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Summary

In the past, the vertical axis wind turbine (VAWT) lost the competition to its horizontal axis
counterpart, having (wrongfully) presumed disadvantages like increased fatigue and low efficiency.
Little research and development into the VAWT led to a large gap between the maturity of
technology of both turbine types. Now that due to modern techniques the VAWT experiences
renewed interest, topics like airfoil design are reinvestigated.

One phenomenon particularly, plays an important role in VAWT aerodynamics: flow curvature.
Due to the VAWT airfoil’s rotation about an offset centre, there exists a chordwise angle of
attack variation. Also, the added rotational velocities will alter the pressure distribution and
boundary layer of the airfoil, leading to a change in force distribution and turbine efficiency.

This research sets out to chart these flow curvature effects and implement suggested models
to cope with them. Furthermore, using a pitching airfoil model, an implementation in the
airfoil analysis code XFOIL will provide the possibility to investigate inviscid and viscous flow
curvature effects. What effect these have on airfoil design shall be found using an airfoil optimiser,
generating optimal airfoils for various levels of flow curvature.

This thesis has applied six models authors suggested to investigate flow curvature. By applying
transformations to virtual airfoils, leading to added camber and incidence angle, the researchers
thought to mimic rotating VAWT airfoils in straight flow. Comparison with each other and a
solution of a verified panel method showed that their approximation is reasonable within bounds.
When the pitch rate and location is kept to practical values, also the difference between the
methods is very little. Therefore the methods can be used interchangeably.

A pitching model has been devised, showing that the chord-to-radius ratio an be simulated by the
pitch rate of a pitching airfoil. As the chord-to-radius ratio determines the amount of variation of
angle of attack over the chord due to flow curvature, this model can be used to investigate flow
curvature effects. The model has been applied in XFOIL and the results show a good comparison
to the benchmark panel code. There still exists a discrepancy between the solutions, inherent to
the difference calculation methods and dependent on the pitch location. The latter determines
the arm to the surface and therefore the magnitude of rotational velocity, which increases the
error with respect to the benchmark. Cambered airfoils and airfoils at a larger pitch setting
showed less susceptibility to flow curvature.
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The modified version of XFOIL is used in an optimisation campaign to investigate the impact of
increasing chord-to-radius ratio. The method proved to be slightly unstable and therefore little
data is obtained. Of the dataset the following trends can be obtained, using the least-squares
method. With increasing chord-to-radius ratio, the camber tends to become more negative and
shift forward. This is the optimiser trying to maintain optimal power, by choosing airfoils which
will stall later to avoid power loss. Also, this results in thinner profiles with their maximum
thickness more aft.

Finally, the optimal airfoils have been applied in a two-dimensional VAWT analysis model. This
showed that there is very little power gain, and possible power loss when applying the pitch
optimised airfoils.
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Chapter 1

Thesis Outline

This first chapter will provide on overview of the final report of this thesis research. It will
start with an introduction into its main subject, placing it in perspective of current wind energy
technology. With this background in mind, research goals are formulated afterwards. These have
made sure this research has come to a good end. Lastly, the structure of this report is presented.

1.1 Introduction

Wind energy is in demand. Even now when the price of a barrel of oil has been historically
low, countries all over the world are striving to implement more and more GigaWatt’s of wind
power. Several governments and international cooperations have set green energy targets to
meet in the near future. Globally, it was expected to have reached an installed wind capacity
of 260GW by the end of 2014, which is enough to provide some 4% of the global electricity
demand, according to the World Wind Energy Association [1]. More recently, the European
Wind Energy Association provided three scenarios for the future of wind energy in 2020. Based
on their high scenario, an 85% increase in installed capacity to a 17% coverage of the total EU
power demand is expected, says Moccia [2].

The latest global conflicts emphasise the need to reach that target, as a higher energy autonomy
is desired. Governments and countries see the importance of a smaller dependency of imported
oil and gas. This means that there is a turn towards locally produced energy [1]. Wind energy
could provide this demand, being both regional and independent.

This shows the need for continuous research and development in wind power. Nowadays, a good
state of the art is present, and large wind farms can easily be raised on land. Offshore sites
prove a bit more challenging and costly, although not impossible. However, not all situations
lend itself to the typical horizontal axis wind turbine (HAWT). Due to its high dependency on
wind direction, high maintenance, and high centre of gravity, both mountainous locations and
open-sea are problematic. This calls for alternatives such as the vertical axis wind turbine VAWT,
according to Paquette and Barone [3] and Akimoto et al. [4].

1
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This model can operate under every wind direction, is easily scalable, and has a low centre of
gravity, so it can for instance be put on floaters anywhere on open water. Its stigma from the
past, being inefficient and prone to fatigue, is lifted due to modern technologies. This means
that it can finally catch up with the more mature technique of its horizontal axis counterpart.
This makes the VAWT a good contender to participate in the coverage of the future power
demand.

The current designs of VAWTs have little been changed since they were first patented [3, 4]. A
common type is the Darrieus turbine, where aerodynamic forces on vertical ’wings’ propel the
rotor. Usually, symmetrical airfoils are used, as the blades need to be functional in both the
upstream half of the rotation as the downstream (Sutherland et al. [5]).

However, it turns out that due to the operating conditions, this blade does not even act as a
symmetric airfoil (Migliore and Wolfe [6], Zervos [7]). Namely, from the blade point of view,
the flow is not straight, like in regular forward motion or for a HAWT blade, but is curved. This
curvilinear flow will make the airfoil behave as it was a cambered one [6].

This ’flow curvature’ has large ramifications for the turbine and its sub-components. Due to
its rotation, the airfoil will obtain added surface velocities, resulting in a different pressure
distribution and changed aerodynamic forces. This in turn affects the blade force distribution in
either half of the rotation, usually with a decrease of turbine efficiency [6].

To obtain insight in chances for improvement, this research sets out to investigate these flow
curvature effects. If this phenomenon can thoroughly be understood, positive changes can
be made to airfoil design processes for future VAWTs [6]. After a scrutinization of relevant
literature and summarising previous research, previously suggested flow curvature models will be
implemented and tested. An existing panel method will provide solutions to compare to and this
should prove whether existing models are already accurate enough.

Furthermore it is strived to model the curvature effects in an existing two-dimensional panel
code. This code, XFOIL, is able to design an airfoil based on certain preferences, using its fast
and proven algorithms. The benefit this system has over other, existing methods is that it is
computationally cheap but still sufficiently accurate (Drela [8]). Also, it can not only produce
inviscid, but viscous solutions as well. This is an advantage over other systems, for which viscous
solving is normally expensive. This makes XFOIL very useful for airfoil design.

Also, the software is easily implemented in an airfoil optimiser algorithm. By varying the chord-
to-radius ratio, the level of flow curvature can be adjusted, and its impact on airfoil design can
be investigated.

This research could provide a sound base for the future development of the VAWT. With the
enhanced XFOIL model, a closer approximation to reality is achieved, and the airfoil process
can be made more accurate. Coupled with the airfoil optimiser, best performing airfoils can be
sought for VAWT design cases including flow curvature. Improved airfoils can in turn aid the
efficiency of the turbine, in the end helping to the cause of green energy and its proliferation.
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Research Goals

Based on the statements above, the following main objective can be formulated:

"Investigate flow curvature effects and correctly implement these in the XFOIL code,
as to optimise airfoil design for vertical axis wind turbines."

Along with the main objective, several intermediate research goals can be formulated. These
will help guide the thesis work over its duration in order to successfully finish this thesis. Having
achieved the following goals, it can be stated the main objective has been met as well.

• Compose previous information from literature on flow curvature and its effects.

• Implement and compare methods proposed by researchers in the past to model flow cur-
vature.

• Develop a method to easily and accurately simulate flow curvature.

• Scrutinise the XFOIL source code and correctly implement flow curvature, keeping its
original functionality intact.

• Verify the flow curvature models and XFOIL solutions using an existing unsteady panel
code.

• Use an airfoil optimisation tool to investigate the impact of flow curvature on airfoil design.

Report Outline

Below an outline of the report is detailed, describing the main topics of each chapter.

Chapter 2: The Vertical Axis Wind Turbine This chapter will describe the current state of
the art of the vertical axis wind turbine. A brief introduction to the turbine is provided, along
with a comparison to the horizontal axis model. Also, a more detailed explanation of the working
principle of the machine and the design of its airfoils is given.

Chapter 3: Flow Curvature The chapter will explain in depth the characteristics of flow
curvature and the effects its has on the VAWT and its components.

Chapter 4: Methodology The methodology chapter will elaborate on the methods used to
arrive at the results and tasks to be performed to finish this research. It will furthermore explain
the expected outcomes and results of each task.

Chapter 5 U2DIVA Panel Code This chapter will verify the results of an existing potential
flow panel method, so it can be used as a benchmark for future results.

Chapter 6: Flow Curvature Models Based on available literature, the methods which have
been used in the past to cope with flow curvature will be scrutinised. They will be detailed and
used to compute airfoil geometries and their pressure distribution. Afterwards, in a comparison
it is ventured to investigate advantages or disadvantages of the methods.

Chapter 7: XFOIL This chapter will cover the XFOIL code and the modification of its al-
gorithms. A detailed explanation of its working mechanism will be provided and a description
of the source code. Afterwards, a model is developed to easily simulate flow curvature. This is
subsequently implemented and a description of the modified code is presented. Its results will
be compared to a benchmark in order to verify its accuracy.
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Chapter 8: Airfoil Optimisation Using the newly modified XFOIL code, optimal airfoils are
sought for a specific VAWT test case. By means of an existing airfoil optimising code, an optimal
shape shall be found. This chapter will explain its working mechanisms and its results.
Chapter 9: Conclusions and Recommendations The final chapter will present the main
conclusions and recommendations for future work.



Chapter 2

The Vertical Axis Wind Turbine

Ask anybody about wind energy and how it is harvested, and they will surely mention the
typical horizontal wind axis turbine. However, this is not the only wind energy conversion system
around. Already hundreds of years ago, systems with a vertical axis have been applied to aid
man in various tasks. Over the course of centuries this model has been developed and fine-tuned
into the turbines we see today, but not many know of. The reason for that is that research
and development put their efforts into the horizontal axis version, mostly due to misconceptions
about the VAWT and (past) advantages of the HAWT. Due to modern technology, the vertical
axis wind turbine is no longer inferior and therefore enjoys renewed interest.

This chapters sets out to discuss the vertical axis wind turbine. First, a general introduction
is started with a brief history of the VAWT. This explains when and how the modern turbines
evolved, marking the most important developments. Afterwards a comparison is made between
the vertical axis wind turbine and its horizontal axis counterpart. From this, the motivation for
this research arises, as the VAWT shows promise, but still needs improvement.

Then, over the following sections, the introduction will become more detailed, as the working
principle of the entire turbine and a blade cross-section are discussed. The former section dis-
cusses the foundations of power production of the turbine, and presents the necessary equations.
The latter will explain in depth how the force production of a blade is realised, and will address
some important aerodynamic phenomena.

2.1 Brief History of the VAWT

This section will provide a short overview of the most important developments of the vertical
axis wind turbine. This also provides the opportunity to present the current concepts and their
design reasoning.
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2.1.1 Ancient Times

The vertical axis wind turbine is not a new concept. Actually the first turbines are thought to
have been invented as early as the seventeenth century A.D, according to Hill [9]. One of the
first documented vertical windmills originated from the Middle-East. A detailed drawing of such
a mill is found in this reference, and is depicted in Figure 2.1. A rotor with either six or 12 blades
covered with cloth, powered a millstone to produce flour. The wind was funnelled onto one half
of the rotor, creating the drag force to turn it.

Figure 2.1: One of the first concepts of a vertical axis wind turbine, used for milling in the
ancient Middle-East [9].

The vertical axis wind turbine would not yet be further developed, as the horizontal axis type
became more popular in the late Middle-Ages in Europe and the rest of the world. This concept
first started using the aerodynamic lift force on the blade to produce torque. It would have
had to wait until the twentieth century, after the first oil crisis, for another developments on the
VAWT, according to Shikha et al. [10] and Kirke [11]. This renewed interest led to the inventions
of the most commonly found VAWTs today.

2.1.2 Modern Times

Like the Arabic version, the principle of drag driven force production is also applied in more
modern concepts. The Savonius type turbine relies mostly on the difference between drag
coefficient of either side of the rotor blades (Savonius [12]). Because of its low efficiency and
large production costs, this concept is barely used today for large scale power production (Kirke
[11]). However, it does find its use though in small-scale wind speed instruments (Islam et al.
[13]).

A different principle of force production is applied on the Darrieus-type wind turbines. This
concept, patented in 1931, relies on the aerodynamic lift production of its blades (Darrieus
[14]). This provides for a more efficient torque and therefore power production. This is the type
of VAWT is still widely investigated and applied, and will therefore be the focus of this thesis.
A further description of its characteristics and working principles will be provided in subsequent
sections.
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For the latter concept two distinct shapes can be found. The first is an ’egg-beater’ shape,
where the blades are formed to have a troposkein shape. This shape, identical to a rope which
is being swung around with both ends fixed, will reduce the bending stresses in the blade to a
minimum ([14], Ashwill and Leonard [15]). The second variant is where the blades are parallel to
the pivotal axis. These ’straight-bladed’ Darrieus turbines work on exactly the same principles.
A nice description and sketches of the three mentioned turbines are found in Islam et al. [13],
which are shown in Figure 2.2.

(a) Savonius type. (b) Troposkein-bladed Darrieus type. (c) Straight-bladed Darrieus type.

Figure 2.2: Sketches of the three mentioned modern VAWT types, as printed in [13].

The reason why there is such a large gap between the development of this technique is that
"HAWTs emerged as the predominant technology for land-based wind" as mentioned by Paquette
and Barone [3]. Back then, the rotor costs of the most applicable machine scales were lower than
for a VAWT. Also, because of poor knowledge on fatigue loads on either concept, these rotors
were fabricated of aluminium, which for a VAWT lead to premature failures. This, mistakenly
lead to the assumption that all VAWTs were "inherently prone to fatigue", say Sutherland et al.
[5]. Eventually, this meant that all the research and development was focussed on the HAWT,
as mentioned by Akimoto et al. [4].

Due to recent ventures in offshore wind power, there is renewed interest in the VAWT. With
new technology, the misconceptions of it being an inferior design is proven to be no longer true.
Actually, it has some distinct advantages over its opponent, which will certainly prove it useful in
the future. The following section will discuss the differences between the two designs in depth.

2.2 HAWT Versus VAWT

As mentioned in the Introduction, a trend is visible to produce energy more locally. In the ideal
situation, this would go so far as to have an own wind turbine in your backward. Or, in tight,
urban cities, on the rooftops of buildings. However, this poses some challenges, mainly because
this terrain is so much different from the open spaces current wind farms are placed in. The
turbines would need to cope with highly turbulent wind, in both magnitude as well as direction.
And here, the vertical axis wind turbine seems to have the upper hand over the horizontal axis
version (Benedict et al. [16] and Mertens et al. [17]).
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In urban environments, the power density, the produced power per area, is an important char-
acteristic of a wind turbine. Naturally, one would want to produced as much as possible on as
little area. A HAWT does not seem to succeed in this aspect, as firstly an individual turbine
sweeps a large circle with the radius equal to the blade length, and secondly, a farm with these
turbines need significant distances between them, according to Kinzel et al. [18]. This leads to
a low value for the power density.

With VAWTs however, the height of the turbine has a large influence on the power density, while
the swept area can be kept equal. Also, these turbines can be placed much closer together, as
the flow recovery distance could be less than half of that of a HAWT [18]. The result is that the
power density of a VAWT can be three times more individually, or as much as 30 times more for
a farm, compared with the HAWT [16]. Also, in an urban environment, the fact that a VAWT
produces less noise due to its lower tip speed ratio (Kirke [11]), and that it produces more power
in skewed flow (Mertens et al. [17], Simão Ferreira et al. [19]), make it superior to a HAWT.

Next to the power density, a modern VAWT has some distinct differences to its horizontal axis
counterpart. A comparison between the most important characteristics of the two can be seen in
Figure 2.3. More qualitative comparisons can be made between the two, as tabulated by Deglaire
[20], and shown in Eriksson et al. [21]. Note that more generally, a VAWT is a cross-axis wind
turbine, where its axis could even be oriented horizontally.

Figure 2.3: Definitions of a horizontal- and vertical axis wind turbine 1.

One of the key advantages the VAWT has, is that the heavy generator is placed near the surface,
giving it a low centre of mass. This means that it is a perfect contender for offshore wind
power, as it can be placed on tow-able floaters instead of on mono-piles in the seabed (Akimoto
et al. [4]). A second big advantage, as mentioned, is that a VAWT can take wind from any
direction, without yawing. Next to that there is no use for a complicated stall-mechanism, as
the blades inherently offer this, this greatly reduces mechanical complexity (Eriksson et al. [21]).
A structural advantage is that the blade can be made of a single airfoil shape, greatly reducing
its complexity and fabrication effort, as mentioned by Sutherland et al. [5]. Also the blades and
the turbine are better scalable, if structural requirements permit, than the HAWT, as that model
will suffer from high gravitational loads [11].

1As found on http://www.hillcountrywindpower.com/images/wind-basics-turbine.png, visited on 08-
05-2015.

http://www.hillcountrywindpower.com/images/wind-basics-turbine.png
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Besides that the technology of the VAWT is underdeveloped and not as mature as of the HAWT,
the vertical axis turbine does have some downsides which need further development. It is difficult
to self-start, and may need a motor to do so [11]. Next to that, a VAWT is inherently prone to
dynamic stall, say Simão Ferreira et al. [22]. This occurs when for low tip speed ratios the angle
of attack of that blades increase above the stall angle of its airfoil. As a result, the blade stalls
and its lift takes longer to recover due to shed leading edge vortices. Another disadvantage is
that then the blades have to pass through this wake during the downstream half of the rotation
[22]. This will result in diminished force production, and an asymmetrical force distribution,
resulting in an increase in fatigue (Zervos [7]).

2.3 Motivation

The disadvantages of the vertical axis wind turbine mentioned in the previous section provide
the motivation for this research. Namely, improved airfoil design could help alleviate some of
them. Designing airfoil specifically for VAWTs could increase the efficiency and performance of
the turbine. This thesis is focussed on exactly that, designing airfoils for VAWTs, and including
an important aerodynamic phenomenon of the turbine; flow curvature.

If the airfoil profiles could be tailor-made for this type of turbine, its disability to self-start could
be alleviated. Kirke [11] provides an extensive analysis on the developments of the VAWT and
an investigation into the self-start. Beri and Yao [23] mention that cambered airfoils could help
increase the torque at standstill, thus improving self-starting capabilities.

Another big disadvantage mentioned in the table is the issue of a short fatigue life. Application of
better airfoils will result in a more desired load distribution of the blades, resulting in a decrease
of fatigue loads on the rotor. Zervos [7] showed that cambering the airfoil will result in a more
symmetrical force distribution over the rotation. Related to this is the issue of stall and the
wake in the downstream part of the turbine. These phenomena have an accelerating effect on
fatigue and must be avoided. The research of Migliore et al. [24] shows that by designing the
airfoil shape specifically for a VAWT, this may be avoided. In the end, Migliore mentions, these
changes will result in an increase in the efficiency of the turbine.

Next to these three topics, legion of other issues could be addressed with proper airfoil design
specifically for a VAWT. This displays the merit this research has and the useful results it could
produce. Hopefully, tailor-made airfoil could stimulate the research and development into the
vertical axis wind turbine, helping it to catch up with the horizontal axis model.

2.4 Working Principle

As mentioned before, the Darrieus VAWT is the design under scrutinisation. This section will
present the working principles of this turbine. Corresponding equations and variables will show
how the aerodynamic forces on the blade result in power production. Afterwards, a detailed look
at airfoil aerodynamics is taken as well. Important occurring phenomena are explained, which
play a large role in the efficiency of the turbine.
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2.4.1 Blade Aerodynamics

To obtain insight in the working principle of a vertical axis wind turbine, first its variables must
be defined. Figure 2.4 shows how they are defined according to Goude [25], this reference also
includes the equations below.

(a) Parameters concerning the complete turbine. (b) Parameters concerning a single blade.

Figure 2.4: Parameters concerning a vertical axis wind turbine [25].

The turbine operates on the basis of lift production. The blades, which are mounted away from
a pivotal axis, evenly spread, undergo a rotational speed Ω in a flow velocity V . If the latter is
written in complex form, the relative velocity can be found using Equation 2.3. Here the position
of the blade is indicated in polar coordinates R and θ, as shown in Figure 2.4a.

zb = Reiθb (2.1)
Vb = iθ̇bRe

iθb (2.2)
Vrel = V − iΩReiθb (2.3)

φ = tan−1 cos θb
ΩR
V + sin θb

(2.4)

|Vrel| = V

√(ΩR
V

+ sin θb
)2

+ (cos θb)2 (2.5)

α = φ+ δ (2.6)
FT = FL sinφ− FD cosφ (2.7)

λ = ΩR
V∞

(2.8)

Based on the rotational and flow speed, and the blade location angle, the flow angle φ can be
computed, assuming V is real. Using this angle and the pitch angle setting δ the angle of attack
α can be found, as shown in Figure 2.4b. Together with the magnitude of the relative velocity,
the lift force on the blade can be computed. Using the flow angle, this can in turn be converted
to a blade normal and tangential force, according to Equation 2.7. The tangential force results
in torque around the VAWT centre, leading to power production if it is sufficiently high.

