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1 Appendix: Proofs

Here the proofs of the theorems are given. Recall that the sample mean vector and the sample

covariance matrix are given by

1 1 1
Vo=-Y,1,=p, +3X2x, with x, =-X,1, (1.1)
n n
and
1 | L . 1 |-
S, =-Y,(I--11)Y, =32V, %2 with V,=-X,I--11)X/ | (1.2)
n n n n

respectively. Later on, we also make use of V,, defined by

|
V, =-X, X, (1.3)
n
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and the formula for the 1-rank update of usual inverse given by (c.f., Horn and Johnsohn (1985))
Vi=(V,-xx) =V 14— n (1.4)

as well as the formula for the 1-rank update of Moore-Penrose inverse (see, Meyer (1973))

expressed as

- +
V;r = (V/ - )_(n}_(n)
V+)_(n}_(/n(v,t)2 :l' (V;r)z)_(n)_(;z(vjzr) + i;(y;):sxn \N/—:ini;lv—&- ) (1‘5)
V1, (Vi)

First, we present an important lemma which is a special case of Theorem 1 in Rubio and

Mestre (2011).

Lemma 1.1. Assume (A2). Let a nonrandom p X p-dimensional matriz ©, and a nonrandom
n X n-dimensional matriz ©,, possess a uniformly bounded trace norms (sum of singular values).

Then it holds that

a.s.

‘tr (@p(vn - zlp)*l) —m(2)tr(©,)] “5 0 (1.6)
|tr (©,(1/nX X, — 21,) ") — m(2)tr(©,)| =0 (1.7)
for p/n —> ¢ € (0,4+00) as n — oo, where
m(z) = (2(z) — 2)~ and m(z) = —> - 4+ em(z) (1.8)
with
x(z):%(1—c+z+\/(1—c+z)2—4z>. (1.9)

Proof of Lemma 1.1: The application of Theorem 1 in Rubio and Mestre (2011) leads to (1.6)

where z(z) is a unique solution in C* of the following equation

l-a2lz) ¢ (1.10)




The two solutions of (1.10) are given by

r12(2) = (1—c+zi\/(1—c+z)2—4z> . (1.11)

1
2

In order to decide which of two solutions is feasible, we note that z; »(2) is the Stieltjes transform

with a positive imaginary part. Thus, without loss of generality, we can take z = 1 + ¢ 4 i2y/c

and get
1
Im{z;5(z)} = Im {5 (2 Fiye+ 22@)} — Im {1 Five(l+ \/5)} = /e (1 + \/5) ,
(1.12)
which is positive only if the sign ” + 7 is chosen. Hence, the solution is given by
1
x(z):5(1—0—1—24—\/(1—0—1—2)2—42). (1.13)
The second assertion of the lemma follows directly from Bai and Silverstein (2010). O

We note here that Lemma 1.1 is a special case of Theorem 1 in Rubio and Mestre (2011),
where one has uniform convergence in the statement of the theorem. Although it is not precisely
written in the statement of Theorem 1 in Rubio and Mestre (2011), this observation follows from
its proof on page 600 where after showing pointwise convergence Rubio and Mestre additionally
proved the uniform convergence by applying Montel’s theorem. In short, they first show that the
random sequence of analytic functions of interest forms a normal family and, thus, by Montel’s
theorem there exists a subsequence of it, which converges uniformly on each compact subset of
C \ R* to an analytic function and this one vanishes almost surely on C \ R*. And so, the
entire sequence converges uniformly to zero on every compact subset of C\ R*. Furthermore,
it is mentioned on page 348 of Rubio et al. (2012) that the convergence in Theorem 1 of Rubio
and Mestre (2011) is in fact uniform.

Moreover, the following result (see, e.g., Theorem 1 on page 176 in Ahlfors (1953)), known
as the Weierstrass theorem on the uniform convergence, will be used in a sequel together with

Lemma 1.1 in the proofs of the technical lemmas.



Theorem 1.1 (Weierstrass). Suppose that f,(z) is analytic in the region Q,, and that the
sequence { f(2)} converges to a limit function f(z) in a region Q, uniformly on every compact
subset of Q). Then f(z) is analytic in Q. Moreover, f'(z) converges uniformly to f'(z) on every

compact subset of §2.

Because the convergence in Lemma 1.1 is uniform over z on every compact subset of C\ R,
the Weierstrass theorem allows us to interchange any derivative with respect to z and the
limit n — oo. We will consider compact subsets, which are the small neighbourhoods of zero
with R(z) = 0 (without loss of generality) because all of the times we will let z — 0 in order
to get specific limiting expressions of interest. For example, one may take {2 as a unit disk
|z| < 1 and Q, as a disk |z| < ¢, for some €, — 0 as n — oo. The analyticity of the function

tr (919(\771 — zIp)*1> follows immediately from the properties of the Stieltjes transform.

