends to locally form a vertical plate-like structure in 
certain regions. Similarly, as shown in Fig. 4D, there is a similar ten-

dency emerging in the corner of the Opt IWP-Young’s sequence.

Models for the Opt Schwarz P-Young’s sequence and Opt IWP-

Young’s sequence at relative densities of 0.2, 0.3, 0.4, and 0.5 were 
fabricated. These are illustrated in Figs. 4E and 4F, respectively. Physical 
experiments have been methodically conducted, and the elastic modu-

lus was evaluated by the loading-unloading compressive test [62]. The 
stress-strain curves are shown in Fig. 4G and Fig. 4I. The initial load-

ing curve often exhibits a small slope, mostly due to the presence of 
non-flat surfaces. Hence, Young’s modulus was calculated based on the 
linear portion of the stress-strain curve. In Fig. 4H and Fig. 4J, the blue 
triangle dots signify the outcomes of the experimental test, while the 

blue square dots denote the results obtained from numerical simulations. 
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Fig. 3. The optimized microstructure sequence achieves extreme stiffness. A) Comparing the Young’s modulus of sequences optimized with Young’s modulus as the 
objective function, utilizing Schwarz P, IWP, BCC truss, and SC (simple cubic) truss as candidate cells, with the Young’s modulus of offset sequences within the material 
property space. SS316L is selected as our constituent material, with Young’s modulus and density of 190 GPa and 7990 kg / 𝑚3, respectively. B) Illustrating the 
isosurfaces of optimized microstructure sequences, using Schwarz P and IWP structures as candidate cells, with bulk modulus, shear modulus, and Young’s modulus 
as objective functions. C-E) Using Young’s modulus (C), shear modulus (D), and bulk modulus (E) as objective functions, sequences were optimized employing 
Schwarz P, IWP, BCC truss, and SC truss as candidate cells. Modulus vs. relative density of the optimized sequences were compared with their corresponding offset 
sequences. F-H) Histograms depicting the improvement ratio 𝛾𝑀 over four optimized microstructure sequences and their corresponding offset sequences under 
objective functions related to Young’s modulus (F), shear modulus (G), and bulk modulus (H). Here, 𝛾𝑀 is defined as the ratio of the area enclosed by the optimized 
sequence curve and the x-axis to the area enclosed by the offset sequence curve and the x-axis, when the objective function is the modulus 𝑀 . 𝑀 can be 𝐸 (Young’s 
modulus), 𝐺 (shear modulus), or 𝐾 (bulk modulus).
Here, Young’s modulus from the simulations was obtained through nu-

merical analysis of the 5 × 5 × 5 array. Details can be found in the 
supplementary text, Fig. S7 and Fig. S8. The data indicate a close align-

ment between the experimental and numerical results at a low relative 
density. However, at a higher relative density (50%), the experimental 
outcomes approximate 80% of the numerical predictions. This discrep-

ancy is primarily attributed to manufacturing inaccuracies, including 
thermal distortion [63], which are introduced during the fabrication of 
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metamaterials with high relative densities.
3.3. Topologically enabled material performance

The proposed method is an experience-free and systematic approach 
for the design of architectured metamaterial sequences. In the course of 
feature evolution within microstructure sequences that possess a speci-

fied modulus, certain topological transformations of structures have also 
been observed. The identification of these topological features offers 

valuable insights for the design of more diverse structures.



Materials & Design 247 (2024) 113350J. Han, X. Zhai, L. Wang et al.

