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Stability of nonlinear systems

Disturbances in iterative learning control (ILC) may be amplified if these vary from one iteration to the
next, and reducing this amplification typically reduces the convergence speed. The aim of this paper
is to resolve this trade-off and achieve fast convergence, robustness and small converged errors in
ILC. A nonlinear learning approach is presented that uses the difference in amplitude characteristics of
repeating and varying disturbances to adapt the learning gain. Monotonic convergence of the nonlinear
ILC algorithm is established, resulting in a systematic design procedure. Application of the proposed
algorithm demonstrates both fast convergence and small errors.

© 2024 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Iterative learning control (ILC) can attenuate repeating distur-
bances completely, yet it also amplifies iteration-varying distur-
bances. In ILC, the input that compensates the repeating distur-
bances is updated iteratively, resulting in high performance (Bris-
tow, Tharayil, & Alleyne, 2006). To achieve this high performance,
typical requirements for the ILC algorithm are the following:

R1. monotonic convergence (Longman, 2000),

R2. robustness against model uncertainty (Oomen, 2020),

R3. full attenuation of iteration-invariant disturbances,

R4. minimal amplification of iteration-varying disturbances
(Butcher, Karimi, & Longchamp, 2008; Oomen & Rojas,
2017),

R5. fast convergence, and

R6. explicit ILC filters.

Thus, the aim of ILC is fast and robust monotonic convergence
to small errors. These requirements lead to trade-offs and perfor-
mance limitations. In particular, R3 and R4 are often conflicting,
e.g., iteration-invariant noise is typically amplified up to a factor
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two (Butcher et al., 2008; Oomen & Rojas, 2017), in contrast to the
iteration-invariant disturbances which are fully compensated.

In widely-used linear time-invariant (LTI) ILC approaches,
limiting the amplification of iteration-varying disturbances typ-
ically results in reduced attenuation of iteration-invariant distur-
bances (Bristow et al., 2006) and slower convergence (Butcher
et al,, 2008). Approaches include using a low-pass robustness
filter, systematically reducing an iteration-dependent learning
gain (Butcher et al., 2008), or a combination such as a frequency-
dependent learning gain. While robustness filters are common in
ILC to ensure convergence (Bristow et al., 2006; Oomen, 2020),
using this filter to limit noise amplification may also reduce
the attenuation of repeating disturbances, which is undesired
by R3. Reducing the learning gain reduces the amplification
of the iteration-varying disturbances, but at the cost of slow
convergence (R5). In norm-optimal ILC (Gunnarsson & Norrlof,
2001), weights on the input signal and the change in input
have effects similar to respectively robustness filters and reduced
learning gains. For repetitive control, a related technique, Kalman
filters may reduce the amplification of non-repeating distur-
bances (Longman, 2010), yet this depends strongly on accurate
models of the system and the repeating disturbance.

In an attempt to circumvent the limitations of LTI ILC, adap-
tive ILC strategies aim to differentiate between iteration-varying
and iteration-invariant disturbances based on their frequency
or amplitude characteristics. In Oomen and Rojas (2017), the
amplification of high-frequency iteration-varying disturbances is
limited by adding a convex relaxation of the ¢p-norm of the
input signal to the standard norm-optimal ILC criterion. While
this sparse ILC algorithm leads to fast convergence, the input
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update that minimizes the criterion cannot be obtained in closed
form, i.e., requirement R6 is not met, and as a result analyzing
and enforcing robustness is challenging.

Nonlinear ILC designs using amplitude-dependent operators
can exploit the typical amplitude characteristics of iteration-
invariant and iteration-varying disturbances. This idea relates to
the nonlinear filters used in variable-gain feedback controllers,
see, e.g., Heertjes and Steinbuch (2004) or the performance anal-
ysis in Pavlov, Hunnekens, Wouw, and Nijmeijer (2013). In Heert-
jes and Tso (2007), a related idea is presented by including a
deadzone in the ILC learning filter. In Heertjes, Rampadarath,
and Waiboer (2009), a low-pass filter is included in the learning
filter, but this implementation does not increase the robustness
against model uncertainty (Bristow et al., 2006). The approach
in Heertjes et al. (2009) does not allow for the use of a filter
that does provide robustness (R2). Also, the convergence anal-
ysis cannot guarantee monotonic convergence (R1), such that
excessive learning transients may occur (Longman, 2000). This
limits the applicability in practice. A similar frequency-domain
approach is introduced in Aarnoudse, Pavlov, and Oomen (2023),
which assumes infinite-time signals and provides a conserva-
tive contraction-based monotonic convergence condition, which
is difficult to meet in practice. Most analyses of nonlinear ILC
consider ILC applied to nonlinear systems, e.g., Ahn, Choi, and
Kim (1993) use an ILC update based on the relative degree of a
nonlinear system, Volckaert, Diehl, and Swevers (2013) approxi-
mate a nonlinear system by a nominal model with an estimated
correction term in norm-optimal ILC, and Altin and Barton (2017)
study ILC for nonlinear systems as a two-dimensional differential
repetitive process. In contrast, the current paper uses a nonlinear
ILC algorithm to introduce an additional degree of design freedom
for a linear system, a case to which these existing approaches
cannot be applied directly.