Lemma 1.2. Assume (A2). Let 8 and & be universal nonrandom vectors with bounded Eu-

clidean norms. Then it holds that

EV1o—(1-c)7 e =5 0, (1.14)
X Vilx, *5 ¢, (1.15)
X V.le 2% 0, (1.16)
£V 20— (1—-c)%¢e] =5 o0, (1.17)
X V2%, 5 (1::), (1.18)
X V.20 %0 (1.19)

forp/n — c€(0,1) asn — oo

Proof of Lemma 1.2: Since the trace norm of 8¢’ is uniformly bounded, i.e.
10€'[]:- < VO'OVE'E < 0,
we get from Lemma 1.1 that

tr(V, — 21,)710€") — m(2)tr(8€)] 225 0 for p/n — ¢ <1asn — oo



1

Furthermore, the application of m(z) — (1 —¢)~! as z — 0 leads to

V10— (1—¢)7'¢0] 250 for p/n —c<1lasn— oo,

which proves (1.14).

For deriving (1.15) we consider

. 1 1 -1 1,1/
ﬂqﬁl:hmn—%M(QQM—da —a&( "ﬂ
2—0 \/ﬁ n \/ﬁ n

/1,1 1 L
= limtr (—")] + ztr (—X;Xn — zIn) (—")] ,
z—0 i n n n

where the last equality follows from the Woodbury formula (e.g., Horn and Johnsohn (1985)).

The application of Lemma 1.1 and Theorem 1.1 lead to

tr [(1’;1%)] + ztr (%X;Xn — zIn> h (1’;1;1>] =5 1+ (e — 1) 4 cem(z)] tr Klnnlilﬂ

for p/n — ¢ < 1 as n — oo where m(z) is given by (1.8). Setting z — 0 and taking into

account limm(z) = —— we get
2—0 —C

5{;1\7;15{”2>1+c—1:cf0r£—>c€(0,1) asn — 00.
n

The result (1.16) was derived in Pan (2014) (see, p. 673 of this reference).

Next, we prove (1.17). It holds that

N 0 . = 9
V.0 = — —21,) 6¢ = =
¢v, St [(Vn 1,) 5} =]
- -1
where (,(2) = tr {(Vn - zI) 05'} From Lemma 1.1 ¢,(z) tends a.s. to m(z)€'0 as n — oo.
Furthermore,
1 1 ez ) _1

9 (2) _ o0 1 EEACOES 2 V(l—ct2)2—4z 1
8zm : z=0 a 0z x(z) — Z|=0 B (m(z) - 2)2 2=0 B (.’L‘(Z) - Z>2 N (1 — 0)3 ’




Consequently, using Lemma 1.1 and Theorem 1.1 we conclude

€S20 — (1 —c)2¢'2 10| 20 forp/n —c<lasn— oco.

1,1/
”) . Then

Let n,(2) = %, (V,, — 2I)7'%,, and ©,, = ( -

- )

X, V. ? n — 7 _TIn
X V%, = L (2)

Y

z=0

where
! X’ X X! — 21 T X,®
n) + ztr [(1/nX;IXn —21,)7'0,] =5 14 2m(z) = ¢+ czm(2)

for £ ¢ € (0,1) as n — oo. Hence, application of Lemma 1.1 and Theorem 1.1 reveals
n

%' V2%, 25 em(0) + cz 82m( )
2

f0r£—>ce(0,1)asn—>oo.
n

Finally, we get

f0r£—>ce((),1)asn—>oo. O
n

Lemma 1.3. Assume (A2). Let 0 and € be universal nonrandom vectors with bounded Eu-



clidean norms. Then it holds that

€V, '0—(1-0)7'¢8] = 0, (1.21)
Vg, 2% O (1.22)

—C
XV 0 =0, (1.23)
€'V, 20— (1-0)°¢'8] = 0, (1.24)
XV %, % (1_06)3, (1.25)
X V.20 5 0 (1.26)

forp/n — c € (0,1) as n — oo.

Proof of Lemma 1.3: From (1.4) we obtain

B Nr—lg <o/ -1
élv’;le _ €/V;10+ £V’I’L XanV’n 0 2} (1 _ C)—1€/0

_ % V-1x
1 -x/ V. ix,

for p/n — ¢ € (0,1) as n — oo following (1.14)-(1.16). Similarly, we get (1.22) and (1.23).

In case of (1.23), we get

£V 2%, V10 N EVIIx,x V20

1 -x/ Vg, 1 -x/ Vg,

N /v—l—n—/ \7‘—10 as

b v, S n XX Ve 6 s g g
(1 - X%anxﬂ)z

gV, %0 = €V,%0+

for p/n — ¢ € (0,1) as n — oo. Similarly,

! 2% </ \U-lg o/ VV—lg o/ V2%
X V%, = XVix, + Ve XXV Xn | XV XXy Vi X
e T 1-x Vi 1 - %, V,1x
n n n n n n
I -lg o/ \v-1lg <! V2%
I \NT—2< Xnvn XnXp Vi Xn . XnVay Xn a.s. Cc
XV Xn I \—1lg V2 f/~172—>1 3
(1-x/ V. 1x,) (1-x/ V. 1x,) (1—2¢)
and
- X V2%, V10 %V Ix,x V20
)_(IV729 _ )_(/V720—|— mn'n nn ''n + n ' n nan Y'n
n ' n n'n oI v-lo oI \-ls
1-x/V-ix, 1-x/V-ix,
o/ \r—1lg o/ yr—1
+ >—(/ \7——2)—( XnVan XanVn 0 a.s. 0
T (1 -%, V)2
n n n
for p/n — c € (0,1) as n — oo. O