Fig. 4. Simulation and experimental testing of Schwarz P and IWP lattice samples. A,B) Metamaterials from the Opt Schwarz P-Young’s sequence (A) and the Opt IWP-

Young’s sequence (B) at relative densities 𝜌∗ = 0.2, 0.3, 0.4, 0.5, respectively referred to as the Schwarz P set and IWP set. C,D) The normalized strain energy density 
contour plots for the Schwarz P (C) set and IWP set (D) under uniaxial compression along the vertical direction with strain 𝜀 = 0.001. E,F) Photos of the fabrication 
models of the Schwarz P set (E) and IWP set (F), each obtained by arranging corresponding cells in a 5 ×5 ×5 array, with a total size of 15𝑚𝑚 ×15𝑚𝑚 ×15𝑚𝑚. G) The 
stress-strain curves of the fabricated models of the Schwarz P set under loading-unloading compression testing. H) The Young’s modulus of the fabricated models of 
the Schwarz P set is calculated from the stress-strain curves, along with a comparison of the results obtained from simulation and experiment. I) and J) respectively 
refer to the results applied to the IWP set by (G) and (H).
• Topological change. Taking the Opt BCC truss-Young’s sequence as 
an example, the curve of bulk modulus vs. relative density is shown 
in Fig. 5A. At a relative density of 𝜌∗ = 0.68, there is an inflection 
point. Observing the structure near the inflection point, as shown 
in Fig. 5B, it can be noted that a topological change appears in the 
structure, transitioning from an open cell to a closed cell. The same 
conclusion can be observed in the Opt SC truss-Young’s sequence, 
as shown in Fig. S9. For OCTO, where the objective function is 
based on Young’s modulus, three distinct channel constraints are 
applied during optimization, leading to the optimization sequences 
depicted in Fig. 5C. It is evident that OCTO prioritizes the reduction 
and closure of holes in the corners, while holes in the center of the 
faces either close later or remain open. In Fig. 5C, the microstruc-

ture is annotated with triangles, and simulations are conducted. 
We selected a representative structure from each of the three op-

timization sequences, highlighted with different colors in Fig. 5C, 
and performed numerical simulations on them. The strain energy 
density contour plot in Fig. 5D reveals that holes in the corners sig-

nificantly influence the distribution of the strain energy density in 
those regions. Smaller holes result in higher strain energy in the 
corners, prompting the algorithm to prioritize closing these holes. 
On the other hand, holes in the center of the faces have a minimal 
impact on the distribution of strain energy.

• Geometric change. To investigate the impact of smoothness at joints 
in the IWP on Young’s modulus, we generated IWP structures us-

ing two methods: one employing the level-set function method (in 
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Fig. S10) and the other utilizing Surface Evolver software. Both 
types of IWP structures are used as candidate cells, subjected to 
offset operations, and optimized with Young’s modulus as the ob-

jective function. As depicted in Fig. 5E, Young’s modulus of the 
offset sequence corresponding to the IWP generated by the level-set 
function method consistently exhibits lower values than the offset 
sequence generated by the Surface Evolver. However, the optimiza-

tion sequences of the two types of IWP converge to a similar pattern 
at high relative densities. Upon analyzing the structures at a rela-

tive density of 𝜌∗ = 0.4, which are arranged in a 2 × 2 × 2 array, 
it becomes apparent that the offset sequence of the IWP generated 
by the level-set function exhibits concavities at the joints, while the 
offset sequence of the IWP generated by Surface Evolver features 
smoother joints. Interestingly, both optimization sequences demon-

strate smooth joints. This observation suggests that the smoothness 
of joints can indeed influence Young’s modulus, with non-smooth 
joints leading to lower Young’s modulus values. The optimization 
algorithm seeks to enhance Young’s moduli of lattices by increasing 
the smoothness of their joints.

3.4. Customized modulus

The proposed algorithm allows for customizing objective functions 
to attain desired mechanical properties. IWP and Schwarz P are chosen 
as candidate cells, and the optimization is performed with the multi-