A final note on definition; the upstroke of the turbine is considered the upwind half of the
rotation. Consequently, the downstroke will be defined as the half of the rotation downwind.
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2.4.2 Airfoil Aerodynamics

When a better look is taken at the flow around a cross-section of a blade, the airfoil profile,
several phenomena and characteristics are important. These will be discussed below. Naturally,
as it is the main topic of this report, the phenomena due to flow curvature will be discussed in
more depth in following chapters.

Static and Dynamic Stall

As the tip speed ratio ratio decreases, the angle of attack increases. At lower ratios the angle
of attack can become so high the airfoil enters stall. This has a destructing effect on the lift
and an enhancing effect on the drag. Stall of an airfoil occurs when its angle of attack becomes
so large, part of the flow can no longer neatly follow the contours of the airfoil, and detaches
(Anderson [26]). This occurs in a highly turbulent manner, resulting in the loss of pressure, and
therefore the loss of lift and a steep increase in drag. Behind the airfoil, a turbulent wake will
be present, swept away with the fluid.

For a VAWT dynamic stall is problematic as well. This occurs as the angle of attack of the airfoil
cyclically changes. When the stall angle is surpassed and then decreases afterwards, one would
expect the same forces to be produced. However, due to the turbulent nature of the detached
flow, this does not occur, and hysteresis effects are felt. For a VAWT blade this means that
after stall, it takes longer for the airfoil to restore to a more laminar fluid state in parts of the
rotation. A more detailed description can be found in Claessens [27].

Another downside of stall is that an airfoil in the second half of the rotation will be in the fluid
disturbed by the first half of the rotation. If stall occurred there, this leaves a large wake, resulting
in less stable flow for the airfoil there, leading to a decrease in force production. Typically for
dynamic stall, a vortex at both the leading and the trailing edge is being shed into the wake
(Fujisawa and Shibuya [28]), as shown in Figure 2.5. The lower the tip speed ratio, the more
pronounced the effect.

Figure 2.5: Vortex shedding in dynamic stall [28].
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Reynolds Number and Laminar Separation Bubble

The dimensionless Reynolds number depicts the ratio of inertial over viscous forces, as shown in
Equation 2.9. Here V is the flow velocity, l is a length dimension, and ν is the kinematic viscosity
of the fluid. The magnitude, dependent on the velocity, indicates the flow regime, and dictates
the aerodynamic phenomena. The behaviour of airfoils, like laminar to turbulent transition or
stall, is highly dependent of the Reynold number. As a VAWT operates under various tip speed
ratios, the number varies as well, resulting in highly changeable aerodynamics.

Re = V l

ν
(2.9)

Usually, it is considered VAWTs operate at fairly low Reynolds numbers compared to typical
aeronautic applications, values in the 105 are to be expected (Deglaire [20], Islam [29]). A
phenomenon which could occur over either surface of the airfoil is a laminar separation bubble.
The laminar flow detaches due to an adverse pressure gradient, after which the detached flow
eventually transitions and reattaches again. Hereafter laminar flow continues to follow the body.
The formed bubble results in an increased drag and decreased lift coefficient.

An added phenomenon for a VAWT is a cyclic variation of the Reynolds number. Namely, due
to the rotation there is a variation of the relative velocity of the airfoil. Migliore and Wolfe
[30] have computed, for a specific case, the relative variation of the Reynolds number over a
rotation, for various tip speed ratios. They related it to the nominal value of the number, as
shown in Figure 2.6. As can be seen, assuming a nominal value in the first place is a stretch,
and the fluctuations in Reynolds number will enhance the complexity of the flow and therefore
calculations to approximate it.

Figure 2.6: Reynolds number variation over one rotation for various tip speed ratios [30].
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2.5 Airfoil Design for VAWTs

The above-mentioned behaviours of an airfoil impact VAWT design, and specifically its airfoil
design. The shape and geometrics of the profile are dependent on these phenomena. Several
references extensively investigate these questions and discuss desirable airfoil characteristics and
geometrical considerations. Below a summary of those can be found. Before that, a brief
overview of the current state of the art is given.

2.5.1 Past and Current Airfoils

As shown, the angle of attack varies cyclically, attaining both positive as negative values. It
would make sense to use an airfoil which produces lift in both situations. And that is why
symmetrical airfoils are originally used for the VAWT, mention Sheldahl and Klimas [31]. These
airfoils are easily extruded or fabricated into straight or curved blades, without any twist, taper,
or other sections, making them popular to use. Their thickness is ample to provide enough
structural stiffness to the blades. Another advantage is that the aerodynamics of such profiles
are extensively tested and documented, for instance like the NACA series. This made the
NACA0012 and NACA0015 popular profiles for VAWT blades (Kirke [11]).

Although symmetrical airfoils are still being used, plenty research into cambered profiles has
been performed in the past, according to Islam et al. [32, 33]. This has shown that these airfoils
have promising effects. Especially the self-starting aspect of the turbine, which is currently
problematic, might be solved with the use of cambered airfoils (Kirke [11], Beri and Yao [23]).
Even when not only starting torque is considered, an optimal airfoil turns out to have a slight
camber, as shown by Carrigan et al. [34]. Furthermore, Migliore [35] and Zervos [7] have shown
that a more symmetrical, and thus more desirable, force distribution over the rotation can be
obtained. They also show that an as high or higher efficiency compared to symmetrical profiles
can be achieved.

2.5.2 Desirable Characteristics

Previous research has shown that cambered airfoils might prove useful in VAWT design. But
several other aspects of an airfoil might also be desirable, as discussed by Klimas [36]. Below,
the most important of them will be discussed.

• Large stall angle and beneficial stall properties Especially for low tip speed ratios the
angle of attack the airfoil encounters can be very large. It is desirable that an airfoil stalls as
late as possible to ensure that lift production remains. In addition, the drag accompanying
stall has a negative influence on the torque, and should therefore be avoided as much as
possible. Furthermore, once stall does occur, it should occur gradually and with as little
lift decrease as possible. Trailing edge stall is preferable, as the separation location moves
upstream gradually when increasing the angle of attack.

• Large lift over drag ratio This ensures that the lift production is as high as possible for
the least amount of drag. Also in the lift over drag polar, the low drag bucket some airfoils
have should be as wide as possible. This is an area of decreased drag, which should be
used to an advantage.
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• Beneficial extremes for aerodynamic coefficients The maximum lift coefficient of the
airfoil should be as large as possible and the drag coefficient as low. Next to that it is
desirable the airfoil should have a low drag coefficient when the lift is zero. This will make
sure there is the least amount of counter-torque due to drag when the VAWT is starting
up or operating at low tip speed ratios.

• Roughness sensitivity The airfoil should be as insensitive as possible to roughness on the
surface. This could form by erosion of the surface due to weather circumstances or the
impact of insects or dust. Usually, the aerodynamic performance degrades with increased
roughness, but this decrease should be minimal.

2.5.3 Geometrical Considerations

The desirable characteristics mentioned above can be translated in to geometrical considerations.
The parameters discussed below are the main variables in the design of an airfoil.

• Thickness and location of its maximum First of all, the thicker the blade, the stronger
and stiffer the structure can be. And as mentioned by Islam et al. [32] thicker profiles can
obtain higher performances, higher starting torques, and a wider low drag bucket. Also,
Simão Ferreira and Geurts [37] confirm in their research in airfoil optimisation for VAWTs,
that the profile thickness has "a beneficial effect" on the lift slope. They showed that
thicker profiles are found during their optimisation of turbine power output. Furthermore,
Qu et al. [38] explain that not only the maximum thickness, but also its location has a
pronounced influence on the performance of the airfoil.

• Camber With an increase in camber comes an increase of lift and therefore torque. The
mentioned references indicate that there is little change of performance for negative angles
of attack, and an increase for positive ones. An increase in lift will result in an increase in
torque, enhancing the VAWT’s performance. Furthermore, [32] indicates that cambered
airfoils are less sensitive to surface roughness.

• Sharp trailing edge Islam et al. [32] suggest that a sharp trailing edge could lead to a
decrease in drag.

More exotic airfoil shapes are recently considered as well. As research and development in airfoil
design for VAWT increases, more interest is given to shapes which passively or actively control
the flow. One could think of a morphing airfoil to do so. Very little can be found on adaptive
airfoils for VAWTs, but one research shows clear results of a flexible airfoil. Butbul et al. [39] have
created a flexible blade which is able to morph passively under aerodynamic and centrifugal loads
during operation. They show that for low wind speeds and low rotational velocities the morphed
airfoil has an improved performance. However, as soon as the centrifugal loads become too high,
the morphing of the airfoil becomes disadvantageous and the performance starts to diminish.
The authors suggest that the morphing has beneficial effects on the self-starting characteristic
of the turbine.
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2.6 Chapter Conclusions

Each chapter shall be ended with a summary of its main findings. The most important conclusions
are therefore listed below.

• This chapter starts of with the history of the vertical axis wind turbine, explaining the
reason of its underdevelopment with respect to the horizontal axis version. This provided
the motivation for this research as to decrease this gap by providing better airfoil design,
which could alleviate some of the troubles the VAWT still suffers.

• The working principles of the VAWT and basic equations have been discussed. Further-
more, VAWT inherent aerodynamic phenomena have been explained, such as dynamic
stall, the laminar separation bubble, and Reynolds number variation.

• These have led to a current state-of-the art for past and current airfoils for VAWT, which
are primarily symmetric profiles as the NACA0012 and 0015.

• Lastly desirable characteristics of airfoils for VAWTs have been investigated. The profile
should have amongst others beneficial stall properties, large lift over drag ratio, and a low
sensitivity to roughness.

• Geometrical considerations should be the maximum thickness and its position, as this could
enhance lift properties and provide structural stiffness to the blades. Furthermore, camber
could alleviate the starting problems and will lead to less sensitivity to roughness.
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Chapter 3

Flow Curvature

The just mentioned effects play an important role in the behaviour and performance of an airfoil.
Another phenomenon is inherent to the aerodynamics of a VAWT; flow curvature. This effect
arises due to a rotation around an offset centre, as on a vertical axis wind turbine. From the airfoil
point of view, its motion is comprised of a translational movement and an added rotation. The
added rotational velocities alter the behaviour of the airfoil, and this resonates in the performance
of the VAWT. Therefore, during the development of a new turbine, flow curvature effects cannot
be neglected in the airfoil design.

This chapter will present a discussion on the phenomenon flow curvature. Its origin will be
discussed and afterwards the effect it has on increasingly larger sub-components shall be covered.
This means that a discussion is presented on the repercussions it has on the airfoil, the blade,
and the total wind turbine respectively.

3.1 Flow Curvature

One of the very first authors to mention flow curvature when regarding VAWT aerodynamics
was Muraca et al. [40]. In their analysis on cross-axis wind turbines, they deduce that "Since
the airfoil is travelling in a circular arc, the angle of attack varies along the length of the chord".
Several subsequent authors mention somewhat similar phenomena, although an exact definition
remains unclear. Therefore, before the concept is developed in further detail, a clear definition
of the phenomenon ’flow curvature’ is set for this report:

"Flow curvature is the phenomenon where, in the airfoil reference frame, curvilinear stream-
lines are encountered, resulting in a variation of angle of attack over the chord."

For a blade on a VAWT, this is the result of its own rotational velocity around an offset centre.
Muraca calculated the influence this effect has on the lift production, and concluded, under their
assumptions, that it is negligible. Although they mention that for increasing chord length it will
become more important.

Muraca’s conclusion is refuted by Migliore and Wolfe [6]. Their findings showed in fact that "the
usual assumptions of constant blade velocity and angle of attack over the entire blade chord
could introduce substantial error in blade aerodynamic analysis". Their results are visualised in
Figure 3.1.
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The report details the effects of flow curvature, and their results will be covered more extensively
below. An interesting outcome is that experimental data using a symmetrical airfoil show that
the minimum drag coefficient is not experienced at zero degrees of geometrical angle of attack.
This leads to believe that a symmetrical airfoil in orbit does not behave as one due to flow
curvature, as that is a typical characteristic of a cambered profile.

Not only via experiments a discrepancy between sectional data is investigated. Zervos and
Roucous [41] proved using conformal mapping technique that the pressure distribution of an
airfoil in pure translation is distinctively different from that airfoil translating with an added
rotation. In essence, a VAWT blade in orbit performs exactly that motion, from the airfoil point
of view, a translation and rotation. These results prove definitively that flow curvature will alter
the aerodynamic performance of an airfoil section.

Figure 3.1: Variation of angle of attack over the chord [6].

3.2 Flow Curvature Effects

As mentioned, flow curvature markedly alters the flow around an airfoil, and therefore its aerody-
namic behaviour. This influences not only the blade but on the entire turbine. Thus a thorough
analysis of flow curvature effects will be provided below. This will be presented in three categories,
each on an increasingly larger component of the turbine. Firstly, the changes concerning the
airfoil are discussed, after which the influence on the VAWT blades is investigated. Thereafter,
the entire turbine is taken into consideration.

3.2.1 Airfoil

Pressure distribution

In the airfoil coordinate system, a constant rotation around the VAWT centre, is equal to a
translational motion and a constant rotational motion around its mounting location. This ro-
tation causes added surface velocities, dependent on the distance of a point on the surface to
the mounting position. As one can imagine, these altered velocities will change the pressure
distribution, according to the Bernoulli equation. Zervos and Roucous [41] have demonstrated,
using a conformal transformation, the pressure changes when a rotation is added.
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Conformal mapping theory says a surface in one coordinate system can be related to one in
another system. Through this transformation local angles will be preserved. The useful property
of the transformation is that also potential flow can be related using these equations. In this
manner, flow around a circle can be transformed to one around an airfoil shape. Zervos has
applied this and computed the results for a NACA0012 airfoil in pure translational motion, and
pure rotational motion. At an angle of attack of four degrees, a rotational velocity of 0.263
rad/s, and a radius of rotation of 5 chords, the pressure in Figure 3.2 was obtained. One can
see that the added surface velocities due to rotation will translate to a change in pressure.

Figure 3.2: Pressure distributions for a NACA0012 profile at an angle of attack of four degrees,
in pure translational and pure rotational motion [41].

The authors think that separation angles of attack will be different in both cases and therefore
usual sectional data is not applicable. They mention that these should be regenerated for rotating
airfoil, as a function of radius of rotation and Reynolds number.

Boundary Layer

Very little information on the boundary layer of a VAWT airfoil can be found in literature. Migliore
et al. [24] mention some preliminary outcomes, which have not yet been realised. They argue that
due to viscosity the fluid obtains its own rotational velocity, leading to centrifugal momentum and
therefore forces. This "modifies the boundary-layer development on the blade surface and sweeps
the fluid radially outwards from the trailing edge". By deriving the boundary layer equations from
the incompressible Navier-Stokes equations they show that the normal pressure gradient through
the boundary layer is at least one order of magnitude larger. As it is proportional to the square
of the tip speed ratio ([24]), it quickly could lead to a high susceptibility to adverse pressure
gradients and ultimately separation. As known, this has a destructing effect on the lift and an
enhancing one on the drag.

They finally mention that as the angle of attack changes cyclically, in the upstroke separation
might be delayed, while it can be accelerated during the downstroke. This is because of the fact
that the suction side of the airfoil changes in the up- and downstroke. Therefore in the downstroke
an added normal pressure gradient will enforce and already strong tendency to separate.
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Centrifugal Effects

Migliore and Wolfe [30] suggest another approach to investigate the importance of centrifugal
effects. By means of dimensional analysis they have investigated the relationship between viscous
and external forces. The respective non-dimensional numbers are the Reynolds and Froude
number. For the centrifugal force this can be calculated using Equation 3.1. The paper mentions
that for external forces to be negligible to inertial forces, the Froude number must be much larger
than one, which is met in the case of a VAWT. However, for the external forces to be negligible
to the viscous forces, the condition of Fr2

Re being much larger than one must be satisfied. This
requirement is not met, so therefore it can be concluded, centrifugal effects must be taken into
account. However, up to now, no quantification of the effects has been performed.

Fr = V√
gl

= ΩR√
Ω2Rc

= 1√
c
R

(3.1)

Re = V l

ν
= ΩRc

ν
(3.2)

Virtual Airfoil

The added rotational velocity of the airfoil will result in curved flow. To investigate the effects
of flow curvature, several authors suggest a method to ’bend the curved streamlines straight’,
resulting in a similarly bend airfoil as well, as an illustration from [24] shows in Figure 3.3. Af-
terwards, analysis in rectilinear flow could result in desired sectional and pressure data. Through
this transformation, a virtual airfoil is obtained with added camber and incidence angle. This
approximation has been interpreted differently in various papers, demonstrating different airfoil
transformations. Their methods will be discussed in chapter 6.

Figure 3.3: Virtual airfoil approximation [24].

Airfoil Sectional Data

Migliore et al. [24] hypothetically investigate the virtual airfoil characteristics, specifically its
sectional data. The added camber will result in an upward shift of the lift curve, as it will
produce more lift at the same angle of attack. The added incidence angle will result in a shift of
the entire curve to the left. Note that these effects are opposite when the rotation is reversed,
as is demonstrated by Zervos [7].
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Also the drag polars demonstrate the existence of the virtual airfoil. By experimenting with a
turbine in the absence of wind, the former authors could directly relate the drag of the blades to
the counter-torque produced. Namely, the lift vector points towards the centre, so only the drag
force produces a moment. By varying the rotational velocity, and the geometrical angle of attack
of the blade, an effective drag coefficient could be measured. The results, shown in Figure 3.4,
are important, as they show a minimum drag coefficient at an angle of attack different from
zero, which was expected as they used a symmetrical profile. This indicates that the airfoils are
acting as cambered ones. Note that these curves are obtained under quite a few assumptions,
and are only indicative.

The experiments were performed with one of two blades, a smaller and a larger one. This
difference translates into a different chord-to-radius ratio, indicated with c

R . One can imagine,
that as the chord length increases, the variation of angle of attack over the chord increases. As
a result, the angle between the chord and the rotational velocity varies, as this vector is always
normal to the local distance vector to the VAWT centre. The leads to a variation of normal
velocity over the chrod, and a change of magnitude of flow curvature and therefore its effects.

Figure 3.4: Effective drag coefficient measurements [24].

3.2.2 Blade

Tangential and Normal Forces

By applying their cascade model, similar to what is used in turbo-machinery analysis, Mandal and
Burton [42] show that including flow curvature effects enhances the accuracy of the solutions.
Figure 3.5 shows their computed results, comparing them with experimental data. The solid
lines represents the model including the flow curvature effects, the dashed without, and the
squares are the experimental results. The way they included flow curvature was by modifying
the airfoil to a virtual one, based on the method by Hirsch and Mandal [43]. This method shall
be investigated later in this report.
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As can be seen, the results improve with inclusion of the virtual airfoil. Especially in the upstroke,
that model is the most accurate. A similar result is obtained for the normal force component.
Again an improvement is obtained with inclusion. It must be noted that next to flow curvature,
a dynamic stall model is also added to enhance the results.

Figure 3.5: Tangential force computed using a model without (--) and with (-) flow curvature
effects, compared to external experimental data and that author’s model (-.) [42].

Also Zervos [7] shows results for the force components on the blade. Computed for a tip speed
ratio of six and a chord-to-radius ratio of 0.15, the tangential and normal forces on blades with
different profiles are shown in Figure 3.6. Due to flow curvature effects, a symmetrical airfoil will
produce a very asymmetrical force distribution over one rotation. This is ascribed to a higher lift
production in the upstroke, due to the change in lift coefficients, and a increased drag production
in the downstroke.

The author mentions that compensating for the virtual camber and incidence could be a way
to alleviate the loss of efficiency. Zervos computed that using a cambered profile, the force
distribution became more as desired. This improvement can be seen in the figure when comparing
the curves for the NACA0015 and the cambered GAW(1) airfoil. He furthermore proposed a
custom airfoil, having the thickness of the NACA0015, but the mean camberline as described by
the path of the blade. This ARC0015 profile performs even better, leading to a more symmetric
distribution.

Torque

The shift of sectional data has important effects on the forces and moment production of the
blades. If assumed that the virtual camber and incidence are constant, Figure 3.7 could be
the variation of both the geometrical and virtual angle of attack. Qualitatively the indicated
regions in the plot can be said to have reduced power production efficiency. Namely, due to
added incidence in region one, the stall angle is surpassed, leading to counter-torque due to drag
increase. In region two the signs of the lift coefficient and virtual angle of attack are opposite,
leading to counter-torque. And finally, in region three, the absolute value of the virtual angle of
attack is smaller, so there will be diminished power production.