Lemma 1.4. Assume (A2). Let 0 and & be universal nonrandom vectors with bounded Eu-

Vi'lan' vyt

; _ vl
clidean norms and let P,, = V& — T

bounded Euclidean norm. Then it holds that

a.s ! /0
EIPnG &5y (1 o C)—l (6/0 . E’r’/n ) ’
nn
X Px, 5
l—c
xP,0 =% 0,
Lo
EP20 5 (1-co)? <5’9 _¢ 7 0) ,
nn
_ 92— a.s. c
X/ P'x, — (1 — 6)3 ,
x, P20 == 0
for p/n — c € (0,1) as n — oo.
Proof of Lemma 1.4: It holds that
'V inn'V 10 . 'nm'6
SIPne — £/V;10 _ 5 n/"?’?l n L5 (1 o C)fl (5/6 o E n,n )
n'vV.'n n'n

for p/n — ¢ € (0,1) as n — oo following (1.21). Similarly, we get

_ -1 1=
e XV VX s,

n n

Pn_n = X,V
x P,X X, V-1 .

and

</ Vfl /V710 as
= ;’ginn Y

xP,0 = x,V,'0—

for p/n — ¢ € (0,1) as n — oo.

The rest of the proof follows from the equality

V. ngm'V,h ViV, 2
'V, n 'V, 'n

N n’V*QUV’; VA
" (n'Vin)?

P2=V_ ?_—

and Lemma 1.3.

where 1 1s a uniersal nonrandom vectors with

(1.27)
(1.28)
(1.29)
(1.30)
(1.31)

(1.32)

Proof of Theorem 2.1: Let g, = max{u/ X *u,, b'S,b}. We get that ¢, > 0 uniformly in p,

since p!/ X', > s and s > 0 uniformly in p by Assumption (A3).



The optimal shrinkage intensity can be rewritten in the following way

o — ﬂfl%(un — B%,b) — b'(u, — 8E,b)
! WX, wg — 2b'E, w5 + b'E,b
]‘IS;I n Enb — A
' (llfs—llﬁ )4 Y '51.Qn(p, — BE,b) — b/ (p,, — 5E,b)
]_/S;LlEnS:Ll]_ 5 71}7;Qn2ns;11 w
(1’8511)2 g 1'87:11 l’ST_Lll
AL
B;’

(1.33)

= p!

+ 725, QnEn Quyn — 2 — 2y 108, Qnyn + B'E,b

= p!

where

i} 1 /1S Y (w, — BE,b A
A, = w ( (5511 ) + 7'y Qu(p, — BE,b) — b (p, — BEnb))
Vs, ')A S, (VST (w8 e,) S
dn (rx;')-rs;
3 (s, '1)" 12/, b (1S 1) 2(b'S,b) /1S 'S, b
Gn (rs;'1)-1rs;1
LS, Y Qe gyt VLS in /S, b §.Q,5,b
—— — v
7 Gn 7498 1Mn Gn \/ugﬁglun\/b’znb
Vs e /s b b, b'S,b

+ 5
Gn AV u%E;lunvb/Enb dn

and

B = 7755 Q.2 Qu¥n

1(18;'s,8,"1 N 27_15/;1(},12”8;11
dn (1/8;11)2 1/87711

b'y, S 11
1'S-11
(s ')~ t's )7t's iy, S
an (12,'1)72(1'S;11)?
LS s e, (USSR () 3 )y, Q8 S,
dn ('S
(1’ 11)"12/pE,b ('S, 1) 2(b'S,b)~/?b'S, S 11
dn (s '1)-11'S; 11
) Vs, T bE,Qu . N b'E,b
gl ,
dn VLS e, /O, b Gn

In the formulas for A* and B the factors ¢, 'u/ - 'u, and ¢ 'b'S, b are bounded by one.

— 2 — 27y 'S, Qu Y + b’Enb)

+ 2y

- 2

Moreover, since (1'3,'1)~! < b'E,b for any b with b'l = 1, we also get ¢; (1'%, '1)7! < 1.



The Euclidean norms of the following vectors

251/21 - 1/2Mn nd E}/Qb

s Vb'E,b

are all equal to one. As a result, using y,, = u,, + 2711/ ’%, and S,, = 271/ 2Vn§]7ll/ 2 and applying

Lemma 1.3 we get

1'S:'1 13 V2v-iy-/ as,
s s11 ==
1,S7;1“’n _ 1,2;1/2\/;12;1/2“71 ﬂ (1 _ C)—l 1/2;1“’71
VIS, s, e, VUE1VS, e, VIS 3, e,
1'S;'S,b 1D DNEVEA V) i 0 @ (1 gt 1
= — C 5
VIS 11/P'E b V1I'E 11/P'E b VIS 1/P'E b
1'S;'x,8: 11 1D DNV Vi) Yattes | s, L
1 s —r{-er

for p/n — c € (0,1) as n — oo.

