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ARTICLE INFO ABSTRACT

Article history: In this paper, we study a model of a flexible hoisting system, in which external distur-

Rec?“’“ 22 November 2021 bances exerted on the boundary can induce large vibrations, and so damage to the per-

iEV'SetddZZSM:rcﬁ ;ggi formance of the system. The dynamics is described by a wave equation on a slow time-

ceepte Aprt varying spatial domain with a small harmonic boundary excitation at one end of the cable,
Available online 24 May 2022 . .. .

and a moving mass at the other end. Due to the slow variation of the cable length, a sin-

gular perturbation problem arises. By using an averaging method, and an interior layer

I,:Z(V,V,f;gi;_. analysis, many resonance manifolds are detected. Further, a three time-scales perturba-
Boundary excitation tion method is used to construct formal asymptotic approximations of the solutions. It
Time-varying length turns out that for a given boundary disturbance frequency, many oscillation modes jump
Singular perturbation up from order ¢ amplitudes to order /¢ amplitudes, where & is a small parameter with
Averaging 0 < & << 1. Finally, numerical simulations are presented to verify the obtained analytical

results.
© 2022 Published by Elsevier Inc.

1. Introduction

Varying-length cable systems are widely applied in a vast class of engineering problems which arise in industrial, civil,
aerospatial, mechanical, and automotive applications. Due to external excitations, large oscillations can occur when cables
are lifted up or down. An example of these oscillations can be founded in mining cables, which are used to transport cargos
in a cage between a working platform and the ground. External disturbances exerted on the cage or the cable can induce
large vibrations and damage to the performance of the system. This phenomenon is caused by resonance. Resonance refers
to the phenomenon that the amplitude of a mechanical system increases significantly when the excitation frequency of
the mechanical system is close to a certain natural frequency of the system. In general, resonance is harmful, and can cause
significant deformations and dynamic stresses in machinery and structures, and even can lead to accidents. In order to avoid
resonances, it is necessary for us to study how external excitations influence the behavior of vertically translating cables for
various boundary conditions. Most analytical solutions for axial or for transversal displacements of a moving cable focus on
classical boundary conditions. Tan and Ying in [1] analyzed the axially moving cable based on wave propagation subject to
a classical boundary condition. Zhu and Ni in [2] considered a class of translating media with moving Dirichlet boundary
conditions. Sandilo and van Horssen in [3] studied auto-resonance phenomena in a space time-varying mechanical system
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Fig. 1. The longitudinal vibrating cable with time-varying cable length I(t).

with a moving Dirichlet boundary condition. Gaiko and van Horssen in [4] considered transverse vibrations of a traveling
cable subject to a moving Dirichlet boundary condition with boundary damping, and in [5] the authors further discussed
resonances and vibrations in an elevator cable system due to boundary sway. Chen et al. in [6] analyzed vibration responses
for an axially translating cable of fixed length for classical mixed boundary conditions, and in [7] these authors studied for
a traveling cable the energy dissipation and the energy exchange for fixed boundaries. Recently, researchers started to study
longitudinal and transverse vibrations of moving cables or beams with moving nonclassical boundary conditions. Wang
et al. in [8] investigated a coupled dynamic model for a flexible guiding hoisting system and presented the response of the
system by numerical simulations. Crespo et al. in [9] introduced a model, and a numerical simulation of a stationary high-
rise elevator system. Wang et al. in [10] studied the axial vibration suppression in a partial differential equation model for
an ascending mining elevator cable system. These studies mainly focus on numerical simulations, and not on an analytical,
mathematical analysis. For more information on numerical results for axially moving continua, the reader is referred to [11-
16]. Compared to the analysis of systems subject to classical boundary conditions, the analytical study of axially moving
systems with moving nonclassical boundary conditions is a challenging subject for research. Actually, for the problem with
moving nonclassical boundary conditions, traditional, analytical methods, such as the method of separation of variables
(SOV), and the (equivalent) Laplace transform method, can usually not be applied. Thus, it is necessary to develop analytical
methods or to adapt existing methods to solve these types of problems from a mathematical view-point.

In [17], we developed and applied such methods to study a simple mathematical model, in which a one-dimensional
and forced cable equation on a bounded, fixed interval was considered subject to a Dirichlet boundary condition at one
end of the cable and a Robin boundary condition with a slowly varying time-dependent coefficient at the other end of the
cable. In this paper we will study a real physical varying-length hoisting system model, such as a mining cable, in which
the longitudinal vibrations in an axially moving cable with time-varying length are considered subject to a small harmonic
boundary excitation at one end of the cable and a moving nonclassical boundary condition at the other end. This hoisting
system consists of a drum, a head sheave, a driving motor, a hoisting moving conveyance, and a hoisting cable with time-
varying length I(t). The upper end of the vertical hoisting cable is located at x = e(t), where the small displacement e(t) of
this upper end is supposed to be generated by the catenary system (consisting of drum, head sheave) in vertical direction.
A flexible hoisting cable lets the hoisting conveyance run up and down (see Fig. 1). Compared to Wang et al. [17], the model
in this paper is physically relevant, including a fundamental excitation in a boundary condition, a time-varying interval
(0, 1(t)), second order derivatives in a boundary condition, viscous damping, spatiotemporally varying tension, longitudinal
stiffness and so on. An adapted version of the method of separation of variables, an averaging method, singular perturbation
techniques, and a three time-scales perturbation method are applied to construct accurate, analytical approximations of the
solutions of the problem. For the aforementioned reasons, averaging, determining the resonance zones, and constructing ac-
curate approximations of solutions are much harder than for the problem as studied in [17]. In [17] we concluded that when
the external force frequency satisfies a certain condition, then the resonance will occur in one oscillation mode only and no
resonance will occur in the other modes, i.e., resonance emerges for only one time internal. However, in this paper, based
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on a perturbation analysis of the formulated, mathematical problem for the cable equation, we come to the conclusion that
for a given arbitrary excitation frequency, many oscillation modes jump up from O(e) to O(./¢) amplitudes, i.e., resonance
emerges for many times and the size of the resonance zone is of O(%). This analytical result is accurate and valuable for
real applications.

The paper is organised as follows. In Section 2, the problem is formulated and some transformations are introduced to
simplify the originally formulated problem. In Section 3, an interior layer analysis is presented. By introducing an adapted
version of the method of separation of variables, by using averaging and singular perturbation techniques, the resonance
zones are detected and the scalings are determined in the problem. By using these scalings, in Section 4 a three time-
scales perturbation method is used to construct accurate, analytical approximations of the solutions of the problem. In
Section 5 numerical approximations are presented by using a central finite difference scheme, which are in full agreement
with the obtained, analytical approximations. In Section 6 we draw some conclusions based on the analytical and numerical
results and also we discuss future research.

2. Formulation of the problem

Nomenclature:

u(x,t) the longitudinal displacement of the cable

I(t) the length of the cable

V= [(t) the longitudinal velocity of the cable, v is assumed to be a constant.
P the mass density of the cable

m the mass of the hoisting conveyance

EA the longitudinal stiffness, E Young’s elasticity modulus,

A the cross-sectional area of the cable

T(x,t) the spatiotemporally varying tension in the cable

c viscous damping coefficient in the cable

g gravity

Eg initial gravitational potential energy

Cu viscous damping coefficient

e(t) the generated longitudinal displacement at the top of the vertical cable

By using the Hamilton’s variational principle [18], the longitudinal vibrations of the axially moving hoisting rope in
Fig. 1 are described by the following initial boundary value problem (see Appendix A):

0 (Uge + 2VlUy + V2 Uygy) — EAlge 4+ c(up +v1iy) = 0,0 < x < I(t),t > 0,
[m(uge + 2VUxe + V?Uxx) + EAux + ¢y (Ue + V) |xeyey = 0.t > 0,
u(0,t) =e(t),t >0,

u(x,0) =ug(x), ue(x,0) =uq(x),0 <x < lp.