Although major steps have been taken towards ILC algorithms
that achieve fast convergence, strong attenuation of iteration-
invariant disturbances and limited amplification of iteration-
varying disturbances, an approach that also enables tuning for
robustness and monotonic convergence is lacking. In this paper,
a nonlinear lifted ILC algorithm is developed that includes a
deadzone in the learning filter, resulting in fast convergence to
small errors. The ILC algorithm enables tuning for robustness. Cri-
teria for monotonic convergence follow from interpreting the ILC
system as a MIMO discrete-time Lur’e system. The contribution
is threefold.

e A nonlinear ILC algorithm is developed that addresses the
requirements R1-R6.

o Full monotonic convergence proofs are provided, leading to
criteria that are applied in a design framework.

e The approach is validated in simulation.

In addition, the propagation of iteration-varying and iteration-
invariant disturbances in lifted ILC is analyzed, and the notion
of monotonic convergence as commonly used in LTI ILC is ex-
tended to develop a convergence criterion for the nonlinear ILC
algorithm. The extension is based on the notion of discrete-
time nonlinear convergent systems (Pavlov & Van De Wouw,
2012), and enables the convergence analysis of the nonlinear ILC
algorithm in the presence of iteration-varying disturbances.

This paper is structured as follows. In Section 2, the problem
is introduced. In Section 3, the amplification of iteration-varying
disturbances in ILC is analyzed. In Section 4, the nonlinear ILC
algorithm is introduced and convergence conditions are devel-
oped. Section 5 demonstrates the selection of the design param-
eters. The approach is validated in simulation in Section 6 and
conclusions are given in Section 7.

Notation: Throughout, ||x|[p = +/x"Px for P > 0 and P = I leads

to the 2-norm ||x||; = ZL |xi|? for a vector x € RN. The norm
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Fig. 1. Schematic representation the considered control scheme.

induced by the ||x||p vector norm for matrix G € R¥N*N is denoted
by ||G||p, and P = I gives the induced 2-norm ||G||;; = &(G). The
vector {-norm is denoted by ||x||,,, = sup, |x(n)|. The spectral
radius of a matrix is denoted by p(G) = max; |A;(G)|, with A;(G)
the ith eigenvalue of G. The sets of real, integer and non-negative
integer numbers are denoted by R, Z and Zx, respectively. The
notation x;, j € Zso indicates vector x in iteration j, and x;(k)
denotes the kth sample in x;. The lifted representation J € RN*N
of a discrete-time LTI system J with Markov parameters h;, i =
0,1,...,N — 1is given by

ho 0 ... 0
hq hp ... O

I=1 . : R (1)
hN_1 hN—Z h()

see, e.g., Gunnarsson and Norrléf (2001) for an example.

2. Problem formulation

Iterative learning control updates an input signal to learn to
attenuate repeating disturbances. The error e € RN for the SISO
discrete-time LTI system in Fig. 1 is given by

e=r—Jf —v, (2)

with J according to (1), input signal f € RN and disturbances
r € RN and v € RN. The aim of ILC is to iteratively learn an
input f that minimizes e in terms of the 2-norm ||e||,, leading to
signals f; and e; that depend on iteration j € Zs. Disturbance v;
is iteration-varying and disturbance r is constant over iterations.
For example, r may be due to an iteration-invariant reference
signal, and v; may result from iteration-varying sensor noise. It
is assumed that v; is bounded, and that iteration-invariant and
iteration-varying disturbances have distinct amplitude character-
istics, i.e., |vjlleye <K T llen VJ.

This paper aims to develop an ILC algorithm that minimizes
llellz in (2) in a small number of iterations. Iteration-invariant dis-
turbance r should be attenuated completely without amplifying
iteration-varying disturbance vj, and the algorithm should ensure
good learning transients, e.g., fast monotonic convergence, while
being robust against model uncertainty.

To this end, the propagation of disturbances in ILC is analyzed
in Section 3, illustrating that fast and complete compensation of
r requires a high learning gain, while limiting the amplification
of v; requires a small learning gain. In Section 4, a nonlinear
ILC algorithm is developed that differentiates between r and
vj based on their amplitude characteristics to apply time- and
iteration-varying learning gains, and convergence conditions for
this algorithm are provided.