Furthermore, from Lemma 1.3 and 1.4 using the equalities

V. inq'V,?

Q,=%,"’P,2'* and P,V,! =V, ? - -~ -
n'V,'n

with n = 3.1/21/y/1'S'1 we obtain with g/ % p, > 0

yl Q o NI E*l/QP 271/2“ X/ P 271/2’11
n wnn — n—m n~n n + n- nN=—n n
w2y, w2 w2
/
2} (1 o C)—l #’nQ_nllJ'n 7
H, 2,
¥ Q.3,b p,;E;WPnE}/Zb % P, X

VS, /B'E,b V2, Vb'E,b \/%E ', /D', b
a5y (1 — ¢t HaQuZab

VL, /Db
¥ Q.28 11 TS SR S ) S | N X P,V ix-i/2
VL E /121 VAT SRayTRVE D Stk BRNRVITS Sty TRV T S |
a.s. I‘l’/ in
L1 —e)? & =0,
VL E e /1E 1
Y QuZn Qe X PI%. %, PPIx, S, PP, i,
r -1 - r -1 +2 +
w3y, w3y, L e, L e,
as, (L=0)Pc+ (1 =) p,Qup,
_> ; 2_1
H’n n MTL

10



for p/n — c € (0,1) as n — oc.

Substituting the above results into the expressions of AY and B}, we get that

A" — A*| “5 0 and |Bf — B*| %50

with
o~ BSOS e (s ) R B ) A - 07 S
dn (1 - C)_l
ﬁ(1’2;11)—1/2\/m (s, '1)"Y2(b'S,b)"Y/2(1 — )~ ?
Gn (1—¢)-1
_ -1
N 7_1/1»;2”1/1% (=9 ' Qs _ 5 VHRE, B VD' ERD (1 — o)l Q, 2D
—1
an B2 n NIV SRRV 10 > 3
w2, 1, Vb'E, b b, LAY
n 1, 1, /b, b n
1 (1US,'p 1 vt '8
- = n_Pn _ by, — 2Inb — b’ b'E,b
o ( ToRe] 51,2;11 T oM Quitn — T HnQ B+ B )
and

o B9 PNE > DRnTERVUT/A > ey TR

Gn (1—-¢)2 v Gn (1—¢)t

4 A2 o, (1—co)3c+ (1—¢)3p! Quu,

v 51

4n p’n n I"’n
B 2(1’2;11)*1/2\/b’2nb (1'E ') 12, b)"/2(1 —¢) !
Gn (I1-0¢)t

- 1,20 1, VD'ED (1 - o) 1S, Qup, L b'E.b

- 2y
n T Sy TIVA S S0 S

PN 5 1
= qn 1 . 1/27:11 ’Y (1 _ C)3 ""n 'ruu’n (1 _ 0)3 1/2;11

—1 /5 —1
i ’ 1'%, p, /
- 2 b — ———" b'X,b |.

1—c( Hn 1/2;11>+ )

Let a* = A*/B*. Then,

1 41* a.s.
|Ckn & | — ‘B*( n ) 'B*B*( n)
ing the notati v = —1 v = —/ : Los=u Q R, =1 d maki
Usin notations V. , - ;s =, Qnit,, p,, and makin
g GM s 1y em s 1 b g

some technical manipulations we get the statement of Theorem 2.1.

11



]

Proof of Corollary 2.1: (a) We first compute Ug/q, with ¢, = max{u/ ¥ *u,, b'S,b} given

by
1 1 1
LUs = q—wgun—%—wszms,
where
1, 1S, 1,4
_ WEIY)TA B, (VRS T R (3 )L
B n (s "1)-11'S; 11
N ,Yflu;EZLlun Y4 Qutt,
as, (VES DTV 3, (U8, 1) 2 (3, ) 21— )R
Gn (1—0¢)t
. L EL 1, Qup, 1 - -
o e = o (Rewy +97H (1= 0) )
and
1., . 1'S;'%,S: 11 LUSTEQuYe oA A
P T A B U= R I L e B
sy sy SIS L e, §,Q05,Qu s
T wsrnrRs S,
Lo BT AV, (V) 3 ) S 1S Qu
! dn (s '1)-11'S; 11
as, B DA -0 B, (-0t (12 0, Quy
¢ (1=0)7 In T >Te
L WE) B, O
In (1—¢)t
1
= L0 e+ s - )

for p/n — c € (0,1) as n — oo.

Finally, the equality

1 1 1 .1 1
—Upy = —Romy + =7 ' —s — 2—VGMV,
In In 2 g 2 qn

implies the statement of the first part of the corollary.

12



(b) It holds that

1 1, o 1
“Ugse = o'W, + (1= o) Dk,
’y *21 al A * * 1 / - *21 /
- 5 (o) q—WSZnWS—l—Qa (1—a)q—b2nws—|—(1—a)q—b2nb :

where the asymptotic values of Wi, /¢, and WX, Wg/g, are fund in part (a) and

1 1 XY, S11 1 A
_blzn A = —_ o 71_b/2n nYn
Gn e g 1S, 7 In Qny

(1S '), b (1S 1) 12(b'E,b) " 1/21'S 1%, b
Gn (s t)-rs;
’y_l v l'l'/nzglu'n\/ b/znb blEnQnyn

Gn Vil S e /S, b
ws. (IS T)7V2/B8, b (1'S 1) Y2(b'S,b)2(1 — )7}

o
In (1—0c)!
1S '
1_ —1 b/ _ n n
+ VS e Y ( Ho 1’2n11)
Y
n Vil 2 e, /b'S,b

- = (Varrv +771(1 =)™ (Ry — Ramv)) -

dn

for p/n — c € (0,1) as n — oc.