(1)

For the parameters v, ¢, ¢, and the function e(t), we make the following reasonable assumptions: the longitudinal ve-
locity v is small compared to nominal wave velocity /%; the viscous damping coefficients ¢ and ¢, are small; and the os-

cillation amplitudes e(t) at x = 0 are small. Then, we can rewrite v = vy, ¢ = £Cg, Cy = £Cyg, €(t) = Bsin(at) with B = &,
where ¢ is a small parameter with 0 < & << 1. And I(t) = Iy + evpt, where [ is the initial cable length. It is also assumed
that both initial conditions are O(¢), that is, ug(x) = 0(¢), and uq(x) = O(¢).

To put problem () in a non-dimensional form, the following dimensionless parameters will be used: u* =4, x* =

X x _ t EA % _ 1 * x __ _ CL x _ Ley EA «_ B * P % _ Ug * _ P i
=151 vr=v = G="my% B =1 o =Lla/fz, ug="T. uj =/ fzu1, where L is the

L P
- L EA° /EAp’

maximum length of the cable. The equations of motion in non-dimensional form then become:

Upe — Uxx = —2VUxr — VAU — (U + V), 0<x<I(t), t >0,

Ure (1(0), 1) + LLuy(I(t), £) = [~20Uy — VPt — Cu(Ue + V) ]lmie)s € > 0, )
u(0,t) =e(t) = Bsin(at), t>0,

ux,0) =ug(x), u(x,0)=u(x), 0=<x<l,

where m, p, o, B, L and Iy are positive constants, and where the asterisks (indicating the dimensionless variables and
parameters) are omitted in problem (2) for convenience.

In order to simplify the integration of (2), it is convenient to transform the time-varying spatial domain [0, [(t)] to a
fixed domain [0,1] by introducing a new independent spatial coordinate & = (Lt) Since the function u(x, t) becomes a new
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function (&, t), all the partial derivatives have to be transformed in accordance with this new variable & as follows: uy =
%ﬂé* Uxx = llzﬁé'é" Ur = —E%ﬂg + Et, Uxt = _l%ﬂé + %ﬁét - E[%ﬂéf’ Ut = ﬁtt — 2%517‘;’:[ + l{;szﬂgg + 2[%2%-{1‘%_ Substituting these
derivatives into (2), we obtain the following problem for @i(&,¢t):

ﬂn—llzaséZ%Sﬁst—%ﬂét—Cﬂtﬁ-O(é‘z), 0§§:§1, t >0,

U (1, 8) + %L,ﬁg(l, t)= [%Sﬂét - %ﬁgt — culle]|g—1 + 0(&?), t>0, 3)

i(0,t) =é(t) = Bsin(at), t>0,

u.,0)=uo(5), u(§,0)=u(§), 0=&=1,

where [ = I(¢), Gg(§) = ug(§lp), and &1 (§) = uy (§lp) — 8%“5 (§.0).

In the following sections, we will construct analytical approximations of the solution of problem (3) on a time-scale of
order % by an internal layer analysis and a three time-scales perturbation method. Moreover, to verify the analytical results,
in Section 6 we will compare these analytical approximations with numerically obtained approximations.

3. Internal layer analysis

In this section, we determine resonance manifolds and their corresponding timescales by an adapted version of the
method of separation of variables, by using averaging and singular perturbation techniques.

3.1. Transformations to homogeneous boundary conditions on a fixed domain

The partial differential equation in (3) has in the left-hand side of the equation a variable coefficient 112 To remove this
variable coefficient the Liouville-Green transformation (or equivalently the WKB] method [19,20]) is used by introducing a
new time-like variable s(t) with

ds 1

e 4

de  I(t) )
Substituting the derivative into (3), we obtain the problem for ii(§,s) = @i(&,t) (see Appendix B). Further, in order to elimi-

nate the non-homogeneous terms up to order &2 in the boundary condition at £ =0 and & =1 in (3), the following trans-
formation is used:

_ m _

06.9) = W(E.9) + G0 — ClWa(1.) +(5) + 0(&). (%)
Thus, in order to obtain an order & accurate approximation of the solution of (£, s), it is necessary and sufficient to con-
struct an order & accurate approximation of the solution of W (&, s). From (5) and Appendix B, it follows that W (&, s) has to
satisfy:

Wis = Weg = e[ (Vo — col)Ws +20(5 — 1)W; + Bocr 2 sin(&2 (e — 1))
— MGG We(1,5)] +0(e?), 0<&<1,5>0, ©
Wee (1,5) + L9W, (1,5) = 0(62),  W(0,5) = O(e?), s> 0,

W(E.0)=Wo(§), Wi(§.0)=W;(§), 0<&<1,

where Wy (&) = f(€) — €(0) + 0(s2), Wy (§) = g(€) — é5s(0) + 0(&2). So the problem (3) is transformed into a simplified prob-
lem (6). In the following sections, accurate, analytical approximations of the solution W (&, s) of problem (6) are constructed,
and by using (4) and (5), accurate approximations of i of problem (3) can be obtained.

3.2. An adapted version of the method of separation of variables

First of all, in order to make the method of separation of variables applicable to problem (6), we consider problem (6) by
neglecting the O(¢) terms, that is,
Wss —Wee =0, 0<&<1,5>0,
W(@O0,5) =0, W(1,s)+ 229w, (1,5)=0, s>0, 7
W(E.0) =Wo(§), Wi(§,0)=Wi(§), 0=<§=1,
where it should be noted that [ (s) = lpet¥S, By defining a slow time variable T = ¢s, which will be treated independently

from the variable s, and so by defining I(7) = lpe¥?, function W (&,s) becomes a new function W*(&€,s, 7), and problem
(7) becomes:

W (E.5.7) + 26Ws (£.5.7) +82Wy (€.5.7) ~ W (£.5.7) = 0,
We(0,5,7) =0, W (1.s,7)+ E58ur(1,5,7) =0, 1(1) =loe"", (8)
W*(£.0,0) = Wo(§). W (£.0.0) +eW;(£,0.0) = Wi (6).
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where 0 <& <1 and s, t > 0. Now let T(s, t)X(€, t) be a nontrivial solution of (8). The general solution of (6) can be
expanded in the following form (see Appendix C):

W(E.s) =Y Ta(s. T) sin(A(7)E). 9)
n=1
where A, (7) is the nth positive root of
tan(in(7)) = pl(@) 1 I(7) = lpe" (10)
T M iy I
and Ti(s,7) for k=1,2,3,..., 5> 0,7 > 0 have to satisfy:
s+ REOT = ~26Toae + £ — ol(T) s~ 2555 et (0 P00,
235 evoc2 (D) Tns + Yooy squ(r)ms
+8ﬁ0a212(r)dk(r)sm( (e“’os 1)), t,T >0,
1 .
Tk(o7 0) — .]O 0](09 E)WO(E)ZSIH()"k(O)g)dS _ Fk,
Jo 0(0,8)sin”(A(0)§)d& (11)
d)» (T) Jo (0, &)E sin(hn(0)€) cos(A (0)€)dE

Ti5(0,0) + Ty - (0,0) = —e 332 Ta(0, 0) le=0

fo 0 (0, &) sin® (A (0)€)dE
fo 0 (0,85)W; (&) sin(A(0)&)dE
fo o (0, &) sin® (A (0)€)d&

= Gkv

where c,‘1 (T c? k(‘L’), k(r) and d,(t) are functions of 7, and are given by:

1 _ Jo 0 (T.&)& cos(hn(T)E) sin(h(1)E)dE
Cn‘k(T) - 1 ) s
Jo 0 (., &)sin” (A (T)§)dE
2 (1) = An(T) fy 0 (T, E)(E — 1) cos(hn(T)E) sin(Ay (7)€ )dE
™ [ o (7, &) sin® (7)€ ) dE ’
& (o) = A2(7) sin(hn(1)) fy 0 (. €)E sin(h(1)E)dE
n.k -

Jo 0 (z.€) sin’ G (D)€)dé
d(c) - fg}o(r,@sinz(xk(r)@ds . (12)
Jo 0 (T, 8)sin” (A (T)§)dE
To simplify the formulas, we define a new dependent variable Tj,(s) = T, (s, 7), for k=1,2,3, ..., yielding:
Toss + 22T = (W0 — ol (0T =207 (el (D) g —woc2 () Tas
+Y e '"(C‘;)Z"“") ¢ (OThs + e Bol (7 )dy () sm(""0 (e%T —1)) + 0(&2),

Tk(o) = ﬁo Tk,s(o) = Glo

(13)

where F, = 0(¢), G, = 0(¢), s >0 and 7 = ¢s. In the next subsection we will use the averaging method to detect resonance
zones in problem (13), and to determine time-scales which describe the solutions of (13) accurately.

3.3. Averaging and resonance zones

The solution of the linear ordinary differential Eq. (13) with the slowly varying frequencies A,(t) as given by (10), can
be approximated by using the averaging method. In this section, by an interior layer analysis (including a rescaling and
balancing procedure), the slowly varying frequencies A;(t) lead to a description of many resonance manifolds and lead
to time-scales which describe the solution of (13) sufficiently accurate. For the sake of convenience let us introduce the
following standard transformations:

¢k(5) / A(e$)ds and D = aly

e (14)
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and according to an adapted version of the Lagrange variation of constants method, we assume that Tj,(s), Tkrs(s) are de-
scribed by A, (s), Bi(s) in the following way:

Ti(s) = Ac(s) sin(@i(s)) + Bi(s) cos( (),
Tis(5) = Mi(T)AL(S) COS(¢ () — A (T)Bi(5) SIn(@i (5)).- (15)

Then, by substituting (15) into problem (13), we obtain the following problem (where the dot - represents differentiation
with respect to s):

= Ay (s) + & LD (sin(D + ¢y) + sin(D — ),
~ 2 2
= Bi(s) + £ LD (cos (@ + ) — cos(P — @),

t=e (16)
Ci? = alge’o’?,
O = A (T),

where

Ai(s) = 18(1}0 — ol (T))[Ai(5) (o5 (29 (5)) + 1) — By () Sin (2 (5)) ]

dkéf) zlx [Bi(5) SN (24 (5)) — A(5) (oS 2gpi(5)) + 1)]

—&Mik(T)[Ar(5) (0 (2n(s)) + 1) — Bi(s) sin(2.(5))]
23 T (D) [An(5) COS((5)) COS(B(5)) — Ba(5) sin((5)) cosuo)].

Bi(s) = —18(170 — ol (T))[A(5) Sin(2¢i (5)) — By (5) (1 — cos (29 (5)))]

dk&‘f) 21 [ (5) SIn (241 (5)) — By () (1 — cos 2 (5)))]

e (DIAS) SN (5)) — Be()(1 — cos(2n(5)))]
+2e Y 7 An ( ) LD An(S) 08 (60 ()) SIN(Pe(5)) — Ba(S) Sin(n(5)) sin(e(s))]. (17)

n#k

dAn(r) m(co— Cuo)

and 7, 4(t) =c! k(D)4 UOCn (7)) — 7 k(‘L’) Resonance in (16), can be expected when & — ¢)k ~ 0, or when
® + ¢, ~ 0. But since aloe"of and A, (t) > 0, resonance only will occur when

alge?™ ~ A (7). (18)
Since A (7) satisfies (10), that is, tan(A, (7)) = % @ it follows that resonance occurs when
ha~arctan(PLy 4 (k= D, k=12 (19)
Kk ~ am N =1,4,...,

corresponding to the manifold = around 7}, with

arctan(2L) + (k- 1)w
Ollo

Tk = Ulgln(ailo)\'k): vloln( ), )"k ZO{lo, k=1,2,... (20)
From (20), we can conclude that no matter what the frequency is, there will be many resonance manifolds.

Outside the resonance manifold, we can average the right-hand side of the equations in (16) over ¢, and ® while keeping
Ay and By, fixed [21]. Note that A,(s) and By (s) are slowly varying, therefore they will not average out. The last terms of the
first and second equations in (16) is the fast varying terms outside the resonance manifolds, therefore they will average out.
Thus, the averaged equation for A, and B, now become

. 1 - dA (r) m(Co — Cuo) 5 dAig(t) 1
A =[50 —col(T)) - ecl  (T) ’< +su0ckk(z)+s# NGET: " Tn a
o1 - m(co — ¢ dx 7)1 (21)
Bl = [js(vo —col(7)) — 8Ck L (T) k( ) +8U0C£,k(‘[) +8% kk( T)—¢€ "i )2A a
where the upper index a indicates that this is the averaged function. From the expression for c}{_k >0, Cik = f% and cﬁ =0
n (12), we then obtain
Al(s) = e~ Jo ¢o)de Bi(s) = Fe /o ¢@de, (22)
}"k( )
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with
d)\,k(f) d)\.k(f) 1
{(v) = fCol(r)+ckk( 7) dc 2y (23)
and G, = O(¢), F, = O(e) are given in (13). Hence, outside the resonance manifold the solution of system (13) is given by
T4(5) = e O sin(gy() + Fre i€ cos(py(5). (24)

where s = O(%). Observe that outside the resonance zone T, (s) remains order .
To study the behavior of the solution in the resonance zone we introduce ¥ = ®(t) — ¢, (t) and rescale T — 7, = §(¢)T
with T = 0(1) and 7t} is given by (20). System (13) then becomes:

A =Ai(s) + e CBEOA (5in(D + ¢y) +sin(y)),

=B(s) + 8"‘7‘%%‘)’“’) (cos(® + ¢y) — cos(¥)), (25)
combined with the slow/fast variables
t=¢ 1=3,
P = Ay (7)end )T,
b= hi(Tic +8(e)T). (26)
¥ = h(T)e"OF — ) (T + 8(6)T) = Woh(T) — Fle=g )8 ()T + 0(82(e)),
where Ak(s) and By (s) are given by (17). By differentiating (10) with respect to 7, we obtain
2 1 dA(t) _ plugl(t)  pLi(r) dAe(t) _ diy(z) _ pLupl(T)iy(T) cos* (M (7)) 27)
cos?(A(t)) dt mi(t)  mAZ(r) dt dr mA2(T) + pLI(T) cos? (A (1))
This implies for I/I (see (26)) that
J = y3(©) +0@(e)). ¥ = k() 20 (28)

mA2 () + pLI(ty) cos? (A (Ty))

It now follows from (26) and (28) that a balance in system (26) occurs by choosing ﬁ =4§(¢), that is, §(¢) = /€. This is
the size of the resonance zone. So, together with T — 7, = §(¢)7, it follows from (26) that

T=ve(s=5), S= % (29)
Further, from (28), we obtain ¥ (s) = ¥ (s;) + %ye(s —s)2. Hence, in the resonance zone, we can write
sin(y(s)) = sm( yes—s)® + i (€% —1) —y(se)),  sk= % (30)
0

where 7, is given by (20). So, let us average system (25) over the fast variables. Then, the averaged equations for A, and B
become