directional Young’s modulus 𝐸𝑀 and total stiffness 𝐸𝑇 as objective 

functions. The optimized sequences are compared with those obtained 
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Fig. 5. The mechanisms of topological and geometric variations. A) Plot of bulk modulus vs. relative density for the Opt BCC truss-bulk sequence. B) Details of the 
topological changes of the metamaterial sequence marked with triangles in (A). C) Plot of Young’s modulus vs. relative density for the Opt OCTO-Young’s sequences 
under various channel constraints. D) Strain energy density contour plots for the structure marked with a triangle in (C) under uni-axial stress with strain 𝜀 = 0.1. 
E) Plot of Young’s modulus vs. relative density. The IWP structure is the candidate cell generated by two methods: (1) level-set function and (2) Surface Evolver. 
For the optimized sequences, the objective function is Young’s modulus. F,G) Detailed comparisons at the joints of the offset sequences and optimized sequences are 
shown in (E).
using the uni-axial Young’s modulus 𝐸𝑈 as the objective function, where 
𝐸𝑈 represents the Young’s modulus in the [100] direction. The expres-

sions for 𝐸𝑀 and 𝐸𝑇 are given by:

𝐸𝑀 = 𝐸100 +𝐸110 +𝐸111,

𝐸𝑇 = (𝐸 + 2𝐺(1 − 𝜈))∕(𝐸𝐻𝑆 + 2𝐺𝐻𝑆 (1 − 𝜈𝐻𝑆 )),

where 𝐸100, 𝐸110, and 𝐸111 are Young’s modulus in the [100], [110], and 
[111] directions, respectively. The subscript “HS” denotes the HS upper 
bound for the corresponding modulus. Fig. 6C and Fig. 6D depict the 
comparison of Young’s modulus (𝐸) in three directions between the op-

timization sequences targeting the uni-axial Young’s modulus and those 
with the multi-directional Young’s modulus. It is evident that Young’s 
modulus in the [100] direction of the sequence optimized with the 
multi-directional Young’s modulus as the objective function is smaller 
than that of the sequence optimized with uni-axial Young’s modulus 
as the objective function, whereas in the [110] and [111] directions, 
it is greater. This arises from the optimization of the multi-directional 
Young’s modulus, where the optimized sequence achieves a balance 
across the Young’s moduli in three directions. Consequently, the ob-

tained sequence may demonstrate diminished performance in Young’s 
modulus along the [100] direction compared to a sequence optimized 
solely for uniaxial Young’s modulus, while exhibiting increased stiff-

ness in the remaining two directions. Concerning the total stiffness as 
the objective function, it is notable that the Opt Schwarz P-𝐸𝑇 sequence 
exhibits a lower Young’s modulus than the Opt Schwarz P-𝐸𝑈 sequence. 
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However, the shear modulus and bulk modulus are greater. Total stiff-
ness provides a comprehensive evaluation of each modulus, resulting 
in a sequence optimized to be more balanced across different uni-axial 
Young’s modulus performances compared to sequences optimized with 
the uni-axial Young’s modulus as the objective function. In the case of 
the IWP, the performances of the two optimization sequences are gen-

erally similar across the three moduli. This might be attributed to the 
lower degree of anisotropic elasticity in the IWP structure.

3.5. Isotropy properties

To achieve microstructure sequences approaching isotropy, isotropy 
constraints are integrated into the framework. We select the cubic-octet 
plate [22], the SC-BCC plate [24], and the isotropic truss [35] at low rel-

ative densities as candidate cells. They are then optimized with Young’s 
modulus as the objective, and isotropy constraints are applied. The di-

ameter ratios between the different constituents of the three structures 
are illustrated in Fig. 7A-C. Microstructure sequences conforming to 
these ratios are considered as benchmark sequences and compared with 
our optimized sequences. For the cubic-octet plate and SC-BCC plate, 
the zener ratio of the optimized sequences remains close to 1, indicat-

ing preserved isotropy. However, the increase in Young’s modulus of the 
optimized sequences compared to the benchmark sequences is relatively 
small. This is because the cubic-octet plate and SC-BCC plate struc-

tures already possess extremely high stiffness and isotropy, resulting in 
a limited optimization space. Moreover, based on voxel representation, 
our framework cannot accurately replicate the thickness ratios between 