3.2 Flow Curvature Effects 23

Figure 3.6: Tangential and normal force components computed for three different airfoils [7].

Figure 3.7: Variation of (virtual) angle of attack over one rotation [30].
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3.2.3 Turbine

Instantaneous Power

As the flow curvature affects the force and torque production, power is affected as well. As
mentioned, there are parts of the rotation which experience counter-torque even, which leads to
a loss of power into the flow. Migliore and Wolfe [30] have quantified the effect on power by
measuring the torque using an effective drag coefficient, and in turn calculating the power by
integrating over the rotation. The results are shown in Figure 3.8, where the "measure of merit,
proportional to the torque output and power coefficient" is shown for two blade configurations.

As can be seen, increasing the chord-to-radius ratio, thus increasing flow curvature effects, has
a large effects on the power production. Compared to what was expected with the geometrical
airfoil, the smaller c

R blade has a slightly increased power production in the upstream half, and a
reduced one in the downstream, resulting in a net power decrease. The large chord-to-radius ratio
suffers larger effects, and endures stall in the upstroke and a largely decreased power production
in the downstroke. One can even see that the power is negative, indicating it is lost to the fluid.

Figure 3.8: Experimental power curves for two chord-to-radius ratios [30].

Power Coefficient

Mandal and Islam [44] have numerically investigated the effects of flow curvature on the power.
By applying a virtual airfoil transformation, to be explained in chapter 6, they have included flow
curvature in their model. By comparing the results for both the model with modification and
without with experimental data, they have concluded the effects cannot be ignored. Figure 3.9
shows the outcomes, where the most important lines are the dashed and dash-dot-dash line,
respectively the model without and with flow curvature. The squares are experimental data,
obtained from Migliore and Wolfe [30]. As can be seen, the accuracy of the results improve
when flow curvature is taken into account.

The figure furthermore depicts the difference in flow curvature models, as the dotted line is
Migliore’s [30] and the dash-dot dot-dashed line is Muraca’s [40]. This shows the need for a
thorough analysis of available flow curvature models, and a comparison of their results.
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Figure 3.9: Power coefficient as a function of tip speed ratio for different models, compared with
experimental results [44].

Computational Fluid Dynamics Results

Another research on the power afflicted by flow curvature is by Benedict et al. [16]. Their
experiment showed that there is power extraction in the upstroke, and possibly power loss in
the downstream half of the rotation. To verify this, a Computational Fluid Dynamics (CFD)
model was constructed to investigate the outcomes. The paper shows results from analyses
with varying pitch settings, tip speed ratios, and Reynolds numbers. An example of their results
is shown in Figure 3.10, showing the pressure contours and streamlines around a turbine, and
depicting the mean camberline of the virtual airfoils.

The figure shows that in the upstream half, the added camber and incidence increase the lift force
and hence the tangential force (the force tangential to the rotation, and not to the airfoil). The
low pressure on the suction side on the upper surface of the airfoil indicates this high lift force.
During the downstroke, the fixed blade is operating with negative virtual camber, and a large
angle of attack. This results in large flow separation, leading to a negative power production.
Next to that, the researchers believe that "massive bluff-body type of separation in the rear half
for the fixed-pitch case is even affecting the flow upstream in the frontal half". This is indicated
by the expanding streamlines shown in the figure from through the centre of the turbine.
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Figure 3.10: Pressure distribution and streamlines around a turbine with fixed pitch.

3.3 Chapter Conclusions

• Flow curvature arises as the airfoils of a VAWT undergo a rotation around its centre. This
will lead to a variation of angle of attack over the chord, leading to various effects.

• The additional velocities due to the rotation will alter the pressure distribution and the
centrifugal forces will affect the boundary layer as fluid will be swept outwards.

• The rotating airfoil can be approximated by a virtual one with added camber and angle
of incidence. This virtual transformation will provide the ability to perform analysis in
straight flow, for instance on airfoil sectional data. This showed that a symmetrical airfoil
on a VAWT has a minimum drag coefficient at a non-zero angle of attack, indicating flow
curvature adds (virtual) camber to the airfoil.

• On a blade level, flow curvature affects the normal and tangential force, leading to a
more asymmetrical force distribution. Due to the added camber and incidence, more lift
is generated in the upstroke, and more drag in the downstroke.

• This affects the torque and power output of the turbine leading to diminished power
conversion from the flow.

• The shedding of the wake from the upwind half of the turbine is increased due to the larger
lift force. And the increased wake in the downstream, due to a large amount of separation,
propagates forward to affect the upstroke.



Chapter 4

Methodology

To ensure that correct and usable results are obtained, each analysis has to be thoughtfully
constructed. This will prevent losing time on obtaining wrong results or waiting on unusable
simulations. Therefore, will introduce the methods with which the desired results and outcomes
are obtained. It will present a chronological order of actions taken over the duration of the
thesis. This roadmap will provide a clear insight in the applied methodology. Furthermore, the
expected results will be detailed per topic.

4.1 U2DIVA Code

When the XFOIL code is adapted, it must be ensured that it produces accurate results. Also, the
implemented flow curvature models need to be checked and compared. Therefore it is necessary
to verify the outcomes to methods which are already accepted to be correct. This shall be done
with a comparison to a panel code created by Simão Ferreira [45] of the Wind Energy faculty of
the Technical University of Delft, called U2DIVA.

This code is able to compute the desired airfoil characteristics in potential flow, so it can be
compared with the inviscid XFOIL solution. To be certain this code produces accurate results, it
shall be verified as well. For the steady solution, the conformal mapping technique of Benson [46]
is used to produce an analytical solution. For the quasi-steady pitching solution, a comparison
is made with documented results in the thesis of Ghodoosian [47]. After this verification, the
panel code shall be used as the primary benchmark.

The results in this section will show how the pressure distribution of the U2DIVA code matches
against a theoretical solution in steady flow. Also it will be shown how the pressure compares
with tabulated data in the mentioned thesis.
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4.2 Flow Curvature Models

It has been shown previously that an airfoil in VAWT rotation can be approximated by a virtual
airfoil in straight flow. Now, several authors have demonstrated what the impact of flow curvature
can be on the airfoil of a VAWT. Even though more references can be found depicting the results
of their methods, only five also present the equations necessary to reproduce these. Therefore,
a comparison will be presented between the following references: Migliore et al. [24], Hirsch and
Mandal [48], Zervos [7], Gregory et al. [49], Akimoto et al. [50].

The airfoil to virtual airfoil transformation is interpreted by the authors in a slightly different
manner. The usual approach is to alter the camber line of the airfoil, and include a virtual
incidence angle. However, how the flow curvature effects are interpreted varies in the references.
Therefore, it is set out to compare the available methods, based on the calculated airfoil geome-
tries and pressure distribution they compute. Afterwards, their results will be compared with the
verified solution of the U2DIVA code.

The results will serve two purposes, firstly to show the differences in calculation methods in
literature, and secondly to show whether these simple transformations could replace more com-
putational expensive methods. Namely, if the results compare well enough, simulations using
XFOIL or other panel methods might be unnecessary.

Expected results are the different virtual airfoils. Inspection of these will show the differences
between the methods and (dis-) advantages of them. Furthermore, their pressure distribution
will show which method might perform better, and which show undesired behaviour. Lastly, an
objective error measure is used in which situations one methods might be preferable to another.

4.3 XFOIL

The main purpose of this thesis is to include the flow curvature effects into the simulation software
of XFOIL. This will provide the ability to compute airfoil characteristics for both inviscid and
viscous flows. This will be achieved in the following manner. As will be shown, a VAWT blade in
rotation is equivalent to that blade performing a rotation about its mounting location. Therefore,
it suffices to model an airfoil undergoing an quasi-steady pitching motion.

The additional velocities this motion induces are included in the XFOIL algorithms. By altering
the source code, a new operation can be included where the pitching rate and location are defined
by the user. The result would be the surface velocity distribution, boundary layer characteristics,
normalized force coefficients, etc., for simulations with and without viscosity. If this alteration
is made high enough in the chain of equations of the algorithm, the viscous and inviscid solvers
need not to be altered and the quasi-steady solution will be correctly calculated straight away.

The results will contain the modified XFOIL source code. This alteration will be made as such
that all previous functionality is kept intact. The resulting pressure distribution will be verified
with the U2DIVA panel code, as to confirm its accuracy. Furthermore an investigation into the
variable parameters of the model is presented, indicating their influence on the accuracy of the
solution.
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4.4 Airfoil Optimisation

After it has been shown that the new XFOIL code produces acceptable results, it will be used
in an airfoil optimiser. The Optiflow optimiser, developed by de Oliveira [51] for his master
thesis at the Wind Energy faculty of Delft University of Technology, is able to obtain a number
of optimal airfoils computed for a specific test case. They code uses a genetic algorithm to
produce a large set of possible airfoils. These are fed into the optimiser, which is coupled with
the altered version of XFOIL. The optimiser will determine which profiles would fit two objective
functions best, developed by Simão Ferreira and Geurts [37]. The resulting airfoils would be the
best option for the chosen test case.

The purpose of this optimisation is to compare airfoils obtained without and with flow curvature
effects included. The effect of increasing the amount of flow curvature on the geometry of the
optimised airfoils shall be investigated. Any distinguishable trends shall prove whether this has to
be taken into account in the design of airfoils for vertical axis wind turbines. A power estimation
for a two bladed VAWT will be presented as well, for a selection of the airfoils.

The results in this chapter will be comprised of a set of optimal airfoils for a number of test
cases with varying pitching rate. Their geometrical parameters shall be plotted to investigate
whether they follow a trend. And lastly, it shall be checked whether any of the virtual airfoil
transformations could be applied instead of optimising for the airfoil.
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Chapter 5

U2DIVA Panel Code

Few methods are available which can both accurately compute the performance of an unsteady
airfoil and are computationally cheap. In order to show whether the flow curvature models or
XFOIL implementation actually produce correct results, a quick and correct benchmark method
is desired. For this thesis, this comes in the form of an existing panel method.

This very brief chapter will cover the U2DIVA panel code developed by Simão Ferreira [45]. This
code is part of an inviscid two-dimensional turbine analysis method, developed to investigate the
wake of a VAWT. The method will be used as a main benchmark for future results and shall
therefore have to be discussed and verified. This is done in below.

5.1 Description

The original panel code is an inviscid, incompressible single wake, source and doublet panel
method, based on the potential flow. It takes any airfoil shape, within reasonable bounds,
and computes the pressure distribution and aerodynamic coefficients using a Dirichlet boundary
condition. The Kutta condition is applied to make sure there is no pressure difference over the
trailing edge.

To apply the software in this situation, the wake is neglected and has no influence on the
solution. To obtain a quasi-steady, pitching solution, the rotation of the airfoil is taken into
account by including the rotational velocities. This is implemented by including the resulting
perceived velocity on the airfoil surface in the calculations beforehand. In this manner, it will be
propagated through all the equations and should produce the correct solution.
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5.2 Verification

To be sure the U2DIVA code produces accurate results, two verification analyses are proposed.
Even though this has already been done before, for good measure the steady solution shall be
verified again. Furthermore, as it is an addition to the method, the quasi-steady pitching solution
shall be verified.

5.2.1 Steady Solution

The steady solution is verified using a conformal mapping technique described by Benson [46].
This method is able to find the analytical solution of a Joukowski airfoil in both steady and
unsteady situations, based on the same principles as explained before for the method of Zervos
and Roucous [41]. Sadly, after a lot of time put into developing the code, the equations for
the unsteady solution do not work properly and can therefore not be used. However, the steady
solution can still be of use here, and the results are shown in Figure 5.1.

A Joukowski airfoil with thickness parameter 0.25 and camber parameter 0.1 is compared with
the panel code. As can be seen, the results compare very well. The largest error is at the trailing
edge, where the airfoil profile becomes so thin, the panel code has difficulties computing. The
panels at this cusped edge are so close together numerical errors occur. Any other discrepancies
can be attributed to numerical errors, which diminish with increasing number of panels. The
solutions have been verified for other Joukowski airfoils as well.

For further reference, the method and equations are presented in Appendix A.
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(a) Joukowski airfoil with thickness parameter 0.25 and camber
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(b) Analytical pressure distribution and the panel code solution.

Figure 5.1: U2DIVA panel code verification with the Benson conformal mapping method.
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5.2.2 Quasi-Steady Solution

As the analytical solution is not available in an unsteady case, different verification methods were
sought. One was found in the work of Ghodoosian [47]. The method relies on transforming an
airfoil to a pseudo-circle and integrating its surface variables to a full circle, of which a pressure
distribution can be calculated using known equations. The equations for the method are far to
complicated to implement in a short amount of time, but for a single test case tabulated data is
provided in an appendix. For a NACA0015 profile with 6 degrees of angle of attack, a pitching
rate of 0.07, and a pitching location on the chord at 38%, the results are shown in Figure 5.2.
Again the panel code solution compares well.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

x [-]

-2

-1.5

-1

-0.5

0

0.5

1

1.5

P
re

s
s
u

re
 c

o
e

ff
ic

ie
n

t 
C

p
 [

-]

Delft Panel Code

Ghodoosian

Figure 5.2: U2DIVA panel code verification with the Ghodoosian tabulated data.

As neither solution is analytical, it cannot definitively be said that both solutions are correct.
But it is highly likely that if they correspond, this will be an accurate solution.

Therefore it can be concluded that the U2DIVA panel code performs accurately and can be used
to produce benchmark results for future analyses. It must be noted that whenever this panel
code is used in a comparison, inviscid conditions are used, as it is unable to include viscosity.
This shall be true for the rest of the report.

5.3 Chapter Conclusions

• The U2DIVA panel code is an airfoil analysis tool based on an inviscid, incompressible
potential flow solver. Using sources and doublets on a panelled airfoil, its aerodynamic
behaviour can be tested in steady and quasi-steady situation.

• The steady solution is verified with the exact pressure distribution of a Joukowski airfoil.
The pitching solution is verified based on third party data.

• It can be concluded the panel method is accurate.
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Chapter 6

Flow Curvature Models

The knowledge that an airfoil in rotation behaves differently from a static one could stem from
as early as the 1970s. Over the past decades some researchers have investigated such airfoil
motions and found behaviours which could be categorised as flow curvature effects. A discussion
will be presented on how various authors have coped with modelling flow curvature effects in the
past. In general, all methods propose a transformation of a rotating airfoil to a virtual one which
can be analysed in straight flow. Their different interpretation has led to different calculation
approaches, and therefore different outcomes. Some models only vary minutely, whilst other
compute the results on an entire different principle.

The virtual airfoil geometries of each method will be used to compute a pressure distributions
in steady rectilinear flow with the U2DIVA code. These shall be compared with the panel code
quasi-steady pithing solution. This will show whether these methods could be computationally
cheap and easy alternatives to implement. It shall also provide the ability to conclude which
model is preferable over the rest.

The chapter is structured as follows; first a description of each method is given, after which a
comparison is made between their results, and a verification with the panel code. Finally, some
conclusions shall be presented on the performance of the models.

6.1 Airfoil Transformations

As mentioned, th virtual airfoil transformations differ. They range from mere altering the cam-
berline and adding the original thickness, to full conformal mapping, preserving local angles.
However, not all literature is detailed enough to reproduce the models and results. Only five au-
thors have been found which elaborate enough on their transformations. A sixth method is used
based on general theory. These will be discussed below, after which in the following sections,
their results will be discussed.

6.1.1 Migliore

One of the first to propose a transformation to a virtual airfoil are Migliore and Wolfe [30]. This
transformation is based on conformal mapping. In their appendix, all the equations are derived,
while only the most important steps in this derivation are shown below.
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The authors argue that for a coordinate system rotating about an offset centre, the instantaneous
streamlines form concentric circles. These are dependent on the tip speed ratio and the azimuthal
position. Using a polar coordinate transformation these circles are transformed to straight lines.
According to the authors, as conformal mapping is applied, the local angles of attack will remain
the same. The equations are applied on a coordinate system with its origin at the blade mounting
location. To relate the blade geometrical coordinates to this system, use can be made of
Figure 6.1a. The x and y coordinates can be transformed to p and q coordinates in the blade
coordinate system. This is merely a translation and rotation.

(a) (b)

Figure 6.1: Coordinate system relations [30].

The transformed airfoil coordinates can be obtained by Equation 6.5 and Equation 6.6. Here, ε
is the inverse of the tip speed ratio and θ is the blade azimuthal angle. The superscript g denotes
the geometrical airfoil, and v the virtual one. While the subscripts g, v, and R denote which
length has been used to non-dimensionalise, respectively the geometric chord cg, the virtual
chord cv, and the VAWT radius R.

γ = ε cos (θ) (6.1)
λ = 1− ε sin (θ) (6.2)

Γ =
pgg
Rgg

+ γ (6.3)

Λ =
qgg
Rg

+ λ (6.4)

qvg
Rg

=
[
Γ2 + Λ2

] 1
2 −

[
γ2 + λ2

] 1
2 (6.5)

pvg
Rg

=
[
Γ2 + Λ2

] 1
2 ·
[
tan

(Γ
Λ

)−1
− tan

(
γ

λ

)−1
]

(6.6)

Afterwards, the virtual angle of attack and virtual chord length can be found according to
Equation 6.7 and Equation 6.8, where 1 indicates the leading edge and 2 the trailing edge, as
shown in Figure 6.1b. Finally, the virtual airfoil coordinates are calculated using Equation 6.9
and Equation 6.10.
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αv = tan
(
qvg2 − qvg1
pvg2 − pvg1

)−1

(6.7)

cv

cg
=
[(
pvg2 − pvg1

)2
+
(
qvg2 − qvg1

)2
] 1

2
(6.8)

xvv =
[(
pvg − pvg1

)
cos (αv) +

(
qvg − qvg1

)
sin (αv)

] cg
cv

(6.9)

xvv =
[(
pvg − pvg1

)
sin (αv)−

(
qvg − qvg1

)
cos (αv)

] cg
cv

(6.10)

6.1.2 Hirsch

Hirsch and Mandal [43] concluded that VAWTs with a high chord-to-radius ratio experience
a continuous variation of angle of attack of the chord. They assume that an airfoil in this
curvilinear flow is similar to a transformed airfoil in rectilinear flow. Their described method is
categorised as a geometrical transformation. Based on the angle of attack at both the leading
and trailing edge, induced by the rotation of the blade, a new camberline is proposed. The height
of this circular arc can be computed using the provided equations, under that assumption thin
airfoils are considered. The virtual incidence is added to the original angle of attack to obtain
the aerodynamic coefficients.

Figure 6.2: Definitions for the mean camber line transformation in Hirsch [43].

The height of the arc in Figure 6.2 is found according to Equation 6.12, which uses both the
leading and trailing edge angles of attack of the original airfoil, as in Equation 6.11. The
correction on the angle of attack by Equation 6.13.

β = αTE − αLE (6.11)
2f
c

=
1− cos

(
β
2

)
sin
(
β
2

) (6.12) αc = tan
(2f
c

)−1
(6.13)

The authors found the method to produce improved accuracy to a model which does not take
into account flow curvature effects. The modified airfoil performed better, resulting in a closer
approximation of experimental data.
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6.1.3 Zervos

Zervos [7] observed that flow curvature results in an airfoil transformation, leading to a shift
of airfoil sectional data. This results in an increase in force production in the upstroke and
a decrease in the downstroke, partly due to the airfoil transformation and partly due to the
increased wake of the upstroke. This leads to an undesired unsymmetrical force production over
the rotation. Calculations showed that cambered airfoils mitigated these effects. Therefore, the
author suggests a camber line transformation.

This geometrical transformation, is to use the circular arc swept by the VAWT blade as a
camberline. To do so, the equation of the coordinates of a circle have been applied, as shown
in Equation 6.14. The thickness of the original airfoil is preserved.

y = −R+
√
R2 − x2 (6.14)

Calculations performed by Zervos showed that this transformation resulted in a more beneficial
force production. The author suggests that this will in the end have a diminishing effect on
fatigue.

6.1.4 Gregory

Even a different geometrical mapping is employed by Gregory et al. [49]. The paper considers
a body performing a steady turn with a constant radius. This is equated to a body with a
camber line equal to the radius in rectilinear flow, what results in that the angle of attack in
both situations is equal over the chord. The derivation of the corresponding equations is done
according to Figure 6.3.

Figure 6.3: The transformation method described in Gregory [49].