8&2/301-2(1')(1]((1') . 0 . Sazﬁorz(t)d,<(t)
T 20T Sin(y(s)), By = —ef(1)B; — YW cos(¥/(s)). (31)

where the upper index a indicates that this is the averaged function. It follows from (30) and (31) that A} can be written as

Al = —eL (DAL +

Gy
Ad(s X e~ fo ¢(e)de
AN
_ e l (ES)d (83) _
coBoe s :(g)da/ e5)ar(eS) - o r oo ginr Ly e 55,12
+ 1,30 y  2h(€9) [ yelS—si)
xlo

+€70(e£”°sk = 1) = ¢i(sp)]ds,

P () o ;%52 ()do _

where ¢(r) is given by (23). For s':sk-i-O(%), T, = &S, we can observe that e

) —es
Flesdi(esy) o= o ¢(0)de 4 0( /7). Then, it follows from (12) that

)‘k (esg

-f’ ¢ (@)do

()_M)
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Fig. 2. (a) Cg, (s, s¢) has a resonance jump from O(y/€) to O(1) around s=100. (b) Sg, (s, s;) has a resonance jump from O(,/€) to O(1) around s=100.

ea? Bol2 () dy (T) , — )
W/S’”[*V“S S07F 0<e 1) - ¢i(s1ds

+high order terms in &.
By setting u =,/ 3 y&(5 —s;), we obtain
S
e [ sinlyye—s0?+ g‘ﬁ(ea’ﬁk —1) = dils)1ds
0 .

_ VEB(s—sK)
- JEa f Y sin + o (eerse 1) — b (s))du
fﬁsk Vo

= Jea sm( (es""sk 1) — @ (sk))Crr (s, ) + VeE@ COS( (e‘““sk — 1) — (1)) SEr (8. 8),

where y is given by (28), and where @ = \/z B =% and

VEB(s—s1) . T
cos(u?)du, SFr(s,sk)zf i sin(u®)du, Se= (32)

—JVEPBsy

«/gB(S*Sk)
Crr(s.sp) = /

—/EBsy
Actually the presence of the Fresnel functions Cp,(s) and Sg-(s) cause resonance jumps in the system. The integrals Cp,(s)
and Sg,(s) are plotted in Fig. 2 with ¢ = 0.01, B =1, and s, = 100, respectively.

Bf; can also be approximated in a similar expression as for Aj. So, in the resonance zone, the solution of T,.(s) for problem
(13) is given by

Ti(s) = ka[(sm( (e‘w"s" 1) — Pr(sK))Crr (S, Sk)
+C05( (ew‘]sk -1) - ¢k(5k))5Fr(5 Si)) sin(gy(s)) — (COS( (egu"sk -1

—¢k(5k))CFr(S, Sk) — Sln( 7 (6”"Sk 1) — @i (s1))Skr (S, 5)) COS(%(S))] +0(¢),
where Cg, (s, Si) and Sg.(s, s) are given in (32), and
_ e ol () d(z) (33)
g 2he(T) ’
where & is given in (32). Thus, the resonance always occurs for s near s, and the size of the resonance zone in s is of O(%).

For O(¢) initial conditions and for an O(e) external, harmonic excitation, an 0(4/¢) amplitude modal response will occur.
And for a fixed fundamental excitation frequency «, many resonance manifolds arise. The solution @(&,s) in (5) (see also
Appendix B (B.2)) is given by

ui,s) = Zka[(Sln( (ew"s"—U)Crr(S S:<)+COS( (ew"Sk—l))

k=1
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Srr(s.500) sin( [ Cha(e5)dS) + (- cos(j—k(e”ﬁk —1))Cr (5. 50)

-l—sin(?—x(e“’ﬂsk —1))SEr (5, 8,)) cos(/s A (€5)ds)]sin(A,(es)E) 4+ O(e). (34)

In the next section, the timescales as found by using the averaging method in this section will be used again to construct
accurate approximations of the solutions for problem (13) by using a three-timescales perturbation method.

4. Formal approximation
4.1. Analysis results by using a three-timescales perturbation method

In this section the solution of problem (13) will be approximated by using a three-timescales perturbation method. This
method can be applied to construct more accurate approximations of the solutions for problem (13) and can be applied to
test the accuracy of the analytical results as obtained in the previous sections. It will turn out that the approximation as
constructed in this section coincides up to order /¢ with the approximation as constructed in the previous section by using
the averaging method. The Liouville-Green transformation and the following standard transformations are introduced (for
fixed k) to study problem (13):

dAy(T) 2
LEal (35)

where T, (s) = Tk(¢>k(s)) and ¢, (s) is given by (14). Substituting the transformations (35) into (13), we obtain the following
problem for T (¢):

Tk,s = )\k(T)Tk,tbk’ Tk,ss = }‘*i(r)fkﬂﬁk(f’k +é

Fop + T dxéir)x21r)f’“¢k+8(vo CO[(T)))L e )Tk¢k+22n Le O)\Ci(k()t)fn%
e S e LT
+8a2,301_2(r)i§?:; (alo (e®™ —1)) +0(e?), t=>0 >

T(0) =F., T, (0) = )\G(O)

where T = ¢s is a function of ¢,. In the previous section, it was shown that (under certain conditions on the fundamental
excitation frequency «) resonance can occur around times s, for k=1,2,.... In order to construct accurate approximations
in the neighborhood of s;, we rescale s with s =§+5,, T = &5+ 1}, and @, (s) = P (§+5,) = P () = jfsk A (T + £5)dS. So,

problem (36) can be rewritten for the function Tk(ék) in:

Tk.zﬁkéﬁf":_gdxc’lf))&}r) T5 +eWo— Col(’))x NG g +250€ vofﬁé;()r)f .
255 s (TR o+ B e M (1
+8a2ﬂofz(r)i’§?; (%(evﬂf 1)) +0(e?), t=0 <
T,(0) = E, Tk,q;k(O):%,

where 7 is a function of ¢,. Next we study problem (37) in detail. The application of the straightforward expansion method
to solve (37) will result in the occurrence of so-called secular terms which cause the approximations of the solutions to
become unbounded on long timescales. And it has been shown in the previous section that the O(¢) excitation can produce
timescale of O(y/¢). Therefore, to avoid these secular terms, we introduce three timescales So =S, §; = JVES, § =65, 1=
$3 + 1, and so qﬁk 0 ¢k1 ¢k , are introduced as follows:

~ o ~ - ~ 5 .
Pro = / A(Ti +€9)ds, Py = /b (T + VE5)dS,  Pyo = / A (T + $)ds,
a C

where a = —s;, b= —.&s,, c=—e¢s;. These scalings are based on the size of the resonance zone (which has been found
in the previous section), and on the natural scalings for weakly nonlinear equations such as (37). By using the three
timescales perturbation method, the function T, (¢; v/&) is supposed to be a function of ¢/< 0 ¢k1 ¢k 2, that is,

(P V&) = Wi (Do, Pre1. Preas V). (38)
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By substituting (38) into (37), we obtain the following equations up to 0O(e/¢):