different plates, leading to limited improvements in our optimization 
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Fig. 6. Customized mechanical behavior. A,B) Optimized metamaterial sequences from IWP (A) and Schwarz P (B) with different objective functions: uni-axial 
Young’s modulus, multi-directional Young’s modulus, and total stiffness. C,D) Comparison of Young’s modulus values in three directions for optimized metamaterial 
sequences from IWP (C) and Schwarz P (D) using uniaxial Young’s modulus and the sum of Young’s modulus in the [100], [110], and [111] directions as objective 
functions. E-G) Comparison of Young’s modulus (E), shear modulus (F), and bulk modulus (G) for optimized metamaterial sequences from IWP and Schwarz P with 
uni-axial Young’s modulus and total stiffness as the objective functions.
results. As for the isotropic truss, our optimized sequences exhibit a sig-

nificant enhancement in Young’s modulus compared to the benchmark 
sequences, and the zener ratio consistently approaches 1.

To further demonstrate the effectiveness of our framework in terms 
of isotropy constraints, we utilized IWP and Schwarz P structures as can-

didate cells, incorporated isotropy constraints, and optimized Young’s 
modulus. As shown in Fig. 8, the optimized sequences of Schwarz P and 
IWP exhibit zener ratios close to 1, indicating higher isotropy compared 
to the offset sequences. This is also evident in Young’s modulus, as the 
optimized sequences show similar values for Young’s modulus in both 
the [100] and [111] directions. Moreover, for the Schwarz P structure, 
at a relative density of 0.48, the optimized sequence’s Young’s modu-

lus surpasses that of the Offset sequence in the [111] direction, where 
the [111] direction corresponds to the highest Young’s modulus for the 
9

Schwarz P structure.
4. Conclusion

Our framework can be used to precisely tailor the properties of meta-

material sequences while approaching extreme stiffness. We integrate 
shape optimization based on the candidate cell into the thermal dif-

fusion process, resulting in several benefits. Firstly, our algorithm can 
rapidly generate a metamaterial sequence for a given candidate cell 
that improves the specific modulus. For instance, the Opt IWP-Young’s 
sequences reach the HS upper bound of Young’s modulus at a rela-

tive density of 0.24, outperforming previous works [4,64]. Moreover, 
compared to inverse design based on parameterized approaches [65], 
our voxel-based representation provides higher optimization freedom 
and larger design space, enabling more refined control during the opti-

mization process. Secondly, despite optimizing for extreme stiffness, our 
method can also customize other mechanical properties for inverse de-

sign, such as total stiffness and isotropy. Unlike works [22,24] that rely 

on proportional regulation, we incorporate isotropy constraints directly 
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Fig. 7. Optimization of isotropic candidate cells with isotropy constraints. Optimizing with isotropy constraints using cubic-octet plate, SC-BCC plate, and isotropic 
truss as candidate cells, with Young’s modulus as the objective function. A-C) The composition of the benchmark cubic+octet plate (A), the benchmark SC-BCC plate 
(B), and the benchmark isotropic truss (C). D-F) Optimization sequence of cubic+octet plate (D), SC-BCC plate (E), and isotropic truss (F). In each row, the relative 
densities of the four structures from left to right are 0.2, 0.3, 0.4, and 0.5. G-I) Comparison of the Young’s modulus between the benchmark sequences and the 
optimized sequences for the three models. J-L) Comparison of the zener ratio between the benchmark sequences and the optimized sequences for the three models.
into the inverse design process. Finally, the continuous microstructure 
sequence generated by our framework allows for a continuous map-

ping between relative density and modulus, offering distinct advantages 
in multiscale design. This expands the design space compared to dis-

crete microstructures [57]. When integrated into multiscale structures, 
the geometric transformations alleviate stress concentration and address 
connectivity issues between microstructure units, further demonstrating 
the robustness and adaptability of our algorithm across diverse scenar-

ios. However, its limitation lies in the need to predefine the candidate 
cell, which cannot be dynamically modified during the optimization pro-
10

cess.
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