3. Design trade-off in linear ILC

In this section, the propagation of iteration-varying and
iteration-invariant disturbances in the ILC system (2) is ana-
lyzed. In addition, the trade-off between reduced amplification
of disturbances and convergence speed is illustrated.
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3.1. Lifted iterative learning control

Consider a linear ILC system of the form (2) for which the input
signal f; is updated iteratively according to

fir1 = Qf; + ale;). (3)

Matrices Q and L follow from a norm-optimal ILC cost function
that weights the 2-norms of the error and input signals (Gun-
narsson & Norrlof, 2001). The weighting on the change in input
signal, which is typically included in this cost function, is replaced
by a learning gain o which is chosen to be € (0, 1], analogous to
other ILC methods (Bristow et al., 2006). This is elaborated upon
in Section 5.

Eq. (2) can be substituted in (3) to obtain the following input
and error iterations.

fiv1 =Q — aL))f; + ¢QL(r — vy), (4)
eir1 =(JQ ' — aJQl)e; + (1 - JQI )r (5)
+JQJ v — 1.

This expression for the error iteration requires that J is invertible
for the substitution f;=]"'(r —e;—v;) to be valid.

3.2. Analysis of disturbances in lifted ILC

Next, the influence of the design parameters Q, L and «
on the propagation of disturbances in linear ILC is analyzed in
the stochastic setting. To this end, the following is assumed for
iteration-varying disturbance v;.

Assumption 1. The iteration-varying disturbance v; is zero-
mean, stationary and bounded. In addition, it is independent and
identically distributed (i.i.d.) in the iteration domain.

Norm-optimal ILC aims to achieve a small error in terms of the
2-norm ||ej||2, the expected value of which is given by

E{llejl3) ZE &2(k)} + E{ej(k))? (6)

= E{éTéj} + E{e;}"E{ej}, (7)

since E{||ej||2} = Nzgzlb"{ejz(k)} by linearity and the variance can
be expressed as

E(&2(k)} = E{e?(k)} — E{ej(k)}>. )

Thus, a small 2-norm of the error signal requires that both the
variance and expected value of the error are small and therefore
they should both be taken into account in ILC. The following
theorem shows how the variance and expected value of the error,
which together determine the expected value of the error 2-norm
according to (6), depend on Q, L and «. A related statistical anal-
ysis using transfer functions with finite-time signals is developed
in Butcher et al. (2008).

Theorem 2. Consider the error iteration (5) with v; according to
Assumption 1, and assume that |JQJ~' — «JQL|p < A for some
P =P > 0and » € (0,1). Then, the expected value of the
converged error is given by

lim E{ej} =(1 - JQU ™' —aL))'(1-JQJ')r. 9)
j—oo

In addition,
E(&], 1841} = E{0Q " v)"JQU vy} + E{v], v1)
+E{JQU™! — aL)g)"JQU " — aL)))}
— 2E{JQI"v)"JQU " — aL)y;}. (10)
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Fig. 2. Error 2-norm over iterations for « = 1 (—), 0.5 (—) and 0.2 (-—),
averaged over 20 realizations. Small learning gains lead to smaller converged
errors at the cost of slower convergence.

The proof of Theorem 2 is given in the Appendix. In the case
that L = J~! and Q = I, the variance of the converged error at
sample k is given by

E{e(k)}, ) = E{vj(k)}*} + E{vira(k)*}+ (11)
(1 — a)?E{&;(k)*} — 2(1 — a)E{vj(k)*}.

For j — oo, it holds that E{&;,1(k)*} = E{&;(k)*}. Using E{vj(k)} =
E{vis1(k)} = ouz, the variance of the converged error is therefore
given by

2 5
oy o,. (12)
Eq. (12) illustrates that the variance of the error can be reduced
by reducing the learning gain «. In particular, for ¢« — 0,
E{(e(k)s )’} — a , Which is the smallest variance that can be
achieved, since f; cannot compensate the unknown disturbance
v;j in iteration j. However, reducing o when Q # I may increase
the expected value of the converged error as well, as illustrated
by substituting Q # I and L = J~! in (9). Moreover, reducing
o reduces the convergence speed significantly. This trade-off be-
tween fast convergence and small converged errors is illustrated
in Fig. 2, using simulations that are elaborated upon in Section 6.

E{(eso(K)Y'} =

4. Nonlinear ILC

In Section 3, a trade-off between amplification of iteration-
varying disturbances, attenuation of iteration-invariant distur-
bances and convergence speed has been illustrated. In this section
a nonlinear operator is implemented that alleviates this trade-
off. First, nonlinear ILC is introduced. Second, the notion of ex-
ponential convergence for discrete-time (nonlinear) systems is
introduced and related to the standard requirement of monotonic
convergence in ILC. This notion is used to develop a convergence
criterion for nonlinear ILC.