From the figure, Equation 6.15 can be obtained to compute the distance from the leading
edge to the centre of rotation. At any location on the mean camber line, the local angle of
attack is defined by Equation 6.16 in the original coordinate system, and by Equation 6.17
in the transformed system. As mentioned, these should be equal. The mean camber line
length should be preserved, which is achieved with Equation 6.18. Combining, rearranging,
and differentiating results in Equation 6.19. The latter can be used to find the first-order
linear differential Equation 6.20, which describes the curvature of the mean camber line of the
transformed body.
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OB = R0 cos (β0) (6.15)

tan (β) = BD

R0 cos (β0) = x1
R0 cos (β0) (6.16)

tan (β) = dz′

dx
= x1
R0 cos (β0) (6.17)

x1 = BD =
∫ x

0

√
1 +

(
dz′

dx

2)
dx (6.18)

d2z′

dx2 = 1
R0 cos (β0)

√
1 +

(
dz′

dx

2)
(6.19)

z′ = R0 cos (β0)
[
cosh

(
x

R0 cos (β0)

)
− 1

]
(6.20)

6.1.5 Akimoto

The second conformal mapping technique considered is the one applied by Akimoto et al. [50].
Conformal mapping means that a transformation is considered which takes into account the
preservation of local angles. In this manner, the surface of the resulting airfoil shall be more
accurately transformed. This transformation also applies flow similarity, taking in consideration
the fluid dynamics around the original body must be consistent around the one around the new
airfoil. To this extend, the following method is applied by the authors, on the airfoil shown in
Figure 6.4.

Figure 6.4: Definitions in the transformation method proposed by Akimoto [50].

The chord of the original airfoil is mapped into a circular arc by the mapping function in Equa-
tion 6.21. As the chord is mapped onto a circle, its length will slightly decrease and become
R
[
1− cos

(
c

2R
)]
. This transformation is merely a geometrical one, and, as the authors mention,

it is not a regular function (a function which is complex differentiable and single-valued at any
point). This means that the velocity potential cannot be derived to obtain the velocity field.
Therefore, to also transform the potential flow, the function is changed to Equation 6.22. The
change in velocity on the surface, and thickness of the body is negligible using this method, and
also the circulation on the airfoil remains the same. Lastly, to make sure the orientation of the
airfoil is remained, one last modification is made and the final equation is Equation 6.23.

z = (R+ η)e−
i
R
ξ (6.21) z = Re−

i
R
ζ (6.22) z = iRe−

i
R
ζ − iR (6.23)



40 Flow Curvature Models

6.1.6 ez method

The last method applied is the ez method. This method has not been found in any particular
reference, but is thought to be applied in the past. A conformal transformation modifies the
original airfoil based on the local radius of a coordinate. Figure 6.5 shows how a rectilinear grid
is transformed to a curvilinear one, by the use of Equation 6.24. The same applies on the airfoil
coordinates, resulting in a cambered profile.

f(z) = ez with z = x+ iy (6.24)
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Figure 6.5: Conformal transformation using the ez method.

6.2 Results

The above-mentioned transformations have been applied in several analyses to assess their be-
haviour. First, a visual inspection will show how the methods differ and a discussion on the
resulting geometries will be presented. Afterwards, for the virtual airfoils a pressure distribution
will be shown. These shall be calculated using the U2DIVA panel code, in steady flow. The
results will be compared to the outcomes of the U2DIVA panel code computing the quasi-steady,
pitching solution. Also, a viscous comparison is made using the modified version of XFOIL, to
be explained in chapter 7. Finally, to objectively measure the performance of the methods, an
error with respect to the pitching solution is to be computed.

6.2.1 Geometry

The variation of geometry will be discussed by the influence the three free variable have. Re-
spectively, the effect of changing the chord-to-radius ratio, the mounting location, and the angle
of attack will be investigated.
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Chord-To-Radius Ratio

Figure 6.6 and Figure 6.7 show the resulting airfoils when the transformations are applied on a
NACA0015 profile, respectively for a chord-to-radius ratio of 0.2 and 1. The airfoil mounting
location, which is a variable for most transformations is at a quarter of the original chord length,
and the original airfoil was at an angle of attack of zero degrees. The airfoils are grouped into
the geometrical transformations in the upper plot, and the conformal ones in the lower.

All methods produce a slightly cambered airfoil. The added virtual incidence angle is not shown
in this plot, as the airfoils are all rotated back to make the comparison easier. As one can see,
for a high ratio of 0.21, the resulting airfoils are very similar and their deviation from the original
airfoil is not drastic. This means that flow curvature effects for more regular, lower chord-to-
radius ratios will be even smaller. For an exaggerated ratio of 1 the results do differ a lot, but
one would never find a turbine with such a high value in practice. Though, these outcomes can
serve as a way to identify differences between the models.
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Figure 6.6: Virtual airfoil transformations for a chord-to-radius ratio of 0.2, and a mounting
location at the quarter chord position..

As can be seen, the methods of Zervos and Hirsch are fairly similar, these methods rely on
transforming the mean camberline into a circular arc. The only geometrical method which is
different is the one from Gregory. The latter shows a chord decrease compared to the original,
resulting in a more curved aft part of the airfoil. On the other hand, the conformal methods
perform quite varying. Whereas Akimoto’s and Migliore’s methods act more gradually, the ez

method is quite drastic. Here, the length of the camberline is equal to the original chord length,
resulting in a large decrease of the virtual chord. This leads to that the airfoil is not as slender
as its counterparts.

1It will be shown in chapter 8 that a chord-to-radius ratio of 0.2 is a high value and commonly not found in
practice.
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Figure 6.7: Virtual airfoil transformations for a chord-to-radius ratio of 1, and a mounting
location at the quarter chord position.

Camber, Chord, and Incidence The differences between methods for a chord-to-radius ratio
of 0.2 are shown in Table 6.1. It can be seen that the variation is very small, and in this situation
the methods perform very similar. The maximum camber is the same for each method. One can
see that the three geometrical methods (Hirsch, Zervos, and Gregory) are almost identical. This
shows that for regular values for the c

R ratio, it is difficult to distinguish differences between the
models.

Table 6.1: Virtual airfoil parameters computed by the different methods, for a chord-to-radius
ratio of 0.2 and a mounting location at a quarter chord.

Migliore Hirsch Zervos Gregory Akimoto ez method

Chord [-] 1.004 1.001 1.001 0.998 0.998 0.993
Camber [-] 0.025 0.025 0.025 0.025 0.025 0.025
Position maximum camber [-] 0.493 0.504 0.504 0.504 0.495 0.497
Angle of incidence [deg] 2.837 2.873 2.880 2.877 2.865 2.834

To quantify the differences between the transformations better, the virtual camber, chord, and
angle of incidence have been computed for the same profile and parameters, for a varying chord-
to-radius ratio. The results in Figure 6.8a, Figure 6.8c, and Figure 6.8b show that for a ratio
of up to 0.4 the virtual airfoils are quite similar, differing only in chord length. Thereafter,
the results diverge. Again it must be stressed that in reality, a ratio of higher than 0.2 is very
uncommon.

The virtual camber, indicated with the symbol for curvature κv, shows an increasing manner
with increasing ratio in Figure 6.8a. This is to be expected as increasing the chord-to-radius
ratio will increase the angle of attack variation along the chord. When the virtual transformation
accounts for this level of flow curvature, a more cambered virtual airfoil will be obtained. Of all
methods, the three geometrical transformation show the most similarity.
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As for the angle of incidence obtained by the transformation, the geometrical transformations
again are fairly similar, while the rest shows differing results. It must be noted here that the angle
of incidence is not only dependent on the chord-to-radius ratio, but also on the mounting location
of the airfoil. Namely, this location determines the amount and location of the camber. Placing
the mounting axis more forward will result in an increased incidence angle, while using the half-
chord location, the camber would be symmetrical and no virtual incidence would be obtained.
One can intuitively determine this by looking at the rotational induced normal velocities of a
flat plate, which will be symmetrical, so no net sum of virtual incidence angle will be obtained.
Benedict et al. [16] confirm this.

For the transformed chord length however, the methods vary significantly, as seen in Figure 6.8c.
The transformed length is normalised as the original airfoil has a chord length of 1. As seen
before, the ez method shows a large decrease in length. Furthermore, Hirsch and Zervos again
show similarity.
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(a) Virtual camber.
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(b) Virtual incidence.
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Figure 6.8: Variation of virtual airfoil characteristics for varying chord-to-radius ratios.
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Mounting Location

When varying the mounting location, very different results are obtained. Expected is that the
camber and its position will vary due to the transformation, as well as the maximum thickness
and its location. However, for each method these variables change differently. The results are
indistinguishable for a lower chord-to-radius ratio, again indicating that in practice the methods
are exchangeable. Therefore, an exaggerated value of 1 is used to spot any differences.

In Figure 6.9a, for the Migliore method the maximum camber, indicated with the marker, moves
aft and increases. The maximum thickness moves aft, but remains the same and the chord
length decreases. However, for the ez method, the camber moves forward and increases, the
maximum thickness moves forward, and the chord length increases. The rest of the methods
also show no trend for any of the variables.

Therefore, Table 6.2 shows what the effect of moving the mounting location aft has on the
virtual airfoils geometrical parameters. For each of the method, an increase of a parameter is
indicated with a (+), a decrease with (-), and no change with (=). The maximum thickness
position and chord length behave the most similar for all methods except Akimoto and the ez

method.
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(a) Migliore method.
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Figure 6.9: Variation of geometrical parameters as a result of an aft moving mounting location,
with a chord-to-radius ratio of 1 and an angle of attack of 0 degrees.

Table 6.2: Variation of geometrical parameters as results of a change in mounting location.

Migliore Hirsch Zervos Gregory Akimoto ez

Maximum camber [-] + + - + = +
Maximum camber position [-] + - - + - -
Maximum thickness [-] + - - - = +
Maximum thickness position [-] + + + + = -
Chord length [-] - - - - = +
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Angle of Attack

Only the Gregory transformation is dependent on the angle of attack of the to be transformed
airfoil. As can be seen in Figure 6.3, the angle between the body and the flow determines the
variation of angle of attack over the body. The method therefore includes the angle of attack
β0 in its equations. However, a quick study of its influence showed that its impact is negligible.
One could also have seen that from Equation 6.20, where the cosine of the small angle can be
approximated with 1.

6.2.2 Inviscid Pressure Distribution

For the same two cases displayed above, the pressure distribution has been computed with the
U2DIVA code, where the mounting location is on a quarter of the chord. As the transformations
influence the chord length of an airfoil, the resulting airfoils are normalised before further analysis
is done. Normalisation is valid as the pressure coefficient is dimensionless. The pitching solution
computed by the U2DIVA panel code is marked in the legend as the quasi-steady solution.
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Figure 6.10: Pressure distributions for a chord-to-radius ratio of 0.2, and a mounting location
at a quarter-chord length.

As can be seen in Figure 6.10, for the lower chord-to-radius ratio, the results are marginally
different from each other. Also, they approximate the quasi-steady solution reasonably well. As
lower chord-to-radius ratios are more common, it is expected that neither method will perform
any better than another and that the difference with the quasi-steady solution will decrease.

These distributions are computed for a regular mounting location between a quarter and half of
the chord. In the unlikely case that a location beyond these bounds is chosen, the distributions
show more differences. This investigation should be performed when required, and shall not be
performed here.
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Figure 6.11: Pressure distributions for a chord-to-radius ratio of 0.8, and a mounting location
at the quarter-chord location. For legibility reasons the legend is omitted, but is the same as in
Figure 6.10.

As shown, for common situations the methods perform equally well. However, to illustrate the
differences between the method, a chord-to-radius ratio of 0.8 is also applied. The results are
shown in Figure 6.7. The Zervos and Hirsch methods produces such a thin trailing edge of the
virtual airfoil at a higher ratio, that the panel code could not cope with its surface, as mentioned
this has to do with numerical errors due to the close proximity of the panels to each other.
Therefore, a slightly lower, but still uncommonly high ratio is chosen to depict the differences.

It can be seen that the pressure side of the distribution is captured well, indicating that the
flow over the lower surface of the virtual airfoils is comparable to the quasi-steady situation.
However, on the suction side large discrepancies are obtained. The leading edge suction peak is
only captured well enough by Gregory’s method, while the rest do only slightly worse, except for
Migliore and the ez method. The latter two show a large mismatch of surface velocities near the
leading edge. The trailing edge also poses problems, as no method seems to facilitate the lower
pressure computed for the quasi-steady model. Furthermore, the only method which resembles
the rest of the upper airfoil surface is the ez method. This could be ascribed to its lower virtual
camber and angle of incidence. Migliore and this method have the lowest camber and incidence,
as seen in Figure 6.8. The leads to a lower surface velocity on the suction side of the airfoil, and
therefore a higher pressure than the other methods.

6.2.3 Viscous Pressure Distribution

A viscous comparison is made with the modified version of XFOIL. The theory and modification of
this software shall be reserved for chapter 7. The software is able to compute the viscous pressure
distribution in both steady and pitching cases, which now will serve to compare the virtual airfoil
models against the quasi-steady solution. It must be mentioned that as no comparison methods
were available for the viscous pitching solution, the viscous XFOIL implementation has not been
verified. This analysis will serve the purpose a preliminary comparison to the XFOIL solution,
but mostly between the methods.
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The same analysis as above is done for all the virtual airfoils. The Reynolds number and mounting
location is varied to see their effects. The results are shown in Figure 6.12, where again a high
chord-to-radius ratio of 0.2 is applied to show the most drastic effects. For lower ratios, the
differences are confirmed to decrease.
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Figure 6.12: Viscous pressure distributions for the virtual airfoils and the pitching solution, with
an angle of attack of 0 degrees, a pitching rate of 0.2, mounting location of 0.25c, and a Reynolds
number of 105.

The figure shows the existence of a laminar separation bubble on the suction side of the airfoil,
which is typical for a Reynolds number of 105. As can be seen, the bubble is larger and longer for
the virtual airfoils, and also the trailing edge does not comply very well. The other differences are
also visible in the inviscid solution, so are not discussed again. The larger bubble indicates that
either the virtual airfoils have an upper surface which results in a too steep pressure gradient,
resulting in local separation and reattachment of the flow. Or the rotation of the airfoil results
in decreased surface velocities of the pitching solution. As the viscous solution has not been
verified, no conclusions can be drawn. As also can be seen, all transformation methods show a
very similar behaviour, and again are interchangeable.

What can be said however, is that the comparison enhances with increasing Reynolds number
or angle of attack. As the former shows an increased importance of inertial forces over viscous
ones, and the latter results in an increase of surface speeds, the laminar separation bubble tends
to diminish. This is shown in Figure 6.13a and Figure 6.13b respectively. The solutions for the
virtual airfoils also improve with respect to the pitching solution.

When the mounting location is changed to half the chord in Figure 6.13c, the viscous differences
do not change. However, the virtual airfoil’s geometries have changed as such that there is
now a laminar separation bubble on the other surface as well. Again, there is an overestimation
of its magnitude by the transformation methods, but overall, the approximation to the bubble
computed by the pitching solution is well.
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Figure 6.13: Viscous pressure distributions for the virtual airfoils and the pitching solution, with
a pitching rate of 0.2.

6.2.4 Error measure

As mentioned before, when varying the chord-to-radius ratio, mounting location, and angle of
attack to their extremes, differences start to show. However these are very dependent on the
situation, and an appropriate method should be chosen accordingly. Still, an analysis is performed
to objectively measure the difference between the quasi-steady solution computed by the U2DIVA
panel code and its solution for the virtual airfoils in varying situations. This is done only for the
inviscid solutions, as this shows the behaviour of the methods sufficiently enough.
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The sum of the absolute difference between the pressure distributions is taken. This of course
does not tell the shape of the resulting distributions and might provide a false results, as some
solutions might compare very well for the most part of the surface but have a large error at say
the leading edge. However, it is unreasonable to analyse all cases visually, so this at least gives
some indication.

Only reasonable values for the parameters are chosen. The chord-to-radius ratio is varied from 0
to 0.2 with steps of 0.05, the angle of attack of the original airfoil from -10 to 10 with steps of
5, and the mounting location from 0.25 to 0.75 with steps of 0.125. For these 125 simulations
run for each calculated virtual airfoil and the pitching solution of the original airfoil, the results
are as follows.

• For the first three mounting locations [0.25 0.375 0.5], the conformal Migliore method
performs best in nearly all cases.

• For a location on 0.675 of the chord the Hirsch method performs better in most cases.

• And for the very last mounting location the three geometrical transformations have the
upper hand (Hirsch, Zervos, and Gregory).

It must be emphasised that for the range of these parameters all pressure distributions are really
close together. Outside these bounds, where the variables have an uncommon value, this analysis
has to be redone to evaluate the best suitable method.

6.3 Chapter Conclusions

• In the past several authors have created different models to investigate flow curvature.
These all are based on a virtual airfoil transformation, although the methods are quite
diverse. Each of them are based on different principles and either apply a geometrical or
conformal transformation. The latter accounts for the preservation of local angles.

• The resulting airfoils are dependent on the chord-to-radius ratio and the mounting location.
For regular ratios below 0.2, the difference are indistinguishable in both the produced
geometries and pressure distributions. The inviscid pressure distribution only marginally
differs from the U2DIVA panel code solution. After a ratio of 0.4 the methods diverge,
leading to varying virtual camber, virtual incidence, and transformed chord length. Their
accuracy with respect to the U2DIVA panel code also diverged. As these chord-to-radius
ratios are very uncommon, a tailored analysis is recommended where necessary.

• The viscous solutions showed a large difference between the virtual airfoil methods and
XFOIL. Changing the Reynolds number or angle of attack of the airfoil an improvement
of the comparison is obtained. Moving the mounting location does not influence the
discrepancy. It must be noted that the viscous XFOIL solution is not verified, so could
also computed erroneous pressure distributions.

• Varying the mounting location proved of varying influence, stressing the need for a tailored
analysis when this variable is varied outside its regular bounds.

• Finally it can be concluded that when the free variables of the methods are kept within
their common and feasible bounds, the methods vary so little that they are exchangeable.
Also their difficulty of implementation is so low that either method can be used.
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Chapter 7

XFOIL

With the use of a potential flow panel method, airfoil analysis is made fast and efficient. Also,
the most recent software packages have proven to provide accurate solutions. One of the most
used programs, and also the main topic of this thesis research, is the XFOIL system. As its
source code and theoretical background is publicly available, it provides the perfect opportunity
to implement the modelling of flow curvature.

This chapter will concern the implementation of flow curvature effects in XFOIL. First, a brief
introduction into the software will be presented, investigating the available tools and functional-
ities of the software, and the foundations and fundamental theory of the algorithm. Afterwards,
a derivation of a model will be presented, which can be used to simulate an airfoil undergoing a
VAWT rotation. Then, the method of application in the algorithm is discussed. Here a detailed
explanation of the (altered) code and functions is given. Finally, it will be shown how the altered
XFOIL can be put into use and the results it produces.

7.1 The XFOIL Code

One of the most well-known and proven aerodynamic airfoil tools is XFOIL. This code was
presented in 1986 and was developed at MIT by Drela [8]. The software provides user friendly
analysis tools for subsonic airfoils, in both inviscid as viscous conditions. Its routines are nicely
depicted in Figure 7.1. After an airfoil has been set, and if necessary geometrically edited, the
flow solver can be used to compute airfoil characteristics. These can include aerodynamic polars,
boundary layer characteristics, and the pressure distribution. It also allows for (partial-) inverse
airfoil design where a desired pressure distribution is an input. This solver then iterates until it
converges on an airfoil surface.

51



52 XFOIL

Figure 7.1: A block-scheme depicting the functionalities of the XFOIL software [8].

This thesis will focus on the direct solver only, to obtain inviscid and viscous solutions of an
airfoil. The goal is to implement the modified code in an airfoil optimisation tool. The mentioned
Optiflow optimiser will take beforehand generated airfoils and compute their characteristics. As
a desired pressure distribution is not known beforehand, the inverse solver can not be used to
find an optimal shape.

7.1.1 Inviscid Formulation

The two-dimensional panel code is based on a linear-vorticity streamfunction. By superimposing
on the freestream both a vortex sheet γ, on the airfoil surface, and a source sheet σ, on the
surface and in the wake, the flow field can be constructed according to Equation 7.4. This is
shown in Figure 7.2.

Figure 7.2: Singularity distribution definitions on the airfoil surface and its wake.

The streamfunctions for the freestream, point vortex, and point source can be retrieved from
Katz and Plotkin [52] and are shown below. Combined, this results in Equation 7.4.

Ψ∞ = uy − vx (7.1)

Ψγ = Γ
2π ln r (7.2)

Ψσ = σ

2πθ (7.3)

Ψ(x, y) = u∞y − v∞x+ 1
2π

∫
γ(s) ln (r(s;x, y)) ds+ 1

2π

∫
σ(s) θ(s;x, y) ds (7.4)

Here, u∞ and v∞ are the horizontal and vertical freestream components, s is the coordinate
along the vortex and source sheets, r is the magnitude of the vector from the surface to a field
point (x, y), and θ its corresponding angle, as depicted in Figure 7.3. A linear vorticity and
constant source distribution are used.
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Figure 7.3: Local panel coordinates [8].