82Wk 82Wk azwk 8 Wy 02 Wy
W+ 2/e———— +eQ————= ) +2eE ———=—
3¢kd0}\ ’ 88¢k,08¢k,1 3¢k.03¢kza P2, é:1<1>k13<15kz I
o () T dwy 7 1T 0w 5o 5 di(T) @ wor _
= e Ty g = ) gy g @Al () FE sin(R et — 1)
25, 0¥ e (o) - ’”(C;pf“") W ]
n,0
_d)\.k(f) 1 8w,< _ E)Wk (39)
+evel-—q R200) 8 + (vo cOl(r))/\ @ 9,
Y0 TR g 0) - MG )
n,1
W, (0,0,0; &) = . ;{;V" (0.0,0; &) + V& 88(;”" (0.0,0: &) +eaa(g”" (0.0.0:/8) = 75
k k.1 k.2

where F, = ¢F, and G, = &G, are O(g), and 7 is a function of qﬁsz. By using a three-timescales perturbation method, the
function wy (G o, Pr1. Pr.2; V&) is approximated by the formal asymptotic expansion
Wi(Pro: Prer- Prai VE) = VeWio(Pro. Pt Pra: VE) + Wt (Bro. Pt Prez: VE)
+evEW) 2 (Pro Pict» Pras VE) + O(€2). (40)

By substituting (40) into problem (39), and after equating the coefficients of like powers in /€, we obtain as: the 0(/¢)-
problem:

2
0o | o =0, wio(0,0,0)=0, Y2 o 0) = (41)
067, 00
the O(¢g)-problem:
02 02 -
Sy = <22 7P (1) S sin( L e - 1))
a¢k,0 a¢k408¢k,1 k( )
= oWy 1 W o Gy
w,1(0,0,0) = E, —(0,0,0) = ———=(0,0,0) + , 42
1 ( ) =F a¢k‘0( ) 0%, ( ) 7 (0) (42)
and the O(&./€)-problem:
9%w, 92w, 92w, 92w, -
~2"<2 F Wy =2kl kO ~2’~° +[(Wo — col (7)) (T)
8¢k.0 8¢k,08¢k,1 a¢k 03¢k 2 8¢k 1
d)\,k(f) 1 aWko d)\. ('L') )
— —= —2 —VoC% (T
dt ])\,Z(T) 8(}5/(’0 ;[ k( ) 0 n,k( )
_m(CO Cuo) 3 0] 1 8WI(,O
2pL Cnk An(T) 8‘2’/«0’
We5(0,0,0) =0, 220 00y = —9Wko 0 ¢ 0y IWk1 (0.0, 0). (43)
k.0 k.2 k.1
The O(/€)— problem has as solution
Wio(Bro. Pr1. Pr2: VE) = Cer (Pr 1. Pie2) sin(Pro) + G2 (P Pr2) cos(y ). (44)

where G, ; and G, are still unknown functions of the slow variables ¢y 1 and ¢~>,(12. and they can be determined by avoiding
secular terms in the solutions of the O(¢)— and the O(e./¢)— problems (see Appendix A). Before entering the resonance
zone, the following result is found:

Ce1(Pr1, Pr2) =0, a1 i) =0, (45)
and inside of the resonance zone, to avoid secular terms in the solution wy ; and wy ,, it turns out that
di(7)

Gt (Pr1. Pra) = @ Bol2 (1) [sin(? (s))Crr (§1) + cos (P (51))Ser 511,

2M(T)
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c oz - d S . =
Cua @i B2 = e P (7) 3T cos (9 (50)Crr(51) = in(® (5))S5 61 (46)
where y is given by (28), @ and B are given by (32),
_ B _ Bs
D (s) = alo (eg”"sk D) = de(se).  Crr(51) :/_ cos(u?)du,  Spr(51) =/_ sin(u?)du. (47)
Bb Bb

Further, to obtain more accurate approximations of problem (39), the O(¢)— problem and the O(e./¢)— problem can also
be solved by using a similar analysis as for the O(4/€)— problem in Appendix D. At this moment, only the first term in the
expansion of the solution for the cable problem is important from the physical point of view. So, to shorten the paper, we
are not interested in high-order approximations.

Thus, from (40), an approximation of the solution of Eq. (39) is given by w(§,s) = Y n2; VEWp o + O(¢), where wy, g, is

arctan(%)ﬂn—l)n

given by (44). It follows from (20), for a given value of «, that around t = ‘L'n = 1 ln( ) the nth oscillation

mode jumps up from O(e) to 0(y/€). For such a jump the inequality arctan( )+ (n — 1) > aly needs to be satisfied. This
implies that it might occur that the first few modes do not show this jump, but all that the higher order modes do. Before
entering the resonance zone for the nth oscillation mode wy, o = 0 and in the resonance zone the nth oscillation mode wy, o
is given by

Wn,0(¢zn.0a én 1 (ﬁn 25 f)

= 5Bl (1) S G1sin (9 (50))Cor51) + COS(D (52))3pr 511 in (o)
—1052,301_2(Tn)i 1) 81cos (2 (50))Cr (§1) - in(® (505 (51)]co5 o)

= Mn[(Sln( (e‘%s" -GG + COS( (e””s” — 1)Skr(31)) sin(Bn.o — Pn(sn))

+(= COS( (68"05" - 1))Gr (1) + sin( - lo (e“"’s” = 1))S:(51)) €08 (.0 — Pn(sn))], (48)

where ¢k,0 — Pr(sp) = fsk A (€9)dS, v, a, U (sn), CFr(s1) and Sg.(57) are given by (28), (32), (47) and M, is given by (33).
The solution w; ¢ in (48) implies a resonance jump from O(g) to O(/€) around 7, in the nth oscillation mode. Thus, the
solution (&€, s) in (5) (see also Appendix B (B.2)) is given by

Q(€,5) = Y VeWro(Bro. i1 Pr2: VE) sin(hy(5)§) + 0(e). (49)

k=1
The solution in (49) is in agreement with (34), that is, the one obtained by the averaging method. All in all, introducing
the following notation x (t) = s ln('(t)) according to the solution of @(€,s) in (49), we obtain as approximation for the

solution #i(€,t) of problem (3)

u.n —Zka[(sm( (e”‘)sk 1))Cpr(f(x(t)—sk))+c05( (eE"“Sk—l))S'Fr(JE(x(t)

k=

(t) _
~s)sin( [ T (e9)d3) + (- cos(j—ﬁ(e”ﬁk 1) (VE(X () - 50) + sin(%(ew

_ x(©) .
~D)Skr(VE(x (£) = 5))) COS(/ A (£5)ds)]sin(Ag (e (£))€) + O(e). (50)
Sk
where s, = % and 7, is given by (20), Cr,, Spr(57) are given by (47), M, is given by (33) and & = 1o

4.2. Numerical results

In this section we will present numerical simulations of the vibration response as computed and based on the analytical
expressions (50). The computations are performed by using the following parameters:

=001, =3, 1=10=2,co=1 p=1, m=10, L=10, Bo=1, o =1. (51)
For simplicity, let us assume that only the initial displacement is prescribed, so that
Up(§) = sin(1.5§), U (§)=0, 0<§=1 (52)

It is worth mentioning that the following numerical results are computed based on O(e) approximations. Higher-order
approximations are neglected due to their insignificant and small contribution to the solution. By using (18), we see that
the resonance occurs around time instants s; satisfying

alge”® =i, T =¢s. (53)
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Fig. 3. Perturbation method: (a) Displacements of the mid-point of the cable. (b) The energy of the cable. The shadowed bands represent the resonance
zones.

By using the Liouville-Green transformation with % = z(lT) we obtain «l(t) = A, [I(t) = Iy + evot, which implies that
Ay — ol
f="k""0  ken, (54)
EAVy

where Aj is given by (19). From the analysis in Section 4.1, we observe that the resonance times depend on the mode
numbers k. Resonance for the first oscillation mode does not occur in this numerical example. For the second, third and
forth oscillation modes, resonance emerges for times t, ~ 92.7,t3 ~ 406.8, t4 ~ 721.0, respectively. The solution @(&,t) in
(50), and its corresponding energy are illustrated in Fig. 3, respectively.