4.1. Nonlinear ILC

To resolve the trade-off in Section 3, a deadzone nonlinearity
is included in the ILC update. The idea is that this nonlinear-
ity leads to different learning gains depending on amplitude
of the error signal. For example, small learning gains are ap-
plied to low-amplitude error signals, limiting the amplification
of iteration-varying disturbances, and high learning gains are
applied to high-amplitude error signals resulting in fast atten-
uation of large iteration-invariant disturbances. The deadzone
nonlinearity is implemented as follows. Consider the system (2)
with an input update of the form

fj+1 = Q(f] + ale; + L(p((-?j)), (13)
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Fig. 3. Deadzone nonlinearity with y =1, § = 1.

with vector-valued deadzone nonlinearity ¢(e;), which applies a
scalar deadzone ¢(e;(k)), illustrated in Fig. 3, to each entry ej(k),
k=1,2,...,N of e € RN according to

0, if |ej(k) <&
(y - wﬁ—i)l) ei(k), if lej(k)| > 5.

The deadzone width § is chosen such that ¢(v;) =~ 0 based
on measured estimates of the iteration-varying disturbances, see
Section 5.1. Deadzone gain y acts as an additional learning gain
that is only applied when |ej(k)| > §. By choosing y =~ 1 and
linear gain o ~ 0, the deadzone nonlinearity in (13) allows for
fast convergence when the error is large, and limited disturbance
amplification when the error is small.

The deadzone ¢(e;(k)) is a static nonlinearity that satisfies the
incremental sector condition
0< @(a) — ¢(b) <y, (15)

a—>b

for scalars a # b. This property enables the analysis of the con-
vergence of the nonlinear ILC algorithm, see Section 4.3. Although
¢(e;) in the input update (13) is selected to be a deadzone non-
linearity in this paper, the results hold for any static nonlinearity
that satisfies the incremental sector condition (15). This intro-
duces an additional degree of freedom in the proposed nonlinear
ILC scheme.

(ej(k)) = { (14)

4.2. Convergence of nonlinear ILC

For linear ILC, monotonic convergence is typically analyzed for
the case of v; = 0. Due to linearity, (monotonic) convergence is
also preserved for the case of non-zero v;. For nonlinear ILC, as
considered in this section, it is not sufficient to analyze conver-
gence only for the case of v; = 0. Even if a nonlinear system
converges monotonically to a fixed point for v; = 0, adding a
(small) nonzero noise v; can render the system unstable. Thus,
for nonlinear ILC, (monotonic) convergence in the presence of
non-zero v; needs to be analyzed. This is not covered by the con-
ventional definition of monotonic convergence from the case of
linear ILC. Below, the notion of convergent (nonlinear) systems is
introduced, that allows one to analyze (monotonic) convergence
of nonlinear ILC for non-zero iteration-varying inputs v.

The convergence property of a (nonlinear) system implies
that all solutions converge to a bounded steady-state solution.
In particular, there exist conditions that ensure that a system is
convergent for any bounded input, including non-constant and
non-periodic inputs. Convergence of a discrete-time system is
defined as follows (Pavlov & Van De Wouw, 2012, Definition 1).

Definition 3. A system

fimm=hl.0), ez (16)

is called exponentially convergent if

Automatica 171 (2025) 111902

o there exists a unique solution f; that is defined and bounded
on Z (from —oo to +00); and

o f; is globally exponentially stable, i.e., there exist ¢ > 0 and
0 < A < 1 such that |fj — fi| < cA0|fi, — fi,| for all j > jo.

The solution fj is called a steady-state solution. Any solution
of a convergent system converges to the steady-state solution,
irrespective of the initial condition. Note that the time depen-
dency on the right-hand side of system (16) is typically due to
some input d;, such that fi;1 = h(fj, d;). The steady-state solution
is determined only by the input d;, and for a constant d, f; is
also constant, see, e.g., Pavlov and Van De Wouw (2012). For the
convergence by Definition 3 of the (possibly nonlinear) system
(16), the following holds (Pavlov & Van De Wouw, 2012, Theorem
1).

Lemma 4. Consider system (16) with a right-hand side satisfying

Ih(f',5) — h(F%, )l < AFY = flle, (17)
VL, f2eR"jeZ
sup [|h(0, j)llp < +o0, (18)
Jjez

for some matrix P = PT > 0 and A € (0, 1). Then system (16) is
exponentially convergent.

Stability of LTI systems, such as the feedforward iteration (4)
of the linear ILC system, is a particular case of this convergence
definition. This is shown in the following theorem, which also
recovers the standard criterion for monotonic convergence of the
sequence of iterates in the 2-norm, see Definition 5, as a special
case.

Definition 5. A sequence of iterates {f;} is called monotonically
convergent in the 2-norm to a unique steady-state solution f; if

i1 = fi+illa < A = fill2, Vi € Z, (19)
for some A € (0, 1).
Theorem 6. The following statements hold for system (4) with

any constant iteration-invariant input r and bounded sequence of
iteration-varying disturbances v;.

(1) System (4) is exponentially convergent if
QI — aL)llp < A, (20)
for some matrix P = PT > 0 and number A € (0, 1).

(2) If (20) holds for P =1, i.e.,
QI — o))l = o (QU — L)) < 1, (21)

then the solutions converge monotonically in the 2-norm to
a unique steady-state solution that only depends on inputs r
and v;.