Hence,

f(UEU—UGSE) = (a )27UEU+(1_O( )27UEU+2a (1—a );UEU
*\2 1 * * 1 A~/ *\2 1 * * 1 / * * 1 ! ~
- () —Us—a"(1—-a")—wou, —(1-a*)*—Up —a*(1 —a")—b'pu, + ya* (1 — a*)—b'E,wg

25 (02 Uy — Us) + (1 — "2 (Upw — U)

n n

* * 1 —
+ o"(1-a")— (ZRGMV+’V Ys —YVomv — Remv —

an

-1 Ry — R
T 5 Ry +Vauy + ———CMV
1—c 1—c¢c

1 1 1
- (a*)qu(UEU —Us)+(1— a*)Zq—(UEU —Up) +a’(1-a"); = ~o-(Ry — Roury - 7 1s).
for p/n — c € (0,1) as n — oo. O

For the proof of Theorem 2.2 we need several results about the properties of Moore-Penrose
inverse which are summarized in the following three lemmas. Similarly as the proof of Lemma
1.2, we will use Lemma 1.1 and Theorem 1.1 in a sequel every time a derivative must be

interchanged with the limit n — oo.
Lemma 1.5. Assume (A2). Let 0 and € be universal nonrandom vectors with bounded Eu-

13



clidean norms. Then it holds that

X'Vt
%'(V1)20

%'(VH)3e

Q
vl

L

Q
w0

L

B

B

B

IS]
»

i

s}
»

i

i)
w0

i

¢ He—1)7'€'0,

(c—1)7%¢0,

forp/n — ce€ (1,400) asn — oo .

Proof of Lemma 1.5: It holds that

- 1
V= (—angl
n

and, similarly,

1

(V+)Z _

tr

Ve =

—X,,
NLD

1

vn
1

NG

+
1 1
- —X,(-x
) vn (n”

1 —(i+1)
(%)
n

Let ©® = 0¢'. 1t holds that

1
X, (—X;
n

1
X, (—X;
n

-2

x, )
-3

x, )

vn

1

NG
1

NG

X' ©

X' ©

-2

1

_X’
vt

X for i=2,34.

1 —1
—X,, (—X;Xn - zIn)
n

(1.34)
(1.35)
(1.36)

(1.37)

(1.38)

(1.39)
(1.40)
(1.41)

(1.42)

1
_X/
v ”@]

1

NG

The application of Woodbury formula (matrix inversion lemma, see, e.g., Horn and Johnsohn

(1985)),

(1.43)




leads to

I\ 0 1 / -
Ve = —:ztr [(EXnX” — zIp) @]

0z 70’
- 1 9 1 -
Ve = - S Atr [(—XnX;1 — zIp> @]
2 0z n o

From the proof of Lemma 1.2 we know that the matrix ® possesses the bounded trace norm.

Then the application of Lemma 1.1 leads to

~ 0 2
N7+ a.s. v ’
EV.6 = azx(z)—zzzoﬁa’
~ 1 0? z
T2 s, L O /
EV.)e = 2822x(z)—2220£0

for p/n — ¢ > 1 as n — oo, where x(z) is given in (1.9).

Let us make the following notations

x(z) — z2'(2) ‘

0(z) = - and ¢(z) =

z(z) — z 22

Then the first and the second derivatives of 6(z) are given by

0'(2) = 0*(2)p(z) and 6 (2) = 20(2)0 (2)p(2) + 62(2)¢'(2) . (1.44)
Using L’Hopital’s rule, we get
. . z . 1 1 c—1
9(0):,]%1—%9(2):,1%1:(2)—2:,11—1}(1) (x'(z) — 1) - 1(1 1+c> 1—  (1.45)
2\ |1—-¢/)
— 2 1 " 1 —2
6(0) = limy o(2) = liy "I - Do) = Sl e =
(1.46)
and
lii% S = — gg}) 2(x(2) — zx’g)) + 2%z (2)
= —lim 26(2) jx (2) __ lim (2¢/(2) + 2" (2)) (1.47)



which implies

¢'(0) = lim ¢/(z) = —% limz (z) = _% lim G fcc(i —Z; - 14)2«)5/2 _ 2(Cc(c— 43)15) . (1.48)

z—0 z—0

Combining (1.44), (1.45), (1.46), and (1.48), we get

0'(0) = lim 0’ (2) = 62(0)¢(0) =

2—0 cle—1)

and

1

clc—1)
1

(c—1)3

Taking into account that

gvie “5 €310 for p/n—c>1 asn — oo,

f/(\?f{)Z@ ~% €310 forp/n—c>1 asn— co.