5. Numerical approximation

In this section we will directly integrate problem (3) with a numerical method. To solve (3) numerically, we first rewrite
(3) as
Uee — llzﬂéé = %‘Sﬂét - ZTvan —cl+0(e?), 0=§=<1 >0,
il (1,0) + 2205 (1,0) = [(c — @) Pi]ls_y +0(e?), (0, £) =&(t) = Bsin(at), t>0, (55)
U(g.0)=1p(§), ©(5.0)=u(§), 0=<§=<1.

By using the transformation (&, t) = (&, t) + B sin(at) +$ (c — )t (1,t), problem (55) can be written as

:<

— Yilgg = 22(§ — Dilg — il + o Bsin(at) — méffl’,c“)ﬂggt(l, t)+0(?), 0<&<1,t>0,
ﬁ s(l )+ a5, (1,6) =0(?), #(0,6)=0, t>0, (56)
flS 0)—”0(5) (6,00 =u(§), 0<&<1,

where 0 <& <1 and t > 0. For problem (56), we first discretize the partial differential equation in (56) in the £— coordinate
by using a central finite difference scheme. Then, we rewrite the so-obtained discretized equation in a matrix form and use
the numerical time integration method of Crank-Nicolson(see Appendix E). We will use the same parameter values (51) and
initial conditions (52) as for the analytic approximation, which is presented in the previous section (see also Fig. 3). Fig. 4
show the displacements at £ = 0.5 and the vibratory energy of the cable, respectively, for times up to t = 850.

Comparison with Fig. 3: both Figs. 3 and 4 illustrate that resonances emerge at times t; ~ 92.7, t, ~ 406.8, t3 ~ 721.0. In
the resonance zones the displacements and the energy increase, and between these zones, stay constant (approximately).
Around the first resonance time tq, the displacement amplitudes jump up from O(e) to O(./€). Around the second resonance
time t, and the third resonance time t3, the amplitudes change again at the 0(\/¢) level, where ¢ is a small parameter with
& = 0.01. Moreover, we can observe that, between the resonance times, the frequency ranges are similar in Figs. 3 and 4, and
the sizes of the resonance zones are of O( %). Thus, the numerical simulations in Fig. 4 agree very well with the analytical
results as presented in Fig. 3, respectively.
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Fig. 4. Numerical method: (a) Displacements of the mid-point of the cable. (b) The energy of the cable. The shadowed bands represent the resonance
zones.

6. Concluding remarks

In this paper, the longitudinal vibrations and associated resonances in an hoisting system due to a harmonic excitation at
one of its boundaries have been studied. The problem is described by a partial differential equation (PDE) on a time-varying
spatial interval with a small harmonic disturbance at one end and a moving nonclassical boundary condition at the other
end. By assuming that the small harmonic boundary disturbance is of order ¢ and by assuming that the initial values are
also small and of order ¢, it is shown in this paper that for a given arbitrary boundary disturbance frequency, many oscilla-
tion modes jump up from O(¢g) to O(4/€). To obtain these results an adapted version of the method of separation of variables
is introduced and presented, and perturbation methods, (such as averaging methods, singular perturbation techniques, and
multiple timescales perturbation methods) are used. Furthermore, explicit, and accurate approximations of the solution of
the initial-boundary value problem are constructed. These approximations are valid on time-scales of order ¢~!. Also approx-
imations of the solution of the initial-boundary value problem are computed by using a numerical method. These numerical
approximations are in full agreement with the analytically obtained approximations. The presented methods clearly indicate
how more complicated problems can now be treated analytically. Also more complicated boundary conditions and changes
of cable length over time can be included in the analysis of these problems. Finally, it should be remarked that we intend
to apply the presented analytical approach to nonlinearly coupled transverse and longitudinal vibrations of axially moving
cables. For these problems the partial differential equations, the boundary conditions and the nonlinear terms are expected
to give challenges, which might be solved by applying the approach as has been presented in this paper.
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Appendix A. The derivation of motion (1)

According to Fig. 1, the partial differential equation (PDE) can be derived by Hamilton’s variational principle:

/ ? (0 — SE,(0) + SWe(6))dt = 0. (A1)

The Kinetic energy E,(t) can be represented as E,(t) = ,ofo(t)(m + v)zdx-i- m( + )2, I(t)» the Potential energy Ej(t)
can be expressed as E,(t) = 1EA f’(t) uZdx + fé(f) Tuxdx + Egs — fl(f) pgudx — mgu|x=,(t), and

Dt |x 1(t)

16) 1(t) 1(t)
—[EA/ Uy SUydx + TSuydx —
0 0

I(t)
BE(€) - SEp(£) = p / U )5 e s m( D )52
pgdudx — mgdul,_y ], (A.2)

56



J. Wang and W.T. van Horssen Applied Mathematical Modelling 111 (2022) 44-62

where the operator U is defined as Dt = ‘(’f[' + “ax = U; + Vuy. The virtual work W, done by the distributed and the lumped
damping force is glven by

Ity p
SW.(t) = — f c—u8udx—cu 1;6u|X:,(t). (A3)
0
By substituting the Eqs. (A.2)-(A.3) into (A.1), we obtain
L el py Du 2 Dy Du
— 8 —dxdt — 8 — |yeindt
[ oo +vsggaxde s [ mcgE + 03 gl

ty pl(t) 6 pl(t) ty pl(t)
—EA / U duydxdt — / / Téuydxdt + f pgdudxdt
ty JO t 0 t 0

ty t, pl(t) Du ty Du
+ mgduy_dt —/ / c—dudxdt —/ Cu=-0U|yyndt = 0. (A.4)
t t Jo Dt t Dt

By integrating by parts the integrals in (A.4) it then follows that (A.4) can be rewritten in:

t Pl
/ / [— 0 (e + 20Uy + VP Ury) + EAtigx + Ty + pg — c (U + Vi) |Sudxdt
0

t
[—m (U + 2Vix + VU + lly) — EAuy — T + mg — ¢y (Ur + Vi) 18Uy dt
t

t
[ov(ue + vuy + v) + EAuy + T]6u|x—odt = 0. (A.5)

f

So, the initial boundary value problem of the system can be obtained from (A.5) as

0 (Use + 20Uy + Vi) — EAlyx — Ty — pg+ c(ue +vi) =0, 0<x<I(t), t >0, (A.6)
(M (U + 20U + V1) + EAUy + T — mg + ¢y (U + Vi) |xyey = 0. t >0, (A7)
EAuy +T + pv(us + vy + V) |xe0 =0, t>0. (A.8)

Note that (A.7) and (A.8) are the natural boundary conditions. However, the natural boundary condition (A.8) is not appro-
priate for our problem, since the cable at the top has an assumed and prescribed displacement e(t), which is supposed to
be generated by the catenary system (consisting of drum, head sheave) in vertical direction. Thus, the boundary condition
is given by u(e(t),t) =e(t), t > 0. By using the Taylor expansion for u(x,t) in x for x =0, and by assuming that e(t) and
u(x, t) are small, the boundary condition

e(t) =u(e(t),t) =u(0, t)+e(t) (0 t) + 0(e%(t))

can be approximated by u(0, t) = e(t). Smce the tension T(x,t) is given by T(x,t) =[m+ p(I(t) —x)]g, 0 <x < I(t), it then
follows that the initial boundary value problem for the axially moving hoisting rope is given by (1).