(3) If, in addition, v; = 0V j, then the sequence of iterates {f;}
converges monotonically in the 2-norm to a fixed point f..:

fir1 = focllz = Alfy — fsll2, Vi € Z. (22)

Proof. Regarding statement (1), consider two solutions f' and
f? to (4), with the same iteration-varying input oQL(r — vj).
Substituting in condition (17) gives

[h¢f'. 3) = h(2. )|, = QU — elg)f' + aQL(r — 1))
— QI — Lf)f* — aQL(r — vy)|,
=[QU — «I)(f" — f*)p
<1Q — adP)llplf " — F2[lp. (23)
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Thus, if (20) holds for some P = P" > 0 and A € (0, 1) then also
condition (17) is met, and the system (4) is exponentially conver-
gent by Lemma 4. Statements (2) and (3) follow from substitution
of P = I and from the property that for convergent systems,
a constant input leads to a constant steady-state solution, see,
e.g., Pavlov and Van De Wouw (2012). O

For the LTI system (4), exponential convergence according to
Theorem 6 is equivalent to exponential stability. The notion of
monotonic convergence in the 2-norm of the sequence of iterates
is common in ILC (Bristow et al., 2006) and ensures good learning
transients (Longman, 2000). Typically, only the noise-free case is
considered. Theorem 6 extends the notion of convergence in ILC
to the noisy case, and the analysis of convergence in an arbitrary
P-norm connects standard ILC to the nonlinear ILC approach
developed in this paper.

4.3. Criterion for convergence of nonlinear ILC

A criterion for the exponential convergence of nonlinear ILC is
developed by interpreting the algorithm as a MIMO Lur’e system
in the iteration domain. The criterion ensures that the system is
convergent for any bounded input, including the combination of
iteration-invariant and iteration-varying disturbances considered
in this paper. The following auxiliary result enables convergence
analysis of algorithm (13).

Lemma 7 (Loop Transformation). The nonlinear ILC update (13) with
nonlinearity ¢(e;(k)) satisfying sector condition (15) is equivalent to

fior = Q(fj n (oz n g) Le; + L@(ej)) , (24)
#le) = ple) — 2¢, (25)

with ¢(e;(k)) satisfying the symmetric sector condition
_y _#@=—eb) v
2 - a—>b -2
Substituting (2) in (24) leads to
Y Y
fivr = (a+ 5) Q- u)+Q(1- (o« + E) u)s
+ QLo(r — Ifi — v)). (27)
System (27) can be described as an N x N Lur’e system, consisting
of a linear system M with a static nonlinearity ¢ in feedback and
external inputs d; and d,, see Fig. 4. The system M with state f;
is given by
_E'+] = A_ﬂ —+ Bllj —+ d]yj (28)
yi = Cf;,
with system matrices A = Q(I— (¢ + %)LJ), B = QL and C =
—]J. The external inputs d; j and d,j are chosen as
dij= (o + L) QUr - v, (29)
dzq]‘ =T —v, (30)

such that the input to ¢ is ¢; = r — Jf; — v; and the output u; of
the feedback nonlinearity is given by

uj =(~0(T—Jf}'—v]‘). (31)

The following theorem holds for the convergence, according
to Definition 3, of the input iteration (27) of the nonlinear ILC
system, which is equivalent to the Lur'e system (28).

Theorem 8. The dynamic system defined by the input iteration (27)
is exponentially convergent if the following conditions hold.

Automatica 171 (2025) 111902

dy Yy
? M

3 0O
u 9De\Jd?

Fig. 4. Lur'e system with M a linear system and ¢ a static, memoryless
nonlinearity.

Al. For matrix A in (28) it holds that p(A) < 1, i.e,

max |, (Q(l— (a n g) LJ))‘ <1 (32)
1
A2. Nonlinearity ¢ satisfies (15).
A3.
sup & (33)
w€el0,27)

(J (e“1-Q(1- ((x + g) LJ))_]QL> < ;

The proof is given in the Appendix. Theorem 8 ensures that the
nonlinear system is convergent for any input, including iteration-
varying disturbances such as noise. For the noise-free case with
vj = 0V, the external input of the Lur'e system is constant, and
convergence of the system implies that the steady-state solution
is also constant (Pavlov & Van De Wouw, 2012).

Theorem 8 provides a criterion for exponential convergence of
the nonlinear ILC system. In typical ILC results, including Long-
man (2000), monotonic convergence in the 2-norm, see Defini-
tion 5, is desired to ensure good learning transients. For mono-
tonic convergence in the 2-norm for nonlinear ILC, which requires
that Lemma 4 holds for P = I, the following holds.