~ 1 1
X Vix, = -1/ X/ X, (X' X,)*X/ X, 1, =~-1/1,=1.
n n

we get (1.36). Similarly, using
% (VI)ix, = 1/nl’(1/nX.X,)"0"Y1, for i=234
we get

1/nl (1/nX,X,) 1, = lin(l)tr[(l/nX;an —I)7'@,] == m(0),
zZ—r

1/n1’ (1/nX!.X,)?1, = lim gtr[(l/nX;Xn —2I)7'@,] == m(0),

z—0 82
1/nl (1/nX!X,)%1, = L lim a—Qtr[(l/nX’ X, —21)7%@,] *% 1m”(O)

for p/n — ¢ > 1 as n — oo, where ©,, = 1/n1,1/.

Using that the elements of X,, are independent and identically distributed and the fact that

16



n < p from Lemma 1.1 and Theorem 1.1 we get that

(1—0’1+z+\/(1—0*1+z)2—4z).

DN | —

() = — with z(2) =
m(z)_z(z)_z th —()

Thus,

1 1 c

m(O)IQ(O) T 1t -1

which proves (1.37). Furthermore, we get

/ _ f(z> -1
() = ") 2

with

and, consequently,

2/(0) —1 1 3

)
2(0)? (A—c)? (c=1)*

In order to prove (1.39), we compute

") 1 1 (=1 —ct+2)?

' (2) == — ,
- 2\ V0 —cT+2)2 4z ((1—ct+2)2—42)%2
Hence,

20)-1)?2 _c'+1 A+
0F  C0-cp e—1p

oy 20
0= e

17



For (1.40) we consider

Ve = tr

1 ! - -1
L+ =z (—XnX;l — zIp) 9)‘(’] =X'0 + 2%’ (Vn — zIp> 0.
n

Because of (1.16), it holds that x’ (Vn - zIp) - 0 is uniformly bounded as z — 0. Moreover,
X0 X% 0 as p — oo following Kolmogorov’s strong law of large numbers (c.f., Sen and
Singer (1993, Theorem 2.3.10), since 6 has a bounded Euclidean norm. Hence, X'V;0 2% 0
for p/n — ¢ € (1,+00) as n — oo.

Finally, in the case of (1.41) and (1.42), we get

) ) 1 - as
(V)20 = —ztr [(—ang — zIp) Ox'] 0,
0z n »
x'(V,))*0 L2 o l(ixx - B 0%/ LN
X = — —ztr || — —z X :
" 2 022 no " b »
for p/n — ¢ € (1, +00) as n — oo. O

Lemma 1.6. Assume (A2). Let 6 and & be universal nonrandom vectors with bounded Eu-

clidean norms. Then it holds that

EVie == cle—-1)71¢0, (1.49)
X Vix, +5 Cil, (1.50)
Ve =% 0, (1.51)
gV =5 (c—1)7°¢0, (1.52)
% (VH)2x, =% (0221)3’ (1.53)
< (V2 2% 0 (1.54)

for p/n — ¢ € (1,400) as n — oo.

Proof of Lemma 1.6: From (1.5) we get

£V %%, (V)0 + &' (V,)*%,%, V.10

EVi0 = £Vio-

x;,(V)2%,
<! (V+)\3% 5 5
KV Xn_errig v+ o5 ce—1)1¢'0
EARZIE I

18



for p/n — ¢ € (1,+00) as n — oo following (1.34)—(1.36). Similarly, we get

and

'V

5(’ V+0 — 5{/ \N/'—i-e_ V+X7l (V+)20+X (V+) Xn
n-'n n ' n n(V%—)zXn

for p/n — ¢ € (1,+00) as n — oo.

Now, we consider the equality

[(Vn - xnigﬁ] =

%, (V)%

Vix,x Vi —

(] (V+) )

(%, (Vi) 2%)?2

(V)% (Vi)? + V%%, (Vi)? + (Vi) %%

Hence,

£V = £(Vire s

§Vi)x ;(V+)29+£V+Xn W(Vi)o+ €V

")

3)_(17,)_(/

V;te a.s

n (VTJLF ) 2Xﬂ

19
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¢e,



N o/ +\45 </ +\3g \2 </ +\35%
wV = X;‘(V:)QX”+(fn((~f))zf(n>2_E)-(?l ~i)zxn)3+2)—(7EYi>2-”
Xn n Xn Xn n Xn Xn n Xn
—/ ~+ 3=
g (N2 n( n) Xn
Vo) =2 S
O x(VHx, _(>‘<;L(\7‘1)5‘)‘%)2ﬂ> 2
RV (X (Vi) (e )Y
and
- <! (V)4 5 ¢ (V+H)3% \2  _
(VIR0 = %, (Ve + el X gy BalVi) Xy G
(x,.(Vi)*%s) (x,.(Vi)*%y)
—/ ~+ 3= B ~ ~
+ Xn(Yn) Xn |:)—(/ (V+)2}—(n>—(/ V+9—|—)_(/ (V+)29
(R (V)2 L o e e e
 RVIPRE(VE0 + % (V0 + %, (V) KX VIS s,
X, (Vi) Xn

for p/n — c € (1,+00) as n — 0.

Lemma 1.7. Assume (A2). Let @ and & be universal nonrandom vectors with bounded Eu-

Vinn' Vi

- R Vo
clidean norms and let P, = V) N Tn

bounded Euclidean norm. Then it holds that

E/P—i—e a.s. C_I(C . 1)—1 (5/9 . 5/"777/0)
n / )
n'n
a.s. 1
X Prx, — ,
c—1
<P > 0,
!/ /

gPie =5 (c-1* (g0 ETT2).