Appendix B. Transformation to a fixed domain

By introducing a new time-like variable s(t) with @ = ﬁ I(t) = f(s) = lpe®v0%, All partial derivatives then become s =
SUO ln(l(”) = Aus g = Augs figr = puss ius e(t) = ,351n(°"° (ef¥0s — 1)), where {i(€,t) = (£, s). Substituting these
derlvatlves into (3) we obtam the following problem for (€, s):

s — Ul = Vils + 20€ ilgs — 20ilgs — clil; + 0(e%), 0<& <1, 5>0,
dss(1,5) + 224, (1,5) = [Vlils + 208 11 — 2Vl — Culiks]|ey + O(e2), s> 0, (B.1)
(0, 5) = Bsin(&R (e — 1)), 5> 0,

where [ = T(s), f(&) =1(¢) and g(&) = lpii; (£). By using the PDE, the boundary condition at £ =1 can be rewritten and
we obtain from (B.1) the following problem:

llss — g = Vils + 20 g — 20ig, — clil; + 0(e?), 0<& <1, 5>0,

fee (1,5) + 220 (1,5) = (c — cu)lis(1,5) + 0(e2), 5> 0, (B2)
u(0,s) =e(s) = ,Bsin(%(e”OS -1)), s=>0,

u(.0)=f(§). Us(§,0)=g(), 0<é=<1.
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Fig. C.1. For s=0, intersection points of y =tanA and y = { are giving A, (0).

Appendix C. An adapted version of the method of separation of variables

By substituting T (s, T)X (&, t) into the partial differential equation in (8),we obtain

Tis (s, T) Xee (6.7)
T(s.7) X(E. 1)

The O(1) part of the left-hand side of Eq. (C.1) is a function of s and 7, and the right-hand side is a function of £ and 7. To
be equal, both sides need to be equal to a function of 7. Let this function be —A%(t) (which will be defined later), so we

O(e) = , 0<&é<1, s>0, t>0 (C1)

obtain from (C.1) by neglecting terms of order &: T;S((Sf'r’)) = Xff(f: = —A%(7), implying:
Xee (5, T) +A2(D)X(E, 1) =0, T(s,7) +A%()T(5,7) =0, 0<&<1,5>0, 7>0. (C2)
In accordance with the first equation for X (&€, t) in (C.2) and boundary conditions in (E.3), a nontrivial solution X, (£, 7) is
Xi(§,7) = Ba(7) sin(An(7)§), (C3)

where B, (7) is an arbitrary function of t only, and A,(7) is given by (10). Assuming that %’0 =1, the values of 1,(0) can
be obtained in Fig. C.1. It should be observed that the eigenfunctions X, (&, t) are orthogonal on 0 < £ < 1. And so,

The general solution of (7)-(8) can be expanded in the form in (9). By substituting Eq. (9) into the nonhomogeneous
governing equation and initial conditions in (6), we obtain

5 (s + 26T e + A2(0)T0) sinGn () + 265 PO, o5 (1)8)

n=1

= Z e[(vo — COI_(T))TH.S sin(An(1)&) +2(8 — 1)U0A-n(T)Tn,sCOS()¥n(f)é}-)

n=1

+m(60 Cuo) A2 (T)E -
pL

Tos Sin(An (T))] + £ o2 (7) sm( (e“’”‘ 1)) + 0(g?),

Y [1:(0,0)sin(An(0)€)] = Wo (§), (C4)

n=1

d)» (0)

Z [(T5(0,0) + €Ty, (0, 0)) sin(An(0)€) + T4 (0, 0)

n=1

£ cos(An(0)€)] = Wi (8). (C4)

Now, let o (7,€) =1+ pLZITI)(S(S — 1) be a weight function, where (¢ — 1) is the Dirac delta function (with §(§€ — 1) = 0 for

& #1, and fo 8(&E -1)dE = 2 . By multiplying the first equation in (C.4) by o (t, &) sin(A,(7)€), and the second and third
equations in (C.4) with o (0, E) sin(A,(0)&), by integrating the so-obtained equation from & = 0 to £ =1, and by using the
fact that the sin(A,(7)&) functions subject to the inner product with weight function o (7, &) are orthogonal on 0 <& <1,
it follows that Ti.(s, 7) for k=1,2,3,..., and s > 0, T > 0 have to satisfy (11).
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Appendix D. The construction of the functions G ; and C; ,

First of all, by using the initial conditions in Eq. (41), it follows that C; 1 (0, 0) = G, 5(0,0) = 0. Then, we shall solve the
O(e)— problem (42). This problem (outside as well as inside the resonance manifold) can be written as

02wy 1 3G 1 k 2 5, de(T) Ollo
—= + Wi = —2[ cos(P.0) — sin(@0)] + ?Bol (T) —— sin (ev"T -1)), (D.1)
A2, 3. : a ki1 A (T)
P Wk _Wiko
W, 1(0,0,0) = F, (0,0,0) = (0,0,0) + Gy. (D.2)
k.0 k1

Outside of the resonance zone, it should be observed that the last term in Eq. (D.1) does not give rise to secular terms in

Wy 1. To avoid secular terms outside the resonance zone, it follows from (D.1) that G, ; and C; , have to satisfy the following
G _ g %2

k1 Bdka
Gt Pt Pre2) =G (Br2), G (Brr. i) = Cea(Pr),

where Ck,l and G, are still unknown functions of the slow variable q?,cyz,_and can be used to avoid secular terms in the
O(e+/€)— problem (43). Since Gy 1(0,0) = ,(0,0) =0, this implies that C; ;(0) = C,(0) = 0. Now we consider the O(e)
equation inside the resonance zone and observe that inside the resonance zone, the last term in Eq. (D.1) gives rise to secular

= 0, which has as solutions

(D.3)

terms in wy ;. According to (30), we can write sm(o’l0 (e —

given by (28). So we can rewrite Eq. (D

82W, 1
~2<’ + Wy 1
09,
k,0

kl

1)) = sm(zys

.1) inside the resonance zone as

a2l (1) ]

+a?Bol(7)

Ay (1)

di(7)
A(T)

sin(1

24—

C(lo
EVp

Ollo

1 2
cos(iys1 + P

(ewosk —

(eEUUSk —

+ o 0 (e510% — 1) — ¢y (5) + Pi.0), Where y is

1) — ¢r(sk) ] cos (o)

1) — g (s)) ] sin(y0)-

In order to remove secular terms, it follows that C; ; and Gy , have to satisfy
3Ck 1 di(7)
k.1 A1)

d (1)
A2(T)

+a?BoP () 4D sin( Ly 1 950) = 0. 2292 4 a2of (1) D cos(Ly &+ 9(50)) = 0.

k.1
“’0 EVOSK _ Chi _ 1 Gk
0 (esHosk = 5o ,i=1,2. Thus,

where ¥ (s;) = 1) — ¢y (s) and

G (Prr Pr2) = Cea (i) + 012,3 12(1’)

= Ck.1(¢k,2) +F&, 1),
G2 1. Dra) = Ca(Pr2) — GG, 1),

where

L )f sm( Y& 4+ 0 (s0))ds;

(D.4)

dk(r)
2Mk(T)
dk(r)
20 (T)
and where Ck,l and Ck,z are still unknown functions of the slow variables ¢~’k,2- The undetermined behaviour with respect

to qﬁsz can be used to avoid secular terms in the O(¢./¢)— problem (43). Taking into account the secularity conditions, the
general solution of wy, ; is given by

Wit (Pr.0s Pr1s Pras V&) = D1 (Prer Prz) sin(Pro) + Dy 2 (D1, Prea) cos (o),

where Dy 1 (@1, Py.2) and Dy 1 (¢ 1, Py 2) are unknown functions of ¢ ; and ¢y ,. By using the initial conditions in Eq. (42),

F(51,7) = aa®Bol? (1) [sin(® (5))Cer(51) + cos (D (5))Skr (511,

G, 1) = aa®Bol? (1) [cos( (5))Crr($1) — sin(P (s))Ser (511,

(D.5)