Corollary 9. The dynamic system defined by the input iteration
(27) is monotonically convergent in the 2-norm if
B1.
- v
a(Q(l— <o¢+§) Lj)) <1, (34)
B2. ¢ satisfies (15), and
B3.
ATA+C'C—1 A'B
2 0 35
B'A BTB—<%) |~ (35)

with system matrices A, B and C in (28).

The proof is related to the proof of Theorem 8 and is given in
the Appendix.

Remark 10. If the inverse J~! exists, the system defined by the
error iteration with a nonlinear ILC update can be constructed as
follows.

e = (007" = (o« + 2 )JQL) ¢ - JaLa(e)
+ A=) QY - vy (36)

This constitutes a Lur’e system similar to the input iteration, for
which conditions for the convergence of error iteration (36) can
be developed similar to Theorem 8. In addition, conditions for
the convergence of the error iteration (5) for linear ILC can be
developed similar to Theorem 6.
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5. Design procedure
In this section, guidelines for the parameter selection are

provided. The design procedure is summarized in Procedure 11
and is further described in the remainder of the section.

Procedure 11 Nonlinear ILC design

1: Determine deadzone width § based on system measurements
(Section 5.1).

2: Design learning and robustness matrices Q and L using
standard lifted ILC methods (Section 5.2).

3: Select learning gains @ ~ 0 and y & 1 while satisfying the
convergence conditions of Theorem 8 (Section 5.3).

5.1. Deadzone selection

The aim is to attenuate repeating disturbances without ampli-
fying the iteration-varying disturbances. Therefore, the deadzone
width § is determined based on the amplitude of the iteration-
varying disturbances. The experimental data needed to determine
8 is typically already available before ILC is implemented, because
it follows from the standard operation of the system. Consider
a series of n, standard-operation experiments on the system (2)

with a constant input f = 0 forj =1, 2, ..., n.. Each experiment
gives
e =1 —vj, (37)

with r the iteration-invariant part of the disturbances, and v; a re-
alization of the iteration-varying disturbances. Note that E{v;} =
0 by definition, since all iteration-invariant disturbances are in-
cluded in r. An estimate 7 of the iteration-invariant disturbance
is obtained by computing the sample mean of the (37) over n,
experiments, see also Oomen (2020):

f:anejzr—nleZvj. (38)

Then, for each experiment e; an estimate of the iteration-varying
disturbances is given by

f)]' =T — €. (39)

Based on the estimates 7 and v, j=1,2,...,n, a value of §
that filters out the desired percentage of iteration-varying distur-
bances is chosen. Note that for errors slightly larger than § the
gain is very small, because of the shape of the deadzone in Fig. 3.
Therefore, disturbances that are slightly larger than § are barely
amplified, and § does not have to fully encompass all iteration-
varying disturbances. Fig. 5 shows an example of the estimates
7, v and a suitable choice of § for the simulation example in
Section 6 with n, = 20.

5.2. Design of Q and L

The nonlinear ILC update law is designed based on norm-
optimal ILC (Bristow et al., 2006; Gunnarsson & Norrlof, 2001), yet
instead of a weight on the change in input, a combination of linear
and nonlinear learning gains is used. In standard norm-optimal
ILC, the feedforward update is the model-based minimizer of a
cost function of the form

T(fi+1)=llejra lwet I+ llwg+ 11 —Fllwy - (40)
This leads to the update (3) with matrices
Q= (JTWeJ + Wy + W) "W + Way)
L= ("W, + Wy) ' J'W,, (41)
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Fig. 5. Mean 7 of the error signal (—) and noise estimates v;, j=1,2,...,20
for 20 iterations. The interval [—5 x 1076, 5 x 107%] (—) contains most of the
noise.

where the weight on the input Wy acts as a regularization term
and the weight W, on the change in input has a role similar
to the learning gain «. For the nonlinear ILC algorithm, this last
term is replaced by a combination of linear and nonlinear learning
gains, leading to the ILC update

fi+1 = Qi + aLej + Lo(e))) (42)

with Q and L according to (41) with W, = 0. Note that if
J is singular, L cannot be computed and the update should be
implemented using QL = (JTW J+W;)~'J'W,. Taking W, > 0 and
W; > 0, ensures convergence in the linear case with non-singular
J and a perfect model (Gunnarsson & Norrlof, 2001). In practice
Wy > 0 is often required, both because ] is often singular and to
provide robustness against model uncertainty (van de Wijdeven,
Donkers, & Bosgra, 2009). For W, = I, W; should be chosen
as small as possible but such that ¢(Q(I — LJ)) < 1, i.e,, such
that Condition (21) for monotonic convergence in the 2-norm of
Theorem 6 is met fora =1, y = 0.