X, (PL)P% 5

X, (P10 == 0

for p/n — ¢ € (1,400) as n — oo.

Proof of Lemma 1.7: It holds that

EVinn'Vie ..

EPHO = £Vie-— N 25 e — 1) (g’a_

£’nn’0)
n'n

20

where m is a universal nonrandom vectors with

(1.55)

(1.56)
(1.57)

(1.58)

(1.59)

(1.60)



for p/n — ¢ € (1,400) as n — oo following (1.34). Similarly, we get

X Viqn'Vix, as, 1
n'V,n c—1

and

X' VIinm'Vio ..
n'Vin

XPro = XV -

for p/n — ¢ € (1,+00) as n — oo.

The rest of the proof follows from the equality

o (VEyPmm'VE Vian'(VE)?
n'Vin n'Vin

Vinn'V}
(m'Viin)?

(P)* = (Vy) +n' (Vi)'

and Lemma 1.6. O

Proof of Theorem 2.2: Let q, = max{u/ ¥ 'u, b'S,b}. From Assumption (A3) get that

¢n > 0 uniformly in p, since p/ X'y, > s and s > 0 uniformly in p.

In case of ¢ > 1, the optimal shrinkage intensity is given by

Oé+ _ 6—1 \X/fg* (l'l’n B anb) — b/(p’n B anb)
" W 3, Wg- — 2b'3, Wg- + b2, b
]_/S* - an —7 Ax* /
57 —n
1'S*¥,S*1 ¥y, Q*¥,S*1 oA AL b’'Y,S*1 AL
n n —1Jn %n n -2/ * * _ n _ —1W/ * /
(1/S%1)2 + 2y 1'S:1 +772 Y QXN QY — 2 1'S:1 2y 1'%, QL yn + b'E,Db
LAY
= 6 1B7;l,7
where
1 (1S, — BS.b) ., .
_ @EY) T 3 e, (VST (B e, ) PYS
- n (1S 11)-11/S: 1
5 (U ')"V2pE,b (1S 1) 12(b'E,b)"1/21'S: X, b
Gn (U3, '1)-11'Sx1
N Tlu;E;lun Qi _mfl\/u;E;lunx/b’Enb 7, Q; b
G B, Ry n VS u,/bEDb
NIT RT3 by, LA
qn AV [J,;IE;I[J,”\/ b/an dn

21



and

1 [(1S:%,S1 VQEESEL oA
B+ — ( n n 2 —1ynQn n ‘l"}/ ZY;annQnYn

W\ @S2 7T T s

b'Y,S%1
T T 27 'b'E, QLY. + b’Enb)

(s ')t (', 1) 11'SE s, Sl

n (12;'1)2(1'S;1)2
L) S e, (V) (B ) 2y, QRS

Gn (U '1)-11/S:1
YT 7, Q: 5 QY
(U ')7V2pE, b (1S 1) V2(b'E,b) " /2b'E, S5 1
Gn (s, '1)-11'Sx1

) AV e, /PED bE,Qy, L b'Eb
! Gn Vst JOSb G

+ 2y

+

- 2

Using the equalities

Vo = py + T5/°%, and S = B, 12Vin 12
the facts that ¢ 'p/ X', < 1, ¢'b'E,b < 1, ¢;'(1’S,;'1)"" < 1 and that the Euclidean
norms of the following vectors

251/21 ET—LI/Qun and E}/Qb

VIS s, Vb'E,b

are equal to one, the application of Lemma 1.6 yields

1'S:1 USAVES R L0 .
s s 11 eI,
1/8:1“’71 — 1/251/2\/;;27:1/2“’71 g Cil(C o 1>71 1/2771“’71
VIS WS e, VUSE , VI W2,
1'S:3,b _ VEIPVISPD as a0 1
NGRS G Vo0 T =1 V1S 1Vbs,b’
US;%,S;1 VS VAVIPE L 3
s RS = (c—1)

for p/n — ¢ € (1,+00) as n — oo.
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Finally, from Lemma 1.6 and 1.7 as well as by using the equalities

Q* — 2_1/2P+2_1/2 and P+v+ — (V+)2 _ V:n”?%V:)Q

n'vVin
with n = £,1/21/4/1'%, /21 we obtain
0 Qb WX, PPEE Py, X PR,
W, TR Y TS w0 1y,
L e e — 1)*1—N;Qnﬂn
W,
7, Qi T.b w S, PPN KPR
VLS, VOSb 3, VBE,b \/%E ', vVb'E,b
L e e—1)71 #,QnEnb
Vi, p,VbE,b
7 Q'%,S 1 7 el SR VA Yettas | X PHviy-1/21
n wn—n>n — n<—n n n n + n- n n n
Vs /1S, VAT SRITIRVA D S VIS S RVA D YR |
E} (C o 1) I’l’nQn 7
N TR G
7. Q nQZ.‘?n Al +2un2n1/2(P+) Xn+un53;1/2(P*)22*”2un
o, w3, e, w3, W,
as, (c—1)" 302+(c—1) wQuut,
w, S

for p/n — ¢ € (1,+00) as n — oo.