By applying this streamfunction on each panel, a linear system of equations can be set up, as
shown in Equation 7.5. Here, the local streamfunctions fill the coefficient matrices a and b and
are set equal to some constant value Ψ0, dependent on the freestream. This is done for the panel
and wake nodes, x and y. Combined with an additional equation to enforce the Kutta condition
(Equation 7.6) at the trailing edge, these equations can be solved using Gaussian elimination.

N∑
j=1

aijγij −Ψ0 = −u∞yi + v∞xi −
N+Nw−1∑

j=1
bijσj ; 1 ≤ i ≤ N (7.5)

γ1 + γN = 0 (7.6)

This method is applied for two cases, where the airfoil is either at an angle of attack of 0
or at 90 degrees. For a specific angle of attack, now these vectors are used to compute the
surface vorticity. Multiplied by the cosine and sine of the angle respectively, the two vectors are
added, as seen in Equation 7.7. By setting the source distribution to zero, an inviscid solution
is immediately obtained.

γi = γ0i cos (α) + γ90i sin (α) +
N+Nw−1∑

j=1
b′ijσj ; 1 ≤ i ≤ N (7.7)

The pressure distribution can be obtained from the vorticity distribution with the steady Bernoulli
equation. As the flow is inviscid, and the impermeability condition enforces zero normal flow, the
vorticity is equal to the tangential velocity when the airfoil and flow are steady. Therefore, the
pressure is found according to Equation 7.8. Drela [8] shows that with increasing panel density,
the solution becomes more than sufficiently accurate.

Cp = 1−
(
γ

q∞

)2
(7.8)
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7.1.2 Viscous Formulation

Viscous analysis is performed based on two fundamental equations, the standard compressible
integral momentum and kinetic energy shape parameter equations, respectively Equation 7.9
and Equation 7.10. Coupling with the inviscid solution takes place using the wall transpiration
concept, which states that "the local source strength is equal to the local gradient of the mass
defect" [8].

dθ

dξ
+
(
2 +H −M2

e

) θ

ue

due
dξ

= Cf
2 (7.9)

θ
dH∗

dξ
+ (2H∗∗ +H∗(1−H)) θ

ue

due
dξ

= 2CD −H∗
Cf
2 (7.10)

The way to solve this non-linear system of equations is by using a full Newton’s method. The
principle is that based on the derivative of a function, at the evaluation point, a new approxima-
tion of the roots of that function can be found. When iterating, this approximation will tend to
the exact solution. This method is performed using a sparse Jacobian matrix and predetermined
Newton variables, in XFOIL’s custom solver [8].

7.2 Pitching Similarity

This section will show that the motion of a blade undergoing a VAWT rotation can be kine-
matically equal to that blade pitching in straight flow. This similarity can then be used to
correctly model a pitching airfoil in XFOIL. This allows flow curvature effects to be investigated
by simulating such a motion.

Ω

R
R′

α′

α′

xy

q

x
y

q

ω

Figure 7.4: Pitching similarity.

In the left figure of Figure 7.4, the kinematics of an airfoil undergoing a rotation around an offset
centre is visible. The rotation is performed in absence of a freestream. Here, Ω is the VAWT
rotational velocity, R is the VAWT arm, R′ is the local arm, α′ is the local angle of attack of the
rotation induced velocity at the surface coordinates x and y. The surface velocity q is comprised
of its horizontal and vertical components u and v, which can be found using Equation 7.11 and
Equation 7.12.

u = cos
(
α′
)

ΩR′ = R− y
R′

ΩR′ = Ω(R− y) (7.11)

v = sin
(
α′
)

ΩR′ = x

R′
ΩR′ = Ωx (7.12)

q =
(
u
v

)
=
(

Ω(R− y)
Ωx

)
= ΩR

(
1
0

)
+ Ω

(
−y
x

)
(7.13)
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In the situation of a pitching airfoil, the same can be derived for a pitching velocity ω, resulting
in a surface velocity as shown in Equation 7.16. For both motions to have similar kinematics,
the freestream velocity u∞ must be equal to ΩR, which results in that the pitching velocity in
both rotations is equal. This proves that an airfoil in VAWT rotation, without freestream, can
be modelled by an continuously pitching airfoil in straight flow.

u = u∞ − ωy (7.14)
v = ωx (7.15)

q =
(
u
v

)
=
(
u∞ − ωy
ωx

)
= u∞

(
1
0

)
+ ω

(
−y
x

)
(7.16)

As has been shown before (subsection 3.2.2), flow curvature effects are dependent on the chord-
to-radius ratio. In order to investigate its influence, a relation needs to be found to the pitching
airfoil model. This can be achieved by simply rearranging the equations, as shown in Equa-
tion 7.17 to Equation 7.19.

ωR = u∞ (7.17)
1
R

= ω

u∞
(7.18)

c

R
= ωc

u∞
(7.19)

Now the last equation is key to perform simulations. It makes it possible to simulate different
chord-to-radius ratios by changing the normalised rotational velocity. Therefore the extent of
the impact of flow curvature can be simulated accurately.

Note that these results only hold when the freestream is neglected. If this would have been
included, the velocity on the airfoil would have varied over the rotation, and the equations would
not be this simplified. Therefore, it is important to realise the results show an approximation.

7.2.1 Pitching Implications

To show how these results affect the behaviour of an airfoil, a comparison is made between a
steady airfoil in rectilinear flow and an airfoil undergoing a VAWT rotation. To that extent,
the pressure distribution of a NACA0015 is computed in a case without pitching, so where the
chord-to-radius ratio is zero and for a chord-to-radius ratio of 0.1. The results are shown in
Figure 7.5. The angle of attack is zero and the pitching location is 0.5. The solutions are
computed using the U2DIVA panel code.

As the NACA0015 is a symmetric profile, at zero angle of attack, no pressure difference over
the surface is obtained, as the surrounding flow is symmetric. But due to the added rotation,
an asymmetric surface velocity distribution is obtained, resulting in a pressure difference. This
shows that a pitching airfoil will produce a different lift force. The geometry of the airfoil, the
sense of the rotation, and the starting orientation of the airfoil all determine whether there will
be a lift increase or decrease.

This model shows that to investigate the influence of flow curvature, which is dependent on the
chord-to-radius ratio, the pitching rate can be varied. By implementing this rotational rate in
XFOIL, the impact of flow curvature can be made visible in both inviscid and viscous results.
Consequently, by using the airfoil optimiser, also the impact on airfoil design can be shown.
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Figure 7.5: The pressure distribution for a steady airfoil and a pitching one.

7.3 Application

Now that the fundamentals of the code are clear and a model is developed which can simulate flow
curvature, the actual functions and sub-routines of the XFOIL source code can be investigated.
In this section, the code will be scrutinised to find where the algorithm should be altered.
Afterwards, the implementation of the pitching model will be discussed. and the respective
modifications it requires shall be clarified. An instruction will be provided on how a user can
access the new functionality.

7.3.1 XFOIL Source Code

Below, the original XFOIL code shall be investigated, to have a good insight in its routines. It
is written in FORTRAN77, and is built-up out of sub-routines called from a main script. Each
of these routines are located in various source files, but are not all relevant. All sub-routines
which are called in the computation of the pressure distribution and aerodynamic coefficients
are considered below. A short description is presented, explaining its relevant actions. The
sub-routines are structured in a manner which shows the hierarchy of the functions. Behind each
function is written in which source file the function is present.
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Algorithm 1 XFOIL Source Code

XFOIL (xfoil.f)
- Define an airfoil by using the NACA-command, or loading a coordinate file.
- Go to the ’direct operating points’ routine by calling OPER.

OPER (xoper.f)
- Prescribe an angle of attack by typing ALFA.

ALFA (xoper.f)
- The SPECAL sub-routine is called to converge to the specified angle of attack.

SPECAL (xoper.f)
- The surface vorticity distributions for an angle of attack of 0°and 90°are
computed in the GGALC sub-routine.

GGCALC (xpanel.f)
- Based on the streamfunction, the freestream influence for those angles
of attack are computed. The Kutta condition is applied, and the system
of equations is solved by Gaussian elimination in the following sub-routine.

BAKSUB (xsolve.f)

- Using the specified angle of attack, the two previously computed vorticity
distributions are weighted to obtain the surface vorticity distribution.

CPCALC (xfoil.f)
- The steady Bernoulli equation is applied to find the pressure distribution.

CLCALC (xfoil.f)
- The lift, drag, and moment coefficient are computed based on the
pressure distribution.

- For the viscous solution, VISCAL (xoper.f) is called, which performs similarly
to SPECAL, but also includes boundary layer characteristics.

7.3.2 Streamfunction Modification

The vorticity distribution, which is the basis of all further solutions, is computed in the GGCALC
routine. Here the streamfunction for the freestream flow and the vorticity and source distribution
is applied. As shown before in section 7.2, the airfoil can be modelled as continuously pitching,
resulting in added surface velocities. These rotation induced velocities can be included in the
horizontal and vertical surface velocity components. The resulting streamfunction is derived
below.
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The definition of the streamfunction is as such that it defines streamlines where the volumetric
flow rate of the fluid is constant, which is shown in Equation 7.20 (Katz and Plotkin [52]).
Worked out, this results in XFOIL’s original streamfunction formulation in Equation 7.22, where
the subscript src refers to the source code.

∂Ψ
∂x

= −v ; ∂Ψ
∂y

= u (7.20)

u = u∞ ; v = v∞ (7.21)
Ψsrc = −v∞x+ u∞y = −q∞ sin (α)x+ q∞ cos (α) y (7.22)

Now, based on Figure 7.6, the added velocities are included, to obtain Equation 7.23 and
Equation 7.24. Note that these are relative to the airfoil surface, and the pitching location (xp,yp)
is variable. The corresponding streamfunction components can be found by integrating. On the
premise of superposition, these components can be added to obtain the altered streamfunction
shown in Equation 7.27, where the subscript mod refers to the modification. Note that the
pitching location is equivalent to the mounting location used in the virtual airfoil methods, and
therefore these terms are interchangeable.

x

y

q

ω
xp yp

q∞

u∞

v∞

α

Figure 7.6: Parameter definitions of a pitching airfoil.

u = u∞ − ω(y − yp) = u∞ − ωy + ωyp (7.23)
v = v∞ + ω(x− xp) = v∞ + ωx− ωxp (7.24)

Ψx =
∫
−v dx = −v∞x−

ωx2

2 + ωxpx (7.25)

Ψy =
∫
u dy = u∞y −

ωy2

2 + ωypy (7.26)

Ψmod = Ψx + Ψy = −q∞ sin (α)x+ q∞ cos (α) y − ω
(
x2 + y2

2 − (xpx+ ypy)
)

(7.27)

Verification To verify this modification actually is correct, a small test case is set up. Based
on thin-airfoil theory, an analytical approximation of the lift coefficient can be calculated for an
unsteady flat plate. This equation is found in Leishman [53] and repeated in Equation 7.28.
Here, ḣ is the plunge velocity, which is zero in this case, a is a fraction of the semi-chord b,
and α̇ is the pitching rate. a is measured from the centre of the airfoil and determines where
the pitching axis will be on the chord. This analytical lift coefficient shall be compared with the
results computed by a point vortex distribution which is found by applying the impermeability
boundary condition. It shall also be compared with a constant vortex distribution based on the
streamfunction formulation, as this algorithm was readily available. This provides the opportunity
to verify the streamfunction modification.

Cl = 2π
[
α+ ḣ

Q∞
+ b

(1
2 − a

)
α̇

Q∞

]
(7.28)
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The results are shown in Figure 7.7, and show very good correspondence between the two
methods and the theoretical solution. The lift coefficients for two test cases are indicated in
the legend of either plot. Results are shown for both the original streamfunction formulation
for a steady flat plate, and for a quasi-steady pitching plate. This shows that modifying the
streamfunction in the explained manner is valid.
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Figure 7.7: Vorticity distribution for a pitching flat plate at an angle of attack of 5 degrees, with
a pitching rate of 0.2.

7.3.3 Implementation

The implementation of the pitching model is easily accomplished by altering the streamfunction.
This however, turned out not to be the only modifications necessary to obtain an accurate
solution. Below, two other required alterations are described, namely the use of induced velocities
and a change of reference frame.

Induced Velocities

In the XFOIL source code, the vorticity is set equal to the tangential velocity. However, when
applied, this proved to produce a wrong pressure distribution. Therefore a further investigation
into the computation of pressure was performed. This was done by looking at the velocities
induced by the vorticity. As mentioned a constant-strength vortex panel method was readily
available and its induced velocities could be found in Katz and Plotkin [52], Equation 7.29 and
Equation 7.30. Note that these velocities are calculated in the panel coordinate system, so a
transformation of reference frame before and after is necessary.

up = γ

2π

[
tan−1

(
z − z2
x− x2

)
− tan−1

(
z − z1
x− x1

)]
(7.29)

vp = − γ

4π ln
(

(x− x1)2 + (z − z1)2

(x− x2)2 + (z − z2)2

)
(7.30)
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By looking at the velocity vectors around the airfoil and converging to its surface, a nice agree-
ment was found with the quasi-steady solution of the U2DIVA panel code. Figure 7.8 shows
the results for a NACA0015 airfoil at zero angle of attack, chord-to-radius ratio of 0.2, and a
pitching location at either 0.25c or 0.5c. The solution is computed at collocation points on
half the panel, slightly outside the surface 10-15 to avoid singularities. Note that this is not yet
the implementation in XFOIL, and the discrepancy between the solutions shall not further be
investigated.
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(a) Pitching location at a quarter of the chord.
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(b) Pitching location at half of the chord.

Figure 7.8: Pressure distribution computed by the U2DIVA panel code and the induced velocity
near the surface of a constant-strength vortex method, for NACA0015 at an angle of attack of
0 degrees, with a chord-to-radius ratio of 0.2.

Change of Reference Frame

Because the airfoil is no longer static with respect to the freestream, but is quasi-steadily pitching,
an erroneous pressure distribution will be obtained if the original Bernoulli equation is used.
Instead, the pressure must be computed in the moving airfoil reference frame, and therefore its
own velocity has to be included. Based on equation (13.28a) in Katz and Plotkin [52] the pressure
can be computed with the surface velocity distribution and the airfoil’s kinematic velocity. The
equation is repeated in Equation 7.31, where the time-dependent variables are omitted, as the
solution is quasi-steady, and therefore not changing over time.

Cp = −(∇Φ)2

Q2
∞

+ 2
Q2
∞

[V0 + Ω× r] · ∇Φ (7.31)

Now, the kinematic velocity of the airfoil is purely the rotational velocity due to pitching. And
the derivative of the potential and the Laplacian result in the surface velocities and their square
respectively. As the rotational velocity is easily computed in a tangential and normal surface
coordinate system, so shall the velocities due to the vorticity be calculated.
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Modified Code

All three additions are included into the XFOIL source code. The streamfunction formula-
tion is altered to accommodate a pitching motion. Using a newly created sub-routine called
INDUCED_VEL the panel-averaged vorticity distribution is used to calculate the induced ve-
locities at desired collocation points. And finally the pressure is computed using the modified
equation. The new calculation routine is shown below, where for brevity the previous descriptions
are omitted, and only the additions are described.

User Commands The code will be adjusted as such that the original functionality remains
untouched. To that extent, any new parameters shall be made globally available, just as for
instance the Reynolds number is defined in the source code. These parameters shall include the
pitch-rate and normalised pitching x- and y-location. These variables can be specified by the
user when the PTCH-command is used, found in the OPER menu. Afterwards, the regular
procedure is applied to obtain desired results.

Algorithm 2 Modified XFOIL

XFOIL (xfoil.f)

OPER (xoper.f)

PTCH (xoper.f)
- Prescribe the pitching rate and pitching location.

ALFA (xoper.f)

SPECAL (xoper.f)

GGCALC (xpanel.f)
- The altered streamfunction is included here.

BAKSUB (xsolve.f)

CPCALC (xfoil.f)
The panel-averaged vorticity distribution is used to find the induced
velocities on the surface with INDUCED_VEL (xfoil.f).
The altered pressure equation is used afterwards.

CLCALC (xfoil.f)
The same applies to the calculation of the aerodynamic coefficients.
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7.4 Results

This section shows the computed results when the modified software is put to the test. The
effect of each of the three modifications is shown and thereafter the steady and quasi-steady
pressure distributions. Then, an analysis is performed on the influence of the free variables the
model has. Lastly, the found discrepancy between the XFOIL and U2DIVA panel code solutions
is addressed.

7.4.1 Vorticity Distribution

The above results show a good promise for an implementation in XFOIL. However, XFOIL
uses a linear vortex distribution and even with an extensive amount of attempts, its induced
velocities could not be implemented in XFOIL. Therefore it has been chosen to average the linear
distribution to a constant strength per panel. As for the constant-strength vortex distribution
the velocities could be computed. To show this is allowable, both the linear vorticity distribution
computed by XFOIL and its panel averaged constant version are shown in Figure 7.9. As can
be seen, virtually no loss of precision is obtained as the solutions match very well. If a smaller
amount of panels is used, it is expected that the difference increases. The distributions are
computed for a NACA0015 profile at angle of attack, rotating around its quarter chord position
with a rate of 0.2 rad/s.
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Figure 7.9: Linear and panel averaged vorticity distribution from XFOIL.
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7.4.2 Modifications

Figure 7.10 shows the results of each of the three consecutive modifications. Respectively
the distributions are shown for; 1 just the streamfunction modification, 2 altering the pressure
calculation, and finally 3 including the induced velocity computation. In the magnified portion
of the plot, it is clearly seen that the solution improves with each addition.
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Figure 7.10: Pressure distribution computed by the U2DIVA panel code and various modifications
in XFOIL, for NACA0015 at an angle of attack of 0 degrees, with a chord-to-radius ratio of 0.2
and a pitching location at a quarter of the chord.

7.4.3 Steady Pressure Distribution

When the pitching rate is set to zero, and the steady pressure distributions are computed for a
NACA0015 profile at an angle of attack of 5 degrees, Figure 7.11 is obtained. As can be seen,
the distributions match very well, and there is only a 1% difference between the lift coefficients.
This shows that the modifications for the pressure calculation perform accurate enough. The
solutions are computed slightly outside of a collocation point located at the centre of the panel.

7.4.4 Quasi-Steady Pressure Distribution

With a non-zero pitching rate, the surface velocities are altered by the rotation. This affects the
accuracy of the XFOIL solution and as a result, it does not match as well as in the steady case.
Figure 7.12 still shows a good approximation of the U2DIVA panel code solution by XFOIL. The
suction surface of the airfoil corresponds very well, and there exists only a small offset for the
rest of the solution. The leading and trailing edge velocities are captured well.
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Figure 7.11: Steady pressure distributions for a NACA0015 at 5 degrees angle of attack, from
the U2DIVA panel code and XFOIL.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

x [-]

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

P
re

s
s
u
re

 c
o
e
ff
ic

ie
n
t 
C

p
 [
-]

Delft Panel Code C
l
 = 0.306

XFOIL                  C
l
 = 0.316

Figure 7.12: Pressure distribution computed by the U2DIVA panel code and XFOIL, for
NACA0015 at an angle of attack of 0 degrees, with a chord-to-radius ratio of 0.2 and a pitching
location at half of the chord.
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Also for different airfoils, under different conditions, the solutions match very well. Figure 7.13a
depicts the solutions for a NACA2415 airfoil with an angle of attack of 0 degrees, pitching rate of
0.1, and a pitching location at 0.25% of the chord. And in Figure 7.13b the pressure distributions
are shown for a NACA24012 airfoil with an angle of attack of 5 degrees, pitching rate of 0.05,
and a pitching location at 0.75c.
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(a) Solutions for a NACA2415 profile.
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(b) Solutions for a NACA24012 profile.

Figure 7.13: Pressure distribution solutions from the U2DIVA panel code and modified XFOIL,
for two airfoil under various conditions.

Viscous results have previously been shown in chapter 6, with the comparison of the flow cur-
vature models. The accuracy of this solution is unknown however, as there is no comparison
method readily available to verify the viscous solution. Therefore it must be assumed that the
implemented modifications are also valid for the viscous calculations XFOIL performs. These
remain untouched.

7.4.5 Influence of Parameters

The following will discuss what effect a change of one of the free variables has on the quasi-steady
pressure distribution. The analysis is performed by varying the angle of attack, pitching rate,
or the pitching location. It has been verified that the solution is in the same order of accuracy
for any variation of the airfoil geometry. Therefore a standard NACA0015 will be the subject of
investigation.

Angle of Attack

When increasing the angle of attack, the inviscid solutions of the U2DIVA panel code and XFOIL
converge. For a pitching rate of 0.1 and a pitching location of 0.5, with each increment of 5
degrees, the difference between the lift coefficient decreases with about 0.5%. This can be
explained by the fact that for the inviscid solution, the surface velocities increase with increasing
angle of attack. The difference between pressure distributions induced by the added rotation
therefore diminishes relatively.
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Also, the starting orientation of the airfoil determines whether a rotation will have an increasing
or decreasing effect on the lift. If an airfoil at a positive angle of attack is pitched nose up, the
rotation induced velocities will increase the pressure difference and therefore the lift. A negative
rotation results in a lift decrease. Also, the opposite holds when the airfoil starts with a negative
angle to the flow.