(D.6)

the values of Dy 1(0,0) and Dy ,(0, 0) are given by the following equations Dy ;(0,0) = Af("o) - ;’%(o, 0), Di5(0,0) = F,
) k.1 )
The O(e/€)— problem (43) outside and inside the resonance manifold can be written as
82Wk 2 oD
2wy = —2[ =L cos(Pr o) — —2 sin(Po)] — 2[ L cos(Pro) — —=2 sin(¢y0)]

a¢]§o 8¢k a k.1 ¢k 8 k,2

932Gy
—[ == sin(d o) 2 2 cos(¢o)]

ng,f ng,f
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d/\k(r) 1

Ho - @) - A1) Ck2 sin(y o)1
20 PO i)
m(Cgp—LCuo) kk(r)])\( )[ij os(Py.0) — Cy.2 Sin(Pro)]
-2 2:[C,1k(f)d)L n(®) _ VoC2 4 (7)
n#k
_m(C;chuO) 3 ( )]A ( )[an COS(QEH,O)_CrLZ sin(qgno)]
W2(0.0,0) =0, 229,00~ ~2%k0 9,0, 0) - M1 (0,0, 0). (D.7)
k.0 k.2 k.1

To avoid secular terms in the solution wy , of Eq. (D.7), outside the resonance zone, it follows from (D.7) that Dy 1, Dy 5, C_k,l,
and G , have to satisfy:

8Dk 1 8Ck 1 8Dk 2 aCk 2
- +2(1) =0, 222 42K2_r(7) =0, (D.8)
3¢k1 3¢k2 A (f) 0y 1 0Pi 2 A (f)
dh () 1 G

where (1) = (Vg — ol (7)) — & o - 2ckk(r) +2v0cf,k(r) +2m(C§pf“°) 2 «(0). If we solve Eq. (D.8) for Dy ; and
Dy, and integrate Eqgs. (D.8) with respect to ¢k11, we observe that the solutions will be unbounded in ¢k,1 due to terms

which are only depending on (5,{12. Therefore, to have secular-free solutions, the following conditions have to be imposed
independently

8Ck1 8C.k 2
- —fc() G1 =0, ~—'—fc<) Gio = 0. (D-9)
0912 o 0912 okt
3Gy, ; G ] = T 157 = - T 15 . - -
For ﬁ = /\kl(z) aTkzl i=1,2, we obtain G ; = Ck’l(o)e.fo 3¢()de G =Ck.2(0)e'[° 7¢(@4de  sipce G.1(0) =G 2(0) =0 and

Ae(T) is bounded, it follows from Eq. (D.9) that outside the resonance zone

Gt (Pt B2) =0, Gea(Prer. dr2) =0. (D.10)

Inside the resonance zone, to avoid secular terms in the solution wy , of Eq. (D.7), the following conditions have to be
imposed

LG LOFGLT) 1966

b1 0P b1, 2(r) 0% +§(r)“ )(Ck,1+ﬁ(§1,t))=0 (D.11)
22 509G ,06GT) 1 82F£Zs“1) i) Cor— GG T)) = 0 012

01 0> 0 Ai(T) 08 )‘( )

If we solve Egs. (D.11) and (D.12) for D ; and Dy, and integrate respect to (i)m, we observe that the solutions will be
unbounded in ¢~’k,1 due to terms which are only depending on (13,(12. Therefore, to have secular-free solutions, the following
conditions have to be imposed independently

G, 1- 1 = G2

P2 B Eg(r))‘k(t)q{’l’ i

Since Ck,l 0) = C-k’z(O) =0, it follows from Eq. (D.13) that inside the resonance zone

Co1(Br2) =0, Gea(@2) =0, Ce1(Pr1. i) =FG1. 7). Coo(@rr. Prn) = GG 1), (D.14)

where F($;,7) and G(5,t) are given by (D.5). Thus, we obtain the functions of C,CJ((]S,”,QE,(,Z) and Ck,1(<]3k,1,¢~5k,2) in
(D.10) and (D.14). Similarly, we also can obtain the solution wj ; of O(¢) problem and the solution wy,, of O(¢/€) problem
by using the above analysis. In order to shorten the paper, this derivation is omitted.

1-
=5l )Ak(f)ckz (D13)

Appendix E. Discretization and energy

To solve (56) numerically, it is convenient to rewrite the second order partial differential equation as a system of two
coupled first-order partial differential equations:

U=V, V= 112 lgg +5[ (5 — 1)V — oV +a?Bsin(at) — M* £(1,0)]. (E1)
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Next, let us use mesh grids &; = (j — I)AS for j=1,2,n,n41 with nA§ = 1. By introducing the differences, tig¢ (§;,¢) =
”j+1;zgj)‘;“j4 +O0((AE)?), De (,t) = J+1 "J L1 0((AE)?), Vg (§j.1) = 7j+12i;f;‘)j’l +0((A£)?), it follows how system
(E.1) can be discretized, yielding:

g (gj’t) - V],
t (é:j’ t) = T(UJH - 2”1 + u_] 1) +qj(U]+1 - Vj 1) — &CoVj +p]Vn pj‘jn—l +8012130 Sil’l(()lt),

evp(§5-1) em(co—Cyo)§;

where r = 12(A1§')2’ ;= —IxE— Pj = pratagiat for j=12..n. Further,
2r r 0 .. ... 0
r =2r r .. .. 0 2oL
— . . . . . . nxn p
R= : . .. .. . D] e R, where ¢ = [(2m + pLIAE)AE’ and
0 ro=2r r
0 0 c —C
—&C0 0 0 —D1 P
-Gz —&Cp Q2 e 0 -D2 p2
P= c R,
0 0 —Gu2 —€C0 Qn2—Pno2 Pn—2
0 0 0 —Gn-1 —€Co— Pn-1 Gn-1+ Pn-1
0 0 dn_qn_pn en — &Co
_ pLIAE-2m

_ 4m : : .
where d, = SmiplAE® ©n = i pLIAE + pn. The four matrices ¢, I, R and P compose the system matrix M:

(9 1 2nx2n
M_<R P)GR :

where ¢ is the zero matrix, and [ is the identity matrix. In addition, let us introduce the following vector: w =

(&, ), up (82, 8), .. un(En, ), v (1, ), 12(E2, 1), ..., vn(&n, 1))T, s=(0,0,...,0,5,5,...,5T, where § = ea? By sin(at). So,
————— ———
n times n times

system (E.1) can be written in the following matrix form: ‘fi—"[" = Mw +s. In order to perform a time integration, we apply
the Crank-Nicolson method. Introducing the mesh grid in time, t, = kAt for k=1,2,..,n, we obtain

k+1 DW + 7(1 Azt Mk+l) (SI<+1 +Sk) (EZ)

where 1 is the identity matrix and I e R?™2" and D = (I — 5tM*1)=1(1 + 5t MFK).
The total mechanical energy of the problem (8) is given by

1 01® m
E(t) = 5/ [ (ue + vuy)? + EAuZ Jdx + j[ut(l(t), t) + vue(1(t), )]
0

Using the dimensionless quantities, we rewrite the energy in a dimensionless form:
1 o 5 EAm )
E(t) = EEAL/ [(ue +vuy)” + ugldx + W[ut(l(t), t) + vu,(I(t), t)]°.
0

In order to define the energy on the interval (0,1), we obtain problem (10) by using the following transformation & = % :

I(t) "
E@) = FAL / [+ (1~ §)vie)? + s + 5 (IO (1, 8) + (1 - &)vilg (1, 0)]%. (E3)
21(t) ‘ 8T lz(t) ‘ y .
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