Substituting the above results into the expressions of AY and B}, we get that

A — A" 250 and |Bf - B*| 50

with
V)2 e, (Vs ) 2 (W s e, ) e (e — 1) IUYE T ey,
B In cHe-1)"1
5(1'2,;11)—1/2@ (1's,'1)~12(b's,b) "/ 2c (e —1)7!
n cHe-1)"1
b oS e VT Qi VERE BB T e )7, Qub
—1
o Hn i b o VHE e, /BTED
w2, 1, Vb, b b, L gh/Zub
n 1,2, 1, VDS, b n
1 (1S, 'p 1 o '8
I n Ko _ o — WSnb— b b'S,b
( TRt 51/2;11 T ey Qubn = STy e HnQ Mo+ >

23



and

B (e —1)-3 US )T s,
B+ _ (1 En 1) (C 1) 72_1_2771( )

0

In c2(c—1) n cle—1)71

2 e, (= 1) 73 + (¢ = 1) u Qupsy,
dn /L;nglu’n
1'='1)"12/bE,b ('S 1) 12(b'E,b) "/ 2¢ (e — 1)1
Gn cHe—-1)"1
gt VHRE 1, VIED 1 (e — 1) 71D S, Qo LS
Y
dn H;zglun /b'S,,b qn

- 2

1 ¢ 1 v 2 /
oo <c— 1131 (e 17 (¢ + 1, Qups,) —

27_1
n 1s7h

-1 r5—1
2 ’ Yy, ’
- 2 (b B, — 1/£;11 ) +b Z]nb).

Let at = A*/B*. Hence,

A+
BYB;

1
-t a0

n

a.s.

(B* — BF)| £ 0.

i

This completes the proof of Theorem 2.2.

Proof of Corollary 2.2: (a) With ¢, = max{u/ > 'p,,, b'S, b} we get

1 1 1
—Us = —Whp, — %q— S S

QT'L Qn n

where from the proof of Theorem 2.2 we have

LY LVSp, | 11 A
q_nWS*u’n - q_n 1/821 +7 qnynin’l’n
_ W) S e, (VS )T (8 ) TS
dn (3 11)-11'Sy,

s ", VRQLL,

1

as, (VESDV2V 3, (U8, 1) 20 B, )T e e = )TIUS

Gn cHe—1)"1

1 T, 1,Qutty,
+ e e—1)7 N1

24
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and

o USIS, St . 1SESL QY.

Wi B, W = S + 2y EETE +77 5 Q. QLY

s ') s ' )TUs s, St S e, v Q. Ql Y

h Gn (1'%, '1)-2(1'S51)? tn Wz,

Lo (1=, ')/ B T, (VS ) B, ) PSS QLY
dn (U3 11)-11'Sx1

as, (UZ1)7 _(26 - 1)‘3_2 - X, w, (c—1)73 + (0_—1 1)), Qs

Gn =1 Gn w3 e,

L WE) P B, O

qn Cil(c - 1)71

1

C
— q_n <C2(C — 1)71VGMV -+ 772m + ’}/72(0 — 1)3S>

for p/n — ¢ € (1,+00) as n — oo.
Finally, using that
1,1 41

1 1
—Ugy = —Romv + =7 —s — =——Vauv,
In In 2 qn 24qy

we obtain the statement of the first part of the corollary.

(b) It holds that

iUGSE = a*l\fvfg*un +(1-— oﬁ)ib’un
n Gn Gn
il el A + s o 2 Ly
- 5 ((a ) q—an*Ean* +2a"(1 —« )q—nb Y. We + (1 —a™) q—nb Enb) ,
where
/ *
qlnb/E“WS* = qin—b12,§§f1 +7—1qinb'an;;yn
(s ')A PR (VS '1) 7 A(b'S,b)21SE S, b
- n ('S, 1) 11'S: 1
L VHE VP DE.QY,
In Vi, /OE,b
as, (1S ') V2, b (1S 1)~ 2(b's,b) 1 2¢ (e — 1)1
In cHe—1)"1
. vV,
+ fy—l\/u@;lun\/mc (=17 (b“"_ Iy )
o Vi, p,Vb'E,b

1
= — (VGMV + ’Y_IC_I<C — 1)_1(Rb — RGMV))

n
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for p/n — ¢ € (1,+00) as n — oco.

Hence,

1 +y2 L +y2 1 + 1

—(Ugv —Ugsg) = (") —Ugr + (1 = a™)*—Ugpy +2a" (1 — );UEU

+y2 1 + L +y2 1 + 1y + s
- (aM) q—Ug—oz (1-« )q—ws*un—(l—a ) q—Ub—oz (I-a™)—b'u, +va™(1 -« )q—bEnws*
a.s. 1 1
— (Oé+)2f(UEU—US)+(1—a+)2?(UEU—Ub)
1 _ et Ry — R

+ af(l-af)— <2RGMV+'Y 15_'YVGMV_RGMV_FYC_1 S—Rb-l-VVGMv—&-bC(C_Gi)MV)

1 1 l+c—c? 1
= (@ (Upy = Us) + (1= o)’ (Upy — Un) +a* (1= a+)ﬁ;(3b — Rearv — '),
for p/n — c € (0,1) as n — oo. O
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