Pitching Rate

The pitching rate determines the magnitude of the rotational induced velocities. It therefore
has a large impact on the pressure distribution and therefore the lift coefficient. The sense
of the rotation and the geometry of an airfoil determine the impact. Namely, the former will
either increase the existing velocities or act opposite to them. The rotation induced velocities on
either surface are opposite to those on the other surface. Therefore, when the rotation results
in an enlargement of the surface velocities, an increase in lift is felt, and the same holds for the
opposite.

For a cambered profile, as the pressure difference is already increased with respect to a symmetric
airfoil, the added rotation will have a smaller effect. For a NACA0015 profile at an angle of attack
of 5 degrees, a rotation in either direction of 0.2 rad/s around 0.5c will result in a 50% change
of lift coefficient. Now for a highly cambered NACA6415 profile under the same conditions a
nose up rotation will result in a 20% lift increase, and a nose down pitch in a 21% decrease.

Pitching Location

The pitching or mounting location will affect the arm the surface has to the centre of rotation
and resultantly the magnitude of the rotation induced velocities. This in turn affects the vorticity
distribution, which needs to uphold the impermeability boundary condition on the surface. As
a result, with increasing arm and therefore velocity magnitude, the lift increases. This can be
seen in Figure 7.8, where for the U2DIVA panel code and the constant-strength vortex panel
method the results are shown for a NACA0015 at 0 angle of attack, rotating with 0.2 rad/s,
around either 0.25c (a) or 0.5c (b). As for the quarter chord position the arm towards the trailing
edge is longer, the rotational induced velocity is higher here, and the vorticity distribution has
to account for that. As a result, the pressure difference and lift are higher.

This effect is also seen in the thin-airfoil lift coefficient approximation by Leishman [53], in
Equation 7.28. When a is 0, meaning the pitching location is at half the chord, the influence of
the pitching rate will be halved. But when the location is at a quarter chord, with a = −1

2 , this
half falls out and the pitching rate will have double the impact on the lift coefficient.

The pitching location will furthermore alter the shape of the pressure distribution, as seen in
Figure 7.8. This is because the local angles between the rotational velocity and the surface
change. As the airfoil has a curved surface, the change in shape is difficult to predict.

7.4.6 Discrepancy

At this point it is unclear where the difference between the solutions of the U2DIVA panel code
and the XFOIL implementation originates. The solutions do not match perfectly, and this could
be ascribed to the fact that the algorithms use different methods and equations to compute
the vorticity and surface velocities. Therefore there is an inherent difference between the two
systems and their solutions will likely never match completely.
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It has been checked whether the discrepancy is dependent on the number of panels. However,
as the amount increases, no improvement of the correspondence has been found. Still, the
maximum number of panels XFOIL is capable of computing, namely 280, is used.

Lift Coefficient

The lift coefficient is a good measure of how close the distributions are, as it is a consequence of
the pressure over distribution over the airfoil. It can be obtained by summing the contributions
of each panel to the force normal to the flow.

When the lift coefficients are compared, a discrepancy between them is found. The difference
is as low as 2% of the U2DIVA panel code lift coefficient in some cases and even up to 10%.
As mentioned, this might be explained by the huge difference in the chain of equations for the
different methods, where in each step numerical errors can be obtained as well. The result is that
a different vorticity is obtained, resulting in a different pressure and therefore force distribution.

Pitching Location

That the XFOIL implementation is not exactly flawless is seen when the pitching location is
changed to outside its regular bounds. When only the horizontal mounting location is varied
towards the leading edge or even beyond, the pressure at the trailing edge of the airfoil seems to
be miscalculated. The opposite occurs when the location is changed towards the trailing edge or
further. The velocities are lower than the U2DIVA panel code, which is probably caused by an
inaccuracy in including the rotational induced velocities. Namely, as soon as the arm increases,
the solution diverges.
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(a) At the leading edge.
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(b) At the trailing edge.

Figure 7.14: Pressure distributions for a horizontally changing pitching location.

The same happens when only the vertical pitching location is varied. With respect to the solution
where yp is zero in Figure 7.10, either the suction side or the pressure side changes more when
yp is changed to 0.5 or -0.5 respectively. This can be seen in Figure 7.15. Again, this error could
be produced by a mistake in the inclusion of the rotational induced velocity. Naturally these
pitching locations are infeasible, but still the XFOIL solution should have matched the U2DIVA
panel code’s.
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(a) Above half the chord.
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(b) Below half the chord.

Figure 7.15: Pressure distributions for a vertically changing pitching location.

7.5 Chapter Conclusions

• This chapter first described the foundations of the airfoil analysis software XFOIL, identi-
fying it as a potential flow solver using a panelled vorticity and source distribution on the
airfoil and wake, imposed on the freestream, solved using a streamfunction formulation.
Viscous coupling takes place using momentum and kinetic energy relations.

• By kinematically comparing an airfoil in VAWT rotation to an airfoil pitching around its
own axis, a useful model could be applied into the source code. By varying the pitch rate of
the airfoil, the chord-to-radius ratio could be varied, eventually providing the opportunity
to investigate flow curvature effects.

• The necessary modifications in XFOIL proved a modification of the streamfunction for-
mulation, to include the rotational induced velocities; the inclusion of induced velocities
by a panel averaged linear vorticity distribution near the surface to compute the pressure;
and a change of reference frame for the pressure calculation. The new functionalities are
accessed by the PTCH-command, letting the user define a global pitch rate and -location.

• The results show a nice comparison to the U2DIVA panel code in varying situation, where
the lift coefficient difference is below 10%. It was shown that profiles at a higher angle of
attack showed better correspondence.

• Also, the pitch rate, together with the starting orientation of the airfoil, determines the
amount of lift in- or decrease by affecting the pressure distribution. Cambered airfoils
showed to be less affected.

• By varying the pitch location, the amount of lift changes, as the arm to the pitch location
lengthens or shortens. Also, the discrepancy to the benchmark showed to be increased
when the arm increased.



Chapter 8

Airfoil Optimisation

As mentioned before, airfoils specifically tailored for a vertical axis wind turbine have the possi-
bility to improve efficiency and boost performance. It it therefore crucial that a well performing
airfoil optimisation strategy is used. One could argue to let an optimiser freely design a shape
to meet desired requirements. However, this would be extremely computationally expensive as
the design space is huge. Next to that, if the most accurate airfoil performance analysis method
is used, for instance computational fluid dynamics, this would increase the computational cost
even more. This chapter will cover the results of a simpler and less expensive airfoil optimisation
campaign, where the solutions will be bounded and found by a multi-objective optimiser, coupled
with XFOIL, without settling for accuracy and precision.

As airfoil optimisation is not the main topic of this thesis, the results will mostly show a proof
of concept. The airfoils found when varying the pitch-rate will show whether including flow
curvature has a large influence and whether it would have merit to include in a design process.
This means that no extensive simulations are ran, and the requirements will be kept simple.

The first section in this chapter will give a concise description of the Optiflow solver. It will cover
the working principles of the algorithm. Afterwards, the optimisation strategy shall be presented.
This section will give insight into with which inputs the optimisations will be ran. Finally, the
results shall be discussed.

A lot of this work has already been covered by my predecessor Rody Kemp during his thesis.
Much of the following chapter therefore relies on his research. This means that a lot of similarities
exist between the discussion below and his report.

8.1 Description

The airfoil optimiser Optiflow was developed during the thesis work of G. de Oliveira [51].
In essence, this optimiser generates a large number of ’random’ airfoils and computes their
performance in XFOIL. By minimising for two objectives, it seeks the most optimal airfoils
meeting the requirements. To find an airfoil for a VAWT specifically, the optimiser will be
coupled with the modified version of XFOIL, which now includes the simulation of flow curvature
effects. The resulting airfoils will be investigated and compared to optimised airfoils found for a
pitch-rate of 0. This will shed light on the impact of flow curvature on the design of an airfoil.

69



70 Airfoil Optimisation

The Optiflow software will be described in three main topics, the genetic algorithm and its Pareto
front, the coupling with XFOIL via the objective functions, and the airfoil parametrisation. What
the optimiser does is create a lot of airfoils using an airfoil parametrisation technique. A reference
dataset will provide initial guesses for the optimiser to increase simulation speed. Each of the
created airfoils will be fed into XFOIL to retrieve the aerodynamic performance and will be
structurally analysed. Afterwards, their performance will be compared with other airfoils in the
dataset and it will be given a score. In this manner the most optimal airfoils will be found.

8.1.1 Genetic Algorithm

The optimiser uses Matlab’s genetic algorithm optimiser gamultiobj, which is able to find minima
of multiple objective functions. It has built-in properties to avoid getting stuck at a local optimum
and to increase diversity in the solutions. In this case two functions will be used, which will be
described below. When using multiple objectives, it is extremely difficult to optimise for a single
best solution. Namely, having found a optimum for one objective, it is highly unlikely this solution
will also be the best with respect to the second objective. Therefore, this optimiser will produce
a so-called Pareto front. This frontier contains the best solutions of a dataset, with optimal
values for both objectives. This is visualised in Figure 8.1.

The Pareto front is comprised of the optimal solutions for objective functions OF1 and OF2,
they are called the Pareto-set and are indicated with the blue points in the figure. These points
scored better than all the rest in the dataset, who are indicated with the white points. Point (a)
is the optimal solution of the set of solutions indicated with the red points for objective function
OF2. Likewise, point (b) is the best of the green solutions in aspect of the other objective OF1.
Together with similar optimal solutions, they form the front. Now when one tries to improve
solution (c) in the Pareto-set, by shifting it to point (d), the solution will always improve for one
objective and deteriorate for the other. This shows that there is almost never a single optimal
solution.

Figure 8.1: Pareto front of a genetic algorithm 1.

1As found on http://krauthammerlab.med.yale.edu/imagefinder, visited on 06-10-2015.

http://krauthammerlab.med.yale.edu/imagefinder
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8.1.2 Objective Functions

To find an airfoil which is optimally performing for a VAWT, the optimiser searches for profiles
which optimise the power output of the turbine. According to Simão Ferreira and Geurts [37],
this is equal to optimising the shedding of the wake of the turbine, which determines the energy
conversion from the flow. The wake shed from the turbine is dependent on the load distribution
of the blades. Their research shows that in order to optimise this distribution, the drag produced
by the airfoil should be minimised, resultantly minimising the ratio of the average lift curve slope
over the average drag coefficient over a rotation: Clα

Cd
.

To calculate this coefficient, the lift and drag polars are computed by XFOIL, both for a free and
forced transition on the airfoil, after which their solution is averaged. From the first, the slope of
the lift polar Clα is obtained. The found drag coefficients Cd are filtered by weighting the values
based on whether its angle of attack occurs often in one rotation of a VAWT. This means that
in the drag polar, coefficients at uncommon angle of attack are taken less into account when
computing the objective.

The inclusion of roughness, achieved by tripping the boundary layer of the airfoil near the
leading edge in XFOIL, will result in conservative airfoils. Namely, if only clean polars are used,
the resulting airfoils would encounter undesired turbulent transition due to roughness when put
in practice. By already accounting for that during the optimisation process, more conservative
results are obtained.

To also obtain structurally advantageous profiles, the second objective function tries to maximise
the bending stiffness in flapwise direction of the blade [37]. This is done by computing the
moment of inertia of the skin of the airfoil is based on the distance to the centroid of the
airfoil. The skin is assumed to be thin. Furthermore a penalty is applied to airfoils with a
relative thickness above 33% and for bad aerodynamic performance. For instance, structurally
a rectangle would be optimally stiff, but this design is aerodynamically unusable.

8.1.3 Airfoil Parametrisation

To generate the to be analyses airfoils, use is made of the Class Shape Transform (CST) developed
by Kulfan [54]. This method creates an airfoil using three functions based on the horizontal
coordinate of the airfoil, as shown in Equation 8.1. Here, ψ, ζ, and ζTE are the normalised x,
y, and trailing edge thickness ∆ζTE respectively.

ζ(ψ) =
√
ψ (1− ψ) ·

N∑
i=0

Aiψ
i + ψζTE = C(ψ) · S(ψ) + ψζTE (8.1)

The class function C(ψ) ensures the basic shape of an airfoil. At the leading edge (ψ = 0) the
function will create an infinite slope and a finite curvature, at the trailing edge (ψ = 1) it will be
zero, as to result in a finite trailing edge thickness. This thickness is simply controlled by a user
input for ∆ζTE . This function is chosen as it already defines the general shape of an airfoil, as
shown in Figure 8.2a.

The shape function S(ψ) is a general function to uniquely define the geometry of the airfoil
between the leading and trailing edge. Due to the class function this surface will have only one
extreme on either side. The function creates a Bézier curve and is comprised of a Bernstein
polynomial. A Bernstein basis polynomial of degree n can be obtained using Equation 8.3,
where Ki is the binomial coefficient. The shape function can be controlled using the Bernstein
coefficients Ai, which are the control point for the curve.
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Figure 8.2: Class Shape Transform

Equation 8.4 shows how either the upper or the lower surface (surf) can be controlled. For
example, Figure 8.2b shows how the coefficients of a cubic polynomial form a polygon which
controls the curve.

Ki ≡
(
n
i

)
= n!
i!(n− i)! (8.2)

Si(ψ) = Kiψi(1− ψ)n−i (8.3)
Ssurf (ψ) = Asurf,i · Si(ψ) (8.4)

8.1.4 Constraints

Constraints are placed on the optimiser to prevent finding infeasible and unusable solutions. The
upper and lower surface of the airfoil are bounded, so their Bernstein coefficients are constrained
as well. These bounds are created from the reference airfoil data set, and will result in feasible
and manufacturable airfoils. The used constraints are shown in Figure 8.3, where the white area
exists as the generated airfoil will always have to be thicker than that, and the overlapping area
leaves freedom for the trailing edge.

The upper bounds had to be carefully chosen. It turned out that due to the altered surface
velocities by the added rotation, the convergence of some airfoils was unstable. If the optimiser
could have chosen any geometry, often a shape would have been produced which quickly de-
veloped instabilities in the boundary layer. Whenever such a solution could not converge, the
optimiser had trouble neglecting this airfoil and continuing. This meant that the optimiser had
to be shut down and no usable results were obtained. Therefore, it has been chosen to limit
the freedom of the airfoil generation, and improve the chance of the optimiser finding converged
solutions. The resulting constraints shown in the figure led to that the optimiser worked most
of the times.

2As found on https://en.wikipedia.org/wiki/File:Bezier_curve.svg, visited on 06-10-2015.

https://en.wikipedia.org/wiki/File:Bezier_curve.svg
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Figure 8.3: Upper and lower bounds for the upper and lower surface.

8.1.5 Optimisation Strategy

A thoughtful strategy must be adopted to clearly conclude the influence of the flow curvature
effects. Obtaining the most useful results will make an analysis and comparison much easier
afterwards. Therefore below the test cases are discussed which are used to produce the right
outcomes.

The optimiser uses an 10th order Bernstein polynomial, so that there are 10 coefficients to
control each surface. Adding a coefficient to control the trailing edge thickness, this leaves the
optimiser with 21 free parameters. The optimiser is ran with a population size of 50 and a
generation size of 5. In each population it will create 5 generations, where, just like breeding,
each time the best solution remains. The reason why these numbers are so low is to diminish
the chance of the optimiser trying an airfoil shape for which it cannot converge.

All cases will be ran at a Reynolds number of 1 million. This will ensure good convergence
and as it is a proof of concept, this variable does not have to be investigated for its influence.
Free transition on both the upper and lower surface is applied. Furthermore, the critical flow
amplification factor Ncrit is set to 6, which will mimic typical VAWT flow conditions. Lastly,
all polars for each case are produced for a range of angle of attack of -15 to +15 degrees, with
steps of 0.5 degrees. As has been encountered, this improves the chance of convergence, as the
added surface velocities due to flow curvature alter the boundary layer, promoting stall at high
angles.

Naturally, a benchmark case will be ran where the pitching rate is set to zero. The optimal airfoils
for this case will be the ones to compare with. Then, to investigate whether flow curvature has
effect, and if so, the impact of it, cases will be ran for pitching rates between 0.025 to 0.2 with
steps of 0.025 rad/s. In this manner the flow curvature is gradually increased, making it possible
to detect if there is a trend in the optimal airfoils.
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As mentioned before, a chord-to-radius ratio and therefore a pitch rate of 0.2 is quite high.
Simão Ferreira and Geurts [37] and Ragni et al. [55] used more common ratios for their research,
where the highest is not even 0.1. Also, Kirke [11] mentions that typical VAWTs have a c

R of
up to 0.2. This means that investigating the results for a pitch rate of 0.2 rad/s will show the
behaviour at its extreme, and that for common applications less influence of flow curvature can
be expected. However, exotic turbines are investigated having larger chord-to-radius ratio’s. Van
de Wiel [56] shows the optimisation of a high solidity VAWT, having a chord-to-radius ratio of
0.33, which is "three to four times larger than in common vertical axis wind turbines."

Lastly, the pitching location is varied between 0.25c and 0.5c. These are two mounting locations
which are used in practice. As shown, these affect the streamfunction formulation, and therefore
have an effect on the XFOIL calculations. And also for the virtual airfoil transformations, this
location clearly affected the virtual camber and angle of incidence. Therefore, this test case
should prove whether this variation also affects the produced optimal airfoils.

8.2 Results

Finally, the results from the optimising campaign shall be discussed. A sample of the output air-
foils is presented, and their aerodynamic behaviour is reviewed. The results are also investigated
as a function of pitching rate, which will determine what effect it has on airfoil design.

8.2.1 Airfoils

On average each simulation case produced 18 airfoils. These were the best performing airfoils of
the tested datasets, being evaluated for the two objective functions. The optimiser gave them
a score for either functions, as can be seen in the Pareto front depicted in Figure 8.4a. This
value is non-related to the airfoil geometry, and is merely an optimiser output. The figure shows
that there is quite some divergence, which is also visible when all airfoils are shown together in
Figure 8.4b.
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Figure 8.4: Optimiser output for the non-pitching case.
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Of all these airfoils, the best aerodynamic performing airfoil is compared to the best structural
performing one, both shown in Figure 8.5. For each airfoil, the camberline is shown, as well as
the location of the maximum camber. The legend shows the values of maximum camber and
thickness and their horizontal position. As can be seen, the aerodynamic airfoil is quite regular,
having a thicker front part and a cusped trailing edge. The camber shows to be of higher order,
but overall this is a feasible airfoil.

The structural airfoil is not however. Although it may score high on the structural objective, this
is by no means an airfoil which could be used on a VAWT, as its is completely not aerodynamically
shaped. However, it might still be useful to investigate flow curvature, as the variation of this
shape with respect to pitching rate is of interest.
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Figure 8.5: Best performing airfoil for either objective, for the non-pitching case.

8.2.2 Variation of Pitch Rate and Location

The normalised geometrical parameters of either the aerodynamically or structurally best per-
forming airfoils have been investigated as a function of pitch rate and pitching location. These
variables are the maximum camber and its chord-wise position and the maximum thickness and
its position. The results are shown in Figure 8.6 to Figure 8.10.

In every left plot (a) the geometric variables are shown for the best aerodynamic profile, in the
other (b) for the structural one. For each of the parameters a regression line is plotted based on
the least-squares method. This should show whether there is a trend in the data, after exclusion
of any outliers. If the data is too scattered, the regression line is omitted. The non-pitching case
is indicated with the filled circle.

The interpretation of these trends has to be done carefully, as not to make erroneous conclusions.
Also, it has to be stressed that there is a certain aspect of randomness in the optimiser’s result.
As the Pareto set is so small, a trend is difficult to distinguish. Next to that, it may not be
avoided that the optimiser finds local optima, leading to an even more indistinctive view.
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With a larger set of optimal airfoils, one could say more conclusively that an airfoil is aerody-
namically best. Comparing these airfoils for varying pitch-rate will likely result in less outliers or
scattered data and a more clearly visible trend. But even then these airfoils could have been the
results from a local optimum.

This means that the results below are only indicative. For all the results, the scale of the variation
is marginal. Therefore, only the general regression of all the data is considered. This means no
distinguishment shall be made between the results of varying pitch location.

Maximum Camber

The maximum camber for the most aerodynamic airfoils shows a trend for both pitching locations.
The regression lines show that with increasing pitch rate the magnitude of the maximum camber
increases. For the non-pitching case the maximum camber is larger than for almost all other
pitching rates. As this is only a single data point, it can not be excluded that this is an outlier
as well. The structural airfoil shows too much divergence in the data to conclude a trend.
These airfoils are so complexly shaped, that their camber line is of higher order and therefore its
maximum varies too much with increasing pitching rate.

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2

Pitch Rate ω [rad/s]

-0.022

-0.02

-0.018

-0.016

-0.014

-0.012

-0.01

M
a
x
im

u
m

 C
a
m

b
e
r 
κ

m
a

x
 [
-]

x
pitch

 = 0.25

x
pitch

 = 0.50

c/R = 0

Outlier

(a) Best aerodynamically.