5.3. Gain selection

The main idea of using a nonlinear learning filter in ILC is to
ignore iteration-varying disturbances v; completely, and achieve
fast learning only for the iteration-invariant disturbance r. This
suggests choosing the linear learning gain « in (13) approxi-
mately zero and the nonlinear gain y = 1. However, iteration-
varying disturbances may occur on top of iteration-invariant dis-
turbances. Initially, these varying disturbances are amplified by
y, but as the iteration-invariant disturbances are attenuated the
total error approaches the bounds of the deadzone and the in-
fluence of y reduces. At this point the convergence speed and
converged error depend on «, and for small « the initial ampli-
fication of the iteration-varying disturbances is reduced through
averaging. It follows that « should be small but nonzero, while y
should be close to 1. The influence of y and « on the convergence
according to Theorem 8 should also be taken into account.

6. Example

In this section, linear and nonlinear ILC are compared in sim-
ulation. The system P is a 20th-order model of the carriage of an
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Fig. 6. Bode diagram of the system P (—) and a low-order approximation (—)
that is used to design learning filter L.
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Fig. 7. Parallel ILC configuration.

industrial flatbed printer with a PD-type controller C in closed-
loop. For the design of L and Q, the system is approximated
by a 12th-order model, resulting in a model mismatch at high
frequencies, see Fig. 6. Parallel ILC is applied to this system, where
fi is a feedforward signal injected between P and C and | = ¢,
see Fig. 7. The iteration-invariant disturbance is given by r = Sy,
with S = ﬁ and reference y4 a forward and backward motion
with length N = 1000. The iteration-varying disturbance is given
by v; = SPv;, where v; is Gaussian i.i.d. noise with a variance of
0.005 that is injected between the controller and the plant.

The parameters are chosen according to Procedure 11. Because
of the model mismatch at high frequencies, Wy > 0 is required
and the weights are chosen as W, = I and Wy = 107 '°L The
scaling of W, and Wy depends on the magnitudes of e and f. Based
on Fig. 5, a deadzone width of § = 5 x 107° is chosen. To meet
the convergence conditions in Theorem 8, the gains are chosen as
y =0.9and @ = 0.1.

The results in Fig. 8, which are averaged over 20 realizations,
show that nonlinear ILC achieves both fast convergence and small
converged errors. The convergence speed is comparable to the
linear case with « = 1, while the converged error 2-norm
matches that for the linear case with @« = 0.2. This illustrates
that nonlinear ILC can remove the trade-off between convergence
speed and converged error.

7. Conclusions

A nonlinear ILC approach is introduced that achieves both
fast convergence and small errors in the presence of iteration-
varying disturbances. Through a deadzone nonlinearity, the tra-
ditional trade-off between convergence speed and amplification
of iteration-varying disturbances is removed by applying various
learning gains to different elements of the error signal depending
on their magnitude. A condition for monotonic convergence is
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Fig. 8. Error 2-norm averaged over 20 realizations for lifted linear ILC with
W, =1 Wy =107l and @ = 1 (—), 0.5 (—) and 0.2 (—) and nonlinear
lifted ILC with & =0.1, y =0.9 and 8§ =5 x 107% (—). For linear ILC, small
learning gains lead to smaller converged errors and reduced convergence speed.
Nonlinear ILC removes this trade-off between convergence speed and converged
error.

developed by interpreting the system as a Lur'e system in the
iteration domain. In addition, a design procedure is provided
based on disturbance measurements and system knowledge. The
approach is validated in simulations in which fast convergence to
small errors is demonstrated. Future work concerns experimental
validation, as well as the analysis of the effect of the design pa-
rameters in nonlinear ILC on the expected value of the converged
error, similar to the result in Theorem 2 for the linear case.

Appendix. Proofs of Theorems 2 and 8 and Corollary 9

In this appendix, the proofs of Theorems 2 and 8 and
Corollary 9 are given.

Proof of Theorem 2. Consider the error iteration (5). By linearity
of the expectation operator,

E{ejs1} =JQJ ' — aL)E{e;}
+ (1= JQ ) +JQE{v)} — E{vj11)
=JQJ " — aL)E{ej} + (1—JQ ')r.

Since [JQJ~! —«L)|lp < A for some P =P" > 0, A € (0, 1), this
system is exponentially stable and the constant input (I—JQJ~')r
leads to a unique constant solution E{e,.}, given by

Efesc} =JQU™" — aL)Efesc} + (1 - JQI ™ )r
=(-JQU " — L)) ()

Next, consider the deviation &1 = E{ej1} — ej1, which is given

by

&1 =JQU " — L) — JQ v + v

Then,

&l 181 = QU o) Iy + v 4 v

+ 30U " —aL)g)'JQU " — L))
+2[-0Q ) v — (U ) IQU ! — )
+ v/ JQU" — al)g].

The variance E {éjTHéjH} of ej;1 is then given by

E{e] 1811} = E{UQ ") JQ v} + E{v] vy}
+E{JQU" - aL)g)'JQU " — aL)g)}
— 2E{JQ ")"IQU " — )&},

since E{vjvj+1} = 0 and E{vj;1€;} = 0 due to Assumption 1. For
the last cross-term, ¢; follows from evaluating (A.3) at iteration j

(A1)

(A2)

(A.3)

(A4)

(A.5)
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and is premultiplied by (JQ_]‘lvj)T_lQ(j‘1 — «L), hence

E{JQ'v)JQU ! — al)g}

= E{JQ "v)"JQU" — aL)y;}.