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2

Pitch Rate ω [rad/s]

-0.03

-0.02

-0.01

0

0.01

0.02

0.03

0.04

0.05

0.06

M
a
x
im

u
m

 C
a
m

b
e
r 
κ

m
a

x
 [
-]

x
pitch

 = 0.25

x
pitch

 = 0.50

c/R = 0

(b) Best structurally.

Figure 8.6: Variation of maximum camber with varying pitching rate.

The results show that to account for an increasing effect of flow curvature, the aerodynamic
profiles tend to have increased negative camber. During the optimisation process airfoils with
positive camber would have shown earlier stall at common angles of attack, due to the increase
of lift of the rotation. This would have resulted in a lower score for the aerodynamic objective, as
the drag coefficient is in the denominator of the objective. Therefore, airfoils with more negative
camber performed optimally for higher pitch rates.

As shown in chapter 3, the positive camber of a VAWT airfoil, resulting from flow curvature, will
likely result in a higher lift production in the upwind half of the rotation, and a decreased on in
the downwind half. Adding to that, the increased wake of the upstroke and the ’bluff-body type
wake’ Benedict et al. [16] described, this will result in an asymmetric force distribution over the
rotation.
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Likely this will decrease the power output and energy conversion from the flow. Now, when
applying a negatively cambered airfoil, flow curvature would ’bend’ it back towards a more
symmetric virtual airfoil. This will mitigate these phenomena and increase the power output
from the turbine, just as the optimiser was instructed to do.

Position Maximum Camber

The position of the maximum camber shifts forward for the aerodynamic profiles. For both pitch
locations the regression line seems to have the same slope. The non-pitching case could be lying
at the start of the trend lines when an uncertainty is taken into account. Also for the structural
airfoils a negative trend is visible. Moving the pitch location aft will result in a larger movement
of the position of maximum camber. The non-pitching case seems to be an outlier, having its
maximum camber really far forward.

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2

Pitch Rate ω [rad/s]

0.5

0.52

0.54

0.56

0.58

0.6

0.62

0.64

0.66

0.68

0.7

P
o
s
it
io

n
 M

a
x
im

u
m

 C
a
m

b
e
r 

x
κ

m
a
x

 [
-]

x
pitch

 = 0.25

x
pitch

 = 0.50

c/R = 0

Outlier

(a) Best aerodynamically.

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2

Pitch Rate ω [rad/s]

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

P
o
s
it
io

n
 M

a
x
im

u
m

 C
a
m

b
e

r 
x
κ

m
a
x

 [
-]

x
pitch

 = 0.25

x
pitch

 = 0.50

c/R = 0

Outlier

(b) Best structurally.

Figure 8.7: Variation of position of maximum camber with varying pitching rate.

Using an quick test in XFOIL, the trends are explained as follows. Figure 8.8 shows what effect
shifting the camber has on the lift over drag polar of the NACA 4-series, where the second
number indicates the position of maximum camber in tenths of the chord. When the camber
moves aft, the drag of the profile increases. At high angles of attack these profiles produce more
lift, but as mentioned a filter weighs drag coefficient with the most common angles of attack.
With a lower drag, a more optimal power production of the turbine is obtained, so the optimiser
favours profiles with a more forward placed maximum camber. This results in the negative slope
of the regression lines.

Maximum Thickness

The maximum thickness of the aerodynamic profiles decreases slightly when the pitch rate is
increased. It seems to be unaffected by a shift of pitch location, and the non-pitching cases
matches with the trend line within a margin. The structural data shows that their maximum
thickness is unaffected by the pitch rate. The data for the pitch location at half the chord shows
a large difference to those for 0.25c and a large spread. No conclusions can therefore be drawn
about this dataset.
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Figure 8.8: Lift over drag polar for some NACA 4-series airfoils, at a Reynolds number of 1
million, with a pitch rate of 0.2 rad/s and a pitch location at 025c.

Simão Ferreira and Geurts [37] explain that an increase of maximum thickness of the airfoil will
increase the lift slope of an airfoil. This means that for the same range of angles of attack,
thicker profiles are more likely to stall, leading to a lower score for the aerodynamic objectives.
As flow curvature enhances the lift even further, thinner profiles will likely be more optimal. The
data does not show clear enough whether changing the pitch location has any influence.
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Figure 8.9: Variation of maximum thickness with varying pitching rate.
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Position Maximum Thickness

The data of the position of the maximum thickness shows a very large spread, but only over a
small interval of about 5% of the mean value. As the non-pitching case is also close to these
values, it can be concluded that this geometrical parameter is invariant to a change in pitch.
The position of the maximum thickness of the structurally best airfoils moves aft with increasing
pitch rate.

To show the effect of changing the position of maximum thickness, a small analysis has been
performed using XFOIL. For a couple of symmetric NACA 6-series airfoil the lift versus drag
polar has been computed at a Reynolds number of 1 million and a non-zero pitch rate. The
classification of these airfoils shows the position of maximum thickness in tenths of the chord in
the second number of the name of the airfoil. As can be seen in Figure 8.11, when moving the
thickness aft, the boundary layer has an increased chance of separating due to the steep pressure
gradient invoked by the larger gradient of the airfoil surface. This results in less lift and a higher
drag at high angles.

This means that the airfoils with a forward position of maximum thickness produce higher lift,
which is increased even more due to the flow curvature. These airfoils would show more undesired
behaviour and the optimiser would have chosen airfoils with a lower lift over drag. This confirms
the trend shown in Figure 8.10b.
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Figure 8.10: Variation of position of maximum thickness with varying pitching rate.

8.2.3 Aerodynamic Performance

To investigate whether including flow curvature in airfoil design improves the performance of a
VAWT, the following will discuss the aerodynamic behaviour of the optimal airfoils. The non-
pitching aerodynamic optimal airfoil shall be compared with the two profiles for the high pitch
rate of 0.2 rad/s. Their aerodynamic polars are compared below, and the turbine power output
is investigated. To this extent, the airfoils are applied in a two-dimensional VAWT analysis code
developed by Simão Ferreira [45], which shall be explained below.
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Figure 8.11: Lift over drag polar for some NACA 6-series airfoils, at a Reynolds number of 1
million, with a pitch rate of 0.2 rad/s and a pitch location at 025c.

Geometry

To more clearly explain the results below, the geometries of the three cases ( cR = 0; c
R =

0.2, xp = 0.25c; c
R = 0.2, xp = 0.50c) are shown in Figure 8.12. For clarification, they have

been named using the following rule: AIR - CR (chord-to-radius ratio in hundredths) - XP (pitch
location in hundredths of the chord). This gives the following optimised airfoils for the three
cases respectively: AIR-CR00-XP00, AIR-CR20-XP25, and AIR-CR20-XP50.

As can be seen, it is very difficult to observe any differences. The optimisation process generated
airfoil which are very similar. This could either be because it got stuck in a local optimum, or
that the effect of flow curvature is not that severe. The non-pitching airfoil is slightly thicker,
while the difference in camber cannot be seen.

Aerodynamic Polar

The optimal aerodynamic airfoils of the three cases are compared for their lift and drag in
Figure 8.13. The polars are ran for their respective pitch rate of 0 and 0.2 rad/s, and their pitch
locations.

Both pitching optimised airfoils produce more lift due to the added rotation of the airfoil. The
most forward pitch location has a higher lift as the arm from the pitch location is longer to aft
parts of the airfoil. Due to the impermeability boundary condition this results in a larger vorticity
distribution and lift. These added rotational velocities also induce earlier stall compared to the
non-pitching optimised airfoil.
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Figure 8.12: Optimal aerodynamic profiles for a pitch rate of 0 and 0.2 rad/s.

The shift in polar is also visible in the drag. The AIR-CR20-XP25 experiences earlier stall
and therefore higher drag for large positive angles of attack. The AIR-CR20-XP50 airfoil is
less affected, and shows a decrease of drag even. In the lift over drag polar this behaviour is
summarised, showing more lift before stall in the upper left corner, but due to the increased
camber also more drag for large negative angle of attack. This is also important as a VAWT
airfoil encounters the whole range of angles.

Turbine Power

The power output of the turbine is obtained using an inviscid panel model, developed by Simão
Ferreira [45]. As mentioned, the U2DIVA panel code from chapter 5 is the part of this model
used to compute airfoil behaviour. The total model applied here contains a turbine with two
blades, the rest of the turbine is not modelled. The wake is included when computing the turbine
power.

For a simulation with a NACA0015 profile the angle of attack and velocity distribution are
obtained, based on the induction and wake. As the inviscid code does not compute drag forces,
these are the only usable parameters. These are in turn linked to XFOIL to retrieve viscous
results.

As the simulation over a a range of solidity values of the turbine is only performed with a
NACA0015 profile, the results are corrected when different airfoils are applied. This is done
based on the fraction of the lift slope of the NACA over the optimised profile. This means that
the inviscid results are now coupled with the viscous slope of the optimal airfoil. A correction is
made when stall occurs, as the original NACA results are inviscid and do not take into account
separation.
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(c) Lift over drag.

Figure 8.13: Lift and drag polars for the three optimised profiles.

As there is a shift in the polars of the three airfoils, the code automatically search the most
optimal angles of attack to run at. This is then implemented as a pitch setting of the airfoil,
unique for each tip speed ratio. The resulting power coefficients are set out against the tip speed
ratio in Figure 8.14. The plot shows that for lower tip speed ratios, up to about 5.5 the pitch
optimised airfoils have increased power. Thereafter, the non-pitching optimised airfoil performs
best.

At lower tip speed ratio, the performance is dominated by stall behaviour. The pitch optimised
airfoil have smoother stall and higher lift coefficients. These could result in a higher power. But
as stall is unpredictable, this cannot be said with certainty. In the high tip speed ratio region
the AIR-CR00-XP00 airfoil seems to do better as it has slightly lower drag in the drag bucket in
Figure 8.13b.
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Figure 8.14: Pressure coefficient versus tip speed ratio of the most aerodynamic profiles of the
non-pitching case and for a chord-to-radius ratio of 0.2 and either a pitch location at 0.25c or
0.5c.

To show that including the flow curvature simulation in the airfoil optimisation process has merit,
the non-pitching optimised airfoil AIR-CR00-XP00 is simulated with the same pitch rate as the
other are optimised for. The results for the non-pitching optimised airfoil pitching around 0.25c
are shown in Figure 8.15, the results for the other pitch location are similar. This shows that
for tip speed between 3 and 5 the AIR-CR00-XP00 performs worse than the airfoil which has
been optimised for this case. Afterwards their difference is very small. Also the AIR-CR00-XP00
simulated with a chord-to-radius ratio of 0.2 performs worse than the AIR-CR20-XP50 for high
tip speed ratios. This means that including flow curvature could result in a small increase of
turbine power.

Note that these optimisation cases are only ran for a chord-to-radius ratio of 0.2, so only for one
turbine solidity value. To really evaluate the influence of the flow curvature model inclusion, the
power optimisation code has to be ran for a range of solidities. This truly show the impact of
the modified XFOIL code.

8.2.4 Virtual Airfoil Transformation

It would be interesting to see if the same optimal airfoils would have been obtained using one
of the virtual airfoil transformations, applied on the airfoils of the non-pitching case. As has
been shown that all of the transformations perform equal for a high value of 0.2 of the chord-to-
radius, also the pitch rate. Therefore, in Figure 8.16 all the transformations are shown, applied
on the optimal aerodynamic airfoil of the non-pitching case. Their maximum camber location
is indicated with the marker. Also shown is the optimal airfoil for the situation where the pitch
rate is 0.2 rad/s and the pitch location is at a quarter chord.
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Figure 8.15: The power of all three airfoils simulated with a chord-to-radius ratio of 0.2.

What is seen is that the virtual airfoil transformations produce a much more drastic change.
The camber of the airfoil is a lot higher and more forward than the airfoil with pitch rate. As all
transformations are so similar, only the Migliore method shall be compared in its aerodynamic
performance, it shall be named the AIR-CR00-XP00_VIRT airfoil.
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Figure 8.16: All virtual airfoil transformations applied on the non-pitching optimal airfoil, com-
pared with the optimal airfoil for a pitch rate of 0.2 rad/s.
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In Figure 8.17, the result this has on the lift and drag polars is a same shift to the left as the
other pitch-optimised airfoils showed, reaching the same lift as to AIR-CR00-XP00 and slightly
more for negative angles of attack. The drag is really comparable with the AIR-CR20-XP25,
which is the case for which the virtual airfoil transformations were applied. The result this has
for the power is seen in Figure 8.16.

Up to a tip speed ratio of about 3.8 the AIR-CR00-XP00_VIRT airfoil performs better than the
non-pitching optimised airfoil, but worse than the other two. Thereafter it shows to produce the
least amount of power. For low tip speed ratios the lift it produces is slightly more than of the
AIR-CR00-XP00, for both high positive as high negative angles of attack. The same reasoning
as before could be applied to explain the differences in power.
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Figure 8.17: Lift and drag polars for the optimised airfoil and the AIR-CR00-XP00_VIRT airfoil.
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Figure 8.18: Power curve for the three optimised airfoils and the virtually transformed one.
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8.3 Chapter Conclusions

• This chapter presented the results of an airfoil optimisation campaign, applying the Opti-
flow solver in various cases. This optimiser searches a set of optimised airfoils, weighing
them on an aerodynamic and structural objective. The results showed reasonable aerody-
namic best performing airfoils, and infeasible structural ones. However, all of them were
scrutinised for a trend in their geometric variables when varying the pitch rate. With this
analysis, the impact of flow curvature can be assessed on the design of the airfoils.

• Regression analysis showed that for the aerodynamic airfoils the maximum camber in-
creased in magnitude and shifted forward. Due to extra lift due to flow curvature, more
positively cambered airfoils will stall and therefore score bad on the aerodynamic objec-
tive. On top of that, aft camber will produce more drag, eventually leading to optimiser
favouring more negatively cambered airfoils with forward camber.

• Thicker profiles with a forward position of their maximum have increased lift. When the
pitch rate increases, these airfoils tend to stall, leading to not being optimal. Therefore,
a trend is visible for thinner profiles, having their maximum thickness more aft, with
increasing pitch rate.

• Furthermore, varying the pitch location showed that placing this more forward will decrease
the lift coefficient. Together with the conclusions above, this will result in more positive,
aft camber and more aft thickness.

• Finally, the turbine performance was checked by applying a two-dimensional inviscid panel
method, including the wake, and coupled with viscous polars. For a high pitch rate of 0.2
rad/s, the optimised airfoils showed slight improvement over the non-pitching optimised
airfoil. At low tip speed ratios an increase in produced power was obtained due to the
improved stall behaviour of the pitch optimised airfoils. At higher ratios, the low drag of
the AIR-CR00-XP00 airfoil resulted in better performance.

• When the AIR-CR00-XP00 was simulated with a pitch rate, slightly lower power was
produced. This indicates that the pitch optimised airfoils actually worked as desired.

• The virtual airfoil transformation were applied on the AIR-CR00-XP00 airfoil to see if it
could match the performance of the pitch optimised airfoil. As the transformation resulted
in a more drastic airfoil, with increased camber, power increase was seen at low tip speed
ratios. However, for most of the rest of the power plot it showed a little worse performance.
It can therefore be said that it is a reasonable approximation, but not as well as optimising
the airfoil.



Chapter 9

Conclusions and Recommendations

There still exists a large gap in maturity of technology and implementation between the vertical
and the horizontal axis wind turbine today. The VAWT suffered from past presumed disadvan-
tages, leading to it being underdeveloped. Better understanding of its aerodynamic behaviour
and therefore airfoil design could stimulate research and development of this turbine. To that
extent, this thesis investigated flow curvature effects. Possible mitigation of these could in the
future lead to a larger proliferation of the VAWT.

This final chapter will present this thesis research’ most important findings. As per chapter
the largest conclusions are already discussed, the list below is merely a summary. These should
provide a sufficient answer to these research question and goals posed in the introduction.
Afterwards, recommendations for future research shall be presented, to stimulate research into
this topic.

9.1 Conclusions

• Flow Curvature Flow curvature is the inherent phenomenon of an airfoil undergoing a
rotation around the centre of a VAWT. In the airfoil reference frame, the encountered
streamlines are curvilinear and will result in a variation of angle of attack over the chord.

– The airfoil’s rotation will add to its surface velocities, altering the pressure distribu-
tion. Centrifugal forces will alter the boundary layer.

– Researchers have investigated airfoil sectional data and determined that the airfoil
will behave as having added camber and angle of incidence due to flow curvature.

– As a result, the azimuthal normal and tangential force distribution is altered, resulting
in a change in torque and power. As the aerodynamic force distribution becomes
more asymmetrical due to added virtual camber and incidence, the performance of
the turbine decreases.
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• U2DIVA Panel Code A source and doublet, inviscid, incompressible panel method has
been applied and modified to accommodate a pitching airfoil.

– Its steady solution is verified using an exact conformal mapping technique.

– Its quasi-steady, pitching solution is verified using third party data. This data is not
exact, but provides reasonable certainty.

– It can be concluded that the U2DIVA panel code performs accurately.

• Flow Curvature Models Using a transformation to a virtual airfoil, having altered camber
and angle of incidence, numerous authors have in the past tried to model flow curvature.
This virtual airfoil for analysis purposes could be investigated in straight flow. Six methods
have been applied and their results are compared.

– All flow curvature models showed a reasonable correspondence to the solution of the
U2DIVA panel code for the inviscid pressure distributions.

– The viscous solutions showed a larger difference to the solution computed by the
modified XFOIL. But as this solution is unverified, no conclusions can be drawn yet.

– Also, no distinguishable differences between the models could be found when the
chord-to-radius ratio and mounting location are kept with in practical bounds.

• XFOIL The XFOIL analysis software provides easy accessible tools to investigate airfoil
behaviour. Its source code was modified to allow simulation of flow curvature.

– By kinematically equation an airfoil in VAWT rotation and an airfoil rotating around
its own axis, the chord-to-radius ratio could be varied in a pitching model by altering
the pitch rate. This allows to investigate the impact of flow curvature.

– The implementation required three modifications: a modification of the streamfunc-
tion formulation, to include the added velocities due to rotation; the computation of
pressure is now based on induced velocities by an averaged linear vorticity distribution;
and a change of reference frame is applied in the calculation of the pressure. A user
defined pitch rate and -location can be accessed using the new PTCH-command.

– These alterations ensured the pressure distribution to match very well with the
U2DIVA panel code solution. The lift coefficient of both models differs below 10%.

– The pitch rate, starting orientation of the airfoil, and geometry of the profile determine
what effect the rotation has on the pressure distribution. Cambered profiles showed
to be less influenced by flow curvature, as their pressure difference is already larger
than of symmetrical profiles.

– By changing the pitch location, the arm from the pitch axis to the surface is altered.
When increasing the arm, the larger rotational velocities induce a larger pressure
difference, so an increase in lift. However, it also results in an increased discrepancy
between the benchmark solution.

• Airfoil Optimisation Using the Optiflow airfoil optimiser, a set of optimal airfoils has been
investigated in their behaviour for varying pitch rate. This will show whether geometrical
parameters such as camber and thickness are dependent on flow curvature.

– The maximum camber of the optimised airfoils increases in magnitude and shifts
forward with increasing pitch rate. During the optimisation process these airfoils did
not stall sooner due to the increased lift of the pitching.
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– Thinner profiles having their thickness more aft are also favoured by the optimiser
due to the same reason.

– Shifting the pitch location forward will reduce the lift of the pitching airfoil, resulting
in that the optimal ones show more positive camber, and placed more aft.

– By applying a two-dimensional VAWT analysis code the power output of the turbine
could be computed. Little improvement was obtained by using the pitch optimised
airfoils. Some power increase could be obtained at lower tip speed ratios, having to
give in some power at higher ratios.

– The pitch optimised airfoil did show better results when they were compared to the
non-pitching optimised airfoil with the same pitch rate. This shows that the inclusion
of flow curvature effects in XFOIL has merit. This is consequently beneficial for the
optimisation and therefore airfoil designfor vertical axis wind turbines.

– Lastly, the virtual airfoil transformations were applied to check whether they would
result in the same airfoil as the pitch optimised one. The transformations turned out
to be too drastic, modifying the camber too much. By simulating it with a pitch
rate, slightly worse performance was found than the non-pitching optimised airfoil
and both the pitch optimised airfoils. However, the difference is small and therefore
the transformations show to be a reasonable approximation.

9.2 Recommendations

Finally, this last section will discuss some recommendations for continuation of this research. As
has been shown, implementing correct modelling of flow curvature does have impact on airfoil
design and likely beneficial results on the VAWT efficiency and performance. Therefore, it is
essential that the results of this thesis are continued and applied in future research. The list of
recommendations below, could kick-start and streamline future work.