Therefore,

E{€], 1841} = E{0Q"v))"JQ v} + E{v], 4 vj1)
+E{JQUT — aL))'JQU ™" — aL)E)}
— 2E{JQ 'v)IQU " — L)y,

which concludes the proof. O

(A7)

The proof of Theorem 8 employs the discrete-time Kalman-
Yakubovich-Popov lemma (see, e.g., Rantzer (1996, Theorem 2))
in the following form.

Lemma 12. Given A € R”™ B € R™, and M = M’ ¢
RHmx(+m) with p(A) < 1, the following two statements are
equivalent:

(1)
joy _ —1 * joy _ —1
[(e' =M B} M[(d — B} <OVweR  (A8)
(2) There exists a matrix P = PT € R™" such that
A'PA—P A'PB
M+ [ B'PA BTPB] <0, (A.9)

and if the upper left corner of M is positive semidefinite, it
follows from Schur stability of A that P > 0.

Proof of Theorem 8. First, condition A1 ensures that the linear
system is exponentially stable, ensuring exponential convergence
for any bounded input for which @(¢;) = 0 Vj. Secondly, con-
ditions A1-A3 ensure that the nonlinear Lur'e system (28) is
exponentially convergent for any bounded input. The condition
of Lemma 4 is applied to (28). Take
h(f'.j) — h(f?,5) =Af' + B@(Cf' + daj) + dyj—
Af? —BO(Cf? +dyj) — di

=AAf(k) + BAu(k), (A.10)
with Af = f1 —f? and Au = 4@ = @(Cf ! + daj) — @(Cf? + da).
Using (A.10), condition (17) is rewritten to

Af1 [A"PA  A"PB] [ Af
Au| |B'PA B'PB|| Au

— MAfTPAf <0, VAf, Aue R",j e Z.

(A.11)

Next, the symmetric sector condition for ¢ is written as a
quadratic matrix inequality. Denote z' = Cf' + d,; and Az =
z'—z2. By condition A2, ¢ satisfies the symmetric sector condition
with Z, and therefore

T -
Azl fem olfazl,
A(o_ 0 —I A(p_ -

(A.12)
Substituting Az = CAf, A@ = Au, and dividing by (%)* gives
|:Af_T cc o } 'Af] 0
Au_ _0 _<%> I _Au =
The system is exponentially convergent if there exists a P = PT >

0 and A € (0, 1) such that (A.11) holds for all Af, Au that satisfy
(A.13). By the S-procedure (Polik & Terlaky, 2007), this holds if

(A.13)
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there exista P =P" > 0 and A € (0, 1) such that
T T T _ 12 T
Af A'PA+C'C— 1P A'PB , Af
Au B'PB — (%) 1||Au

B'PA
Condition A3 implies the existence of a P = PT > 0 and
A € (0, 1) such that (A.14) holds, as is shown next. Substitute
A=Q(I— («+1%)L)),B=QLand C = —J according to (28) in
Condition A3 and rewrite to obtain

(e1 — Ay 1B]*[€'C 0 (eI — A)"'B
[ 1 ] [ 0 - <Z>21 I <0
Y

<0, VAf, AueR",j e Z. (A.14)

Yo € R, (A.15)
which is equivalent to (A.8) in Lemma 12 with
Cc'c 0
M:|: 0 _(}2/>21:|. (A.16)

Therefore, by Lemma 12, Condition A3 implies that there exists a
matrix P = PT > 0 such that

[ATPA+C'C—P A'PB
B'PA B'PB — (5)21} =0 (A17)
and therefore also
—Af:|T|:ATPA+CTC —-P APB , }[Af} .
| Au B'PA B'PB - (2) 1|4
VAf, Au € R™. (A.18)

Since (A.18) holds, there always exists a value ¢ € (0, 1) small

enough such that
T T T
Af]T[ATPA+CTC—P A'PB L 1 Taf
Au B'PA B'PB — (%) 1| |Au
+ AfTePAf <0, VAf, Au € R". (A.19)

It follows that Condition A3 ensures the existence of A = 4/1 —¢
€ (0,1) and P = P" > 0 for which (A.14) holds. Therefore, if
conditions A1-A3 are satisfied, the system (28) is exponentially
convergent for any bounded input. O

Next, the proof of Corollary 9 is given.

Proof of Corollary 9. Condition B1 ensures that the error itera-
tion {e;} of the linear system is monotonically convergent in the
2-norm according to Theorem 6 when @(e) = 0. Next, conditions
B2 and B3 ensure that Lemma 4 holds for P = I, which follows
from the proof of Theorem 8, cf. Eq. (A.18) withP =1 O
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