• Flow Curvature Models For Extreme Values All six virtual airfoil transformations
showed very good correspondence to the U2DIVA panel code results, when the free pa-
rameters are kept within their reasonable bounds. These include the chord-to-radius ratio,
mounting location, and angle of attack. It has been chosen not to only perform an anal-
ysis when these variables have impractical values. However, it could be possible that for
a specific application any of these variables is chosen outside of the applied bounds. As
explained, the pressure distributions of the different methods will then start to vary and
also become less accurate. In this case, a tailored analysis has to be performed to find the
most suitable virtual airfoil transformation, as some of them might not produce accurate
results.

• XFOIL - Pressure Calculation Currently, the XFOIL pressure calculation employs a
change in the streamfunction formulation, a pressure calculation in the rotating reference
frame, and the use of induced velocities near the surface. The linear vorticity distribution
is averaged over a panel to obtain a constant one, in order to apply the latter. This could
be improved, as there is a loss of accuracy when this is done. By applying the induced
velocity equations of a linear vorticity distribution, the solution could be improved. One
might even want to investigate if there is an easier way to compute the correct surface
velocities, as this manner is more computationally expensive than the original method.
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• XFOIL - Own Code The XFOIL source code is a maze of used or unused subroutines,
commented lines, circuitous renaming of parameters, hundreds and hundreds of lines of
code, and just general confusion. Next to that, XFOIL is almost like a black-box, as
it is difficult to output or control variables. Also, the compilation of the source code
and adaptability with the modern compiling methods and the airfoil optimiser were fairly
difficult. And that while the necessary lines of code are only a couple hundred. This
naturally does not include all the other splendid functions XFOIL provides, but those are
not applicable in many researches.

Therefore, the original XFOIL equations were already distilled and converted to Matlab, to
provide easier viewing and controlling of the variables and manipulation and investigation
of the outcomes. The results of this code were not a hundred percent identical to XFOIL’s
own results, but it sufficed well enough. It is therefore recommended to put in slightly
more effort and do the same, reproduce the essential equations and functionalities in one’s
own preferred language. This makes the usage and production of results so much easier.
In the end, modified equations could be translated to FORTRAN or the XFOIL software
could just be neglected in total. One could recreate their own panel method, and have it
be much more flexible and manageable.

• XFOIL - Viscous Verification The inviscid results of the modified version of XFOIL
were shown to reasonably approximate the U2DIVA panel code. However, the viscous
solution remains unverified and it can therefore not be assumed those results are completely
accurate. It is unlikely, but the alteration of the inviscid solution might have had unwanted
effects on the validity of the viscous equations. It is recommended to use an external,
verified panel code or calculation method as CFD to determine the accuracy of XFOIL’s
viscous solutions.

• Stability Airfoil Optimiser The modified XFOIL software showed problems with converg-
ing to a viscous solution for airfoil shapes which are uncommon. This is the effect of
changing the surface velocities as a result of the added rotation. It is unclear where this
instability arises and therefore it could not have been alleviated. This meant that the opti-
miser had trouble producing results as soon as it tried an extreme airfoil shape. There was
a mechanism implemented where it would neglect this airfoil and continue, but in practice
this did not always work and the whole simulation and its results had to be cancelled.

It is recommended that this work-around to neglect unconverged solutions is made more
stable and robust. This will provide the ability to safely try a large number of airfoil shapes,
without the risk of the optimiser stalling. This would improve the analysis of the produced
optimal airfoils. Then a higher number of generations can be used, which will result in a
higher diversity of the airfoils.

Also running the optimiser for cases of soiled airfoil by simulating roughness would improve
the analysis. In this manner, a more realistic optimal airfoil could have been found.

• Conformal Mapping The conformal mapping technique by Benson [46] was thought to
provide the excellent opportunity to verify the XFOIL results with. It should compute the
analytical solution for steady and unsteady pressure distributions and aerodynamic coeffi-
cients. However, the equations turned out not to work accurately for unsteady situations.
Therefore, it could not be applied to its full extent. Instead it could only serve as a verifi-
cation for a method which could produce solutions in all desired cases, the U2DIVA panel
code. However, as this is a numerical method, it can still contain small errors.

It is recommended to implement the mentioned conformal transformation technique or a
similar one. This will result in that the pressure distribution from the modified XFOIL can
be compared with theoretical results.
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Appendix A

Joukowski Conformal Transformation

This section will concern a special case of conformal mapping, the Joukowski transformation.
This method, described by Benson [46], will provide an analytical solution to an airfoil’s perfor-
mance, which is perfect for verification purposes. The transformation will map a circle in the
domain space to an airfoil in the image space, and has the useful feature that the potential flow
is transformed with it. This means that solving for the complex potential flow problem for the
airfoil is turned in to a far easier one for the circle. In this manner, an exact solution for the
surface velocities, pressure distribution, and vorticity of the airfoil can be found.

A.1 Conformal Mapping

A conformal transformation transforms coordinates in the ’domain’ to the ’image’, as such
that the local angles are preserved. An example is shown in Figure A.1. The transformation
is conformal if and only if it is holomorphic and its derivative is non-zero everywhere on the
to be transformed curve. Holomorphic means that complex functions are infinitely complex
differentiable, and can therefore be exactly retrieved by their Taylor series expansion.

Regular points are those where the transformation is holomorphic, singular points are those
where it is not. Regular points where the derivative of the transformation function is equal to
zero are called critical, and at these points the local angle are not preserved through the mapping.

β

β

χ

η

x

y

z0

ζ0

ζ(z)

z(ζ)

Figure A.1: Example of a conformal transformation, preserving angle β.
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A.2 Potential Flow

Conformal mapping proves not only to be convenient to transform curves, but also has its
applicability in potential flow. The following derivation, as found in Katz and Plotkin [52], will
show why. A function of the complex variable z = x+ iy can be written in its real and imaginary
parts, as in Equation A.1. For the function to be holomorphic this function must be differentiable
in any direction, so Equation A.3 and Equation A.4 are both valid. As the derivatives must be
independent of direction, they can be equated as in Equation A.5 and Equation A.6. These
last two equations are called the Cauchy-Riemann conditions, and proves that a holomorphic
function, such as the conformal transformation, satisfies the Laplace equation.

f(z) = g(x, y) + ih(x, y) (A.1)
df(z)
dz

= lim
∆z→0

f(z + ∆z)− f(z)
∆z (A.2)

lim
∆x→0

= ∆g + i∆h
∆x = ∂g

∂x
+ i

∂h

∂x
(A.3)

lim
∆y→0

= ∆g + i∆h
∆iy = ∂h

∂y
− i∂g

∂y
(A.4)

∂g

∂x
= ∂h

∂y
(A.5)

∂g

∂y
= −∂h

∂x
(A.6)

This last result is very valuable, as now it is possible to exactly relate the flow around a circle in
the domain space to the flow around an airfoil in the image space. A conformal transformation
gives the possibility to transform a complex problem in the airfoil space into a simpler problem
in the circle space. In this manner, the impermeability boundary condition only has to be
applied to the circle, which therefore results in that only the circumferential velocity needs to be
transformed.

The Cauchy-Riemann conditions depict the relation between the velocity potential and the
streamfunction for potential flow, if they are the real and imaginary parts of a holomorphic
function of complex variable F . This is called the complex potential, as shown in Equation A.9,
and its derivative the complex velocity, Equation A.10.

∂Φ
∂x

= ∂Ψ
∂y

(A.7)

∂Φ
∂y

= −∂Ψ
∂x

(A.8)

F = Φ + iΨ (A.9)
W (z) = F ′ = u− iw (A.10)

A.3 Joukowski Transformation

The following transformation, developed by McCune and co-workers, is proposed in [46, 57, 58],
and shown in Equation A.11. Here the circle surface z is defined in polar coordinates by its
radius R and azimuth angle θ. The airfoil surface ζ is adjusted using τ and σ, which are related
to the thickness ratio and camber respectively.
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ζ(z) = z + A1
z

+ A2
z2 , where (A.11)

A1 = R [R− (τ − iσ)]

A2 = 1
2R

2(τ − iσ)

An advantage to this transformation is that the same circle can be used to produce multiple
Joukowski airfoils, keeping the centre at the origin of the coordinate system. The centre of the
transformed airfoil will be at the origin of the image space. This also means that the trailing
edge will always be at z = R, because, as mentioned, the derivative of the transformation is
zero there, and therefore the angle will not be preserved. Another useful feature is that the
freestream fields in both the spaces is kept equal in direction. Lastly, the necessity of having the
centre at the origin will become clear later on, where the conjugate function theory is used to
compute the airfoil velocities. It then will also be mentioned that the prerequisite is needed to
uphold the Kutta condition at the trailing edge.

Before the transformation is applied, first its impact on the flow shall be shown. It can be
imagined that an infinitesimal element of the airfoil surface is related through its derivative to an
element on the circle surface, as in Equation A.12. Also, the Cauchy-Riemann relations show that
the potential flow are also transformed, which results in a relation between the velocities on both
bodies, in Equation A.13. Finally, through this relation, the airfoil normal and tangential velocity
can be related to the radial and circumferential velocity on the circle, as shown in Equation A.14.
This means that when the radial and tangential velocity of the surface are known, the airfoil
velocities can easily be retrieved using the transformation derivative.

|δζ| =
∣∣∣∣dζdz

∣∣∣∣ |δz| (A.12)

F (ζ)
dζ

= df(z)
dz

dz

dζ
=

W (ζ) = ω(z) 1
dζ
dz

(A.13)

vn + ivt = vr − ivθ∣∣∣dζdz ∣∣∣ (A.14)

Now the problem of a pitching airfoil can be divided into two parts, the steady freestream
solution, and the unsteady solution due to the rotation. The airfoil is represented by a continuous
distribution of vortices on the surface. Due to the rules of potential flow these solutions can be
add up to find the end results. There will be no shed vortices considered, as the wake of the
airfoil is not taken into account.

A.3.1 Steady Solution

The steady freestream over a circle in two dimensions can be described by the potential in
Equation A.15, as explained in section 3.11 of [52] or using the circle theorem in 5.2 of [59].
This equation differentiates to the complex velocity on the surface as in Equation A.16.

f(z) = U∞

(
ze−iα + R2eiα

z

)
+ Γ0 ln z

2πi (A.15)

ω(z) = dΦ
dz

= U∞

(
e−iα − R2eiα

z2

)
+ Γ0

2πiz (A.16)
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By applying polar coordinates, the tangential velocity in Equation A.18 can be found. The steady
bound circulation can be found according to the Kutta condition. There are multiple ways of
interpreting this condition, one is that it requires that the pressure difference at the trailing edge
is zero. This means that for the circle, a stagnation point with a pressure coefficient of one
is present. According to the steady Bernoulli equation in Equation A.19, this means that the
tangential velocity has to be zero, as the radial velocity at the trailing edge is equal to zero
over the entire surface. This can be confirmed by differentiating the potential. In the end, this
results in a steady circulation as in Equation A.20. The same would have been achieved when
the vorticity on the surface would have been integrated, which for inviscid flow is equal to the
tangential velocity of the circle, as shown in Equation A.21.

vr(θ)|steady = 0 (A.17)

vθ|steady (θ) = −2U∞ sin(θ − α) + Γ0
2πR (A.18)

Cp = 1− q2

U2
∞

= 1− v2
r + v2

θ

U2
∞

(A.19)

Γ0|steady = −4πRU∞ sinα (A.20)
γ0(θ)|steady = −2U∞[sin(θ − α) + sin(α)] (A.21)

The rules of the conformal transformation state that the circulation is directly transformed. This
means that Γ0 on the circle is also that on the airfoil. The negative sign results from the fact
that a positive circulation is defined in the direction of increasing θ, and this circulation acts in
clockwise manner.

A.3.2 Unsteady Solution

The unsteady motion is felt through an altered normal velocity on the airfoil. The surface
vortices have to adapt their strength according to the movement, as to uphold the impermeability
boundary condition. The result will always have to be that the normal velocity is zero, which
is accomplished by equating the local fluid velocity to the local surface velocity. This results in
Equation A.22 and Equation A.23. As the flow is inviscid, the no-slip boundary condition on the
surface is not enforced.

u = l̇ cosα− ḣ sinα+ ηα̇ (A.22)
v = l̇ sinα+ ḣ cosα− (ξ + a)α̇ (A.23)

To find the unsteady circulation, again the tangential velocity on the circle must be found, which
will give the vorticity distribution. In order to find the imaginary component of the velocity,
first the real part, the radial velocity, has to be found. This can be achieved by applying the
transformation in Equation A.14 and a transformation from the polar coordinates to Cartesian
ones. This results in Equation A.24, which can further be derived by using the substitution in
Equation A.25. The zero-through-flow boundary condition only applies to the normal velocity,
so only the real part of the final equation is considered, resulting finally in Equation A.27.

vr − ivθ = (u− iv)eiθ
∣∣∣∣dζdz

∣∣∣∣ (A.24)

eiθ
∣∣∣∣dζdz

∣∣∣∣ = A+ iB (A.25)

vr = Au+Bv , where (A.26)

A = 1
R

[τ(cos θ − cos 2θ)− σ(sin θ − sin 2θ)]
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B = 1
R

[2R sin θ − τ(sin θ − sin 2θ)− σ(cos θ − cos 2θ)]

vr(θ)|unsteady = 1
R

(A1 sin θ +A2 sin 2θ +A3 cos θ +A4 cos 2θ

+A5 sin2 θ +A6 cos2 θ +A7 sin θ cos θ +A8 sin θ sin 2θ
+A9 sin θ cos 2θ +A10 cos θ sin 2θ +A11 cos θ cos 2θ) , where (A.27)

A1 = −σ(l̇ cosα− ḣ sinα) + (2R− τ)(l̇ sinα+ ḣ cosα) + a(τ − 2R)α̇
A2 = σ(l̇ cosα− ḣ sinα) + τ(l̇ sinα+ ḣ cosα)− aτα̇
A3 = τ(l̇ cosα− ḣ sinα)− σ(l̇ sinα+ ḣ cosα) + aσα̇

A4 = −τ(l̇ cosα− ḣ sinα) + σ(l̇ sinα+ ḣ cosα)− aσα̇
A5 = −2Rσα̇
A6 = 2Rσα̇
A7 = 4R(τ −R)α̇
A8 = Rσα̇

A9 = −1
2(τ2 + σ2 + 2Rτ)α̇

A10 = 1
2(τ2 + σ2 − 4Rτ)α̇

A11 = −2Rσα̇ (A.28)

Now that the radial velocity component is known, the tangential component can be found by
applying the so called ’conjugate function theory’ of Cauchy’s third theorem. This will provide
a relation between the two components, as shown in Equation A.29. A specific derivation of the
equation can be found in Appendix A of [46]. Here τ̂ = τ + α is the thickness parameter offset
with the angle of attack. The tangential velocity can be solved for using the Glauert integral,
which for the interested reader can be found in Appendix B of the same reference [46]. This
results in Equation A.30, where the coefficients are the same as in Equation A.28. Integrating
the vorticity distribution, which is equal to the tangential velocity, will result in the unsteady
circulation in Equation A.31.

vθ(θ) = − 1
2π

∮ 2π

0
vr(τ̂) cot

(
τ̂ − θ

2

)
dτ̂ + Γ0

2πR (A.29)

vθ(θ)|unsteady = 1
R

[
−A1 cos θ −

(
A2 + 1

2A7

)
cos 2θ

+A3 sin θ +
(
A4 −

1
2A5 + 1

2A6

)
sin 2θ

−A8 sin θ cos 2θ +A9 sin θ sin 2θ
−A10 cos θ cos 2θ +A11 cos θ sin 2θ

+
Γ0|unsteady

2π

]
(A.30)

Γ0|unsteady = 2π
[
2R(l̇ sinα+ ḣ cosα) + α̇

(1
2τ

2 + 1
2σ

2 − 2R(R+ a)
)]

(A.31)
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A.3.3 Total Solution

Now that both the steady solution due to the freestream, and the unsteady solution due to
the motion of the airfoil, have been found, their solution is simply found by adding the two
components. The final equations are shown in Equation A.32. As an unsteady problem is
investigated, it must be reminded that all of the above variables are in fact a function of time.
This has been omitted for simplicity, but is included again in the final solution. As mentioned
before, the derivative of the transformation can be used to find the airfoil surface velocities.

vr(θ, t) = vr(θ, t)|steady + vr(θ, t)|unsteady
vθ(θ, t) = vθ(θ, t)|steady + vθ(θ, t)|unsteady

Γ0(t) = Γ0(t)|steady + Γ0(t)|unsteady (A.32)

A.3.4 Pressure Distribution, Forces, and Moments

The pressure distribution can be obtained using the unsteady Bernoulli equation, which includes
an extra term to the steady version which takes into account the change in velocity potential
over time, it is shown in Equation A.33. The total surface velocity can be found with the
circle radial and circumferential velocity, as in Equation A.34. The last term in the equation is
found by transforming the velocity potential to the translating and rotating reference frame and
integrating this over the surface using the Leibnitz rule for integration. Its final form is shown
in Equation A.35.

Cp = 1− q2

U2
∞
− 2
U2
∞

∂φ

∂t
(A.33)

q2 = v2
r + v2

θ∣∣∣dζdz ∣∣∣2 (A.34)

∂φ

∂t
(θ, t) = −u2 − v2 + ∂

∂t

∫ 2π

0

(
u
dx

dθ
+ v

dy

dθ

)
dθ (A.35)

By integrating the pressure distribution the force and moment coefficients can be obtained.
These will consist of two separate parts, the circulatory terms and the apparent-mass terms.
The former are induced by the bound circulation on the airfoil, resulting from the freestream.
The latter are induced by the fact that the unsteadiness of the airfoil movement also results
in unsteadiness of the flow. This leads to a change in momentum of the fluid, resulting in
additional forces. An example is flow normal to a flat plate, which without bound circulation
and symmetric streamlines around the body, should not produce any forces. However, due to a
change in velocity potential in time, the last term in the unsteady Bernoulli equation, there is
an ’added-’ or ’apparent-mass’ force, invoked by the acceleration of the surrounding fluid.

For the steady components, indicated with the subscript 0, the lift can be found according to
the Kutta-Joukowski theorem, as shown in Equation A.36. The steady drag component can be
found by integrating the pressure distribution, and can be shown for irrotational inviscid flow to
be zero. Lastly, the pitching moment can be found using the forces and their working arms, as
in Equation A.38.
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L0(t) = −ρU∞Γ0(t) (A.36)
D0(t) = 0 (A.37)

M0(t) =
∮
S
ρU∞γ0(s, t)[y sinα− x cosα]ds (A.38)

Now, by integrating the change in moment contribution of each vortex over the surface of the
airfoil, the second component of the forces and moment can be found. This gives Equation A.39
to Equation A.41, where the subscript 1 indicates the unsteady terms. The moment is computed
using the trailing edge coordinates. The total solution can again be found by adding the two
components. The respective coefficients are found by non-dimensionalising as usual.

L1(t) = ρ

cosα
d

dt

∮
s
γ0x ds (A.39)

D1(t) = ρ

cosα
d

dt

∮
γ0y ds (A.40)

M1(t) = 1
2ρ

d

dt

∮
S
γ0

[(
x2 − 1

2x
2
TE

)
−
(
y2 − 1

2y
2
TE

)]
ds (A.41)

A.4 Results

The following section will provide the computed results of the above mentioned algorithm. The
transformation will be investigated in depth by looking into the effect of the variable parameters.
As mentioned before, sadly not all equations perform as expected, and therefore only a steady
solution can be computed. As shown in the U2DIVA Panel Code chapter 5, that solution is
accurate and will therefore not be repeated here.

A.4.1 Airfoil Geometry

Three parameters control the shape of the airfoil, R0, τ , and σ. Each of them is varied, keeping
the others constant, and the result is shown in Figure A.2.

As can be seen in the first plot, changing the circle radius R0 has the effect of moving the
critical location, the intersection with the abscissa, and therefore increasing the chord. Keeping
the thickness parameter τ equals, this also has an impact on the thickness distribution. With a
longer chord, the thickness is more evenly distributed, and the airfoil is thinner.

The second plot shows a variation in τ , resulting in a change in thickness of the airfoil. For a
value of zero, the airfoil becomes a flat plate. Increasing it makes the airfoil thicker. Lastly, the
camber parameters σ changes the maximum camber.

A few things must be noted on this airfoil transformation. The first is that, as can be seen when
changing the camber, the airfoil will obtain a geometrical angle of attack. Attention must be
paid when computing the results for the forces.

Also, the transformation has some inherent limits. The first is that the trailing edge will always be
cusped. There exists another, more general transformation, called the Kármán-Trefftz transform,
where a trailing edge angle can be specified. This transform, which can be found in [59], has
been investigated through an analysis, and has shown to produce similar results as the Joukowski
transformation. Therefore it will not be further explained. Another characteristic is that the
maximum thickness location is quite forward, and there is no influence on this. This limits the
shapes the airfoil can take.
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Figure A.2: Variation of the airfoil parameters.
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